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Abstract

This paper aims to present in a systematic form the stability and convergence
analysis of a numerical method defined in nonuniform grids for nonlinear elliptic and
parabolic convection-diffusion-reaction equations with Neumann boundary conditions.
The method proposed can be seen simultaneously as a finite difference scheme and as a
fully discrete piecewise linear finite element method. We establish second convergence
order with respect to a discrete H'-norm which shows that the method is simultaneously
supraconvergent and superconvergent. Numerical results to illustrate the theoretical
results are included.

1 Introduction

In this work we consider the one-dimensional initial boundary value problem (IBVP)

ou 0 ou

— =— | A(u)=— — in T 1
where Q = (0,1) and A, f : R — R, ¢,g : 2 x [0,7] — R are smooth enough, comple-
mented with the homogeneous Neumann boundary conditions

0
A(@a—z + f(u) =0, on 89 x (0,T], 2)
and with the initial condition
u(z,0) = ug(z), for all x € Q. (3)

We also assume that there exist positive constants Ag, go such that
q(x,t) > qo>0,forallz € Q, t €[0,T] A(x) > Ap > 0, for all z € R.

The differential equation (1) is a convection-diffusion-reaction equation, where the
diffusion and convection terms are possibly nonlinear. The analysis of a version of coupled
equations of a similar type of (1)-(3) with Dirichlet boundary conditions was recently carried
in [6], although its scope was focused on stability and error estimates for a semidiscretization
scheme of the system.
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The study of numerical methods for Neumann boundary value problems (BVP) or
Neumann IBVP has not received much attention recently. However, some studies have
been conducted in the past to show proper error estimates for problems similar to (1)-(3).
Without being exhaustive we mention [8] where, for a second-order linear differential
equation, involving the Laplace operator, defined in a square, a finite difference method
based on nonuniform grids was proposed, and its convergence analyzed. We also mention
[4] for a an integro-differential equation coupled with a parabolic equation defined in an
interval and [10] for quasilinear parabolic equations defined in a square. In both cases, the
convergence analysis assumes smooth solutions.

The goal of this paper is to propose and analyse the convergence properties of a
numerical scheme for problem (1)-(3). The paper aims to introduce, for nonlinear elliptic
and parabolic convection-diffusion-reaction equations with Neumann boundary conditions,
supraconvergent finite difference schemes that can be seen as superconvergent piecewise
linear finite element method and, simultaneously, present two different approaches for the
convergence analysis depending on the solution’s smoothness. As it can be seen later, for
smooth solutions we use Taylor’s formula and this will require the use of a discrete version
of the so called trace inequality (|1]). However, the approach used for nonsmooth solutions,
relying on the Bramble-Hilbert Lemma ([5]) for the derivation of the error estimates, greatly
simplifies the analysis and avoids the use of this discrete trace inequality. We will show
that the methods are second order convergent (w.r.t. space) for a discrete H'-norm. This
fact is surprising because the problems are nonlinear and, as finite difference methods, they
present first order truncation error with respect to the norm || - ||, defined in nonuniform
meshes, while, as finite element methods, the piecewise linear finite element method is only
of first order with respect to the usual H' norm.

We recall that the term supraconvergence was introduced in the literature in the 1980s
by the finite difference method’s community to identify finite difference schemes that present
convergence order greater that the order of the truncation error. Without being exhaustive
we mention [11, 12, 7, 14, 15, 17, 9]. The term superconvergence was introduced in the
literature by the finite element method’s community to identify methods that present
unexpected convergence order. This phenomena was initially introduced associated with
the identification of certain points of the spatial domain where the convergence order is
higher than in the rest of the spatial domain. In what concerns this subject we recommend
[16] and the references contained there.

In what concerns stability, as we dealing with nonlinear problems, it is a local property.
We observe that to have stability for a certain discrete solution we need to impose smoothness
assumptions on the local solution. We conclude that we should consider open balls with
stepsize dependent radius and the required condition is consequence of the convergence
results.

The paper is divided in two parts. In the first part we will start by analysing the
convergence properties under the assumption of a smooth solution. We will first consider
the fully stationary problem, leading to a nonlinear elliptic boundary value problem and
subsequently, analyse a semidiscretization and full discretization of problem (1)-(3). The
conducted analysis will be based on the study of the truncation error. The second part of the
paper aims at proving similar error estimates under less restrictive regularity assumptions
on the solution of problem (1)-(3). Here we will follow the ideas in [6] and carefully use the
Bramble-Hilbert Lemma [5] to show convergence of the numerical schemes for stationary
and nonstationary problems. The techniques considered in the first part will provide crucial
guidelines on the analysis performed on the second part.



2 Some notations and results

Let A be a sequence of vectors h = (hq,. .., hy) with positive entries such that Zf\; 1hi =1.
For each partition h, we define

Rmar = max h;, hmin = min h;.
i=1,..., i=1,..,N

We introduce the grids
ﬁh:{xi: i=0,...,N,xo0=0, 2y =1, z, =21+ hs, i =1,...,N},

QZ = ﬁh U {x_l =—h,zNnp1 =1+ hN}>
Q" = 2\ {zo},
o0y, = 09 ﬂﬁh

and h‘i-i—l/? = hi+§ii, 1= 1, .. .,N - 1, h1/2 = %, hN+1/2 = hTN and h() = hl. We say that
a family of grids {Qh, h e A} is quasiuniform if there exists a positive constant K such
that

maXx; hi

<K
min; h; —
for all h € A. B
Let W}, denote the space of grid functions defined in €;,, W} the space of grid functions
defined in Q;, and W;? the space of grid functions defined in ©,”. We introduce in Wy, the
inner product

N
(Ons W) = > Bi1 /o0 (i) wp(z:)
i=0
for all vp,, wy, € Wy, and its corresponding induced norm, ||-|[,.

In WZP we introduce the inner product

N

(vp, wp)+ = Z hivp (@i )wp (), vp, wy, € WP
i=1

and its corresponding norm |||, = 1/(:,-)+. We also introduce in Wy, the norm |||, ., as
a discrete version of the L*-norm

[[0n][p 00 = max |up(2)]
zeQy,

2.1 Difference operators

To describe the spatial discretization on a more compact fashion, we shall introduce some
difference operators to ease the notation. Let u, € W} and i € {0,...,N}. We define

up(Tiy1) — up(;)

e ’ (4)
hit1/2

D_yup(z;) = un (i) _hzih(ﬂcz‘—ﬁ’ 5

R e ©

Myup () = up (i) +2uh(q;i_1). .



Remark 1. Although the difference operators are defined for grid functions in Wy, they
can be also applied to functions of Wj, (or W;”) as long as the definitions of the difference
operators make sense.

The previous operators allow to introduce a new norm in Wy, denoted by ||-|; , defined
by

lonllyp = \/lonl2 + 11D_sonl2, o, € Wi,

which can be seen as a discrete version of the usual H'-norm, where D_, : W;, — WZP is
defined through (5).

A central point in the convergence analysis carried out in the upcoming sections is the
relationship between the inner products (-, )n, (-, )+ and the difference operators. To this
end, we introduce the operators Dj : Wy — W;,, D, : Wy — W}, and M), : W; — W,
defined through (4), (6) and (7), respectively. The following result establishes a discrete
version of the known formulas of integration by parts and can be shown using summation
by parts.

Proposition 1. If uy, € Wy and v, € Wy, then the following formulas hold

—(Dyun, vn)n = (un, D—gvn)y + (Mpup(x1))vn(wo) — (Mpun(en41))vn(Ty)

~(Datny o) = (Myan, D—son) s+ 5 (un1) + 2un () + (1)) (o)

— un(an ) + 2un(en) + unley))en(ay).

The next result is a discrete trace inequality for functions in Wy. This result will be
fundamental in establishing convergence in section 3.

Proposition 2. For v, € Wy, we have

<2 :
Juax v (2)] < 2 [lonly

Proof. Let i € {1,...,N}. From the representation

va(wo) = = > hiD_yop(x;) + vn(xs),
j=1

we obtain
vp(0)? < 2 (HDfohHi_ + Uh(l‘z‘)Q) -

Consequently,

N-1 N-1
> hipajavn(wo)® <2 <||D_xvh\|i + Y hi+1/2®h(96i)2> ;

i=1 i=1

that concludes the proof for x = zy. The proof for x = z follows the same steps.

2.2 Functional spaces

In the following sections we will require certain functionspaces which we now introduce. Let
m be a nonnegative integer and 1 < p < co. By LP(Q2), H™(Q2) and W"™>(Q), we denote
the usual Lebesgue and Sobolev spaces with their respective norms, ||| 1oq)s Il grm (e



and |[+[[yym.cc (). We also introduce C'(R), the space of real differentiable functions with
derivative up to order m bounded in R and its corresponding norm

HUHch(R) = i:%{f}?fm ”u(i)HL‘X’(R)-

We denote by C™([0,T],V), m € Ny, where V is a normed vector space, the space of
functions v : [0,7] — V such that ) : [0,7] — V, j = 0,...,m, are continuous
functions, imbued with the norm

m = t
Julle ([0,77,V) tgﬁ% )]y

where ||-||y, is a norm in V.

3 Convergence analysis with smooth solutions

We now turn to the analysis of problem (1)-(3). With the aim of analysing a fully
discrete scheme to approximate the solution of (1)-(3), we will start by analysing a spatial
discretization of the stationary version of (1)-(3). We will then proceed to the analysis of
the corresponding semidiscretization of the problem and finally study the fully proposed
discrete scheme.

3.1 An elliptic nonlinear boundary value problem

This section starts by considering the elliptic boundary value problem

3 (A0 + ) =g mo, ®
with the boundary conditions
du
A(u)a + f(u) =0 on 09, 9)

where A, f € CY(R), q,g € C°(Q). For this boundary value problem, we propose a finite
difference method, that can be seen as fully discrete piecewise linear finite element method.
We shall prove that it leads to a second-order approximation with respect to a discrete
H'-norm.

We now introduce the operator that will be used to discretize the boundary conditions (9).
For uj, € W7, let D, denote the operator defined by

Dy (o) = =3 (A (1)) Dstn1) + AQMyun (w0)) Dy (z)
— 5 (P un(o0)) + 26 unw0) + S (1))

Dyunex) = 5 (AMyun(en 1)) Dvun (1) + AMyun (o)) Dson ()
+ 5 (luno i) + 26 (unox)) + uno-1))).

The finite difference scheme to approximate the solution of system (8)-(9) is then
established by the set of equations

— (D;(A(Mhuh)D_zuh) + Dcf(uh)) + (th)uh = Rhg, in ﬁh (10)



and
Dyun(zo) = Dyun(zn) = 0, (11)

holding for uj, € W}, where Ry, : C°(Q2) — W}, denotes the standard restriction operator.

An important piece in the convergence analysis is the link between the discrete operator
D (A(Mpup)D_zup+D.f(up) and the boundary operator D, which is a direct consequence
of Proposition 1.

Proposition 3. For u, € W} and v, € Wy, it holds

— (D (A(Mpup)D_gup) + Def(un), va)n = (A(Mpun)D—_yup, D_pvn) 4
+ (th(uh)¢ D—xvh)+
— Dyup(zo)vh(z0) — Dyun(zn)vp(zn).

This allows to show that our proposed discretization is adequate to approximate the
solution of the original elliptic problem. Indeed, let v € H'(Q) denote the weak solution
for problem(8)-(9), i.e., u satisfies

(A(u)u + f(u),v') + (qu,v) = (g,v), Yo € H(Q).
If P, denotes de piecewise linear interpolation operator and uy € Wy, then
(A(Pyup) Pruy, + f(Puup), Proy) + (qPrun, Prop) = (g, Paon), Yop, € Wy,
This leads us to the discrete version of looking for u; € Wj, such that
(A(Mpup)D_yup, + My f(up), D—_yvp)+ + (Rpq)up, vn)n = (Rrg, vp)n, Yo € Wy, (12)

The following result is a direct consequence of Proposition 3 and establishes the
connection between the FEM formulation (12) and the FDM formulation (10)-(11).

Proposition 4. Ifu, € W; is solution of problem (10)-(11), then wuy, satisfies equation (12).

The convergence analysis presented in what follows assumes that the solution of the
BVP (8)-(9) belongs to C*(Q2") where Q* = Unea(=21,2n41). Let us denote by R} :
Co(ﬁ*) — W; the restriction operator and T € W, the truncation error induced by
discretization (10) in €y, i.e.,

Ty, = =D (A(MpRyu)D_z Rpu) — Do f(Rpu) + (Rpq)Rpu — Rpg

and T}, po denote the truncation error associated with the discretization of the boundary
conditions (11), i.e.,
Thoo(xi) = DyRyu(z;), i =0, N.

Proposition 5. Let A € C5(R), f € C4(R), g,q € CO(Q). Ifu € CHQ") denotes the
solution of equation (8) then the truncation error Ty(x;), i =1,..., N —1 can be decomposed
as

T(zi) = T2 (23) + T (2:)
where

1. Tigl)(l’i) = (hi+1 — hi)R(z;), for R € CY(Q) defined as

R = ot (a (M) () — ) -

2



2. T( )(xz) is of the order of h2,,., and there exists a positive constant C, h-independent,
such that
2 .
T2 @)| < Ol lullcay . 0= 1o N = L.

Moreover, the following estimates hold
2
Th(w0)| < OB ull s gz
2
Th(en)| < OB ull gy
for some positive constant, h-independent, C.

Proposition 6. Let A € C%(R), f € C3(R) and u € C3(Q") denote the solution of
equation (8). Then there exists a positive constant C, h-independent, such that

| Thoa(zo0)l < Cht |lull sy and [Thoa(zn)| < ChR llull s gey -
We are now able to establish a convergence result for the discretization (10)-(11) and
provide a bound for the discretization error E, = up — Rpu € Wy,

Theorem 1. Let u € C*(Q") denote the solution of problem (8)-(9) and uy, € Wi denote
the solution of system (10)-(11). If A € C{(R), f € CL(R), g,q € C°(Y) then there exists
a positive constant C, h-independent, such that

1Bullip < CH2y oy (13)
for h € A, provided that

q
10 ey 140y 15y < i o, . (14

Proof. It can be easily shown that the following equation holds for E,
(A(Mhuh)D—acEw D—ach)+ + ((RhQ)Em Eu)h
= ((A(Mthu) — A(Mhuh))D_gthu D_xE )

— (Mu(f(up) = f(Rpu)), D—oBu)y — (Tn, Bu)p — > Thoa(ai)Bu(z). (15)
1=0,N

We now need to estimate all terms in the right hand side of equation (15). Let
T = ((A(Mthu) - A(Mhuh))D_mRhu D_xEu)+

~(Th, Bu)n — Y, Thoa(xi)Eu(:)
i=0,N

7(Mh(f(uh) - f(Rhu)), szEu)+-
e For 7, it easily follows that

1l < [0l e gy 14 ey 1l I D B

HLOO(]R)

e Regarding 7o, using Proposition 5, the following representation holds

h;
=y <Th,aﬂ($i) = 5 Ih(zi) + si

1=0,N

2

h‘i
+ = Zh3 (2:)D_pEy(;) + D_yR(;) By (1)

- Z hig1 T () B (),
=1



where sg = —1, sy = 1 and, to simplify the presentation, we consider that hg = hy.

Therefore, using the bounds from Propositions 2, 5 and 6, there exists a positive
constant C, h-independent, such that, for all € # 0,

¢ 2
2| < @hfnaxHUHm@*) +2¢? HEquh

h%’Laz \/§
+ N HRHLDO(Q) D—zEull, + Thgnax HRIHLOO(Q) I Eullp,

R gty 1 Bl
e Finally, for 73 we can establish that

|7—3‘ < Hf,HLoo(R) HEUHh ”D*IEUH-f

From the lower bounds for A and ¢ and combining equation (15) with the estimates for
Tiy 1 = 1,2,3, we finally obtain

1 2
(A0 = 4) 102 Bl + (046 = 105 (I 14y + 18 ) ) Il
< Chiwa: Hu||2c4(§*) .
for some positive constant C, h-independent. Choosing

2 _ ||“,||L°°(Q) HA/HLOO(]R) + Hf/HLOO(]R)
4

and using condition (14), we finally conclude estimate (13).

3.2 Parabolic IBVP
3.2.1 A semidiscrete approximation

This section aims to extend the results of the previous section to the IBVP (1)-(3). Let
up(t) € Wy, t € [0,T], denote the semidiscrete approximation for the previous IBVP,
defined by the spatial discretization studied in the last section. This means that uy(t) € W
is defined by

%(t) = D (A(Mpup(t))D_gun(t)) + Def (un(t)) — Rug(t)un(t) + Rug(t), 1)
Dnuh(t) = 07

for all ¢t € (0,7, with initial condition wu(0)

Proposition 7. Let up, i, € CO([0,T], W) N C([0,T], Wy) be solutions of problem (16)
with initial conditions uy(0),dp(0) € Wy, respectively. If A € CL(R), f € CL(R) and
wp(t) = up(t) — ap(t) then for all t € [0, T,

t
leon (&)1l + Ao/ IO D_gwn ()| ds < €O wn(0)]], (17)
0

where

L[t / 2
Qh(t) = 2qot — AO/O (HA HLOO(R) ”D—Zuh(s)Hh,oo + Hf HLOO(R)> ds.

8



Proof. We start by remarking that wp(t) is solution of the following differential problem

L (4) = D3 (A (1)) Dy (1) — A () Dy, (1)
+ De (f(un(t)) — f(un(t))) — Rpg(t)wn(t), in Qp, x (0,77,
Dnuh(t) = anbh(t) = 0, on 8Qh X <O,T],
wp(0) = Rpup — ux(0), in Q.

(18)
From system (18), taking into account Proposition 3, the following equality is valid for
t € (0,7,

<d§)th(t),Wh(t))h = —(A(Mpup(t))D_pup(t) — A(Mptip (t)) D—ztp(t), D—pwn(t))+
— (Mp(f (un(t)) = f(@n(t))), D—gwn(t)) — (Rnq(t)wn(t), wn(t))n-

(19)
Moreover, the following upper bounds hold

— (A(Mpun(t)) D—gun(t) — A(Mptn(t)) D—gtn(t), D—gwn(t))+
< Ao | D—swn ()13 + [|A']| oo gy 1P=2n (D) 14,00 lon (Ol | D—swon (Bl , (20)

and
—(Mu(f (un(t)) = f(@n(1))), D—awn(t)) < [|f|| oo gy lon 4 [D—zun(®)]l, (21)

Combining equation (19) and inequalities (20)-(21), we obtain

57 lon(®1% + (Ao — €) [ Dawn ()|

1 ! / 2 2 .
S <_QO + 4762 (HA HLOO(R) ||D75L"uh(t)||h,oo + Hf HLOO(R)) > ||wh(t)||+ m (OaT]

for all € # 0. Choosing e such that ¢ = % and integrating the previous inequality, we
conclude the upper bound (17). O

Remark 2. Inequality (17) guarantees that the IVP (16) has at most one solution in
CO([0, T), Wi)NC ([0, T), Wp,). In fact, if up, @y, are solutions in C°([0, 77, Wi )NC ([0, T, W),
then, from (17), we conclude that uy(t) = @y () in Qp,.

Since the upper bound (17) depends on h, to conclude stability of the semidiscrete
solution, it is sufficient to prove a uniform upper bound for fg HD_Iuh(u)tho du,t €
[0,T],h € A while imposing that the perturbations are around Rpuq.

Remark 3. We highlight that, if u(t), solution of system (16) satisfies fg HD,QEuh(S)H%r ds <
Cp, t €10,T],h € A for some positive constant Cpg, h and ¢ independent, then it follows
that
! 2 Cp
/ ID_un(s)|2 o, ds < =2t € 0,T),h € A.

0 ’ hmzn
Therefore, in order to prove the stability of the scheme, it is sufficient to show that
fot ”D—xuh(S)Hi ds,t € [0,T],h € A, can be suitably bounded (uniformly).



Let ¢ € [0,T] and E,(t) = up(t) — Rpu(t) € Wy, denote the spatial discretization error
where wu is solution of the IBVP (1)-(3) and uy(t) € Wy, is the semidiscrete approximation
defined by system (16). Through a straightforward calculation, E,,(t) is solution of the IVP

(1) = Di(AMu(1) D cun (1) — AR} u(1) Do Biu(1)
+ Dl (un(t)) ~ F(REu(0) ~ (Bra(0)Eult) = Tu(t), 0 Dy x (0.7,
Thea(t) =0, on 9Q x (0,T),
E,(0) given, in Qp,
(22)
where T}, (t) € Wj, with
Ta(t) = S Riu(t) — DAL REu(0) D Riu(t)) — Def (Riu() + (Rug) Riu(t) — Rug (1

and T} g0 (t)(x;) = —DyRyu(z;,t), i =0, N.

Remark 4. Under the assumptions A € C(R), f € C3(R) and u € C°([0,T],C*Q7)) N
C1([0,T],C(£2)), it can be shown that Ty (t) and T}, g0(t), satisfy similar bounds to those
on Propositions 5 and 6.

Theorem 2. Let u € C°([0,T],C*Q")) N CY([0,T],C°(RQY)) denote the solution of the
IBVP (1)-(3) and up(t) € W} the semidiscrete approzimation defined by (16). If A € CH(R),
f € C3(R), g,q € C°%0,T],C%Q)) then there exists a positive constant C, h and t
independent, such that

t
1Eu(8)Il; + Ao/ O D_Ey(s)]} ds < e "V ER(0)]];
0

t
4l [ DO ()2, ) ds, (23)
0

where

0(u(t)):2(qg—Ao)t—:0/0 ()o@ HA’HLOO(R)JrHf’HLOO(R)>2ds. (24)

for all t €[0,T].
Proof. From system (22), the following inequality is easily obtained

1d

5 qp 1Bult Bl < —(A(Myup () D—gun(t) + My f(un(t)), D—o Bu(t))+

+ (A(Mthu(t))D,thu(t) + th(Rhu(t)), D,xEu(t))Jr

—q0 | Eu@®)|l} = (Th(t), Bu)p — Z Tho0(wi,t) By (i, t)
i=O.N

for t € (0,T]. Following the proof of Theorem 1, it can be shown that there exists a positive
constant C, h and ¢ independent, such that

2 2
2 <qO — 24 — 1 (HU( Ner@ HA/HLOO(]R) + Hf/HLoo(R)) ) 1B (t)11

d .
t4 1B}, + Ao [ D—oEu(t)|3 + < Clipag lu(t)[|gs gy » 10 (0,77, (25)
where 0 is defined by equation (24). Inequality (25) leads to estimate (23).
[l

10



As mentioned before, the stability of the IVP (16) in (up(t))nea follows from estimate (17)
if there exists positive constant Cg, h and t independent, such that

t
/O ID_sun(s)|I2 ., ds < Cs t € 0,7],

for h € A with A4, small enough, which is established in the next corollary.

Corollary 1. If the sequence of grids {ﬁh, h e A} s quasiuniform, under the assumptions
of Theorem 2, the solution uy(t) € Wi of (16) is a stable solution in [0,T] provided that
Uh(o) G maa:c (Rhu(o))

Proof. Applying Theorem 2, the following estimate holds for E,(t)

t
IEa(0)]2 + /0 ID_aBu(s)|2 ds < Cu(Bray + Hhes),

for h € A and h;pq, small enough. Therefore, from

t t
[ 1Dl s <2 [ID Bl stz [T as
0 b b ax LOQ(Q)
tHl ou 2
D_,FE, d 2 — d
< [ DB as / 5
we conclude that
h2 ht o
/||D Jun(s Hhoods<20"m+2/ u gy ds
hmin o |0z L>(Q)

and stability follows from the quasiuniformity of the grid.

3.2.2 A fully-discrete scheme

Let M € N and At = % We introduce a uniform grid in [0, 7] of timestep At defined by
tn, =nAt, n=0,..., M. We now propose a fully discrete scheme, derived from system (16)
by applying an implicit-explicit approach to the nonlinear terms and a standard backward
Euler discretization of the time derivative. For n = 0,...,M — 1, let uy € W} be defined
by
D_yup™ = D (A(Mpup) D—puy ™) + De(f (up ™))

— Rug(tng1)up ™ + Rug(tnt), (26)

Dn TL+1( 2) = 07 L= 07N
up = Rpuo,

where D_; denotes the backward finite difference operator to approximate the first partial
derivative with respect to ¢ and

Dhu (20) = 5 (At (0)) D (21) + Ay (20)) D] ()
- 1 (P @) + 27 (@) + bz 1))

Db () = 5 (A (a0 Do (ons1) + A (o) D (o)
+ 5 (Flhen i) + 26 when) + fuf (o))

11



fork,j=1,..., M.
In what follows, C™" (€0 x [0, T]) represents the space of functions defined in Q" x [0, T,
with continuous partial derivatives with respect to x and ¢ until order n and m, respectively.
For t € [At,T), let Tj,(t) € W} denote the truncation error associated with the
discretization of the differential equation, that is,

Rju(t) — ]A%}'iu(t - At) Di(A(MpRju(t — At))D_, Rju(t))

— De(f(Rpu(t — At))) + (Rnq(t)) Ryu(t) — Rrg(t)

Th(t) =

and Th,ag(t) denote the truncation error associated with the discretization of the boundary
conditions.
In order to establish convergence, we will require the next result.

Lemma 1. Let a,8 € R and v, At € RT such that 1 + Ata > 0 and o < B. If
(Tn)neNgs (Yn)nen and (zn)nen are sequences of nonnegative numbers satisfying

(1+ Ata)x, + Atyy, < (14 AtB)zp—1 + Atzy, n > 1

then

Ta+ ALYy < ((1+Atﬁ)x0+AtZzi> exp <"At(7i—a)) 1

i=1 =1

where m = min{1 + Ata,v}.

Proof. From the hypothesis, we can show using induction that for n > 1

n n—1 n
(1+ Ata)x, + At’yZyi < (14 AtB)zo + At(B — ) Zmz + Atz Zi,

i=1 i=1 i=1
which leads to
n
1+ At 8—a
:Cn—i—AtZyi < mxo+At( —~ S Z Z—l——Zzl,
i=1 =1
A direct application of a discrete Gronwall lemma concludes the proof. O

We are now able to prove a convergence result for the proposed method. Let E] =
— Rpu(ty,) € Wy, denote the global error for each n =0, ..., M.

Theorem 3. Let u € C*O(Q x [0, 7)) NC%(Q x [0,T))NCHQ" x [0,T)) be solution of the
IBVP (1)-(3) and letuy € Wy,n=0,..., M, be defined by (26). If A€ CH(R), f € C3(R),
9,q € C°([0,T],C°(Q)) ,

= 3A0+ (”uHCl Qx[0,77) HA/HiOO(R) + Hf/HiOO(R)> —2¢0 2 0 and 290 =340 # 0, (27)

then there exists Atg > 0 and a positive constant C (h independent) such that for all
At < Atg it holds

n
1B + ALY |[D—o B
j=1

<C(hd

max

15 +AP), n=1,..., M, (28)

12



Proof. Let Aty < m and take At < Atg. From (26) it can be shown, for n =
0,...,M — 1, that the following inequality holds
HEn-HHh En En-i—l) _ AtAo HD—HTES—HH?,_ +
+ At((A(Mp Rpu(ty)) — A(Mpuf))D—y Rpu(tys1), Do BT 4
— At(My(f(up) — f(Rau(tn))), D—oEy)+
— Atqo HE”“Hh — ATy (tnsr), EMHY,,

+ ALY Thoa, (@i tny) BT (),
i=0,N

(
)
with EY = 0 in . Observe that for all € # 0,
(A(My Ryu(tn)) — A(Mpup)) Do Rpu(tns1), Do By ™) 4
— (Mu(f(up) = f(Rpu(tn))), Do By )4

1 2
< 25 (1l @eioury 14 gy + 1 W7oy ) NERIR + €2 | Do B

On the other hand, proceeding with a similar proof of Theorem 1, it follows that there
exists a positive constant C, independent of h, At, such that

(Fp(tsn), BT < %4 +AL2) + & | Do Ep | 428 || B2

max

and
N Thoo, (@it EL () < 20(AE + hik,,) + 40t || B
i=0,N

where C' is a positive constant, only dependent on A, f and u.
Taking in (29) the last estimates, we conclude

[1+ At (2g0 — 3¢%)] || EZTY[) + 2A6(Ao — 2¢2) || Do EL Y|

At n
< <1+ == (Il ooy 14N ey + Hf’Hioo(R))> |B2I; + AC (g, + AF2). (30)

Taking € = % and under the assumption (27), we can now apply Lemma 1 and from (30),

we get

n
IEZ|I; + AtY || DB
j=1

T
H—l— < C(h’i’bax —|—At2)exp (’y> ) j = 17"'7Ma
m

where m = min {1 + At (2g0 — 3A4p) , Ao}. Finally, from the hypothesis on At and Aty, it

follows that
e T <e T ma; 1 !
xp [ — X max
P m B P AO 1-— |2q0 - 3A0’At0

which leads to inequality (28). O

Theorem 3 establishes the following estimate for the error

IEL; + At| Do B3 < C(hy

max

+A?), n=1,..., M.

where C' is a positive constant A and At independent, ensuring that the scheme (26) is of
second order in space and first order in time for At small enough.

13



4 Convergence analysis for less smooth solutions

The previous study of convergence properties of the schemes for the stationary and time-
dependent problems, using smooth enough solutions, provides useful insights on how to study
these problems. In the following sections, we want to reduce the regularity assumptions on
the exact solution of the problem, while still proving second order convergence with respect
to space. This will require a careful application of the Bramble-Hilbert Lemma, a technique
suited for this scenario. In this setting, for g € L'(£2), we introduce the averaging operator
(9)n : Q) — R defined as

1 Tit1/2
e =5 [ gw)d 0= 1.
i+1/2 Jx;_1/9

hisi -
where z;41/9 = 2; + 5+, 1=0,...,N — 1, and we take x_; /5 = zp and oy 1/ = TN

4.1 Revisiting the elliptic problem
We recall the nonlinear elliptic differential problem (8)-(9)

_ 4 (A(u)jz + f(u)> +qu=g in (,
du

A(u)@ + f(u) =0 on 09,

and introduce a new discrete scheme, mostly the same as (10)-(11), but with a slight
modification on the discretization of the right hand side

— (D (A(Mpup)D_gup) + Def (un)) + (Rug)un = (9)n,  in Qy (31)

and
Dyup (o) = Dyup(zn) = 0. (32)

Before proving a convergence result, we establish the following proposition, which will
be useful going forward.

Proposition 8. If w € H?(Q) and v, € Wy, then there ewists a positive constant C,
h-independent, such that

() = Riaw, o)l < Oy (10l ol + Nl oy 1Dl - (33)

Moreover, the previous inequality also holds for w(t), t € [0,T], if w € C°([0,T], H*(Q))
with C' a positive constant independent of h and t.

Proof. We only prove the result for w € H?(2) since the proof is similar in the other case.
To determine an upper bound for |((w);, — Rpw, vp)n|, we follow the proof of Theorem 2

from [3]. We start by noticing that ((w), — Ryw,vp)p = —TlJQFTQ where
N-lpp it
1= Y | o)+ u)) - [ w@)de| (Bulein) + Ba) 60)
1=0 x;
and

Tit1/2

N-1 )
To=> [h”l (w(zip1) — w(z;)) +/ w(z) dx
1=0

2 .
Tit1

- / w(zx) dx
Tit1/2

14

(Bu(@it1) — Bu(zi)). (35)




We now apply Lemma 1.4 from [2] to each term hg“ (w(wip1) + w(z;)) — [T w(x) dx

X4

of (34) to establish that there exists a positive constant C1 1, h-independent, such that

N
5/2
T3] < Cua Y0Pl o, oy [ Bul@io) + Eu(z:)]
=1

N 1/2 1/2
<Cia (Zh?”w“%%mil,xi)) (Zh u(Tio1) + Bu(z ))2)

1=1
<2Ch lhgnax ”wHHQ(Q) HEUHh

For (35) it can be shown, through the Bramble-Hilbert Lemma that there exists a
positive constant C1 2, h-independent, such that

N
3/2
T < Cra > B Nl oy o 1 Bul@iot) = Eul@)]
=1

N
5/2
< Cr2 Y0P Ml g ooy 1 Do Bu()|

=1
N 12,y 1/2
<Ci2 (Z hi HwH%{l(xi_l,xi)) (Z hi(D—xEu(ﬂfi))2>
=1 =1

< Crahias [0l gy | Do Bl -
Taking C' = max{2C 1,1 2}, this establishes estimate (33). O
For the discrete scheme (31)-(32), the following convergence result holds for the error
E, = up — Rpu € Wy,

Theorem 4. Let u € H3(2*) denote the solution of problem (8)-(9) and uj, € W; denote
the solution of system (31)-(32). If A, f € CE(R) with f(u) € H*(Q), ¢ € W**°(Q) and
g € LY(Q) then there exists a positive constant C, h-independent, such that

1Eullyj, < Chinag 1ull g3y
for all h € A, provided that

HU/HLOO(Q) HA,HLOO(IR) + Hf/HLOO(R) < min {go, 4o} -

Proof. Calculating the discrete inner product (-, -); of both sides of (31) with E,, applying
Proposition 3 and using the boundary conditions (32), we easily establish, as before, that

(A(Mhuh)D—J:EUa D—ach)—‘r + (thEu7 Eu)h = ((Q)h, Eu)h

— (Mp(f(un) — f(Rpu)), Dz Ey)+
— (A(Mpup)D—y Rpu, D Eyy) 1

— (Mp(f(Rpu)), D—yEy)+

— (Rn(qu), Eu)n

A straightforward development of ((g)n, Ew)p, and using the lower bounds for A and g,
leads to

Ao [D—zEully + qo [ Eull, < ((g )h—Rh(qU%Eu)h
— (Mp(f (un) = f(Rpu)), Do Eu) ¢
— (A (Mhuh)D oRyu— Ry, (A(u)) ,D_yEy) 4
~ (My(f(Ryu) = R f (u). D Bu) 4
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where Ry, : CO(Q) — W} is defined as Rpu(z;) = u(zi—12),i=1,...,N, foru € Co(Q).
Let 73,1 = 1,2, 3,4 be defined as

71 = ((qu)n — Ru(qu), Eu)n

Ty = —(Mp(f(un) — f(Rru)), D Ey)+

73 = —(A(Mpun)D_y Ryu — Ry, (A(u)u') , D_zEy)+
71 = —(My(f(Ryu)) = Buf(u), D-sEu)+

We now prove upper bounds for |7;|, i =1,2,3,4.

e Bound for 71: Given the regularity assumptions on ¢ and u, using Proposition 8, it
follows that there exists a positive constant C7, h-independent, such that

711 < C1as (lalhyzoe oy el 2y 1Bl + Il Il s gy 1D Bul,) -

e Bound for m5: As we have seen before in the proof of Theorem 1, this term can be
bounded as

7ol < 1] oy 1Bl |1 DBl
e Bound for 73: Splitting carefully the term A(Mpup)D_zRyu — Ry (A(u)u') as
(A(Mpup) — A(MpRpu)) D_y Rpu
+ A(MpRpu) (D_mRhu - Rhu'>
+ (A(Mthu) - RhA(u)> Ry
it follows that there exist a positive constant Cs, h-independent, such that

73] < HA/HLOO(]R) HU/HLOO(Q) [ Eullp, (10— Eull
1/2

N 1/2 N
ey (zhmuuzs(w>) +(zmuuz2<w)) DR,
i=1 =1

e Bound for 74: Again, following [3], if f(u) € H?(Q) then there exists a positive
constant Cy4, h-independent, such that

N 1/2
[T < Cy (Z hi IIf(U)II?p(xi_l,m) |1D—oEull,
i=1

Combining all the bounds we can now establish

4

’;i‘ <y h%naac HQHWZOO Q ||u”H2 Q ||EUHh hgna:p ||QHV[/1»°° Q HUHHl Q HE—CCEU||+
=1

(17 Ny + 04 ey 1o e ) 1Bl Do Bl

o Colae (Il sy + 10l 2 ) 11D Full + Caba 15 (0) g3 1D Bl
< OR2 e 1l gy (1Euly + 1D—2Bul)

(1l ey + 14 oy 1] ey ) 1l 11D Bl
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where

¢ = max { C1 llallyze(ay 1 Nlallroe ey » G (Iell sy + Nl sz ) » ColF (@) gy }
Then, for all € # 0, it follows

a2 CNQ 2
(o =2 ID_oBull, + (10— @ = 3 ) 1Bl < b Il

where o = [| '] oo (r) + |A"[| oo (r) |4/[| .20 (). Choosing e = 2, we conclude the proof. [

Remark 5. Following the proof of Theorem 4, the assumption that A € C}_}(R) can be
weakened. In fact, a similar proof holds, with the due adaptations, assuming A globally
Lipschitz in R and bounded.

Remark 6. The proof of Theorem 4 together with Proposition 8 allow to show that under
the regularity assumptions of Theorem 4, as long as g € H%(Q2), then using the restriction
operator Ry, on the right hand side of (10) guarantees that method (10)-(11) is still second
order. This follows from noting that the averaging process is a second order approximation
for the pointwise value of function, as observed in [3].

4.2 Revisiting the parabolic problem

We now turn our attention to problem (1)-(3) which we recall to be

0 0 0
E;:_&U(A(u)aZ—i-f(u)) +qu=g, inQx(0,T],
A(u)gZ—i—f(u):O, on 99 x (0, T,

where ¢,g € C°([0,T],C°(Q)).

4.2.1 Semidiscrete scheme

As before, we start by considering a semidiscretization of the full parabolic problem (1)-(3).
Let us denote now wuj, € W} as the solution of a slight variation of problem (16):

%(t) = D} (A(Mpup(t))D_gup(t)) + Def(up(t)) — Rug()un(t) + (g(t)n,

Dnuh(t) = 0,

(36)

for all ¢ € (0,7, with initial condition u(0) = Rpue and where ¢, g € C°([0,T], C°(Q))
We can now establish the following convergence result for the error E,(t) = up(t)
Rpu(t), for all t € [0, 7).

Theorem 5. Let u € CY([0,T], H3(Q*)) with % € C°([0,T], H?(S2)) denote the solution of
the IBVP (1)-(3) and up(t) € Wy the semidiscrete approzimation defined by (36). If A, f €
CL(R) with f(u) € C°([0,T], H*(2)), g € C°([0,T], L' (%)), ¢ € C°([0,T], W*>°(Q)) then
there exists a positive constant C, h and t independent, such that

t
1B (I + Ao / PN =0@O) | D_, B, (52 ds

ou
E(S)

t 2
< Chpos / fu(e)—8(u(®)) (IIU(S)II?{3(Q> +‘ ) ds,
0 H2(Q)

17



where

ou

2
S B L I

3A 2 [t ,
B(u(t)) = (2qa - 2“) '3 ), (HA ey

for all t €10,T].

Proof. The proof follows closely a combination of arguments used on the proofs of Theorems 2
and 4. Let Ey(t) = up(t) — Rpu(t) for all ¢ € [0,T]. Following previous arguments, it is
casily established that for uj(t) € W it holds

5 55 B <~V F(un(t) = F(Ruu(t))), Do Bu0)+
- (A(Mhuh(t))waRhu(t) + th(Rhu(t))> Dmeu(t))Jr

— 0 | Eu(t)|} — Ao | D—aEu(t)|

. (Rhf;;(t), Eu(t)>h + ((9(0)ns Bult))n

for all ¢t € (0,T].
Expanding the term ((g(t))n, Fu(t))n, the previous inequality leads to

5
s S IEDIE + a0l But) < ~Ao 1D Bu(t)I2 + 3 (1)
i=1
where
71(t) = ((q(t)u(t))n — Ralq(t)u(t)), Eu(t))n
72(t) = (Mp(f(Rau(t)) — f(un(t))), D—zEu(t))+

() = ( Ry (A(u(t))?i(t)) — A(Myup(t)) Dy Rpul(t), D_xEu(t)>+

ra(t) = (B (F(u(t)) = Maf (Ruu(®)). Do Eu(t))

nt) = ((G0) —m(500) El0)

Using Proposition 8 it follows that there exist positive constants C, Cy, h—t independent,
such that

()] < Cuhae (08 lyzoe ) 107200y 1 BB
la(t) .o ) 1008 g ) |1 D2 BuD) ) -
and

el

|T5(t)| < Cthnax (‘ HDa:Eu(t)||+> .

el

Il + ]

H2(Q HY(Q)

Regarding 19, 73 and 74, it is straightforward to show that there exist positive constants
Cs,Cy, h — t independent, such that

(O] < 1] ey | Bl | D=2 BulD]
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ou
e BN+ Cot ||u<t>uH3(m) 1D B0
Loo(9)

RCIE (e
and
74(t)] < Cabigy 1 ()| 20y 1D—2Bu (Bl

Combining the previous bounds for 7;(¢), i = 1...,5 and through suitable applications
of Young’s inequality, for all € # 0, it holds

d a(t)?
GBI +2 (- @ - 20 ) IE1:

Chi

202 1001 < S (0 +

o

) (37)
H2(Q)

where C' is a constant positive independent of A and ¢t and

alt) = |4

ou
[P LG e L e

Choosing €? = % and integrating (37), we conclude the proof.

4.2.2 Fully discrete scheme

Our final goal is to establish a convergence result for a fully discrete scheme similar to (26),
while reducing the regularity assumptions considered in Theorem 3. Let us introduce the
new fully discrete scheme: for n =0,..., M — 1, let uy € W} be defined by

Dyuy ™t = Dy (A(Myup)D—gup ™) + De(f (up))
= Bag(tns2)u ™ + (9(tnt1)n, (38)
Djuptt =0,

where u% = Rpug.
Let E}} = ujl — Rpu(t,) € W), denote the global error for each n =0,..., M.

Theorem 6. Let u € C°([0,T], H3(2*)) satisfying % € C°([0,T), H*(Q)) and % cue€
CO([0,T], HY(?)) denote solution of the IBVP (1)-(3) and let uf € Wj,n = 0,..., M,
be defined by (38). If A, f € CL(R), f(u) € CO([0,T], H3(Q)) N C1([0,T], H (), ¢ €
CO([0, 7], W2>(Q)), g € C°([0, 7], C°(9)),

A 4 A
?0 + A (HA’Hioo(R) HUH%’O([O,T],HZ(Q)) + Hf’Hioo(R)) —2q0 >0, 2q# 70 (39)

then there exists Aty > 0 and a positive constant C (h independent) such that for all
At < Atg it holds

< OT(u)(R?

n
|Exl + At || Do B o TAZ), n=1,.... M, (40)

=1

2
I

where
2

of (u)
() = ullgogo.m,meyy + 1 (@) [Eogo m 20 + Hat CooT1 (@)

2 2

o
ot?

ou

+%

"

00([0.7],H2(2) o0 H1 (@)
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Proof. The proof follows a similar strategy than the one adopted in the proof of Theorem 4.
Let

Atpg < ———
0= Tago — Ao

and take At < Atg. It can be shown easily that for n = 0,..., M — 1, the following
representation holds

HE”HHh (Ep BV 0 + At(Rpg(tas ) ELTH ERTY),
— At (A(Mpup) D Ej, Do ERFY) |
+ AL ((q(tns1)u(tngr))n — Ba(q(tnsr)ultngr)), Ex Y,
+ At (Mp(Rpf (u(tn)) = f(uf)), Do ELT') .

+ At (My (R f (u(tns1)) = Ruf(u(tn)), Do EY)
0

+ At <Rh <A(u(tn+1))(;;(tn+1)> — A(Mth)Dfohu(tn+1)), DxE;lJ'_l)
+
+ Ot (Ru(f (ultn1)) = Ma(Bu (u(t)), Do B )
ou w(tpy1) — ulty)
At (| = (tn - Ept
car((Git), (g ),
which leads to
6
(1 + 2Atqo) HE”“Hh +2AtA ||D- E"+1H+ < |EJI; + 208t (41)

k=1

where

T{l+1 ((q(tn+1)u(tn+1))h - Rh(Q(tn+l)u(tn+1))’ EZ—H);L
T = (Mu(Rpf (u(tn)) = f(uf)), D—oE}H) |
ou

31 = (B (AC(tr) G2 i) ) = AR Riaty0)) DL
+

i = (Bu(f(ultns1))) = MyRif (ulturn), Do) |

g:(thrl))h _ Rh <u(tn+1)At_ u(tn)> 7E;L+1>h
TéH_l (Mh(Rhf( (tn1)) — Ruf(u(tn))), D—:EE;LJA)_,_

Bounds for T"'H TSH and 7,7 are derived using the same tools as for the semidiscrete

case. Hence there exist positive constants C; and Cy, independent of h, n and At such that

n+1

1Y < Crhig el oo, m2()) (1Bu(tar )l + 1 D=2 Eultar1)llL)
8 < (12 ey VI [ Do B2

and
| n+1| < C4hmaac ||f(u)||00 ([0,17,H2(%)) ‘}D*1E3+1H+ :

We now establish bounds for T"+1 and 7'"+1
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e Bound for 73’ "1, We start by noticing that 73 ! can rewritten as

n+1 Z 5n+1

where
5?+1 = ((A(Mthu(tn)) - A(Mth)) D*{L‘Rhu(tTH’l)’ Df:vE;l—’—l)_;_
05 = ((A(MaRyultni1)) — A(My Rypu(tn))) D Rpt(tosr), Do ER ™)
R . (Ou
ot = [ (Rp(A(u(ty — A(My,Rpu(t, R n ,D_,E"!
71 = (A1)~ ARyt R (G0 ).
. (Ou
ot = [ A(MyRpu(ty, R n — D_,Rpu(ty, ,D_,E"!
241 = (A0n () (R (Gri)) = Dot ).

For 5{1“, 55’;‘“ and 62“ it is easily established, following previously presented argu-
ments, that there exist positive constants C3 3 and Cs 4, independent of h, n and At,
such that

07 < | A ey Nll oo, a2y I Bl | D2 B2

ou

|65 < C3 302 e

e/l o ) D_ E!
oL@ C UOTLHHR) I I,

105 < Csahimag [|A']| oo ) Nll oo, 11,550y [ DB |

ma {1 4[] o )

Regarding 53“, it follows that

N
16571 <> hal A(My Rpultn 1) () — A(MyRyu(tn) ()] - | Do Ryti(tn 1) ()]
=1
D E}t ()]
N
<A oo gy ell oo,y 2y D il Mi (Riu(tnsa) (@) — Riyu(tn) (2:) |
=1
| DByt ()]

Applying the Bramble-Hilbert Lemma to estimate |u(x;,tn11) — u(x;, ty,)|, for i =
0,...,N —1, it follows that there exists a positive constant C3 o, independent of h, n
and At, such that

ou

[ Rnu(tns1) = ultn))(@1)] < Cy2V/AL (/ e

9 1/2
| ,i=1,...,N
H(Q)

and therefore

ou

tn+1 2 1/2
|65+ < 03,2\/&‘}14/‘&00(11&) llullcogpo,r1,12(02)) (/t ot = (1) H(Q) dt) DBy, -
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Finally, the following bound holds for 7. "+1

3t < A oo gy 1ull ooz, 2 ) 1Bl ID_EyH|,

tn+1 a
+Cs || Do BT | VAE [l o o.07.1200) </t -

E(t)

9 1/2
dt

HY(Q)

CO([07T]7H1(Q))>]

ou
Ot

+hia (H“H(JO qo.r,m3@)) + 1ulleo o), m2(0)) ‘

where C3 = [|A|| oo (g - Maxi=2,3.4 Cs,;.

e Bound for 75 "+1. We remark that T"'H can be written as

= (), () ),
|
+

ou
< b1 ) Rha (t n+1),EZ+1>
h

(o G- (252 ),

The first term can be bounded as in the semidiscrete case through Proposition 8.
Therefore, there exists positive constants C5, h, n and At independent, such that

((Gren) = miGy .27

h

ou
< Csh2 w1 = ErH 4 ||D_ Ert!
o |5 |, (T 1227
and
‘(Rh ((;:(tnﬂ)— (u( +1)At Y )>>,E3+1>
h
. ) 9 1/2
< CsVAt /+1 8—;‘@) at | [EZY,
leading to
ou
s <C max || 94 E17+1 + D—iELLJrl
CAE [ L N (L SR LR

9%u

2 1/2
e En+1
ol ) I,

tn+1
wvar( [
tn

e Bound for 75'"": Proceeding as in the previous estimates, there exists a positive
constant Cg, independent of h and At, such that

+

of(w) |I?
o ()

. 1/2
e/ Y at) DB
‘ t @ *

HY(Q
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Defining

du
ot

9 1/2
dt
HY(Q)

Ry = Clhznaa: HUHCO([O,T],H?(Q)) + C4h‘3nax ||f(u)||00([0,T],H2(Q))

ou
+ il (|ruuco([o,ﬂ,m(m) +lullwqo o 51

R711 = Clhgnax HuHCD([O,T],HQ(Q)) + C5h2nax

tn+1
+ CsV AL /
tn

CO([0,7),H?(2))

0%u
o )

and

CO([O,TLHl(Q))>

+ C3 t||u / —(t t
CO([07T}’H2(Q)) t, at Hl(Q)
9 au tni1 8f(u) 2 1/2
+osh2,,, || + CsVAL / (1) dt
Ot llco o7y, 12(9) b ot o

inequality (41) leads to

(1+2Atqo) || E2*Y[3 + 24t Ao || D EZ L2
< B2, + 288 (Ry | B3|, + B3 | DB )

+ 24t (HA/HLOO(R) lullgoqo.r,m2(0)) + Hf/HLOO(]R)> 1B [ D-a B[, (42)

Applying Young’s inequality to each term on the right hand side of (42), for all € # 0,
we conclude

(1424¢ (g0 — ) | B[, +24¢ (4o — 2¢) || Do B2
At At
< (1 T (LU I — Hf’Hioo(R))) 1B + g ((RD? + (RD)?)

Taking €2 = % and applying Lemma 1 we obtain inequality (40).
O

Remark 7. Remark 5 holds true for the regularity assumptions on A of Theorems 5 and 6.

5 Numerical tests

We now present a number of numerical results to illustrate the convergence behaviour of
the two different approaches followed in this paper. Although the convergence results were
obtained under specific regularity assumptions, we shall provide tests where such regularity
is reduced. The goal with this approach is to assess the sharpness of the theoretical results.

5.1 Elliptic problem

We start by turning our attention to the numerical schemes (10)-(11) and (31)-(32) to
approximate the solution of (8)-(9). Conceptually, both schemes differ only by the way
the right hand side is discretized. However, we recall that on one hand, we showed second
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order convergence for scheme (10)-(11) under the assumption that the exact solution of the
continuous problem was C*(Q"). On the other hand, we showed that scheme (31)-(32) is
also second order convergent for solutions in H?3(€2). The results we now present aim at
comparing both approaches whilst satisfying the remaining regularity assumptions on A, f,
g and g. Let o € RT denote a parameter. We define

ue(z) = 22 — 1" =21 + a)z(z — 1), ¢(x) = z + 6,

Aw) = 1y 48, flw) = T,

for x € [0,1] and u € R.

Imposing A, f and ¢ as coefficients in (8)-(9) and assuming « > 1, it follows that
Uq € C? (ﬁ*) satisfies the homogeneous Neumann boundary conditions and we can calculate
g imposing u, as the exact solution of (8)-(9). All results were obtained with Matlab [13].
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hma:c hmax
(a) Results for scheme (10)-(11). (b) Results for scheme (31)-(32).

Figure 1: Log-log plots of || E,||; ;, versus hmqs for the elliptic equation. The lines represent
least-squares fittings to the data.

We plot in Figure 1 the errors associated with both methods and different exact solutions.
For the sake of comparison, we tested both methods assuming o = 3. This implies that
uo € H3(Q*) and the corresponding right hand side of (8) is H%(Q2). Following Remark 6
and since all assumptions on Theorems 1 and 4, both methods are second order. This is
clearly illustrated in both plots in Figure 1: the solid lines correspond to the least square
fittings to the error data and in both cases, the estimated error of roughly of second order.
To provide some clarity on the sharpness of the estimates from both convergence theorems,
we also plot in Figure 1 the error for the exact solution corresponding to a = 1.1. In this
case, U, € H?(Q*). The estimated convergence rate drops to 1.26 and 1.19, respectively,
for the numerical schemes (10)-(11) and (31)-(32).

We finally remark that choosing o = 1.6 implies that u, € H3(Q2*). In this case, method
(31)-(32) continues to exhibit second order convergence, while the estimated convergence
rate drops for method (31)-(32). This appears to indicate that Remark 5 from [3] might
also hold for problems under homogeneous Neumann boundary conditions.
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Figure 2: Log-log plots of [|Ey|; , versus hmqq for the elliptic equation using o = 1.6. The
lines represent least-squares fittings to the data.

5.2 Parabolic problem
We now turn our attention to approximating the solution of the differential problem (1)-(3).
In this context we define, for o € R,

Ua(z, 1) = ¢! <|21: e o1+ )z — 1) — 1) gz, t) = e tHa+6), z€[0,1], t > 0.

As in the setting of the previous section, for & > 1, uo € C2(Q" x [0,T]) and the homoge-
neous Neumann boundary conditions (3) hold for u,. Function g is determined as the right
hand side of (1) imposing u, as the exact solution of the problem.
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(a) Results for scheme (26). (b) Results for scheme (38).

Figure 3: Log-log plots of the error Ey A versus hpqq for the parabolic problem. The lines
represent least-squares fittings to the data.

To measure the error associated with the discretizations, we shall use, as per the results
in Theorems 3 and 6, the quantity

n
By = max | 1L + At Y DBl

Jj=1
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Under the assumptions of Theorems 3 and 6, E, a; is of order h2,,, + At. In the numerical
tests performed, we decided to generate grids following the iterative refinement strategy
detailed in [6]. The parameter At is chosen to be, for each grid considered, At = 2., in
order for the time associated discretization error to not pollute the spatial error.
Examining the error plots in Figure 3, much like in the elliptic case, we validate
numerically the error estimates for smooth enough solutions (case o = 3). The test with
a = 1.1 shows that when the solution u, € C°([0,T], H*(Q*)) the estimated convergence

rate (with respect to space) goes down to 1.64.

6 Conclusions

The main goal of this paper is to present a robust numerical method discretizing the set of
equations (1)-(3), comprising a convection-diffusion-reaction partial differential equation
with two nonlinear components (the diffusion coefficient and the convective flux) subject
to homogeneous Neumann boundary conditions. We proposed two similar finite difference
spatial discretization approaches whose differences lie only on the discretization of the
right hand side: one uses a standard restriction operator, (10)-(11), and the other uses an
average operator, (31)-(32). Under suitable regularity conditions, we showed second order
convergence for these numerical methods associated with the steady problem. Method
(10)-(11) is shown to be second order if u € C*(Q") and method (31)-(32) exhibits second
order convergence if u € H3 ().

Fully discrete schemes for system (1)-(3) are also proposed and are based on the spatial
discretization approach followed for the steady case as well as an IMEX approach for the
nonlinear terms (to avoid solving nonlinear problems in each timestep). Under similar
spatial regularity assumptions as used in the steady problem, both methods, (26) and (38),
are shown to be convergent and the associated error being of order h2,,, + At in both
cases. The major difference in both results is essentially the required regularity on the
exact solution of the problem.

Finally, we illustrated the convergence properties of all methods, for both the steady
and unsteady cases. A drop on the estimated convergence order is observed if the exact
solutions have less regularity than the required in Theorems 1, 3, 4 and 6, thus showing the
sharpness of our estimates.
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