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ABSTRACT: In an earlier work [Castillo et al., J. Math. Phys., 61 (2020) 103505], it
was established, from a hypergeometric-type difference equation, tractable sufficient
conditions for the monotonicity with respect to a real parameter of zeros of classical
discrete orthogonal polynomials on linear, quadratic, g-linear, and g-quadratic grids.
In this work, we continue with the study of zeros of these polynomials by given a
comparison theorem of Sturm type. As an application, we analyze in a simple way
some relations between the zeros of certain classical discrete orthogonal polynomials.
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1. Introduction

In a companion paper (see [2]), we give new tractable sufficient conditions for
the monotonicity with respect to a real parameter of zeros of classical orthogo-
nal polynomials (COP) on linear, quadratic, g-linear, and g-quadratic grids. In
particular, we analyze in a simple and unified way the monotonicity of the zeros
of Hahn, Charlier, Krawtchouk, Meixner, Racah, dual Hahn, g-Meixner, quan-
tum g-Krawtchouk, g-Krawtchouk, affine q-Krawtchouk, g-Charlier, Al-Salam-
Carlitz, q-Hahn, little g-Jacobi, little -Laguerre/Wall, ¢-Bessel, g-Racah and
dual g-Hahn polynomials. However, these results do not allow us to compare
the zeros of the elements of two different sequences of COP. For this purpose we
need a "comparison theorem" of Sturm type. For the linear grid, there is a wide
variety of results in this direction, e.g., [1, 4, 5, 14]. However, for the general
case, as far as we know, this problem has not yet been considered. The funda-
mental purpose of this note is to establish the first results in this direction. To
achieve this objective, as in 2], our starting point is the hypergeometric-type
difference equation introduced by Nikiforov and Uvarov introduced in [10, (5)]
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(see also [11, p. 127 and |9, p. 71]):
S (THED) g (Al | et
0

EL{('%(S))Aar:(s —1/2) \ Vz(s)

or, equivalently,

A Vy(z(s)) Ay(z(s))
a(S)AJJ(s —1/2) ( Vz(s) ) +5(s) Az(s)

where

a(s) = afx(s)) — %E(I(S))Al‘(s —1/2),  b(s) = b(x(s)),

z(s) defines class of grids with, generally nonuniform, step Az(s) = z(s+1) —
2(s), Va(s) = x(s) — x(s — 1), a(z(s)) and b(z(s)) are polynomials of degree
at most 2 and 1 in x, respectively, and ¢ is a constant. In what follows, we
assume that x is a real-valued function defined on an interval of the real line.
For similar purposes, in [2, (2.1)], we rewrite (1.1) in the following useful way:

A(s)y(z(s — 1)) + Bls)y(x(s + 1)) + C(s)y(z(s)) = 0, (1.2)
where
a(s) a(s) + b(s)Ax(s —1/2)
A0 = Gomaes— 12 P9 T T are)A—12)
C(s) =c— B(s) — A(s). (1.3)

Fixa € Rand N € {3,4,...}U{+o00}. Set s;, =a+i (i =0,1,...,N—1),
S ={so,51,.-.,8ny-1} and §" = S\ {s0, sy_1}. Assume A(s) # 0 and B(s) #
0 for each s € §’. Set y = uwv on S, v being the new unknown function and u
so that v satisfy

AVu(x(s)) + A(s)v(z(s)) =0 (1.4)
on S. Direct calculation gives that

A(s)u(z(s — 1)) = B(s)u(z(s+ 1)) (1.5)
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for
( i A(s2j-1)
u(z(a)) 11 Blss 1)’ k even,
u(x(sg)) = < (F-1)/2 Ao (1.6)
u(z(a+1)) B(SZ)’ k odd,

)

j
with arbitrary initial condition u(z(a))
can rewrite (1.2) as

v(z(s+ 1)) +o(x(s—1))+ G(s)v(z(s)) =0, (1.7)
with the initial conditions that v(z(a)) # 0 is arbitrarily chosen and

and u(x(a 4+ 1)) # 0. Hence, we

oo+ 1)) = -t H o),
where
( u(z(a)) Cl(sk) ak A(s2j-1) ok B(sy)) even
u(z(a+ 1)) B(sy) 31:[1 B(sgj1) -1 Alsy)’ beven
G(sg) = 4 (k—1)/2 (k+1)/2
ulalat 1) Olsw) Ty Alsyy) “ppe Bloaa) = g
\ u(x(a)) B(sg) e B(s2;) i1 A(szj-1) |

(1.8)

(Note that (1.7) can be transform in (1.4) taking G(s) = A(s) — 2.)

Although our main motivation are the polynomial solutions of (1.1), the
results presented in Section 3 are slightly more general. In Section 2 we give
new sufficient conditions for the monotonicity with respect to a real parameter
of nodes of COP. Finally, in Section 4 we apply our results to some families of

COP.

2. Monotonicity theorem

From now on, we assume that x is a continuous strictly increasing function
on an interval of the real line containing the discrete set of points S. To deal
with a discrete analogue of Sturm’s separation theorem, Hartman (see [6])
introduced the notion of generalized zeros: either an actual zero or where the
solution changes its sign. Here we work with some specific generalized zeros,
the familiar notion of “node” used by Porter [12]| (see also [4, p. 131]). Of
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course, the interval (z(s" —1),z(s")] (s € S\ {so}) contains a zero of a COP
solution of (1.1) on S if and only if it contains a node (see Lemma 4.1).

Definition 2.1. Let v be a solution of (1.7) on S. Assume that v changes its
sign on the interval (x(s'—1),x(s")] (" € S\ {so}). The point of intersection
of the x-axis with the line segment with endpoints (x(s' —1),v(z(s'—1))) and
(x(s'),v(x(s"))) is called a node of v (see Figure 1).

VA

v(z(s' = 1))

s8Y

v(a(s))

FIGURE 1. The node (white point) between x(s" — 1) and z(s).

We assume that the functions A, B, C' appearing in (1.2) depend on a pa-
rameter ¢ varying in a non-degenerate open interval of the real line. The next
theorem was proved by Porter (see [12]) for the linear grid x(s) = s.

Theorem 2.1. For each s € S, let G(s,t) be a decreasing function of a real
parameter t varying in a non-degenerate open interval of the real line. Assume
that v(-,t) is a nonzero continuous function of t for each s € S and satisfies

v(x(s+1),t) +v(z(s—1),t) + G(s,t)v(x(s),t) = 0. (2.1)

Suppose also that v(xz(a + 1),t)/v(xz(a),t) is an increasing function of t and
v(z(a),t) # 0 for all t. Then the nodes of v(-,t) are increasing functions of t.

Proof: Define v (x(s),t) = v(z(s),t + €) for € > 0 sufficiently small. Hence,
Ve(z(s+1),t) +v(x(s —1),t) + G(s,t + €)ve(x(s),t) = 0. (2.2)

Multiplying (2.1) by ve(z(s),t), (2.2) by v(x(s),t) and subtracting the results,
we get

v(z(s), ve(z(s+1),t) — ve(x(s), t)v(x(s+ 1),1)
= (G(s,t) — G(s,t +€))v(z(s), t)v(z(s),t)

+o(z(s— 1), )v(x(s),t) —ve(x(s — 1), t)v(x(s),1). (2.3)
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Applying recursively (2.3), we have

v(@(s)), tve(a(sj + 1), 1) — ve(x(s;), t)v(x(s; + 1), 1)
Z (si,t) — G(si,t+€))v(x(s;), )ve(x(s;), 1)

i (S,

for each s; € §. Thus, under our assumption, it follows easily that
v(z(s), thve(z(s+ 1),t) — ve(x(s),t)v(x(s+ 1),t) >0

on S. Assume that v(-,¢) has a node on (z(s'), (z(s'+ 1)) (s’ € S). Hence
sgnv(z(s'),t) = —sgnu(x(s’'+ 1),t). We leave it to the reader to verify that
from (2.4), and making use of our assumptions, we can conclude that v(x(s +

1),t)/v(x(s),t) is a strictly increasing function of t. Now we consider the line
segment with endpoints (z(s), v(z(s'),t)) and (z(s' + 1), v(z(s' 4+ 1),1)), i.e.,

v(z(s'+1),t) —v(x(s),t)
x(s'+ 1) —x(s)

V(X) —v(x(s),t) = (X — ().

If V(X’) = 0, then

z(s'+1) —x(s)

v(z(s +1),1)
v(z(s),1)

Since v(z(s' + 1),t)/v(x(s'),t) < 0 is a strictly increasing function of ¢, X’

moves to the right when ¢ increases. We reach the same conclusion easily if
v(x(s'),t) = 0 for some ¢, which concludes the proof. |

X' = + z(s").

1 —

3. Comparison theorems
Definition 3.1. [3, Definition 7.8] We say that a solution y of (1.1) (or (1.7))
has a generalized zero at x(s') (s € S\ {so}) if if either y(z(s')) = 0 or
y(z(s' = 1))y(z(s)) <0

The next result is known as a discrete version of Sturm’s comparison theorem

for solutions of (1.7) (see [1]). It will be used to prove a similar result for
solutions of (1.1).
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Lemma 3.1. Let vy and vy be non-trivial solutions on S of
vi(z(s + 1)) +vi(z(s — 1)) + Fi(s)u(z(s)) = 0, (3.1)
vo(x(s+ 1)) +va(x(s — 1)) + Fr(s)va(x(s)) =0, (3.2)

respectively. Let x(s") < x(s") be two consecutive generalized zeros of vy. If
Fy(s) > Fi(s) for each s € S such that s < s < §" — 1, then vy has at least
one node on (z(s' — 1), x(s")).

Proof: Multiplying (3.1) by wva(z(s)), (3.2) by v1(z(s)) and subtracting the
results, we obtain

va(s))(vi(z(s + 1)) + vi(z(s = 1)) = vi(2(s)) (va(z(s + 1)) + vala(s — 1))
= (Fi(s) — Fa(s))vi(z(s))va(2(s)).
We can check that
vi(2(s))(va(a(s + 1)) + va(a(s = 1)) — va(x(s)) (vi(2(s + 1)) + o1 (x(s = 1)))
= v1(x(s)) AVvy(x(s)) + va(2(s)) AV ((s))
= A(vi(2(s5)) Voa(x(s))) — Ava(z(s)) Avi(z(s))
A(va(x(s))Vor(z(s))) + Avi((s)) Ava((s))
= A(vi(2(s))Voa((s)) — va(a(s)) Vi (z(s)))
= Afva(z(s))vi(z(s = 1)) = va(2(s))vala(s — 1))).

S

Hence

A(va((s))vr((s = 1)) = vi(x(s))va(2z(s = 1)))
= (F1(s) — Fa(s))y((s) )ya(x(s)). (3:3)

Summing both sides of (3.3) from s’ to " — 1, we get

(va(2(s))vr(2(s = 1)) — viz(s))va(2(s = 1)))

= Y (B - Be)ule(s)n(() = RE.s). (34)

There is no loss of generality in assuming v (z(s)) > 0 for all s € [s'+1, 5" —1].
Suppose that ve has no nodes on (z(s" — 1),x(s"”)). Hence, without loss of
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generality we can assume vo(z(s)) > 0 for all s € (s'—1,s"”). Thus, R(s',s") <
0 and

va(x(s"))vor(2(s” — 1)) — vi(2(s"))va(a(s" — 1)) = 0,
va(x(s)vi(z(s" — 1)) — vi(2(s)va(z(s’ — 1)) <0,

which is a contradiction. ]

Lemma 3.2. Let y be a solution of (1.1). Set y = uv for s € S, where u is
given by (1.6). Assume that u(z(a))u(z(a+1)) > 0 and A(s)B(s ) >0 on S
Then, y has a node on (x(s" —1),x(s")) (s" € S\ {so}) if and only v has a
node on that interval. Moreover, y(x(s")) = 0 if and only if v(z(s')) = 0.

Proof: Follows immediately from (1.6). |

The following theorem is our main result and will be used for COP. Note
that it is written in a more general way.

Theorem 3.1. Let y; and ys be non-trivial solutions of the difference equations

Ai(s)yi(z(s — 1)) + Bi(s)yi(z(s + 1)) + Ci(s)yi(x(s)) =0 (3.5)
and
As(s)ya(x(s — 1)) + Ba(s)ya(z(s + 1)) + Ca(s)y2(x(s)) = 0, (3.6)

respectively, with Ay(s)By(s) > 0 and As(s)Bs(s) > 0 for each s € S’. For
i€ {1,2}, set

( k/2
Ci(sk) 71 Ai(s2j-1)Bils2))
d , k even,
Bi(sk) }:[1 Ai(s2;)Bi(s2-1)
Fi(sk) = S (k—1)/2
1 Ci(sk) A;(897)Bi(s2j-1) k odd
|4 Ai(si) 55 Ails2j-1) Bilsz)) ’

where d > 0 is an arbitrarily chosen constant. Let x(s") < z(s") be two
consecutive generalized zeros of yi. If Fy(s) > Fi(s) for each s € S such that
s <s<s§"—1, then ys has at least one node on (x(s' —1),z(s")).

Proof: Let ¢ € {1,2}. Since A;(s)B;(s) > 0 for each s € ', u;(x(a)) > 0 and
u;(x(a + 1)) > 0, if we consider y; = w;v; as in Section 1 and use Lemma 3.1
for v; and v, then the result follows from Lemma 3.2. |

Remark 3.1. In the conclusion of Theorem 3.1, one may write
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(1) zero of yo instead of node, under the additional condition that for any
two consecutive points z' < 2" of S there is at most one zero of y; and
at most one zero of yo on (x(2'), x(2")] (see next section);

(2) generalized zero of yo instead of node, and the result would be that yo
has at least one generalized zero on [x(s'), z(s")].

We can also obtain results for extreme nodes of a solution of (1.1) and (1.7).

Lemma 3.3. Let vy and vy be non-trivial solutions of (3.1) and (3.2), respec-
twely, where x(s) is a continuous and strictly increasing function. Let x(s")
and x(s") be the smallest and greatest generalized zeros of vy, respectively, with
s >a+2 and s" < sy_s.

(1) If Fy(s) > Fi(s) for eacha+1<s<s —1, and
vo(x(a+ 1))vi(x(a)) —vi(x(a+ 1))va(x(a)) = 0, (3.7)

then vy has at least one node on (x(a),x(s"));
(2) If F5(s) > Fi(s) for each s" < s < sy_o, and

va(x(sn-1))v1(z(sn-2)) — vi(z(sy-1))v2(z(sn-2)) = 0, (3.8)

then vy has at least one node on (x(s" —1),z(sy — 1)).

Proof: (1) Summing both sides of (3.3) from a + 1 to s’ — 1, we obtain

S/

(va(x(s))vr(z(s — 1)) — vi(2(s))va(z(s — 1)))

a+1
= > (Fils) = Fa(s)ui(x(s))vaz(s)) = R(s). (3.9)
a+1<s<s'—1

Without loss of generality, we may assume v(z(s)) > 0 for all s €
[a, s'—1]. Suppose that vy has no nodes on (z(a), z(s')). fve(x(s)) > 0,
Vs € (a, s'), then

va(z(s))vr (s’ = 1)) — w1 (2(s) Jva(z(s" = 1)) = 0
and R(s") < 0, which is a contradiction. Otherwise, if ve(z(s)) < 0,
Vs € (a,s’), then

va((s))or(a(s" = 1)) — vi(2(s))va(a(s’ = 1)) < 0
and R(s") > 0, which is a contradiction. Therefore, v has at least one
node on (x a),x ).
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(2) Similar to the proof for i).
|

Theorem 3.2. Lety; and y; be non-trivial solutions of the difference equations
Ai(s)yi(z(s — 1)) + Bi(s)yi(z(s + 1)) + Ci(s)yi(2(s)) = 0 (3.10)
and
As(s)ya(x(s — 1)) + Ba(s)ya(2(s + 1)) + Ca(s)ya(2(s)) = 0, (3.11)

respectively, with Ai(s)Bi(s) > 0 and Ay(s)Bs(s) > 0 for each s € S'. For
i€{1,2}, set

( k)2
Ci(sk) 7 Ai(s2;-1)Bi(s25)
d , k even,
Bi(s) ]Hl Ai(s2;) Bi(s2j-1)
Fi(sk) = 4 (k—1)/2
1 Ci(sk) AZ(SQj)Bi(523—1> L odd
| d Ai(si) 55 Ails2j1) Bisy))” ’

where d > 0 is an arbitrarily chosen constant. Let x(s") and x(s") be the
smallest and greatest generalized zero of y1, respectively, with s > a + 2 and
s" < sy_o.

(1) If Fy(s) > Fi(s) foreacha+1<s<s —1, and

ya(x(a+ 1))y (2(a)) —yi(z(a +1))ya(z(a)) = 0, (3.12)

then yo has at least one node on (x(a),x(s"));
(2) If F5(s) > Fi(s) for each s" < s < sy_o, and

ya((sn-1))y(z(sn-2)) — yr(z(sn-1))y2(2(sn-2)) = 0, (3.13)
then yo has at least one node on (x(s” — 1), xz(sy —1)).

Proof: Similar to the proof of Theorem 3.1, using Lemma 3.3 instead of Lemma
3.1. u

4. Applications

Here we present some examples comparing zeros of two COP. It is known
that (1.1) has polynomial solutions in z, whose difference derivatives satisfy
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equations of the same kind if and only if, for ¢ # 1 fixed, x is a linear, quadratic,
g-linear, or g-quadratic grid of the form

0182 + OQS,
x(s) =
C3q7° + Cuq’,

where (C1,Cs) # (0,0) and (Cs, Cy) # (0,0). The grids that depend on "q"
are called g-linear if Cs5 or Cjy is zero; otherwise, it is g-quadratic. By using
transformations, we can reduce the expressions for the grids to simpler forms.
In what follows, we assume that the grid x takes on the following canonical
forms:

p
S

s(s+1)

»

(g>1)

(
(
(
(@ —q)  (¢>1) av) 1)
(
(

)

(¢ +q7)  (¢>1)

(¢ +q7) (g=e*" 0<0<m/2).

N /DN | —DND | —

VI)

Ve

Definition 4.1. Fiz a € RU {—oco} and N € NU {oo} and set b = a + N.
Fix q and let x(s) be a real-valued function given by (4.1), where the variable s
ranges over the finite interval [a, b] or the infinity interval [a,00). A sequence
of polynomials, (P,(x(s))) Y=, is said to be a sequence of classical discrete
orthogonal polynomials on the set {x(a),x(a+ 1),...,2(b— 1)} or, simply,
COP if:

(1) P, satisfy (1.1), with x being a strictly monotone function on |a,b] or
la, 00) given, up to a linear transformation, by (4.1);

(2) there exists a positive weight function w satisfying the boundary condi-
tions

—0  (k=0,1,...); (4.2)
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(3) the difference equation
—>(w(8)a(5)) = w(s)b(s) (4.3)

holds.

Remark 4.1. The Pearson type equation (4.3) can be rewritten as

B(s)Axz(s —1/2)

W)= DA+ 120 (4.4)
Applying (4.4) recursively, we obtain
B(S)Aac(s —1/2)
HA () Ba)V=(1/2) (4:5)
and taking u(x(a)) = u(z(a+ 1)) = 1, we may rewrite (1.8)
(k/Q A 823 . ) i
w(s1)Csp) Ax(sp — 1/2) B(s2; 1) e
Flsw) = w(a)B(a)Vzx “ 1)/2
(a)B(a)V(1/2) (kn/ A<s ;) -
(4.6)

From now on, the function F' defined by (4.6) will be called comparison
function of P,.

Lemma 4.1. Assume the hypothesis of Lemma 3.2. Assume that there is at
most one zero of y on (x(s — 1)),x(s)) for each s € S\ {so}. Then, y has
a zero on (x(s' —1),x(s")) (s € S\ {so}) if and only v has a node on that
interval. Moreover, y(x(s")) = 0 if and only if v(z(s")) = 0.

Proof: Clearly, if v has a node on (x(s' — 1),2(s")) for some s’ € S\ {so},
then y has a zero on that interval. Now, assume that y has exactly one zero on
(x(s" = 1),2(s)) for some 8" € S\ {sp}. Then, y(z(s' —1))y(x(s')) < 0, i.e.,
y has a node on (z(s" — 1), z(s")), and the result follows from Lemma 3.2. =

Next, we present examples of applications of Theorem 3.1 on the linear and
g-linear grids. On the linear grid, we compare the functions for the Meixner
and Charlier polynomials of same degree. On the g¢-linear grid, we compare the
functions for the ¢g-Krawtchouk and Al-Salam-Carlitz II, also of same degree,
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but different intervals of orthogonality. It is worth mentioning that Theorem 3.1
can also be used for other two polynomials on the grids (4.1) (both polynomials
must be on the same grid), even for the cases where their degrees are not the
same nor their corresponding orthogonality intervals, as long as they fulfil all
the hypothesis. For example, one could use it for the Hahn and Krawtchouk
polynomials of different degrees and different orthogonality intervals on the
linear grid, under certain conditions.

4.1. The Meixner and Charlier polynomials. The Meizner polynomials
(see |7, Section 9.10]),
—n, — 1
n =8| _)
8 M

(n=1,2...,0 < u < 1,7 > 0), satisfy the difference equation (1.2) with

A(S/Y):u) =5 B(&V)N) - :LL(S—'_’V) and 0(8777 :u) - n(l _:LL) —5— (S_'—’Y):u
Note that A(s,~, u)B(s,7,n) > 0 for each s € {1,2,...}.
The Charlier polynomials (see |7, Section 9.14]),
1
«

y(s) = CO(s) = 1Ry (

(n=1,2,...,a > 0), satisfy the difference equation (1.2) with A(s,«) = s,
B(s,a) = a and C(s,a) = n — s — a. Note that A(s,a)B(s,a) > 0 for
se{l,2,...}.

y(s) = Mé”’m(S) = oF} (

—n, —S

Remark 4.2. (see [8, Theorem 7|) Forn € {2,3,...}, all the zeros of M
are real and lie on the interval (0, M(n,~y, i), where

4

3 sy (s + 7)1
22/3(1 — 11)L3n1/6(n + ~)1/6’

o < 1+ pa (p + ),

M(n, v, p) = p2 = 5 (4.7)
3 (/i + Vi )
(1= p)?? |

L e > (),

_ (V= +9))? by Wt Vi +7))?
1 —p ’ 2 1 —p '

with

251
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Lemma 4.2. Fiz o € (2,+00), 7 € (0,400), ¢ € (0,1). Denote the zeros
of MY and O by v1 < -+ < xp and Ty < --- < T, , respectively. If
n€{2,3,...} is such that (u(y+ 1) +1)/(1 — p) < n < «, and there are at
least two generalized zeros of C\) on (0, (n(1 — p) —yp) /(1L + p) + 1], then
there is at least one zero of My on (" —1,5"), where s' —1 < §" are two
consecutive generalized zeros of C\) on (0, (n(1 —p) —~yu) /(14 p) + 1].

Proof: By |2, Lemma 2.1], M&’“) and C'?(la) satisfy the hypothesis of Lemma
4.1. Denote the comparison functions of Mﬁﬂ’“ ) and C'?(la) by Fj and Fg,
respectively. From (4.6), if n—s—a < 0and n(l —pu) —s—pu(y+s) > 0, then
Fo(s) < Fy(s) for 1 < s < (n(1 —p) —~yp)/(1+ p) and the result follows
from Theorem 3.1. |
Proposition 4.1. Fiz o € (2,400), v € (0,400), i € (0,1). Denote the
zeros of MY and ¢ by x1 < - <xp and xy < --- < T, , respectively. If
ne{2,3,...}is such that (u(y+1)+1)/(1—p) <n < a and M(n,v,pu) <
(n(1—p) —yp)/ (1 + p), with M(n,~, p) given by (4.7), then x; < [Z;] for
each j € {1,...,n}.

Proof: Since M (n, v, pu) < (n(1—p) —yp)/(1+ p), all the zeros of MU are
on (0, (n(l —p) —yw)/(1+ p)). Note that z; < [z;] for the zeros of o
outside this interval, since they will be greater than any zero of Mﬁﬂ’“ ). For the
zeros of C1”) on (0, (n(1 —p) —yp)/(L+p)), zj < [z;] follows from Lemma
4.2 and the fact that, under our hypothesis, M\ (0)M* (1) < 0, i.e., there
is one zero of M) on (0,1] and therefore z7 < [z1]. m

From Proposition 4.1, we can obtain some examples.

Example 4.1. Let n € {2,3,...,7}. Denoting by x1 < -+ < z, and T1 <
- < @, the zeros of MV g 07(110)7 respectively, we have x; < [Z;] for
each j € {1,...,n}.

gedoo g o = = = = -
10 15 20 25

FIGURE 2. Zeros of 0’510) and M;l’l/mo)(l and e, respectively).

Example 4.2. Let n € {2,3,...,90}. Denoting by 1 < --+ < x,, and T1 <

<o < Iy, the zeros of Mél’l/loooo) and O
for each j € {1,...,n}.

, respectively, we have x; < [Zj]
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Remark 4.3. Proposition 4.1 is just one of the applications of Theorem 3.1.
For instance, one could follow the same steps to obtain some conditions for
xj < [x;] for each j € {1,...,n}, where 1 < --- < x, and T < -+ < Ty,
are the zeros of CZSO‘) and MT(ZWL), respectively. Note that Lemma 4.2 strongly
relies on the signal of the comparison functions and therefore is excluding other
cases where the same result could possibly be achieved, i.e., the cases where
Fo(s)Fay(s) > 0. If one prefers, instead of using Lemma 4.2 or Proposition
4.1, they can compute the comparison functions of two polynomials, given their
degrees and parameters, check the inequality between both functions and the

existence of zeros on the intervals where such inequality holds, and then use
Theorem 3.1.

4.2. The ¢-Krawtchouk and Al-Salam-Carlitz 11 polynomials. Now we
consider two COP on the g-linear grid z(s) = ¢~* (0 < ¢ < 1), with different
intervals of orthogonality. Note that x is an increasing function of s € [0, +00).
The ¢-Krawtchouk polynomials (see |7, Section 14.15]),
g, Q)

s qg ", —pq", q¢°
(o) = K5 =aon (170

(n=1,...,N —1;p > 0), satisfy the difference equation (1.2) with A(s,p) =
p(1=¢°), B(s,p) = ¢ "' =T and O(s,p) = ¢ " — ¢ """ = p(¢" — ¢°). Note
that A(s,p)B(s,p) > 0 for each s € {1,..., N — 2}.

The second family of Al-Salam-Carlitz polynomials (see |7, Section 14.25]),

0(6) = Va5 = (= B (71 0. )

(n = 1,2,...;0 < a < ¢, satisfy the difference equation (1.2)
with A(s,a) = (1 — ¢ ®)(a — ¢ %), B(s,a) = agq and C(s,a) =
alg®—q—1) + ¢ >(¢*—¢"). Note that A(s,a)B(s,a) > 0 for each
se{l,2,...}.

Lemma 4.3. Fiz g € (0,1), N € {3,4,...}, p € (0,+00) and a € (0,q71).
Denote the zeros of KTSp)(-; q) and Vn(a)(-; qQ) by g™ < - < g™ oand ¢ <
oo < q " respectively. If n € {2,..., N — 1} is such that o (¢™* —q — 1) +
T2 —q") <0and g "—¢* N —p(¢"—q°) > 0 foreachs € {1,..., N—2}
and there are at least two zeros of Vn(a)(-; q) on (1,¢'™N], then there is at least

1-5'

—n

one zero of Kv(zp)(-; q) on (¢~*1,¢™%"), where ¢*=* < q~*" are two consecutive

generalized zeros of Vn(a)(-; q) on (1,¢'7N].
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Proof: By [2, Lemma 2.1], Vn(a)(-;q) and Kﬁbp)(-;q) satisfy the hypothesis of
Lemma 4.1. Denote the comparison functions of Vn(a)(-; q) and KY )(-; q) by
Fy(s) and Fi(s), respectively. By (4.6), iff a (¢ —q¢—1)+¢ *(¢°* —¢"*) <0
and ¢~ — ¢ N — p(¢" — ¢°) > 0, then Fy(s) < Fy(s). The result follows
from Theorem 3.1 and Lemma 4.1. u

Proposition 4.2. Fix ¢ € (0,1), N € {3,4,...}, p € (0,400) and a €
(0,q71). Denote the zeros of Kép)(-;q) and Vn(a)(-;q) by g7 < -0 < g
and ¢~ < --- < q ", respectively. If n € {2,...,N — 1} is such that
a(g—q=1D)+q¢* (@ —q") <0and ¢" — ¢ " —p(¢" —¢°) >0 for
each s € {1,...,.N =2}, and ¢" " —q+p(¢N —¢"*") >0, then ¢ < ¢~ 1%
for each j € {1,...,n}.

Proof: By [13, Theorem 3.3.1], all the zeros of Kﬁbp)(-; q) are on (1,¢'). Note
that g% < ¢~ %1 for the zeros of VASS (+; q) outside this interval, since they will
be greater than any zero of Kﬁf’)(-; q). For the zeros of Vn(a)(-; q) on (1,¢*7],
g% < ¢ 1% follows from Lemma 4.3 and the fact that, since ¢V=" — ¢ +
p(g¥ — ¢V ™) > 0, we have Kﬁbp)(l; q)KT(Lp)(q_l; q) <0, i.e., there is one zero of
Kﬁf’)(-; q) on (1,¢7'], and therefore ¢~ < ¢~ 1¥11, m

Some of the examples that can be obtained from Proposition 4.2 are the
following;:

Example 4.3. Let ¢ = 99/100, M = 10 and n € {5,6,...,9}. Denoting by
<< g and g7 < e < g % the zeros of KS)(-; q) and Vn(lo)(-; q),
respectively, we have ¢~ < =% for each j € {1,...,n}.

Example 4.4. Let ¢ = 99/100, M = 50 and n € {32,33,...,49}. Denoting
by ¢ < - < ¢ oand ¢ < --- < g the zeros of K (5q) and
Vn(lo)(-; q), respectively, we have =% < q~1%1 for each j € {1,...,n}.
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