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ABSTRACT: In his monograph [Classical and quantum orthogonal polynomials in
one variable, Cambridge University Press, 2005], Ismail conjectured that certain
structure relations involving the Askey-Wilson operator characterize proper subsets
of the set of all classical polynomials consisting in Askey-Wilson polynomials and
limiting cases of them. In this paper we give two characterization theorems for
semiclassical (and classical) polynomials in consonance with the pioneering works
by Maroni [Ann. Mat. Pura. Appl. (1987)] and Bonan, Lubinsky, and Nevai
[STAM J. Math. Anal. 18 (1987)] for the standard derivative. As an application, we
present a sequence of semiclassical polynomials of class two that disproves Ismail’s
conjectures. Further results are presented for Hahn’s operator.
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1. Introduction

In the first line of his monumental work entitled “Une théorie algébrique
des polynomes orthogonauzx. Applications aux polynomes orthogonaux semi-
classiques” (see [21]), Maroni referred to Shohat as “I’inventeur des polynémes
semi-classiques”, a term that was coined in 1984 by Hendriksen and van
Rossum during the Laguerre Symposium held at Bar-le-Duc, whose main
speaker was Dieudonné. However, it was at the hands of Maroni that semi-
classical polynomials have become such a highly developed topic, although,
as he himself points out, these sequences of orthogonal polynomials (OP)
have always been present in certain structure relations which are as old as
the history of orthogonality itself. Let us recall one of the best known prob-
lems in this regard. According to Al-Salam and Chihara (see [2, p. 69]),
Askey raised the question of characterizing OP, (P, ),>o, satisfying

N
6P, = > a;Pu;  (ca; €C; M,N €N), (1)
=M

¢ being a polynomial which does not depend on n. In [2] it was proved that
the only OP that satisfy (1) for M = N = 1 are the old classical polynomials
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or D = ' classical polynomials, i.e., Jacobi, Bessel, Hermite, and Laguerre
polynomials. However, for arbitrary values of M and N, there are nonclas-
sical OP for which (1) holds. For instance, in 1984, Koornwinder considered
(see [16]) OP satisfying (1) whose orthogonality measure is a linear combi-
nation of the Jacobi measure and two mass points at —1 and 1. In 1985 (see
[20, Theorem 3.1] and [18, Theorem 3.1]), Maroni, in his prolegomena to the
study of semiclassical polynomials, answers Askey’s question by character-
izing semiclassial OP* (see also [19]). In the same year, Bonan, Lubinsky,
and Nevai solved the problem using analytic methods in the framework of
orthogonality in the positive definite sense (see [5, Theorem 1.1]). Although
much has been written about this, there are still outstanding problems that
remain open. For instance, we may rewrite Askey’s question by changing the
standard derivative by the Askey-Wilson operator. Recall that usually the
Askey-Wilson divided difference operator D, : P — P is defined by

f(q1/26i9) _ f(q*me”) (2)
é(q1/26i3) _ é(q—1/2ei9) ’

D, f(x) -

where f(e) = f(cos ) for each polynomial f, e(x) = x, and 6 is not neces-
sarily a real number (see [13, Section 12.1]). Here and subsequently, 0 < ¢ < 1
is assumed fixed. (P denotes the vector space of all polynomials with complex
coefficients.) Taking e = ¢* in (2), D, reads

fla(s +1/2)) — f(x(s —1/2))
r(s+1/2) —x(s—1/2)

with 2(s) = (¢°+¢*)/2. What is expected by most of the people working on
the subject, in contradiction with the case of the standard derivative operator
D, is that the answer to this and other related questions be proper subsets of
all classical polynomials consisting in Askey-Wilson polynomials and limiting
cases of them. Recall that the Askey-Wilson polynomials (see [15, Section
14.1])

Dy f(x(s)) =

pn(z5a,b,c,d|q) =a™" (ab, ac, ad; q),

% 4 q ", abcbdg™ !, ae, ae=
s ab, ac, ad

).

*According to Maroni (see [21, Definition 7.1]), the classical polynomials are semiclassical of class
0. However, subsequently, when we refer to semiclassical polynomials, we exclude the classical ones.



EPILEGOMENA TO THE STUDY OF SEMICLASSICAL POLYNOMIALS 3

where x = cos 0, are the g-analogues of the Wilson polynomials. ( If we take
a = ¢tV p = ¢gl/2e34 = _q and d = —b, we get the continuous
g-Jacobi polynomials. If we take ¢ = d = 0, we get the Al-Salam-Chihara
polynomials.) In this sense, there are in the literature two well-known con-
jectures posed by Ismail (see [13, Conjecture 24.7.8] and [13, Conjecture
24.7.9]).

CONJECTURE 1.1. Let (P,),>0 be a sequence of orthogonal polynomials and
let ¢ be a polynomial which does not depend on n. If
1
¢Dy P, = Z A, j P (an,j € C), (3)
j=—1
then P, is a multiple of the continuous q-Jacobi polynomials or Al-Salam-
Chihara polynomaials, or special or limiting cases of them. The same conclu-
sion holds if
N
¢$Dy Py = Y Py (an; €C; M,N €N), (4)
j=—M

CONJECTURE 1.2. Let (P,)n>0 be a sequence of orthogonal polynomials and
¢ be a polynomial of degree at most 4. Then (P,),>o satisfies

N
¢DyPy= Y anjPurj  (a; € C; M,N €N), (5)
=M

if and only if P, is a multiple of p,(x;a,b,c,d|q) for some for some param-
eters a,b,c,d.

In [1], Al-Salam proved Conjecture 1.1 for @) = 1 by characterizing the con-
tinuous g-Hermite polynomials (see [15, Section 14.26]). In [8], we prove that
the Al-Salam Chihara polynomials (see [15, Section 14.26]), with nonzero pa-
rameters ¢ and b such that a/b = ¢*'/2, are the only OP satisfying (3) for
deg ) = 1. We also prove that the Chebyschev polynomials of the first kind
and the continuous g-Jacobi polynomials (see [15, Section 14.10]) are the
only ones satisfying (3) for deg Q = 2. Moreover, in [6, Proposition 2.1] we
prove that the continuous dual ¢g-Hahn polynomials (see [15, Section 14.3]),
with parameters ¢ = 1, b = —1, ¢ = ¢"/*, and ¢ replaced by ¢'/2, satisfy
(4) with M = 2 and N = 1, which disproves the second part of Conjec-
ture 1.1. On the other hand, Conjecture 1.2 is claimed to be solved in [14],
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but the authors only proved, partially, the case M = 2 and N = 2, and
so this question is still open in its full generality . Recently we noted that
above conjectures are related with the theory of semiclassical polynomials.
In Section 3, we characterize semiclassical (and classical) polynomials from
the structure relation (4), in consonance with the works by Maroni [18] and
Bonan, Lubinsky, and Nevai [5] for the standard derivative, re-establishing
in this context the perfect “symmetry” between the standard derivative and
the Askey-Wilson operator. As an application of these results, in Section 4,
we present an example of semiclassical polynomial that disproves Conjecture
1.1. In Section 4 we also show that the OP that disproves Conjecture 1.1 also
disproves Conjecture 1.2. Finally, in Section 5, we explore our ideas when
instead of the Askey-Wilson operator we consider the Hahn operator, which
is related with the structure relation of another conjecture posed by Ismail
(see [13, Conjecture 24.7.7]), but first some preliminary definitions and basic
results are needed.

2. Preliminary results

Let P* be the set of all linear forms on P and let P,, be the subspace of
P of all polynomials with degree less than or equal to n. Set P_; = {0}. A
free system in P is a sequence (Q,,),>0 such that Q,, € P, \ P,_1 for each n.
A free system (P,),>o is called OP with respect to u € P* if

(u, P,Py) = hpopm (m=0,1,...; h, € C\ {0}),

(u, f) being the action of u on f. u is called regular if there exists an OP
with respect to it. Recall that a (monic) OP, (P,),>0, satisfies the following
recurrence relation:

2P, (z) = Pyri(z) + B, P (z) + CpPy1 () (B, € C, Cpsq € C\ {0}),

(6)

with initial conditions P_; = 0 and F, = 1. Hence it follows that
(u, 2P} (x)) (u, P7)

(u, P(x)) (w, P7 )
(Of course, there is no loss of generality in assuming Cy = 0.) Since the ele-
ments of P* are completely determined by its action on a system of generators

Bn: Cn:

Tt is worth pointing out that the main result of [14] is a particular case of a direct consequence
of Sonine-Hahn’s theorem for the Askey-Wilson operator (see remark after [7, Theorem 1.2]).
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of P, we say that u = v if and only if
u, = (u,z") = (v,z")

for all n € N. In the set P*, addition and multiplications by scalars can be
defined by

<u tv, $n> = <11, $n> + <V7 xn> )
(cu, 2"y = ¢ (u, ") (c e C),

for all n € N. P*, endowed with these operations, is a vector space over P.
In P*, the identity for the additivity is denoted by O and called the zero.
The zero is therefore defined by the relation (0,2") = 0 for all n € N. Note
that fu=gu=0 (f,¢g € P) if and only if u = 0. The left multiplication of
u by f € P, denoted by fu:P — P, is the form defined by

(fu,2") = (u, fz"),

for all n € N. The division of u by a polynomial, denoted by (z — ¢)tu :
P — P, is the form defined by

<($_C)_1U,f> = <H,M> (ceC; feP).

r—c
Define also 6.: P — C by é.f(z) = f(c). We check at once that
(z—c)((z —¢) 'u) = u, (z—c) ' ((z = c)u) =u —ugyd,.

P may be endowed with an appropriate strict inductive limit topology
such that the algebraic and the topological dual spaces of P coincide (see
[24, Chapter 13]), that is,

P =P (7)

Given a free system (Q,,),>0, the corresponding dual basis is a sequence of
linear forms a,, : P — C such that

<ana Qm> = 5n,ma
and so, for an OP (P,),>0, &, is explicitly given by

Py
(an, P7)

a, = u.
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In the sense of the weak dual topology, it would be easy to explicitly build
bases in dual space. Indeed,

u=3"(wQ)a; (weP)

=0

this will be essential in the sequel. For more details we refer the reader to
[21] (see also [10]).

The Askey-Wilson average operator S, : P — P is defined by (see [13, p.
301))

S, (x(s)) = f(x(s + 1/2)) —;—f(x(s — 1/2)).

for every polynomial f. It is easy to see that D, z" = v,2" ! + (lower degree
terms) and S, 2" = a,,2" + (lower degree terms) for all n € N, where we have
set

qn/2 4+ q—n/2 B qn/2 _ q—n/2

Set 71 = —1l and a_; = a. For every u € P* and f € P, D, : P* — P* and
S, : P* — P* are defined by transposition:

(Dgu, ) = —(u, D, f), (Squ, f) = (u, S, f).

The next definition extends the definition of classical linear forms given by
Geronimus [12] and Maroni (see [22, Proposition 2.1]).

DEFINITION 2.1. [9, Definition 3.1] u € P* is called D,-classical if it is
reqular and there exist ¢ € Py \ P_1 and » € Py \ P_1 such that

D,(¢u) = Sy(¢u). (9)
(We will call it simply classical when no confusion can arise.)

Observe that (9) condenses all the information of a sequence of classical
polynomials in the first three non-constant polynomials of said sequence. The
next theorem gives tractable necessary and sufficient conditions for the exis-
tence of solutions of (9), characterizing the linear form u and, in particular,
solving the question of the existence of classical OP.
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THEOREM 2.1. [9, Theorem 4.1] Suppose that u € P* satisfies (9) with
¢(x) = ax® + bxr + ¢ and Y(x) = dr + e. Then u is reqular if and only

if
dy, 0, ¢ (——) # 0,

for alln € N, where d,, = av, +day,, e, = by, +ea,, a, and vy, being defined
by (8), and

o (x) =(d(0® — 1)yan + acay) (2” — 1/2)
(b +ela? — D)o+ +af2.

OP with respect to (D,-)classical linear forms are called (D,-)classical poly-
nomials. Unlike when dealing with the standard derivative, in the case of

Definition 2.1 it is still an open problem to describe the solutions of (9) (see
[10, Theorem 3.2]).

THEOREM 2.2. [13, Theorem 20.1.3] The equation
f(@)Dgy + 9(x)8,Dyy + h(x)y = My (10)

has a polynomial solution P, € P, \ Pn_1 if and only if P, is a multiple of
pn(z;a,b,c,d|q) for some parameters a, b, ¢, d including limiting cases as one
or more of the parameters tends to co. In all these cases f, g, h, and A\,
reduce to

f(x) = —q_1/2(2(1 4+ 04)2” — (01 + 03)r — 1 + 09 — 0y),

g(z) = %q@(m ~rto -0y, hlx) =0,
49(1 — ¢ ™) (1 — oug™ ™)
(1—q)? ’

or a spectal or limiting case of it, o; being the jth elementary symmetric
function of the Askey-Wilson parameters.

Ap =

Let us recall some useful operations.
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LEMMA 2.1. [9, Lemma 2.1] Let f,g € P and u € P*. Then the following
hold:

DQ<f9> = (qu) (ng) + (Sqf) (Dq9)7 (11)
Si(f9) = (Dyf )(Deg) Vs + (S,f ) (Se9). (12)
fDyg =Dy ((Syf —a "D, f)g) — o™ Sy(gD,f), (13)
aD,(fu) = (aS,f — B/D,f)D,u + D, fS,u, (14)
aS,(fu) = (&’ — U)D,f Dyu+ (aS,f + UD,f)S,u, (15)
fDu=D,(S,f u) =S, (D,f u), (16)
fSu=8,(S,f u) — D, (LD,f u), (17)
aD!S,u = a,11S,Diu+ 1, 0D"'u  (n€N), (18)

where U (z) = (a* — 1)z and Uy(z) = (o — 1)(2* — 1).
The following result clarifies which are the D,-classical polynomials.

PROPOSITION 2.1. The D,-classical sequences of orthogonal polynomials are
the sequences of Askey-Wilson polynomials (p,(x;a,b,c,d|q))>, for some
parameters a, b, ¢, d including limiting cases as one or more of the parameters
tends to 0.

Proof: This follows from Theorem 2.2, after showing the equivalence between
(9) and (10) with A = 0 (see [11, Theorem 5]). (The interested reader can
also prove this easily following the proof of [22, Proposition 2.8].) n

From Definition 2.1 we introduce D ,-semiclassical linear forms in a natural
way (see, for instance, [22, Section 3]).

DEFINITION 2.2. We call a linear form, in P*, D,-semiclassical if it is reg-
ular, not Dy-classical, and there exist two polynomials ¢ and v with at least
one of them nonzero, such that (9) holds. (We will call it simply semiclassical
when no confusion can arise.)

Under the conditions of Definition 2.2, necessarily both ¢ and v are not
zero and deg1) > 1. The class of u is the positive integer

s = min max{deg¢ — 2,degy — 1},
in, {deg o gy — 1}
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where Py is the set of all pairs (¢,1) of nonzero polynomials such that (9)
holds. (Note that when s = 0 we have the classical linear forms.) The
pair (¢, 1) € Py where the class of u is attained is unique up to a constant
factor. OP with respect to a (D,-)semiclassical form of class s are called a
(D,-)semiclassical polynomials of class s.

We end this section with the following definition.

DEFINITION 2.3. We call a pair of polynomials (¢,v), ¢(x) = a,a? + (lower
degree terms) and Y (x) = byx? 4 (lower degree terms) (p € N,q € N\ {0}),
admissible if p — 1 # q or a,yn, + by a1 # 0 whenever p — 1 = q.

REMARK 2.1. We emphasize that from the point of view of 9], in this paper
we are working with the particular lattice x(s) = (¢~* 4+ q°) /2. If we consider
the lattice x(s) = ¢, in the notation of (9], we have a,—1 = 1 and v, = n,
and so Definition 2.3 reduces the admissibility condition for the standard
derivative (see [21, p. 119] and [23, p. 46]).

3. Characterization theorems

The next theorem characterize D,-classical and D, -semiclassical polynomi-
als from the structure relation (4).

THEOREM 3.1. Let u € P’ be reqular and let (P,),>o denote the corresponding
sequence of orthogonal polynomuals. The following conditions are equivalent:

i) There exist three nonzero polynomials, ¢, ¥ and p, (¢, p) being an
admassible pair, such that

D,(¢u) = tu, S,(¢pu) = pu.
ii) There exist s € N, complex numbers (an’j)?zo, and a polynomial ¢
such that

n—+deg ¢—1
¢D, P, = Z an ;i P;, (19)

j=n—s
with ayp—s # 0 for alln > s.

Proof: i) = 1ii): Write p(x) = a, 2" 4+ (lower degree terms) and ¢ (x) =
bs z° + (lower degree terms) (r € N\ {0},p € N). Set d,, = a,a,—1 + bsYy.
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Clearly,
n-deg p—1
$DPr= > an;P;,
j=0
where

_ (woPD,P)
(u, P7)

n,j =

From (13) we get

(u, P?) an; = (w,¢PD,P,) = (¢u, PD,Fy)
= (¢u, D, ((S,P; — o 'U1D,P}) P,) — a 'S, (P, D,F)))
= —(D,(¢u), (S,F; — o~ WD, P;) P) — a~" (Sy(¢u), P, D, P;)
= —(u, (¢ (5,P; — o 'UyD,P;) + a ' pD,P;) P,) .

There is no loss of generality in assuming r — 1 < s. For r — 1 < s, we have

— <u, Pf> Ap,j = {

and for r — 1 = s, we get

oo |

Hence ay,,,—s # 0, for n > s and i) follows.
i1) = 1): Let (a,),>0 be the dual basis associated to (P, ),>0. Note that
i1) yields

Qg1 <u, Pg> , J=mn—s,

07 j<n—s.

dn—s<uap1g>7 j:TL—S,
0, ] <n-—s.

j+deg ¢p—1

(Dy(gan), Pj) = — (@, ¢DyP)) = — > aji(an, P)

l=j—s

—ajn, n—degp+1<j<n+s,
N 0, otherwise.
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Writing
o0
Cban = E Cban a])
j=0

in the sense of the weak dual topology in P’, and taking into account that
(u, P?)a, = P,u, we get

n+s

D,(¢Pou) = Ryigu, Ryio = — (u, P2) _din_p.
q jzn—dzegQS—H <u’ P12> !

(Note that R, is a polynomial of degree n + s.) Taking n =0 and n =1
in the above expression, we have

D,(¢u) = R,u, (20)
Dq(¢P1u) = Rs+1u- (21)
From (21), and using (14) and (20), we obtain
aRsiu=aDy(¢pPu) = (oquPl — UquPl)Dq(gbu) + D, PiS,(¢u)

= (x — aBy)Rsu + Sy(ou).
Hence
Sq(pu) = (aRyi1 — (z — aBy)R,)u. (22)

Note that aRs11 — (x — aBy)Rs # 0. To obtain a contradiction, suppose
that the last assertion is false. Consequently, pu = 0 with ¢ # 0 and u
regular, which is impossible. We claim that (RS, aRs — (x — aBO)RS) is
an admissible pair. According to Definition 2.3, this is equivalent to showing
that d, = a,a,,_1 + bsy, # 0, where

_ (wr) _ (w PP
ay = <u P2> as.0, bs - _a’mas—&—l,l — Q.

For deg («Rs11— (x —aBy)Rs) < s+1, we have by = 0, and so d,, = a,a,_1 #
0. Assume deg (aRs11—(z—aBy)Rs) = s+1. (Note that in this case bs # 0.)
We now claim
n+deg ¢
ngan = Z Zin,jpjp 5n,n—s—1 = _aan,n—scn—s + an—l,n—s—lcm (23)

Jj=n—s—1
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where we have assumed that (P, ),>o satisfies (6). Indeed, apply ¢D, to (6)
to obtain

o(x)S,Py(z) = ¢(z) (—axDyPy(x) + DyPria(x)
+B,D,P,(x) + C,D,P,_:1(x))

n+deg ¢p—1 n+deg ¢
= —QOX Z aij(:L‘) + Z Cln_|_1’jpj(33)
j=n—s j=n—s+1
n+deg ¢p—1 n—+deg ¢—2
+ Bn Z an’ij(x) + Cn Z an_l,ij(x),
j=n—s j=n—s—1

and (23) follows by using (6). We also claim that

App—s = (qu"/Q + kgq_”/2> ﬁ Cj, n > s. (24)

Jj=n—s+1

2ipp-s—1 = —(q"* = ¢'/?) (qu”/2 - qu‘”/z) I1 ¢ n=s+1,
j=n—s

(25)

where k) and &y are complex numbers. Indeed, apply ¢S, to (6) and use (12)
to obtain

Us(2)d(2) Dy Pr(z) + axp(x)S, P ()
= ¢(2)S;Prs1(z) + Bpo(2)S, Po(x) + Crop(2)S P11 ().
Combining (19), (23) and (6), we obtain

n—+deg ¢+1

Z Tn,jpj = 0.

Jj=n—s—2

Since (P,)n>0 is a free system, we have r, ; = 0 for all j. By identifying the
coefficient of P,_4_o, we find

2 ~ ~
0= Tnn—s—2 = (04 - 1)an,n—an—an—s—1 + @an,n—s—lcn—s—l - an—l,n—s—QCn-



EPILEGOMENA TO THE STUDY OF SEMICLASSICAL POLYNOMIALS 13

Using the expression of a,,_s—1 given in (23), we get the following second
order linear homogeneous equation:

y(n) = 2ay(n — 1) + y(n — 2) =0, (26)
where
(TL) . Ay n—s n>s
y - n ) - .
Hj:nfs+1 C]

Note that ¢'/? and ¢~ !/? are the solutions of the characteristic equation of
(26) and, therefore, we find

y(n) = kiq"* + kog "2,

and (24) follows. Moreover, from the expression of a,,_s—1 given in (23),
(25) follows. Finally, using (24) and (25), we obtain

u, P? u, P?) _
- <<11 P02>>as,004nl + <<urf20>>as+l,0fyn

s+1
P2 _
= % (_a57005+1gn—1 + as+1,07n)

d, =

1
_ _5 (204n1(/€1q5/2 4+ qu—s/Q) + <qn/2 . q—n/2>(k1q(s+1)/2 o k_Qq—(s—H)/Q))

_ _a(qu(n+s)/2 + k2q7(n+s)/2)
n-+s

-1
j=1

and so (R, aRs1 — (x —aBy) R;) is an admissible pair. Thus, 7) follows from
(20) and (22), and the theorem is proved. _

REMARK 3.1. A regular linear form u satisfying Theorem 3.1 i) is classical
or semiclassical. Indeed, using (18) and (16) we get

D,(pu) = D S,(¢u) = (o — a” 1)S;Dy(¢u) + o 1D} (¢u)
= (o —a 1S, (vu) + o 'u;D,(Yu)
= (a —a™)S,(yu) + o™ (aDy(hipu) — (o — 1)S,(¢u))
= aS,(yYu) + D, (U1yu).
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Thus Dy((p — Uib)u) = aS,(¢u) as claimed. Theorem 3.1 is the analogue
of [18, Theorem 3.1] (see also [21]), from which a distributional version of [5,
Theorem 1.1] follows.

Although Theorem 3.1 could be very useful in many situations it is little
precise regarding the classical or semiclassical character of the linear form. In
the following theorem we will be more precise in this sense, but in counterpart
we lose the direct connection with the equation (9).

THEOREM 3.2. Letu € P’ be reqular and let (P,),>o denote the corresponding
sequence of orthogonal polynomials satisfying (6). Suppose that there exist a
nonnegative integer s, complex numbers (Gn,j)?:o; and a polynomial ¢ such
that
n—+deg ¢—1
¢Dan - Z an,jpja (27)
j=n—s

with ann,—s # 0 for all n > s. Then there exist ® € Psyy \ P_1 and ¥ €
Py \ P_1 such that

®D,u=VS,u, (28)

where ® and VY never have more than s — 1 common zeros. If ® and ¥ have
s —1 common zeros, then u is Dy-classical. Otherwise, u is D,-semiclassical
of class s — 1 — r, r being the number of common zeros of ® and V.

Proof: We can now proceed analogously to the proof of Theorem 3.1 to obtain

n+s
Dq(¢Pnu) = —Quis1, Qnys= <u, P73> Z <CLJ—’;2>P]
j=n—deg ¢+1 u, J

(Note that @, is a polynomial of degree n + s.) Taking n = 0 and n = 1,
in the above expression, we have

D,(¢u) = —Qsu, (29)
D,(¢Pu) = —Q,pu. (30)
Using (29) and (14), we have
Q1 ()u = aD, (Py(x)ow) = (z — aBo)Dy(éu) + S, (6u)

= —(z — aBy)Qs(x)u + Sy(gu),
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and so

(2 — aB)Qu(x) — aQui1 () = S,(u).
Applying D, to the above equation, and using (18), (29), and (16), we can
assert that

— aDy(((z — aBy)Qs(z) — aQsi1(z))u)
= —aD,S,(¢u) = —(20” — 1)S,D,(¢u) — U D; (¢u)
= (2a° — 1)S,(Qs(z)u) + U;D,(Qs(z)u)
= Sy (Qs(z)u) + aDy (U1Qs(z)u).

Therefore,
D, ((Qs11(x) — (o — By)Qy(2))u) = S,(Qs(w)u), (31)

and u is classical or semiclassical of class at most s — 1. Let us now rewrite
(31) in the form (28) to distinguish between cases. Using (14) and (15), (31)
becomes

(aS,Rss1 — UiDyRei1 + (U] — a’Us) D,Q5)Dyu
= (U1D,Qs + aS,Qs — DyRy11)S,u,
where Ry 1(7) = Qsi1(x) — (ar — By)Qs(z). Consequently, (28) follows with
® = aS,Rsy1 — U1D,Rey1 + (U] — ®Us)D,Qs, (32)
U =0,D,Qs + aS5,Qs — DyRs+1. (33)

Of course, ®(x) # 0 and V(z) # 0, otherwise u = 0, which contradicts
the regularity of u. Without restriction of generality, let us assume ®(z) =
(x — 1)¥(z). From (28), and using (16) and (17), we get

D,(1/2(az — 1)u) = S,u.
By Theorem 2.1, this leads to a contradiction with the regularity of u —
a = d = 0 in the notation of Theorem 2.1 and so d,, = 0 therein—, and the
first part of the theorem follows. Now suppose that ® = p,¢ and ¥ = p,1),

r < s where p, € P, ¢ € Ps_,11 and ¥ € P,_,. Hence (28) reduces to
¢ Dyu =1 S,u and, therefore, using (16) and (17), we have

D, ((S4¢ +U2Dy)u) = S, (S + Dyg) u).
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Since S,;¢ has degree at most s — r + 1, and S;1 and D,¢ have degree at
most s — r, u is classical whenever r = s — 1 or semiclassical of class at
most s — r — 1 whenever r < s — 1. Assume that (28) holds with ® and
U being coprime, i.e., » = 0. To obtain a contradiction, suppose that u is

semiclassical of class at most s — 2: there exists ¢ € Py and ¢ € Py_1 such
that (9) holds. Taking into account (14) and (15), (9) holds if and only if

d D,u= v S,u, (34)

where ® = aS,¢ — U1D,¢ + (U2 — a2Uy)Dy¢p and ¥ = aS,y) + Uy Dytp — Dyo.
Combining (28) with (34) yields

(V& — & T)D,u=0.

By the regularity of u, and the fact that ® and ¥ are coprime, & = a® and
U =a¥ (a € C\{0}), and so

Qs = a’¢7

which is impossible. Thus u is semiclassical of class s — 1. The same conclu-
sion can be drawn for r # 0 and the theorem is proved.
|

4. Counterexamples

As an application of a particular case of Theorem 3.2, we disprove Conjec-
ture 1.1 and Conjecture 1.2.

PROPOSITION 4.1. Let (P,),>0 be a sequence of orthogonal polynomials sat-
isfying (6) with
1
B, =0 C,==(1—(=1)"¢"?) (1 = (=1)"qg"1/%).
Then (P,)n>0 is Dy-semiclassical of class two and the corresponding linear
form satisfies (9) with
1

dx) = —g(1 - g ') (42" — (g +5)2” + ¢+ 1),

U(z) = (¢ — 1)g * z(42® — 3 — q).
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Proof: We claim that (P,),>o satisfies
San = o, P, + b,C,,_1P,_2, (35)
UQDan = anpn+1 +c, P11 + annfg, (36)
with
an = (a* = 1),

b = =5 (1= (=1"g"2) (1" = 1),

Cn = bn—l—lCn - anCn—l - (@2 - 1)’}%07” dn = (bn—lcn - anCn—l)On—Z-

Indeed, we prove this by induction on n. For n = 1, RHS of (35) gives
a1 Py () +b,CoP_1(x) = ax, while LHS gives S, P (x) = S, = awx. Similarly,
for n = 1, LHS of (36) gives UyD, P, = Uy, while RHS gives

CL1P2(ZC) + Clpo(l’) -+ dlpfl(l’) = CL1P2(ZC) +
= (& = 1)(z* = C1) + bCy
— 056100 — (Oé2 — 1)01

= (a* = 1)(2* = 1).

Assuming (35) and (36) hold, with % instead of n, for k = 1,2,...,n, we will
prove it for k =n+ 1. Apply S, to (6), and use (12), to obtain

Sy(Pri1(z) + CoPy1(2)) = Sy(xPy(x)) = Us(x)D, P, () + axS, P, (z).
From (36) for n and (35) for n — 1 and n, we get
SanH(x) — anPnH(fL') + CnPn—l(x) + ann—S(x) (37)

+ ax(a, Py () + b,C—1 Py —2())

- Cn(()‘n—lpn—l(x) + bn—lc’n—ZPn—B(x))-
Now using (6), (37) becomes
qun—i-l - (CLn + OéOén)Pn—l—l

+ (Cn + aanCn + abncn—l - @n—lcn)Pn—l
=+ (dn =+ @ann—ICn—Q - bn—ICnCn—2)Pn—3-
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The reader should convince himself that the following relations hold:
Qpy1 = Ap + QQy,
bp+1Cni1 = ¢y + aa,,Cy, + ab,Ch 1 — a1 0y,
0=d,+ ab,C,—1Cy—9 — b,_1C,C,_5.

This gives S, Pp+1 = apy1Pot1 + bp1C, Py—1, and (35) holds for n 4 1. Simi-
larly, apply UsD, to (6), and use (11), to obtain

U2(x)Dq(Pn+1(x) + Cnpnfl(x)) = UQ(l‘)Dq(l'Pn(I'))
= Us(2)(S,P(z) + axD,P,(x))
or, using (35) for n,

Us(2)DyPrs1(x) = Ug(2)S, Pr(x) + axUs(2) Dy Py () — CnUg(x)Dan_l(@S)

= Us (@) (anPu(z) + by,Cr1 Pyos(z)) + aaUs(x)Dy Py (2)
— CUs(2)Dy P11 ().
From (6) it follows that
UsP, = (0 = 1)(Py2 + (Cpi1 + Cp — )P, + C,C 1 P, s).
Combining the above equation with (36) for n — 1 and n, (38) becomes
UyDyPoi1 = ((&® = Doy, + aay) Poso
+ ((Oz2 — Dan(Cp + Cppg — 1) + (0 = 1)b,Cp_y + aa,Crrpq
+ ac, — an_lC’n) P,
+ ((0® = 1), CrCrt + (@ — 1)byCr1 (Cry + Crg — 1)
+ ae,Ch-1 + ad,, — cn_lCn) P,
+ (ad,Cpos — dy1Cy + (o = 1)b,Ci—1Cri—2Cry3) P_a.
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The reader again should convince himself that the following relations hold:
ane1 = (& — Doy, + aay,
cnp1 = (&2 — Dy, (Cp 4+ Cryy — 1) + (o — 1)b,Cr—1 + @, Cpiy
+ ac, — ay10y,
dpy1 = (a2 —1)a,CrCroy + (@ = 1)0,Cpr1(Cr—y + Cpp — 1)
+ ae,Ch_1 + ad,, — ¢,—1C,,,
0= ad,Cy 3 —dp 1Cy + (@ — 1)b,Cp,1Cp2Cy 3.
We thus get

UQDan—l—l - an+1pn+2 + Cn+1Pn + dn—i—lpn—Qa

as claimed. Observe from (36) that (P,),>o satisfies the hypotheses of The-
orem 3.2 with B,, = 0 and ¢ = Uy. Note also that

01:%(1_‘_(]1/2)7 Cazi(l—Q)(l—qm),
Cy = 11+ a)(1+) Ci= (1~ @)1~ "),
Under the notation of Theorem 3.2 and its proof, we get
Qs3(x) = é—llpl(x) + ﬁpg(x) = i(q —1)¢ 3 (42 =3 —q),  (39)
Qu(z) = é—Zpg(x) + 042‘; o) = %(q — D 28z — 827 +1— ¢),
Ra(#) = Qu(x) — aQs(x) = —éu ) (et — (g+5)P + g+ 1), (40)

Taking into account that S,z = ax, D,a? = 2aux,

S;2% = (20 — 1)a* + 1 —a?,
D,2* = (4o — Da* +1—a?, S;2° = a(4a® — 3)2* + 3a(1 — o)z,
D, = da(2a” — 1)2° + da(l — o)z,

Szt = (8a* —8a% + Dat + 2(1 — aH)(4a® — Da? + (1 — o?)?,
q
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from (32) and (33), we have

1

O(z) = ——(q — 1)%¢ ¥*(8gz* — 2(¢* + 4¢ + 1)2” + (¢ + 1)?),

16
1

U(z) = 7(¢"? — ¢ ") (4ga® — 3¢ — D).

4

Finally, since ® and ¥ are coprime, by Theorem 3.2, (31), (39) and (40), the
result follows.

REMARK 4.1. The structure relation (36) is of type (4) with ¢ = Uy, M = 3,
and N = 1. Consequently, the semiclassical polynomaials given in Proposition
4.1 disprove Conjecture 1.1.

COROLLARY 4.1. Assume the hypotheses and notation of Proposition 4.1.
Then (P,)n>0 satisfies

(@ = 1)2(a® — a)(1 — 2)D2Py(z) = — (0® = 1) 7uc1 Pasa(2) + d Po(a)

with

+ dn,QPn—Q (iL’) =+ dn,3Pn—4(w)
+ dn,4Pn—6 (I‘),

dp1 = ApCpt1 + Qp_10p — 2a(a2 — 1)(&% - 1)(Cpp1 +C,—1)
— 402 (e = 1)ay_10,Cy_1,

dn2 = pdypi1 + crep_1 + an_3d, — 2oz(oz2 — 1)(&% - 1)C,Cp1
— 402 (e = 1) ayy_10,Cp_1(Cp_y + Cpp_g — 1)
— 2a(a2 — 1)b,b,—2C,1C), 3,

dps = cpdy 1+ cp_3dy, — 4a*(@® — 1)y _16,C 10,20 3
—2a(a® — 1)buby2Cp1Cp3(Crig 4+ Cpy — 1),

dn,4 = _4Q2q_(n_3)/2CnCn—1 Cn—QCn—SCn—4Cn—5 .

(41)
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Proof: From the previous result, we apply UsD, to (36), and use (11), to get
UsS U D Py + UsDUsS, Dy Py = UsDy(an Pt + cn Py + dpPo3),
and since S;Us = a*Us + U} and D,Us = 2aU;, we use again (36) to obtain
(aUs 4 U3)U, D, P, + 2aU1Us8, Dy Py = aptni1Pos (42)

+ (@ncny1 + an-162) Py + (andpi1 + cacn1 + an_3d,) Py 2
+ (epndp—1 + dncn—3)Pyy + dpdy 3P, .

On the other hand, it is known from [9, Lemma 2.1] that

aS: P, = 8,(U1D,P,) + V2D, P, + aP, = o’ UyD. P, + aUi1 S, D, P, + ol

where the second equality holds thanks to (12). Now we apply S, to (35)
using again the same equation and the above equation in order to obtain

aUy(2) D2 P, () + Uy ()8, Dy Po() = (0, — 1)Py(2) + 200,15, Cri—1 Pr—a()
(43)

+ bnbn—2Cn—ICn—3Pn—4(x) .

Therefore, (41) holds by combining (42) with (43) in order to eliminate
S,D,P, and by using (6), with

dn,4 = dndnfS - 204(052 - 1)bnbnf20nflcn730nf40n75-

In addition, b, = 2C,¢"™Y/2 and d,, = (¢ — 1)¢~"/*C,,C,,_1C,,_3. Therefore
we obtain

5
dpa = — 4ol 32 H Ch—j # 0.
§=0
The result is then proved. |

REMARK 4.2. The structure relation (41) is of type (4) with ¢(x) = (a® —
1)?(2? — a®)(1 —2%), M = 6, and N = 2. Consequently, the semiclassical
polynomaals given in Proposition 4.1 disprove Conjecture 1.2.
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5. Further results: D, -semiclassical polynomials

Although this paper was originally intended to deal with the Askey-Wilson
operator, the ideas developed above allow working with other operators. The
results of this section are related to the structure relation that appears in
[13, Conjecture 24.7.7], and warn the reader of the existence of semiclassical
OP in such a problem. Recall that given complex numbers ¢ and w, Hahn’s
operator D, : P — P is defined by

flgz +w) — f(@)
(g—Dr+w

Y

Dy f(x) =
where we have fixed ¢ and w such that
L—dl+lwl#0,  gg{0U{¥"[1<j<n-LneN\{01}}.
(44)
For every u € P* and f € P, D,,, induces D, : P* — P* defined by

(Dgou, f) = —q (u, Dy, f),
where DZ,w = Dl/q,—w/q-

DEFINITION 5.1. [4, p. 487 u € P* is called D ,-classical if it is reqular
and there exist ¢ € Py \ P_1 and b € Py \ P_1 such that

D,, (pu) =vyu. (45)
(We will call it simply classical when no confusion can arise.)

DEFINITION 5.2. [4, p. 855] We call a linear form, in P*, D, -semiclassical
if it 1s reqular, not Dy -classical, and there exist two polynomials ¢ and v
with at least one of them nonzero, such that (45) holds. (We will call it
simply semiclassical when no confusion can arise.)

OP with respect to a (D,,-)semiclassical form of class s is called (D,-)
semiclassical of class s. Under the conditions of Definition 5.2, we define the
class of u as in Section 2. The next theorem is the analogue of Theorem 2.1.
Here we use the standard notation

q' —1
g—1"

[n]y =
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THEOREM 5.1. [3, Theorem 1.2] Suppose that u € P* satisfies (45) with
¢(x) = ax® + bx + ¢ and Y(x) = dz + e. Then u is reqular if and only if

4y £ 0, ¢(——) 40,

for alln € N, where d,, = d ¢"+aln|, and e, = eq" + (wd,, +b)[n],. Moreover,
(Py)n>o satisfies (6) with

[n]4en—1 B [n+ 1]4e,

B, = win|, +
Il dop—2 day,
q"[n+1],dp—1 ( en )
Chi1 = — — ).
! d2n—1d2n+l ¢ dQn

In this context we have also an analogue to Theorem 3.2 for semiclassical
polynomials of class one.

THEOREM 5.2. Let u € P’ be reqular and let (P,),>o denote the corresponding
sequence of orthogonal polynomials satisfying (6). Suppose that there exist
complex numbers ¢, (an)n>0, (bn)n>0 (bn #0), and (¢y)n>0 such that

(x — ¢)DyuPo(x) = apnPo(x) + (bpx + ) Py (). (46)
Then
Dy ol — ) = = E2(x = A)( = A,
where
A= S(By+ B+ S0, 4 1 ((Bo — B -y 401)1/2 .
2 2b5Cy 2 b2C

If g(w+qgc— M) (w+qe—A_) = =Cy /by, then u is Dy q-classical. More
precisely, (P,)n>o are the Al-Salam-Carlitz polynomials. Otherwise, u is a
D /g, —w/q-semiclassical of class one. Moreover, if

b2012 = (B() — C)(bQ(Bl — C)Cl — (BO — C)CQ), (47)
then
u=(z—c) 'v+6,.,

v being the linear form corresponding to the Al-Salam-Carlitz polynomials.
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Proof: As in the proof of Theorem 3.2, from (6) and (46) we get
D1/ —w/q((z — c)a,) = — q(a, + by)a,

- Q(CnJrl + bn+1Bn)an+1 —q bn+20n+1an+27

in the sense of the weak dual topology in P’; (a;,),>0 being the dual basis
associated to (P,),>o. Taking n = 0 in the above expression we have

D1 /g —w/q((x = Ou) = p(2)u, (48)
where ¢ is a polynomial of degree two given by

_4q
C1C

Taking n =0, n =1, and n = 2 in (46) we get

Y = ((CLO + bo)Clcg + (7“1 + blB())Cgpl + bgclpg).

ap + by =0, c1+bi1By= By —c,

By — ¢)(¢By — B
by— g+ 14 20 C)(QCO 1 w),
1

Hence Cop(z) = —qbo(z — Ay)(x — A_), and the first part of the theorem
follows. Assume that p(w 4+ qc) = 1. Recall that (see [3, (2.10)])

Dl/q,—w/q(fu) = Dl/q,—w/qfu =+ f ((:U - w)/Q) :Dl/q,—w/qu (f € P)
Using this identity, (48) becomes

(x — qc — w)Dl/q’_w/qu = q(p(x) — Du.

Since p(w + gc) = 1, © — qc — w and ¢g(p(x) — 1) have a common zero at
r = qc + w, and therefore there exists a polynomial of degree one, ()1, such
that ¢(p(x) — 1) = (x — g¢ — w)Q1(x), which gives

(2 = ge = w)((Dyjy, o) = Qu(w)u) =0,

and so

1
Di/g—w/qut = ( (r—r—s5—-w/(1—-q))u,

gl —1)rs
for some nonzero complex numbers r and s, i.e. Q(x) = 1/((¢g"t—1)rs)(z —
r—s—w/(l —q)). This last equation is of type (45) with ¢ = 1 and
Y(x)=1/(¢t = Drs)(z —r —s—w/(1 —q)). We claim that u is regular.
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Indeed, by Theorem 5.1, ¢ = 1, b =0, a = 0, d = 1/((g7' — 1)rs), and
e=—(r+s+w/(1—¢q))/((g7t —1)rs). Hence
do=q"/((qg"" = D)rs) 0,  ¢=1#0.
Moreover, by Theorem 5.1, we get

[n]g1en1 [n+1gren

d2n—2 d2n
=w/(1—q)+ (r+s)q",

Bn = —qilf,(.)[n]qfl +

¢ "n+1],1dp
Cn—H B d2n—1d2n—|—1 B TS(l ¢
and finally P,(x) = S”Uér/s)((x —w/(1—=2q))/s|q), where (U,E“)(. | q))n>0 are
the Al-Salam-Carlitz polynomial (see [15, Section 14.24]). Assume now that
o(w+ gc) # 1. Hence © —w — gc and ¢(x) — 1 are coprime. Using the same
argumentum ad absurdum as in Theorem 3.2, we see that u is a Dy, ./
semiclassical form of class one. Now, from (48), and using (47), we get

5 5 1/2
M=c¢, M=c—|(Bi—B -2 +40
boCh

Then (48) becomes

n+1)qn

b
Dynunlla = ) = (e — )z —c+ AV

_ B 2
where A = | By — By — ¢ °Cy ) 440y or, equivalently,
b C1
1
Dl = ) = (=l = 0)e = = s —w/(1 = ),

where r and s are nonzero complex numbers such that (¢ —1)rs = Cy/by and
r+s=c—w/(l—q)— AY2 Define v = (x — c)u. Hence

1
Dl/q,—w/qv = m(ﬂ? —r—-8— Cd/(l — Q))V
As above, by Theorem 5.1,

_ q _
d, = _1_1)m7éo, d=1#0.
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Moreover, also by Theorem 5.1, v is the linear form corresponding to the
Al-Salam-Carlitz polynomials, and the theorem follows. |

The next proposition gives an explicit example of semiclassical polynomials
of class one satisfying (46), which prevents the reader from making any con-
jectures related to classical polynomials when faced with a relation of type
(1) after changing the standard derivative by Hahn’s operator.

PROPOSITION 5.1. Fix w,q € C such that (44) hold. Fix a,b € C such that
—a # b, b+#0, a+ (—=1)"b— (a+b)g" #0,

for alln € N. Let (P,),>0 be a sequence of orthogonal polynomials satisfying
(6) with

T q’ a+b
Then (Pp)nzo is a D /q .y q-semiclassical of class one and its corresponding
linear form u € P’ satisfies

w
SAN(EAD

1 1 w \’
T (a+b)(g—1) <5 (:c—qu> +b_a+(a+b)q> *

Proof: We claim that (P,),>o satisfies (46) with
1 -1 n+1
= L, ay, = +(=1) b, by, = [n]y — an, ¢, = —cb,,.
l—gq (1—q)(a+b)
Indeed, the proof is by induction on n. For n = 1, LHS of (46) gives

(x —¢)DyuPri(z) =2 —c,

b=t =iy () )

C

while RHS gives
a1Py(z) + bi(x — ) Py(x) = (a1 + by)(z —¢) =z — ¢

Assuming (46) to hold, with k instead of n, for k = 1,2, ..., n, we will prove
it for k =n+ 1. Apply (z — ¢)D,,, to (6) to obtain

(2 — ¢)Dyu((z — ¢)Po(z)) = (x — ¢) Dy (Prs1(x) + CpPyi(z)).
Using the identity (see [3, (2.9)])
Dyu(f9) = 9(qr +w)Dyuf + fDywg ~ (f,9€P),
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we get
( — €) Dy Pri1(z) =q(x — ¢)*Dy o, Po(x) + (z — ¢) Py(x)
— (v — ¢)CyDywPu-1(x).

Now using successively (46), with k instead of n, for k =n and k =n — 1
and (6) it follows that

(# = €) Dy Pria(x) = q(z — c)(anPu(x) + bz — ) Poa () + (2 — ) P(2)

— (an-1Pn-1(x) + b1 (z — ) P2(2)) Gy,

= qan(Por(z) + Cp By (1))
+ gbn(z — ¢)(Pu() + Cp1Poa(2)) + (2 — ¢) Pa(2)
— (an-1Po1(x) + by1(z — ) P2(2)) Gy,

= qan, Poi1(7) + (qan — an-1)CrnPr1(2)
+ (14 gbn)(z — ) Po(2)
+ (q0nCr1 = by 1 Cp) (2 — ) Py a(2)

= Gy 1 Poar(2) + (1= @y + qlan + b)) — ) Pa(2)
+ (qbnCp1 — by—1Ch) (x — ) Py—a().

The reader should convince himself that the following relations hold: a,,_ 1 =
ani1, 1 —an_1 + q(a, + b,) = byi1, and ¢b,Cp,—1 — b, 1C,, = 0. Thus (46)
holds for n + 1, and our claim follows. Note also that

by =q+1, Ci=(a—b—(a+b)q)q, Cy = (a+b)(1 - ¢*)¢*.
Under the notation of Theorem 5.2, we get
A =c+(a—b—(a+b)g) ¢
and so
q(w + gc — Ap)(w + gc — A-)

_&

by’
because w + ¢ ¢ = ¢. Thus, from Theorem 5.2, the result follows. |

=(b—a+(a+0)q)q’ # (~b—a+(a+b)g)g =
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If we replace, in Theorem 3.1, the Askey-Wilson operator by the Hahn op-
erator, then S, becomes the identity, as in the case of the standard derivative,
and Theorem 3.1 7) reduces to D, ,(pu) = u. In this context, an analogue of
Theorem 3.1 appears in Smaili’s PhD thesis under the supervision of Maroni
(see [17, Theorem 1.1]).
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