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ABSTRACT: This paper establishes sharp local regularity estimates for viscosity
solutions of fully nonlinear parabolic free boundary problems with singular absorp-
tion terms. The main difficulties are due to the blow-up of the source along the free
boundary and the lack of a variational structure. The proof combines the power of
the Ishii-Lions method with intrinsically parabolic oscillation estimates. The results
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1. Introduction

In many applied problems, for example, in models of chemical heteroge-
neous catalysts or combustion, one wants to understand the behaviour of
a quantity, be it the density of a gas-phase reactant or the temperature of
a flame, as it transitions from being positive to suddenly vanishing. This
type of phenomenon is accounted for in the pertaining partial differential
equations through a source term of the form «?~!. The quenching problem
(aka Alt-Phillips, see [3]) corresponds to the case 0 < v < 1 and can be seen
as an intermediate scenario between the obstacle problem, which is the case
v = 1, and the cavity Bernoulli problem (aka Alt-Caffarelli, see [2]), which
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corresponds to v = 0. In all these problems, the set I' := 0{u > 0} is a free
boundary, and the primary analytical challenges are understanding the be-
haviour of u near I' and its geometric properties. Investigating the regularity
of I' often requires obtaining sharp regularity results for w.

In this paper, we do precisely that for a class of nonvariational parabolic
partial differential equations with singular absorption terms of the form

F(LU, ta Dzu) T atu ~ 7u7_1X{u>0}7 (11)
for v € (0,1), corresponding to the free boundary problem

F(z,t,D*u) — Ou=~uw"""1 in {u>0}
u=|Vul=0 on {u=0}.

Here, F(x,t, M) is a fully nonlinear uniformly elliptic operator, satisfying ap-
propriate additional assumptions. Our main result is that limiting solutions
of (L.I), i.e., those obtained as uniform limits of solutions of a regularised
problem, are locally of class C’HB’#, for any

,aF}, (1.2

: 8
£ < min {2 —
where ay is the optimal exponent of the C1+# #—regularity theory for so-
lutions of F-caloric functions, i.e., solutions of F(z,t, D*h) — 0;h = 0 (see,
for example, [I8], 20]). A particular scenario for which the result is new is
when F' is a linear (A, A)—elliptic operator in nondivergence form, in which
case ap = 11in (1.2). The result is a consequence of studying a singularly
perturbed problem and obtaining uniform in € regularity estimates. These
follow from combining sharp decay estimates close to the free boundary with
classical regularity estimates for equations with a bounded source away from
it. In our analysis, we must overcome the significant hardship of dealing
with an inhomogeneity blowing up along the free boundary and the lack of
a variational structure in the parabolic setting. For radial symmetry results
for solutions to the problem, see [11].
The history of the problem is long and quite rich. The variational elliptic
theory is well understood (see [3] [15], 16, 21]) and connected, in the Laplacian
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case Au = yu’~!, to the minimization of the non-differentiable functional

/ %\Du(xﬂz + u(z)" d.

The non-variational elliptic counterpart of our problem was studied in [1],
where the authors obtain optimal regularity estimates by studying the fine
oscillation decay for limiting solutions at points close to the free boundary.
Still in the non-variational setting, the obstacle problem was studied in [§]
and [12], and the cavity problem was treated in [17] (see also [4], [5, [6], 9] for
solutions in the weak sense).

The paper is organised as follows. In the next section, we fix some no-
tation and basic definitions, make explicit our assumptions, and introduce
the singularly penalised auxiliary problem. In section [3 we comment on the
existence of viscosity solutions for the Dirichlet problem involving the reg-
ularised equation. Section {4] treats an auxiliary singular equation, and the
results therein have an independent interest due to the additional gradient
dependence. We explore a parabolic version of Jensen—Ishii’s lemma, obtain-
ing sharp Holder regularity estimates in space, and then use a comparison
principle for certain Pucci-type equations with quadratic gradient terms to
derive Holder regularity estimates in time. In section 5, we obtain pointwise
oscillation estimates in space and time for positive viscosity solutions u. of
the regularised equation, exploring the fact that u? solves an equation of
the form studied in the previous section. The final two sections contain the
proof of the main result, first for the regularised problem and, upon passage
to the limit, also for the original free boundary problem.

2. Notation, assumptions and definitions

Consider a bounded domain 2 C R", with a smooth boundary, T > 0, and
let Qr = Q x (=T,0]. Denote with 0,07 = 92 x (=T,0) U (© x {0}) the
parabolic boundary of Qp. Given (zg,ty) € Qr and p > 0, we define the
intrinsic parabolic cylinders

Gp(l’o,t()> = Bp(:U()) X (t() - p2,t0], (21)
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where B,(xg) is the euclidean ball with centre at xy and radius p.
We denote the space of real n x n symmetric matrices by Sym(n). For
parameters A > X > 0, we consider the extremal Pucci operators

./\/l)\A )‘ZQZ+AZ€Z and ./\/l AZ€Z+>‘ZB“

e; >0 e; <0 e; >0 e; <0

where e; = e;(M) are the eigenvalues of M € Sym(n). It is easy to see that
My A(M) = inf tr(AM) and M}, (M) = sup tr(AM),

A€ANA AeAxa
where Ay A :=={A € Sym(n) |\ < A <A},

We now set the conditions that shall be assumed for the fully nonlinear
second order operator F': Qp x Sym(n) — R.

Al: Fis (A, A)-parabolic, i.e.,
M\ (N) < F(z,t,M + N) = F(z,t, M) < M} ((N), (2.2)
for every M, N € Sym(n) and (z,t) € Qr.

A2: I is continuous in space, and there exists a nondecreasing contin-
uous function w : [0,00) — [0,00), with w(0) = 0, called a modulus
of continuity, such that

P, M) — F(y,t, M)] < w(lz — y) | M]] (23)
for every M € Sym(n), z,y € Q and t € (=T,0].
A3: F'is 1-homogeneous,
F(x,t,7M) = 7F(x,t, M), (2.4)
for every 7 > 0, (x,t) € Qr and M € Sym(n).
A4: F(x,t,0) =0, for every (z,t) € Qrp.

Following [13], 19], we next define the notion of viscosity solution for a fully
nonlinear parabolic equation of the form

F(z,t,D*u) — Ou = g(x,t,u) in Qr, (2.5)
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where ¢ is a continuous function in Q2 x R. We say a function belongs to
C*1(Q7) if it is of class C? in © and of class C! in (=T,0].

Definition 1. Assume u € C(Qr). We say u is a viscosity subsolution
(supersolution) of ([2.5)) if, for each ¢ € C*1(Qr) such that u — ¢ has a local
maximum (minimum) at (zg,ty) € Qr, there holds

F(z0, to, D*¢(z0,t0)) — Oip(wo, to) > (<) g(wo, to, u(zo, o).

We say u is a viscosity solution if it is both a wviscosity subsolution and a
viscosity supersolution.

Next, we focus on the singular penalisation strategy adopted in this paper.
Let o € C*°(R) be compactly supported in [0, 1], with [ o(6)dfd = 1. For

parameters 0 < oy < 1 and

a=-—1 (2.6)

2—7
(recall v € (0,1)), define, for each € > 0, the real function

1+«

S*O’OE

B.(s) = /0 T 00)de, s eR, (2.7)

which is an approximation of the characteristic function x-¢,. We consider

the penalised equation
F(z,t,D*u) — O = Be(u) ™' in Q. (E.)

Remark 1. We stress the scaling invariance of solutions for (EJ). If v is a
viscosity solution of (E.) in G1 € Qp, then, for any parameters k > 0 and
0 > 0, the rescaled function

oty = M0
solves

Fio(z,t, DQUH) — O, = KIO-D+2-0 B (ve) v,
in the viscosity sense in Gy, where

€

€ =

and E(x,t, M) = k¥ VF(rz, k%, k"2 M),

0
K‘/l—&-oz

which is (X, A)-parabolic as defined in ([2.2)).



6 D. J. ARAUJO, G.S. SA AND J.M. URBANO

Finally, we give the notion of regularity in space and time that we shall
assume in this paper. For a given pu € (0,1), we say a function u : Q7 — R
is of class C*2 at a point (y,s) € Qy if

sup  Ju(z,t) —u(y,s)| < Cp,
(z,t)€G,(y,5)
for every 0 < p < 1 such that G,(y, s) € Qr. Additionally, for the borderline
case 1t = 1, we use the notation CLirs {0 mean Lipschitz regularity in space
and %—Hélder regularity in time.
We say u is of class C1H+5" at a point (y,s) € Qp if

sup  |u(x,t) —u(y,s) — Vu(y,s) - (x —y)| < Cpth,
(z,t)€G,(y,s)

for every 0 < p < 1 such that G,(y,s) € Qr.
Such choices are natural in the face of the intrinsic geometry assumed in
(2.1)), which is suitable for dealing with the homogeneity of equation (|1.1)).

3. Existence of viscosity solutions

In this section, we discuss the existence of viscosity solutions for the Dirich-
let problem

{F (2., D) — du = B(w)u’™" in Qr, (3.1)

u = @ on 0Oylr,

with given nonnegative data ¢ € C(9,€2r). We consider an adaptation of
Perron’s method as argued in [17].

Choose functions u* and u, = u(e) solving in the viscosity sense, respec-
tively

*

F(x,t,D*u*) — u* = 0 in Qr,
uw* = ¢ on O,

and

F(x,t, D*u,) — O, = 703_18(”0‘)(7_1) in Qr,
Uy = @ on Oyflr.
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We guarantee the existence of u* and wu, by applying the standard Perron
method in the theory of viscosity solutions. In addition, noting that

0 < B.(u)u ! < yo et

we find that «* and u, are a viscosity supersolution and a viscosity subsolution
of (3.1). Therefore, according to [I7, theorem 3.1}, we conclude that the
function

Uz ;= inf w,
wWES

where
S ={we CQr) | uy <w < u* and w is a supersolution to (3.1])},
solves (3.1]) in the viscosity sense.

Remark 2. We observe that u. is uniformly globally bounded. In fact, by
using the parabolic Alexandrov—Bakelman—Pucci (ABP) estimate (see, for
instance, [17, theorem 3.2], together with [19, theorem 3.14]), we can find a
positive constant C, depending only on n, A\, A and ||¢||-, but independent
of €, such that

0<u.<C in Q.

Remark 3. Solutions u. to (3.1) are positive in Qp, provided ¢ > 0 in 0,52
In fact, suppose we can find =T < t* <0, such that

t*=sup{t € (=T,0] | (z,t) € 0{u. >0} NQr}.
Then u. solves F(x,t, D2u€) — Jiu. = 0 in the open set
O = {(z,t) € Q| u(x,t) < 5p' ™},

which is nonempty. Therefore, as a consequence of the parabolic strong maz-
imum principle (see, for instance, [14], [19]), we obtain

QO x (=T, #] C {u. = 0},

which is in contradiction with the (global) continuity of u..

Given a fized boundary data o > 0, we thus only have to take @, = p+elt@

in (3.1)), to obtain positive solutions for (3.1]).
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Our primary goal in this paper is to derive geometric and analytic proper-
ties for positive solutions of (EZ)), which are uniform in e. This will lead, by
letting € \, 0, to regularity estimates across the free boundary for limiting

solutions of ([L.1]) (see Section [7)).

4. Local Holder estimates for an auxiliary singular equa-
tion
We will work in G; = By x [—1,0] throughout the section. We will derive

regularity estimates, both in space and time, for positive bounded viscosity
solutions of the auxiliary singular equation

F (x, t,D*v+5v Vo ® Vv) — O = fla,t)v (4.1)

for a given parameter § > 0 and f € L>*(Gp). We shall assume the fully
nonlinear operator F' to satisfy conditions and (2.3).

We now define the parabolic super-/sub-differentials of a function v at the
point (z,t),

PE@)(xt) = {(ap,X) €RXR" x Sym(n) |
(Oé,p, X) = (th(l', t)) VQS(Q?, t)) D2¢($, t)) )
for ¢ € C*! touching v from above (below) at (z, t)},

and the corresponding limiting super-/sub-differentials,

P t) = {(a.p,X) €R xR x Sym(n) | I, tn) > (z,1),

I(m, P> Xm) € PE(v)(2m, t,n) such that
(s Pons Xon) = (0,0, X), 0(@m ) = vl 1)}
4.1. Holder regularity estimates in space. We start by obtaining local

spatial C%!" —estimates for positive solutions of (4.1]).
The following is a generalised Jensen—Ishii’s lemma (see [10]).

Lemma 1. Let v € C(Gy). Set

p(x,y,t) = v(z,t) —v(y, ) — Ll — y|" = K(ja]* + (=)*),
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for L K positive constants and p € (0,1). If the function ¢ attains a max-
imum at (Tp, Ym,tm) € Bija X Bijp X (—=1/4,0], then there exist T € R,
p €R" and X,Y € Sym(n), with X <Y, such that

(74 2Kt p+ 2K, X + 2KI) € P (0)(@m, ),
(1,0,Y) € P (0)(Ymstm),
and the following estimates
[p| = pLlzm = yul"™" Y < 2Ll =yl (4.2)
and
L —p -2
tr(Y — X) > 8Nﬂlf‘xm — Yml" (4.3)
hold.

Proof: We use [13, Lemma 2.3.30] to guarantee the existence of 7 € R, p € R"
and XY € Sym(n). Estimates and follow by computations in
the proof of [13, Theorem 2.3.29], namely from those in lines 2, 8 and -8 on
page 41.

m

Theorem 1. Let v be a positive bounded viscosity solution of (4.1)) in Gy.
For any p € (0,1), there exists a constant C > 1, depending only on u, §, A,
A, n, w(-) and ||v]|z~@q,), such that
t) — t
o 1000 = vl
z,y€B1 o |SIj - y‘,u

for every t € (—1/4,0].

< C, (4.4)

Proof: Consider the auxiliary function defined in G by
O(z,y,t) = v(z,t) —v(y,t) — Ll —y[" = K (Ja]* + (-1)?),

where the parameter p € (0,1), and the constants L and K are to be chosen.
We claim that

O(x,y,t) <0 in By x By x [—1/4,0],
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from which the result follows. Indeed, from ®(z,0,0) < 0 and ®(0,y,0) <0,

we obtain

and follows by translation.

Assuming the claim is false with the goal of reaching a contradiction, sup-
pose ® has a positive maximum at some point (., Ym, tm) € m X m X
[—1/4,0]. Then necessarily x,, # y,, and we have

Llam = yml" + K (Jzm|* + (=tn)?) < 2[v[|c-
If we choose K = 2°||v||s and L > K, we conclude
(xmaymatm) S Bl/4 X B1/4 X (_1/1670]'

Recalling assumption (A2), we shall assume L even larger and such that

A AN 1 —yp

gy <mind 2, 22 2T AL .
w(|zm, ym|)_mm{2,2+53_ﬂ} (4.5)

In addition, observe that we also have
V(T t) > 0V(Ym, tn)  and  v(xpy,, ty) > Llxg, — ym|H- (4.6)

We now apply Lemma (1| considering the previous remarks. Define the
quantities

Ay = X +2KT+0v(ap,, tn) Hp+2Kx,) @ (p+2Kx,),
Ay = Y +50UYm,tn) 'p®p,

F[A,] = F(xp,tm, Az),

FlA)] = F(ym tm: Ay),
A = Ty — Yl

From (4.1]), we have

!
N
g
Vv

> 7+ 2Kty + f(Tm, tn)v(Tm, tm)_l,
T+ f(yma tm)v(yma tm)il

=
=
A
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and, consequently,
F[A)] = FA] < K+ f(yms tm)0Yms tn) ™ = (@ ti)0(@m, t) ™ (47)
On the other hand, by (2.3),
FlA)] = F[Az] = F(Ym, tm, Ay) — F(@m, tm, Ay) = —w(D)[[A4,]].
From this fact and (2.2)), for each ¢ > 0, we can find M, € A, 4, such that
FlA,] - FIAL > n(M (A, — A) — i~ o)Al (45)
We next estimate the first term on the right-hand side of (4.8)).
(M, (4, — A,))
= —2Ktr(M,) + tr(M,(Y — X)) + 6 0(Ym, tm) tr(M,(p @ p))
—8 (@, b)) (M, (p + 2K2,) ® (p + 2K 1y,))
> —2KAn + Mr(Y — X) + 6 v(ym, tm) (M, (p @ p))
—00(Tp, t) L (tr(M, p @ p) + 4K tr(M, p ® T,) + 4K2tr(M, Ty ® T7,))
—2KAn + Mr(Y — X) + 8 0(ym, tm) tr(M,(p @ p))
—00(Zp, ty) ! (tr(M, p @ p) + AK An|p||x,n| + 4K Al [?) -
Taking (4.7)), and the previous estimate into account, and noting that
JA < Y1+ 60, )
we conclude
K(1+42An) — Mr(Y — X) +w(Q)||Y] +¢
> 0(Ts t) T (f (@, tn) — 0tr(M, p @ p) — 46K An|p||zy| — 46K2A|2,,|?)

~0(Yms tm) " (Y tm) — 0 tr(M,(p @ p)) + dw(A)[p]?) - (4.9)
From (4.2)) and the choices made in (4.5]), for L >> 1, we obtain
Fmstm) = 6 tr(M(p @ p)) + dw(A)[p]* < [[flloc — (A —w(A))]p|*
A ara
[ flloo — 25,“ L
0.

IA

A\
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But, from (4.6)),
— (WY, t) " < —0(Tpn,s )
so, letting « — 0 in (4.9)), we obtain
K(1+2An) = Atr(Y — X) +w(A)||Y]|
> 0(Ty t) T (=2|| flloo — 40K An|p| — 46 K*A — 6w (A)|p[?) .
Using (4.2)), and (4.6), we arrive at the estimate
K(1+2An) — SMA;):—ZLA“_Z + 2uLw(A) A2
> LA (2] flloo — 46 KARpLAF Y — 46 K2A — §p w(A) L2A%2)

Now, we multiply both sides by L™'A?7#, to get

K(1+ 2An) 1—
A2-1 2uw (A
7 8,u>\3_u+ pw(A)
—2 — 46 K2A 40 KA
. \|fuooL2 OKCA poayy _ 40 AT — by (A),

Hence, since A < 1 and p € (0, 1), we arrive at

K(1+2An) 1—pu
— — 4 (2 A
7 SMS_MJF( +0)nw(A)

- _2HfHoo + 46 K2\ 40K Anp
- L? L

Finally, from (4.5)), we derive

Caplmr s 2l + 220|013 + 2" 0wl Anp + 2°||v]| o (1 + 2An)
SR L ’
1.€.,
11l + 20 A Jv[[3 + 2196 ||v[|oo Arpe + 25| 0]| oo (1 + 2An)
2uA(1 — p)

and we select L universally large to get the desired contradiction.

L<(3—p)
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4.2. Holder regularity estimates in time. We now derive local C03 es
timates in time for positive bounded viscosity solutions of (4.1]). The strategy
relies on combining Theorem [1] with a control of the oscillation in time, ob-
tained by constructing subsolutions and supersolutions of in nonsingular
parabolic regions.

Lemma 2. Let v be a nonnegative continuous function in Gy such that
M (D) +a1|Vol? = 9w > =M in {v>1} NG,

4.10
MiA(D?0) + | Vol? =0 < M in {v>1}NGy, 10

in the wviscosity sense, for nonnegative parameters ci, co and M. Assume
that, for L > 1,

sup |v(z,t) —v(0,t)] < L, (4.11)

r€B;

for each t € (—1/4,0]. Then, for

1 . ] 2L
Ko := — min
0y "M + 4nAL + 16¢,L2 [
we have
sup |v(0,0) —v(0,t)| < 8L. (4.12)

tG(-/ﬁo,O]

The proof of Lemma [2] relies on a comparison principle for second-order
operators as in (4.10)).

Proposition 1. Let vy and vy be, respectively, a viscosity supersolution and
a viscosity subsolution of

M (D) + |V = 0w+ M = 0 in Qr, (4.13)
with ¢ > 0 and M € R. If vo < vy in 0,Q7, then
vo < v in Q.
The same holds for the equation
M, \(D*0) + |V = 0w+ M = 0 in Qr. (4.14)
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Proof: We adapt arguments in [13] and argue by contradiction. Assume that,
for n > 0 arbitrary,

M, == sup {vg(a:,t) — v (z,t) + ?} > 0.

(ZL',t)EQT

Note that then, since ¢t < 0, M, is attained in (7.
For each ¢ > 0, consider

M — |z — y|2 Ui
g = sup vo(x,t) —v1(y,t) — + = > M, >0,
2,y€Q, te(~T,0) 2e t

and denote by (x¢, ¥, t) a maximizer. From [13, Lemma 2.3.19], and taking
[13, Remark 2.3.20] into account, we conclude

‘xe — y6|2
€

—0, as e€—0.

Consequently, M — M,, as ¢ — 0. In addition, for ¢ < 1, (z, ¥, t) is an
interior point of €2 x Q x (=7,0). Now, we apply [13, Lemma 2.3.23| for v,
and vy +1n/t, obtaining the existence of 7 € R and X, Y € Sym(n), satisfying
X<V,

(7 + t%,pg, X)eP wtow) and (1,p,Y) €P vilte, ye),
with p. = =¥ From (4.13), we write the following inequalities

Y) + — T+ N
MIA( ) C’pe|2 T4+ M<0<L M:\F,A(X) + c|pe|2 o (7' + t_2> +M
and so,

MEA(X) < MEL(Y) < MY, (X) = 2,

~~

which is a contradiction. Thus vy(x,t) < vy(x,t) — 7 in Qp and, since n > 0
is arbitrary, the result follows.
Similarly, we obtain the result for equation (4.14)).

We are now ready to prove Lemma [2]
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Proof of Lemma[Z First, we claim that if
Grr = By X (11,70 C {v> 1},
for (11, 7] C (—ko, 0], then
0(0,72) —v(0,7)| < 2L. (4.15)
Indeed, consider functions
he(z,t) = v(0,7) * L+ K|z + K(t — 1),
for positive parameters K and K to be chosen later. Observe that
M;A(szﬁ) +c1|[VRT]2 — 0iht < 2nAK 4 4eK? — K
—M\(D*h7) = | VRT]P + 8h~ < 2nAK — K.

(4.16)

Hence, choosing
K =2nAK + 46, K? + M > 2nAK + M,
we obtain
M A(D*0) + 1| Vo = 0w > =M > M, (D*h7) + ¢ [VRT[ — Oh*
M4 (D?) + | Vo* = 0w < M < M 4 (D*h7) + o VI[P = 9™
In the sequel, we define

t*:= sup {s : |v(0,t) —v(0,m)| <2L, Vr <t <s}.

T1<8<T2

Observe that from the definition above and , we have
h™ <v<h" on 9,G
To check this, we notice that in By, we have
h(z,7) <|v(0,71) —v(z,n)| — L+v(z,n) <vx,m). (4.17)
For (z,t) € 0By x (11,t*), we select K = 2L, thus obtaining
h=(z,t) < |v(0,71) —v(0,t)| + |v(0,t) —v(x,t)| — L — K + v(x,t)
< 2L — K +v(x,t)
= v(z,1).
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Under these choices, we also show that h* > v on 0,G;, . Consequently,

from Proposition [I], we get

In particular,
—L—-K@{t"—m7)+v(0,7) <v(0,t) <v(0,7)+ L+ Kt —n)
and so, taking into account that t* — 71 < 7 — 71 < Ko, we conclude
10(0,t*) —v(0,7)| < L+ K@ — 1) < L+ K.

Since
_ L
KR
"= 2(M + 4nAL + 16¢,L2)’

we get

0(0, ) — v(0,71)] < 3L/2 < 2L.

If t* < 7, the estimate above contradicts the maximality of t*. Hence, we

conclude that t* = 7, as claimed.

Now, we argue as follows. Fix t € (—ky, 0] arbitrary. If G,y C {v > 1}, we

have, by the previous analysis,
|0(0,0) —v(0,t)| < 2L.
If Gip € {v > 1}, then we can find (see Fig.
(zi,t;) € Gro, i=1,2,
with t; < t9, such that v(z;, ;) <1 and

By x (t,t1) U By x (t2,0) C {v > 1}.
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0

t

FIGURE 1. Oscillation control in time.

Then, from and (4.17), we have

10(0,0) —v(0,t)] < [v(0,0) —v(0,2)| + |[v(0,t2) — v(wa, ta)]
+v(xe, ta) — v(z1,t1)| + |v(21, 1) — v(0,¢1)|
+|v(0,t1) — v(0, )]
2L+ L+2+ L+ 2L
SL.

IAIA

Note that, in the region {v > 1}, viscosity solutions of equation (4.1) solve
(4.10), for parameters ¢; = 0A, o = dA||v||3} and M = || f|ls. Considering
this and Theorem [, we apply Lemma [2] to obtain the next result.

Theorem 2. Let v be a positive bounded viscosity solution of (4.1)) in Gy.
For every € (0,1), there exists a constant C*, depending only on u, 9, A,
A, n, || flleo and ||v||oo, such that
t —
D) =)

t,SE(—Ho/Q,O} ’t - S‘%

<",

Jor any x € Byy, where

Ko = 1min 1 8¢
Ty "1[floe + 16RAC + 645AC?
and C'is from Theorem 1]
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Proof: Given 0 < pp < 1 and 0 < kK < 1/2, we define, in Gy,

v (kx, K2t
w(z,t) = —( )
KH
Applying Theorem [I] with y = 0, we obtain
jv(x,t) —v(0,t)] < Clz|", Vo€ By, Vte (—1/4,0]
Thus, since 0 < k < 1/2,

sup |v(z, %) — v(0, %) < CK", Yt € (—1/4,0]

reB,
and we conclude

sSup ‘w(xat) o w(ovt)’ < Ca

reB,
uniformly in —1/4 <t < 0.
Now, observe that in the region {w > 1} N Gy, we have
M \(D*w) + by |Vl = 0w > =M,
M ((D*w) + bVl = 0w < M,

where b; = kt¢; < ¢;, for i = 1,2. Therefore, from Lemma [2| we obtain

sup |w(0,t) —w(0,0)| < 8C,

tG(*Ho,O]

which implies

sup 00, 5) — 0(0,0)] < ~Z

s€(—r2,0] \/ /‘ig

for each 0 < r < @
By a standard scaling and translation procedure, we obtain the result with

C* =8C (%%)M

rt,
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5. Improved regularity estimates

In this section, our primary goal is to obtain pointwise oscillation estimates
in space and time for positive viscosity solutions of . We drop the ¢ in
u. for simplicity of notation. The core of the argument is to derive regularity
estimates for

2—y
2
)

Uy (2, 1) == u(z,t) (5.1)

which are obtained by accessing PDE information for w.,, using the fact that

u solves .

Denoting v := u., and recalling (2.6), we compute

]_ _ 1 _
v = 1+&u 2 Qyu, Vo = 1+au >Vu (5.2)
and
2 1 1 —7-1 L
D%y = —1)u 2" Vu® Vu+ u” 2 D?u. (5.3)
l+a \1+a« 1+«
Now, plugging (5.2) into (5.3) yields
1
D*v+av'Vo@ Vo= ——v! (ul_VDQu) : (5.4)
1+«
From the PDE satisfied by u and assumption (A3), we derive
1
F(z,t,D*v+av 'Vo® Vo) = = v (u' TV F(z,t, D))
e
1
= 13 av_l(BE(u) +u' " 10,u)
1 — (e
= 1 + aU 1B€<U1+ ) —|_ a{U.

Therefore, we conclude that v satisfies (4.1]), that is,
F (:z:, t,D*v+6v Vo ® Vv) —Ow = f(z,t)v' in Qr,

in the viscosity sense, for some bounded function f, with ||f|l. < 1, and
0 = a. Although the computations above have been conducted formally, it
is standard to justify that v satisfies the PDE in the viscosity sense.

Considering these facts, we obtain the following result from Theorems
and [2
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Corollary 1. Let u be a positive bounded viscosity solution of (E.). For
every pu € (0,1), there exists a universal constant C > 0, depending on i, 7,
A, A, noand |ul|p=(q,), but not depending on e, such that

1\ 1Ha
sup u(x,t) < <C’r’“‘ + u(O,O)Ha) : (5.5)
(z,t)€G,

for each 0 <r < @, with kg as in Theorem .
Proof: First, from Theorem [I| we obtain

sup |u(z, t)™ s — u(0, )™= | < C'r¥

zE€B,

= sup u(a:,t)ﬁ < C'rt + u((),t)lv%a,
TEDB,

for every r < 1/2 and t € (—1/4,0].
Then, from Theorem [2],

sup |u(0, )T — u(0,0)T= | < C"r¥
te(=r2,0]

— sup u(0,t)T < C"r" + u(0,0) s,
te(—r2,0]

N
for every r < 5=,

Combining the two, we obtain the result.
|

We conclude this section by deriving gradient estimates for positive vis-
cosity solutions of (£.)). First, we provide uniform local C’Lip’%—regularity

estimates.

Theorem 3. Let u be a positive bounded viscosity solution of (EJ). There
exists a universal constant C' > 0, depending on v, A\, A, n and ||u| r~(c,),
but not depending on €, such that

sup |u(z,t) —u(0,0)] < Cr, (5.6)
(z,t)eG,

JRo
for each 0 < r < Y=,
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Proof: Fix 0 < r < @ Assuming 7 > u(0,0), we apply estimate ((5.5]) for
pw=1/(1+a) <1, to obtain

1 1\ +a
sup u(z,t) < (C’rlm + u(0, 0)1+a> < (C+1)"p (5.7)
(z,t)EG,
and ((5.6)) follows from the triangular inequality.
In the case 0 < r < u(0,0), we consider

u(kx, K2s)

w(z, s) = — (x,t) € Gy,

for K := u(0,0). Note that, up to a universal rescaling, we can assume
k < 1/4. In addition, from Remark , we find that w is a positive viscosity
solution of

F(x,t, D*w) — Oqw = kB (w) w'™!
in GGy, where € = ek T and

EF(x,t, M) := kF(kx, 5*t,kM).

Again from estimate (5.5)), with = 1/(1 + «), we have

w(k, K28) - (C/{Ha + u(0,0) T

)H-a
= (C+ D" in G

w(z,s) =

K K

We also observe that w(0,0) = w,(0,0) =1 (cf. (5.1))). Hence, by continuity
in space and time for w,, there exists a universal parameter ¢, > 0, such that

1

w(z, s) = w,(z, )7 > (—

1+o
2) , V(z,s) € Gs,.

This implies that w solves a (A, A)-parabolic equation with bounded source
term f,

F.(x,t,D*w) — 0w = f in G,

By classical regularity estimates, see for example [20], it follows that

sSup ‘U)(JZ,t) o ’LU(O, 0)‘ < CT;
(x,t)eG,
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for 0 < r < §y/2, and so

Sup ‘U(l’,t) o U(O, O)' < CT;
(2,1)€G,
for 0 < r < Kkdy/2. Finally, we consider radii kdy/2 < r < k. Using estimate
(5.5), once again with = 1/(1 + «), we conclude

sup |u(x,t) —u(0,0)] < sup u(w,t)+ u(0,0)
(z,t)€G, (x,t)eGL
{(C+1D)* 4+ 1}k
2

< —{(Cc+1n)"+1}r
0

IN

: Vo
Therefore, estimate (.6) holds for each 0 < r < ¥5=.
u

As a consequence of Theorem [3 we obtain the following gradient bound,
which shall be used crucially to establish this paper’s main result. Note

that the estimate therein is invariant under scaling for functions defined in
Remark [11

Corollary 2. Let u be a positive bounded viscosity solution of (E.). For
every 0 < 6 < v, there exists a constant C', depending only on 0, v, \, A, n
and ||ul|z=(q,), but not depending on ¢, such that

Vu(z,t))* < Cu(x,t)!  in Gyp. (5.8)

Proof: Fix the parameter 0 < 6 < ~ and let f = & < «. Consider

2—0
(SI}(),t()) - G1/2 and

1

148 o)\ T8
M > ||lullooky 2 such that rg:= (W) < \/Ko.

Now, we define in (G; the rescaled function

(370 —|—?”033,t0 —f—T(Q)t)

148
Ty

w(zx,t) = 4



SHARP REGULARITY FOR A SINGULAR FREE BOUNDARY PROBLEM 23

1

By estimate (5.5)), choosing u = J—g < 1, we have

’LL(IL‘Q + Trox, to + T’%t)

supw = sup

G G rot?
}Ji N 14+«
Cryt™ + u(xo, to) T
<
réw

1

1+a
§(0+Mm0 |
Moreover, using Remark [, w is a positive viscosity solution of
Fy(z,t, D*w) — Qyw = réHm(%l)H_ﬁBe(w)wV—l
in G1, where € = er," and
N, Sl 2, .81
Fo(z,t, M) :=r, "F (:Uo + rox, to + rit, Ty M) .

Note that
AI+80-1)+1-6>0,
since 6 < . By Theorem [3] we have

48 .
Vuxo,to :TBV’LU 0,0 SCTBZC m :Cux(),t() s
0 0

for a universal constant C' > 0.

6. Sharp local C’Hﬁ’%ﬁ—regularity estimates

In this section, we derive asymptotically optimal regularity estimates for
viscosity solutions of (F.), which are uniform in . Let 0 < ap < 1 be an
exponent such that viscosity solutions of

F(z,t,D*h) = 0,h in G
are of class C’HO‘F’H#, i.€., they satisfy

sup |h($,t) - h(y75) - Vh(yu S) ) (.T - y)‘ < O|‘h‘|00p1+aF7
(x,t)eGp(y,s)
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for any (y,s) € Gy2 and 0 < p < 1/4. Recall o := ﬁ

Theorem 4. Every positive bounded viscosity solution u of (EJ) is of class
CHA" i G2, for any B < min{a, ar}. Furthermore, there exists a con-
stant C, depending only on v, A\, A, n and ||u| r~(q,), but not depending on
g, such that

sup \u(x,t) - U(y, S) - V’U,(y, S) ) (l’ - y)l S C/O1+ﬁ7 (61)
(@,t)€Gy(y,5)

for any (y,s) € Gij and 0 < p < \/T'TO
Proof: Let (y,s) € G2 and define

1

puim [T 6.2

NG
for M > 1 large enough such that p, < ¥5=.

We split the proof into two cases, considering first p, < p < \/% (see Fig.
' We use Corollaryl Wlth = HB < 1, and Corollary with 9 = ffﬁ <7,
to derive

sup |u(z,t) —uly,s) — Vu(y,s) - (z - y)|
(x,t)er(y,s)

< osup u(z,t) +uly,s) + [Vu(y, s)lp
(#.1)€G (1,9)
148 1\ 1fe B
< (Cp1+“+U(y,S)1+a) +u(y, s) + Culy,s)™p
Ltp ey ) e 148 148125
< (Cpre + (Mp o) + Mp P+ C(Mp™7) 5 p

1 1+a
< [(C+Ml+a) +M+CM1+BB] pltb.

Next, we consider the case 0 < p < p,. The function w defined by

2
t
w(z,t) = uly + p;i; )
*

is a positive viscosity solution in GGy of

F(z,t, D*w) — 0w = pIHAO= DB (1)) =1
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Yy

w ~ plth

FIGURE 2. Oscillation estimates in G, (y, s) for the singular case
u(y,s) S pt+7.

1+6

where € = ep, ™. From estimate (5.5)), with p = i—g, we have that
u(y + pux, s + pit)
w(xat) - 113
Px
148 . 1+a

(Cp?a+44y¢ﬂ“ﬂ>

<

p1+6
_ (C—l—Mﬁ)Hﬂ

S 2a (Cl+a + M),
for (z,t) € G1. In addition, we observe that w(0,0) = M > 1. Hence, from

Proposition [3] there exists a universal parameter dy, such that

1

w(x,s) > =
( Y ) — 27
This implies that w solves a uniformly parabolic equation with bounded

for each (z,s) € Gg,.

source term f, namely
F.(x,s, D*w) — Ow = f(z,s) in Gj,.

By classical regularity estimates (see for example [20] and [I8]) and since
B < ap, we have

sup |w(x,t) —w(0,0) — Vw(0,0) - z)| < Cr'*7,
(2,4)€G,
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for 0 < r < §y/2, and so

sup  |u(z,t) —u(y,s) — Vu(y,s) - (z —y)| < Cr''P,
(z,t)eG,(y,s)

for 0 < r < p.dp/2. Finally, for radii p,dp/2 < r < ps, we conclude

sup "LL(Z‘, t) - u<y7 S) - V’U,(y, S) ) (.%' - y)|
(z,t)eG(y,8)

sup ‘U(.I, t) - ’U,(y, 8) - VU,(y, S) ) ('r - y)|
(xvt)EGp* (y,s)

Cpi+ﬂ
< Crith,

IA

IA

where the second inequality follows from the first case. Therefore, estimate
(6.1)) holds for every 0 < r < p,, which completes the proof.
|

7. The limiting free boundary problem

In this final section, we pass to the limit in as € \, 0. We will show
that viscosity solutions u. of converge to a function wug solving
in the viscosity sense. Then we obtain regularity estimates for uy from the
regularity estimates obtained for viscosity solutions of the penalised equation
(E)), thus getting sharp regularity results for limiting solutions of (I.1)).

We start with the compactness of the sequence (u.).. From Remark ,
we know the sequence is uniformly bounded, and from Theorem [3] it is
equicontinuous. Using Ascoli-Arzela Theorem, we conclude there exists a
continuous function ug such that, up to a subsequence

Ue > U,
uniformly on compacts.

Theorem 5. The limiting function wy 1S a nonnegative bounded viscosity
148

solution of (L1]). At a free boundary point (y,s), ug is of class C**72", for
every
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and

sup  u(x,t) < Cptth, (7.1)
(2,t)€G,(y,s)

for any G,(y,s) € Qp. Moreover, uy is locally of class CHBE for every

7 (0
2_77 F >

sup  |uo(z,t) — uo(y, s) — Vug(y, s) - (x — y)| < Cpt™7, (7.2)
(2,1)€Gp(y,5)

5<min{

and

for any G,(y,s) € Qr. The constant C' depends only on v, A\, A, n and

luolloo-

Proof: Fix a point (zg,tg) € {u > 0} N Qp. Let ug(xo,ty) = ¢ > 0 and, by
continuity, select py > 0 such that

uo(z, t) > 62—0 in G, (o, o).
By the uniform convergence u. — 1y on compact sets, for ¢ < 1, we have
us(x,t) > % > (14 og)et™
and thus u. solves
F(x,t, D*u.) — Qe = yul™' in G, (w0, to)

in the viscosity sense. By the stability of viscosity solutions under uniform
limits (cf. [13]), we conclude wy is indeed a viscosity solution of ((L.1]).

The regularity at a free boundary point and estimate follow from
passing to the limit in (5.5).

That uy € Clloiﬁ’#, for any 8 < min {ﬁ, aF}, and the validity of esti-
mate are direct consequences of the uniform in € nature of the estimate

in Theorem [].
m
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