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ABSTRACT: We prove that minimizers of the L%norm of the Hessian in the unit
ball of R? are locally of class C®. Our findings extend previous results on Hessian-
dependent functionals to the borderline case and resonate with the Holder regularity
theory available for elliptic equations in double-divergence form.
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1. Introduction
We consider the Hessian-dependent functional I : W24(B;) — R given by

I(u) ::/B |D*u|” da, (1)

where B; C R? is the unit ball in the Euclidean space R?, and examine the
regularity of minimizers for I in Holder spaces. In particular, we prove that
minimizers are locally of class C1®, with estimates.

Hessian-dependent functionals appear in various disciplines, in the realms of
differential geometry, the calculus of variations, the mechanics of solids and
mean-field games theory; see, for instance, [9, 10, 20, 21, 16, 18, 6, 15, 5, 19,
14, 3, 4]. A fundamental example concerns the model-problem

Ia(u) = /B [Tr(DQU)}de:/91|Au\2dx,

whose first compactly supported variation yields the biharmonic operator and
drives the so-called biharmonic maps. The functional /A resonates in the anal-
ysis of conformally invariant energies since it is conformally invariant in dimen-
sion d = 4. For an analysis of biharmonic maps targeting the m-dimension
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sphere S™, we refer the reader to |9, 10]. See also [20, 21] for biharmonic maps
into Riemannian manifolds.

In the context of differential geometry, Hessian-dependent functionals arise
in the study of Lagrangian surfaces minimizing the area

Alu) = /B VIt (D) de, 2)

where [; is the identity matrix of order d. The Euler-Lagrange equation asso-
ciated with the functional A is the double-divergence form pde

(\/det([d—l—(DQu)Q(]d—I—(DQu)Z)i’jék’gu@k) —0 in B,

TjTy

where §%* is Kronecker’s delta. For results on (2), we mention [16, 18]. We
also highlight the set of results put forward in [6]. In that paper, the author
considers

L(u) := /B F(D*u) du, (3)

where F'is convex and smooth, and its main contribution concerns the regular-
ity of minimizers. Indeed, it is proven therein that if u € VVli’COO(Bl) minimizes
the energy in (3) and its Hessian satisfies a small-oscillation condition, then u
is of class C*®. The argument here resembles the proof of the Evans-Krylov
theory put forward in [8, Chapter 6]. Once C?%regularity is available, the
author proceeds by proving that solutions are indeed in C{X.(B;).

One also finds applications of Hessian-dependent functionals in the context of
the mechanics of solids [14]. The usual examples concern energy-driven pattern
formation and nonlinear elasticity. Typically, these models examine wrinkles
appearing in twisted ribbon or blister patterns in thin films on compliant sub-
strates |15, 5, 19].

In the context of the calculus of variations, Hessian-dependent functionals
also play a role. The work-horse of the theory is the so-called Aviles-Giga
functional [3, 4], given by

2
Ge(u) == /B e”! (1 — \Du\2> + g| D?ul? dz, (4)

for ¢ > 0. This functional can be regarded as a natural generalization of the
Modica-Mortola functional to the context of higher-order terms (see [17]). In
addition, it relates to the distance function (to the boundary of a domain) and,
naturally, with the solutions of the eikonal equation. Indeed, in [13] the authors
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replace the unit ball with a general, bounded domain 2 C R? and show that if
there exist sequences (u,)neny and (g,)nen satisfying

2
/5;1 (1 — |Dun|2) + en|D*uy [ dz — 0
0

as € — 0, then €) has to be a ball. Moreover, they conclude that
lim u,(z) = dist(z, 09).
n—0o0
The functional G, also appears in connection with problems in thin film blisters
[12] and liquid crystals [3].
The regularity of the minimizers for a functional similar to (1) was studied
in [2]. In that article, the authors examine functionals of the form

J(u) = ; ’F(D2u)}p dz,

d(d+1)

where F': §S(d) ~ Rz — R satisfies the condition

1
S IM| < F(M) < A|M],

for every symmetric matrix M € S(d), and some constant A > 1. Under
the assumption p > d, they prove the gradient of minimizers is C%P—4/(p=1)_
regular, with estimates. However, the case p = d falls off the scope of the
results in [2]|, and we treat it here, for simplicity of exposition, for the model
case I = I; (see Remark 1).

We examine the functional in (1) and establish a regularity result for mini-
mizers u € W4(By) "W, (By), where g € W>9(B;) is a boundary condition
attained in the Sobolev sense. Our main result reads as follows.

Theorem 1 (C'“*-regularity estimates). Let u € W>%(By) N W, *(By) be a
minimizer for (1), where g € W*%(By) is given. Then there exists a € (0, 1)
such that u € C’ﬁ)’f(Bl). In addition, there exists a constant C' > 0, depending
only on the dimension d, such that

[DU]CO’O‘(Blm) <C.

The proof is based on testing the Euler-Lagrange equation associated with
the functional (1) against a suitable test function built upon a smooth cut-off
satisfying uniform bounds up to its second derivatives. This allows us to estab-
lish a uniform decay rate for the L%norm of the Hessian of minimizers in balls
of comparable radii, by extending Widman’s hole-filling technique (see [22])
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to deal with the difficulties posed by the presence of second-order derivatives.
Once the information on the decay is available, an application of Morrey’s
characterization of Holder continuity completes the proof.

The remainder of this article is organized as follows. In Section 2 we gather
preliminary material used in the paper, including a discussion on the existence
and uniqueness of minimizers for (1). The proof of Theorem 1 is the subject
of Section 3.

2. Preliminaries

In the sequel, we state our problem rigorously, recall preliminary ingredients
and comment on the existence and uniqueness of minimizers.

Let B; C R? denote the unit ball in R? and fix g € W2%(B;). Set A =

W24(Q) N ng’d(Q), where
W(By) = {u e WY(B)|u—ge Wol’d(Bl)} |
Let I : A — R be defined as
I(w) :/ | D*w|? dz.
By
We consider the problem of finding u € A such that
I(u) = min I (w). (5)

weA

We notice the first compactly supported variation of the functional I(w)
yields the fourth-order Euler-Lagrange equation

5'2
(\DQU\d_2rg> =0 in B (6)
The weak form of (6) is given by
; |D*u|"2D*u: D*pdz =0 Vo e CX(B)), (7)
where, for matrices A := (ai7j);{j:1 and B := (bi7j)?,j:1’ the operation A : B
tands fi
stands for ;
A:B:= Z ai,jbm.
ij=1

Compare (6) and (7) with the fourth-order model studied in [6].
We proceed by recalling a preliminary result used further in the paper.
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Lemma 1. Fiz Ry > 0 and let ¢ : [0, Ry] — [0,00) be a non-decreasing
function. Suppose there exist constants Ci,a, 3 > 0, and Co,u > 0, with
B < «, satisfying

r

o(r) < G4 [(R

for every 0 < r < R < Ry. Then, for every o < B, there exists py =
to(Ch, o, B, 0) such that, if p < g, for every 0 <r < R < Ry, we have

r\° ”
o) < Cy(5) (9(R) + CuF7),
where Cy = C3(Cy, a, B,0) > 0. Moreover,
QS(T’) S C4TU7
where 04 = 04(02, 03, Ro, ¢(R0), O').

)"+ u]o(r) + G,

For the proof of Lemma 1, we refer the reader to |7, Lemma 2|. The next
lemma is instrumental in studying Holder regularity.

Lemma 2. Fiz Ry > 0 and let ¢ : (0, Ry] — [0,00) be a non-decreasing
function such that for every R € [0, Ry] we have

¢(TR) < yo(R) + o (R)

where o : (0, Ry] — [0,00) is also non-decreasing, v > 0 and 7 € (0,1). Then
for every € (0,1) and every R < Ry we have

é(R) < C KR£> a &(Ro) + o (R“Ré_“)]

0

where C' = C(v,7) and o = a7y, T, p) are positive constants.

For a proof of Lemma 2, we refer the reader to [11, Theorem 8.23|. We also
recall the following characterization of Holder continuity.

Proposition 1 (Morrey’s characterization of Hélder continuity). Let w €
Wh4(By). Suppose that there exist constants C, 3 > 0 such that

/ |Dw|®dz < Cr”
By ()

8
for every Ba.(xg) C By. Then w € C’loo’cd (B1).
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For a proof of the previous proposition, we refer the reader to [11, Theorem

7.19]. The next proposition is a key tool for estimating lower-order derivatives
|1, Theorem 5.2].

Proposition 2. Let Q C R? be an open set satisfying the cone condition, and
u € W*P(Q), k € N. Then, for every ey > 0, there exists C > 0, depending
only on d, k,p,ey and the dimensions of the cone, such that if ¢ € (0,&0) and
j€{0,...,k}, then

|D7ull i) < € (108l gy + 4 P ulzoiey)

We close this section with a discussion on the existence and uniqueness of
minimizers for the functional in (5).

Proposition 3. There exists a unique minimizer for problem (5).
Proof: Let (um),,cny € A be a minimizing sequence for I, i.e.,

lim I(u,,) = minI(w).
iy T(m) = ()

Because (I(tm)),,cy converges, it follows that
HD2umHLd(Bl) < C, VYm € N,

for some C' > 0. It follows from standard Sobolev embedding results and
Proposition 2 that

lwmllzagpy) < ClID*um| pas,) < €'
and

1
1Dty < € (1Dl + Homlrn ) < €

Hence, (u),,ep i bounded in W24(By). As a consequence, there exists u, €
W24(By) such that
Uy — Uy i WI(BY). (8)

Since A is convex and closed, from Mazur’s Theorem, it follows that A is
weakly closed, and hence from (8) it follows that u,, € A.

Since I is convex and continuous in W24(B), it is weakly sequentially lower
semi-continuous. Hence

Ius) < lim () = min I(w).

m—00 eA

The uniqueness follows from the strict convexity of I.
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3. Holder continuity of the gradient

This section details the proof of Theorem 1. We start with a technicality
playing an essential role in the sequel. Let o € By and R > 0 be such that
Bop = B($0,2R) € Bj. Define n: B; — R as

Cyexp (%) in  Bop
77(56) — n |x—xo|?—4R .
0 in  B;\ Bag,

where the constant C, > 0 is chosen to ensure that n has unit mass. Let us
show that there exists C' > 0 such that

D 2
| 77| SC in BQR.
u
Fori=1,...,d, and for x € By we have

@(aj) _ 07)2($i — SIZOZ') ox ( 1 )
Oz (| — zo|2 — 4R2)? P |z — xo|? —4R?% )

Hence
2 a2
Wl (| — xo|> — 4R2?) lx — xo]? — 4R
where the last inequality holds since the exponential decreases faster than the
polynomial.

Proof of Theorem 1: For ease of clarity, we split the proof into four steps.

Step 1 - Let 29 € By and R > 0 be such that Byp := B(x¢,2R) € By. Define
¢ € CF(Bar) by
1 in Bp
((r) = Z(ﬂf) in  Bspg/ \ Br
n(z) in  Bog \ Bsr/2,

where ( is a smooth gluing connecting the functions in Bp and Byg \ Bsg/o.
Notice that ( is such that

D 2
0<(¢<1, (=1 inBp, %SC in By,

for some constant C' > 0. Set

M = max {|| D¢|| 1 (Byn)> 1D*Cll LB } -
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Define v := (% (u — (u)p,,\ By ), Where

1
(B = BN Bl Sy
We have
Ve, = dC (u = (W) gy a) Con + Ml
and

U.Z‘Z'.%‘j :d(d - 1)gd_2 (u - (U)BQR\BR) ijgxl + dCd_luij.%‘i
+ dcd_l (u - (U)BQR\BR) CIﬂj
+ dCdiluxz‘ij + Cdua:ixj-

Step 2 - Testing the weak form of the Euler-Lagrange equation (6) against
the function v, we get

¢ D*u|?2 D%y : D*udx

By
== d(d=1) [ ¢ (u= (@) D2 DR: (DC@ DO do
—2d /B ¢ D*u|"?D*u : (Du® D¢) dx
— d/B ¢ (u— (u) pyp\By) |D?u|*2D%u : D¢ da.
Hence
§d|D2u|ddx SC/ ¢4-2 |u — (u)BQR\BR‘ \DQU\d*1|DC\2dx
Bor Bar

+C [ ¢ D" Dul| D] da
Bsr

+c/“<*wu—wmw@MD%WﬂD%Mx
Bor

=1L+ L+ I
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In what follows, we estimate each of the summands I, Is and I3. To estimate
I;, we resort to the Holder and Poincaré-Wirtinger inequalities to obtain

h=C [ ¢ (w0 DC o
Bsr

:0/ ¢d-t (v — (W) B,\55) | D>u| ¢ DC)? da

Bogr

SO( Cd\DQU\dda:> ( yu—(u)Bm\BRydg—d\Dg\?ddx>
Bor

§C< gd\D2u\ddx> ‘u — (u)BQR\BR‘d dx)
Bog BQR\BR

i
§C’( (d\DQUIddx> (/ \Du|ddaz) .
BQR BQR\BR

To examine I, we apply Holder’s inequality to get

=C | ("MD" Dul| D] da
Bar

1-1 1
gc( (d\DQU\ddx) (/ \Du\d|Dg|ddx>
Bor Bagr

1-1 1
g0M< Cd\DQu\ddx> (/ |Du|ddzzs> .
Bsp Bar\Br

Finally, to estimate I3, we apply once again Holder and Poincaré-Wirtinger
inequalities to conclude that

Iy =C ; ¢~ (W) g\, D%l D] da
2R

1-1 1
d
§C’< Cd]DQUIddx) (/ ’u—(u)Bw\BR’ \DQC]dd:U>
Bsgr Bagr

=4 a
SC’M( Cd|D2u|ddx) </ |u — (u)BQR\BR‘d d:z:)
Bsp Byr\Br

( / \Du\ddx> :
Bar\Br

=

1—
SCM( Cd|D2u|ddx>

Bagr
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Combining the above estimates and recalling that ( = 1 in Bg, we get

/ |D*u|?dz < C | Du|? dz. (9)
Br Bor\Br

Add the quantity

C/ | D*u|? dx
Br

to both sides of (9) to obtain
/ D2l dz < 7(/ D2 dz +/ |Du|dd:c>, (10)
Br Baor Bog

C
1+C

with

v = € (0,1).

Step 3 - Define
»(R) = / |D*u|"dz and  o(R) :/ | Du|? dz,
BR BR

and notice that both ¢ and ¢ are non-decreasing functions. We re-write (10)
as

»(R) < ’y(gb(ZR) + 0(2R)).

Up to relabeling, the last inequality can be written as
¢(27'R) <yo(R) + o(R).

By applying Lemma 2, we conclude that, for every u € (0,1), there exist
C=C(y)>0and 8= B(v,u) € (0,1) such that

o(r) < C [(%)%}(R) +o(r" R . (11)
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Let us consider i(r”Rl_“). By combining Proposition 2 and the embedding
W?24(By) — C(By), one gets

J

| Du|? dx §/ | Du|® dz
Br

<C (/ |D2u|ddx+/ |u|dda:)
BR BR
<C (/BR |D?u|? dz + RdHquLoo(Bl))

<C (¢(R) + RY). (12)

Let 8 € (0, 8); in particular, 5 < d. Combining (11) with (12), up to relabeling
the constants, we have

rbR1—H

r\?
< — 'R”.
o(r) < C [(R) +1] 6(R) + C'R
From Lemma 1, it follows that

o(r) < CrP.
Step 4 - To complete the proof, we define w; := u,,, 2 =1,...,d. Clearly,

/ | Dw;|%dz < / |D*u|%dx < Orf,  Vr e (0,R].
B,

From Morrey’s characterization of Holder continuity (see Proposition 1), we
conclude

Uy, € CON(By), i=1,....d,

loc

for a:= g/d € (0,1), and the result follows.
m

Remark 1. We note that the proof of Theorem 1 can be extended to minimizers
of functionals I : A — R of the type

T(w) = / F (D*w)]” de.,
By
where F: R 5 R satisfies

AIM| < F(M) < AM],
DF(M): M >Cy|M| and  |DF(M)| < Cs,
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for every M € S(d), and some fized constants 0 < X < A and Cy,Cy >

0.

Under these assumptions, the proof of Theorem 1 can be retraced in a

completely analogous way. An example of such F is given by

F(x, M) = a(x)|M],

where a € C*(B1)NL>®(By) satisfiesa > 6 > 0 in By, for some fived constant
6> 0.
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