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EMBEDDING TENSORS ON LIE ∞-ALGEBRAS WITH

RESPECT TO LIE ∞-ACTIONS
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Abstract: Given two Lie∞-algebras E and V , any Lie∞-action of E on V defines
a Lie ∞-algebra structure on E ⊕ V . Some compatibility between the action and
the Lie ∞-structure on V is needed to obtain a particular Loday ∞-algebra, the
non-abelian hemisemidirect product. These are the coherent actions. For coherent
actions it is possible to define non-abelian homotopy embedding tensors as Maurer-
Cartan elements of a convenient Lie ∞-algebra. Generalizing the classical case, we
see that a non-abelian homotopy embedding tensor defines a Loday ∞-structure on
V and is a morphism between this new Loday ∞-algebra and E.
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Introduction
Embedding tensors have been widely used and studied in the context of

supergravity theory and (higher) gauge theories. The link between embed-
ding tensors, Leibniz algebras and Lie ∞-algebras is exploited in [10] and
provides an interesting mathematical perspective that has brought this sub-
ject back to the forefront of mathematical/physical interests. Several works
have appeared that provide new and different enlightenment on the math-
ematical framework behind embedding tensors and their tensor hierarchies
(see for instance [4, 11, 8, 16, 12, 13, 14] and all the references therein). From
a purely algebraic point of view, embedding tensors are also known as aver-
aging operators on Lie/Leibniz algebras (see for instance [1, 18]). Recently,
the homotopy version of embedding tensors, their cohomology and deforma-
tions was studied in [19]. More recently, in [20] we can find the case where
the representation space is also Lie algebra and, in this case, the embedding
tensors are called non-abelian.
Leibniz algebras are behind the classical (mathematical) notion of embed-

ding tensors. A (left) Leibniz algebra is a vector space V together with a
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bilinear product ◦ satisfying the Jacobi identity:

(x ◦y) ◦z − x ◦(y ◦z) + y ◦(x ◦z) = 0, x, y, z ∈ V.

Each Leibniz algebra has an associated Lie algebra called its gauge algebra
V Lie = V/

〈
x2, x ∈ V

〉
such that the projection p : V → V Lie preserves the

products:
p(x ◦y) = [p(x), p(y)] .

Left multiplication turns V into a left V Lie-module:

Φp(x)y := p(x) · y = x ◦y, x, y ∈ V,

and p : V → V Lie, called the embedding tensor of V , is an equivariant linear
map

p ◦Φp(x) = adp(x) ◦p, x ∈ V.

This setting can be generalized to Lie-Leibniz triples [12, 13, 14]. A Lie-
Leibniz triple is a triple (g, V, T ) where g is a Lie algebra, V is a g-module
(given by a representation ρ : g → End(V )) and T : V → g is a linear map
such that

[T (x), T (y)]g = T (ρT (x)y), x, y ∈ V.

It turns out that V acquires a Leibniz product given by x ◦y := ρT (x)y. There-
fore, in a Lie-Leibniz triple (g, V, T ), the embedding tensor T is equivariant
(in the image of T ):

T ◦ρT (x) = adT (x) ◦T, x ∈ V.

Also, it defines a Leibniz product on V ⊕g called the hemisemidirect product.
Lie ∞-algebras appeared when authors tried to explain the tensor hierarchies
associated with embedding tensors. Kotov and Strobl showed in [10] that
any Leibniz algebra V gives rise to a universal Lie ∞-algebra structure in
the minimal Lie subalgebra of T (V )Lie = (T (V ), [·, ·]c). In another direction,
Lavau and his co-authors [12], [13], [14] gave different approaches to the
tensor hierarchies associated with embedding tensors. The construction given
in [10] and the constructions given by Lavau and co-authors are different and
natural relations between them are still unclear.
More recently, using the V -data approach by Voronov [22], Sheng et al. [19]

introduced the homotopy version of embedding tensors with respect to a Lie
∞-representation. Any Lie ∞-representation Φ : E → End(V ) defines a Lie
∞-algebra E⋉V on E⊕V but also a Leibniz ∞-algebra E⋉ΦV in the same
space: the hemisemidirect product of E by V . In [19] homotopy embedding
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tensors are seen as Maurer-Cartan elements of a particular Lie ∞-algebra
and the authors define a Leibniz ∞-algebra structure on V . Moreover, they
also establish the existence of a functor from Leibniz ∞-algebras category
to the Lie ∞-algebras category that, in particular, induces a functor from
the category of homotopy embedding tensors to that of Lie ∞-algebras, thus
generalizing of the result of Kotov and Strobl [10].
Recently, Tang and Sheng [20] considered the non-abelian case. Given an

action ρ : g → Der(h) of a Lie algebra g on another Lie algebra h the product
(x + v) ◦(y + w) = ρxw + [v, w]h may not be a Leibniz product. For this to
happen there has to be a compatibility between the action ρ and the Lie
algebra h. These are the coherent actions. A non-abelian embedding tensor
(with respect to a coherent action ρ) is a linear map T : h → g such that

[Tu, Tv]g = T
(
ρTuv + [u, v]h

)
, u, v ∈ h.

When h is abelian, usual embedding tensors are recovered. Any non-abelian
embedding tensor defines a (new) Leibniz algebra structure on h and is a
Maurer-Cartan element of a differential graded Lie algebra.
In this paper we intend to give a homotopy version of non-abelian embed-

ding tensors, thus generalizing both definitions in [19] and in [20].
Given two Lie ∞-algebras (E, {lk}k∈N) and (V, {mk}k∈N), a Lie ∞-action

is a Lie ∞-morphism

Φ : E → Coder(S̄(V ))[1]

and it defines a Lie ∞-algebra structure on E⊕V , the direct product E⋉V
[15, 5]. We define coherent Lie ∞-actions and prove that being coherent is
a necessary and sufficient condition for E ⊕ V to have a particular Loday
∞-structure: the non-abelian hemisemidirect product.

Theorem. Let Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·]) be a Lie ∞-

action. Consider E ⊕ V equipped with brackets {ln}n∈N defined by:

ln (x1 + v1, . . . , xn−1 + vn−1, xn + vn) = ln(x1, . . . , xn)

+
n−1∑
i=1

Φi,n−i(x1, . . . , xi; vi+1, . . . , vn) +mn(v1, . . . , vn).

Then, E ⊕ V is a Loday ∞-algebra if and only if Φ is a coherent action.

For coherent actions we define non-abelian homotopy embedding tensors.
These are (Zinbiel) comorphisms T : T (V ) → T (E) that are related to
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Maurer-Cartan elements of a particular Lie ∞-algebra. We also give the ex-
plicit equations that define non-abelian homotopy embedding tensors. Then
we prove that each non-abelian embedding tensor induces a (descendent)
Leibniz ∞-algebra structure on V and, finally, we analyse some examples as
well as the Lie ∞-algebra that controls the deformations of these tensors.
The paper is divided into three sections. In the first section we review

Lie ∞-algebras and Loday ∞-algebras. First, we introduce notations and
conventions on graded vector spaces. Then, we define Lie and Lie[1] ∞-
algebras and its properties as well as Loday and Loday[1] ∞-algebras.
The reader should be warned that after Section 1 we will only work with

Lie[1] ∞-algebras and Loday[1] ∞-algebra and, for the sake of simplification,
we discard the symbol [1].
In Section 2, we define coherent Lie ∞-actions and the non-abelian hemi-

semidirect product E ⋉Φ V . We show that Lie ∞-representations on chain
complexes are always coherent Lie ∞-actions and we analyse some examples.
In Section 3, we introduce non-abelian homotopy embedding tensors. They

are related to Maurer-Cartan elements of a particular Lie ∞-algebra and we
establish explicit conditions that reveals what this Maurer-Cartan condition
really means. We see how a non-abelian embedding tensor induces a new
(descendent) Loday ∞-algebra and we prove that non-abelian embedding
tensors behave well under the functor (Loday ∞) → (Lie ∞) given in [10, 19].
Since the adjoint representation of a Lie ∞-algebra defines a coherent Lie
∞-action, this special case is treated more closely. We finish by looking
at deformations of embedding tensors and the Lie ∞-algebra that controls
them.

1. Lie and Loday ∞-algebras
1.1. Notations and conventions on graded vector spaces. We will
work with finite dimensional Z-graded vector spaces and over a field K = R
or K = C. Let V = ⊕i∈ZVi be a graded vector space. Each Vi is the
homogeneous component of V of degree i. An element x of Vi is called
homogeneous with degree |x|.
The suspension of V is the graded vector space sV defined by (sV )i = Vi−1,

i ∈ Z. The desuspension of V is the graded vector space s−1V defined by
(s−1V )i = Vi+1, i ∈ Z
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The suspension operator s : V → sV is the linear map that increases the
degree of the elements by 1:

s : x ∈ Vi 7→ sx := x ∈ (sV )i+1 = Vi.

The desuspension operator s−1 : V → s−1V lowers the degree of the elements
by 1.
For each k ∈ Z we will denote by V [k] the graded vector space (s−1)kV ,

that is, (V [k])i = Vi+k, i ∈ Z.
A morphism Φ : V → W between two graded vector spaces is a degree-

preserving linear map, i.e., a collection of linear maps Φi : Vi → Wi, i ∈ Z.
We call Φ : V → W a morphism of degree k, for some k ∈ Z, if it is a
morphism between V and W [k]. The space of morphisms of degree k is
denoted by Homk(V,W ) and Hom(V,W ) =

⊕
k∈ZHom

k(V,W ).
Given two graded vector spaces V and W , their direct sum V ⊕W (resp.

tensor product V ⊗W ) is the graded vector space with grading

(V ⊕W )i = Vi ⊕Wi (resp. (V ⊗W )i = ⊕k+j=iVj ⊗Wk).

For each k ∈ N0, let T
k(V ) = ⊗kV . The tensor algebra over V is T (V ) =

⊕k≥0T
k(V ) and the reduced tensor algebra over V is T̄ (V ) = ⊕k≥1T

k(V ).
We follow the standard Koszul sign convention: for homogeneous mor-

phisms f : V → W and g : E → L, of degrees |f | and |g|, respectively, the
tensor product f ⊗ g : V ⊗ E → W ⊗ L is the morphism of degree |f | + |g|
given by

(f ⊗ g)(x⊗ y) = (−1)|g| |x|f(x)⊗ g(y), x ∈ V, y ∈ E.

For each k ≥ 1, the permutation group of order k, Sk, acts on T
k(V ) by

σ(v1 ⊗ . . .⊗ vk) = ϵ(σ; v1 ⊗ . . .⊗ vk)vσ(1) ⊗ . . .⊗ vσ(n),

for σ ∈ Sk and v1, . . . , vk ∈ V , where ϵ(σ; v1 ⊗ . . . ⊗ vk) stands for Koszul
sign. Although the Koszul sign depends both on σ and v1⊗ . . .⊗ vk, for sake
of simplification, we will simply denote it by ϵ(σ). A permutation σ of order
n = i1 + . . .+ ik is called a (i1, . . . , ik)-unshuffle if

σ(1) < . . . < σ(i1),

σ(i1 + 1) < . . . < σ(i1 + i2),

. . .

σ(i1 + . . .+ ik−1 + 1) < . . . < σ(n).

The set of (i1, . . . , ik)-unshuffles is denoted by Sh(i1, . . . , ik).
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An important subset of unshuffles will be considered. An increasing
(i1, . . . , ik)-unshuffle σ is an element of Sh(i1, . . . , ik) such that

σ(i1) < σ(i1 + i2) < . . . < σ(n).

The set of increasing (i1, . . . , ik)-unshuffles is denoted by S̃h(i1, . . . , ik).
An element of T k(V ) is called a symmetric tensor (of order k) if it is

invariant by the action of Sk. The set T (V )S of all symmetric tensors is a
graded subalgebra of T (V ), i : T (V )S ↪→ T (V ). The symmetrization map
π : T (V ) → T (V )S,

π(v1 ⊗ . . . ,⊗vn) =
∑
σ∈Sk

ϵ(σ)

k!
vσ(1) ⊗ . . .⊗ vσ(k), v1, . . . , vk ∈ V,

allows the identification of the set of all symmetric tensors with the quotient

S(V ) = T (V )/
〈
x⊗ y − (−1)|x||y|y ⊗ x

〉
.

Therefore, the quotient S(V ) is a graded commutative algebra whose product
we denote by ·:

v1 · . . . · vn ≃ π(v1 ⊗ . . .⊗ vn), v1, . . . , vn ∈ V.

A linear map F : T (V ) → W is symmetric if F ◦π = F . Symmetric linear
maps are in one-to-one correspondence with linear maps from S(V ) to W
and we use this correspondence to write

F (v1, . . . , vk) = F (v1 · . . . · vk), v1, . . . , vk ∈ V.

Given a linear map F : T (V ) → W , its symmetrization is the morphism
F S : S(V ) → W , defined by

F S(v1, . . . , vk) =
∑
σ∈Sk

ϵ(σ)

k!
F (vσ(1) ⊗ . . .⊗ vσ(k)), v1, . . . , vk ∈ V.

The reduced tensor algebra T̄ (V ) can be equipped with the coshuffle co-
product ∆c : T̄ (V ) → T̄ (V )⊗ T̄ (V ) defined by

∆c(v) = 0, v ∈ V,

∆c(v1 ⊗ . . .⊗ vk) =
k−1∑
p=1

σ∈Sh(p,k−p)

ϵ(σ)
(
vσ(1) ⊗ . . .⊗ vσ(p)

)
⊗
(
vσ(p+1) ⊗ . . .⊗ vσ(k)

)
,
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for all v1, . . . , vk ∈ V . The coalgebra (T̄ (V ),∆c) is non-unital, cocommuta-
tive and coassociative. It is called the (reduced)coshuffle coalgebra and is
denoted by T̄ c(V ).
The coshuffle coproduct ∆c induces a cocommutative coassociative coprod-

uct in S̄(V ), which will also be denoted by ∆c:

∆c(v) = 0, v ∈ V,

∆c(v1 · . . . · vk) =
k−1∑
p=1

σ∈Sh(p,k−p)

ϵ(σ)
(
vσ(1) · . . . · vσ(p)

)
⊗
(
vσ(p+1) · . . . · vσ(k)

)
,

for all v1, . . . , vk ∈ V . Its cogenerator is the projection map p : S̄(V ) → V .
Let Prim(V ) =

{
x ∈ T̄ (V ) : ∆c(x) = 0

}
be the set of primitive elements

of T c(V ). It is a graded Lie subalgebra of Lie(V ) = (T (V ), [·, ·]c), where
[·, ·]c denotes the commutator of the graded algebra (T (V ),⊗). In fact,
Prim(V ) is the free Lie algebra generated by V [17]. Moreover, (T̄ (V ),∆c)
and (S̄(Prim(V )),∆c) are isomorphic coalgebras [19, 10].

1.2. Lie[1] ∞-algebra. A linear map Q : S̄(V ) → S̄(V ) of degree |Q| is
called a coderivation of (S̄(V ),∆c) (of degree |Q|), if

∆cQ = (Q⊗ Id + Id⊗Q)∆c.

Let Coder(S̄(V )) be the set of coderivations of the reduced symmetric
coalgebra (S̄(V ),∆c). It is well known that Coder(S̄(V )) together with the
graded commutator becomes a graded Lie algebra:

[Q,P ]c = Q ◦P − (−1)|Q||P |P ◦Q, Q, P ∈ Coder(S̄(V )).

Definition 1.1. A Lie[1] ∞-algebra (or a symmetric Lie ∞-algebra) is a
graded vector space V together with a degree +1 coderivation MV of the
reduced symmetric coalgebra (S̄(V ),∆c) squaring zero.

By a standard argument, any coderivation Q ∈ Coder(S̄(V )) defines (and
is defined by) its restriction maps Qk : S

k(V ) → V , k ≥ 1. This way we have
an alternative definition of Lie[1] ∞-algebra.
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Definition 1.2. A Lie[1] ∞-algebra is a graded vector space V together
with a family a degree +1 linear maps

{
lk : S

k(V ) → V
}
k≥1

such that

n∑
i=1

σ∈Sh(i,n−i)

ϵ(σ)ln−i+1

(
li(vσ(1), . . . , vσ(i)), vσ(i+1), . . . , vσ(n)

)
= 0, (1)

for all n ∈ N, and all homogeneous elements v1, . . . , vn ∈ V .

Remark 1.3. The isomorphisms ⊗ks−1 : T k(V ) → T k(s−1V ), k ∈ N, yield an
isomorphism between Hom(T̄ (s−1V ), s−1V ) and Hom(T̄ (V ), V ), given by:

Qk ∈ Hom|Qk|(T k(s−1V ), s−1V ) 7→ qk = s ◦Qk ◦ ⊗k s−1 ∈ Hom|Qk|+1−k(T k(V ), V ). (2)

The inverse morphism is given by Qk = (−1)
k(k−1)

2 s−1 ◦qk ◦ ⊗k s.
This isomorphism also provides an isomorphism between the symmetric

algebra S(s−1V ) and the exterior algebra ∧V . Using this isomorphism one
has the definition of Lie ∞-algebra: a vector space V equipped with a family
of skew-symmetric brackets l′k : ∧kV → V , k ≥ 1, of degree 2− k, satisfying
a collection of equations equivalent to (1).

Example 1.4. A graded Lie[1]-algebra is a Lie[1] ∞-algebra V = ⊕i∈ZVi
such that ln = 0, for n ̸= 2. Then the degree 0 bilinear map on sV = V [−1]
is defined by:

[sx, sy] := l′2(sx, sy) = (−1)is(l2(x, y)), x ∈ Vi, y ∈ Vj, (3)

is a graded Lie bracket. In particular, if V = V−1 is concentrated in degree
−1, we get a Lie algebra structure.

Example 1.5. A differential graded Lie[1]-algebra (DGLA[1]) is a Lie[1] ∞-
algebra V = ⊕i∈ZVi such that ln = 0, for n ̸= 1 and n ̸= 2. Then d := l1 is
a degree +1 linear map d : V → V squaring zero and satisfies the following
compatibility condition with the bracket {·, ·} = l2(·, ·):{

d {x, y}+ {d(x), y}+ (−1)|x| {x, d(y)} = 0,
{{x, y} , z}+ (−1)|y||z| {{x, z} , y}+ (−1)|x| {x, {y, z}} = 0.

Example 1.6. Let (V = ⊕i∈ZVi, d) be a cochain complex. Then End(V )[1] =
(⊕i∈Z Endi V )[1] has a natural DGLA[1] structure with l1 = ∂d, l2 = [·, ·]
given by: {

∂dϕ = −d ◦ϕ+ (−1)|ϕ|+1ϕ ◦d,
[ϕ, ψ] = (−1)|ϕ|+1

(
ϕ ◦ψ − (−1)(|ϕ|+1)(|ψ|+1)ψ ◦ϕ

)
,
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for ϕ, ψ homogeneous elements of End(V )[1].

Let (E,ME ≡ {lk}k∈N) and (V,MV ≡ {mk}k∈N) be Lie ∞-algebras. A Lie
∞-morphism Φ : E → V is given by a collection of degree zero linear maps:

Φk : S
k(E) → V, k ≥ 1,

such that, for each n ≥ 1,∑
k+l=n

σ∈Sh(k,l)
l≥0, k≥1

ε(σ)Φ1+l

(
lk(xσ(1), . . . , xσ(k)), xσ(k+1), . . . , xσ(n)

)
=

=
∑

k1+...+kj=n

σ∈S̃h(k1,...,kj)

ε(σ)mj

(
Φk1(xσ(1), . . . xσ(k1)),Φk2(xσ(k1+1), . . . xσ(k1+k2)), . . . , (4)

Φkj(xσ(k1+...+kj−1+1), . . . , xσ(n))
)
.

If Φk = 0 for k ̸= 1, then Φ is called a strict Lie ∞-morphism.
Considering the coalgebra morphism Φ : S̄(E) → S̄(V ) defined by the

collection of degree zero linear maps

Φk : S
k(E) → V, k ≥ 1,

we see that Equation (4) is equivalent to Φ preserving the Lie ∞-algebra
structures:

Φ ◦ME =MV ◦Φ.

Let us now give the definition of a (curved) representation of a Lie ∞-
algebra.
A complex (V, d) induces a natural symmetric DGLA[1] structure on

End(V )[1] (see Example 1.6). A representation of a Lie ∞-algebra
(E,ME ≡ {lk}k∈N) on a complex (V, d) is a Lie ∞-morphism

Φ : (E, {lk}k∈N) → (End(V )[1], ∂d, [·, ·]),
i.e., Φ ◦ME = MEnd(V )[1] ◦Φ, where MEnd(V )[1] is the coderivation determined
by ∂d + [·, ·].
Equivalently, a representation of E on (V, d) is defined by a collection of

degree +1 maps
Φk : S

k(E) → End(V ), k ≥ 1,
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such that, for each n ≥ 1,
n∑
i=1

σ∈Sh(i,n−i)

ε(σ)Φn−i+1

(
li
(
xσ(1), . . . , xσ(i)

)
, xσ(i+1), . . . , xσ(n)

)

=∂Φn(x1, . . . , xn)+
n−1∑
j=1

σ∈S̃h(j,n−j)

ε(σ)
[
Φj(xσ(1), . . . , xσ(j)),Φn−j(xσ(j+1), . . . , xσ(n))

]
.

A Maurer-Cartan element of a Lie[1] ∞-algebra (E, {lk}k∈N) is a degree
zero element e of E such that∑

k≥1

1

k!
lk(e, . . . , e) = 0. (5)

The set of Maurer-Cartan elements of E is denoted by MC(E). Let e be a
Maurer-Cartan element of (E, {lk}k∈N) and set, for k ≥ 1,

lek(x1, . . . , xk) :=
∑
i≥0

1

i!
lk+i(e, . . . , e, x1, . . . , xk). (6)

Then, (E, {lek}k∈N) is a Lie[1] ∞-algebra, called twisting of E by e [7]. For fil-
tered, or even weakly filtered Lie ∞-algebras, the convergence of the infinite
sums defining Maurer-Cartan elements and twisted Lie ∞-algebras (Equa-
tions (5) and (6)) is guaranteed (see [7, 6]).

1.3. Loday ∞-algebra and Loday[1] ∞-algebra. Let us recall the def-
inition and some properties of Loday ∞-algebras and Loday[1] ∞-algebras.
More details can be found in [2, 21].
Let V be a graded vector space. The coproduct

∆Z : T̄ (V ) → T̄ (V )⊗ T̄ (V )

given by

∆Z(v) = 0, v ∈ V,

∆Z(v1⊗. . .⊗vk) =
k−1∑
p=1

σ∈Sh(p,k−p−1)

ϵ(σ)
(
vσ(1) ⊗ . . .⊗ vσ(p)

)
⊗
(
vσ(p+1) ⊗ . . .⊗ vσ(k−1) ⊗ vk

)
,
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for all v1, . . . , vk ∈ V , provides a (cofree, conilpotent) Zinbiel coalgebra struc-
ture to T̄ (V ), i.e, this coproduct satisfies

(Id⊗∆Z)∆Z = (∆Z ⊗ Id)∆Z + (τ ◦∆Z ⊗ Id)∆Z ,

where τ is the twisting map: τ(v ⊗ w) = (−1)|v||w|w ⊗ v.

Remark 1.7. Notice that ∆c = ∆Z + τ ◦∆Z , this means that the coshuffle
coproduct is the symmetrization of the Zinbiel coproduct.

The pair (T̄ (V ),∆Z) is the Zinbiel reduced tensor coalgebra and we will
denote it by TZ(V ). The cogenerator of TZ(V ) is the projection map p :
T̄ (V ) → V .
Let Coder(TZ(V )) be the set of coderivations of TZ(V ) = (T̄ (V ),∆Z).

There is a (standard) isomorphism between Coder(TZ(V )) and Hom(T̄ (V ), V )
that we describe now: each linear map Qk : T k(V ) → V (k ≥ 1) of degree
|Q| defines the coderivation Q given by

Q(v1 ⊗ . . .⊗ vn) =
n∑
k=1

k−1∑
i=0,

σ∈Sh(i,k−1)

(−1)|Q|(|vσ(1)|+...+|vσ(i)|)ϵ(σ)vσ(1) ⊗ . . .⊗ vσ(i) ⊗

⊗Qk(vσ(i+1), . . . , vσ(k−1), vk)⊗ vk+1 ⊗ . . .⊗ vn,

for v1, . . . , vn ∈ V , n ∈ N.
The inverse mapping associates to each coderivation Q : T̄Z(V ) → T̄Z(V )

its restriction:

p ◦Q : T̄ (V ) → V,

where p : T̄ (V ) → V stands for the projection onto V .
The (graded-)commutator gives to Coder(TZ(V )) a structure of a graded

Lie algebra:

[Q,P ]c = Q ◦P − (−1)|Q||P |P ◦Q.

By the isomorphism defined above, the graded vector space Hom(T̄ (V ), V )
acquires a graded Lie algebra bracket [·, ·]B, known as the Balavoine bracket
[3].

Remark 1.8. Any coderivation Q ≡ {Qk}k≥1 of TZ(V ) is also a coderivation

of the coshuffle coalgebra T c(V ). Since T̄ c(V ) and S̄(Prim(V)) are isomorphic
coalgebras, Q defines a coderivation QS of S̄(Prim(V)).
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Remark 1.9. Each coderivationQ ≡ {Qk}k≥1 of (S̄(V ),∆c) defines a coderiva-

tion of TZ(V ), which we will denote by QZ (or simply by Q when there is no
danger of confusion). It is defined by the same family of (symmetric) linear
maps

{
Qk : S̄(V ) → V

}
k≥1

and these coderivations are related by

π ◦QZ = Q ◦π.

Definition 1.10. A Loday ∞-algebra (V,Q) is graded vector space V
together with a coderivation Q of the Zinbiel coalgebra T̄Z(s−1V ), of degree
+1, that squares zero.

A Loday ∞-algebra (V,Q) may be equivalently defined by a family of
degree +1 linear maps Qk : T

k(s−1V ) → s−1V satisfying: for each n ∈ N,

0 =
n∑
k=1

n−k∑
i=0

σ∈Sh(i,k−1)

(−1)|vσ(1)|+...+|vσ(i)|ϵ(σ)Qn−k+1

(
vσ(1), . . . , vσ(i), (7)

Qk(vσ(i+1), . . . , vσ(k+i−1), vi+k), vi+k+1, . . . , vn
)
,

for all v1, . . . , vn ∈ s−1V .

Remark 1.11. The isomorphism Hom(T̄ (s−1V ), s−1V ) ≃ Hom(T̄ (V ), V ) given
by (2) yields an equivalent definition of a Loday ∞-algebra in terms of maps
qk ∈ Hom2−k(T k(V ), V ), k ∈ N. So, a Loday ∞-algebra may be defined by a
family of brackets qk ∈ Hom2−k(T k(V ), V ) satisfying a collection of equations
equivalent to (7).

A codifferential (i.e. a coderivation of degree +1 squaring zero) of TZ(V ) =
(T̄ (V ),∆Z) induces a Loday ∞-algebra structure on sV . This justifies the
next definition:

Definition 1.12. A Loday[1] ∞-algebra is a graded vector space V to-
gether with a codifferential of the Zinbiel coalgebra TZ(V ) = (T̄ (V ),∆Z).

Example 1.13. A graded Loday algebra is a Loday ∞-algebra V such that
qn = 0, for n ̸= 2. Then the bracket [·, ·] := q2 : V ⊗ V → V satisfies the
graded Jacobi identity

[x, [y, z]] = [[x, y] , z] + (−1)|x||y| [y, [x, z]] , x, y, z ∈ V.

In this case, s−1V is a Loday[1] ∞-algebra with codifferential defined by
the linear map Q2(v, w) := (−1)|v|−1s−1 [sv, sw], v, w ∈ s−1V , that satisfies

Q2(Q2(v, u), w) + (−1)|v|Q2(v,Q2(u,w)) + (−1)(|v|+1)|u|Q2(u,Q2(v, w)) = 0,
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for all v, u, w ∈ s−1V .

Example 1.14. A graded differential Loday algebra is Loday ∞-algebra V
such that qn = 0 for n ̸= 1 and n ̸= 2. Then d := q1 is a degree +1 linear
map squaring zero and [ , ] := q2 a Loday bracket satisfying the compatibility
condition:

d [x, y] = [dx, y] + (−1)|x| [x, dy] , x, y ∈ V.

The graded vector space s−1V is a Loday[1] ∞-algebra with the codiffer-
ential Q of T̄ (s−1V ) given by the maps

Q1(v) = s−1dsv, v ∈ s−1V,

and

Q2(v, w) = (−1)|v|−1s−1 [sv, sw] , v, w ∈ s−1V.

They satisfy the compatibility conditions

Q2
1 = 0

Q1Q2(v, u) +Q2(Q1v, u) + (−1)|v|Q2(v,Q1u) = 0

Q2(Q2(v, u), w) + (−1)|v|Q2(v,Q2(u,w)) + (−1)(|v|+1)|u|Q2(u,Q2(v, w)) = 0,

for all v, u, w ∈ s−1V .

Example 1.15. Let (V,QV ) and (W,QW ) be two Loday ∞-algebras. The
direct sum V ⊕W =

⊕
i∈Z(Vi⊕Wi) is a Loday ∞-algebra with Q = QV +QW

given by, for each k ∈ N,

Q(v1 + w1, . . . , vk + wk) = QV (v1, . . . , vk) +QW (w1, . . . , wk),

for all v1 + w1, . . . , vk + wk ∈ s−1(V ⊕W ) = s−1V ⊕ s−1W.

Example 1.16. Let (E,ME ≡ {lk}k∈N) be a Lie[1] ∞-algebra. The sym-
metric brackets {lk}k∈N define MZ

E , a coderivation of TZ(E). Notice that for
symmetric brackets Equations (1) and (7) are equivalent and we conclude
that MZ

E is also a codifferential and defines a Loday[1] ∞-algebra structure
on E. Obviously this also means that any Lie ∞-algebra structure on a
graded vector space defines a Loday ∞-structure on that space.

Definition 1.17. Let (E,QE) and (V,QV ) be Loday ∞-algebras. A Loday
∞-morphism F : (E,QE) → (V,QV ) is a comorphism F : TZ(s−1E) →
TZ(s−1V ) such that

F ◦QE = QV ◦F.
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Remark 1.18. A Loday ∞-morphism F : (E,QE ≡ {lk}k≥1) → (V,QV ≡
{mk}k≥1) defines and is defined by a family of degree 0 linear maps Fk :

T k(s−1E) → s−1V , k ≥ 1 satisfying:

n∑
k=1

n−k∑
i=0

σ∈Sh(i,k−1)

(−1)|vσ(1)|+...+|vσ(i)|ϵ(σ)Fn−k+1

(
vσ(1), . . . , vσ(i),

lk(vσ(i+1), . . . , vσ(k+i−1), vi+k), vi+k+1, . . . , vn
)

=
n∑
k=1

∑
σ∈S̃h(i1,...,ik)
i1+...+ik=n

ϵ(σ)mk

(
Fi1(vσ(1), . . . , vσ(i1)), Fi2(vσ(i1+1), . . . , vσ(i1+i2)), (8)

. . . , Fik(vσ(i1+...ik−1+1), . . . , vσ(n))
)
,

for all v1, . . . , vn ∈ s−1E.
By isomorphism (2), we can equivalently define a Loday ∞-morphism by

a family of linear maps fk : T k(E) → V (of degree 1 − k) that satisfy a
collection of equations equivalent to (8).

Remark 1.19. Any (Zinbiel) comorphism F : TZ(E) → TZ(V ) is also a
comorphism between coshuffle coalgebras. When F : TZ(E) → TZ(V ) is a
comorphism defined by a family of symmetric maps

{
Fk : S

k(E) → V
}
k≥1

we say it is a symmetric comorphism. Hence there is a natural one-to-one
correspondence between symmetric (Zinbiel) comorphisms F : TZ(E) →
TZ(V ) and comorphisms between symmetric coalgebras F S : S̄(E) → S̄(V ).
This correspondence is given by:

F S ◦π = π ◦F.

Looking at the formula in Remark 1.18 we conclude that F : (E,ME) →
(V,MV ) is a Lie ∞-algebra morphism if and only if it defines a symmetric
Loday ∞-algebra morphism between (E,MZ

E ) and (V,MZ
V ).

Hence the category of Lie ∞-algebras is a subcategory of the category of
Loday ∞-algebras.

Remark 1.20. Let (V,QV ) be a Loday[1] ∞-algebra. Then QV is also a cod-
ifferential of the coshuffle coalgebra T c(V ). By the coalgebra isomorphism
T c(V ) ≃ S̄(PrimV), QV defines a codifferential of S̄(Prim(V)). This means
that Prim(V ) is a Lie[1]∞-algebra. Each Loday∞-morphism F : (E,QE) →
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(V,QV ) is also a coshuffle comorphism that preserves codifferentials, conse-
quently, it induces a Lie ∞-morphism between Prim(E) and Prim(V). This
means there is a functor between the category of Loday[1]-algebras and Lie[1]-
algebras. [19]

Notation: In what follows, we will only use the Lie[1] ∞-algebras and
the Loday[1] ∞-algebra approach. For this reason, in the next sections,
Lie/Loday ∞-algebras are meant to be Lie/Loday[1] ∞-algebras, this means
we will drop the shifting symbol [1].

2. Coherent actions of Lie ∞-algebras
Let (E,ME ≡ {lk}k∈N) be a Lie ∞-algebra and (V, d) a cochain complex.

Example 1.6 describes a DGLA[1] structure in End(V )[1]. Recall that (V, d)
is a (curved) representation of E if there is a Lie ∞-algebra morphism

ρ : (E,ME ≡ {lk}k∈N) → (End(V )[1], ∂d, [·, ·]).
Now suppose (V,MV ) is a Lie ∞-algebra. Since (S̄(V ),MV ) is a cochain

complex, we have a DGLA[1] structure on s−1(Coder S̄(V )) = (Coder S̄(V ))[1]
induced by End S̄(V )[1] given by:{

∂MV
Q = −MV ◦Q+ (−1)|Q|+1Q ◦MV ,

[Q,P ] = (−1)|Q|+1
(
Q ◦P − (−1)(|Q|+1)(|P |+1)P ◦Q

)
,

with Q and P homogeneous elements of (Coder S̄(V ))[1] of degrees |Q| and
|P |, respectively.

Definition 2.1. Let (E,ME ≡ {lk}k∈N) and (V,MV ≡ {mk}k∈N) be Lie
∞-algebras. A Lie ∞-action of E on V is a Lie ∞-morphism

Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·]).

Any Lie ∞-action is determined by its degree +1 restriction maps:

Φk : Sk(E) → Coder(S̄(V ))
x 7→ Φk(x) := p ◦Φ(x) = Φx, k ∈ N.

Furthermore, any Lie ∞-action Φ is completely determined by the family
degree +1 of linear maps:

Φk,n : Sk(E)× Sn(V ) → V,

given by

Φk,n(x; v) = Φn
x(v) = p ◦Φx(v), x ∈ Sk(V ), v ∈ Sn(V ), k, n ∈ N.
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For each x ∈ S̄(E) and v ∈ S̄(V ), let Φx;v be the coderivation of S̄(V )
defined by the family of maps

(Φx;v)i : Si(V ) → V
w 7→ Φ•,•(x; v.w),

, i ∈ N.

Remark 2.2. A Lie ∞-action is a (curved) representation of E in S̄(V )
but the image of all the restriction maps is contained in Coder(S̄(V ))[1] ⊂
End S̄(V )[1].

Example 2.3 (Adjoint representation and adjoint action). Let(
E,ME ≡ {lk}k∈N

)
be a Lie ∞-algebra. The adjoint representation of E,

(E, l1), is defined by the collection of degree +1 maps

adk : Sk(E) → End(E)
x1 · . . . · xk 7→ adx1·...·xk := lk+1 (x1, . . . , xk, − )

, k ≥ 1.

The adjoint action of E is the Lie ∞-action of E on itself, given by the
family of linear maps (see [5], [15]):

adk,i : Sk(E)× Si(E) → E
(x; e) 7→ li+k(x, e), i, k ≥ 1.

Remark 2.4. If we define Φ0 :=MV , then an action is equivalent to a curved
Lie ∞-morphism between E and the graded Lie algebra Coder(S̄(V )) (com-
patible with the Lie ∞-structure in V ) [15]. In this case, Φ =

∑
k≥0Φ

k is
called a curved Lie ∞-action.
In this context, we can say that, for each v ∈ S̄(V ), the coderivation Φ0

v is
the image of v by the adjoint action of V :

Φ0
v = adv .

Definition 2.5. A Lie ∞-action of E on V

Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·])

is said to be coherent if

[adv,Φx] = 0 (9)

and

[Φy;v,Φx] = 0, (10)

for all x, y ∈ S̄(E) and v ∈ S̄(V ).
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Remark 2.6. In the context of curved Lie ∞-actions, Equation (9) can be
rewritten as [

Φ0
v,Φx

]
= 0, x ∈ S̄(E), v ∈ S̄(V ).

Remark 2.7. If we write the bracket [·, ·] in terms of the usual commutator
of coderivations, we have that Equations (9) and (10) are equivalent to

[adv,Φx]c = 0 and [Φy;v,Φx]c = 0.

Example 2.8. Let (E,ME ≡ {lk}k∈N) be a Lie ∞-algebra and (V, d) a
representation of E given by the Lie ∞-morphism Φ : E → End(V ). Notice
that m•≥2 = 0 so adv = 0, v ∈ V . Since Φ is a representation, we have
Φ•,•≥2 = 0 which means that Φy;v ◦Φx(w) = 0, for all v, w ∈ V , x, y ∈ S̄(E).
This way we see that Φ is a coherent action.

Example 2.9. Let (E, [·, ·]E) and (V, [·, ·]V ) be Lie algebras and ρ : E →
Der(V ) a representation of E in the classic sense. The representation ρ is
equivalent to the action Φ : E → Coder(S̄(V )) defined by the family of maps
Φk,n : Sk(E)× Sn(V ) → V , k, n ≥ 1, given by:

Φ1,1(x; v) = ρ(x)(v), x ∈ E, v ∈ V

Φ•,• = 0, otherwise.

In this case, the action (representation) Φ is coherent if and only if

[adv,Φx]c (w) = 0, w ∈ V,

which means that

[v,Φxw]V − Φx [v, w]V = 0, x ∈ E, v, w ∈ V.

Since Φx = ρ(x) is a derivation of [ , ]V we end up with

[w,Φxv]V = 0, x ∈ E, v, w ∈ V.

This is equivalent to Φx being a central derivation of the Lie algebra V , for
all x ∈ E. In case V is abelian, the representation is obviously coeherent.
The definition of coherent representation of Lie algebras first appeared in
[20].

Remark 2.10. If E is a Lie∞-algebra, even when V is abelian, that is,mk = 0,
for k > 1, the coherence of a Lie ∞-action Φ is not guaranteed due to the
condition (10):

[Φx;v,Φy]c = 0 x, y ∈ S̄(E), v ∈ S̄(V ).



18 RAQUEL CASEIRO AND JOANA NUNES DA COSTA

Clearly, if Φ•,•≥2 = 0 then coherence is guaranteed, but this means that Φ is,
in fact, a Lie ∞-representation.

The next theorem is one of our main results. We show that the coherence
of a Lie ∞-action is a necessary and sufficient condition for the construction
of a particular Loday ∞-algebra in the direct sum of the Lie ∞-algebras: the
non-abelian hemisemidirect product. This theorem generalizes two results:
Proposition 6.3 in [19] on representations of Lie ∞-algebras and Proposition
2.7 in [20] on coherent representations of Lie algebras.

Theorem 2.11. Let Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·]) be a Lie

∞-action. Consider E ⊕ V equipped with brackets {ln}n∈N defined by:

ln (x1 + v1, . . . , xn−1 + vn−1, xn + vn) = ln(x1, . . . , xn)

+
n−1∑
i=1

Φi,n−i(x1, . . . , xi; vi+1, . . . , vn) +mn(v1, . . . , vn) (11)

Then E ⊕ V is a Loday ∞-algebra if and only if Φ is a coherent action.

Proof : Let Q be the coderivation of the Zinbiel coalgebra TZ(E⊕V ) defined
by the brackets {ln}n∈N. Proving that Q2 = 0 is equivalent to showing that
the Jacobiator vanishes:

J(x1 + v1, . . . , xn + vn) =
n∑
k=1

lk ◦Q (x1 + v1, . . . , xn + vn) = 0

for all x1+v1, . . . , xn+vn ∈ E⊕V . Therefore we want to prove that coherence
of the action is equivalent to the vanishing of the Jacobiator.
We immediately see that

J(x1, . . . , xn) = J(v1, . . . , vn) = 0, x1, . . . , xn ∈ E, v1, . . . , vn ∈ V,

because {lk}k∈N and {mk}k∈N define Lie ∞-structures on E and V , respec-
tively.
Also, since

lk(x1 + v1, . . . , xk−1 + vk−1, xk) = lk(x1, . . . , xk), k ∈ N,

we have that

J(x1 + v1, . . . , xn−1 + vn−1, xn) = J(x1, . . . , xn) = 0,

for all x1, . . . , xn ∈ E, v1, . . . , vn−1 ∈ V.
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It remains to prove J(x1 + v1, . . . , xn−1 + vn−1, vn) = 0 if and only if Φ is a
coherent action.
In what follows, we will use the Sweedler notation for the coshuffle coprod-

uct:

∆c(v) = v(1) ⊗ v(2), v ∈ T̄ (V ).

If v ∈ V , then ∆c(v) = 0 and we consider v(1) = v(2) = 0.
First notice that, for y ∈ T̄ (E) and w ∈ T̄ (V ), we have

Q(y⊗w) =MZ
E (y)⊗w+ΦZ

π(y)(w)+(−1)|y(1)|y(1)⊗ΦZ
π(y(2))

(w)+(−1)|y|y⊗MZ
V (w).

Therefore

J(y, w) = Φ•
π(MZ

E (y))π(w) +m• ◦π(ΦZ
π(y)(w)) + (−1)|y|Φ•

π(y)π(M
Z
V (w))

+(−1)|y(1)|Φ•
π(y(1))

π(ΦZ
π(y(2))

(w)). (12)

All coderivations in this equation are defined by symmetric linear maps. Also
π : T c(V ) → S̄(V ) is a comorphism, so we have:

J(y, w) = Φ•
ME(π(y))

π(w) +m•(Φπ(y)π(w)) + (−1)|y|Φ•
π(y)(MV (π(w)))

+(−1)|y(1)|Φ•
π(y(1))

Φπ(y(2))(π(w)).

Taking into account that Φ is a Lie ∞-action we conclude that J(y, w) = 0
(for this the coherence of the action is not needed).
Now notice that for v, w ∈ T̄ (V ), y ∈ T̄ (E), we have

Q(v ⊗ y ⊗ w) = MZ
V (v)⊗ y ⊗ w + (−1)|v|v ⊗MZ

E (y)⊗ w

+(−1)|v|+|y|v ⊗ y ⊗MZ
V (w) + (−1)|v|+|y(1)|v ⊗ y(1) ⊗ ΦZ

π(y(2))
(w)

+(−1)|v(1)|+|y|(1+|v(2)|)v(1) ⊗ y ⊗ adZπ(v(2))(w) (13)

+(−1)|v|v ⊗ ΦZ
π(y)(w) + (−1)|y|(|v|+1)y ⊗ adZπ(v)(w)

hence

J(v, y, w) = (−1)|v|m•(v,Φ
Z
π(y)(w)) + (−1)|y|(|v|+1)Φ•

π(y)(adπ(v)(π(w)))

= (−1)|v|m•(π(v),Φπ(y)π(w)) + (−1)|y|(|v|+1)Φ•
π(y)(adπ(v)(π(w)))

= (−1)|v|p ◦
[
adπ(v),Φπ(y)

]
c
(π(w))

= −p ◦
[
adπ(v),Φπ(y)

]
(π(w)).
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Similar calculations lead to the general formula, for y1, . . . , yn ∈ T̄ (E) and
v1, . . . , vn, w ∈ T̄ (V ):

J(v1, y1, . . . , vn, yn, w) =(−1)
∑n

i=2

∑i−1
j=1 |vi||yj |(−1)|v|p ◦

[
adπ(v),Φπ(y)

]
c
(π(w)),

=− (−1)
∑n

i=2

∑i−1
j=1 |vi||yj |p ◦

[
adπ(v),Φπ(y)

]
(π(w)),

where v = v1 ⊗ . . .⊗ vn, y = y1 ⊗ . . .⊗ yn and n ≥ 2.
Therefore, J(v1, y1, . . . , vn, yn, w) = 0, for all v1, . . . , vn, w ∈ T̄ (V ) and

y1, . . . , yn ∈ T̄ (E) if and only if

[adv̄,Φȳ] (w̄) = 0, for all v̄, w̄ ∈ S̄(V ), ȳ ∈ S̄(E). (14)

Now, for x ∈ E, v, w ∈ T̄ (V ), y ∈ T̄ (E), we have

Q(x⊗ v ⊗ y ⊗ w) = l1(x)⊗ v ⊗ y ⊗ w + (−1)|x|x⊗Q(v ⊗ y ⊗ w)

+ΦZ
x (v)⊗ y ⊗ w + (−1)|v|(|x|+1)v ⊗ adZx (y)⊗ w

+(−1)|y|(|x|+|v|+1)y ⊗ ΦZ
x;π(v)(w)

+(−1)|v(1)|(|x|+1)+|y|(|x|+|v(2)|+1)v(1) ⊗ y ⊗ ΦZ
x;π(v(2))

(w)

+(−1)(|v|+|y(1)|)(|x|+1)v ⊗ y(1) ⊗ ΦZ
x·π(y(2))(w)

+(−1)|v|(|x|+1)v ⊗ ΦZ
π(x⊗y)(w)

+(−1)(|v|+|y|)(1+|x|)v ⊗ y ⊗ ΦZ
x (w).

and

J(x, v, y, w) = (−1)|y||v|+|x|+|y|Φ•
π(x⊗y)(adπ(v)(π(w)))

+(−1)|v|(|x|+1)m•(π(v),Φπ(x⊗y)π(w))

+(−1)|v|+|x|Φ•
x(π(v),Φπ(y)π(w))

+(−1)(|x|+|v|+1)|y|Φ•
π(y)(Φx;π(v)(π(w)))

= (−1)|x||v|+|v|p ◦
[
adπ(v),Φπ(x⊗y)

]
c
(π(w))

+(−1)|v|+|x|p ◦
[
Φx;π(v),Φπ(y)

]
c
(π(w)).

= −(−1)|x||v|p ◦
[
adπ(v),Φπ(x⊗y)

]
(π(w))− p ◦

[
Φx;π(v),Φπ(y)

]
(π(w)).

Taking into account Equation (14) we conclude that J(x, v, y, w) = 0, for
all x ∈ E, y ∈ T̄ (E), v, w ∈ T̄ (V ) if and only if

[Φx;v̄,Φȳ] (w̄), for all x ∈ E, ȳ ∈ S̄(E), v̄, w̄ ∈ S̄(V ). (15)
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Consider x ∈ T n(E), n ≥ 2, and again v, w ∈ T̄ (V ), y ∈ T̄ (E). Then,

Q(x⊗ v ⊗ y ⊗ w) =MZ
E (x)⊗ v ⊗ y ⊗ w + (−1)|x|x⊗Q(v ⊗ y ⊗ w)

+(−1)|x(1)|x(1) ⊗ ΦZ
π(x(2))

(v)⊗ y ⊗ w + ΦZ
π(x)(v)⊗ y ⊗ w

+(−1)|x(1)|+|v|(|x(2)+1|)x(1) ⊗ v ⊗ adZπ(x(2))(y)⊗ w

+(−1)|v|(|x|+1)v ⊗ adZπ(x)(y)⊗ w

+(−1)|x(1)|+|y|(|x(2)|+|v|+1)x(1) ⊗ y ⊗ ΦZ
π(x(2);v)

(w)

+(−1)|y|(|x|+|v|+1)y ⊗ ΦZ
π(x;v)(w)

+(−1)|x(1)|+|v(1)|(|x(2)|+1)+|y|(|x(2)|+|v(2)|+1)x(1) ⊗ v(1) ⊗ y ⊗ ΦZ
π(x(2);v(2))

(w)

+(−1)|v(1)|(|x|+1)+|y|(|x|+|v(2)|+1)v(1) ⊗ y ⊗ ΦZ
π(x;v(2))

(w)

+(−1)|x(1)|+|v|(|x(2)|+1)x(1) ⊗ v ⊗ ΦZ
π(x(2)⊗y)(w)

+(−1)|v|(|x|+1)v ⊗ ΦZ
π(x⊗y)(w)

+(−1)|x(1)|+(1+|x(2)|)(|v|+|y(1)|)x(1) ⊗ v ⊗ y(1) ⊗ ΦZ
π(x(2)⊗y(2))(w)

+(−1)|v|(|x|+1)+|y(1)|(|x|+1)v ⊗ y(1) ⊗ ΦZ
π(x⊗y(2))(w)

(−1)(|v|+|y|)(1+|x|)v ⊗ y ⊗ ΦZ
x (w).

Equation (13) and the brackets (11) yield

J(x, v, y, w) = (−1)|v|+|x|Φ•
π(x);π(v)(Φπ(y)(π(w)))

+(−1)|x|+|y|(|v|+1)Φ•
π(x⊗y)(adπ(v)(π(w)))

+(−1)|x(1)|+|y|(|x(2)|+|v|+1)Φ•
π(x(1)⊗y)(Φπ(x(2));π(v)(π(w)))

+(−1)|y|(|x|+|v|+1)Φ•
π(y)(Φπ(x);π(v)(π(w)))

+(−1)|v|(|x|+1)m•(v,Φ
Z
π(x⊗y)(w))

+(−1)|x(1)|+|v|(|x(2)|+1)Φ•
π(x(1));π(v)

(Φπ(x(2)⊗y)(π(w)))

= (−1)(|x|+1)|v|p ◦
[
adπ(v),Φπ(x⊗y)

]
c
(π(w))

+(−1)|x|+|v|p ◦
[
Φπ(x);π(v),Φπ(y)

]
c
(π(w))

+(−1)(|x(2)|+1)|v|+|x(1)|p ◦

[
Φπ(x(1));π(v),Φπ(x(2)⊗y)

]
c
(π(w))



22 RAQUEL CASEIRO AND JOANA NUNES DA COSTA

= −(−1)|x||v|p ◦
[
adπ(v),Φπ(x⊗y)

]
(π(w))

−(−1)|x|p ◦
[
Φπ(x);π(v),Φπ(y)

]
(π(w))

−(−1)|x(2)||v|+|x(1)|p ◦

[
Φπ(x(1));π(v),Φπ(x(2)⊗y)

]
(π(w)).

Similar computations lead to the general formula:

J(x, v1,y1, v2, . . . , vn, yn, w) = a(−1)|v|+|x||v|p ◦
[
adπ(v),Φπ(x⊗y)

]
c
(π(w))

+ a(−1)|x|+|v|p ◦
[
Φπ(x);π(v),Φπ(y)

]
c
(π(w))

+ a(−1)|x(1)|+|v|+|x(2)||v|p ◦

[
Φπ(x(1));π(v),Φπ(x(2)⊗y)

]
c
(π(w)),

for all x, y1, . . . , yn ∈ T̄ (V ), v1, . . . , vn ∈ T̄ (V ), where v = v1 ⊗ . . . ⊗ vn,

y = y1 ⊗ . . .⊗ yn and a = (−1)
∑n

i=2

∑i−1
j=1 |vi||yj |, n ≥ 2.

An induction argument together with Equations (14) and (15) allows us to
conclude that J(x, v, y, w) = 0, for all x, y ∈ T̄ (E) and v, w ∈ T̄ (V ), if and
only if

[Φx̄;v̄,Φȳ] (w̄), for all x̄, ȳ ∈ S̄(E), v̄, w̄ ∈ S̄(V ). (16)

Equations (14), (15) and (16) express the coherence of the action Φ and
we conclude that it is equivalent to the Jacobiator being zero.

Following [20], we define

Definition 2.12. Let (E, {lk}k∈N) and (V,MV ≡ {mk}k∈N) be Lie∞-algebras
and Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV

, [·, ·]) a coherent Lie ∞-action.
The Loday ∞-algebra (E ⊕ V, {lk}k∈N) given by

ln (x1 + v1, . . . , xn−1 + vn−1, xn + vn) = ln(x1, . . . , xn)

+
n−1∑
i=1

Φi,n−i(x1, . . . , xi; vi+1, . . . , vn) +mn(v1, . . . , vn),

for all x1+ v1, . . . , xn+ vn ∈ E⊕V , is called the non-abelian hemisemidi-
rect product of E and V and is denoted by E ⋉Φ V .

Example 2.13. Let (E, [·, ·]E) and (V, [·, ·]V ) be Lie algebras and ρ : E →
Der(V ) a coherent Lie representation (see Example 2.9):

[w, ρx(v)]V = 0, x ∈ E, v, w ∈ V.
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This particular case was considered in [20] and the non-abelian hemisemidi-
rect product E ⋉Φ V is the Loday algebra (or the left Leibniz algebra) with
product given by

(x+ v) ◦(y + w) = [x, y]E + Φxw + [v, w]V .

Notice that when the representation V is an abelian Lie algebra, then it is
always coherent and we obtain the usual hemisemidirect product introduced
in [9].

Example 2.14. Let (E,ME ≡ {lk}k∈N) be a Lie ∞-algebra and Φ : S̄(E) →
End(V ) a representation on the complex (V, d). The action Φ is coherent
(see Example 2.8).
The non-abelian hemisemidirect product E⋉ΦV is defined by the brackets:

l1(x1 + v1) = l1x1 + d v1,

ln(x1 + v1, . . . , xn + vn) = ln(x1, . . . , xn) + Φn−1,1(x1, . . . , xn−1; vn),

for all x1 + v1, . . . , xn + vn ∈ E ⊕ V , n ≥ 2 .

Remark 2.15. A Lie ∞-action

Φ : (E,ME ≡ {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·]),

is a special representation of E on the complex (S̄(V ),MV ). Since any rep-
resentation is a coherent action, we have the non-abelian hemisemidirect
product E ⋉Φ S̄(V ) with brackets:

l̄1(x1 + v1) = l1(x1) +MV (v1),

l̄n(x1 + v1, . . . , xn + vn) = ln(x1, . . . , xn) + Φx1·...·xn−1
vn,

for all x1, . . . , xn ∈ E, v1, . . . , vn ∈ S̄(V ), n ≥ 2.
If Φ is a coherent Lie ∞-action, then E ⋉Φ V is also a Loday ∞-algebra.

The brackets {lk}k∈N in E ⋉Φ V and the brackets
{̄
lk
}
k∈N in E ⋉Φ S̄(V ) are

related by

l1(x1 + v1) = l̄1(x1 + v1)

ln(x1 + v1, . . . , xn + vn) = l̄n(x1, . . . , xn)

+pV ◦

(
n−1∑
i=1

l̄i+1(x1, . . . , xi, vi+1 · . . . · vn) + l̄1(v1 · . . . · vn)

)
,

for all x1, . . . , xn ∈ E, v1, . . . , vn ∈ V , n ≥ 2, where pV : S̄(V ) → V is the
projection map.
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3. Non-abelian embedding tensors
Let (E,ME ≡ {lk}k∈N) and (V,MV ≡ {mk}k∈N) be Lie ∞-algebras,

Φ : (E, {lk}k∈N) → (Coder(S̄(V ))[1], ∂MV
, [·, ·])

a coherent Lie ∞-action and E⋉ΦV the non-abelian hemisemidirect product
defined by Φ.
The graded vector space of linear maps between T̄ (V ) and E will be de-

noted by h := Hom(T̄ (V ), E). It can be identified with the space of coal-
gebra morphisms between TZ(V ) and TZ(E) and also with a subspace of
Coder(TZ(E ⊕ V )).
The space h together with the coherent action defines a V -data [22] and,

consequently, h acquires a Lie ∞-algebra structure:

Proposition 3.1. Let us consider:

(1) the graded Lie algebra L := (Coder(TZ(E ⊕ V )), [·, ·]c);
(2) the abelian graded Lie subalgebra h;
(3) the projection P : L → h onto h;
(4) the coderivation Q associated with the Loday ∞-algebra E ⋉Φ V .

Then, (L, h,P , Q) is a V -data and h is equipped with a Lie ∞-algebra struc-
ture given by:

∂k
(
t1, . . . , tk) = P([[. . . [Q, t1]c . . .]c, tk]c

)
, t1, . . . , tk ∈ h, k ≥ 1.

Proof : Although we are dealing with Lie ∞-actions rather than representa-
tions, the argument used in the proof of Proposition 6.4 in [19], to show that
we have a V -data, can be used in an identical way in this case.

Now we are in position to define a non-abelian embedding tensor with
respect to a coherent Lie ∞-algebra action Φ : E → Coder(S̄(V )).

Definition 3.2. A non-abelian embedding tensor on E with respect to
the coherent action Φ is a (Zinbiel) coalgebra morphism
T ≡

{
Tk : T

k(V ) → E
}
k∈N, such that the induced coderivation t ∈ h is a

Maurer-Cartan element of h:

P
(
[Q, t]c +

1

2
[[Q, t]c , t]c + . . .

)
= 0. (17)

Remark 3.3. By setting

e[ ,t](Q) = Q+ [Q, t]c +
1

2
[[Q, t]c , t]c + . . .+

1

n!

[
. . . [[Q, t]c , t]c . . . t

]
c
+ . . .
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we can rewrite the Equation (17) as

P
(
e[ ,t](Q)

)
= 0.

Let T : TZ(V ) → TZ(E) be a non-abelian embedding tensor with re-
spect to the coherent action Φ. Suppose T is defined by the family of maps{
Tk : T

k(V ) → E
}
k≥1

and consider t ∈ Coder(TZ(E ⊕ V )) the associated
coderivation.
The projection pV : E ⊕ V → V defines the strict comorphism pT (V ) :

TZ(E ⊕ V ) → TZ(V ). The composition T ◦pT (V ) is the comorphism defined

by the family of linear maps
{
Tk ◦pT (V ) : T

k(E ⊕ V ) → E
}
k≥1

. This compo-

sition can be see as an extension of T to T̄ (E ⊕ V ) so we also denote it by
T .

Lemma 3.4. The exponential of the coderivation t is the comorphism Id+T :
TZ(E ⊕ V ) → TZ(E ⊕ V ) :

et =
∞∑
k=0

tk

k!
= Id + T.

Proof : The exponential of a (conilpotent) coderivation of degree 0 is a co-
morphism. The restriction maps of et are given by

(et)1(x+ v) = x+ v + T1(v), x ∈ E, v ∈ V

(et)n(x1 + v1, . . . , xn + vv) = Tn(v1, . . . , vn), n ≥ 2,

for all x1 + v1, . . . , xn + vn ∈ E ⊕ V , and this yields the result.

Lemma 3.5. The map pT (V )Qe
t is a coderivation with respect to the comor-

phism pT (V ). Its restriction to T (V ), pT (V )Qe
t
|TV

, is defined by the restriction
maps:

pVQe
t(v1) = m1(v1),

pVQe
t(v1 ⊗ . . .⊗ vn) = mn(v1, . . . , vn) +

n−1∑
k=1

Φ•
πT (v1⊗...⊗vk)(vk+1, . . . , vn) (18)

for all v1, . . . , vn ∈ V , n ≥ 2.

Proof : The projection map pT (V ) : T
Z(E ⊕ V ) → TZ(V ) is a comorphism.

Since et is also a comorphism, the composition pT (V )Qe
t is a coderivation
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with respect to the comorphism pT (V ) ◦e
t = pT (V ) ◦(Id + T ) = pT (V ). In fact,

∆ZpT (V )Qe
t = pT (V ) ⊗ pT (V ) (Id⊗Q+Q⊗ Id) (et ⊗ et)∆Z

=
(
pT (V )e

t ⊗ (pT (V )Qe
t) + (pT (V )Qe

t)⊗ pT (V )e
t
)
∆Z

=
(
pT (V ) ⊗ (pT (V )Qe

t) + (pT (V )Qe
t)⊗ pT (V )

)
∆Z ,

which means that pT (V )Qe
t is a pT (V )-coderivation.

Let v1, . . . , vn ∈ V . For n = 1, the restriction map of pT (V )Qe
t
|TV

is given

by:

pVQe
t(v1) = pVQ(Id + T )(v1) = m1(v1).

For n ≥ 2, the restriction map of pT (V )Qe
t
|TV

is given by:

pVQe
t(v1 ⊗ . . .⊗ vn) = pVQ(Id + T )(v1 ⊗ . . .⊗ vn)

= pVQ
∑

i1+...+ik=n

σ∈S̃h(i1,...,ik)

ϵ(σ)(Id + T )i1(vσ(1), . . . , vσ(i1))⊗ . . .

. . .⊗ (Id + T )ik(vσ(i1+...+ik−1+1), . . . , vσ(n)).

Now Equation (18) follows if we keep in mind three things:
(i) The restriction maps of the identity are given by: Id1 = IdE⊕V and

Idk = 0, for k > 1.

(ii) σ ∈ S̃h(i1, . . . , ik) means that

σ(i1) < σ(i1 + i2) < . . . < σ(i1 + . . .+ in−1) < σ(i1 + . . .+ in) = n.

(iii) By (11) we have

pVQ(v1 ⊗ . . .⊗ vn) = mn(v1, . . . , vn),

pVQ(x1 ⊗ . . .⊗ xk ⊗ v1 ⊗ . . .⊗ vp) = Φ•,•(x1, . . . , xk; v1, . . . , vp),

for all x1, . . . , xk ∈ E,

pVQ = 0 in all the other cases.

Therefore,

pVQe
t(v1 ⊗ . . .⊗ vn) = mn(v1, . . . , vn) +

n−1∑
k=1

Φ•
πT (v1⊗...⊗vk)(vk+1, . . . , vn).

Next proposition gives an explicit description of non-abelian embedding
tensors.
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Proposition 3.6. Equation (17) is equivalent to

l1 ◦T1 = T1 ◦m1

and

l• (T (v)) = T•
(
MZ

V (v)
)
+

n∑
k=2

k−2∑
i=0

k−1∑
j=i+1

σ∈Sh(i,k−i−1)

ϵ(σ)(−1)|vσ(1)|+...+|vσ(i)|

T•

(
vσ(1), . . . , vσ(i),Φ

•
πT (vσ(i+1)⊗...⊗vσ(j))

(
vσ(j+1), . . . , vσ(k−1), vk

)
, vk+1, . . . , vn

)
,

for all v = v1 ⊗ . . .⊗ vn ∈ T n(V ), n ≥ 2.

Proof : First notice that

pEt
k = 0, k ≥ 2.

Thus

pE(e
[ ,t](Q)) = pE(Qe

t − tQet)

and Equation (17) is equivalent to

pEQe
t
|T (V )

= pEtQe
t
|T (V )

or to

l•pT (E)e
t
|T (V )

= T•pT (V )Qe
t
|T (V )

.

Let v1, . . . , vn ∈ V . By Lemma 3.4, we have

pEQe
t(v1 ⊗ . . .⊗ vn) = l•pT (E)e

t(v1 ⊗ . . .⊗ vn) = l•T (v1 ⊗ . . .⊗ vn).

On the other hand, by Lemma 3.5 we know that pT (V )Qe
t
|T (V )

is the pT (V )-

coderivation defined by the linear maps (18). This yields

pT (V )Qe
t(v1 ⊗ . . .⊗ vn) =MZ

V (v1 ⊗ . . .⊗ vn)

+
n∑
k=2

k−2∑
i=0

k−1∑
j=i+1

σ∈Sh(i,k−i−1)

ϵ(σ)(−1)(|vσ(1)|+...+|vσ(i)|)vσ(1) ⊗ . . .⊗ vσ(i) ⊗

⊗Φ•
πT (vσ(i+1)⊗...⊗vσ(j))

(
vσ(j+1), . . . , vσ(k−1), vk

)
⊗ vk+1 ⊗ . . .⊗ vn.

Non-abelian embedding tensors define a Loday ∞-structure on V .
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Proposition 3.7. A non-abelian embedding tensor T with respect to a coher-
ent Lie ∞-algebra action Φ : (E,ME) → (Coder(S̄(V ))[1], ∂MV

, [·, ·]) induces
on V a Loday ∞-algebra structure QT

V , given by the brackets

q1(v1) = m1(v1)

qn(v1, . . . , vn) =
n−1∑
k=1

Φ•
πT (v1⊗...⊗vk) (vk+1, . . . , vn) +mn(v1, . . . , vn),

for all v1, . . . , vn ∈ V , n ≥ 2.
Moreover, T : (V,QT

V ) → (E,MZ
E ) is a Loday ∞-morphism.

Proof : Let Q be the codifferential (of degree +1) of the non-abelian hemise-
midirect direct product E ⋉Φ V . Since

e[ ,t](Q) ◦e[ ,t](Q) = e[ ,t](Q2) = 0,

also e[ ,t](Q) is a coderivation of degree +1 of TZ(E ⊕ V ) and, consequently,
it defines Loday ∞-structure on E ⊕ V .

By definition T is a non-abelian embedding tensor if P
(
e[ ,t](Q)

)
= 0,

therefore

pV

(
e[ ,t](Q)

)
|T (V )

defines a Loday ∞-structure on V . Noting that pV ◦ t = 0, we have
pV
(
e[ ,t](Q)

)
= pV ◦Q ◦et and the Lemma 3.5 gives the Loday ∞-brackets

q1(v1) = m1(v1)

qn(v1, . . . , vn) = mn(v1, . . . , vn) +
n−1∑
k=1

Φ•
πT (v1⊗...⊗vk)(vk+1, . . . , vn),

for all v1, . . . , vn ∈ V , n ≥ 2.
Finally, let QT

V = pT (V )Qe
t
|T (V )

be the codifferential of TZ(V ) defined by

these brackets. Proposition 3.6 guarantees that T is a non-abelian embedding
tensor if and only if MZ

E ◦T = T ◦QT
V . This means that T is a Loday ∞-

morphism.

Following the nomenclature used in [20]:

Definition 3.8. The Loday∞-structure on V given by a non-abelian embed-
ding tensor with respect to a coherent Lie ∞-action is called the descendent
Loday ∞-algebra.
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Corollary 3.9. Let (E,ME) and (V,MV ) be Lie ∞-algebras and T a sym-
metric non-abelian embedding tensor with respect to a coherent action Φ such
that π(Im T ) ⊂ kerΦ, then T defines a Lie ∞-morphism.

Proof : Let T be a non-abelian embedding tensor with respect to an coherent
action Φ such that π(Im T ) ⊂ kerΦ. Then, by Proposition 3.7,

MZ
E ◦T = T ◦MZ

V .

The (Zinbiel) comorphism T ≡
{
Tk : T

k(V ) → E
}
k∈N is symmetric if T• =

T• ◦π (see Remark 1.19). In this case, the same family of linear maps defines
a comorphism T S : S̄(V ) → S̄(E) that is a Lie ∞-morphism because T is a
Loday ∞-morphism.

Corollary 3.10. Let (E,ME) and (V,MV ) be Lie ∞-algebras and T a non-
abelian embedding tensor with respect to a coherent action Φ. Then T induces
a Lie ∞-morphism T̄ : Prim(V ) → E.

Proof : The non-abelian embedding tensor is a Loday ∞-morphism

T : (V,QT
V ) → (E,MZ

E ),

therefore it is also a comorphism between coshuffle coalgebras and preserves
the codifferentials.
Recall that, for any graded vector space V , there is a (coalgebra) isomor-

phism Ψ : T̄ c(V ) → S̄(Prim(V )) (see [19]).
In our case, (V,QT

V ) and (E,MZ
E ) are Loday ∞-algebras so we can use

the isomorphism and the codifferentials QT
V and MZ

E to turn Prim(V ) and
Prim(E) into Lie ∞-algebras:

QT, Lie
V := Ψ ◦QT

V ◦Ψ−1,

MLie
E := Ψ ◦MZ

E ◦Ψ−1.

We have the following diagram:

(V,QT
V ) ⊂ T c(V )

Ψ
��

T // (E,MZ
E ) ⊂ T c(E)

π //

Ψ
��

(E,ME) ⊂ S̄(E)

(Prim(V ), QT, Lie
V )

Ψ−1

KK

TLie
// (Prim(E),MLie

E )

Ψ−1

KK

The symmetrization map π : T̄ c(E) → S̄(E) is a comorphism such that

π ◦MZ
E =ME ◦π.
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Therefore, the map T̄ = π ◦T ◦Ψ−1 : S̄(Prim(V )) → S̄(E) is a comorphism
that preserves the codifferentials, which means it is a Lie ∞-algebra mor-
phism.

Example 3.11. In the case where V is simply a vector space (i.e. MV =
0) and ρ : (E,ME) → gl(V ) is a (non-curved) representation of the Lie
∞-algebra (E,ME), a non-abelian embedding tensor of ρ is a homotopy
embedding tensor of the representation ρ, that was defined in [19].

Example 3.12. Let Φ : (E,ME = {lk}k∈N) → (End(V ), d) be a Lie ∞-
representation. A (Zinbiel) comorphism T ≡

{
Tk : T

k(V ) → E
}
k∈N is a non-

abelian embedding tensor if and only if

l1 ◦T1 = T1 ◦d

l•T (v1 ⊗ . . .⊗ vn) =
n∑
i=1

(−1)|v1|+...+|vi−1|Tn(v1 . . . , dvi, . . . , vn)

+
n∑
k=2

k−2∑
i=0

σ∈Sh(i,k−i−1)

ϵ(σ)(−1)(|vσ(1)|+...+|vσ(i)|)

T•

(
vσ(1), . . . , vσ(i),ΦπT (vσ(i+1)⊗...⊗vσ(k−1))vk, vk+1, . . . , vn

)
,

for all v1, . . . , vn ∈ V , n ≥ 2.
The Loday ∞-structure on V defined by the non-abelian embedding tensor

T is given by the brackets:

q1(v1) = d(v1)

qn(v1, . . . , vn) = ΦπT (v1⊗...⊗vn−1)vn,

for all v1, . . . , vn ∈ V , n ≥ 2.
In particular, a strict morphism T = T1 : V → E is an non-abelian embed-

ding tensor if and only if

l1 ◦T = T ◦d

ln (T (v1), . . . , T (vn)) = T
(
Φn−1,1 (T (v1), . . . , T (vn−1); vn)

)
,

and the descendent Loday ∞-structure on V induced by T is

q1(v1) = d(v1)

qn(v1, . . . , vn) = Φn−1,1(T (v1), . . . , T (vn−1); vn),
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for all v1, . . . , vn ∈ V , n ≥ 2.

Example 3.13. Let (E, [·, ·]E) and (V, [·, ·]V ) be Lie algebras and Φ : E →
Coder S̄(V ) the coherent action induced by a coherent Lie representation
ρ : E → Der(V ):

[ρxv, w]V = 0, v, w ∈ V, x ∈ E.

A non-abelian embedding tensor T ≡
{
Tk : T

k(V ) → E
}
k∈N must satisfy

n−1∑
i=1

∑
σ∈Sh(i,n−1−i)

ϵ(σ)
[
T•(vσ(1), . . . , vσ(i)), T•(vσ(i+1), . . . , vσ(n−1), vn)

]
E
=

=
n∑

k=2

k−2∑
i=0

∑
σ∈Sh(i,k−1−i)

ϵ(σ)(−1)|vσ(1)|+...+|vσ(i)|

T•

(
vσ(1), . . . , vσ(i), ρT•(vσ(i+1),...,vσ(k−1))vk, vk+1, . . . , vn

)
+

n∑
j=2

j−1∑
i=1

(−1)|vi|(
∑j−1

k=i |vk|)+
∑j−1

k=1 |vk|Tn−1(v1, . . . , v̂i, . . . , vj−1, [vi, vj]V , vj+1, . . . , vn).

If T : V → E is a strict morphism, we recover the definition of a non-
abelian embedding tensor with respect to a coherent action in the sense of
[20], because for n = 2 the last equation reduces to

[T (v1), T (v2)]E = T
(
ρT (v1)v2

)
+ T [v1, v2]V , v1, v2 ∈ V.

3.1. Non-abelian embedding tensors of the adjoint representation.
Example 3.12 can be adapted to the adjoint representation of a Lie∞-algebra
(E,ME ≡ {lk}k∈N).
For the adjoint representation, T ≡ {Tk : T (E) → E}k∈N is an non-abelian

embedding tensor if and only if

l1 ◦T1 = T1 ◦ l1,

l•T (x1 ⊗ . . .⊗ xn) =
n∑
i=1

(−1)(|x1|+...+|xi−1|)Tn(x1, . . . , l1(xi), . . . , xn)

+
n∑
k=2

k−2∑
i=0

σ∈Sh(i,k−i−1)

ϵ(σ)(−1)(|xσ(1)|+...+|xσ(i)|)

T•
(
xσ(1), . . . , xσ(i), l•(T (xσ(i+1) ⊗ . . .⊗ xσ(k−1)), xk), xk+1, . . . , xn

)
.
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The descendent Loday ∞-structure on E defined by the non-abelian em-
bedding tensor T is given by the brackets:

q1(x1) = l1(x1)

qn(x1, . . . , xn) = l•(T (x1 ⊗ . . .⊗ xn−1), xn),

for all x1, . . . , xn ∈ E, n ≥ 2.
In particular, if we ask T : E → E to be strict we must have

l1 ◦T = T ◦ l1

ln (T (x1), . . . , T (xn)) = T (ln (T (x1), . . . , T (xn−1), xn)) , (19)

and the Loday ∞-brackets are:

q1(x1) = l1(x1)

qn(x1, . . . , xn) = l•(T (x1), . . . , T (xn−1), xn),

for all x1, . . . , xn ∈ E, n ≥ 2.

Remark 3.14. The identity map is obviously a non-abelian embedding tensor
for the adjoint representation and, as it should be, the “new” Loday brackets
induced by the identity map are the original symmetric brackets that define
the Lie ∞-structure.

Remark 3.15. Notice that the brackets l• are symmetric, hence, for every
n > 1 and each i = 1, . . . , n, we have

ln (T (x1), . . . , T (xn)) = T (ln(T (x1), . . . , xi, . . . , T (xn))) , x1, . . . , xn ∈ E.

Remark 3.16. Let T : E → E be a strict comorphism such that l1 ◦T = T ◦ l1
and Im(T ) ⊂ Ker(ad). Then, T is an embedding tensor for the adjoint
representation but the new Loday ∞-algebra is abelian, i.e. qk = 0, for all
k > 1.

Equations (19) yield that, for the adjoint representation, the composition
of strict non-abelian embedding tensors is a strict non-abelian embedding
tensor, therefore:

Proposition 3.17. The space of strict non-abelian embedding tensors with
respect to the adjoint representation is an associative algebra with unit, called
the strict embedding algebra.
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Let us call centroid of the Lie ∞-algebra (E, {lk}k∈N) the set of strict co-
morphisms F : E → E such that

l1 ◦F = F ◦ l1

adx ◦F = F ◦ adx, x ∈ S̄(E).

Corollary 3.18. Let E be a Lie ∞-algebra. Then the centroid of E is a
subalgebra (with unit) of the strict embedding algebra.
Moreover, any surjective strict non-abelian embedding tensor is an element

of the centroid and the group of invertible elements of the centroid coincides
with the group of invertible elements of the strict embedding algebra.

3.2. Strict non-abelian embedding tensors of the adjoint action.
The adjoint action ad : (E,ME ≡ {lk}k∈N) → (Coder(S̄(E))[1], ∂ME

, [·, ·]) is
a special representation of E on the cochain complex (S̄(E),ME).
A strict non-abelian embedding tensor of this representation is a strict

comorphism T : S̄(E) → E satisfying

l1 ◦T (v1) = T ◦ME(v1)

ln(T (v1), . . . , T (vn)) = T
(
adT (v1)·...·T (vn−1) vn

)
,

for all v1, . . . , vn ∈ S̄(E).
In particular, for v1, . . . , vn ∈ E, we have

l1 ◦T (v1) = T ◦ l1(v1)

ln(T (v1), . . . , T (vn)) = T (ln(T (v1), . . . , T (vn−1), vn))

and we conclude that T|E : E → E is a strict non-abelian embedding tensor
for the adjoint representation.

3.3. Deformations of non-abelian embedding tensors. Let T be a
non-abelian embedding tensor with respect to the coherent Lie ∞-action
Φ : (E,ME) → (Coder(S̄(V ))[1], ∂MV

, [·, ·]). Since T defines (and is defined)
by t, a Maurer-Cartan element of the Lie ∞-algebra h, we have two different
V -data (CoderTZ(E⊕V ), h,P , e[ , t](Q)) and (CoderTZ(E⊕V ), h,P ◦e[ , t], Q),
both of them inducing the same twisting Lie ∞-structure in h:

∂Tk (t1, . . . , tk) =
∑
i≥0

1

i!
∂k+i(t, . . . , t, t1, . . . , tk), t1, . . . , tk ∈ h, k ≥ 1.
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Let T ′ : TZ(V ) → TZ(E) be another comorphism and consider t′ the
coderivation of TZ(E⊕V ) defined by T ′. By definition, T +T ′ is an embed-
ding tensor if and only if t+ t′ is a Maurer-Cartan element of h:∑

k≥1

1

k!
∂k(t+ t′, . . . , t+ t′) = 0.

Taking into account that t ∈ MC(h), last equation can be rewritten [6] as

∂T1 (t
′) +

1

2
∂T2 (t

′, t′) + . . .+
1

k!
∂Tk (t

′, . . . , t′) + . . . = 0.

Therefore T + T ′ is a non-abelian embedding tensor with respect to the
same Lie ∞-action as T if and only if T ′ is a Maurer-Cartan element of the
deformed Lie ∞-algebra hT = (h, ∂T ).

Proposition 3.19. The Lie ∞-algebra hT = (h, ∂T ) controls the deforma-
tions of T .

Definition 3.20. The cohomology of the cochain complex (S̄(h), ∂T ) is called
the cohomology of the non-abelian embedding tensor T .

4. Conclusions
In [20] a definition of non-abelian embedding tensors on a Lie algebra with

respect to a coherent action was given. In this work we give a possible
generalization of this definition and of some results in [19, 20] to the Lie
∞-setting. We propose a definition of coherent Lie ∞-actions and, for these
actions, we construct the non-abelian hemisemidirect product and study non-
abelian embedding tensors. The question of whether such a generalization
could be carried out was posed by Y. Sheng to one of the co-authors dur-
ing a Colloquium, last year. There are still open questions concerning this
generalization.
Firstly, we can ask about the existence of a Lie ∞-representation/action of

the Lie ∞-algebra Prim(V ) on V , such that the projection T (V ) → Prim(V )
is an embedding tensor. Secondly, since there is a straight relation between
non-abelian embedding tensors for Lie algebras and Leibniz-Lie algebras [20],
we wonder what is the algebraic structure that is related to the embedding
tensors we consider. What about cohomology of this algebraic structure?
We think the answer to these questions may go through understanding what
a Loday ∞-action should be and these problems will deserve our attention
in a future work.
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