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EMBEDDING TENSORS ON LIE co-ALGEBRAS WITH
RESPECT TO LIE oco-ACTIONS

RAQUEL CASEIRO AND JOANA NUNES DA COSTA

ABSTRACT: Given two Lie co-algebras E and V, any Lie co-action of E on V defines
a Lie oo-algebra structure on £ @ V. Some compatibility between the action and
the Lie oo-structure on V is needed to obtain a particular Loday oco-algebra, the
non-abelian hemisemidirect product. These are the coherent actions. For coherent
actions it is possible to define non-abelian homotopy embedding tensors as Maurer-
Cartan elements of a convenient Lie co-algebra. Generalizing the classical case, we
see that a non-abelian homotopy embedding tensor defines a Loday oo-structure on
V and is a morphism between this new Loday co-algebra and E.
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Introduction

Embedding tensors have been widely used and studied in the context of
supergravity theory and (higher) gauge theories. The link between embed-
ding tensors, Leibniz algebras and Lie occ-algebras is exploited in [10] and
provides an interesting mathematical perspective that has brought this sub-
ject back to the forefront of mathematical/physical interests. Several works
have appeared that provide new and different enlightenment on the math-
ematical framework behind embedding tensors and their tensor hierarchies
(see for instance [4, 11,8, 16, 12, 13, 14] and all the references therein). From
a purely algebraic point of view, embedding tensors are also known as aver-
aging operators on Lie/Leibniz algebras (see for instance [I, 18]). Recently,
the homotopy version of embedding tensors, their cohomology and deforma-
tions was studied in [19]. More recently, in [20] we can find the case where
the representation space is also Lie algebra and, in this case, the embedding
tensors are called non-abelian.

Leibniz algebras are behind the classical (mathematical) notion of embed-
ding tensors. A (left) Leibniz algebra is a vector space V together with a
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2 RAQUEL CASEIRO AND JOANA NUNES DA COSTA

bilinear product - satisfying the Jacobi identity:
(xoy)oz —xo(yoz)+yo(roz) =0, xz,y,z€V.

Each Leibniz algebra has an associated Lie algebra called its gauge algebra
Vvie =/ <:1:2, x € V> such that the projection p : V' — V¥ preserves the
products:

p(xoy) = [p(z),p(y)]
Left multiplication turns V into a left V**-module:

Dy =p(r) -y =m0y, w,y€V,

and p : V — V%€ called the embedding tensor of V, is an equivariant linear
map
po@p(x) = adp(x) op, x€V.

This setting can be generalized to Lie-Leibniz triples [12, 13, 14]. A Lie-
Leibniz triple is a triple (g, V,T) where g is a Lie algebra, V is a g-module
(given by a representation p : g — End(V)) and T : V — g is a linear map
such that

[T(x)7 T(y)]g = T(IOT(m)y)o T,y € V.

It turns out that V' acquires a Leibniz product given by xoy := pp(,)y. There-
fore, in a Lie-Leibniz triple (g, V,T'), the embedding tensor T is equivariant
(in the image of T'):

TOpT(x) = adT(x) oT, rxelV.

Also, it defines a Leibniz product on V @ g called the hemisemidirect product.
Lie oo-algebras appeared when authors tried to explain the tensor hierarchies
associated with embedding tensors. Kotov and Strobl showed in [10] that
any Leibniz algebra V' gives rise to a universal Lie oo-algebra structure in
the minimal Lie subalgebra of T'(V') ;e = (T'(V'), |-, *].). In another direction,
Lavau and his co-authors [12], [13], [I4] gave different approaches to the
tensor hierarchies associated with embedding tensors. The construction given
in [10] and the constructions given by Lavau and co-authors are different and
natural relations between them are still unclear.

More recently, using the V'-data approach by Voronov [22], Sheng et al. [19]
introduced the homotopy version of embedding tensors with respect to a Lie
oo-representation. Any Lie oo-representation ® : E — End(V') defines a Lie
oo-algebra Ex V on £ @V but also a Leibniz co-algebra E x®V in the same
space: the hemisemidirect product of £ by V. In [19] homotopy embedding
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tensors are seen as Maurer-Cartan elements of a particular Lie oo-algebra
and the authors define a Leibniz co-algebra structure on V. Moreover, they
also establish the existence of a functor from Leibniz oc-algebras category
to the Lie oo-algebras category that, in particular, induces a functor from
the category of homotopy embedding tensors to that of Lie oo-algebras, thus
generalizing of the result of Kotov and Strobl [10].

Recently, Tang and Sheng [20] considered the non-abelian case. Given an
action p : g — Der(h) of a Lie algebra g on another Lie algebra b the product
(z +v)e(y +w) = pyw + [v,w]; may not be a Leibniz product. For this to
happen there has to be a compatibility between the action p and the Lie
algebra . These are the coherent actions. A non-abelian embedding tensor
(with respect to a coherent action p) is a linear map T : h — g such that

[Tu,Tv], =T (pTuv + [u,v]b) ., u,v Eb.

When § is abelian, usual embedding tensors are recovered. Any non-abelian
embedding tensor defines a (new) Leibniz algebra structure on h and is a
Maurer-Cartan element of a differential graded Lie algebra.

In this paper we intend to give a homotopy version of non-abelian embed-
ding tensors, thus generalizing both definitions in [19] and in [20].

Given two Lie oo-algebras (E, {ly},cy) and (V,{m;},oy), @ Lie oo-action
is a Lie co-morphism

¢ : E — Coder(S(V))[1]

and it defines a Lie co-algebra structure on £ & V', the direct product E x V
[15, 5]. We define coherent Lie oo-actions and prove that being coherent is
a necessary and sufficient condition for £ @& V to have a particular Loday
oo-structure: the non-abelian hemisemidirect product.

Theorem. Let @ : (E,{l1},on) — (Coder(S(V))[1],Oum,, [ ]) be a Lie oo-
action. Consider E ® 'V equipped with brackets {l,,} defined by:

Lo (z1 4+ 01, Ty + Opet1, T+ ) = L1, .. xy)

neN

n—1
_|—Z (I)i’nii(:ljl, ey Ly Va1, .. ,Un) + mn(Ula s 7Un)'
=1

Then, E &V 1is a Loday oco-algebra if and only if ® is a coherent action.

For coherent actions we define non-abelian homotopy embedding tensors.
These are (Zinbiel) comorphisms 7' : T(V) — T(FE) that are related to
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Maurer-Cartan elements of a particular Lie oo-algebra. We also give the ex-
plicit equations that define non-abelian homotopy embedding tensors. Then
we prove that each non-abelian embedding tensor induces a (descendent)
Leibniz oo-algebra structure on V' and, finally, we analyse some examples as
well as the Lie oo-algebra that controls the deformations of these tensors.

The paper is divided into three sections. In the first section we review
Lie oo-algebras and Loday oc-algebras. First, we introduce notations and
conventions on graded vector spaces. Then, we define Lie and Lie[l] oco-
algebras and its properties as well as Loday and Loday[1] co-algebras.

The reader should be warned that after Section 1 we will only work with
Lie[1] oo-algebras and Loday|[1] oo-algebra and, for the sake of simplification,
we discard the symbol [1].

In Section 2, we define coherent Lie oo-actions and the non-abelian hemi-
semidirect product E x® V. We show that Lie oo-representations on chain
complexes are always coherent Lie co-actions and we analyse some examples.

In Section 3, we introduce non-abelian homotopy embedding tensors. They
are related to Maurer-Cartan elements of a particular Lie oco-algebra and we
establish explicit conditions that reveals what this Maurer-Cartan condition
really means. We see how a non-abelian embedding tensor induces a new
(descendent) Loday oc-algebra and we prove that non-abelian embedding
tensors behave well under the functor (Loday co) — (Lie oo) given in [10, 19].
Since the adjoint representation of a Lie oo-algebra defines a coherent Lie
oo-action, this special case is treated more closely. We finish by looking
at deformations of embedding tensors and the Lie oo-algebra that controls
them.

1. Lie and Loday oc-algebras

1.1. Notations and conventions on graded vector spaces. We will
work with finite dimensional Z-graded vector spaces and over a field K = R
or K = C. Let V = ®,czV; be a graded vector space. Each V; is the
homogeneous component of V' of degree i. An element x of V; is called
homogeneous with degree |z|.

The suspension of V' is the graded vector space sV defined by (sV'); = V;_1,
i € Z. The desuspension of V is the graded vector space s 'V defined by
(8_1‘/)2' = V;_H, 1 €L
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The suspension operator s : V' — sV is the linear map that increases the
degree of the elements by 1:

s:xeVimsr:=x€ (sV),1=V.

The desuspension operator s~ : V — s~ 'V lowers the degree of the elements
by 1.

For each k € Z we will denote by V[k] the graded vector space (s~ 1)V,
that is, (V[kﬁ])z = Vi, 1 € Z.

A morphism ® : V — W between two graded vector spaces is a degree-
preserving linear map, i.e., a collection of linear maps ®; : V; — W,, i € Z.
We call & : V. — W a morphism of degree k, for some k € Z, if it is a
morphism between V and Wk|. The space of morphisms of degree k is
denoted by Hom*(V, W) and Hom(V, W) = @,, Hom"(V, W).

Given two graded vector spaces V' and W, their direct sum V @ W (resp.
tensor product V- ® W) is the graded vector space with grading

For each k € Ny, let T*(V) = @*V. The tensor algebra over V is T(V) =
Cr>0T*(V) and the reduced tensor algebra over V is T(V) = @1 TF(V).

We follow the standard Koszul sign convention: for homogeneous mor-
phisms f:V — W and g : F — L, of degrees |f| and |g|, respectively, the
tensor product f ® g: V ® E — W ® L is the morphism of degree |f| + |¢]
given by

(fogey) =D @) 0gy), zeV,yekE.
For each k > 1, the permutation group of order k, S, acts on T%(V) by

o1 ®...0U) =001 ® ... QVL)VUs1) ® ... ® VUy(n),

for 0 € Sk and vy,...,v; € V, where €(o;v1 ® ... ® vi) stands for Koszul
sign. Although the Koszul sign depends both on ¢ and v; ® ... ® v, for sake
of simplification, we will simply denote it by €(c). A permutation o of order
n =iy + ...+ 1 is called a (iy, ..., i)-unshuffle if

o(l) < ... <o(ir),
U(i1+1)< <O'(i1+i2),
oli1+...+ip1+1) < ... <o(n).

The set of (i1, ...,1ix)-unshuffles is denoted by Sh(iy, ..., ).
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An important subset of unshuffles will be considered. An increasing
(i1, ..., 1)-unshuffle o is an element of Sh(iy,..., i) such that

o(i1) < o(iy +i2) <...<a(n).

The set of increasing (i1, . .., ix)-unshuffles is denoted by Sh(iy, ..., ).

An element of T#(V) is called a symmetric tensor (of order k) if it is
invariant by the action of Sp. The set T'(V)” of all symmetric tensors is a
graded subalgebra of T(V), i : T(V)® « T(V). The symmetrization map
m:T(V)—=T(V)?,

€\o
7T(1)1®...,®vn)= Z%UU(U@”'@UUU‘?)’ Vi,...,0; €V,

€S

allows the identification of the set of all symmetric tensors with the quotient
SV)=T(V)/(z@y— (-1 Wyoa).

Therefore, the quotient S(V) is a graded commutative algebra whose product
we denote by -

Vit U 2T ®...Q V), v,...,u, €V.

A linear map F : T(V) — W is symmetric if Fom = F. Symmetric linear
maps are in one-to-one correspondence with linear maps from S(V') to W
and we use this correspondence to write

F(v,...,vp) = F(vy-...-v), wvp,...,u5 € V.

Given a linear map F : T(V) — W, its symmetrization is the morphism
F5:S(V) — W, defined by

€0
FS(Ul,...,Uk> = Z%F(UU(D@...@UJ(/{)), Vi,...,0, € V.

ocESE

The reduced tensor algebra T( ) can be equipped with the coshuffle co-
product A°: T(V) = T(V) @ (V) defined by

Af(v) =0, veV,

k—1
A ®...0v) =) o) @ Us(p) ® (Vo(pr1) @ -+ @ Vg(i)) »

p=1
o€Sh (p —p)
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for all vy,...,v; € V. The coalgebra (T(V), A°) is non-unital, cocommuta-
tive and coassociative. It is called the (reduced)coshuffie coalgebra and is
denoted by T¢(V).

The coshuffle coproduct A€ induces a cocommutative coassociative coprod-
uct in S(V'), which will also be denoted by A*:

Af(or- ) =) €0) (Vo) - Vo) @ (Vopan) * - Vo) »

for all vy,...,v; € V. Its cogenerator is the projection map p: S(V) — V.
Let Prim(V) = {z € T(V): A°(z) =0} be the set of primitive elements
of T¢(V). It is a graded Lie subalgebra of Lie(V) = (T'(V),[,].), where
[-,+]. denotes the commutator of the graded algebra (T'(V),®). In fact,
Prim(V) is the free Lie algebra generated by V [17]. Moreover, (T'(V'), A¢)

and (S(Prim(V)), A¢) are isomorphic coalgebras [19, 10].

1.2. Lie[l] oc-algebra. A linear map Q : S(V) — S(V) of degree |Q| is

called a coderivation of (S(V'), A®) (of degree |Q)), if

AQ = (Q®1d +1d ® Q)A.

Let Coder(S(V)) be the set of coderivations of the reduced symmetric

coalgebra (S(V), A°). It is well known that Coder(S(V')) together with the
graded commutator becomes a graded Lie algebra:

[Q,P].=QoP— (—1)@IPIp.Q, @, P € Coder(S(V)).

Definition 1.1. A Lie[l] oco-algebra (or a symmetric Lie oo-algebra) is a
graded vector space V together with a degree +1 coderivation My of the

reduced symmetric coalgebra (S(V'), A°) squaring zero.

By a standard argument, any coderivation () € Coder(S(V)) defines (and
is defined by) its restriction maps Qy : S*(V) — V, k > 1. This way we have
an alternative definition of Lie[l] oo-algebra.
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Definition 1.2. A Lie[l] co-algebra is a graded vector space V' together
with a family a degree +1 linear maps {l; : S*(V)) = V} _ such that

n

Z e(a)ln—i-i-l (li(va(l)a SR 7va(i))7 Uo(it1)y - -+ 7UG(n)) = 07 (1)
JES%LT?}R*i)
for all n € N, and all homogeneous elements vy,...,v, € V.

Remark 1.3. The isomorphisms ®@"s~! : T*(V) — T*(s'V), k € N, yield an
isomorphism between Hom (T (s™'V), s7'V) and Hom(T(V'), V), given by:
Qr € Hom @ (TH(s7V), s7V) 5 qp = s0Qpo @ s71 € Hom @+ 1=F(Th(V) V). (2)

E(k—1)
The inverse morphism is given by Qr = (—1) 2 g1 oo O s.

This isomorphism also provides an isomorphism between the symmetric
algebra S(s7!'V) and the exterior algebra AV. Using this isomorphism one
has the definition of Lie oco-algebra: a vector space V equipped with a family
of skew-symmetric brackets [} : AV — V| k > 1, of degree 2 — k, satisfying
a collection of equations equivalent to (1).

Example 1.4. A graded Lie[l]-algebra is a Lie[l] oc-algebra V = @z Vi
such that [, = 0, for n # 2. Then the degree 0 bilinear map on sV = V[—1]
is defined by:

sz, sy| := l5(sz, sy) = (—1)i3(lg(x,y)), reVi,yelV, (3)

is a graded Lie bracket. In particular, if V' = V_; is concentrated in degree
—1, we get a Lie algebra structure.

Example 1.5. A differential graded Lie[l]-algebra (DGLA[1]) is a Lie[l] oco-
algebra V' = @®;czV; such that [,, =0, for n £ 1 and n # 2. Then d :=[; is
a degree +1 linear map d : V' — V squaring zero and satisfies the following
compatibility condition with the bracket {-, -} = lo(-,"):

{ d{z,y} + {d(@).y} + (-1 {z,d(y)} = 0,

{{z.y}, 23 + DM {2, 2} y) + (DM, {y, 23} = 0.
Example 1.6. Let (V = ®,c2V;, d) be a cochain complex. Then End(V)[1] =
(Biez End; V)[1] has a natural DGLA[1] structure with [y = 04, Iy = [+, ]
given by:

{ 8¢ = —d oy + (—1)1H+1god,
[ ] ( )|¢\+1 (¢ ¢ ( ) (I¢l+1)(|[+1) ¢ ¢)
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for ¢, 1 homogeneous elements of End(V')[1].

Let (B, Mg = {li},en) and (V, My = {my},cy) be Lie oo-algebras. A Lie
oo-morphism ® : E — V is given by a collection of degree zero linear maps:

O SHME) =V, k>1,
such that, for each n > 1,

ZE (I)1+l<lk Ty(1)s - -:xa(k))vxa(lﬂ—l—l)v---7560(71)):

k+l=n

oeSh(k,l)

>0, k>1

= Z 8(0’) m; <(I)k1 (l‘a(l), . .a:a(kl)), (I)kz (xg(kl_H), ce xg(k1+k2)), ceey (4)
ki1+ .—l—k’j—n

@kj (xa(k1+...+kj_1+1)’ e 73:0'(”))) :

If &, =0 for k # 1, then @ is called a strict Lie oo-morphism.
Considering the coalgebra morphism ¢ : S(E) — S(V) defined by the
collection of degree zero linear maps

O SHE) =V, k>1,

we see that Equation (4) is equivalent to ® preserving the Lie oc-algebra
structures:
o Mp = My-9®.

Let us now give the definition of a (curved) representation of a Lie oco-
algebra.

A complex (V,d) induces a natural symmetric DGLA[1] structure on
End(V)[1] (see Example 1.6). A representation of a Lie oo-algebra
(E, Mg = {li},yn) on a complex (V,d) is a Lie oo-morphism

D (E7 {lk}keN> - (End(V)[l], Oa; ['7 ])7
i.e., ®oMp = Mg o P, where Mgpqy) is the coderivation determined
by 04 + [+, |-
Equivalently, a representation of E on (V,d) is defined by a collection of
degree +1 maps
® 0 SHE) = End(V), k>1,
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such that, for each n > 1,

28(0)(13”_2'4_1 (lz (.%'0(1), cey Ig(i)) y Lo (i41)r -+« xg(n))
i=1
o€Sh(in—i)

n—1
:8(1)”(561, - ,xn)JrZ 8(0‘)[(133‘(1‘0(1), - ,SCU(j)), (I)n_j(xg(j+1), . ,xa(n))] .
7=1

UES\;L(j7n_j)

A Maurer-Cartan element of a Lie[l] oco-algebra (E, {l;},.y) is a degree
zero element e of E such that

1
Zglk(e,...,e):O. (5)
k>1
The set of Maurer-Cartan elements of F is denoted by MC(FE). Let e be a
Maurer-Cartan element of (E, {l;},.y) and set, for k > 1,

li(x,. .., xp) := Z % lpvi(e, ... e, @y, ..., Tk). (6)
120
Then, (£, {l}},.y) is a Lie[1] co-algebra, called twisting of E by e [7]. For fil-
tered, or even weakly filtered Lie oo-algebras, the convergence of the infinite
sums defining Maurer-Cartan elements and twisted Lie oo-algebras (Equa-
tions (5) and (6)) is guaranteed (see [7, 0]).

1.3. Loday oc-algebra and Loday[l] oo-algebra. Let us recall the def-
inition and some properties of Loday oo-algebras and Loday[1] oo-algebras.
More details can be found in [2, 21].

Let V' be a graded vector space. The coproduct

A T(V) = TWV)T(V)

given by
A?(v) =0, vev,
k—1
AZ("Ul(X). . .®vk) = ZE(J) (Ug(l) R...x Ua(p))®(va(p+1) X...R Vg (f—1) (029 ka) ,
p=1
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for all vy, ..., vy € V, provides a (cofree, conilpotent) Zinbiel coalgebra struc-
ture to 1'(V'), i.e, this coproduct satisfies

(Id @ AD)AZ = (AZ? @ IA)A? + (1. A? @ Id)AZ,
where 7 is the twisting map: 7(v ®@ w) = (—1)"*lw @ v.

Remark 1.7. Notice that A® = AZ + 7.AZ, this means that the coshuffle
coproduct is the symmetrization of the Zinbiel coproduct.

The pair (T(V), A?) is the Zinbiel reduced tensor coalgebra and we will
denote it by T4(V). The cogenerator of T#(V) is the projection map p :
T(V)—=V.

Let Coder(T#(V)) be the set of coderivations of T#(V) = (T(V), A?).
There is a (standard) isomorphism between Coder(T%(V)) and Hom(T'(V), V)
that we describe now: each linear map Qy : T%(V) — V (k > 1) of degree
|Q| defines the coderivation @) given by

n k-1
Q1 ®...Q0v,) ZZ |Q‘ oy Flvo i) (o )’Ug(l) Q... QUs() @
k=1 =0,
oeSh(ik—1)
®Qk(Vo(it1), Vo(k—1) Vk) @ Vg1 @ ... @ Uy,

for vi,...,v, €V, n€eN. B B
The inverse mapping associates to each coderivation Q : T4 (V) — T#(V)
1ts restriction:

peQ:T(V) =V,

where p : T(V) — V stands for the projection onto V.
The (graded-)commutator gives to Coder(T4(V)) a structure of a graded
Lie algebra:

Q,P],=Q.P— (-1)?IFIp.Q.

By the isomorphism defined above, the graded vector space Hom(T'(V), V)
acquires a graded Lie algebra bracket [-, -] 5, known as the Balavoine bracket

3]

Remark 1.8. Any coderivation Q = {Q}>; of T? (V) is also a coderivation
of the coshuffle coalgebra T¢(V'). Since TC(V) and S(Prim(V)) are isomorphic
coalgebras, @ defines a coderivation Q° of S (Prlm(V))
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Remark 1.9. Each coderivation Q = {Qy},~, of (S(V), A) defines a coderiva-
tion of T4 (V), which we will denote by Q7 (or simply by @ when there is no
danger of confusion). It is defined by the same family of (symmetric) linear
maps {Q : S(V) =V} 1>, and these coderivations are related by

WOQZ = Qoﬂ'.
Definition 1.10. A Loday oc-algebra (V,(Q) is graded vector space V

together with a coderivation Q of the Zinbiel coalgebra TZ(s~!V), of degree
+1, that squares zero.

A Loday oc-algebra (V,Q) may be equivalently defined by a family of
degree +1 linear maps Qi : TH(s71V) — sV satisfying: for each n € N,

Z Z 1)lewlt-Flaole( ) Qi1 (Vory, - - - Voi)s (7)
aeSfZL(z k—1)
Qk( (1+1)> Vo (k+i—1)s Ui+k)7 Vitk+1s - - - 7/071) )
for all vy,...,v, € s~ V.
Remark 1.11. The isomorphism Hom(T'(s~1V), s~ V) ~ Hom(T(V), V) given
by (2) yields an equivalent definition of a Loday oo-algebra in terms of maps
qr € Hom?> *(T*(V), V), k € N. So, a Loday oc-algebra may be defined by a

family of brackets ¢, € Hom? *(T*(V'), V) satisfying a collection of equations
equivalent to (7).

A codifferential (i.e. a coderivation of degree +1 squaring zero) of T4 (V) =
(T(V), A?) induces a Loday oo-algebra structure on sV. This justifies the
next definition:

Definition 1.12. A Loday[l] oc-algebra is a graded vector space V to-
gether with a codifferential of the Zinbiel coalgebra T4(V) = (T(V), A?).

Example 1.13. A graded Loday algebra is a Loday oo-algebra V' such that
qn = 0, for n # 2. Then the bracket [-,:] == ¢z : V ® V — V satisfies the
graded Jacobi identity

[, [y, 2] = ([, 9], 2 + (1) [y, [2,2]], @,y,2€V.
In this case, s7'V is a Loday[1] co-algebra with codifferential defined by
the linear map Qs (v, w) := (—=1)"I"1s7! [sv, sw], v,w € s7'V, that satisfies

Q2(Q2(v, ), w) + (=1)"Qa(v, Qa(u, w)) + (=1) T IIQy(u, Qo (v, w)) = 0,
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for all v,u,w € s1V.

Example 1.14. A graded differential Loday algebra is Loday oco-algebra V
such that ¢, = 0 for n # 1 and n # 2. Then d := ¢; is a degree +1 linear
map squaring zero and [, | := ¢2 a Loday bracket satisfying the compatibility
condition:
dfz,y] = [dz,y] + (-D)" [z, dy], @,y eV
The graded vector space s71V is a Loday[1] oo-algebra with the codiffer-
ential Q of T'(s71V) given by the maps
Qi1(v) = s 'dsv, ves 'V,
and
Qa(v,w) = (=) s sv, sw], v,we s V.
They satisfy the compatibility conditions
Qi =0
Q1Qx(v,u) + Q2(Q1v, ) + (—1)Qs(v, Quu) = 0
Q2(Q2(U> u)v w) + (_1)|U|Q2(U7 QQ(“? w)) + (_1)(|U‘+1>|H‘Q2(uv QQ(Ua w)) =0,

for all v, u,w € sV

Example 1.15. Let (V,Qy) and (W, Qw) be two Loday oo-algebras. The
direct sum VW = @, (Vi®W;) is a Loday oo-algebra with @ = Qv+ Qw
given by, for each k € N,

Q(Ul + wi,. ..,V —l—wk) = QV(Ul, - ,vk) + QW(wl, e ,wk),
for all vy +wy,...,vp+wp €5 (VOW) =5V s W

Example 1.16. Let (E, Mg = {li},y) be a Lie[l] oc-algebra. The sym-
metric brackets {Ij,},.y define MZ, a coderivation of T#(E). Notice that for
symmetric brackets Equations (1) and (7) are equivalent and we conclude
that MZ is also a codifferential and defines a Loday[1] co-algebra structure
on FE. Obviously this also means that any Lie oo-algebra structure on a
graded vector space defines a Loday oo-structure on that space.

Definition 1.17. Let (E,Qg) and (V,Qy) be Loday oco-algebras. A Loday
oco-morphism F : (E,Qg) — (V,Qy) is a comorphism F : T?(s7'E) —
TZ(s71V) such that

FoQp = QyoF.
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Remark 1.18. A Loday oo-morphism F : (E,Qp = {lt};>) — (V,Qv =
{my};>,) defines and is defined by a family of degree 0 linear maps Fy :
TH(s7'E) — s~V k > 1 satisfying:

n n—Fk
(_1)|vg(1)\+...+|va(i)|€(0)Fn_k+1 (fUU(l)7 3 Un(i)s
k=1 i=0
oeSh(ik—1)
lk(va(i—i—l)a w0 Vo (kti-1)s Uz’+k)7 Uitk+15 - - - 7Un)
= Z e(0)mi (F3 (Vo()s - - Vo(in))s Fio (Vo1 - - - > Vo(iy4in))s (8)
k=1 0'63’77,(2.1 ..... ik)
1+...+i=n
sy Ek (va(i1+...ik_1+1)7 o 71}0'(71))) )
for all vq,...,v, € s 'E.

By isomorphism (2), we can equivalently define a Loday oo-morphism by
a family of linear maps f; : T%(E) — V (of degree 1 — k) that satisfy a
collection of equations equivalent to (8).

Remark 1.19. Any (Zinbiel) comorphism F : T#(E) — TZ(V) is also a
comorphism between coshuffle coalgebras. When F' : T#(E) — T#(V) is a
comorphism defined by a family of symmetric maps {Fk : SHE) — V} 1
we say it is a symmetric comorphism. Hence there is a natural one-to-one
correspondence between symmetric (Zinbiel) comorphisms F : T#(E) —
TZ(V) and comorphisms between symmetric coalgebras F* : S(E) — S(V).
This correspondence is given by:

FSO’]T:’]TOF.

Looking at the formula in Remark 1.18 we conclude that F : (E, Mg) —
(V, My) is a Lie oo-algebra morphism if and only if it defines a symmetric
Loday oo-algebra morphism between (E, MZ) and (V, M{).

Hence the category of Lie oco-algebras is a subcategory of the category of
Loday oo-algebras.

Remark 1.20. Let (V,Qy) be a Loday[1] co-algebra. Then Qy is also a cod-
ifferential of the coshuffle coalgebra T¢(V). By the coalgebra isomorphism
T¢(V) ~ S(PrimV), Qy defines a codifferential of S(Prim(V)). This means
that Prim (V1) is a Lie[1] co-algebra. Each Loday co-morphism F': (E,Qg) —
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(V,Qy) is also a coshuffle comorphism that preserves codifferentials, conse-
quently, it induces a Lie co-morphism between Prim(E) and Prim(V). This
means there is a functor between the category of Loday[1]-algebras and Lie|[1]-
algebras. [19]

Notation: In what follows, we will only use the Lie[l] oo-algebras and
the Loday[l] oo-algebra approach. For this reason, in the next sections,
Lie/Loday oo-algebras are meant to be Lie/Loday[1] co-algebras, this means
we will drop the shifting symbol [1].

2. Coherent actions of Lie oo-algebras

Let (E, Mg = {l;},oy) be a Lie oo-algebra and (V,d) a cochain complex.
Example 1.6 describes a DGLA[1] structure in End(V)[1]. Recall that (V,d)

is a (curved) representation of E if there is a Lie oo-algebra morphism
P (E7 Mg = {lk}keN) — (End(V)[l], O, ['7 ])

Now suppose (V, My) is a Lie co-algebra. Since (S(V), My) is a cochain
complex, we have a DGLA[1] structure on s~ !(Coder S(V)) = (Coder S(V))[1]
induced by End S(V')[1] given by:

Oy @ = —My -Q + (—1)9HQ - My,

Q. P] = (1)@ (Q.P — (—1)(QFDIPEU P Q) |
with @ and P homogeneous elements of (Coder S(V))[1] of degrees |Q| and
| P|, respectively.

Definition 2.1. Let (E, Mp = {li},cy) and (V, My = {my},n) be Lie
oo-algebras. A Lie oo-action of F on V is a Lie co-morphism

O: (E,{li}rey) — (Coder(S(V))(1],0uss [, ])-
Any Lie oo-action is determined by its degree +1 restriction maps:

oF . SK(E) — Coder(S(V))
r = OFz)=p.®(x)=d,, keN.

Furthermore, any Lie oo-action ® is completely determined by the family
degree +1 of linear maps:

b SME) x SM(V) =V,
given by
PP (2 0) = O (v) = po®,(v), z € SH(V),ve S (V), kneN.
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For each x € S(E) and v € S(V), let ®,., be the coderivation of S(V)
defined by the family of maps

(Pyp)i: SUV) — V

w o = O (xvaw), re

Remark 2.2. A Lie oo-action is a (curved) representation of E in S(V)

but the image of all the restriction maps is contained in Coder(S(V))[1] C
End S(V)[1].

Example 2.3 (Adjoint representation and adjoint action). Let
(E,ME = {lk}keN) be a Lie oc-algebra. The adjoint representation of E,
(E, 1), is defined by the collection of degree +1 maps

ady, : S¥(E) — End(FE)

E>1.
1o xp —oady gy = e (1, T, — ) =

The adjoint action of E is the Lie oo-action of E on itself, given by the
family of linear maps (see [5], [15]):

ad™ . SH(E)x SYE) — E
(x;e) — lizg(z,e), i,k>1.

Remark 2.4. If we define ®" := My, then an action is equivalent to a curved

Lie co-morphism between E and the graded Lie algebra Coder(S(V)) (com-
patible with the Lie co-structure in V) [15]. In this case, ® = >, ®" is
called a curved Lie co-action.

In this context, we can say that, for each v € S(V), the coderivation ®Y is
the image of v by the adjoint action of V:

Y = ad, .
Definition 2.5. A Lie oo-action of £ on V
®: (E, {li}pen) = (Coder(S(V))[1], Oasy, [+, -])

is said to be coherent if

lad,, ®,] =0 9)
and

[q)y;va (I)x] =0, (10)
for all z,y € S(E) and v € S(V).
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Remark 2.6. In the context of curved Lie oco-actions, Equation (9) can be
rewritten as

(@), ®,] =0, z€S(E),veSV).

Remark 2.7. If we write the bracket |-, -] in terms of the usual commutator
of coderivations, we have that Equations (9) and (10) are equivalent to

lad,, ®,], =0 and [®,,, P,] =0.

Example 2.8. Let (E, Mp = {li},cy) be a Lie oc-algebra and (V,d) a
representation of E given by the Lie co-morphism ® : £ — End(V'). Notice
that me>o = 0 so ad, = 0, v € V. Since ® is a representation, we have
®**=2 = () which means that ®,.,®,(w) = 0, for all v,w € V, z,y € S(F).
This way we see that ® is a coherent action.

Example 2.9. Let (E, [, ]z) and (V,[-,];;) be Lie algebras and p : E —
Der(V) a representation of E in the classic sense. The representation p is

equivalent to the action ® : E — Coder(S(V)) defined by the family of maps
kn: SH(E) x SY(V) =V, k,n > 1, given by:

®h(z;0) = p(x)(v), r€EveEV

®*°* =0, otherwise.
In this case, the action (representation) ® is coherent if and only if
lad,, @,]. (w) =0, weV,
which means that
v, ®wl], — O, [v,w], =0, xze€FE, v,welV.
Since ¢, = p(x) is a derivation of [, |;, we end up with
w, v}, =0, ze€FE v,weV

This is equivalent to ®, being a central derivation of the Lie algebra V', for
all x € E. In case V is abelian, the representation is obviously coeherent.
The definition of coherent representation of Lie algebras first appeared in

[20].

Remark 2.10. If E' is a Lie oo-algebra, even when V' is abelian, that is, m; = 0,
for £ > 1, the coherence of a Lie oo-action ® is not guaranteed due to the
condition (10):

[@p, @yl =0 z,y € S(E), ve S(V).
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Clearly, if ®**>2 = 0 then coherence is guaranteed, but this means that ® is,
in fact, a Lie oo-representation.

The next theorem is one of our main results. We show that the coherence
of a Lie oco-action is a necessary and sufficient condition for the construction
of a particular Loday oo-algebra in the direct sum of the Lie co-algebras: the
non-abelian hemisemidirect product. This theorem generalizes two results:
Proposition 6.3 in [19] on representations of Lie oo-algebras and Proposition
2.7 in [20] on coherent representations of Lie algebras.

Theorem 2.11. Let @ : (E, {l}cn) — (Coder(S(V))[1], Omy, [+, ¢]) be a Lie
oo-action. Consider E @V equipped with brackets {l,,}, .y defined by:

Lo(z1 + 01, T F U1, + 0p) = (21, .0 1y)
n—1
+ Z Oy, T Vs ) (V1,0 (11)
i=1

Then E ®V is a Loday oo-algebra if and only if ® is a coherent action.

Proof: Let Q be the coderivation of the Zinbiel coalgebra TZ(E @ V') defined
by the brackets {[,},.y. Proving that @Q? = 0 is equivalent to showing that
the Jacobiator vanishes:

J(x1+v1,...,xn+vn):Z[koQ(x1+vl,...,xn+vn):0
k=1

for all z1+v1,...,z,+v, € E®V. Therefore we want to prove that coherence
of the action is equivalent to the vanishing of the Jacobiator.
We immediately see that

J(x1, .., xy) =J(v1, ... 0) =0, x1,...,0, € B vy,...,0, €V

because {li},cn and {my}, .y define Lie oo-structures on E and V, respec-
tively.
Also, since

(z1 +v1, . X1 + V-1, k) = (21, ..., x), k€N,
we have that
J(x1+v, .y o1, x,) = J(x, ., 1,) =0,

for all z1,..., 2, € E,v1,...,v,1 € V.
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It remains to prove J(zy +v1,...,Tp_1 4+ Up_1,v,) = 0 if and only if ® is a
coherent action.

In what follows, we will use the Sweedler notation for the coshuffle coprod-
uct:

A°(v) = vy vy, veT(V).
If v € V, then A°(v) = 0 and we consider v(;) = v(g) = 0.
First notice that, for y € T(F) and w € T(V'), we have

Qy@w) = Mg(y)®w+q>f(y)(w)+(—1)ly oy )®‘I)Z(y(2))(w)+(—1)|y|y®M5(w)-

Therefore
J(y,w) = @;(Mg(y))ﬂ(w) + M ow(@f(y)(w)) + (—1)|y|®;(y)7r(M5(w))

All coderivations in this equation are defined by symmetric linear maps. Also
w:T(V)— S(V) is a comorphism, so we have:

J(y,w) = Py (n(y)T(W) + Me(Prym(w)) + (—1)|y|‘l’;(y)(Mv(7T(w)))
+(— >|y(1 ‘(I).( )CI) (y(z))(ﬂ(w»'

Taking into account that ® is a Lie co-action we conclude that J(y, w) = 0
(for this the coherence of the action is not needed).
Now notice that for v,w € T(V), y € T(E), we have

Queyew) = M{v)oyow+ (-1)"ve Mi(y) ®w
+(=D"y @ y @ M (w) + (1)l @ yo) @ &F, - (w)
+(—1)loltHe by ) @ y @ adZ,, ) (w) (13)
+(—1)"ly @ (IDZ (W) + (=1)WlvHDy adf(v)(w)

hence
J(,y,w) = (=D)me(v, @7, (w)) +
= ( )l (m(v), @y (w
= (=1)"lp, [adr(v), Pry)] , (m(w
- —po[adm),@w ]( (w))-

WIS (adyy) (m(w)))
) + ( )|y\ |v|+1)q)0( )( dﬂ'(v)(ﬂ-(w)))

/0

(=
)
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Similar calculations lead to the general formula, for yi,...,y, € T(E) and
Vi, ey, w € T(V):

T, -y Oy, w) =(=1) 2= 2 P M [ada), @agy], (7 (w)).
_ (_1)2?:2 i \vi|\yj|po [adﬂ(v), (I)W(y)] (7(w)),

where v =11 ® ... QU,, y= 11 ...y, and n > 2. )
Therefore, _J(U1,y1,...,vn,yn,w) = 0, for all vy,...,v,,w € T(V) and
Yty - Yn € T(F) if and only if

lady, ;] (w) =0, for all v,w € S(V), § € S(E). (14)
Now, for x € E, v,w € T(V), y € T(E), we have

Qrerveyew) = L) ®veyew+ (-0 Qveyew)
+&7(v) @ y @ w + (~1)" o @ ad7 (y) @ w

+(—1 )|y|(|x|+|v|+1)y®q)2 w )( w)
+(—=1) Pl D)+l (elFoe) 1), v ®Y @ oz (v 2))(w)
H(—1) (ol +ly D(2l+1)y, & Y1) ® (I) (y<2>)(w>
=DMy @ 0F ) (w)
+(=1)PHDOHEDY @y @ OF (w).
and
J(z,v,y, w (— )'y“U'HxH'yI‘I);(x@y)(adw(v)(ﬂ(w)))

) =
(=DM g (1), Drasym(w))
1)

+H(=D)HDS (7(0), @y (w))
+(— )(le+lvl+1)|qu)- ( W(w)))
= (-1 )Ix\lvl+lvlpo [ x@y}c(ﬂ(w
(=1l [<I>m w(y)] . (m(w)).

= —(-1)Fllp [adm»@w(x@y)] (7(w)) = po [@pir(w), Pr(y)] (w(w)).

Taking into account Equation (14) we conclude that J(z,v,y, w) = 0, for
all v € B,y € T(F), v,w € T(V) if and only if

(@5, ®;] (0), forallz e E, g€ S(E), v,weSV). (15)
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Consider x € T"(E), n > 2, and again v,w € T(V), y € T(E). Then,

QzRveyw)=MEi(z)@veyw+ (-1l Qvey® w)
(=) Wz @ @ (m))(v)@)y@w‘Fq)f(x)(U)®y®w

(— 1)Ix<1>|+|v @z, ®ve adi(m))(y) ®w

(=)l Yy @ adZ ) (y) © w

(=1)lol+l |~””<2>|+|”|+1) T QY® (Df(x@);v)(w)

(— 1)l @ B2 (an)

(= 1)lwol(za )+ (e \+Iv<2>|+1)g;( RV QYR P 7(22); 0(2))(10)
(=)™

(—1)

(—1)

(—1)

(=

++++++

+
;_n

o [(lz[+ 1) +ly[ ([ +ve) [ +1),, V(1) QY& (I)Z(ﬂj V(2) )(w)

X(1 VLT (2 1 Z
@+l (leel+1) 4 ()®U®‘I’w(x(2)®y)( w)

_I_

1
DIz+1)y, & (I)Z(a@y)(w)

2| +(1+]a v 1 ;
DrwH el ) @ 0 © yu) @ X, oy (@)

1Pl (e+Dy @ ) @ ©F,,  (w)
(= 1)y, & 4 2 Z ().

+++

Equation (13) and the brackets (11) yield

()DL ) (P (w(w)))
+(=1)FHA D g (ad ) ((w)))

J(z,0,y,w) =
)

1)l 1yl () \+|U\+1)q)°( )((I)W(x@))m(v)(ﬂ(w)))
)
)

+(— m(@w®

(= 1) Izl ) D7 () (Pr(a)im(v) (T (w)))
(=)D (0, @f(wy)(w))

+(— m(@a)im

1)|$(1>|+|v|(\x<2>|+1)q>°( () (P oy ) (T ()
— 1) o Tada ), Priaay)], (m(w))
+(=1)FHp. [‘Dw(x); w(w) . (7(w))
1 (—1) @Dk, [@W(m(l))w(v), (Dw(x(z))@y)} ) (m(w))

A
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= — (=D pe [adsy, Prguey)] (7(w))
—(=1)"po [®r(ayn), Py (w(w))
_(_1)|x<2>|\v\+|x(1)|po [CI)W(:E(U);W(U),@W(x@)@y)} (m(w)).

Similar computations lead to the general formula:
J(x, 01,41, 02, ..., U, Yn, W) = a(_1)|v|+|fc||v|po [adw(v)a (I)w(:c®y)]c (7m(w))
+a(=1)"Hlp o (@ 0), Pry] . (T(w))
+ a(—1) ol [@W(x(l));ﬁ(v), CIDW(x(Q)@y)} ) (m(w)),

for all x,y1,...,y, € T(V), v1,...,v, € T(V), where v = v; ® ... ® vy,
Yy =1 R...® Yn and a = (_1)2?:22;11 \%:Hl/ﬂ’ n Z 2.

An induction argument together with Equations (14) and (15) allows us to
conclude that J(z,v,y,w) = 0, for all 2,y € T(E) and v,w € T(V), if and
only if

(@55, ®y] (w0), forall z,5 € S(E),v,w e S(V). (16)

Equations (14), (15) and (16) express the coherence of the action ® and

we conclude that it is equivalent to the Jacobiator being zero. n
Following [20], we define

Definition 2.12. Let (E, {l1.},cy) and (V, My = {my},cy) be Lie co-algebras
and @ : (E, {lx},cny) = (Coder(S(V))[1], Oy, [-,]) a coherent Lie oo-action.
The Loday oo-algebra (E'® V, {l;},cn) given by

bo(z1 + 01, T F U1, T+ 0y) = (21, ..., Tp)
n—1
+ Z STy, T Vigs s ) F g (V1L U),
i=1
for all x1+wvq,...,2,+v, € E®V, is called the non-abelian hemisemidi-

rect product of £ and V and is denoted by E x® V.

Example 2.13. Let (£, [, ]z) and (V,[-,+],,) be Lie algebras and p : £ —
Der(V') a coherent Lie representation (see Example 2.9):

(w, p(v)],, =0, xze€E v,welV.
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This particular case was considered in [20] and the non-abelian hemisemidi-
rect product £ x® V is the Loday algebra (or the left Leibniz algebra) with
product given by

(z+v)o(y +w) = [z,y]p + Pow + [v, W], .

Notice that when the representation V' is an abelian Lie algebra, then it is
always coherent and we obtain the usual hemisemidirect product introduced
in [9].

Example 2.14. Let (E, Mg = {l;},.y) be a Lie co-algebra and ® : S(E) —
End(V) a representation on the complex (V,d). The action ® is coherent
(see Example 2.8).

The non-abelian hemisemidirect product E x®V is defined by the brackets:

[i(x1 +v1) = Loy +doy,
(21 +v1, ) = L., xn) + O M (2, ),
forall z1 +vy,...,2,+v, € EBV, n>2.
Remark 2.15. A Lie oo-action
©: (B, Mg = {li}e) — (Coder(S(V))[L], Onry, [+, 1)),

is a special representation of E on the complex (S(V), My/). Since any rep-
resentation is a coherent action, we have the non-abelian hemisemidirect

product £ x® S(V) with brackets:
(2 +v1) = (1) + My (v),
Li(zy+vr, .z, o) = Lo, ..., 2,) + Do Uny

for all 2y,...,2, € E, v1,...,v, € S(V), n > 2.
If ® is a coherent Lie oo-action, then F x® V is also a Loday oo-algebra.

The brackets {[;} oy in E x®V and the brackets {l;},_ in E x® S(V) are
related by

[1(.5131 + Ul)

(xr+v,..,x,+0,) =
n—1

+py o <Z lpi(ze,. . 2, vg oo vy) + (o - Un)) :
i—1

for all @1,...,2, € E, v1,...,v, € V, n > 2, where py : S(V) — V is the
projection map.
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3. Non-abelian embedding tensors
Let (E, Mg = {li};cy) and (V, My = {my},oy) be Lie oc-algebras,

® 2 (B, {liren) = (Coder(S(V))[L], Oarys [ -])

a coherent Lie oo-action and E x®V the non-abelian hemisemidirect product
defined by ®.

The graded vector space of linear maps between T'(V) and E will be de-
noted by b := Hom(T(V), E). It can be identified with the space of coal-
gebra morphisms between 7% (V) and T#(E) and also with a subspace of
Coder(T?(E ®V)).

The space h together with the coherent action defines a V-data [22] and,
consequently, f acquires a Lie co-algebra structure:

Proposition 3.1. Let us consider:
(1) the graded Lie algebra £ := (Coder(T?(E & V)),[-,-].);
(2) the abelian graded Lie subalgebra b;
(3) the projection P : L — b onto b;
(4) the coderivation QQ associated with the Loday co-algebra E x® V.

Then, (L,b,P,Q) is a V-data and b is equipped with a Lie co-algebra struc-
ture given by:

Ot ) =P([..[Q 4], Jotel), t,....t,€b k>1.
Proof: Although we are dealing with Lie oco-actions rather than representa-

tions, the argument used in the proof of Proposition 6.4 in [19], to show that
we have a V-data, can be used in an identical way in this case. |

Now we are in position to define a non-abelian embedding tensor with

respect to a coherent Lie oo-algebra action ® : £ — Coder(S(V)).

Definition 3.2. A non-abelian embedding tensor on F with respect to
the coherent action & is a (Zinbiel) coalgebra morphism
T ={T:THV) - E}keN, such that the induced coderivation t € b is a
Maurer-Cartan element of h:

P10 +50Q0.8,+...) =o. (17)
Remark 3.3. By setting

e[’t](Q)=Q+[Q,t]ch%[[Q,t]C,t]ch...Jr%[...[[Q,t]c,t]c...t]CJr...
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we can rewrite the Equation (17) as

P (@) =o.

Let T : T?(V) — T?(E) be a non-abelian embedding tensor with re-
spect to the coherent action ®. Suppose T’ is defined by the family of maps
{Ty, : T*(V) — E}k>1 and consider t € Coder(T?(E @ V)) the associated
coderivation.

The projection py : E® V — V defines the strict comorphism pp(y) :
T?(E® V) — T#(V). The composition T opy(y) is the comorphism defined
by the family of linear maps {Tk oPT(V) : THE®V)— E}k>1. This compo-

sition can be see as an extension of T to T(E @ V) so we also denote it by
T.

Lemma 3.4. The exponential of the coderivation t is the comorphism Id+T :
T?(EaV)=T?(EaV):

0 4k
—=Id+T.
Z p =l
k=
Proof: The exponential of a (conilpotent) coderivation of degree 0 is a co-

morphism. The restriction maps of e are given by

(eN(z+v) = z+v+Ti(v), x€EveEV
(et)n(xl—l—vl,...,xn—l—%) = Th(vi,...,0,), mn>2

for all x1 +vy,..., 2, +v, € E®V, and this yields the result. |

Lemma 3.5. The map pT(V)Qe" 18 a coderivation with respect to the comor-
phism ppy. Its restriction to T'(V'), pT(V)QGTva 15 defined by the restriction
maps:

Pert(Ul) = m1(v1)
prQet(vy @ ... @ vy,) = my(vy,...,v,) + Z CIDWT (1®...008) ka, v, (18)

forallvy,...,v, €V, n>2.

Proof: The projection map preyy : T?(E @ V) — T#(V) is a comorphism.
Since €' is also a comorphism, the composition pry)Qe' is a coderivation
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with respect to the comorphism pry oet = prvye(Id +T) = pp). In fact,

A pranQe' = proy @ pron (1d® Q + Q ®1d) (¢! ® e')A?
= (pre' @ (prQe!) + (pr)@e') @ prvye!) A7
= (pro) ® (pronQe') + (pr Qe Y ®pr)) AZ ,

which means that pT(V)Qet is a pT(V)—coderlvatlon.
Let vy,...,v, € V. For n = 1, the restriction map of pT(V)QefTV is given
by:
pvQe'(v1) = pyQ(Id + T)(v1) = my (v1).

For n > 2, the restriction map of pT(V)QeItTv is given by:

pert(vl ®...Qu,) = pVQ(Id + T)(vl ®R...® vn)

th +ip=n
UESh(il ..... Zk)

® (Id + T)Zk (Ua(il-i-...-i-ik,l—&-l)a s 7U0(n))~
Now Equation (18) follows if we keep in mind three things:
(i) The restriction maps of the identity are given by: Id; = Idgey and
Idy =0, for k > 1.
(ii) o € Sh(iy,...,i;) means that
U(il) < O(i1+i2) < ... < 0'(21+—|—Zn_1) < O'(Z1—|——|—Zn) =n.

(iii) By (11) we have

Qv ® ... Qv,) =myu(v,...,0,),

pwQT1®...0x, Qv ®...Q0v,) =P (z1,..., 2101, ...,0p),

for all z1,..., 21 € E,
py@ = 0 in all the other cases.

Therefore,

pert(m@...@Un) My, Ul,... +Z(I>7TTU1® ©ur) UkH,...,vn). [ |

Next proposition gives an explicit description of non-abelian embedding
tensors.
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Proposition 3.6. Fquation (17) is equivalent to
ll oT1 = T1 oMM

6(0‘) (—1)|“G(1)|+~.+\vg(i)|

n k-2 k-1
o (T(v)) = T (M7 (v)) + ’

k=2 i=0 j=i+1

oeSh(ik—i—1)

L]
T (V0(1)s -+ Vot Por(unay0m) (Vo415 Vole1)s U8 Vpi 1 -+

forallv=v®...Qv, € T"(V), n > 2.
Proof: First notice that

petf =0, k>2.
Thus

pe(e(Q)) = pr(Qe' — tQeh)
and Equation (17) is equivalent to
£ _ ¢
peQey, ,, = petle),

or to

¢ ¢
lep1(E)€|, = ToPT(v)QCY, ) -

Let vq,...,v, € V. By Lemma 3.4, we have

PEQE (V1 ® ... Qv,) = loprpe (11 @ ... Qv,) = LT (11 @ ... R v,).

27

On the other hand, by Lemma 3.5 we know that pT(V)QefT(V) is the prey)-

coderivation defined by the linear maps (18). This yields
pT(V)Qet(Ul R...QUy) = M&(m ®...Qv,)

n k-2 k-1

+ Z Z Z E(O-)(_1)(|UJ(1)|+~--+‘Ua(z‘)|)va(1) R...® Vs (i) ®

k=2 i=0j=i+1
oceSh(ik—i—1)

(1,118 y) (Vo(i41)s -5 V(1) Vk) @ Vg1 @ . @ .

Non-abelian embedding tensors define a Loday oo-structure on V.
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Proposition 3.7. A non-abelian embedding tensor T with respect to a coher-
ent Lie co-algebra action @ : (F, ME) (Coder(S(V)[1], Oasy, [+, -]) induces
on V' a Loday oco-algebra structure QV, given by the brackets

qi(n) = m1(U1)

qn(v1, . . ., E D} (0 vg) (Vkt1s -5 Un) M (V1,0 Un),

for allvy,...,v, €V, nz 2.
Moreover, T : (V,QL) — (E, M%) is a Loday oo-morphism.

Proof: Let @ be the codifferential (of degree +1) of the non-abelian hemise-
midirect direct product £ x® V. Since

(@)= Q) = (@) =0,
also el'(Q) is a coderivation of degree +1 of T%(E & V) and, consequently,
it defines Loday oo-structure on £ @ V.
By definition 7' is a non-abelian embedding tensor if P (e[’q(Q)> = 0,

therefore
pv (6[#] (Q>) |
(V)

defines a Loday oo-structure on V. Noting that py.t = 0, we have
j2% (e[’t](Q)) = pyoQoet and the Lemma 3.5 gives the Loday oo-brackets

Q1(Ul) = ml(vl)
Qn(vla--'avn) = Ul;--- +Z®WTU1® ®up) "Uk+1,---,vn);

for all v,...,v, €V, n>2.

Finally, let Q. = pT(V)QeTT(V) be the codifferential of T4(V) defined by
these brackets. Proposition 3.6 guarantees that 7' is a non-abelian embedding
tensor if and only if MZ.T = T-QL. This means that T is a Loday oo-
morphism. |

Following the nomenclature used in [20]:

Definition 3.8. The Loday oco-structure on V' given by a non-abelian embed-
ding tensor with respect to a coherent Lie co-action is called the descendent
Loday oc-algebra.
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Corollary 3.9. Let (E, Mg) and (V, My) be Lie co-algebras and T a sym-
metric non-abelian embedding tensor with respect to a coherent action ® such
that m(Im T') C ker @, then T defines a Lie co-morphism.

Proof: Let T be a non-abelian embedding tensor with respect to an coherent
action ® such that 7(Im 7T") C ker ®. Then, by Proposition 3.7,
MET =T M{.

The (Zinbiel) comorphism T' = {T} : T*(V) — E}, _ is symmetric if T, =
Teom (see Remark 1.19). In this case, the same family of linear maps defines
a comorphism 7% : S(V) — S(E) that is a Lie co-morphism because T is a
Loday oo-morphism. |

Corollary 3.10. Let (E, Mg) and (V, My) be Lie co-algebras and T a non-

abelian embedding tensor with respect to a coherent action ®. Then T induces
a Lie co-morphism T : Prim(V) — E.

Proof: The non-abelian embedding tensor is a Loday oco-morphism
T:(V.Qy) = (B, M),

therefore it is also a comorphism between coshuffle coalgebras and preserves
the codifferentials.
Recall that, for any graded vector space V, there is a (coalgebra) isomor-

phism ¥ : T¢(V) — S(Prim(V)) (see [19]).

In our case, (V,Q%) and (E, MZ) are Loday oo-algebras so we can use
the isomorphism and the codifferentials Q¥ and MZ to turn Prim(V) and
Prim(F) into Lie oco-algebras:

= T.Qh U,
Mg =W Mp .U,
We have the following diagram:

(V.Qy) c T(V) — (B, M) € T°(E) — (E, Mg) C S(E)

clle e

qu
(Prim(V), Q%1 I (Prim(E), ME«)

The symmetrization map 7 : T%(E) — S(FE) is a comorphism such that
T oMg - ME‘ oTl.
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Therefore, the map T = 7T oWt : S(Prim(V)) — S(E) is a comorphism
that preserves the codifferentials, which means it is a Lie oco-algebra mor-
phism. |

Example 3.11. In the case where V is simply a vector space (i.e. My =
0) and p : (F,Mg) — gl(V) is a (non-curved) representation of the Lie
oo-algebra (F, Mg), a non-abelian embedding tensor of p is a homotopy
embedding tensor of the representation p, that was defined in [19].

Example 3.12. Let ® : (E, Mg = {li},cy) — (End(V),d) be a Lie oo-
representation. A (Zinbiel) comorphism T' = {T}, : T"(V) — E},  is a non-
abelian embedding tensor if and only if

lloTl = Tlod

n

LT ®...0u,) = Z(—1)'“1‘+"'+|“i*1|Tn(vl oo dug, )
i=1

n k-2
+ E 6 |Ua A ve@))
k=2
UESh (i,k—i—1)
T, (Ua(l)a -y Ug(i), (I)WT(UU(i+1)®...®vU(k_1))Uk7 Uk+1; - - - 7Un> )

for all v,...,v, €V, n>2.
The Loday oco-structure on V' defined by the non-abelian embedding tensor
T is given by the brackets:

@ (v1) = d(v)
qn(v1, ... )

for all v,...,v, €V, n>2.
In particular, a strict morphism 7" =T) : V — FE is an non-abelian embed-
ding tensor if and only if

lioT =Tod
Lo (T'(v1),...,T(v,)) =T (@”_1’1 (T'(v1), -, T(vp_1); Un)) ,

®7TT(’[)1®...®’UH,1)/UN7

and the descendent Loday oo-structure on V' induced by T’ is

¢(v1) = d(v)
Gn(V1, ... 0,) = @”_1’1(T(v1), ooy T(Vn—1);0n),
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for all v,...,v, €V, n>2.

Example 3.13. Let (£, [, ]z) and (V,[,-];,) be Lie algebras and ® : £ —
Coder S(V) the coherent action induced by a coherent Lie representation
p: E — Der(V):

[pzv,w]y, =0, v,weV, xekE.

A non-abelian embedding tensor 1" = {Tk TRV — E} rey Must satisty
Z 6(0) [T.(Ug(l), e ,Ug(i)), T.(’Ug(zqu), e ,’Ug(n,l), vn)} B =

- Z e(0)(=1)lPe H-Ho]

k=2 i=0 ceSh(i,k—1—i)

T.<

J
Jj—1 Jj—1
Vj i vk + _qlv o~
+ <—1)| il Ve +205 | len71<v1’...7/07;,...,,0]'71’[vi,vj]V’UjJrl,...,vn).
2 =1

UU(l)) s 7UO'(i)a pT.(vU(i+1),‘..,Ug(k,l))vk‘a Vk41, - - - ;UTL>
j—1

3

i

If T:V — FE is a strict morphism, we recover the definition of a non-

abelian embedding tensor with respect to a coherent action in the sense of
[20], because for n = 2 the last equation reduces to

[T(U1)7 T<U2)]E = T (pT(’lJ1)UQ) + T [Ula UQ]V ) Ula U2 € V

3.1. Non-abelian embedding tensors of the adjoint representation.
Example 3.12 can be adapted to the adjoint representation of a Lie co-algebra,
(£, Mp = {l;}ren)-
For the adjoint representation, T'= {7}, : T(E) — E},.y is an non-abelian
embedding tensor if and only if
l1oT7 =T ol

n

LT (1 ®...Q0x,) = Z(_1)(|$1|+~-~+|$¢71|)Tn(x1’ oo b)), )

i=1
n k—2

+ Z Z e(0)(—1) el Hlrowm)
k=2 =0
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The descendent Loday oo-structure on F defined by the non-abelian em-
bedding tensor 7' is given by the brackets:

(J1(SC1) = l1($1)
Q1,0 x,) = L(T(x1® ... 0T, 1),Ty),

for all z1,..., 2, € E, n > 2.
In particular, if we ask T': E — E to be strict we must have

l1.T T ol
by (T(x1),....,T(xn)) = T, (T(z1),..., T(xp-1), 7)), (19)

and the Loday oo-brackets are:

Q1($1) = 51(561)
Qn(T1, ... xy) l(T(x1),...,T(xp_1), Tn),

for all z1,..., 2, € E, n > 2.

Remark 3.14. The identity map is obviously a non-abelian embedding tensor
for the adjoint representation and, as it should be, the “new” Loday brackets
induced by the identity map are the original symmetric brackets that define
the Lie oo-structure.

Remark 3.15. Notice that the brackets [, are symmetric, hence, for every
n>1andeach:=1,...,n, we have

b (T'(x1), ..., T(x) =T ((T(x1)y -2y, T (), 21,0, 2, € E.

Remark 3.16. Let T': EE — E be a strict comorphism such that [; T = T s[4
and Im(7T) C Ker(ad). Then, T is an embedding tensor for the adjoint

representation but the new Loday oc-algebra is abelian, i.e. ¢ = 0, for all
k> 1.

Equations (19) yield that, for the adjoint representation, the composition
of strict non-abelian embedding tensors is a strict non-abelian embedding
tensor, therefore:

Proposition 3.17. The space of strict non-abelian embedding tensors with
respect to the adjoint representation is an associative algebra with unit, called
the strict embedding algebra.
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Let us call centroid of the Lie co-algebra (E,{l},oy) the set of strict co-
morphisms F' : ' — E such that

LioF = Foly
adx oF = Fo adx, T € S(E)

Corollary 3.18. Let E be a Lie oo-algebra. Then the centroid of E is a
subalgebra (with unit) of the strict embedding algebra.

Moreover, any surjective strict non-abelian embedding tensor is an element
of the centroid and the group of invertible elements of the centroid coincides
with the group of invertible elements of the strict embedding algebra.

3.2. Strict non-abelian embedding tensors of the adjoint action.
The adjoint action ad : (E, Mg = {l;},on) — (Coder(S(E))[1], Oy, [+ +]) is
a special representation of £ on the cochain complex (S(FE), Mg).

A strict non-abelian embedding tensor of this representation is a strict
comorphism 7 : S(E) — E satisfying

l1oT(v1) = ToMg(vy)
n(T(v1),...,T(vy)) = T (adT(vl).,,..T(vnfl) Un) ,
for all vy, ...,v, € S(E).
In particular, for vq,...,v, € E, we have
l10T(v1) = Toli(vy)
(T (v1), ..., T(v,) = TUu(T(v1),...,T(vp-1),vn))

and we conclude that 7T{, : £ — F is a strict non-abelian embedding tensor
for the adjoint representation.

3.3. Deformations of non-abelian embedding tensors. Let T be a
non-abelian embedding tensor with respect to the coherent Lie oco-action
® : (B, Mg) — (Coder(S(V))[1], Our,, [, +]). Since T defines (and is defined)
by t, a Maurer-Cartan element of the Lie co-algebra h, we have two different
V-data (Coder T?(E®V), b, P, el 9(Q)) and (Coder T4 (E®V), h, P ol ¥, Q),

both of them inducing the same twisting Lie oo-structure in b:

O (ty, ...t Z ittt ), b, theb, k>1.

z>0 '
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Let T' : T#(V) — TZ(E) be another comorphism and consider t' the
coderivation of T?(E @ V) defined by T”. By definition, T'+ 71" is an embed-
ding tensor if and only if t 4+ t' is a Maurer-Cartan element of h:

1
Zgak(ut’,...,wt’) = 0.
k>1

Taking into account that t € MC(h), last equation can be rewritten [(] as
1 1
ol () + §a§(t’,t’) + ..+ Ea}{(t’,...,t’) +...=0.

Therefore T' + T” is a non-abelian embedding tensor with respect to the
same Lie oo-action as T if and only if 7”7 is a Maurer-Cartan element of the

deformed Lie oo-algebra h! = (h, 7).

Proposition 3.19. The Lie co-algebra hT = (h,07) controls the deforma-
tions of T'.

Definition 3.20. The cohomology of the cochain complex (S(h), d7) is called
the cohomology of the non-abelian embedding tensor T

4. Conclusions

In [20] a definition of non-abelian embedding tensors on a Lie algebra with
respect to a coherent action was given. In this work we give a possible
generalization of this definition and of some results in [19, 20] to the Lie
oo-setting. We propose a definition of coherent Lie oco-actions and, for these
actions, we construct the non-abelian hemisemidirect product and study non-
abelian embedding tensors. The question of whether such a generalization
could be carried out was posed by Y. Sheng to one of the co-authors dur-
ing a Colloquium, last year. There are still open questions concerning this
generalization.

Firstly, we can ask about the existence of a Lie co-representation /action of
the Lie oo-algebra Prim (V') on V/, such that the projection (V') — Prim(V)
is an embedding tensor. Secondly, since there is a straight relation between
non-abelian embedding tensors for Lie algebras and Leibniz-Lie algebras [20],
we wonder what is the algebraic structure that is related to the embedding
tensors we consider. What about cohomology of this algebraic structure?
We think the answer to these questions may go through understanding what
a Loday oco-action should be and these problems will deserve our attention
in a future work.



EMBEDDING TENSORS ON LIE co-ALGEBRAS WITH RESPECT TO LIE co-ACTIONS 35

References

[1] Aguiar, M. (2000). Pre-Poisson Algebras. Letters in Mathematical Physics. 54: 263-277.

[2] Ammar, M., Poncin, N. (2010) Coalgebraic approach to the Loday infinity category, stem
differential for 2n-ary graded and homotopy algebras. Ann. Inst. Fourier. 60: 355—387.

[3] Balavoine, D. (1997). Deformation of algebras over a quadratic operad. In: Loday, J.-L.,
Stasheff, J., Voronov, A. A, eds. Operads: Proc. Renaissance Conf., Contemp. Math., vol.
202, AMS, Providence, RI (1997), pp. 207-234

[4] Bonezzi, R. (2020). Hohm, O.: Leibniz Gauge theories and infinity structures. Commun. Math.
Phys. 377: 2027-2077.

[5] Caseiro, R., Nunes da Costa, J. (2022). O-Operators on Lie co-algebras with respect to Lie
oo-actions. Communications in Algebra. 50 (7): 3079-3101.

[6] Frégier, Y., Zambon, M. (2015). Simultanecous deformations of algebras and morphisms via
derived brackets. Journal of Pure and Applied Algebra. 219: 5344-5362.

[7] Getzler, E. (2009). Lie theory for nilpotent Lo.-algebras. Ann. Math. 170(2): 271-301.

[8] Greitz, J., Howe, P., Palmkvist, J. (2014). The tensor hierarchy simplified. Classical Quantum
Gravity. 31: 087001.

[9] Kinyon, M., Weinstein, A. (2001). Leibniz algebras, Courant algebroids and multiplications
on reductive homogeneous spaces. Amer. J. Math. 123: 525-550.

[10] Kotov, A., Strobl, T. (2020). The embedding tensor, Leibniz-Loday algebras, and their higher
Gauge theories. Comm. Math. Phys. 376: 235—-258.

[11] Lavau, S., Samtleben H., Strobl, T. (2014). Hidden @-structure and Lie 3-algebra for non-
abelian superconformal models in six dimensions. J. Geom. Phys. 86: 497-533.

[12] Lavau, S. (2019). Tensor hierarchies and Leibniz algebras. J. Geom. Phys. 144: 147-189.

[13] Lavau, S., Palmkvist, J. (2020). Infinity-enhancing of Leibniz algebras. Letters in Math. Phys.
110: 3121-3152.

[14] Lavau, S., Stasheff, J. (2023). From Lie algebra crossed modules to tensor hierarchies. Journal
of Pure Applied Algebra. 227: 107311.

[15] Mehta, R., Zambon, M. (2012). Ly-algebra actions. Differential Geometry and its Applica-
tions. 30: 576-587.

[16] Palmkvisk, J. (2014). The tensor hierarchy algebra. J. Math. Phys. 55: 011701.

[17] Reutenauer, C. (2003). Free Lie algebras. In: Hazewinkel, M., ed. Handbook of Algebras Vol.
3, North-Holland, Amesterdam, pp. 887-903.

[18] Rota, G.-C. (1995). Baxter operators, an introduction. In: King, J. P. S, ed. Gian-Carlo Rota
on Combinatorics: Introductory Papers and Commentaries, Birkauser, Boston 1995.

[19] Sheng, Y., Tang, R., Zhu, C. (2021). The controlling L.-algebra, cohomology and homotopy
of embedding tensors and Lie-Leibniz triples. Commun. Math. Phys. 386: 269-304.

[20] Tang, R, Sheng, Y. (2023). Non-abelian embedding tensors. Lett. Math. Phys. 113: 14.

[21] Uchino, K. (2011). Derived brackets and sh Leibniz algebras. Journal of Pure and Applied
Algebra. 215(5): 1102-1111.

[22] Voronov, T. (2005). Higher derived brackets and homotopy algebras. J. Pure Appl. Algebra.

202(1-3): 133-153.

RAQUEL CASEIRO
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3000-143 COIMBRA, PORTUGAL

E-mail address: raquel@mat.uc.pt

JOANA NUNES DA COSTA
CMUC, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF COIMBRA, 3000-143 COIMBRA, PORTUGAL



36 RAQUEL CASEIRO AND JOANA NUNES DA COSTA

E-mail address: jmcosta@mat.uc.pt



	Introduction
	1. Lie and Loday TEXT-algebras
	1.1. Notations and conventions on graded vector spaces
	1.2. LieTEXT-algebra
	1.3. Loday TEXT-algebra and LodayTEXT-algebra

	2. Coherent actions of Lie TEXT-algebras
	3. Non-abelian embedding tensors
	3.1. Non-abelian embedding tensors of the adjoint representation
	3.2. Strict non-abelian embedding tensors of the adjoint action
	3.3. Deformations of non-abelian embedding tensors

	4. Conclusions
	References

