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ABSTRACT: Simple closed formulas for endpoint geodesics on Gralmann manifolds
are presented. Besides realizing the shortest distance between two points, geodesics
are also essential tools to generate more sophisticated curves that solve higher order
interpolation problems on manifolds. This will be illustrated with the geometric de
Casteljau construction offering an excellent alternative to the variational approach
giving rise to Riemannian polynomials and splines.
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1. Introduction

The results in this paper were motivated by the difficulty in obtaining
explicit solutions of the Euler-Lagrange equations associated to certain vari-
ational problems on Riemannian manifolds. Geometric cubic polynomials
(also called Riemannian polynomials) appeared in this context as natural
generalizations of Euclidean cubic polynomials to the smooth manifold set-
ting. They are smooth curves required to minimize the intrinsic acceleration
among all curves on the manifold that join two given points with prescribed
velocities at those points. This problem, first formulated and studied in [19],
later caught a considerable amount of interest. Without being exhaustive,
we mention [8], [6], [24], and references therein. The Euler-Lagrange equa-
tions for the variational problem that gives rise to those curves are highly
nonlinear and only in some trivial examples can be solved explicitly. In spite
of great efforts, mainly made by Noakes and collaborators, to overcome such
difficulties, they are still the main drawback of the variational approach.

The classical de Casteljau algorithm [9] is a geometric construction to pro-
duce cubic Euclidean polynomials and splines based on successive linear in-
terpolation. As an alternative way to the variational approach to obtain
splines on manifolds, that construction has been generalized to Riemannian
manifolds in a very natural manner, simply replacing straight line segments
in Euclidean space by their corresponding length-minimizing curve segments,
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namely segments of geodesics; we refer for instance to [22], [7], [29], and [28].
Whereas in the Euclidean case the curves generated by this approach co-
incide with those obtained by the variational approach, the same does not
happen for non-flat spaces. In the more recent work [28], however, the au-
thors were able to make some adjustments in the de Casteljau construction
to obtain curves closer to the Riemannian polynomials. The main relevance
of our alternative approach is that it generates curves that can be expressed
in closed form as long as one has available simple explicit formulas for the
geodesic that joins two given points.

In this paper, we concentrate on interpolation on Grafimann manifolds (or
Grafimannians). These manifolds model the space of subspaces of a fixed
dimension within a larger vector space, and for that reason can be used
to represent and analyze e.g. subspaces defined by certain image features
in image processing. More generally, GrafSimannians find applications, for
instance, in computer vision tasks such as image and video analysis, object
recognition, and motion estimation. In medical imaging, Gralmannians are
used as well to capture and analyze deformations in anatomical structures.
See, for instance, [1] and [25] and references therein.

Our first objective is to find simple formulas for the geodesic in a Graliman-
nian that joins two given points. They will then be used to implement the de
Casteljau algorithm on these manifolds. An explicit formula that was derived
in [2] involves computing matrix exponentials and logarithms and is, for that
reason computationally expensive. Here we will present much simpler for-
mulas, where essentially only constant, linear and quadratic functions of the
given points are involved, together with some scalar trigonometric functions.

The organization of the paper is the following. After setting notations and
recalling the necessary background respectively in Sections 2 and 3, Section 4
starts with two different but diffeomorphic faithful matrix representations of
Graffmannians. It also includes results that are at least partially well-known,
however, a detailed description in text books is still missing. We therefore
present them for the reader’s convenience to make this paper sufficiently
self contained, and nevertheless refer to the unpublished lecture notes, [10]
and [30]. In Section 5 simple closed formulas for endpoint geodesics in the
Grafmannian Gr,, ;, are derived, first using rotations and then via reflections.
The formulas for projective space RP"~! 2 Gr,,; can be more easily obtained
from endpoint geodesic formulas for the unit sphere. So, such formulas are
derived first for the sphere in Section 6 and then applied to projective space
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in Section 7. Nevertheless, the presented formulas for Gr,,; specialize to
those of projective spaces by just setting k = 1, as well. Finally, in Section
8 we recall the de Casteljau algorithm for geodesically complete manifolds,
and write explicit expressions for cubic polynomials in the orthogonal group
O,, and in the Grafimannian Gr,, ; in order to compare them. Our last result
gives evidence that the representation of Gramannians by reflections is a
totally geodesic submanifold of the orthogonal group. In particular, this
means that the de Casteljau algorithm on O,, induces already the procedure
on Gr,; by restriction, if the input data was appropriately chosen.

2. Notations

Our notations are fairly standard. In this paper, Lie groups are denoted by
capital letters, G, H, K, etc., and are assumed to be subgroups of the general
linear group of real (n X n)-matrices GL,, i.e. linear Lie groups, exclusively
identified here by their defining matrix representations. When referring to
particular cases, we use their classical notation, as in the following list:

GL, := {X € R”" | det X # 0},
0, ={Xe€GL, | XX =1, det X € {£1}},
SO, :={X €0, | det X =1},
S(Or x 0, 1) :=={X € (0 x 0, 1) CO, | det X =1} C SO,,.

Real vector spaces are denoted by capital letters, e.g. V. If they are subspaces
of a given Lie algebra, say g, we also use fractured letters like p. A specific
subspace of R™" is in particular

Sym, ;= {X ¢ R"”" | X = X'} (2)
Correspondingly, the Lie theoretic operators ad and Ad are defined as usual.

I.e., for any element X in the Lie algebra g, and any ¢ in the linear Lie group
GG having g as its Lie algebra,

ady:g—g, Yradx(Y):=[X,Y]=XY -YX,
Adj:g—g, Y= Ad®Y):=gYg "

(1)

(3)

A and

For convenience, we may interchangeably use two different notations, e
exp(A), for the matrix exponential of A € g.

The Euclidean (Frobenius) inner product is denoted by (X,Y) = tr(XY "),
for any X, Y € gl, = R™". Here tr denotes the matrix trace and (-)" denotes

the matrix transpose.
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3. Background and Settings

3.1. Lie groups, their actions, associated homogeneous spaces, natu-
rally reductive spaces. We review some important facts about Lie groups
and homogeneous manifolds, with particular emphasis on naturally reductive
spaces to guarantee the existence of geodesics that join two given points. We
refer to [20] and [12] for more details.

Let M be a smooth manifold on which a Lie group G acts transitively
through the (left) action ¢ : G x M — M. That is, if e denotes the identity
element in GG, then

¢(ga ¢(ha m)) - QS(ghv m>7 and Q5(€, m) = m, (4>

for all g,h € G, and all m € M. With these properties, M becomes a
homogeneous space. We denote by ¢, the diffeomorphism m — ¢,(m) =
¢(g,m) on M. If my is a point in M, then K,,, :={g € G | ¢p4(mg) = mo} is
a closed subgroup of G called the isotropy subgroup (or stabilizer) of mg, and
any two isotropy subgroups are conjugate. To simplify notations, if there is
no possibility of confusion, we denote an isotropy subgroup simply by K. M
can be regarded as the quotient G/ K since the mapping gK — m = ¢,(my)
is a diffeomorphism of G/K onto M. The canonical projection p : G — G/ K
is given by g — ¢,(my).

We now specialize to some particular homogeneous spaces, starting with
the notion of reductive space.

Definition 1. M = G/K is said to be a reductive space if there exists an
Adg-invariant subspace p of the Lie algebra g of G that is complementary to
the Lie algebra € of K in g.

According to this definition, the following holds for a reductive space:
g=tep [EEfCE [tp] Cp (5)

Moreover, the canonical projection p of G on M and its differential at e € G,
(dp)e: T.G = g — T,,,M, have the following properties:

1.p: G — G/K = M is a submersion, such that (dp)c|y: p — T, M is
a linear isomorphism and (dp).(¢) = {0} C T,,,,M;

2. (dp). induces a one-to-one correspondence between Adg-invariant in-
ner products on p and G-invariant metrics on M.
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A reductive space is not necessary geodesically complete. In order to deal
with the endpoint geodesic problem we consider another subclass, namely,
the set of so called naturally reductive homogeneous space.

Definition 2. A naturally reductive homogeneous space is a reductive space
M = G/K such that, for all X,Y,Z € p,

<[X’Y]P7Z> - <[Y7Z]P7X>7 (6)

where (, ) is the inner product on p associated to the G-invariant metric on
M, and [, ], denotes the p-component of the Lie bracket | , | in g.

Definition 3. A smooth curve t — g(t) on G is said to be horizontal if
gt (t)g(t) € p, where §(t) denotes the velocity vector and p is the vector
space in (5). A smooth curve t — g(t) on G is called a horizontal lift of a
curve t — m(t) in the naturally reductive homogeneous space M = G/K if
it is horizontal and projects onto m(t), i.e., p(g(t)) := Qg (mo) = m(t).

The following proposition gives an explicit formula for the geodesic in a nat-
urally reductive homogeneous space that starts at a point with a prescribed
velocity.

Proposition 1. Let M = G/K be a naturally reductive homogeneous space.
The geodesic v: R — M, starting at m = ¢(g, mg) € M with initial velocity
Um € T, M, is defined for all t € R by

. —1 —1
Y(t) = ¢(gexp(tX),mo) with X = (dp), (doy),, vmeEp.  (7)
Proof: See for instance, [20], page 313, or [12], page 708. |

Remark 1. For my the isotropy point, gb(g exp(tX),my) = p(g eXp(tX)).
Thus the geodesic (7) is indeed the projection on M of the horizontal geodesic
7 in G defined by Y(t) = gexp(tX). Asm = ¢(g,mg) and ¢ is an action, -,
given by (7), can be rewritten in terms of the initial point as

v(t) = qb(g exp(tX)g m) = ¢(exp(tY),m), with 'Y =gXg . (8)

In the following two sections, in particular in subsection 5.2, we exploit
properties of an even more structured subclass of naturally reductive homo-
geneous spaces, namely so-called symmetric spaces. We refer to [18, 17] for
a thorough introduction. Those properties of symmetric spaces that we ac-
tually use will be explained in more detail below. Examples of symmetric
paces, and therefore of naturally reductive spaces as well, are, for instance,



6 K. HUPER AND F. SILVA LEITE

0,, SO,,, GraBmannians, projective spaces and spheres, the only cases that
will be considered in this paper.

4. Graflmannians

The O,,-based, or alternatively SO,,-based, coset descriptions (group mod-
els) of the real Gramannian Gr,,, are well-known, cf. [21], to be

Grn,k gon On/(Ok X On—k) gson SOT,/S(Ok X On—k)- (9)

The smooth manifold Gr,, . is defined as the set of all proper k-dimensional
subspaces of an n-dimensional Euclidean space, the latter as usual identified
with R". The orthogonal groups O,, and SO,, act transitively on Gr,, ;. The
“denominators” Oy x O,_ (or S(Or x O,_)) then denote the stabilizer
subgroups, respectively, of an arbitrary k-dimensional subspace. To derive
simple formulas for endpoint geodesics in Gr,, ;, we aim to have an explicit
description of Gr, j in terms of matrices, preferably realized as elements of
an isometrically embedded submanifold of some Euclidean vector space or
even as an isometrically embedded submanifold of O,,. Eventually, the first
submanifold is the set of rank-k orthogonal projection operators, the second
is the set of matrices in O,, N Sym,, with trace equal to n — 2k.

Ultimately, we end up with two isometric matrix models of the (abstract)
GraBmannian Gr,, ;. The first one we call projection model, the second one
we call reflection model, cf. [10].

4.1. Two faithful representations for the Grafimannian Gr,;. We
start with the projection model of the Grafimannian Gr,j, considered as
Riemannian submanifold

Grl = {P € Sym, | P> = P,rank P = k} (10)

i.e., points on Gr,,; are identified by rank-k orthogonal projection operators
and Sym,, is endowed with Euclidean inner product, namely the Frobenius
inner product. Standard results from differential geometry and Lie theory

ensure that Gr®® and Gr,; are diffcomorphic. In particular, the “matrix

manifold” Grﬁrgj is a smooth and compact submanifold of Sym,,, being an
orbit of the orfhogonal groups O,, and SO,,, by a smooth group action, i.e.
conjugation. In this setting everything is formulated somehow in standard
matrix language.

We recall formulas for tangent and normal spaces and some of their geo-
metric interpretations, many of them well-known, sometimes scattered over
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the literature, but we refer to [13] and [2] and references therein for more
details.

TpGrPY = {S € Sym, | S € [s0,, P]} = {ad}(S) | S € Sym,,}
= {S€Sym, | S=PS+SP} (11)
= {adp(Q?) | Q € s0,, Q = PQ+ QP},

NpGrlY = {S — ad}(S) | S € Sym, }. (12)

The content of the following lemma will be particularly useful in the last
section.

Lemma 1. If P ¢ Grf:zj and Q € gl, satisfies QP + PQ = Q), then for all

JjeN,
QYY1 —2P) = —(I, — 2P)Q¥ 1, (13
Q¥ (I, — 2P) = (I, — 2P)Q¥,
and, consequently,
e*}(I,, — 2P) = (1, — 2P)e ™. (14)
Proof: Expanding the series and comparing powers proves the result. ]

We also define the orthogonal projection of a symmetric matrix S € Sym,,
into the tangent space of the GraBmannian at P by

7™ Sym,, — TpGrﬁfgj, (15)
S+ adh(S) = [P, [P, S]] = PS + SP — 2PSP.

In similar fashion, the normal space N pGI‘fLij is defined by

nor ., proj

mp : Sym, — NpGr, -, (16)
S (id —7%")S = (id —ad$)S.
The reflection operator at the normal space we define as
Rp: Sym, — Sym,,

17
S (id—27E")S = S — 2adp(9). (17)
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Remark 2. Note that, since P € GrPo

nk
Rp(S) =5 —2[P[P,5]]
=S —2(P*S + SP* - 2PSP) (18)
= (I —2P)S(I —2P),
1.€.,
Rp=Ad;_ap. (19)
Also, . .
Rp(Gr, ) = Gr; ) and Rp(P) =P, (20)
Relr,qrp = —id (21)

RP|N GrprOj — +id

s0, in particular, Rp is a symmetry of Gr, o,

The second model of Gr,, ;,, the reflection model, now comes by identifying
uniquely a projection operator P € Grh}? with a (generalized) reflection

P+—1-2P, (22)
le.,
Grii={R€O,|R=1-2P PecGr}’} CO,NSym,. (23)
The following properties are easily verified,
[-2PeGry, = (I-2P)P=1I, (24)

in particular, I — 2P = (I — 2P)" = (I — 2P)~! is an involution. It de-
pends only on k, ie., on det(I — 2P) = (—1)¥, whether I — 2P lies in
the connected component of the identity, i.e., in the subgroup SO,, or in-
stead in the second connected component O,, \ SO,. In this model, Gr,
is considered as a Riemannian submanifold of one of the two components of
0,, C R™" equipped with Killing form (i.e. scaled Frobenius inner product
as Riemannian metric). Now, by construction, the abstract Grafimannian
Gr,; (with n > 2, to ignore trivial cases), considered as the homogeneous
space O, /(O x O,_x) = S0, /S(Of x O,_x) endowed with metric induced

by the scaled Killing form is isometric to both of our two models Gr)’; o and

Grreﬂ Formally, one might feel tempted to write

Grih =1 —2Grl}. (25)
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The formulas for tangent and normal spaces for Grn 1, as well as for projec-
tions and reflections, are then straightforward. For the sake of completeness,

we next list those formulas omitting a detailed derivation. Consider arbitrary
RS Grreﬂ

T,Gri, = {S € Sym, | ZS + SZ = 0}

= {3ad(9) | S € Sym,} (26)
= {adz(Q?) | Q € s0,,, ZOQ+ QZ = 0},
NZGrff% = {5 —1ad}(5) | S € Sym, }, (27)
" Sym, — T Grreﬂ,
' ke (28)
S+ tady(S) = 3(S — Z52),
Ty Sym, — N, Grreﬂ,
' 2k (29)
S (id—7mz")S = 35(S+ Z25Z),
Rz: Sym, — Sym,,,
(30)

S (id—27%")S = ZSZ.
Clearly, for Z = I — 2P one has Rz = Rp, where Rp was defined by (17).

prOJ

Remark 3. In numerics, Grfﬁ could be preferable to Gr, because the

embedding space is slightly smaller, as dim O,, = (Z) < (”;’1) = dim Sym,,,
but this fact we ignore.

Remark 4. Because Graffmannians are also symmetric spaces, according to
[17] there is a multiplication available.

For any P,Q € Grpro‘] the multiplication map for the reflection model is:
pCk: Gritl x Grieh — Gricl,
(I —2P1—2Q)— pu®k(I—2P1—2Q)=(I—2P)I-2Q)I—-2P)  (31)

= (id—ladi,gp)(f —2Q).

POJ

The corresponding multiplication formula for Gr in terms of the projec-

tions P,(Q), is as

uGrn ko G;]rprOJ X GrpmJ — GrprOJ

(P,Q) = uS™F (P,Q) = Rp(Q) = Q — 2ad3(Q) (32)
=Q —2[P, [P, Q]
— Q—2(PQ+QP—2PQP).
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5. Endpoint geodesics for Grafimannians

We are interested in closed formulas specifying a minimal geodesic, that
connects an arbitrary point P € Gr,; with another point () € Gr,, 1, given
purely in terms of these points. For this objective it is important to recall
the concept of cut locus [16]. In case of Gr,, i the recent treatment [3] gives
a nice overview and also points to some incomplete results from the past, see
also the references therein. The cut locus of a given P € Gr,,, is easily seen
to be the subset Cutp C Gr,,; consisting exactly of those points ) € Gr,,
which fulfill dist(P,Q) = 7/2. A nice interpretation is in terms of the k
principal angles between the associated subspaces of P and Q).

Remark 5. From now on we will always assume k < n — k. Such an as-
sumption does not cause any restriction, as it is well-known that Gr,; and
Gr,, -1 are diffeomorphic, most easily seen by recognizing the one-to-one
correspondence between any k-dimensional subspace of R" and its associated
(n — k)-dimensional complementary counterpart.

5.1. Closed formulas for endpoint geodesics in GraBlmannians, via

rotations. Geodesics on Gr) ' starting at P with initial velocity V €

TpGrgfgj are of the form
v(t) = ePPe® with B =1V, P (33)

We also know, from [2], that the geodesic satisfying v(0) = P, v(1) = Q is
given by

v(t) = ePPe™B where * = (I, —2Q)(I, — 2P). (34)

The last formula was generalized in [26] for symmetric spaces and named
endpoint geodesic formula.

To find the geodesic that joins P with () using the previous formula, re-
quires to compute the matrix logarithm to get B and the matrix exponential
to get y(¢). But these operations are computationally very expensive.

Our objective is to overcome the complexity of computing those matrix
functions. For that, we find simple closed formulas for B, V, e”, e, and
finally for the corresponding geodesic that reaches a point () at t = 1, where
only constant, linear and quadratic functions in the data points P and (),
and scalar trigonometric functions are involved. But first we need some
preparation.
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Points in the Stiefel manifold,

St = {p e R™¥|p'p =11}, (35)

can be projected to GrpmJ viap — P = pp', and this fact will be used here.

Consider P,Q & GrrproJ kE<n—kwith Q = qq" and P = pp' with

appropriately chosen p, q € St,, . We moreover assume that P ¢ Cutq. By
the transitive action of O,, on Gr,; there exists a 6 € O,, such that

P=0[8]07 = 0[] [no]0" (36)

Up to a basis change U € Oy, a “Stiefel representative” p for the projection
P = pp' can be fixed by setting

p=0[HU=0[40]["] €Stys, Ve RO=F)*(=k) arbitrary.  (37)
By the assumptions, there is a unique minimal geodesic
v: R — Grgfgj, t s e!Bpe B (38)

with v(0) = P, (1) = eBPe 8 = Q, and B € so,.
We will fix ¢ as well by setting ¢ = e®p, and compute

q:eBp:%TeB@[%]Uz@eeTBa[Ig]U. (39)

The orthogonal 6 can be further specified by requiring

0'B0 = -
=[0v]

Here we have restricted the above U,V from (37) by considering a singular
value decomposition of R¥*("=%) 5 & = ULV, with U € O, V € O,,_;. By
the assumption k < n — k we have ¥ = [¢ 0] with @ = diag(¢1,...,¢x) = 0.
We now compute

0= vt Y]
IR

(40)

0o vrh

T cosd sin® 0
AT —[U 0] [—s(l)n@ COS@ In?%} [UT 0 } (41)
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Inserting (41) into (39) gives
cos® sind 0 I cos P
o=t o[ pese 5 [§] = e [ )
0
=0 Hﬂ Ucos® — 04 0] [Iég} sin @

(42)
—
AR [ng] sin® = pcos® — q.
From (42) we also see immediately that
p'qg=q'p=cosd. (43)

Theorem 1. For the geodesic that joins P = pp' with Q = qq", we have

_ I T I+2pTq T I T
=Ly —pysed | — A Aty —ppha . (44)

Proof: This formula is a consequence of identities (41) and (42). Indeed,

¢ sind O
B_pgruol| % Ut 0 1T
? =9[4 9] [ oo o | [4 0] 6

=6[Y 9] ([I?_f COS@[Ik?O]—— [Igc] sin@ [, 00] + [[((ﬂ sin® [0 1, 0]
noo] — Ik | (I — cos®) [0 I 0]) (vt %16t

]
|

( [[éc] cos@[1, 00] — |:I§c] sin®@ [, 00]+ [I(of] sin® [0 1, 0]
[

L0 0 o v’
~ 014 ¢]
[ 1k ] [0 &2 -1 T T (45)
+ In— |0 | [100] = | I | sin* @([ + cos D) [01k0]> v e
=pcosPp' — (pcos® — q)p' + p(cosPp’ —q")
+ 1y —pp" — (pcos® — q) (I + cos @) (cosPp' —q ")
=1, — p(I +cos®)'p" —q(I} + cos®)q"
— p(I 4+ cos®) g + q(I + cos ®) (I}, + 2 cos D)p'
Exploiting (43) proves the statement. _

Remark 6. Note that p'q = q'p = 0 by the assumption that all principal
angles p;, i = 1,...k lie in the half open intervall [0,7/2). The “formal”
matriz quotient of diagonal matrices

- (Ik + COS gp) = dlag(l—i—cosgol T 1+C(1)S cpk) <46)

Iy .
Ii+plq -

1s well defined and therefore makes sense.
Also note that in our context the diagonal (k X k)-matriz sin @ might be not
invertible, as for its k diagonal entries, i.e. the sines of the principal angles,
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we have p; € [0,7/2). However, the formal matrix quotient % still makes

sense as for x € R one has lim =1.
=0 sinx
Corollary 1.
o T o T
B =qqsP ~Pamsd - (47)

Proof: We compute, using the definitions of p and ¢, i.e. (37) and (42),

astap — pataa = (0| 4| Ucos@ — 018 0] it |sin@) 25 [0 0] [U 0] 07
(O[5 vcose 015 01 [R]sma) 2y ool [ 0 ]6T) (48)
=015 0] | B8] 1% 10

Note that the map (0,7/2) — S' defined by ¢; — [ ‘57 (sjg;i] for all
principal angles ; is a diffeomorphism onto its image. This is correct for
all i = 1,..., k, being inferred from the assumption @) ¢ Cutp. Now taking
the matrix exponential in (48) and comparing with the first equality in (45)

proves the statement. |

Corollary 2.

V=rmal +lmaP ~PEEP (49)
Proof: This follows immediately from V' = [B, P] inserting formula (47). m
Corollary 3.

—cos —cos cosP—cos | (1-t)P cosP—cos | (14t)P
b - I” - IICT%@ =g sin? gé) T+ p sin2(<§5 )qT_'_ q sin2(¢° ) T' (50)

Proof: We compute

cos(tP) sin(td) O
tB — o) [%[ |:—sin(t4'>) cos(t®) O :| [

0 0 In_k

<o

(S

=4[5 0] ( [I((H cos(t®) [1k00] — [Igc] sin(t®) [1 00] + [Iéc] sin(t®) [0 1 0]

+ I, — [I(Oﬂ“] [1,00] — [IH (11, — cos(t®)) [0 I 0]) [UOT VOT} 6"

= pcos(t®)p' — (pcosd — )Slslzl(lt?PT + pSISrllI(ltg) (cosdp” —q") (51)
)Sm—(@)
(I, +cos(td)) sin® &

o cos? @ sin?(tP) T sin? () T
= ]n +p(COS(t¢> - Ik,‘ - (Ik-l—cos(t@))sinQ @>p - q((fk-i-cos(t@))sinQ @>q
+ p( __ sin(t®) + (I,— COS(t@)) cos@) qT +q <sir'1(t¢) + (Ik—00§(t2@)) Cos@)pT

sin @ sin? @ sin @ sin“ @

+ I, —pp' — (pcos® — g (cos®p’ —q")

o —cos cosP—cos | (1-t)P cos @—cos | (1+t)P
- phomn T et 7 - (008) 7 oromen ((400) 7
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thus verifying the claim. Here we used at several instances trigonometric

identities (e.g. addition theorems) and the fact that for any real ¢ we have the
sin(tp)

scalar limit lin%) o T t. The latter is important to notice, as the diagonal
p—
matrix sin @ is not necessarily invertible. u

Corollary 4.

sin? | (1—t)® sin2 sin ( (1—¢)® ) sin(tP) sin ( (1—¢)® ) sin(tP)
v(t) =p—si(n2@) )pTJr q—sinz((tqf))qTer ( Sinzzs q+q ( sinzzs p'. (52)

Proof: This is a straightforward but clumsy computation. First postmultiply
e!B by P exploiting p'P = p'pp" = p" and ¢"P = cos®p', secondly,

postmultiply e’®P with its own transpose, because v(t) = e Pe™F must
hold; the result will follow. |

Remark 7. One possible strategy to get cos® out of P and () is to compute
the nonzero singular values of (I — P)Q or (I — Q)P, as they are equal to
the sines of the nonzero principal angles between the subspaces associated to
P and Q, see e.qg. Thm. 4.37 in [27].

Remark 8. Sometimes in applications Stiefel representatives p and q with
pp' = P and qq' = Q are already given. If this is not the case a pos-

sible strateqy to compute p out of P € Grflfgj by a finite number of steps

1s as follows. Partition P = [é BCT} into appropriate subblocks, where ob-
viously A> + BTB = A must hold. We look only to the case where A~}
exists. Consider the (unique) Cholesky decomposition A1 = LLT. Then

p=[4]L =%, | does the job.

5.2. Closed formulas for endpoint geodesics in Graflmannians, via
reflections. We now sketch an alternative way to express geodesics on Graf3-
mannians explicitly, and consequently also the corresponding e?. For that,
reflection operators, defined in (17) and (18), play an important role. We
already showed in Lemma 1 that these operators are reflections on Grafiman-
nians, but they are at the same time even geodesic reflections, that is, if «y is
a geodesic in Gr ', starting at the point P = v(0), then

Rp(v(t)) = (=) (53)
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This is easily seen using the definition of a reflection, the explicit formula for
the geodesic, and identity (14). Indeed,

Rp(y(t)) = (I —2P)e"PeP(I — 2P)
—e "W (I—2P)P(I —2P)e'?

-~

P

(54)

=7(=1).

In a similar way, one checks that the geodesic v, in Gr®?’, starting at the
point P, can be expressed in terms of reflections at the normal space at
v(t/2). More precisely,

Y(t) = Ry (P). (53)

The previous formula for Grafimannians is a particular case of a more general
result for symmetric spaces. Besides many further properties they enjoy
a more restrictive geodesic symmetry, as they are caracterized by having
geodesics which are induced by one-parameter subgroups of the group which
acts transitively, as stated in Proposition 1.

The general idea, that can be found in [14], Chapter XI, is the following.
If v: R — M is a geodesic on a symmetric space M, starting at P € M, and
sp denotes the geodesic symmetry of M at P, then {(s,/2)©54)),t € R} is
a one-parameter group of isometries of M whose orbit through P = ~(0) is
the geodesic ~ itself. The group operations are

(89(1) © 5P) © (Sy(12) © 5P) 7= (83(1,412) © 5P); (56)

with identity element e := sp o sp, and inverse (s, 0 sp)~! 1= (s, © sp).
Consequently, for the Grafimannian one has

V(t) = Ry2)(P) = (Ryty2) © Rp)(P). (57)
Geodesics in Grfigj can now expressed explicitly in terms of reflections.

Corollary 5. The geodesic in Grszj, joining the point P (at t = 0) with the
point Q (att = 1), is given by y(t) = Ry/2)(P), with

Ry2) = Adr,—24(t/2), (58)



16 K. HUPER AND F. SILVA LEITE

where

sin? ((1—-t/2)® sin
b= 23(0/2) = Iy = 2 (p ) T g

(59)

sin ( (1—t/2)® ) sin(tP/2) sin ( (1-t/2)® ) sin(tP/2)

p ( sinQQ)3 qT +4q ( sin24)5 pT> )
Proof: The last formula is obtained by setting ¢ = 1/2 in (52), followed by
using simple trigonometric identities. ]

In (34) we have an implicit formula for the matrix B, which is e* =

(I, — 2Q)(I, — 2P). But we now also have a formula for taking the square
root of the previous, purely in terms of p and q.

Corollary 6. Consider the minimal geodesic v(t) = e Pe™'8 connecting
P =~(0) with Q = (1) and define the midpoint Z = (1) = eP/2Pe~B/2,
For e?8 = (I, — 2Q)(I,, — 2P), we have

e = ((1=2Q)(L—2P))* = (L,=22)(1,=2P) = (1L,=2Q)(I,—2Z). (60)

Proof: We compute using p'¢ = ¢'p = cos @

(In_QZ)([n_QP) (I pIk+cos¢p qlk—i-l(fos@q p1k+cos¢q qu—i—coSth )<In_2ppT>

21 2 cos d T
- [ +p([ +cosq5 2Ik + ]k—l—cosdj + Ik-i—cos@)p

o —Ip+2cosP+21, T
qlk+cos45q plk+cos¢q +q I, +cos @ p

I+2 B
=1In pIHp qp _quer qq _'_qlkkﬂf qqp _plﬁquq =¢€

as claimed, see (44). The last equality in (60) follows in an analogous way.
]

Remark 9. The results in this section can be applied to the particular situ-
ation when k = 1, in which case Gr,; = RP""1. However, they can be more
easily obtained from similar computations on the unit sphere. So, we derive
next closed formulas for the minimal geodesic connecting points in the sphere
S™=1 from where corresponding formulas for the projective space will follow.

6. A faithful representation of the unit sphere 5" !

Some fifty years ago in [15] an explicit construction for an isometric em-
bedding of the Gramannian was presented, see, however, [26] for additional
details. If we would try to mimic this construction for the sphere S" 1 =
SO,,/SO,,1 = 0,/0,,_1, we would run into trouble, simply because we
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would necessarily end up with projective space RP" ! = Gr,,; = 5" !/ £+ 1,
rather than with a faithful representation of S"~!. The reason is that the
corresponding quadratic map

0,/0,-1 — Sym,, [Q]— Q [(1) On,0—1i| QT (61)

is not injective, e.g. for any x € R" with 2'x = ||z||*> = 1 we have z2T =

—x(—x"). There is, however, a neat way out by means of Clifford algebras,
the reader might consult Chapter 1.6.6 in [4] for details.

We therefore proceed by considering S”~! C R" as a Riemannian submani-
fold with induced Euclidean metric in the usual way. The following formulas
and definitions for tangent and normal subspaces, associated projection op-
erators, reflections at normal spaces, group action and multiplication map
are well-known.

TpSn_l = {A - TpRn = R" | ATp = 0}7 NpSn_l - span(p), (62)
TR T8, wes (I —pp)a,
" R = NS w e pp (63)

Ry R" = R", xw— (id—2m ")z = (=1 + 2pp " ),

¢: 0, xR" - R" (0,z)+— Oz,
¢o: R" = R", x> ¢(0,2),

e S"Ex S S (p ) = u(p,q) = Rp(q) = (2pp" —I)g. (65)

(64)

6.1. Closed formula for endpoint geodesics in the unit sphere S"!,
via rotations. We are interested in closed formulas related to the unique
minimal geodesic on the sphere, that joins two non antipodal points, given
purely in terms of these points. The next theorem summarizes our results.

Theorem 2. Let p,q € S"~ ! with p # +q. Denote by v(t) = e'Bp the unique
minimal geodesic with v(0) = p, v(1) = ¢ and B € so,. The latter can
be made unique by using B = vp" — pv" with v € T,S"! suitably chosen.
Closed formulas for unique B € so,, v = Bp, e, ' and v(t) = e'Pp, given
purely in terms of starting point p and endpoint q are as follows.

_ arccos(q'p) _tan _ arccos(q ' p) I — o'
V= e T @ = s (e ), 6)

with  ||lv|| = arccos(q'p) < cos|jv| =q'p,
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__arccos(q'p) T Ty T T _ [lv]] T T
b= sl —pa ) =vp —pv = —=comlap’ —pa), (67
. T142 T 1
=I—(pp' +a¢') 15 Tl = pa (68)
o T 142 cos||v|| T 1
=1- (pp + a4 ) 1+cos||vH +qp I+cos[v]] pq 14-cos ||v||
-1
=1 (" + 00”2
T cos [[v]| —cos ((1-1)[[v]) T cos Jvl|—cos ((1+)v]) (69)
TPq sinZ |[o] sinZ ||o] )
_ B, _ sin((1=0)||v]) sin(t/[v]])
1O =P =p—gmr t Tl (70)

Proof: The idea is to bring p, ¢ simultaneously to some suitable normal form.
By transitivity of the SO,-action on S" ! there exists a # € SO,, and a
suitable angle 0 < ¢ < 7 such that

p = Oeq,

71
q = 6(e1cosp — exsing) = pcosp — feysin . (71)

In other words, the S™" !-problem somehow reduces to an S'-problem, S!
considered as lying in the 2-plane spanned by p,q and the origin of the
embedding space R”. Elementary geometry then tells us that

cosp=q'p == ¢ =arccos(q p). (72)

Moreover, p # +¢ by assumption, implying
~l<cosp=q'p<l and O0<sinp=1/1-(¢"p2<1.  (73)

We proceed by identifying the orthogonal e” from ¢ = e®p. From (71) we
have

. cose singp 0
q=10(e;cosp —eysing) =0 | —sinpcosp 0 | e

0 0 I
. e (74)
CcOs sSin COs S11
=0 |:—sin(pga COSZZ 0 ] 97961 =0 [—singpcp coszi 0 ] HTp,
0 0 n—2 0 0 n—2
Consequently, using
p=10c;, 0Oey="L2"0 with ¢ = arccos(q' p), (75)

sin
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we have

cosp singp 0
eB =0 |:—sin<p cosep 0 :| HT
0 2

0 In—
= 0((e1e] +esey)cosp+ (e1e; — ese] )sinp + I, — ere] — eseq )0 (76)
_ T 1 T1+2cosp T 1
o I” - (pp +4qq ) 1+cos ¢ +qp 1+cos ¢ pq 1+cos ¢’

showing (68). Furthermore, from the first equality in (76) we can identify
B € s0,, as well. Indeed,

0
B=9¢ [ 0 107 = Blere] — eae])0T = p(premestt  pemesayT)
O Op—o sin sin ¢ (77)

arccos(q ' p) (

1—(qTp)?

_ Ty
=" —pg') = ap" —pq"),

verifying (67). It remains to prove the formula for e’”. We have the repre-
sentation

B—p + Singw)B + 1—032(75@)32’ (78)
easily verified by expanding the power series and comparing terms. Insert-
ing (77) into (78) gives

= I, + 2 (gpT —pg") + 55 (gp" —pg)?
= I+ S;rfﬁt;f) (ap" —pg") + 55 (cosp(qp” +pg") —pp" —qq")
=1, +( p +qq )cos(tap) +qucos<p7cos<pcos'(t2go)fsin4psin(tgo) (79)

sin“ ¢ sin“ ¢

T cos p—cos @ cos(tp)+sin @ sin(tp)
+ap sin?

= I, + (0" +qq )M—i—quw_i_quMs((Ht)cp)

sin” ¢ sin? @ sin? )

showing (69) as ¢ = ||v]|.
Finally, to verify formula (70) is straightforward by using appropriate
trigonometric addition formulas, we omit the details. |

Remark 10. Formula (70) appeared already in [7], however, without proof.

6.2. Closed formula for endpoint geodesics in the unit sphere 5",
via reflections.

Lemma 2. Let p,q € S" ! with p # 4+q. Denote by v the unique minimiz-
ing geodesic connecting p with q and v(0) = p and v(1) = q. Define the
“midpoint” z := v(1/2). Then we have

qg=~(1) =R.(p) = (222" — L)p, (80)
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with reflection operator R, at the normal space N,S™ ' given explicitly in
terms of p and q only by

R.=Rens2y = QeB/QppTe Bz _p,
T T TV 1 (81)

= (pp' +aq' +pa" +ap") rroer — In-
Here again q'p = cos ||v|| and v and B are the same as in (66) and (67).

Proof: Tt is sufficient to prove the statement for S" ! with p = ¢; and ¢ =
cos ||v||e; — sin [|v||e2 and v = ~/(0). The details are straightforward to verify
by using Theorem 2 and are therefore ommited. ]

For applications it is sometimes useful to have a parameter dependent
representation of the reflection R ;9 with Ry /0p = e'Pp = y(t) as well.

Corollary 7. We have the representation

Roeso) = sy (pp " sin®(1 = §)lloll) + aq " sin*(3]Jo])
+ (pg™+ qp7)sin((1 — 4)]lo]) sin(gnvm _1, (82
feos (1) oll) —cos]o])
Proof: The result follows from (70). u

Remark 11. Certainly, Lemma 2 follows from Corollary 7 fort =1 as well.

7. Formulas for geodesics in the projective space RP" ! =

Grn 1

Theorem 3. Let P, € GrproJ with P neither lying in the cut locus of Q with

P=pp",Q=4qq", pgec S" 1 and p # +q, nor P being conjugate to Q. Let
q'p = \/tr(PQ) = cosp. Consider the minimal geodesic v: t s e'BPe 8
connectmg P .Q and Q = eBPe 8 = ~(1). Then

142 cos 1
= I — (P + Q) 1+cos<p + Q cos ¢ 1+cof¢) o PQcos o(l+cosp)? (83)

b= cosgosingo[Q’ P]7 (84)
— I, + (P + Q)cos tgp + Qcosaﬁosc:sbml (pt + Q COSfOSc;SSH%;t) )7 (85)

,Y(t) _ etBPe—tB _ Pbln (( +len (tp) (PQ "‘QP) sin((1— t)gp)sm(t(p). (86)

sin? <p sin? ¢ cos @ sin? ¢
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Proof: Formula (68) TimTplies (83), (67) impliei (§4) and (68) implies (85) by
noting that gp’ = L2 = Q@ 4nd pgT =229 — P9 }6]d. Formula (86)

cos cos ¢ cos cos
is implied by multiplying e'®p from (70) with its transpose from the right
and applying a suitable trigonometric addition formula. ]

Corollary 8. Sometimes it is useful to have a formula for the tangent vector
V = [B,P] at P specifying together with P the unique minimal geodesic
connecting P and (),

V= %etBPe_tBh:O = [B, P]

— 14 HQ) PL P] — %,ﬂgn(Q) e TpGI‘prOj-

Cos p sin ¢ n,1

(87)

Proof: This is a straightforward computation using (85) and is therefore
omitted. ]

Lemma 3. Consider two points P,Q € G with Q ¢ Cutp. Let \/tr(PQ)

n,l 7
= cos . Consider the minimal geodesic

yiteBPem B 4(0) =P, ~(1)=Q =ePPe . (88)
Consider the midpoint Z := ~(3) = eP/2Pe~B/2. Then we have
Q =7(1) = Rz(P) = P — 2ad%(P), (89)

and the reflection operator Ry at the normal space NyRP"™ is given explic-
itly in terms of P and @) only by

RZ = (ld —2ad2Z) = Ad]7r22, (90)
where
_ PQ+QP
]” —27 = In o (P + Q + cotgb > 1—|—Closgp' <91)

Proof: By the transitive action we know that there exists a 6 € SO,, with
p=0e;, P=pp" and q = (e cosp — exsing), Q = qq', moreover, see
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also (75), we have fey = ’%‘b—q. We compute
v

cos 5 sin £ 0 cos 5 —sin £ 0
2 2 T 2 2 T
In_2Z = ]n — 20 —sin% cos% 0 €164 sin% cos% 0 0
0 0 In_2 0 0 I o

0
cos 5 —cos  sin 0

:]n_20 fsin2£ [cos%singo]g—rze[ singfcosfa 0 :|0T

. 0 0 Inos (92)
=0 (— (ere])cos @ +(ereq + ege])sin @ + (ezeq)cos p+I, —(ere] ) — (egeQT)> 6"
=L~ (pp" +aq" +pa" +ap") e
_ PQ+QP\ 1
_‘Zn_ (P+Q+ cos ¢ )1+cos<p'

|

Corollary 9. With notations as in Lemma 3 we have the representation

Roeyz) = (id —2ad’(yp)) = Ady, 2,2, (93)
with
I,—27(t/2) =1, — 2e'B/2 pe~tB/2
sin? ((14/2)30)

sin? ¢

(94)

sin ((1-/2)) sin(t<p/2)>

cos psin? ¢

TQUREL+(PQ+QP)

sin?

:In—2<P

Proof: The result follows from the last expression in (86) using ¢/2 instead
of ¢. -

8. The de Casteljau Algorithm on Riemannian Mani-
folds

A well-known recursive procedure to generate polynomial curves in Eu-
clidean spaces is the classical de Casteljau algorithm which was introduced,
independently, by de Casteljau [9] and Bézier[5]. The algorithm is a simple
and powerful tool widely used in the field of Computer Aided Geometric De-
sign (CAGD), and is based on successive linear interpolations, cf. [11] for a
modern treatise.

A generalization of that algorithm to Riemannian manifolds appeared first
in [22], and the basic idea was replacing linear interpolation by geodesic in-
terpolation. The resulting curves are also called polynomial curves as they
are natural extensions to Riemannian manifolds of Fuclidean polynomials.
In Euclidean spaces, the most important are the cubic polynomials, due to
their optimal properties, as they minimize acceleration. Generating polyno-
mial curves and polynomial splines on manifolds was motivated by problems
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related to path planning of certain mechanical systems, such as spacecraft
and underwater vehicles, whose configuration spaces are non-Euclidean man-
ifolds. The rotation group, which plays an important role in this context,
inspired further developments such as the work in [7] that will be used here.
But first we briefly describe the de Casteljau Algorithm to generate cubic
polynomials on Riemannian manifolds, assuming that they are geodesically
complete.

8.1. Generating cubic polynomials. A cubic polynomial is a smooth
curve that satisfies a two-point boundary value problem (initial and final
points and velocities are prescribed), but may be generated from four distinct
points {xg, z1,x2,z3} in M, the first and last being respectively the initial
and final point of the curve and the other two are auxiliary points for the
geometric algorithm, but are related to the prescribed velocities. Without
loss of generality, we are going to parameterize the curves over the interval
[0, 1].

The next algorithm describes all steps of this construction, illustrated in
Figure 1.

Algorithm 1 (Generalized de Casteljau Algorithm).
Given four distinct points xg, x1, ro and x3 in M:
Step 1.  Construct three geodesic arcs, p1(t, z;, x;iv1), © = 0,1, 2,
joining x; to x;11. In the illustration below, these geodesic arcs are
represented by the black dotted lines.

Step 2.  For every t € [0, 1], construct two geodesic arcs

/5)2(87 Tiy Lit1, $i+2) = 51(5, 51(75, Ly, 37i+1), 51(75, Tit1, $i+2))

fori=0,1, joining B1(t, z;, x;r1) to Bi(t, i1, Tiva). In the illustration
below, these geodesic arcs are represented by the red dotted lines.
Step 3. For every t € [0, 1], construct the geodesic arc

B3(s, xo, x1, T, x3) = Bi(s, Pa(t, 20, 1, X2), Pa(t, 1, 2, X3)),

joining Ba(t, xo, x1,T2) to Po(t,x1,x9,x3). In the illustration below,
this geodesic arc 1s represented by the green dotted line. The dark blue
dot represents the point in B3(s, zo, x1, o, x3) corresponding to s = t.

The curve [0,1] 2 t — [B5(t) := B5(t, xo, 1, T2, x3) obtained in Algorithm
1 is called cubic polynomial in M, and in Figure 1 it is represented by the
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blue curve. It is important to observe that this curve joins the points xy (at
t =0) and x5 (at ¢ = 1), but does not pass through the other two points x;
and xo. The latter are called control points, since they influence the shape of
the curve. Since the basic ingredients used in the de Casteljau algorithm are

1

FiGURE 1. Illustration of the de Casteljau algorithm. Cubic
polynomial in blue.

geodesic arcs, Riemannian geometry provides enough tools to formulate this
construction theoretically. However, often those simple curves are implicitly
defined by a set of nonlinear differential equations, so Algorithm 1 can be
practically implemented only when the calculation of the geodesic arcs can
be reduced to a manageable form.

This algorithm can be generalized to generate polynomials of any degree
and also to generate C?-smooth cubic polynomial splines by piecing together,
in a sufficiently smooth manner, several cubic polynomials. These curves are
particularly useful in many engineering applications.

8.1.1. Cubic polynomials in Graffmannians. Cubic polynomial curves on
Grl)) were derived in [23], using the generalized de Casteljau algorithm
above. The next result contains the explicit formula for such curves. We
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call attention for the meaning of the superscripts in the operators Qi that
appear in the next proposition. Those superscripts have been chosen to agree
with the step number of the algorithm where they are defined, and that will
become clear in Remark 12.

proj
n,k 7’

Proposition 2. Given four distinct points P;, for i = 0,1,2,3, in Gr
the curve

t e [07 1] S 53(25) _ eth(t) etQ%(t) et% P, e—mg e—mg(t) e_th(t)

tad,3 tad,o 1
— e TRWa TR e g PO7

(95)

tad

where, for1=0,1,2 and j = 2,3,

Jj—1

Q20 (I —2P.1)(I —2P), Q200 (t) — ezmiﬂ(t)ez(l—t)gz{*l(t)7 (96)

is the cubic polynomial in Gr® obtained by the generalized de Casteljau

algorithm associated to the points P;, with i = 0,1,2,3. Moreover, for every
t €10,1],

0P+ PO =, i=0,1,2, (97)
O2(t) (emipoem%) + (etQ%POem%) O2(t) = Q2(t), i=0,1,  (98)

3(t) (! HB0e! % o~ e 1B ) 4 (MO ot We 1 BO) Q1) = Q(1).  (99)
Proof: See [23]. _

Remark 12. We briefly explain how Algorithm 1 generates the curve (95),
subject to (96) and (97). For that, we use formula (34) for the geodesic arc
that joins two given points, and identity (14).

In Step 1., the geodesic arc joining P; to P is given by pi(t, P, Pii1) =
'l Pe ™ yhere % = (I — 2P, )(I — 2P)). Taking into account identity
(14), it is clear that the first condition in (97) holds.

In Step 2., we obtain Ps(s, Py, P1, Py) = eSQ%(t)Bl(t, P, Pl)e_SQ%(t), with

%) = (I — 28,(t, P, P,))(I — 2B1(t, Py, P))). (100)
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Replace in (100), P, by e®Pye=%, Bi(t, P, P,y1) by its expression above,
using (14), we get
e2%(t) — (I — 2em%eQ‘%Poe_Qée_tQ%)(] — Qet%POe_t%)
= em%e%([ — 2P0)e_%e_tm et%([ — 2P0)e_m(l>

= 2NN ([ — 2P))(I — 2P))e 2%
_ eth%e2(1—t)Q})

(101)

which is the second expression in (96) for (i,7) = (0, 2).

Moreover, the equality in the first line of (101) and (14) enables to conclude
that the second condition in (97) holds for i = 0.

Similar arguments can be used to obtain the other geodesic arc in Step 2.
and the one in Step 3., together with the corresponding constraints in (97).

For the sake of completeness, we also include here the relationship between
the control points P, and P, and the initial and final velocities of the curve
(95), cf. [23].

The cubic polynomial 3 that satisfies the boundary conditions

B3(0) = Py, Bs(1) =Py, B5(0) = [Wo, Ro],  Bs(1) = Wy, Ps],  (102)

with W; = —W.", for i = 1, 3, satisfying W; P, + P,W; = W}, is generated by

the de Casteljau algorithm associated to the points P;, i = 0,1, 2,3, where

the controls points are given in terms of the boundary data (102) as:
Pl = %([—egwo([— 2P0)>,

(103)

Py =4(1 - (1 - 2Ry).

Remark 13. Although the formulas in Proposition 2 appear to be relatively
manageable, they are not appropriate for the implementation of the algorithm
due to their computational cost. It is exactly to overcome this burden that
the formulas deriwved in Subsection 5.1 can be extremely useful.

8.1.2. Orthogonal cubic polynomials. Here we present the cubic polynomials
generated by the de Casteljau algorithm when M = O,,. This follow imme-
diately from the work in [7], which was dedicated to connected and compact
Lie groups and to spheres. The only difference here is that we have to assume
that the initial data (the given four points) lives in one of the two connected
components of the orthogonal group, in which case the resulting cubic stays
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in that component. Here we use capital greek letters for points in O,,, capital
Roman letters for elements in its Lie algebra and, for convenience, denote
the curves in the de Casteljau algorithm by p; instead of 3;. As in the Graf$}-
mannian case, the superscripts in the operators V; that appear in the next
proposition have been chosen to agree with the step number of the algorithm
where they are defined. This will become clear in Remark 14.

Proposition 3. Given four distinct points 6;, 1 = 0,1, 2,3, in one of the two
connected components of O, the curve defined by

where V', for i = 0,1,2, is the infinitesimal generator of the geodesic arc
joining the point 0; (att = 0) to 0;11 (at t = 1), that is, 041 = v'0;, and
for every t € [0,1] the Lie algebra elements V7 are defined by:

O — VI OV g =93, (105)

is the cubic polynomial in O,, generated by de Casteljau algorithm, associated
to (90, 91, 92 and 93.

Proof: See [7]. m

Remark 14. To check that Algorithm 1 generates the curve (104), subject
to (105), it is enough to look at the expressions for the curves obtained in
each of the 3 steps, taking into consideration the formula for geodesic arcs
that join two given points in the orthogonal group.

In Step 1., the geodesic arc joining 0; to 0,11 is given by pi(t,0;,0;41) =
etVi'0;, where eV = 0;10;".

In Step 2., we obtain ps(s,by,01,0:) = Vo WelVo gy with ¢'FVetVo g, =
e'0,. But the last identity is equivalent to eV etVo gy = V'V 0y, or to
Vi) — otViog(I-1)V5

Similarly, the second geodesic arc is p(s,0y,0s,03) = VI DeVig,  with
evlz(t) — etv;e(l_t)vll_

In St@p 3., p3<8, 9(), 191, (92, 93) = eSVOB(t)e%Q(t)etvoleg, with 6%3(t>etV02(t)et%190 =
etVf (t) etVf 0.

Taking into consideration that 61 = Y08y and W) = V' -DV it sim-
pliﬁes to eVOS(t) — etvl2(t)e(1_t)v()2(t).

The relationship between the control points #; and 6, and the initial and
final velocities of the curve (104) follows immediately from Theorem 2.5 in
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[7], which states that

p3(0) = 3Vybo,  p3(1) = 3V, 65. (106)
Indeed, the cubic polynomial ps that satisfies the boundary conditions
p3(0) = 0o, ps(1) =03, ps(0) =Woby, ps(1) = Wsbs, (107)
can be generated by the de Casteljau algorithm with controls points
0, = e"0/30,, 0, = e Ws/30;. (108)

8.1.3. Comparing cubic polynomials in Oy, with cubic polynomials in Graf-
mannanians. We take advantage of the fact that Griy = I — 2GrD}’ lives
in O,, to compare the cubic polynomial in Proposition 2 with the ortﬁogonal
cubic polynomial in Proposition 3.

Theorem 4. Let 85(t) be the cubic polynomial in Gr associated to the
points P;, i = 0,1,2,3, given in Proposition 2, and ps(t) the cubic polynomial
in O, associated to the points 0; = I — 2P;, given in Proposition 3. Then,

p3(t) = I —235(t). (109)

Proof: First we show that when 0; = I — 2F;, we have Vij = 2(2{, where the

V7 are as defined in Proposition 3 and the Q/ as defined in Proposition 2.

Indeed,
01 =¢"0, < (I—2P.)(I—-2P)=e¢", (110)

and comparing with the first identity in (96) we conclude that V! = 20!,
i =0,1,2. Using these relationships and the second identity in (96), we can
write

2 1 1 1 0! 2
eVi (t) _ etViJrl e(l )V, _ thQlH e2(1 BI9% _ eZQZ(t). (111)

So, V2 = 202 for i = 0,1. Similarly, using these relations and the second
identity in (96), with (i, ) = (0, 3), we conclude that V3* = 2Q3. So, since

B (t) _ eth(t) eth(t) etQé P, e—tQ}) e—tﬂg(t) e—th(t) (112)
satisfies all the constraints in Proposition 2, also
ps(t) = o2t (1) (225 (t) e2t(2590’ (113)

satisfies all the constraints in Proposition 3.
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Finally, we prove the relationship between f3(t) and ps(t), using systemat-
ically the result in Lemma 1 and the constraints (97). Indeed,

T — 2B5(t) = &%) (1 — 20124 poe—tﬂée—tﬂ%w) o 123(1)
= 2% (1) 1% (1) (I - 2etQéP0e_t%)e—t93(t)
_ Q28(0) 2003(0) ( 7 — 90t%% P, e—th)) (114)
— Q200 (1) G2003(1) L2t ( J—9 Po) — 2 (2080 26% g

= p3(t).
m

Remark 15. Since Grff’% is a submanifold of O,, the last result tells us

that if 8; € O, N Grfﬁ% holds for all data points, the whole de Casteljau

construction in O, actually takes place inside Gr;e’%. This observation is

due to two important facts. First of all, the de Casteljau algorithm is solely

based on recursive geodesic interpolation. Secondly, Grfﬁ% 15 a totally geodesic

submanifold of O,,, since any geodesic in Grff% 15 a geodesic in O,. Indeed,

every geodesic in Grfﬁ% that starts at a point I, — 2P, P € G s of the

nk 7
form y(t) = (I —2P)e™™, with Q € so0,, satisfying QP+ PQ = Q. But due
to the second identity in Lemma 1, ~(t) = e**(I — 2P), which is a geodesic
i O,,.
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