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1. Introduction

In many applied problems, for example, in models of chemical heteroge-

neous catalysts or combustion, one wants to understand the behaviour of

a quantity, be it the density of a gas-phase reactant or the temperature of

a flame, as it transitions from being positive to suddenly vanishing. This

type of phenomenon is accounted for in the pertaining partial differential

equations through a source term of the form uγ−1. The quenching problem

(aka Alt-Phillips, see [3]) corresponds to the case 0 < γ < 1 and can be seen

as an intermediate scenario between the obstacle problem, which is the case

γ = 1, and the cavity Bernoulli problem (aka Alt-Caffarelli, see [2]), which
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corresponds to γ = 0. In all these problems, the set Γ := ∂{u > 0} is a free

boundary, and the primary analytical challenges are understanding the be-

haviour of u near Γ and its geometric properties. Investigating the regularity

of Γ often requires obtaining sharp regularity results for u.

In this paper, we do precisely that for a class of nonvariational parabolic

partial differential equations with singular absorption terms of the form

F (x, t,D2u)− ∂tu ∼ γuγ−1χ{u>0}, (1.1)

for γ ∈ (0, 1), corresponding to the free boundary problem{
F (x, t,D2u)− ∂tu = γuγ−1 in {u > 0}

u = |∇u| = 0 on {u = 0}.

Here, F (x, t,M) is a fully nonlinear uniformly elliptic operator, satisfying ap-

propriate additional assumptions. Our main result is that limiting solutions

of (1.1), i.e., those obtained as uniform limits of solutions of a regularised

problem, are locally of class C1+β, 1+β
2 , for any

β < min

{
γ

2− γ
, αF

}
, (1.2)

where αF is the optimal exponent of the C1+µ, 1+µ
2 −regularity theory for so-

lutions of F -caloric functions, i.e., solutions of F (x, t,D2h) − ∂th = 0 (see,

for example, [18, 20]). A particular scenario for which the result is new is

when F is a linear (λ,Λ)−elliptic operator in nondivergence form, in which

case αF = 1 in (1.2). The result is a consequence of studying a singularly

perturbed problem and obtaining uniform in ε regularity estimates. These

follow from combining sharp decay estimates close to the free boundary with

classical regularity estimates for equations with a bounded source away from

it. In our analysis, we must overcome the significant hardship of dealing

with an inhomogeneity blowing up along the free boundary and the lack of

a variational structure in the parabolic setting. For radial symmetry results

for solutions to the problem, see [11].

The history of the problem is long and quite rich. The variational elliptic

theory is well understood (see [3, 15, 16, 21]) and connected, in the Laplacian
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case ∆u = γuγ−1, to the minimization of the non-differentiable functional∫
1

2
|Du(x)|2 + u(x)γ dx.

The non-variational elliptic counterpart of our problem was studied in [1],

where the authors obtain optimal regularity estimates by studying the fine

oscillation decay for limiting solutions at points close to the free boundary.

Still in the non-variational setting, the obstacle problem was studied in [8]

and [12], and the cavity problem was treated in [17] (see also [4, 5, 6, 9] for

solutions in the weak sense).

The paper is organised as follows. In the next section, we fix some no-

tation and basic definitions, make explicit our assumptions, and introduce

the singularly penalised auxiliary problem. In section 3, we comment on the

existence of viscosity solutions for the Dirichlet problem involving the reg-

ularised equation. Section 4 treats an auxiliary singular equation, and the

results therein have an independent interest due to the additional gradient

dependence. We explore a parabolic version of Jensen–Ishii’s lemma, obtain-

ing sharp Hölder regularity estimates in space, and then use a comparison

principle for certain Pucci-type equations with quadratic gradient terms to

derive Hölder regularity estimates in time. In section 5, we obtain pointwise

oscillation estimates in space and time for positive viscosity solutions uε of

the regularised equation, exploring the fact that u
2−γ
2

ε solves an equation of

the form studied in the previous section. The final two sections contain the

proof of the main result, first for the regularised problem and, upon passage

to the limit, also for the original free boundary problem.

2. Notation, assumptions and definitions

Consider a bounded domain Ω ⊂ Rn, with a smooth boundary, T > 0, and

let ΩT := Ω × (−T, 0]. Denote with ∂pΩT = ∂Ω × (−T, 0) ∪ (Ω × {0}) the

parabolic boundary of ΩT . Given (x0, t0) ∈ ΩT and ρ > 0, we define the

intrinsic parabolic cylinders

Gρ(x0, t0) := Bρ(x0)× (t0 − ρ2, t0], (2.1)
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where Bρ(x0) is the euclidean ball with centre at x0 and radius ρ.

We denote the space of real n × n symmetric matrices by Sym(n). For

parameters Λ ≥ λ > 0, we consider the extremal Pucci operators

M−
λ,Λ(M) = λ

∑
ei>0

ei + Λ
∑
ei<0

ei and M+
λ,Λ(M) = Λ

∑
ei>0

ei + λ
∑
ei<0

ei,

where ei = ei(M) are the eigenvalues of M ∈ Sym(n). It is easy to see that

M−
λ,Λ(M) = inf

A∈Aλ,Λ

tr(AM) and M+
λ,Λ(M) = sup

A∈Aλ,Λ

tr(AM),

where Aλ,Λ := {A ∈ Sym(n) |λI ≤ A ≤ ΛI}.

We now set the conditions that shall be assumed for the fully nonlinear

second order operator F : ΩT × Sym(n) → R.
A1: F is (λ,Λ)-parabolic, i.e.,

M−
λ,Λ(N) ≤ F (x, t,M +N)− F (x, t,M) ≤ M+

λ,Λ(N), (2.2)

for every M,N ∈ Sym(n) and (x, t) ∈ ΩT .

A2: F is continuous in space, and there exists a nondecreasing contin-

uous function ω : [ 0,∞) → [ 0,∞), with ω(0) = 0, called a modulus

of continuity, such that

|F (x, t,M)− F (y, t,M)| ≤ ω(|x− y|)∥M∥, (2.3)

for every M ∈ Sym(n), x, y ∈ Ω and t ∈ (−T, 0].

A3: F is 1-homogeneous,

F (x, t, τM) = τF (x, t,M), (2.4)

for every τ ≥ 0, (x, t) ∈ ΩT and M ∈ Sym(n).

A4: F (x, t, 0) = 0, for every (x, t) ∈ ΩT .

Following [13, 19], we next define the notion of viscosity solution for a fully

nonlinear parabolic equation of the form

F (x, t,D2u)− ∂tu = g(x, t, u) in ΩT , (2.5)
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where g is a continuous function in ΩT × R. We say a function belongs to

C2,1(ΩT ) if it is of class C
2 in Ω and of class C1 in (−T, 0].

Definition 1. Assume u ∈ C(ΩT ). We say u is a viscosity subsolution

(supersolution) of (2.5) if, for each φ ∈ C2,1(ΩT ) such that u−φ has a local

maximum (minimum) at (x0, t0) ∈ ΩT , there holds

F (x0, t0, D
2φ(x0, t0))− ∂tφ(x0, t0) ≥ (≤) g(x0, t0, u(x0, t0)).

We say u is a viscosity solution if it is both a viscosity subsolution and a

viscosity supersolution.

Next, we focus on the singular penalisation strategy adopted in this paper.

Let ϱ ∈ C∞(R) be compactly supported in [0, 1], with
∫
ϱ(θ)dθ = 1. For

parameters 0 < σ0 < 1 and

α =
γ

2− γ
(2.6)

(recall γ ∈ (0, 1)), define, for each ε > 0, the real function

Bε(s) = γ

∫ s−σ0ε
1+α

ε1+α

0

ϱ(θ)dθ, s ∈ R, (2.7)

which is an approximation of the characteristic function χ{s>0}. We consider

the penalised equation

F (x, t,D2u)− ∂tu = Bε(u)u
γ−1 in ΩT . (Eε)

Remark 1. We stress the scaling invariance of solutions for (Eε). If v is a

viscosity solution of (Eε) in G1 ⋐ ΩT , then, for any parameters κ > 0 and

θ ≥ 0, the rescaled function

vκ(x, t) =
v(κx, κ2t)

κθ

solves

Fκ(x, t,D
2vκ)− ∂tvκ = κθ(γ−1)+2−θ Bϵ(vκ) vκ

γ−1,

in the viscosity sense in G1/κ, where

ϵ =
ε

κ
θ

1+α

and Fκ(x, t,M) := κ2−θF (κx, κ2t, κθ−2M),

which is (λ,Λ)-parabolic as defined in (2.2).
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Finally, we give the notion of regularity in space and time that we shall

assume in this paper. For a given µ ∈ (0, 1), we say a function u : ΩT → R
is of class Cµ,µ2 at a point (y, s) ∈ ΩT if

sup
(x,t)∈Gρ(y,s)

|u(x, t)− u(y, s)| ≤ Cρµ,

for every 0 < ρ ≪ 1 such that Gρ(y, s) ⋐ ΩT . Additionally, for the borderline

case µ = 1, we use the notation CLip, 12 to mean Lipschitz regularity in space

and 1
2−Hölder regularity in time.

We say u is of class C1+µ, 1+µ
2 at a point (y, s) ∈ ΩT if

sup
(x,t)∈Gρ(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)| ≤ Cρ1+µ,

for every 0 < ρ ≪ 1 such that Gρ(y, s) ⋐ ΩT .

Such choices are natural in the face of the intrinsic geometry assumed in

(2.1), which is suitable for dealing with the homogeneity of equation (1.1).

3. Existence of viscosity solutions

In this section, we discuss the existence of viscosity solutions for the Dirich-

let problem {
F (x, t,D2u)− ∂tu = Bε(u)u

γ−1 in ΩT ,

u = φ on ∂pΩT ,
(3.1)

with given nonnegative data φ ∈ C(∂pΩT ). We consider an adaptation of

Perron’s method as argued in [17].

Choose functions u⋆ and u⋆ = u⋆(ε) solving in the viscosity sense, respec-

tively {
F (x, t,D2u⋆)− ∂tu

⋆ = 0 in ΩT ,

u⋆ = φ on ∂pΩT

and {
F (x, t,D2u⋆)− ∂tu⋆ = γσγ−1

0 ε(1+α)(γ−1) in ΩT ,

u⋆ = φ on ∂pΩT .
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We guarantee the existence of u⋆ and u⋆ by applying the standard Perron

method in the theory of viscosity solutions. In addition, noting that

0 ≤ Bε(u)u
γ−1 ≤ γσγ−1

0 ε(1+α)(γ−1),

we find that u⋆ and u⋆ are a viscosity supersolution and a viscosity subsolution

of (3.1). Therefore, according to [17, theorem 3.1], we conclude that the

function

uε := inf
w∈S

w,

where

S = {w ∈ C(ΩT ) | u⋆ ≤ w ≤ u⋆ and w is a supersolution to (3.1)},

solves (3.1) in the viscosity sense.

Remark 2. We observe that uε is uniformly globally bounded. In fact, by

using the parabolic Alexandrov–Bakelman–Pucci (ABP) estimate (see, for

instance, [17, theorem 3.2], together with [19, theorem 3.14]), we can find a

positive constant C, depending only on n, λ, Λ and ∥φ∥∞, but independent

of ε, such that

0 ≤ uε ≤ C in ΩT .

Remark 3. Solutions uε to (3.1) are positive in ΩT , provided φ > 0 in ∂pΩ.

In fact, suppose we can find −T < t⋆ ≤ 0, such that

t⋆ = sup {t ∈ (−T, 0] | (x, t) ∈ ∂{uε > 0} ∩ ΩT} .

Then uε solves F (x, t,D2uε)− ∂tuε = 0 in the open set

O :=
{
(x, t) ∈ ΩT |uε(x, t) < σ0ε

1+α
}
,

which is nonempty. Therefore, as a consequence of the parabolic strong max-

imum principle (see, for instance, [14, 19]), we obtain

Ω× (−T, t⋆] ⊂ {uε = 0},

which is in contradiction with the (global) continuity of uε.

Given a fixed boundary data φ ≥ 0, we thus only have to take φε = φ+ε1+α

in (3.1), to obtain positive solutions for (3.1).
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Our primary goal in this paper is to derive geometric and analytic proper-

ties for positive solutions of (Eε), which are uniform in ε. This will lead, by

letting ε ↘ 0, to regularity estimates across the free boundary for limiting

solutions of (1.1) (see Section 7).

4. Local Hölder estimates for an auxiliary singular equa-

tion

We will work in G1 = B1 × [−1, 0] throughout the section. We will derive

regularity estimates, both in space and time, for positive bounded viscosity

solutions of the auxiliary singular equation

F
(
x, t,D2v + δ v−1∇v ⊗∇v

)
− ∂tv = f(x, t) v−1, (4.1)

for a given parameter δ ≥ 0 and f ∈ L∞(G1). We shall assume the fully

nonlinear operator F to satisfy conditions (2.2) and (2.3).

We now define the parabolic super-/sub-differentials of a function v at the

point (x, t),

P±(v)(x, t) =
{
(α, p,X) ∈ R× Rn × Sym(n) |

(α, p,X) =
(
ϕt(x, t),∇ϕ(x, t), D2ϕ(x, t)

)
,

for ϕ ∈ C2,1 touching v from above (below) at (x, t)
}
,

and the corresponding limiting super-/sub-differentials,

P±
(v)(x, t) =

{
(α, p,X) ∈ R× Rn × Sym(n) | ∃(xm, tm) → (x, t),

∃(αm, pm, Xm) ∈ P±(v)(xm, tm) such that

(αm, pm, Xm) → (α, p,X), v(xm, tm) → v(x, t)
}
.

4.1. Hölder regularity estimates in space. We start by obtaining local

spatial C0,1−−estimates for positive solutions of (4.1).

The following is a generalised Jensen–Ishii’s lemma (see [10]).

Lemma 1. Let v ∈ C(G1). Set

φ(x, y, t) := v(x, t)− v(y, t)− L|x− y|µ −K(|x|2 + (−t)2),
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for L,K positive constants and µ ∈ (0, 1). If the function φ attains a max-

imum at (xm, ym, tm) ∈ B1/2 × B1/2 × (−1/4, 0 ], then there exist τ ∈ R,
p ∈ Rn, and X, Y ∈ Sym(n), with X ≤ Y , such that

(τ + 2Ktm, p+ 2Kxm, X + 2KI) ∈ P+
(v)(xm, tm),

(τ, p, Y ) ∈ P−
(v)(ym, tm),

and the following estimates

|p| = µL|xm − ym|µ−1, ∥Y ∥ ≤ 2µL|xm − ym|µ−2 (4.2)

and

tr(Y −X) ≥ 8µ
1− µ

3− µ
L|xm − ym|µ−2 (4.3)

hold.

Proof : We use [13, Lemma 2.3.30] to guarantee the existence of τ ∈ R, p ∈ Rn

and X, Y ∈ Sym(n). Estimates (4.2) and (4.3) follow by computations in

the proof of [13, Theorem 2.3.29], namely from those in lines 2, 8 and -8 on

page 41.

Theorem 1. Let v be a positive bounded viscosity solution of (4.1) in G1.

For any µ ∈ (0, 1), there exists a constant C > 1, depending only on µ, δ, λ,

Λ, n, ω(·) and ∥v∥L∞(G1), such that

sup
x,y∈B1/2

|v(x, t)− v(y, t)|
|x− y|µ

≤ C, (4.4)

for every t ∈ (−1/4, 0].

Proof : Consider the auxiliary function defined in G1 by

Φ(x, y, t) = v(x, t)− v(y, t)− L |x− y|µ −K
(
|x|2 + (−t)2

)
,

where the parameter µ ∈ (0, 1), and the constants L and K are to be chosen.

We claim that

Φ(x, y, t) ≤ 0 in B1/2 ×B1/2 × [−1/4, 0] ,
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from which the result follows. Indeed, from Φ(x, 0, 0) ≤ 0 and Φ(0, y, 0) ≤ 0,

we obtain

sup
x∈B1/2

|v(x, 0)− v(0, 0)|
|x|µ

≤ C,

and (4.4) follows by translation.

Assuming the claim is false with the goal of reaching a contradiction, sup-

pose Φ has a positive maximum at some point (xm, ym, tm) ∈ B1/2 × B1/2 ×
[−1/4, 0]. Then necessarily xm ̸= ym and we have

L |xm − ym|µ +K
(
|xm|2 + (−tm)

2
)
≤ 2∥v∥∞.

If we choose K = 29∥v∥∞ and L ≥ K, we conclude

(xm, ym, tm) ∈ B1/4 ×B1/4 × (−1/16, 0].

Recalling assumption (A2), we shall assume L even larger and such that

ω(|xm − ym|) ≤ min

{
λ

2
,

4λ

2 + δ

1− µ

3− µ

}
. (4.5)

In addition, observe that we also have

v(xm, tm) > v(ym, tm) and v(xm, tm) > L|xm − ym|µ. (4.6)

We now apply Lemma 1 considering the previous remarks. Define the

quantities

Ax := X + 2KI + δ v(xm, tm)
−1(p+ 2Kxm)⊗ (p+ 2Kxm),

Ay := Y + δ v(ym, tm)
−1p⊗ p,

F [Ax] := F (xm, tm, Ax),

F [Ay] := F (ym, tm, Ay),

∆ := |xm − ym|.

From (4.1), we have

F [Ax] ≥ τ + 2Ktm + f(xm, tm)v(xm, tm)
−1,

F [Ay] ≤ τ + f(ym, tm)v(ym, tm)
−1
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and, consequently,

F [Ay]− F [Ax] ≤ K + f(ym, tm)v(ym, tm)
−1 − f(xm, tm)v(xm, tm)

−1. (4.7)

On the other hand, by (2.3),

F [Ay]− F [Ax] = F (ym, tm, Ay)− F (xm, tm, Ay) ≥ −ω(∆)∥Ay∥.

From this fact and (2.2), for each ι > 0, we can find Mι ∈ Aλ,Λ, such that

F [Ay]− F [Ax] ≥ tr(Mι(Ay − Ax))− ι− ω(∆)∥Ay∥. (4.8)

We next estimate the first term on the right-hand side of (4.8).

tr(Mι(Ay − Ax))

= −2Ktr(Mι) + tr(Mι(Y −X)) + δ v(ym, tm)
−1tr(Mι(p⊗ p))

−δ v(xm, tm)
−1tr(Mι(p+ 2Kxm)⊗ (p+ 2Kxm))

≥ −2KΛn+ λtr(Y −X) + δ v(ym, tm)
−1tr(Mι(p⊗ p))

−δ v(xm, tm)
−1

(
tr(Mι p⊗ p) + 4Ktr(Mι p⊗ xm) + 4K2tr(Mι xm ⊗ xm)

)
≥ −2KΛn+ λtr(Y −X) + δ v(ym, tm)

−1tr(Mι(p⊗ p))

−δ v(xm, tm)
−1

(
tr(Mι p⊗ p) + 4KΛn|p||xm|+ 4K2Λ|xm|2

)
.

Taking (4.7), (4.8) and the previous estimate into account, and noting that

∥Ay∥ ≤ ∥Y ∥+ δ v(ym, tm)
−1|p|2,

we conclude

K(1 + 2Λn)− λtr(Y −X) + ω(∆)∥Y ∥+ ι

≥ v(xm, tm)
−1

(
f(xm, tm)− δtr(Mι p⊗ p)− 4δKΛn|p||xm| − 4δK2Λ|xm|2

)
−v(ym, tm)

−1
(
f(ym, tm)− δ tr(Mι(p⊗ p)) + δω(∆)|p|2

)
. (4.9)

From (4.2) and the choices made in (4.5), for L ≫ 1, we obtain

f(ym, tm)− δ tr(Mι(p⊗ p)) + δω(∆)|p|2 ≤ ∥f∥∞ − δ(λ− ω(∆))|p|2

≤ ∥f∥∞ − λ

2
δµ2L2

< 0.
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But, from (4.6),

−v(ym, tm)
−1 < −v(xm, tm)

−1

so, letting ι → 0 in (4.9), we obtain

K(1 + 2Λn)− λtr(Y −X) + ω(∆)∥Y ∥

≥ v(xm, tm)
−1

(
−2∥f∥∞ − 4δKΛn|p| − 4δK2Λ− δω(∆)|p|2

)
.

Using (4.2), (4.3) and (4.6), we arrive at the estimate

K(1 + 2Λn)− 8µλ
1− µ

3− µ
L∆µ−2 + 2µLω(∆)∆µ−2

≥ L−1∆−µ
(
−2∥f∥∞ − 4δKΛnµL∆µ−1 − 4δK2Λ− δµ2 ω(∆)L2∆2µ−2

)
.

Now, we multiply both sides by L−1∆2−µ, to get

K(1 + 2Λn)

L
∆2−µ − 8µλ

1− µ

3− µ
+ 2µω(∆)

≥ −2∥f∥∞ − 4δK2Λ

L2
∆2(1−µ) − 4δKΛn

L
µ∆1−µ − δµ2 ω(∆).

Hence, since ∆ ≤ 1 and µ ∈ (0, 1), we arrive at

K(1 + 2Λn)

L
− 8µλ

1− µ

3− µ
+ (2 + δ)µω(∆)

≥ −2∥f∥∞ + 4δK2Λ

L2
− 4δKΛnµ

L
.

Finally, from (4.5), we derive

−4µλ
1− µ

3− µ
≥ −2∥f∥∞ + 220δΛ∥v∥2∞ + 211δ∥v∥∞Λnµ+ 29∥v∥∞(1 + 2Λn)

L
,

i.e.,

L ≤ (3− µ)
∥f∥∞ + 219δΛ∥v∥2∞ + 210δ∥v∥∞Λnµ+ 28∥v∥∞(1 + 2Λn)

2µλ(1− µ)

and we select L universally large to get the desired contradiction.
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4.2. Hölder regularity estimates in time. We now derive local C0, 12
−
es-

timates in time for positive bounded viscosity solutions of (4.1). The strategy

relies on combining Theorem 1 with a control of the oscillation in time, ob-

tained by constructing subsolutions and supersolutions of (4.1) in nonsingular

parabolic regions.

Lemma 2. Let v be a nonnegative continuous function in G1 such that

M+
λ,Λ(D

2v) + c1|∇v|2 − ∂tv ≥ −M in {v > 1} ∩G1,

M−
λ,Λ(D

2v) + c2|∇v|2 − ∂tv ≤ M in {v > 1} ∩G1,
(4.10)

in the viscosity sense, for nonnegative parameters c1, c2 and M . Assume

that, for L > 1,

sup
x∈B1

|v(x, t)− v(0, t)| ≤ L, (4.11)

for each t ∈ (−1/4, 0]. Then, for

κ0 :=
1

4
min

{
1,

2L

M + 4nΛL+ 16c1L2

}
,

we have

sup
t∈(−κ0,0]

|v(0, 0)− v(0, t)| ≤ 8L. (4.12)

The proof of Lemma 2 relies on a comparison principle for second-order

operators as in (4.10).

Proposition 1. Let v1 and v2 be, respectively, a viscosity supersolution and

a viscosity subsolution of

M+
λ,Λ(D

2v) + c|∇v|2 − ∂tv +M = 0 in ΩT , (4.13)

with c ≥ 0 and M ∈ R. If v2 ≤ v1 in ∂pΩT , then

v2 ≤ v1 in ΩT .

The same holds for the equation

M−
λ,Λ(D

2v) + c|∇v|2 − ∂tv +M = 0 in ΩT . (4.14)
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Proof : We adapt arguments in [13] and argue by contradiction. Assume that,

for η > 0 arbitrary,

Mη := sup
(x,t)∈ΩT

{
v2(x, t)− v1(x, t) +

η

t

}
> 0.

Note that then, since t < 0, Mη is attained in ΩT .

For each ϵ > 0, consider

M ϵ
η := sup

x,y∈Ω, t∈(−T,0)

{
v2(x, t)− v1(y, t)−

|x− y|2

2ϵ
+

η

t

}
≥ Mη > 0,

and denote by (xϵ, yϵ, tϵ) a maximizer. From [13, Lemma 2.3.19], and taking

[13, Remark 2.3.20] into account, we conclude

|xϵ − yϵ|2

ϵ
→ 0, as ϵ → 0.

Consequently, M ϵ
η → Mη, as ϵ → 0. In addition, for ϵ ≪ 1, (xϵ, yϵ, tϵ) is an

interior point of Ω× Ω× (−T, 0). Now, we apply [13, Lemma 2.3.23] for v1
and v2+η/t, obtaining the existence of τ ∈ R and X, Y ∈ Sym(n), satisfying

X ≤ Y ,

(τ +
η

t2
, pϵ, X) ∈ P+

v2(tϵ, xϵ) and (τ, pϵ, Y ) ∈ P−
v1(tϵ, yϵ),

with pϵ =
xϵ−yϵ

ϵ . From (4.13), we write the following inequalities

M+
λ,Λ(Y ) + c|pϵ|2 − τ +M ≤ 0 ≤ M+

λ,Λ(X) + c|pϵ|2 −
(
τ +

η

t2

)
+M

and so,

M+
λ,Λ(X) ≤ M+

λ,Λ(Y ) ≤ M+
λ,Λ(X)− η

t2
,

which is a contradiction. Thus v2(x, t) ≤ v1(x, t)− η
t in ΩT and, since η > 0

is arbitrary, the result follows.

Similarly, we obtain the result for equation (4.14).

We are now ready to prove Lemma 2.
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Proof of Lemma 2: First, we claim that if

Gτ1,τ2 := B1 × (τ1, τ2] ⊂ {v > 1},

for (τ1, τ2] ⊂ (−κ0, 0], then

|v(0, τ2)− v(0, τ1)| ≤ 2L. (4.15)

Indeed, consider functions

h±(x, t) := v(0, τ1)± L±K|x|2 ±K(t− τ1),

for positive parameters K and K to be chosen later. Observe that

M+
λ,Λ(D

2h+) + c1|∇h+|2 − ∂th
+ ≤ 2nΛK + 4c1K

2 −K

−M−
λ,Λ(D

2h−)− c2|∇h−|2 + ∂th
− ≤ 2nΛK −K.

(4.16)

Hence, choosing

K = 2nΛK + 4c1K
2 +M > 2nΛK +M,

we obtain

M+
λ,Λ(D

2v) + c1|∇v|2 − ∂tv ≥ −M ≥ M+
λ,Λ(D

2h+) + c1|∇h+|2 − ∂th
+

M−
λ,Λ(D

2v) + c2|∇v|2 − ∂tv ≤ M ≤ M−
λ,Λ(D

2h−) + c2|∇h−|2 − ∂th
−.

In the sequel, we define

t⋆ := sup
τ1≤s≤τ2

{s : |v(0, t)− v(0, τ1)| ≤ 2L, ∀ τ1 ≤ t ≤ s} .

Observe that from the definition above and (4.11), we have

h− ≤ v ≤ h+ on ∂pGτ1,t⋆.

To check this, we notice that in B1, we have

h−(x, τ1) ≤ |v(0, τ1)− v(x, τ1)| − L+ v(x, τ1) ≤ v(x, τ1). (4.17)

For (x, t) ∈ ∂B1 × (τ1, t
⋆), we select K = 2L, thus obtaining

h−(x, t) ≤ |v(0, τ1)− v(0, t)|+ |v(0, t)− v(x, t)| − L−K + v(x, t)

≤ 2L−K + v(x, t)

= v(x, t).
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Under these choices, we also show that h+ ≥ v on ∂pGτ1,t⋆. Consequently,

from Proposition 1, we get

h− ≤ v ≤ h+ in Gτ1,t⋆.

In particular,

−L−K(t⋆ − τ1) + v(0, τ1) ≤ v(0, t⋆) ≤ v(0, τ1) + L+K(t⋆ − τ1)

and so, taking into account that t⋆ − τ1 ≤ τ2 − τ1 ≤ κ0, we conclude

|v(0, t⋆)− v(0, τ1)| ≤ L+K(t⋆ − τ1) ≤ L+Kκ0.

Since

κ0 ≤
L

2(M + 4nΛL+ 16c1L2)
,

we get

|v(0, t⋆)− v(0, τ1)| ≤ 3L/2 < 2L.

If t⋆ < τ2, the estimate above contradicts the maximality of t⋆. Hence, we

conclude that t⋆ = τ2, as claimed.

Now, we argue as follows. Fix t ∈ (−κ0, 0] arbitrary. If Gt,0 ⊆ {v > 1}, we
have, by the previous analysis,

|v(0, 0)− v(0, t)| ≤ 2L.

If Gt,0 ̸⊆ {v > 1}, then we can find (see Fig. 1)

(xi, ti) ∈ Gt,0, i = 1, 2,

with t1 ≤ t2, such that v(xi, ti) ≤ 1 and

B1 × (t, t1) ∪B1 × (t2, 0) ⊆ {v > 1}.
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0

t

t2

x2

t1

x10

Figure 1. Oscillation control in time.

Then, from (4.11) and (4.15), we have

|v(0, 0)− v(0, t)| ≤ |v(0, 0)− v(0, t2)|+ |v(0, t2)− v(x2, t2)|
+|v(x2, t2)− v(x1, t1)|+ |v(x1, t1)− v(0, t1)|
+|v(0, t1)− v(0, t)|

≤ 2L+ L+ 2 + L+ 2L

≤ 8L.

Note that, in the region {v > 1}, viscosity solutions of equation (4.1) solve

(4.10), for parameters c1 = δΛ, c2 = δλ∥v∥−1
∞ and M = ∥f∥∞. Considering

this and Theorem 1, we apply Lemma 2 to obtain the next result.

Theorem 2. Let v be a positive bounded viscosity solution of (4.1) in G1.

For every µ ∈ (0, 1), there exists a constant C∗, depending only on µ, δ, λ,

Λ, n, ∥f∥∞ and ∥v∥∞, such that

sup
t,s∈(−κ0/2,0]

|v(x, t)− v(x, s)|
|t− s|µ2

≤ C∗,

for any x ∈ B1/2, where

κ0 :=
1

4
min

{
1,

8C

∥f∥∞ + 16nΛC + 64δΛC2

}
and C is from Theorem 1.
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Proof : Given 0 < µ < 1 and 0 < κ ≤ 1/2, we define, in G1,

w(x, t) :=
v
(
κx, κ2t

)
κµ

.

Applying Theorem 1 with y = 0, we obtain

|v(x, t)− v(0, t)| ≤ C|x|µ, ∀x ∈ B1/2, ∀ t ∈ (−1/4, 0].

Thus, since 0 < κ ≤ 1/2,

sup
x∈Bκ

|v(x, κ2t)− v(0, κ2t)| ≤ Cκµ, ∀ t ∈ (−1/4, 0]

and we conclude

sup
x∈B1

|w(x, t)− w(0, t)| ≤ C,

uniformly in −1/4 < t ≤ 0.

Now, observe that in the region {w > 1} ∩G1/2, we have

M+
λ,Λ(D

2w) + b1|∇w|2 − ∂tw ≥ −M,

M−
λ,Λ(D

2w) + b2|∇w|2 − ∂tw ≤ M,

where bi = κµci ≤ ci, for i = 1, 2. Therefore, from Lemma 2, we obtain

sup
t∈(−κ0,0]

|w(0, t)− w(0, 0)| ≤ 8C,

which implies

sup
s∈(−r2,0]

|v(0, s)− v(0, 0)| ≤ 8C√
κµ
0

rµ,

for each 0 ≤ r ≤
√
κ0

2 .

By a standard scaling and translation procedure, we obtain the result with

C∗ = 8C

(
2

√
κ0

)µ

.
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5. Improved regularity estimates

In this section, our primary goal is to obtain pointwise oscillation estimates

in space and time for positive viscosity solutions of (Eε). We drop the ε in

uε for simplicity of notation. The core of the argument is to derive regularity

estimates for

uγ(x, t) := u(x, t)
2−γ
2 , (5.1)

which are obtained by accessing PDE information for uγ, using the fact that

u solves (Eε).

Denoting v := uγ, and recalling (2.6), we compute

∂tv =
1

1 + α
u−

γ
2 ∂tu, ∇v =

1

1 + α
u−

γ
2∇u (5.2)

and

D2v =
1

1 + α

(
1

1 + α
− 1

)
u−

γ
2−1∇u⊗∇u+

1

1 + α
u−

γ
2D2u. (5.3)

Now, plugging (5.2) into (5.3) yields

D2v + α v−1∇v ⊗∇v =
1

1 + α
v−1

(
u1−γD2u

)
. (5.4)

From the PDE satisfied by u and assumption (A3), we derive

F
(
x, t,D2v + α v−1∇v ⊗∇v

)
=

1

1 + α
v−1

(
u1−γF (x, t,D2u)

)
=

1

1 + α
v−1(Bε(u) + u1−γ∂tu)

=
1

1 + α
v−1Bε(v

1+α) + ∂tv.

Therefore, we conclude that v satisfies (4.1), that is,

F
(
x, t,D2v + δ v−1∇v ⊗∇v

)
− ∂tv = f(x, t) v−1 in ΩT ,

in the viscosity sense, for some bounded function f , with ∥f∥∞ ≤ 1, and

δ = α. Although the computations above have been conducted formally, it

is standard to justify that v satisfies the PDE in the viscosity sense.

Considering these facts, we obtain the following result from Theorems 1

and 2.
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Corollary 1. Let u be a positive bounded viscosity solution of (Eε). For

every µ ∈ (0, 1), there exists a universal constant C > 0, depending on µ, γ,

λ, Λ, n and ∥u∥L∞(G1), but not depending on ε, such that

sup
(x,t)∈Gr

u(x, t) ≤
(
Crµ + u(0, 0)

1
1+α

)1+α

, (5.5)

for each 0 < r ≤
√
κ0

2 , with κ0 as in Theorem 2.

Proof : First, from Theorem 1, we obtain

sup
x∈Br

∣∣∣u(x, t) 1
1+α − u(0, t)

1
1+α

∣∣∣ ≤ C ′rµ

=⇒ sup
x∈Br

u(x, t)
1

1+α ≤ C ′rµ + u(0, t)
1

1+α ,

for every r ≤ 1/2 and t ∈ (−1/4, 0].

Then, from Theorem 2,

sup
t∈(−r2,0]

∣∣∣u(0, t) 1
1+α − u(0, 0)

1
1+α

∣∣∣ ≤ C ′′rµ

=⇒ sup
t∈(−r2,0]

u(0, t)
1

1+α ≤ C ′′rµ + u(0, 0)
1

1+α ,

for every r ≤
√
κ0

2 .

Combining the two, we obtain the result.

We conclude this section by deriving gradient estimates for positive vis-

cosity solutions of (Eε). First, we provide uniform local CLip, 12−regularity

estimates.

Theorem 3. Let u be a positive bounded viscosity solution of (Eε). There

exists a universal constant C > 0, depending on γ, λ, Λ, n and ∥u∥L∞(G1),

but not depending on ε, such that

sup
(x,t)∈Gr

|u(x, t)− u(0, 0)| ≤ Cr, (5.6)

for each 0 < r ≤
√
κ0

2 .
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Proof : Fix 0 < r ≤
√
κ0

2 . Assuming r ≥ u(0, 0), we apply estimate (5.5) for

µ = 1/(1 + α) < 1, to obtain

sup
(x,t)∈Gr

u(x, t) ≤
(
Cr

1
1+α + u(0, 0)

1
1+α

)1+α

≤ (C + 1)1+α r, (5.7)

and (5.6) follows from the triangular inequality.

In the case 0 < r < u(0, 0), we consider

w(x, s) :=
u(κx, κ2s)

κ
, (x, t) ∈ G1,

for κ := u(0, 0). Note that, up to a universal rescaling, we can assume

κ ≤ 1/4. In addition, from Remark 1, we find that w is a positive viscosity

solution of

Fκ(x, t,D
2w)− ∂sw = κγBϵ(w)w

γ−1

in G1, where ϵ = εκ− 1
1+α and

Fκ(x, t,M) := κF (κx, κ2t, κ−1M).

Again from estimate (5.5), with µ = 1/(1 + α), we have

w(x, s) =
u(κx, κ2s)

κ
≤

(
Cκ

1
1+α + u(0, 0)

1
1+α

)1+α

κ
= (C + 1)1+α in G1.

We also observe that w(0, 0) = wγ(0, 0) = 1 (cf. (5.1)). Hence, by continuity

in space and time for ωγ, there exists a universal parameter δ0 > 0, such that

w(x, s) = wγ(x, s)
1+α ≥

(
1

2

)1+α

, ∀(x, s) ∈ Gδ0.

This implies that w solves a (λ,Λ)-parabolic equation with bounded source

term f ,

Fκ(x, t,D
2w)− ∂tw = f in Gδ0.

By classical regularity estimates, see for example [20], it follows that

sup
(x,t)∈Gr

|w(x, t)− w(0, 0)| ≤ Cr,
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for 0 < r ≤ δ0/2, and so

sup
(x,t)∈Gr

|u(x, t)− u(0, 0)| ≤ Cr,

for 0 < r ≤ κδ0/2. Finally, we consider radii κδ0/2 < r < κ. Using estimate

(5.5), once again with µ = 1/(1 + α), we conclude

sup
(x,t)∈Gr

|u(x, t)− u(0, 0)| ≤ sup
(x,t)∈Gκ

u(x, t) + u(0, 0)

≤
{
(C + 1)1+α + 1

}
κ

≤ 2

δ0

{
(C + 1)1+α + 1

}
r.

Therefore, estimate (5.6) holds for each 0 < r ≤
√
κ0

2 .

As a consequence of Theorem 3, we obtain the following gradient bound,

which shall be used crucially to establish this paper’s main result. Note

that the estimate therein is invariant under scaling for functions defined in

Remark 1.

Corollary 2. Let u be a positive bounded viscosity solution of (Eε). For

every 0 < θ < γ, there exists a constant C, depending only on θ, γ, λ, Λ, n

and ∥u∥L∞(G1), but not depending on ε, such that

|∇u(x, t)|2 ≤ Cu(x, t)θ in G1/2. (5.8)

Proof : Fix the parameter 0 < θ < γ and let β := θ
2−θ < α. Consider

(x0, t0) ∈ G1/2 and

M ≥ ∥u∥∞κ
− 1+β

2
0 such that r0 :=

(
u(x0, t0)

M

) 1
1+β

≤
√
κ0.

Now, we define in G1 the rescaled function

w(x, t) =
u(x0 + r0x, t0 + r20t)

r1+β
0

.
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By estimate (5.5), choosing µ = 1+β
1+α < 1, we have

sup
G1

w = sup
G1

u(x0 + r0x, t0 + r20t)

r1+β
0

≤

(
Cr

1+β
1+α

0 + u(x0, t0)
1

1+α

)1+α

r1+β
0

≤
(
C +M

1
1+α

)1+α

.

Moreover, using Remark 1, w is a positive viscosity solution of

F0(x, t,D
2w)− ∂tw = r

(1+β)(γ−1)+1−β
0 Bϵ(w)w

γ−1

in G1, where ϵ = εr−µ
0 and

F0(x, t,M) := r1−β
0 F

(
x0 + r0x, t0 + r20t, r

β−1
0 M

)
.

Note that

(1 + β)(γ − 1) + 1− β > 0,

since θ < γ. By Theorem 3, we have

|∇u(x0, t0)| = rβ0 |∇w(0, 0)| ≤ Crβ0 = C

(
u(x0, t0)

M

) β
1+β

= Cu(x0, t0)
θ
2 ,

for a universal constant C > 0.

6. Sharp local C1+β,1+β
2 −regularity estimates

In this section, we derive asymptotically optimal regularity estimates for

viscosity solutions of (Eε), which are uniform in ε. Let 0 < αF < 1 be an

exponent such that viscosity solutions of

F (x, t,D2h) = ∂th in G1

are of class C1+αF ,
1+αF

2 , i.e., they satisfy

sup
(x,t)∈Gρ(y,s)

|h(x, t)− h(y, s)−∇h(y, s) · (x− y)| ≤ C∥h∥∞ρ1+αF ,
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for any (y, s) ∈ G1/2 and 0 < ρ ≤ 1/4. Recall α := γ
2−γ .

Theorem 4. Every positive bounded viscosity solution u of (Eε) is of class

C1+β, 1+β
2 in G1/2, for any β < min{α, αF}. Furthermore, there exists a con-

stant C, depending only on γ, λ, Λ, n and ∥u∥L∞(G1), but not depending on

ε, such that

sup
(x,t)∈Gρ(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)| ≤ Cρ1+β, (6.1)

for any (y, s) ∈ G1/2 and 0 < ρ ≤
√
κ0

2 .

Proof : Let (y, s) ∈ G1/2 and define

ρ⋆ :=

[
u(y, s)

M

] 1
1+β

, (6.2)

for M > 1 large enough such that ρ⋆ ≤
√
κ0

2 .

We split the proof into two cases, considering first ρ⋆ ≤ ρ ≤
√
κ0

2 (see Fig.

2). We use Corollary 1, with µ = 1+β
1+α < 1, and Corollary 2, with θ = 2β

1+β < γ,

to derive

sup
(x,t)∈Gρ(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)|

≤ sup
(x,t)∈Gρ(y,s)

u(x, t) + u(y, s) + |∇u(y, s)|ρ

≤
(
Cρ

1+β
1+α + u(y, s)

1
1+α

)1+α

+ u(y, s) + Cu(y, s)
β

1+βρ

≤
(
Cρ

1+β
1+α + (Mρ1+β)

1
1+α

)1+α

+Mρ1+β + C(Mρ1+β)
β

1+βρ

≤
[(

C +M
1

1+α

)1+α

+M + CM
β

1+β

]
ρ1+β.

Next, we consider the case 0 < ρ < ρ⋆. The function w defined by

w(x, t) :=
u(y + ρ⋆x, s+ ρ2⋆t)

ρ1+β
⋆

is a positive viscosity solution in G1 of

Fκ(x, t,D
2w)− ∂sw = ρ(1+β)(γ−1)+1−β

⋆ Bϵ(w)w
γ−1,
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s
y + ρ

−ρ2 + s

y

u ∼ ρ1+β

Figure 2. Oscillation estimates in Gρ(y, s) for the singular case

u(y, s) ≲ ρ1+β.

where ϵ = ερ
− 1+β

1+α
⋆ . From estimate (5.5), with µ = 1+β

1+α , we have that

w(x, t) =
u(y + ρ⋆x, s+ ρ2⋆t)

ρ1+β
⋆

≤

(
Cρ

1+β
1+α
⋆ + u(y, s)

1
1+α

)1+α

ρ1+β
⋆

= (C +M
1

1+α )1+α

≤ 2α
(
C1+α +M

)
,

for (x, t) ∈ G1. In addition, we observe that w(0, 0) = M > 1. Hence, from

Proposition 3, there exists a universal parameter δ0, such that

w(x, s) ≥ 1

2
, for each (x, s) ∈ Gδ0.

This implies that w solves a uniformly parabolic equation with bounded

source term f , namely

Fκ(x, s,D
2w)− ∂tw = f(x, s) in Gδ0.

By classical regularity estimates (see for example [20] and [18]) and since

β < αF , we have

sup
(x,t)∈Gr

|w(x, t)− w(0, 0)−∇w(0, 0) · x)| ≤ Cr1+β,
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for 0 < r ≤ δ0/2, and so

sup
(x,t)∈Gr(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)| ≤ Cr1+β,

for 0 < r ≤ ρ⋆δ0/2. Finally, for radii ρ⋆δ0/2 < r < ρ⋆, we conclude

sup
(x,t)∈Gr(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)|

≤ sup
(x,t)∈Gρ⋆(y,s)

|u(x, t)− u(y, s)−∇u(y, s) · (x− y)|

≤ Cρ1+β
⋆

≤ C r1+β,

where the second inequality follows from the first case. Therefore, estimate

(6.1) holds for every 0 < r < ρ⋆, which completes the proof.

7. The limiting free boundary problem

In this final section, we pass to the limit in (Eε) as ε ↘ 0. We will show

that viscosity solutions uε of (Eε) converge to a function u0 solving (1.1)

in the viscosity sense. Then we obtain regularity estimates for u0 from the

regularity estimates obtained for viscosity solutions of the penalised equation

(Eε), thus getting sharp regularity results for limiting solutions of (1.1).

We start with the compactness of the sequence (uε)ε. From Remark 2,

we know the sequence is uniformly bounded, and from Theorem 3, it is

equicontinuous. Using Ascoli–Arzelà Theorem, we conclude there exists a

continuous function u0 such that, up to a subsequence

uε −→ u0,

uniformly on compacts.

Theorem 5. The limiting function u0 is a nonnegative bounded viscosity

solution of (1.1). At a free boundary point (y, s), u0 is of class C1+β, 1+β
2 , for

every

β <
γ

2− γ
,
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and

sup
(x,t)∈Gρ(y,s)

u(x, t) ≤ Cρ1+β, (7.1)

for any Gρ(y, s) ⋐ ΩT . Moreover, u0 is locally of class C1+β, 1+β
2 , for every

β < min

{
γ

2− γ
, αF

}
,

and

sup
(x,t)∈Gρ(y,s)

|u0(x, t)− u0(y, s)−∇u0(y, s) · (x− y)| ≤ Cρ1+β, (7.2)

for any Gρ(y, s) ⋐ ΩT . The constant C depends only on γ, λ, Λ, n and

∥u0∥∞.

Proof : Fix a point (x0, t0) ∈ {u > 0} ∩ ΩT . Let u0(x0, t0) = c0 > 0 and, by

continuity, select ρ0 > 0 such that

u0(x, t) >
c0
2

in Gρ0(x0, t0).

By the uniform convergence uε −→ u0 on compact sets, for ε ≪ 1, we have

uε(x, t) >
c0
4

> (1 + σ0)ε
1+α

and thus uε solves

F (x, t,D2uε)− ∂tuε = γuγ−1
ε in Gρ0(x0, t0)

in the viscosity sense. By the stability of viscosity solutions under uniform

limits (cf. [13]), we conclude u0 is indeed a viscosity solution of (1.1).

The regularity at a free boundary point and estimate (7.1) follow from

passing to the limit in (5.5).

That u0 ∈ C
1+β, 1+β

2

loc , for any β < min
{

γ
2−γ , αF

}
, and the validity of esti-

mate (7.2) are direct consequences of the uniform in ε nature of the estimate

in Theorem 4.
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Department of Mathematics, Universidade Federal da Paráıba, 58059-900, João Pessoa-
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