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ABSTRACT. We discuss the rolling, without slip and without twist,
of Stiefel manifolds equipped with a-metrics, from an intrinsic and
an extrinsic point of view. We, however, start with a more general
perspective, namely by investigating intrinsic rolling of normal na-
turally reductive homogeneous spaces. This gives evidence why a
seemingly straightforward generalization of intrinsic rolling of sym-
metric spaces to normal naturally reductive homogeneous spaces
is not possible, in general. For a given control curve, we derive a
system of explicit time-variant ODEs whose solutions describe the
desired rolling. These findings are applied to obtain the intrinsic
rolling of Stiefel manifolds, which is then extended to an extrinsic
one. Moreover, explicit solutions of the kinematic equations are
obtained provided that the development curve is the projection of
a not necessarily horizontal one-parameter subgroup. In addition,
our results are put into perspective with examples of rolling Stiefel
manifolds known from the literature.
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1. INTRODUCTION

In recent years there has been increasing interest in so-called rolling
maps of differentiable manifolds. Researchers have taken different
points of view to study the differential geometry behind these con-
structions. From our point of view it seems to be natural to distin-
guish between two approaches, the intrinsic and the extrinsic one. The
first viewpoint does not require any embedding space to study rolling
maps, whereas the second needs one. At first glance the intrinsic ap-
proach seems to be of more pure mathematical flavour, simply because
intrinsic properties stay in the foreground and any influence of an em-
bedding space, which might a priori not be known or even considered to
be artificial, will be ignored. In some sense, in that framework choos-
ing coordinates is a no-go. On the other hand, however, the extrinsic
approach might be considered to be of more applied character, mainly
because some of the related applications actually stem from rolling rigid
or convex bodies in the geometric mechanic sense and/or from closely
related questions of geometric control. Although there is an overlap of
both approaches, i.e. interpretations of mathematical results of rolling
without slip or twist have partially been discussed from both sides,
definitions usually differ, including assumptions and consequences. We
want to emphasize that by extrinsic we do not mean working with co-
ordinates in the sense of charts. The access to an embedding vector
space often opens nevertheless the path to a coordinate free approach,
similar to treating the standard sphere S™ embedded into R™*1.



ROLLING STIEFEL MANIFOLDS EQUIPPED WITH a-METRICS 3

The purpose of this paper is at least threefold. Firstly, we put
both approaches, intrinsic and extrinsic, into perspective, clarifying
the sometimes subtle differences and discuss their consequences. In
particular, we claim that the role of the no-twist conditions become
more clarified. Secondly, we study a sufficiently rich class of manifolds,
namely the rolling of normal natural reductive homogeneous spaces.
An essentially constructive procedure to generalize the rolling of sym-
metric spaces is presented here for the first time. Thirdly, rolling Stiefel
manifolds, serves as our role model, as it is well known that although
spheres and orthogonal groups within the set of real Stiefel manifolds
are symmetric spaces, all the others are not. We also put all our results
into perspective by comparing them to partial results scattered in the
literature.

Central to our treatise is the derivation of the so-called kinematic
equations, i.e. a set of ODEs to be considered under certain nonholo-
nomic constraints. Certainly, the rich theory behind differential geo-
metric distributions, fiber bundle constructions, and differential sys-
tems can be applied here. For many examples, however, this theory
often does not support explicit solutions for the nonholonomic problem
of rolling with no-slip and no-twist. Here we present explicit solutions
for rolling Stiefel manifolds, even for a huge class of a one parameter
family of pseudo-Riemannian metrics for Stiefel manifolds. This class
includes many of known examples, scattered over the literature.

We strongly believe that our work will influence future research, in
particular, when rolling motions are driven by engineering applications.
To be more specific, having solutions of the kinematic equations of
rolling at hand are helpful in deriving explicit or closed formulas for
differential geometric concepts such as parallel transport and covariant
derivatives, or even to tackle control theoretic questions. These in turn
will facilitate finding solutions for interpolation, optimization, and path
planning, or other related engineering type problems.

The paper is structured as follows. After introducing the necessary
notations, we recall some facts on homogeneous spaces, with emphasis
on normal naturally reductive homogeneous spaces. The Levi-Civita
connection on a normal naturally reductive homogeneous space G/H
is expressed in terms of vector fields on the Lie group G which have
been horizontally lifted from G/H in Subsection 2.1. This leads in Sub-
section 2.2 to a characterization of parallel vector fields along curves,
being important for our further investigation of rolling.

We then come to Section 3, where three different notions of rolling a
pseudo-Riemannian manifold over another one of equal dimension are
introduced. Starting with one definition of intrinsic rolling, we continue
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with two different definitions of extrinsic rolling, the latter being closely
related.

Although these definitions apply to general pseudo-Riemannian man-
ifolds, we turn our attention to normal naturally reductive homoge-
neous spaces in Section 4. The rather simple form of rolling intrinsically
pseudo-Riemannian symmetric spaces from [6] motivates an Ansatz,
being an obvious generalization of this rolling. Unfortunately, this does
not yield the desired result, in general. This discussion is summarized
in Lemma 5. In addition, it is illustrated by the example of Stiefel
manifolds equipped with a-metrics in Subsection 4.2.

Afterwards, we derive the so-called kinematic equations for rolling
intrinsically normal naturally reductive homogeneous spaces. Their
solutions describe the desired rolling explicitly if a control curve was
given a priori.

In Section 5, our findings from Subsection 4.3 are applied to Stiefel
manifolds. First, we recall some facts on Stiefel manifolds endowed with
a-metrics from the literature. Afterwards, the intrinsic rolling of Stiefel
manifolds equipped with a-metrics is discussed by applying results from
Subsection 4.3. For a specific choice of the parameter «, the a-metric
on the Stiefel manifold St,, ; coincides with the metric induced by the
Euclidean metric on the embedding space R™**. Using this fact, the
extrinsic rolling of Stiefel manifolds is treated in Subsection 5.3 by
extending the intrinsic rolling from Subsection 5.2.

In Subsection 5.4, the kinematic equations describing the rolling of
Stiefel manifolds are solved explicitly where an additional assumption
is imposed on the development curve. More precisely, an explicit for-
mula for the extrinsic rolling of a tangent space of St over St,j is
obtained provided that the development curve is the projection of a
one-parameter subgroup in O(n) x O(k) not necessarily horizontal.

Finally, in Subsection 5.5 we relate our results about extrinsic rolling
of Stiefel manifolds to those derived in [5].

1.1. Notations and Terminology. These are some of the notations
used throughout the paper.
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M, N smooth manifolds

.M tangent space at p € M

dyf: T,M — T, N tangent map of f: M — N atpe M
N, M normal space at p € M

G Lie group

H closed subgroup of G

g Lie algebra of G

7 G—G/H canonical projection

H horizontal bundle of 7: G — G/H

)% vertical bundle, i.e. V = ker(dr)
g=hdp reductive decomposition

pry: g —p projection onto p along b

XTp X‘p:prp(X) for X € g

XY smooth vector fields

VxY covariant derivative of Y in direction X
Van)Y covariant derivative of Y along curve a.

2. NORMAL NATURALLY REDUCTIVE HOMOGENEOUS SPACES

Lowercase Latin letters for elements in a Lie group and uppercase
Latin letters for elements in the corresponding Lie algebra are used. For
curves in the Lie algebra it will be more convenient to use lowercase
Latin letters as well.

Assume that a Lie group G acts transitively from the left on a smooth
manifold M by

T:GxM— M, (g9,p) 7(9,p) = g.p-
Then 7,: M — M, defined by

14(p) =7(9,p), PEM,

is a diffeomorphism for any g € G.

Let Stab(o) C G be the isotropy subgroup of a point o € M, that is,
Stab(o) ={g € G: g.o=17(g,0) = 75(0) = 0}. The isotropy subgroup
of a point in M is a closed subgroup of G and any two isotropy sub-
groups are conjugate. To simplify notations, we may denote Stab(o)
simply by H. The coset manifold G/H is diffeomorphic to M via
g.H — g.0o, where g.H € G/H denotes the coset defined by g € G, and
we can write M = G/H. The manifold M = G/H is called a homoge-
neous manifold. Denote the corresponding Lie algebras of G and H by
g and b, respectively.
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The coset manifold is said to be reductive, see e.g. [13, Chap. 11,
Def. 21] or [4, Def. 23.8], if there exists a subspace p C g, such that
g=p@hand Ady(X) for all X € p and h € H. This Ady-invariance

of p implies [p, h] C p.

Let 7 denote the projection of G on the coset manifold, i.e.
7. G—G/H, g~ 7(g9)=g.H.
If e is the identity element in GG, then the map 7 and its differential
(1) der: T.G =g —T,M
have the following properties.
Proposition 1. 1. ™ 1s a submersion;

2. dem(h) = {0} C T,M;
3. d€7r|p: p — T,M is an isomorphism.

Consider now M endowed with a pseudo-Riemannian metric ((-,-)).
We write ((-,-)), if we want to emphasize the value of the metric at the
point p € M. A metric tensor ((-,-)) on M is said to be G-invariant if

<<X, Y>>p = <<deg(X)7 deg<Y)>>’rg(p)

for all X,Y € T,M. In other words, the diffeomorphism 7,: M — M
is an isometry.

Next we recall the definition of a pseudo-Riemannian submersion
from [13, Def. 44, Chap. 7].

Definition 1. Let (M,{-,-)™) and let (N,{-,-)") be two pseudo-
Riemannian manifolds and m: N — M be a submersion. Denote by
V,, = ker(d,m) the vertical space at n € N. Then 7 is called a pseudo-
Riemannian submersion if the fibers 71 (p) are pseudo-Riemannian
submanifolds of N for all p € M and the maps dn7r|Hn: Hy — TrnyM

are isometries for alln € N, where H,, = Vi.
A scalar product (-,-) on p is said to be Adg-invariant if
(Ady(X),Ad,(Y)) = (X,Y), forall h € Hand forall X,Y € p.
Next we recall [13, Chap. 11, Prop. 22].

Proposition 2. By declaring the map d.m an isometry, there is one-
to-one correspondence between Adg-invariant scalar products on p and
G-invariant metrics on G/H.

Definition 2. A coset manifold M = G/H s called a naturally reduc-
tive space, if
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(1) M = G/H 1is reductive;

(2) M carries a G-invariant metric,

(3) If (-,-) denotes the Adg-invariant scalar product on p corre-
sponding to the G-invariant metric (described in Proposition 2),
then it has to satisfy

(Y]

o Z)y={(X,v, Z]}p>, forall X,Y,Z € p.

Naturally reductive homogeneous spaces are complete, see [13, Chap.
11, p. 313].

Next, we introduce the notion of (pseudo-Riemannian) normal nat-
urally reductive homogeneous space. This definition is a slight gener-
alization of the homogeneous spaces which are considered in [4, Prop.
23.29].

Definition 3. Normal Naturally Reductive Spaces Let G be a
Lie group equipped with a bi-invariant metric and denote by (-,-) the
corresponding Adg-invariant scalar product on its Lie algebra g. More-
over, let H C G be a closed subgroup and denote its Lie algebra by
h C g. If the orthogonal complement p = bt with respect to (-,
is non-degenerated, we call G/H equipped with the G-invariant met-
ric that turns m: G — G/H into a pseudo-Riemannian submersion
a (pseudo-Riemannian) normal naturally reductive homogeneous space
with reductive decomposition g = b @ p.

By a trivial adaption of the proof of [4, Prop. 23.29], we show that
normal naturally reductive spaces are naturally reductive.

Lemma 1. Let G/H be normal naturally reductive. Then G/H is
naturally reductive.

Proof. Let X € p = h+. Then (Y, X) = 0 for all Y € h. The Adg

invariance of (-,-) implies

(2) (Adj,(X),Ad,(Y)) =0, heH.

A~

Since Ady: b — b is an isomorphism, this implies (Ad,(X),Y) = 0 for
h e HandallY € b proving Ad,(X) € pforh € H,i.e. Ady(p) C p for
h € H. In addition, g = h @ b+ = h @ p is fulfilled since h= is assumed
to be non-degenerated. Thus G/H is a reductive homogeneous space.
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In order to show that G/H is naturally reductive, we compute for
XY, Zep
0= (X, 2)| -

= % <AdeXp(tY) (X), AdeXp(tY) (Z)> }t:o

= (V. X],2) + (X, [V, Z])

— —{[X,Y],2) + (X, IV, Z]),

(3)

where we have used the Adg-invariance of (-,-). Finally, since p = b+,
the last identity implies

(4) (XY, 2) = (X, [v.Z]],), X.Y.Zep,

i.e. G/H is a naturally reductive homogeneous space. 0

Let G/H be a normal naturally reductive space. Then, by definition,
the map 7: G — G/H is a pseudo-Riemannian submersion. Obviously,
the vertical bundle and horizontal bundle are given by

Vy =ker(dym) = (deLy)h  and  Hy =V = (deLy)p,

for g € G, respectively. From an algebraic point of view, the reductive
decomposition has the following properties:

g:p@l_ha [hab]cha [pab]cp

We end this preliminary section by commenting on the regularity of
curves. Throughout this text, for simplicity, if not indicated otherwise,
a curve ¢: I — M on a manifold M is assumed to be smooth. However,
we point out that many results can be generalized by requiring less
regularity.

2.1. Levi-Civita Connection and Covariant Derivative. We first
set some notations. The Levi-Civita connections on M = G/H and on
G will be denoted by VM and V¢, respectively. In cases when it is
clear from the context, we may use simply V for both. If Y is a vector
field on M = G/H, we denote by Y € I'*(T'G) its horizontal lift to G.
Correspondingly, if «: [ — M is a curve in M and r: I — G is a lift of
ato G, wewrite V)Y € Ti )M for the covariant derivative of Y along

a, and m/!T(t) for the horizontal lift of V)Y to H,u) C T, G.
In the sequel, the lift of a to G will be denoted by ¢ instead of r if it

is considered to be horizontal. For g € G denote by pry : T,G — H,
the projection onto the horizontal bundle, explicitly given by

(5) pry, = (deLy) o pr, o(deLg)_l.
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Lemma 2. Let G/H be a normal naturally reductive homogeneous
space and let X, Y be vector fields on G/H. Denote by X and Y the
horizontal lifts of X and Y, respectively. Moreover, let {Ay, ..., Ay |
i=1,...,k} be a basis of p and denote by Ay, ..., A, the correspond-
ing left mvamant vector fields defined by Ai(g) = d.L,A; for g € G.

Expanding X = Z " A and Y = Z _, Y;A; with smooth functions
z;,y;: G — R, we obtain for the Leuvi- C’wzta covariant derivative on

G/HforgEG

(VAY)((9) = dgm (3 (X(1) (9)A(9)
(6) .

or, equivalently,

k

M VY], =3 (X)) )1 2 mom o Al

j=1

Proof. Since the metric is bi-invariant, it follows that for left-invariant
vector fields V, W on G, see [13, page 304],

(8) VEW =4[V, W]

holds. Since G/H is a normal naturally reductive space, the map
m: G — G/H is a pseudo-Riemannian submersion. Let X, Y be vector

fields on M, and X , Y their horizontal lifts to G. We recall that the
Levi-Civita connections on M and on G are related by, see [13, Lemma
45, Chapter 7,

(9) VY = dg7r<erg V%?)

Expanding the horizontal lifts X and Y in terms of the left-invariant
frame field {Aq, ..., A}, ie.,

(10) 5(: = szzl, }7 = Zijj,

we have

(11) V&Y = V%(Z%‘Z]) = i (X)) A;+3 ) iy [szj]-

Jj=1 J=1 4,j=1



10 M. SCHLARB, K. HUPER, I. MARKINA, AND F. SILVA LEITE

Projecting to H,4, and taking into consideration that the first term in
the last equality belongs to H,, we obtain

k k
(12) pra, VEY =Y (X(4)))A; +pryg, 3 D wis [Zi,ﬁ]} :

j=1 ij=1
Identity (12), together with (9), gives (6). Clearly, by using (5), one
has pry, ([A;, 4;])(9) = [As, Aj] p(g). Hence, (6) is equivalent to (7),
as the vector field from (11) on G is horizontal and m-related to V¥Y
by (6). O

Lemma 2 yields an expression for the Levi-Civita covariant deriva-
tive on G/H in terms of horizontally lifted vector fields on G. This ex-
pression allows for determining the covariant derivative of vector fields
along a curve in G/H in terms of horizontally lifted vector fields along
a horizontal lift of the curve, as well. As preparation we comment on
the domain of horizontal lifts.

Remark 1. Let a: I — G/H be a curve on a normal naturally reduc-
tive space. The horizontal lift q: I — G 1s indeed defined on the same
interval as o. This can be shown by exploiting that H C TG defines a
principal connection which s known to be complete.

Lemma 3. Let M = G/H be a normal naturally reductive homoge-
neous space, o: I — M a curve and Y a vector field along a. Let
q: I — G be a horizontal lift of &« and 'Y a horizontal lift of Y along q.
Then

k
V{\f(t)Y(t) = dq(t)ﬂ(zdggft)_j@))

j=1
k
(13) + dyy (Pt 3 Y iy ([ A, 4;0)] ).
i,j=1
or equivalently
o k k
(14) VY] =D A0 + 5 > w04, A (),
j=1 i,j=1

where {Ay, ..., Az} is a basis of p, A; denotes the left-invariant vec-
tor field corresponding to A; for i = 1,...k and we write A;(t) =
Ai(q(t)) for short. The functions x;,y;: I — R are defined by ¢(t) =

S @it A(t) and Y () = S0y A, ().
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Proof. Let t € I. We extend the vector field &(t) and Y (¢) locally to
vector fields X and Y, respectively, defined on an open neighborhood of
a(t) in G/H. The proof of [9, Thm. 4.24] shows that such an extension
is alwayi possib/l\e. Moreover, we denote by X and Y the horizontal
lifts of X and Y, respectively. These vector fields are expanded as
X = Zle 7id; and Y = Z?Zl y;A; with uniquely locally defined
functions Z;,7; on G. Clearly, these functions fulfill Z;(q(t)) = z;(¢)
and ¥;(q(t)) = y;(t) whenever both sides are defined. In addition,
)A((q(t)) = ¢(t) and }A/(q(t)) = Y(t) holds. By using Lemma 2, we
compute

+ dq(t)W<Pqu<t) 1> @ity (t) [Zuzg} (ﬂ)

ij=1
showing (13). Clearly, this is equivalent to (14) by Lemma 2. O

Remark 2. If M = G/H is a symmetric space, then [p,p] C b, and
consequently the last summand in formula (13) vanishes. So, taking
into consideration that, in this case, Vq.G(t)Y(t) = Z?zl Wﬁj, the
identity (13) reduces to

VY (1) = dyoyr (VY (1))

which shows that, in case of a symmetric space, if Y is a parallel vector

field along a(t) € M, its horizontal lift Y is actually a parallel vector
field along the horizontal lift q(t) € G of a(t).

As we will see below, for non symmetric spaces the presence of the
second term in (13) reveals that the horizontal lift ¢(t) € G is not a
good candidate for the property of preserving parallel vector fields. In
the next section we modify the "horizontal lift” in order to overcome
this problem.
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2.2. Parallel Vector Fields.

Lemma 4. Let M = G/H be a normal naturally reductive homoge-
neous space, a: I — M a curve and q: [0,T] — G a horizontal lift
of a. Moreover, let s: I — H and define the curve r: I — G by
r(t) = q(t)s(t). Let Z: I — TM be a vector field along o and denote

by Z: 1 — H its horizontal lift along r. Then, the horizontal lift of
VawZ: I = TM along r(t) is given by

k
vc’x(t)Z|T(t) = Z ’éj (t)zj (T(t))
(15) =
+ > swit)z(t) pry <[Ads<t)-1(Ai)>AJ](”’(t>))-
ij=1
Here we ezpanded x(t) = (d. q(t) =¥ @A € p and ac-

cordingly z(t) = (d. L ) 1Z(t) = ZZ 1zz( JA; € p.

Pmof Let X,Z € I'°(T(G/H)) be vector fields with horizontal lifts
X,Z € ['*°(TG) and expand them by a left invariant frame A;, ... ,Zk
of the horizontal bundle of G — G/H, ie. X = S 24, and Z =

SOk i1 zjA;. Then, by Lemma 3, the Levi-Civita connection on G/H
can be expressed in terms of horizontal lifts by

(16) VxZ = ZX z)A Z 2 As, Ajl|

Jj=1 i,7=1

Now, consider the curve r(t) = q(t)s(t) being a lift of a(t). A simple
computation shows that

(17) (deLyy) () = Adyy 1 (2(1)) + y(1),
where y(t) := (deLs(t))_lé(t) € h. Thus, using (17) and 7 (r(t)) = a(t),

we have
a(t) = dy@ymr(t)
(18) = (dx Wod eLry) (Ad-r (1)) +y(®))
= (dyiy 0 deLyiy) (Adyo 1 (2(1)) ).

Here the last equality follows from the definition of the horizontal bun-
dle. By extending &(t) locally to a vector field X on G/H, the hori-
zontal lift X of X satisfies )Z(’I“(t)) = de Ly (Ad 1(a(t ))) by (18).

Moreover, the vector field Z along « can be extended locally to a vector
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field Z on G /H, defined on an open neighbourhood of «. Denote by 7

the horizontal lift of Z. Then Z (r(t)) = Z(t) is fulfilled. By [9, Thm.
4.24], we have

—_—~—

1 —_—~— B ~X '
(19) Vd‘(t)ZL(t) - vXZ‘r(t)

The desired result follows by exploiting (16), similarly to what was
done in the proof of Lemma 3. U

Corollary 1. The vector field Z: I — T(G/H) along o: I — G/H
is parallel along o iff its horizontal lift Z along r(t) = q(t)s(t) € G,
defined as in Lemma 4 by z(t) = (dL,w) ' Z(t) = S z(t)A; € p,

satisfies

(20) 2(t) = =4 or, ([Adyy (2(8), 2(1)])
for allt € I, where x(t) = (deLq(t))_lq'(t) =S¥ w(t)A; €p.
Proof. Lemma 4 already implies the statement by applying the linear

isomorphism (dr(t)ﬂ_ o deLr(t))il to both sides of 0 = vd(t)Z‘r(t)' O

When s(t) = e, for t € I, Corollary 1 also gives the following char-
acterization of parallel vector fields.

Corollary 2. The vector field Z: I — T(G/H) along o: I — G/H

with horizontal lift q: I — G s parallel along « iff its horizontal lift Z
along q fulfills the ODE

(21) &(t) = =5 pry ([z(1), 2(1)])
for allt € I, where x(t) = (deLq(t))_lq'(t) €yp and
(22) 2(t) = (deLaw) o (dyyl,,, ) 2(8) € p.

3. INTRINSIC AND EXTRINSIC FORMULATION OF ROLLING

The goal of this section is to introduce the notation of rolling a
pseudo-Riemannian manifold over another one.
In the following definitions, it is assumed that the pseudo-Riemannian

manifolds (M, g) and (]\/4\ ,g) are of equal dimension and ¢g and g have
the same signature.

Definition 4. Intrinsic rolling. A curve a(t) on M is said to roll
on a curve a(t) on M intrinsically if there exists an isometry A(t) :
TowyM — TiuyM satisfying the following conditions:



14 M. SCHLARB, K. HUPER, I. MARKINA, AND F. SILVA LEITE

(1) No-slip condition: a(t) = A(t)u(t);
(2) No-twist condition: A(t)X(t) is a parallel vector field in M
along a(t) iff X(t) is a parallel vector field in M along a(t).
The triple (a(t), a(t), A(t)) is called a rolling (of M over ]\/Z) The
curve a is called rolling curve while @ is called development curve.

The next definition of extrinsic rolling is motivated by the description
of extrinsic rolling in terms of bundles, see [12, Def. 2] and [10, Def.
3].

Definition 5. Extrinsic rolling (I) Let M and M be isometrically
embedded into the same pseudo-FEuclidean vector space V. A quadruple

(a(t),a(t), A(t),C(t)) is called an extrinsic rolling (of M over M),
where a: T — M and a: I — M are curves, A(t): ToyM — Ta(t)]\//T
and C(t): NowyM — Na(t)]\/i are isometries of the tangent and normal
spaces, if the following conditions hold:

(1) No-slip condition: a(t) = A(t)a(t);

(2) No-twist condition (tangential part): A(t)X(t) is a parallel vec-
tor field in M along a(t) if and only if X (t) is a parallel vector
field in M along at);

(3) No-twist condition (normal part): C(t)Z(t) is a normal parallel
vector field in M along a(t) iff Z(t) is a normal parallel vector
field in M along o(t).

As in the intrinsic case, the curve « is called rolling curve while @ is
called development curve.

Alternatively, we define extrinsic rolling as reformulation of a slightly
generalized version of [10, Def. 1].

Definition 6. Extrinsic rolling (II) Let M and M be isometrically
embedded into the same pseudo-Fuclidean vector space V. A curve
(a, E): I - M x E(V), where E(V) = O(V) x V denotes the pseudo-
FEuclidean group of V', is said to be an extrinsic rolling if the following
conditions are satisfied:

(1) a(t) == E(t)a(t) e M;

(2) daw E()(TawM) = TawM;

(3) No-slip condition: a(t) = dauyE(t)c(t)

(4) No-twist condition (tangential part): dowE(t)X(t) is parallel
along & iff X is parallel along o;

(5) No-twist condition (normal part): dawE(t)Z(t) is normal par-
allel along @ iff Z is normal parallel along o.
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The curve « is called rolling curve and the & is the development curve.

Remark 3. The discussion in [6, Sec. 3| reveals that a rolling in
the sense of Definition 6 is closely related to the classical definition of
rolling in [16, Ap. B, Def. 1.1]. Indeed, the conditions Definition 6 and
Claims 1-5 are equivalent to the conditions from [16, Def. 1.1]. Thus
the essential difference between Definition 6 and [16, Def. 1.1] is that
the rolling curve is already part of the Definition. This is motivated
by [12, Ex. 1].

Motivated by [6, Prop. 3], we relate the two different notions of
extrinsic rolling from Definition 5 and Definition 6.

Proposition 3. Let (a(t),a(t), A(t),C(t)) be an extrinsic rolling in
the sense of Definition 5. Then the curve g(t) = (a(t), (R(t),s(t))) €
M x E(V), where

R(t
(23) R(t

(t)
s = CO
s(t) = a(t) = R(t)a(?),
1s an extrinsic rolling in the sense of Definition 6.
Conversely, given an extrinsic rolling (a(t), (R(t), s(t))) in the sense
of Definition 6, then (a(t),a(t), A(t), C(t)) defines an extrinsic rolling
in the sense of Definition 5, where

At) = RO, 0
(24) Ct) = ROl ar
a(t) = s(t) + R(t)a(t).

)’T&mM )
)

=A
=C

Proof. Since this proposition follows analogously to [6, Prop. 3|, we
only sketch the proof. Let («(t),a(t), A(t), C(t)) be an extrinsic rolling
in the sense of Definition 6 and define I > t — (a(t), (R(t),s(t))) €
M x E(V) by (23). We obtain

E(t)a(t) = R(t)a(t) + s(t)
(25) = R(t)a(t) + (a(t) — R(t)a(t))
—at)eM

showing Definition 6, Claim 1. Let 7: (—¢,e) — M be a curve with
7(0) = «(t) and 4(0) = Z € V. Then

(26) dayB(t)Z = = (R(t)y(7) + 5(t))|._, = R(t)Z
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holds. Using (26) it is straightforward to verify that Definition (6) and
Claims 2-5 are fulfilled.

Conversely, assume that I 5 ¢t — M x E(V) is a rolling in the sense of
Definition 6. We now show that the quadruple (a(t),a(t), A(t), C(t)),
given by (24), is an extrinsic rolling in the sense of Definition 5. To
this end, we note that a(t) = s(t) + R(t)a(t) = E(t)a(t) holds by
Definition 6, Claim 1. Hence, by Definition 6, Claim 2, the map

(27) AWM = ROy, = ([dawE®)]y, 0 TaoM = Tap M

is indeed a well-defined isometry. Obviously, this implies that C(t) =
R(t)‘Na(t)M = (da(t)E(t))}Na(t)M: NowyM — NapyM is a well-defined
isometry, as well. Using Definition 6, Claim 3-5, it is straightforward
to show that (a(t),a(t), A(t),C(t)) is indeed a rolling in the sense of
Definition 5. U

Below, in Section 5, we use Proposition 3 to relate the rolling of
Stiefel manifolds constructed in this paper to rolling maps of Stiefel
manifolds known from the literature.

4. ROLLING NORMAL NATURALLY REDUCTIVE HOMOGENEOUS
SPACES INTRINSICALLY

We first formulate an Ansatz for the rolling of normal naturally re-
ductive homogeneous spaces, which is a generalization of the rolling
of pseudo-Riemannian symmetric spaces. It turns out, however, that
such an assumption does not work in general.

4.1. No-Go Lemma. Assume that G/H is a pseudo-Riemannian sym-
metric space. Then, by [6, Sec. 4.2], a rolling of p over G/H along a
given rolling curve can be viewed as a triple (a(t),a(t), A(t)), where

A(t): Ta(t)p = p— Ta(t)(G/H),
A(t) = dyym © de Lg(r)-
Here q: I — G is defined by the initial value problem

(29) §(t) = deLoy(t),  q(0) =e,
whose solution is the horizontal lift of the development curve a(t) =
7(q(t)) through ¢(0) = e.

Note that in [6], G/H is always rolled over p, while in our work we
consider p rolling over G/H. This choice is more convenient for us,
since there is no need to invert ¢(¢), as in [6, Eq. 26].

Motivated by this rather simple form of the intrinsic rolling for sym-
metric spaces, we make the following Ansatz for the rolling of p over

(28)
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G/H, where ¢(t) will be replaced by another lift of &, () := q(t)s(¢),
s(t) being a correction term, still to be specified, see below.

Ansatz:
Given a rolling curve a: I — p, let u: I 5t u(t) =

a(t) € p, and define the development curve a: I — G/H
by a(t) = m(q(t)), with ¢: I — G being the horizontal
curve defined by the initial value problem

(30) Q(t) = deLq(t) (Ads(t) (U(t))), q(O) = €.
Here s: I — H is a smooth curve that still needs to be
specified. The definition of ¢ in (30) is chosen such that
the no-slip condition is satisfied, as will become clear
in the computation (32) below. As a candidate for the
isometry A(t): Towb = p — Tau)(G/H), we define

(31) A(t)(Z) = (dyym 0 deLry) (Z),  Z € Tawp =p
where 7: I 5t ¢q(t)s(t) € G for some s: I — H.

Remark 4. If G/H is a symmetric space, this yields a rolling of p
over G/H for s(t) = e, see [6].

The more general situation, where G/H is a naturally reductive ho-
mogeneous space is considered in the following. Our Ansatz satisfies
the no-slip condition due to

A(t)d(t) = dr(t)ﬂ o deLr(t) u(t)

= de(m 0 Ly © L)) u(t)

= de(Tq(t) oo Ls(t)) u(t)

= de(Tq(t) © Tu(ry © ™) u(?t)

= dr(q(1)) Tg(r) © de © Adsr) u(t)

= dq(t)ﬂ' o deLq(t)Ads(t) U(t)

= dyym4(?)

= a(t),
where 7: G x G/H > (g9,9'H) — (g99')H € G/H denotes the G-action
on G/H from the left which fulfills 7,0 m = mo L, for g € G. More-
over, we exploited that the isotropy representation of G/H and the
representation Ad: H — GL(p) are equivalent, to be more precise,
dr(e)Th © dem = dem 0 Ady, for h € H, see e.g. [4, Sec. 23.4, page 692].

Next we try to specify the curve s: I — H by imposing the no-
twist condition. To this end, let Z: I 5 ¢t — (a(t), Zs(t)) € p X

(32)
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p = Tp be a parallel vector field along a. By identifying Z with
its second component Z,, Z can be expressed by Z(t) = z for some
z € p. We need to determine s: I — H such that the vector field ¢ —
A)Z(t) = (dy@ym o deLy)) 2 along @ is parallel. Note that using (30)
the curve z(t) = (deLq(t))_lq'(t) from Corollary 1 corresponds to z(t) =
Adg)(u(t)). Moreover, also due to

(83)  (dLww) o (doly,,)
the condition A(t)Z(t) being parallel tells us that
0= —3 pr, ([Adyp-1 (Adg (u(t)), 2])
(34) = —5pr, ([u(t), 2])
= —%prp ([o'z(t),z]).
Assuming that for a given 0 # &(t) € p there is a z € p such that 0 #

[&(), 2] € p holds, (34) cannot be satisfied independent of the choice of
s: I — H. We summarize the above discussion in the following lemma.

Lemma 5. (No-Go) Leta: I — p be a curve so that 0 # pr, ([q(t), z])
holds for some z € p and some t € I. Then (a(t),a(t), A(t)), as de-
fined in the Ansatz at the beginning of this section, does not define a
rolling of p over G/H no matter how s: I — H is chosen. To be more
precise, the no-twist condition will never be fulfilled.

A(t)(z) = z =const, tel,

4.2. Example: Stiefel Manifolds. We now specialize the above dis-
cussion to the Stiefel manifold St,, ;, (for the definition and more details
see Section 5.1), equipped with the a-metrics introduced in [7]. These
metrics will be recalled in Subsection 5.1, below. However, we think
that it is convenient to apply Lemma 5 to a non-trivial example here.
According to [7, Eq. (37)], for E = [%] and a # —1, the projection
pr,: 50(n) x so(k) — p is given by
T A__\I} T a —
o () - ([ 2] )
We first assume 1 < k < n — 1. Setting ¥ = A, we get elements of

the form ([ 0 —BT],O> € p, where B € R™®>F Using (35), we can

B 0
write
o ([ 787 ]0)) (15 5] 0))
—B{ Bo+BJ B; 0
s = ([T e [ 0)

—B| Bo+B, By o
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Obviously, for k =1, i.e. By, By € R®"™Y*! one has B) B; = B] B,
implying that (36) is vanishing for ¥ = 1. Thus for St,; = S™!, the
Ansatz actually yields a rolling.

Next assume k& > 1. Then, there are By, By € R %>k guch that
By By — B By # 0 holds. Indeed, choosing By = Ej9 given by (Ejp);; =
61:025, where 6y; and dy; are Kronecker deltas, and By € R™*)** with
(B1)12 # 0, we obtain

3

(BIB, — BB, = 3 (Br)ia(Buss — (B Bra)ia)

i
> =

Z (51k522(31)k2 — (Bl)kgégkélg)

1

l
= (31)12 7£ 0.

Thus (36) does not vanish identically for 1 < k& < n. It remains to
consider the case k = n. This yields St,,, = (O(n) x O(n))/O(n) and
for (A, V) € so(n) x so(n) the projection (35) reduces to

(38) pr, (4, ) = (459, 20,

a+l’ o+l

—
w
J

~

3

Parameterize p by

(39) p={( —28) | A€ so(n) }.
Consequently, we obtain for Ay, Ay € so(k)
(40)

A aA A aA A1,A3] a?[A1,A
pr, (G —a51) G — 2>} = pry <[(a1+1)22]7 (Lﬁ);})

a+1? a+1
_ <[A1,A21—a2[A1,A21 a(a?[Al,Aﬂ—[Al,AZ])
o (a+1)3 ’ (a+1)3 :

Clearly, this equation vanishes for K = n =1 and all o« € R\ {—1}.
Moreover, it vanishes for k = n > 1 and all A}, Ay € so(n) iff « =1
holds. (Note that @ = —1 is excluded by the definition of the a-metrics
in [7, Def. 3.1]) We summarize this computations in the next corollary.

Corollary 3. Let 1 < k <n and let « € R\ {—1,0}. Then the Ansatz
from Subsection 4.1 does not yield an intrinsic rolling, with respect to
any a-metric, of a tangent space of the Stiefel manifold over the Stiefel
manifold St,, . However, for the case k =n > 1 the Ansatz yields only
a rolling for a = 1.
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4.3. Kinematic Equations for Intrinsic Rolling. We aim to find
the triple (a(t), a(t), A(t)) satisfying Definition 4 for a rolling of p over
the normal naturally reductive homogeneous space G/H.

More precisely, our goal is to find a system of ODEs, the so-called
kinematic equations, which, for a prescribed rolling curve a: I — p,
determines the development curve a: I — G//H as well as the curve of
isometries A(t): Topp = p — Taw (G/H).

The new terminology in the next definition is motivated by the theory
of control, since the kinematic equations can be written as a control
system whose control function is precisely &(t).

Definition 7. Given a rolling curve a: I — p, we call the curvew: I —
p, defined by u(t) = &(t), the associated control curve.

Note that a prescribed control curve u: I — p determines uniquely
the rolling curve av: I — p up to the initial condition a(0) = ag € p.

In order to derive the kinematic equations we start with the following
remark.

Remark 5. Let V and W be finite dimensional pseudo-Fuclidean vec-
tor spaces whose scalar products have the same signature and let ¢p: 'V —
W be an isometry. Then, the set of isometries between V and W s
given by {¢po S: V — W | S € OV)}. Indeed, for S € O(V), ¢poS is
a composition of isometries, so it is an isometry, as well. Conversely,
given an isometry . V. — W, define the isometry S = ¢ top: V. — V
which is an element of O(V'), and clearly 1» = ¢ o S.

In view of Remark 5, a possible candidate for the curve of isometries
A(t): Tawp = p — Taw(G/H) that is required for an intrinsic rolling
is of the form

(41) A(t) = (dgym) o (deLqgqry) 0 S(1),

where ¢: I — G is the horizontal lift of the devolopement curve a: I —
G/H through ¢(0) = e and S: I — O(p) is a curve in the orthogonal
group of p through S(0) = id,.

In the next theorem, we reproduce from [15] the kinematic equations
for the rolling of p over G/H. This statement holds for general normal
naturally reductive homogeneous spaces, and the proof is provided to
keep the paper as self-contained as possible.

Theorem 1. Let G/H be a normal naturally reductive homogeneous
space, a: I — p a given curve, and w: I — p defined by u(t) = &(t)
the associated control curve. Moreover, let S: I — O(p) and q: [ — G
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be determined by the initial value problem

S(t) = —1pr, oadsyuw © S(t),  S(0) = id,,
q(t) = ((deLyqry) © S(t))u(t), q(0) =e.
Then, the triple (a(t),a(t), A(t)), where

(43) a: I —-G/H, t—a(t)=(moq)(t)

(42)

and
(44) t = A(t) = (dgym) © (deLq@r)) © S(t): Tayb = p = Taw) (G/H),
is an intrinsic rolling of p over G/H.

Proof. We show that (a(t),a(t), A(t)) satisfies the conditions of Defi-
nition 4. The solution S of the first equation in (42) is indeed a curve
in O(p) since —3 pr, oadg,: p — p is skew adjoint for all S € O(p) and
u € p with respect to the scalar-product on p defined by means of the
bi-invariant metric on G. In fact, by exploiting that G/H is naturally
reductive, using Definition 2, we obtain for XY € p.

< — %prp oadgu(X),Y> = < — %prp ([Su,X]),Y>
= <X,%p1rp oadSu(Y)>,

showing that —3 pr, cadg, € so(p). Thus S(t) € O(p) since it is the
integral curve of the time-variant vector field —%prp oadgy) o S on

O(p).

Next, we set a(t) = (m o ¢)(t). Obviously, the ODE for ¢ in (42)
implies that ¢: I — G is the horizontal lift of @ through ¢(0) = e.
Moreover, the map A(t): Tomp = p — Txu)(G/H) is well-defined and
an isometry since it is a composition of isometries.

We now show the no-slip condition. Indeed, by the chain-rule

a(t) = &(moq(t))
= (dgym)d(t)
= (dgy7) (deLqgry © S())u(t)
= A(t)a(t).
It remains to show the no-twist condition. Let Z: I — p be a parallel

vector field along a: I — p, i.e. Z can be viewed as a constant function
Z(t) = Zy for all t € I and some Z; € p. We prove that the vector field

Z(t) = A(t)Z, is parallel along the curve @, by exploiting the result in
Corollary 2. The curve z: I — p defined by

(47) 2(t) = (deLyw)) ™" o (dgym) T A(t) Zo = S(t) Zo

(45)

(46)
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fulfills

Z(t) = S(t)Zo
= —% o pry, oadg(tyu(t) © S(t)(Zo)
(48) = —3[S()u(t), S(t)(Zo)] L

2

— 3 [S(0ute) 0]

P
Thus Z(t) = A(t)Z, is parallel along a(t) = (7o ¢)(t) by Corollary 2,
due to (deLyw)~ q(t) = S(t)u(t).

Conversely, assume that A(t)Z(t) is parallel along & for some vector
field Z(t) along a. We define the parallel frame A;(t) = A(t)A;, where
{A,---, Ag} forms a basis of p, and expand A(¢)Z(t) in this basis
to obtain A(t)Z(t) = Zle 2;A;(t), where the coefficients z; € R are
constant, since A(t)Z(t) is assumed to be parallel, see [9, Chap. 4,
p.109]. By the linearity of A(t), we obtain

(49)  A@M)Z(t) = Xk: LA = A(D) ( Xk: ziAi) — A(t)Z,

for Zg = S2F 2z A; € p, ie. Z(t) = Zy is constant. Thus Z(t) is a
parallel vector field along « as desired. (l

Remark 6. It is not clear whether the curve S: I — O(p) from Theo-
rem 1 is defined on the same interval I as the control curve u: I — p
due to the nonlinearity of (42). We cannot rule out that S is defined
only on a proper subintervall I' C I with 0 € I'. By abuse of notation,
we write S: I — O(p), nevertheless, even if S was defined on a proper
subinterval. However, we are not aware of an example.

If G/H is a Riemannian normal naturally reductive space, i.e. if the
metric is positive definite, and the control defined on R is bounded,
following [15], we can prove that S is defined on the whole interval R.
This is the next lemma.

Lemma 6. Let u: R — p be bounded and let G/H be a Riemannian
normal naturally reductive homogeneous space. Then the vector field
given by

(50) X(t,8) = (1, =3 pry cadsue © S(t))
on R x O(p) is complete.

Proof. We will show that this vector field is bounded in a complete
Riemannian metric on R x O(p). Completeness then follows by [11,
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Prop. 23.9]. To this end, we view O(p) as subset of End(p). Since
G/H is Riemannian, the corresponding scalar product on p denoted by
(+,+) is positive definite, i.e. an inner product. The norm on p induced
by this inner product is denoted || - ||. We denote an extension of (-, )
to an inner product on g by (-,-), too. The corresponding norm is
denoted by || - ||, as well. We now endow End(p) with the Frobenius
scalar product given by (S, T)r = trace(S'T), where ST is the adjoint
of S with respect to (-,-). Then (-, ) induces a bi-invariant and hence
a complete metric on O(p). Moreover, the norm || - ||z defined by the
Frobenius scalar product is equivalent to the operator norm || - ||2. In
particular, there is a C' > 0 such that ||S||r < C||S]|2 holds for all
S € End(p). In addition, on the R-component, define the metric to
be the Euclidean metric. In other words, the Riemannian metric on
R x O(p) is given by

(51) (0, V), (w,W))(s.5) = vw + trace(V W)

for all (s,.9) € R x O(p) and (v,V), (w, W) € T(55)(R x O(p)). More-
over, ad: p X p — g is bounded since p is finite dimensional. Hence
there exists a C' > 0 with |lad(X,Y)| < C'||X||||Y]]. Consequently,
for fixed X € p, the operator norm of adx: p — g can be estimated by
llad(X, )|l < C’||X]|. By this notation, we compute

1X(t, S)lzxom = 1+ I3 pry cadsuy © S|l
<1+ %QH pr, oadgy(r) © S|3
(52) <1+ CQHprpH ladsu( 15115113
<14+ CE 512 u(t))?
<1+ <CC a2, < oo,

where ||u||» denotes the supremum norm of u and we exploited |||y =
1 due to S € O(p) and [/ pr, |2 < 1 showing that X is bounded in a
complete Riemannian metric. U

5. ROLLING STIEFEL MANIFOLDS

A first attempt to generalize the rolling for pseudo-Riemannian sym-
metric spaces, as discussed in Section 4, does not work for Stiefel man-
ifolds by Subsection 4.2. However, rolling maps for Stiefel manifolds
have already appeared in [5], and more recently also in [6, Sec. 5].

In this section, we reformulate the most recent results in [15], with-
out using fiber-bundle techniques, to describe the intrinsic rolling of
Stiefel manifolds equipped with the so-called a-metrics defined in [7].
Although, up to now, we have used the Greek letter « for rolling curves,
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in the first part of this section we will use the same letter « for the real
parameter that defines a family of metrics on Stiefel manifolds. This
will not create difficulties, since it will be clear from the context. In
order to reach the above mentioned objective, we specialize Theorem 1
to Stiefel manifolds. Eventually, this rolling is extended to an extrinsic
rolling for the Euclidean metric. Finally, we show that our findings
coincide with the rolling results from [5].

5.1. Stiefel Manifolds Equipped with a-Metrics as Normal Nat-
urally Reductive Homogeneous Spaces. The Stiefel manifold St,,
can be viewed as the embedded submanifold

(53) Stor ={X eR" | XX =1}, 1<k<n

of R™*. In the sequel, we recall the so-called a-metrics on St in-
troduced in [7] and show that St,; equipped with an a-metric can
be viewed as a normal naturally reductive homogeneous space. The

(O(n) x O(k))-left action

(54)  @: (O(n) x O(k)) x R** - R™* ((R,0),X) - RX0'
by linear isomorphisms restricts to a transitive action

(55) (O(n) x O(k)) X Stpx — Stnx, ((R,0),X)— RXO"

on St x, also denoted by @, which coincides with the action from [7,
Eq. (13)]. Next, let X € Sty be fixed, and denote by H = Stab(X) C
O(n) x O(k) the isotropy subgroup of X under the action ®. More-
over, we write G = O(n) x O(k). Then, the Stiefel manifold St,; is
diffeomorphic to the homogeneous space G/H. Moreover, the map

(56) ix: G/H > (R,0)- Hw— RX0" € St,;, ¢ R™*

is a G-equivariant embedding, where (R,#) - H denotes the coset in
G/ H represented by (R,0) € G.
In order to construct the a-metrics, the map

(57) {45 ) So(myxso(h) * 50(n) X s0(k) = R
is defined on 50( ) x s0(k), for « € R\ {0}, by
(58) (4, T), (Qa, ¥y >a Jxsolk) = — trace(,) — = trace(¥; V),

see [7, Eq. (21)].
Obviously, (-, ) xso(k)

so(n) x so(k) which is Adg-invariant. Moreover, by [7, Prop. 2], the

subspace hh C g being the Lie algebra of H = Stab(X) for X € St, is

non-degenerated for all « € R\ {—1,0}.

yields a symmetric bilinear form on g =
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After this preparation, we are in the position to reformulate [7, Def.
3.3].

Definition 8. Let « € R\ {—1,0}. The a-metric on St = G/H is
defined as the G = O(n) x O(k)-invariant metric on G/H that turns
the canonical projection w: G — G/H into a pseudo-Riemannian sub-
mersion, where G is equipped with the bi-invariant metric defined by
means of the scalar product from (58).

This definition turns G/H into a normal naturally reductive homo-
geneous space.

Lemma 7. Let « € R\ {—1,0}. Then G/H = St equipped with an
a-metric 18 a normal naturally reductive space. In particular, it is a
naturally reductive homogeneous space.

Proof. Obviously, St, , = G/H is a normal naturally reductive homo-
geneous space since the metric on G is bi-invariant and ) C g is a non-
degenerated subspace. Hence it is naturally reductive by Lemma 1. []

By requiring that tx: G/H — Sty from (56) is an isometry, the a-
metric on St,,;, for @ € R\{—1,0}, viewed as an embedded submanifold
of R™**_is given by
(59) (V, W)g?) = 2trace(V'W) + 2atl trace(V' XX W),
where X € St,; and VW € TxSt,; by [7, Cor. 2]. In addition, if
Stk is equipped with an a-metric, and O(n) x O(k) is equipped with
the corresponding bi-invariant metric defined by the scalar product
from (58), the map

(60) Oy =1xom: O(n) x O(k) = Styr, (R,0)— RXO"
is a pseudo-Riemannian submersion, where X € St,,  is arbitrary but
fixed.

For considering the intrinsic rolling of St,, = G/H, we need a for-
mula for the orthogonal projection pr,: s0(n) x so(k) — p with respect
to the metric defined in (58), where p = h*, b being the Lie algebra

of H = Stab(X) C G for a fixed X € St,, ;. This is the next lemma
which is taken from [7, Lem. 3.2].

Lemma 8. Let a € R\ {—1,0}. The orthogonal projection

(61) pr,: so(n) x so(k) = p,  (Q,n) — (X, n)

s given by

O =XXTQ+0XX T -2 XXTOXXT — L XpXT

62
(62) nLX:aLH(n—XTQX).



26 M. SCHLARB, K. HUPER, I. MARKINA, AND F. SILVA LEITE
Proof. This is just a reformulation of [7, Lem. 3.2]. O

Since m: G — G/H is a pseudo-Riemannian submersion whose hor-
izontal bundle is defined point-wise by H, = (d(1,.1,)Lg)(p) C T,G and
tx: G/H — St is an isometry, the map

(63) di,.1)(Lx © w)’p: p— TxStng, (2,n)— QX —Xn

as well as its inverse are linear isometries. For the discussion of rolling
Stiefel manifolds, we need an explicit formula for

(64) (d(1,.1,)(tx © W)‘p)_l: TxStpr — .

Such a formula is given in the following lemma which is a trivial refor-
mulation of [7, Prop. 3].

Lemma 9. Let « € R\ {—1,0} and X € St, . The map

(65) (d(1,,,1)(ex ow)‘p)_l: TxStnp — b, Ve (QV)™, n(V)™)

15 given by
(66) QV)> =VXT - XVT 22 XVTXXT
n(V)= = - 5X'V.
Proof. This is a consequence of [7, Prop. 3]. O
Finally, we specialize the previous two lemmas for a = —%. For this

choice, the a-metric coincides with the Euclidean metric, scaled by the
factor 2, see [7, Sec. 4.2]. Therefore this special case will be important
for discussing the extrinsic rolling of Stiefel manifolds equipped with
the Euclidean metric.

Corollary 4. Let o = —%. Using the notation of Lemma 9, the fol-

lowing assertions are fulfilled:

(1) The projection pr,: so(n) X so(k) — p is given by

O = XXTQO+QXXT —2XnX T,
(7 . ;
X = —(n—X QX).
(2) The map (d(1,,1,)(tx © ﬂ)‘p)flz Tx Sty — P is given by
(68) Vs QW) np(V)) = (VX T =XV XTV).

Proof. This is a consequence of Lemma 8 and Lemma 9. U
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5.2. Intrinsic Rolling. In this section, using ideas from [15], we apply
Theorem 1 to St,, ; equipped with an a-metric. More precisely, we use
the isometry

(69) Lx: G/H — Stn,k

to identify St,, » = G//H as a normal naturally reductive homogeneous
space as well as the linear isometry

(70) (d(1,,1)(tx © W)\p)flz Tx Sty — b

identifying T'xSt,, x = p as vector spaces equipped with the scalar prod-
uct from Subsection 5.1.

Throughout this section, if not indicated otherwise, we always as-
sume that the maps from (69) and (70) are used to identify G/H =
Sty r and p = T'xSt,, i, respectively.

These identifications allow the construction of an intrinsic rolling of
T'x Sty 1 over St i, where both manifolds are considered as embedded
into R™**¥. We state the next definition in order to make this notion
more precise.

Although, in the first part of this section, we have used the Greek
letter « for the real parameter that defines a family of metrics on Stiefel,
the same letter will be used later for rolling curves. This will not create
difficulties, since it will be clear from the context.

Definition 9. Consider the Stiefel manifold St, C R™* equipped
with an a-metric, as a submanifold of R™*. Moreover, let X € St
be fized. Consider the triple (B(t), ﬁ/(\t), B(t)), where 5: I — TxSt, 1, C
R™* and E: I — St C R™F are curves and B(t): Ty (Tx Sty i) =
Tx Sty — TE(t)Stn,k 1 a linear isometry. This triple is called an in-
trinsic rolling of Tx Sty 1 over Sty ,, with both manifolds embedded into
R™¥k if the following conditions hold:

(1) no-slip condition: B(t) = B(t)S(t);

(2) no-twist condition: B(t)Z(t) is a parallel vector field along B(t)

iff Z(t) is a parallel vector field along B(t).

The curve B is called rolling curve and 3 18 called development curve.

The next lemma uses Theorem 1 to obtain a rolling of T'xSt,, , over
St x in the sense of Definition 9.

Lemma 10. Let f: I — TxSt,; C R™ % be a curve and define the
curve a: I — p by a(t) = (d,,50(Lx © W)‘p)_l(ﬁ(t)) fort e 1. Let
(a(t),alt), A(t)) be the triple obtained in Theorem 1 for the rolling
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along a of Tx Sty i, (identified with p), over G/H (identified with Sty ).
Moreover, define the curve

(71) BT = Stug, t+ B(t) =ux(@(t))
and the isometry B(t): Tau)(TxStnk) = Tx Sty — Tg(t)Stn,k by
(72) B(t) = (da(t)LX) o A(t) o (d([m[k)(bx o 77)*1).

Then, the triple (8(t), B(t), B(t)) defines an intrinsic rolling of Tx Sty k
over Sty in the sense of Definition 9.

Proof. The proof follows by applying Theorem 1 since G/H can be
isometrically and G-equivariantly identified with St x via tx: G/H —
Sty x. Moreover, parallel vector fields are mapped to parallel vector
fields by isometries.

In more detail, the no-slip condition holds as

Next, we consider a parallel vector field V': I — T'(TxSt, ) along S,
i.e. V can be viewed as the constant map V(t) = V; for t € I and
some Vy € Tx Sty . Clearly, Z(t) = (d1,,1,)(tx om) 1) (V(8) = Zp is
constant, with Zo = (d(r,.r,)(txom) ™) (Vo), i.e. Z(t) is a parallel vector
field along the curve @. Thus, by Theorem 1, the vector field A(t)Z(¢)
is parallel along @. Since vx: G/H — St is an isometry, this parallel
vector field is mapped to the parallel vector field dgzpix (A(t)Z(t))
along the curve B\(t) = x(a(t)).

Conversely, assuming that daex(A(t)Z(t)) is parallel along B, one
shows by exploiting Theorem 1 that Z(t) is parallel along & since
Lyt Sty — G/H is an isometry. Hence V(t) = T(s, 1,)(tx o m)(Z(1))
is parallel along /. O

As a corollary, we reformulate the kinematic equations for the intrin-
sic rolling of Stiefel manifolds in the sense of Definition 9.

Corollary 5. Let 8: I — St be a curve and let w: I — p be the
associated control curve, so that u(t) = (d, 1,)(tx © ﬂ)‘p)_l(ﬁ(t)) for
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t € I. Consider the curves S: I — O(p) as well as q: I 3t — q(t) =
(R(t),0(t)) € O(n) x O(k) defined by the initial value problems

S(t) = —5 pr, oadguu © S(t), S(0) =id,
q(t) = (dir,n0) Lat)) S()ult),  q(0) = (Lo, L)

Then the triple (5(t), B(t), B(t)) defines an intrinsic rolling of Tx Sty
over St i, where

(75) B:T = Stug, tr (xom)(q(t)) = RH)XO(t)T
and
(76) B(t) = dgu)(tx om) o deLgy 0 S(t) o ds,. 1) (tx © 7).

Proof. This is a consequence of Lemma 10 combined with Theorem 1.
O

5.3. Extrinsic Rolling. We now consider St,, ; embedded into R™¥k,
equipped with the metric induced by the Frobenius scalar product
scaled by the factor of two, i.e. the metric on St,,  is given by

(77) (VW) x = 2trace (VTW), X € Stypg, V.W € TxSty, .

This metric corresponds to the a-metric, when o = —%. In the sequel,
we will refer to this metric as the Euclidean metric.

We now construct a quadruple (5(t), 5(t), B(t), C(t)) which satisfies
Definition 5, borrowing ideas from [14].

To this end, we first recall that a vector field Z:1 >N St along

a curve B : I — St,, 1, is normal parallel if

. 7(H) = pL (47 -
(78) Vi Zt) = Py (§:2(1) =0, tel
holds, where P)%: R™F — N xSty denotes the orthogonal projection
onto the normal space NxSt, , = (TxStnx)® of St,x at the point X
with respect to the Euclidean metric. This projection is given by

(79) Px(V)=1iX(XTV4+V'X), VeR"™

see e.g. [1].

In order to determine the curve T: I — O(NxSt, ), we derive an
ODE that is satisfied by a curve associated to a normal vector field iff
the vector field is parallel. To this end, we first recall that $x = 1x o
m: O(n) x O(k) — St, x from (60) is a pseudo-Riemannian submersion.

(74)

Hence it makes sense to consider the horizontal lift of a curve E I —
Styk. In addtion, for fixed (&;,&2) € so(n) x so(k), we define the linear
map

(80) f(§17§2): RnXk — Rnxk) V — flv - V§2
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By this notation, we obtain the next lemma.

Lemma 11. Let X € St,,; be ﬁxedkg: I — St, 1 a curve and 71—
NSt, , a normal vector field along 3. Moreover, iet q: 1 9At — q(t) =
(R(),6(t)) € O(n) x O(k) be a horizontal lift of 3. Then Z is parallel
along B iff the curve

(81) 2T = NxStog, t 25(t) = By (Z(1)) = R(t)T Z(1)0(t)
satisfies the ODFE

(82) () = = (Py o frawew) (1), tel,

where (§1(t),&(t)) = (R(t)TR(t),H(t)Té(t)) € so(n) x so(k).

Proof. Let (R,0) € O(n) x O(k) and X € St, ;. Then

(83) Py o) (V) = (i) 0 Py 0 ®gr 7 (V)

holds for V' € R™* by the ®-invariance of the Euclidean metric. Since

q(t) = (R(t),0(t)) is a horizontal lift of 3, i.e. B(t) = (1x o m)(q(t)) =
R(t)X0(t)", (83) implies

(84) P, (V) = @ron) © Px (R() V(L))
Moreover, the condition PA( )(EZ\ (t)) = 0 is equivalent to
(85) P (R()T (5 2(0)6(1)) =0

by (84) since @ ()00 : R™*k — R™¥¥ is a linear isomorphism. Obvi-
ously, by the definition of z*, we have

(86) Z(t) = R(t)2-(1)0(t) T

Plugging (86) into (85) yields

(87)

0=Pg(R(t)" (L (R(t)z"(t) (t)T))e(t))
= Py (R()T(R()1(00() " + R(£)=(0)0() " + R(t)="(1)0(1)")6(1))
= Py (R(t)"R(t)="(t) + zL( ) ( )o(t) "ot ))

Using (&1(1), &2(t)) = (R(t)TR(t),6(t)T6(t)) and 6(t = —6(t)"6(t)

as well as Py (z 1) = 2L (t due to zl(t) NXStn,k, we can equiva-

) =
by
Py (&) (t) + ZH(t) - 2 (1)&(1))

= 2H(t) + (Px © fleuw.eawn) (27 (1))
This yields the desired result. 0

=
lently rewrite (8 7)

(83)
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After this preparation, we are in the position to determine the ex-
trinsic rolling of T'x St,, ;, over St,, ,, with respect to the Euclidean metric
in the sense of Definition 5.

Theorem 2. Let X € St be fized and let B: I — TxSt, 1 be a curve.
Moreover, let (ﬁ(t),g(t),B(t)) denote the intrinsic rolling of Tx Sty
over Sty from Lemma 10 for o = —%. Furthermore, let q: I 5t —
q(t) = (R(t),0(t)) € O(n) x O(k) be the horizontal lift of B: T — Stk

through q(0) = (I, Ix) and define (&, fg) I — so(n) x so(k) by

(89)  (€a(t),&(t) = (dit,aLaw)  d(t) = (R&)TR(1),0()70(t))
fortel. LetT: 1 — O(NXStnk) be the solution of the initial value
problem

(90) T( ) - _PX © f€1 t),62(t)) © T( ) T(O) = idNXStn,k'
Then the quadruple (ﬁ(t),g(t), B(t),C(t)), with

(91) C(t) Nﬂ(t) (TXStn,k) = NXStn,k — Ng(t)stmk
defined by
(92) C(t) = Prepom) o T(1),

is an extrinsic rolling of T'x Sty i, over St,, ,, with respect to the Euclidean
metric.

Proof. We only need to show the normal no-twist condition since the
tangential no-twist condition and the no-slip condition are fulfilled by
Lemma 10. We start with proving that T'(t) € O(NxSt, ) for t € I.
For that, we compute
(93)
((=Px © fleemew)(YV), Z) y = —(fawemn(Y), Z)

— —2trace (& ()Y — Y&(1) ' 2)

= 2trace (Y'&(1)Z — &)Y ' Z)

= 2trace (YT (fl(t)Z — Z&(t )))

= (Y. (Px © fst.0)(2))
for Y, Z € NXS‘W€ by exploiting (&1(t),&a(t)) € so(n) x so(k). Thus,
- X o fleit),et)) NxStpr — Sty is skew-adjoint with respect to
the Euchdean metric, implying that —Py o fe,()ew)) © T for T €

O(NxSty ), can be viewed as a time-variant vector ﬁeld on O(Nx Sty k).

Next we note that C(t): N (T'xStnx) = NxStyp — Nﬁ(t)Stn & 1s an

isometry (as composition of isometries). Now, let Z+: I — N(TxSt, x)
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be a normal parallel vector field along 8: I — TxSt, . Then Z+ can
be viewed as the constant curve Z*(t) = Zg, for t € I and some

ZOL € NxSt,, ;. Obviously, 7t 1> NSt,, i, given by
00 ZH(1) = COZH() = (Bmwom o TO)(Z0), tel,

is a normal vector field along the curve E . Tt remains to show that Z+
is parallel along 8. To this end, we exploit Lemma 11. We consider
the curve z+: I — NxSt, i, given by

(95) (1) = Dy o) (Z7(1)) = T(1)(Z)
and obtain
Zl(t) = T( t)(Zy)
(96) —(Px o flaw e © T(1))(Zy)
—(Px o famew) (1)

due to (90). Thus Z 71 is parallel along 3 by Lemma 11.
Conversely, assume that Z+: I — NSt, ; given by Z+(t) = C(t)Z(t)*
for some Z+: I — N xSty is normal parallel along 5. We define the

normal parallel frame along 8 by A (t) = C (t)AZ-, where the vectors
A+ € NxSt,y for i € {1,...,4,} with ¢, = dim(NxSt, ;) form a
basis. Then, analogously to [9 Chap. 4, p. 106], one shows that
Z* is normal parallel along B iff the coefficient functions z': I — R
defined by Zl( ) = Zle z(t) A (t) are constant. Since ZL is as-
sumed to be normal parallel, there exists a uniquely determined z; € R
such that Z+(t) = S, 2,A-(t) is fulfilled. Hence, by the linearity of
O(t) Nﬁ(t)(TXStmk) = Nxstnjk — Nﬁ(t Stnk, we obtain

(97)
U In
ZH(t) = E:ZJP() }: }:cr (Z'AH) = Ct)Z*,

where Z+ = Zfll z; A is viewed as a normal vector field along 3 which
is clearly normal parallel. This yields the desired result. O

As a corollary of Theorem 2 we obtain the kinematic equations for
the extrinsic rolling of T'x St,, ;, over St,, ; with respect to the Euclidean
metric.

Corollary 6. Let X € St be fized and let B: 1 — TxSt,; be a
prescribed rolling curve with associated control curve

(98) w: I3t () (exom)]) (B(1) € p
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wewed as a curve in p, where
(99) (diz,1(1x © W)‘p)_l‘ TxStng = p

is given by Corollary 4. Moreover, let the curves S: 1 — O(p) and
q: I — O(n) x O(k), as well as T: I — O(NxSt, 1), be defined by the
inatial value problem

S(t) = =5 pryoadsqyue 0 S(t),  S(0) = id,
(100) q(t) = (d,, 10 Lgw) SB)ult),  q(0) = (I, L),

T(t) = =Px © fesweam © T(1),  T(0) =idnyst, .
where f(e, e : R™P = R™F is given by (80) and pr,: so(n)xso(k) — p
is determined in Corollary 4. Then, (B(t),B(t), B(t),C(t)) defines an

extrinsic rolling of Tx Sty over St, i with respect to the Euclidean
metric, where

(101) B:T = Stuy, tr (xom)(q(t)) = ROXO)T,

(102) B(t) = d(q(t))(bx o 7T) o ((deLq(t)) o S(t)) o d([an)(LX o 7T)71,

and
(103) C(t) = Pruyowy) o T(1).

We call (100) the kinematic equations for the extrinsic rolling of Tx Sty
over St i with respect to the Euclidean metric.

5.4. Rolling Along Special Curves. In this subsection we consider
a rolling of T'xSt,, , over St,, ; such that its development curve 5: I —
Stn, x is the projection of a not necessarily horizontal one-parameter
subgroup, i.e. a curve

(104) B:1— Stor, tr> (1x om)(exp(t)) = e Xe 2

for some (£1,&) € so(n) x so(k), where X € St, is fixed. For this
special case, which includes the curves considered in [8], we determine
an extrinsic rolling (8(t), B(t), B(t), C(t)) explicitly. To this end, we
proceed as in [15], where the intrinsic rolling of general reductive spaces
along such a curve are determined explicitly. However, for the following
discussion, we will restrict to the study of Stiefel manifolds equipped
with the Euclidean metric, as it allows simplifying some arguments.
Before we continue, we fix some notations. Let £ = (&,&) € so(n) X
so(k). Let & = (&1p,&2) and & = (&1, &2p) denote the projections of
¢ onto b and onto p, respectively. Here, the reductive decomposition
is always understood to be taken with respect to the a-metric, where
1

« = —;. In particular, the subspaces b and p of so(n) x so(k) are
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orthogonal with respect to the scalar product (-, ->;"U(n)x so(k) defined
in (58).
We first consider the horizontal lift of a curve given by (104).

Lemma 12. Let X € St and & = (&,&) € so(n) x so(k). The
horizontal lift of

(105) B:I— Stng, t+ B\(t) = (tx o) (exp(t€)) = ' Xe "
through q(0) = (I, Iy) is given by
q¢: I — O(n) x O(k),

106
(106) Es oxp(tE) exp(—t&,) = (c€1¢ 160 ol tan).

Moreover, it is the solution of the initial value problem
(107) q(t) = (d(Ian)Lq(t))Adexp(tfh)(gp)a Q(O) = (I’ru ]k)

Proof. Obviously, ¢(0) = (I,,, I;) holds and B(t) = (tx o) (exp(té)) =
(tx o) (exp(t€) exp(—t&y)) is fulfilled since ¢ — exp(—t&) is a curve
in H C O(n) x O(k).

We claim that ¢ is horizontal. Indeed, by using the well-known
properties of matrix exponential

(108)  Lexp(tf) = exp(t&)  and <L exp(t&y) = & exp(ty),

we compute

(109) q(t) = exp(t§)§ exp(—t&y) — exp(t§)&y exp(—t&p)
yielding

(A1) L)) " 4(t) = exp(t&y) exp(—t€)q(t)
= exp(t&,) exp(—t&) ( exp(t&)& exp(—t&y)
— exp(t€)& exp(t&y))
(110) = exp(t&y)§ exp(—t&y)
— exp(t&y)&p exp(—t&y)
= exp(t&p)&p exp(—tp)
= AdeXP(tin)(fp)-

Here we exploited that O(n)xO(k) can be viewed as a matrix Lie group.
Hence q: I — O(n) x O(k) is horizontal due to Adeyp e, (§p) € p since
so(n) x s0(k) = h @ p is a reductive decomposition. In addition, (110)
implies that ¢ is the solution of (107), as desired. O



ROLLING STIEFEL MANIFOLDS EQUIPPED WITH a-METRICS 35

~

Next we determine the intrinsic rolling («(t), a(t), A(t)) of Tx Sty =
p over St = (O(n) x O(k))/H viewed as a normal naturally reductive
homogeneous space, where a(t) = 7w(exp(t§)) for some £ € so(n) x
so(k).

To this end, we recall the kinematic equations from Theorem 1. They
are given by

S(t) = =5 pryoadsqyuw 0 S(t),  S(0) = id,

(111) .

q(t) = (dr,.n) Law) SE)u(t),  q(0) = (I, Ir),
where
(112) S(t)u(t) = Adexp(egy) (&)

for t € I by the definition of a(t) = m(exp(tf)) = (tx) " (B(t)) and
Lemma 12. Thus, the ODE for S: I — O(p) in (111) becomes

(113) S(t)=—1pr, 0 Ad, i, (6) © S (1), S(0) = id,,

In order to determine the intrinsic rolling explicitly, we need to solve
this equation.

As a preparation, we state a lemma on time-variant linear ODEs
which is inspired by [3, p. 48].

Lemma 13. Let V' be a finite dimensional real vector space and let
A,B € End(V) be linear maps on V. Consider the curve S: 1 —
GL(V) defined by the initial value problem

(114) S(t) = exp(tA) o Boexp(—tA) o S(t), S(0) =S, € GL(V).
Then S is given by

(115) S(t) = exp(tA) oexp(t(B — A)) o Sp.

Proof. Define S: I — GL(V) by S(t) = exp(—tA) o S(t). Then

S(t) = —Aocexp(—tA) o S(t) + exp(—tA) o S(t)

(116) = — A0 5(t) + exp(—tA) o exp(tA) o B o exp(—tA) o S(t)
= (B—A)oS(t)

for ¢t € I implying g(t) = exp(t(B — A)) o Sp. Consequently, by the

definition of S, we obtain

(117) S(t) = exp(tA) o S(t) = exp(tA) o exp(t(B — A)) o Sy, tel.

O
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Lemma 14. Let £ € so(n) X so(k). The solution of the initial value
problem

(118) S(t) = —3pr, 0adAd,y e, (&) © S(t),  S(0) = id,
15 given by
(119) S: I = O(p), t+ Adexp(ig,) © €XP ( — t(adgh + %(prp oadgp))).
Proof. Rewrite (118) such that Lemma 13 can be applied. We compute
exp(t&h)(sp) o S(t>
(120) = —3Adexp(ie,) © Pry 0ade, © Adexp(—ie,) © S(t)

= —3 exp(tad,) o pr, oadg, o exp(—tadg, ) o S(t),

S(t) = —% pr, cadaq

where, in the first equality, we used Adepe,): 9 — @ being a Lie
algebra morphism, and moreover, that Ady, o pr, = pr, oAdy, holds due
to Ady(p) C p as well as Ady,(h) C b for h € H. For the second equality,
Adexp(ie,) = exp(adyg, ) is used. Hence, we can apply Lemma 13, where
we set A = adg, and B = —1 pr, oadg,. This yields

S(t) = exp(tadgh) o exp (t( — %prp oadg, — adgh)) oid,

(121)
= Adexp(ie,) © exp (—t(ade, + 3 pr, cade,))
as desired. 0
We proceed with determining the intrinsic rolling («a(t), a(t), A(t)).
Recall that the control curve u: I — p is defined by u(t) = &(t).

Hence (112) yields

(122) a(t) = S(t) " Adespie,) (&) = exp (t(ade, + 3(pr, oad,))) (&),
where we used the formula for S: I — O(p) from Lemma 14. Therefore,

(123) at) = /0 exp (s(adg, + 3(prycade,))) (&) d s

is the rolling curve a: [ — p.
We summarize our findings for the intrinsic rolling of T'xSt,, ; over
Stn in the next proposition.

Proposition 4. Let £ = (&§1,&) € so(n) x so(k) and X € St ;. Then
the triple (a(t),a(t), A(t)) with

at) = /0 exp (s(adg, + 3(pr,oade,))) (&) d s,

a(t) = m(exp(t§)),
A(t) = (dq(t)ﬂ') [e] d(In,Ik)Lq(t) (o] S(t),

(124)
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fort eI, where q: I 5t — exp(tf) exp(—t&,) € O(n) x O(k) and
(125) S: 1T — O(p), t— Adexpie,) © exp (—t(adg, + 3(pr, oadg,))),

is an intrinsic rolling of TxSt,x = p over St = (O(n) x O(k))/H
viewed as normal naturally reductive homogeneous space.

Remark 7. Obuviously, proceeding analogously to the proof of Propo-
sition 4, one derives an explicit expression for the intrinsic rolling
(a(t),a(t), A(t)) of TxStnr = p over St, i, where a(t) = m(exp(tf))
for & € so(n) x so(k) for any a-metric, where o € R\ {—1,0}. In-
deed, an explicit expression for rolling of general reductive homogeneous
spaces G/H whose development curve is given by t — m(exp(t§)) for
€ € g is known, see [15].

From now on, whenever convenient, we may interchangeably use two
different notations, e and exp(A), for the exponential of a matrix.

To determine an extrinsic rolling ([5‘(25),5(15), B(t),C(t)) of TxSt,x
over St, i, with respect to the Euclidean metric whose development
curve is given by 3: I>t— (LX o 7T) (exp(tﬁ)) € Sty k, we recall from
Corollary 6 that the normal part C(t) is given by

(126) Ct) = mw.o0) o T(), tel.
Here T': I — O(NxSt, ;) is the solution of the initial value problem
(127> T<t) = _P)J(_ © f(fl(t)7§2(t)) o T(t)7 T<0) - idNXStn,k7

and the horizontal lift ¢: I — O(n) x O(k) of 3 and S(t)u(t) are, as in
the intrinsic case, given by (106) and (112), respectively. That is,
q(t) = exp(t&) exp(—t&,) € O(n) x O(k),
(§1(1), &2(1)) = S(t)u(t) =Adexp(ee,) (&)
— (etél,bgl pe—tél,h 7 et§2,h€2 pe—t&,h) ]

In order to determine the normal part of the extrinsic rolling explicitly,
we need to solve (127).

Lemma 15. Let X € St and & = (&1,&) € so(n) x so(k). Then the
tnatial value problem

T(t) = —P)% O f(etgl,hgl’pe_tglv",etglhﬁz,pe_t&?vh) @) T(t),
T<0) = idNXStn,k

has the unique solution T': I — NxSt,, ; given by

(130) T(t) = Pexp(te,) © €XP ( —t(Px o f(&@))).

(128)

(129)



38 M. SCHLARB, K. HUPER, I. MARKINA, AND F. SILVA LEITE

Proof. By direct computation, we verify that 7" from (130) is indeed a
solution. We first calculate two alternative formulas for %@exp(t%)(‘/),
with V € R"** as follows:

(131)
i Pexpiiey) (V) = 7 (€0 Ve )
= et&’“&,h‘/e_t&”h — etﬁl"’Vfghe_t@”’
= etﬁlv"&,he_t&v" el e ten etfl’“Ve_tf“et§2"’§27;]e_t52’*’
- f(et"’cl’h{l,heitglﬁh,et§27h§2’he7t§2ﬂ)) © Pexp(te) (V),
and also
(132)
Desp(iey) © fic1 pieay) (V) = €10 (E,V — Vi )e 20
= (etil,hgljpe—t&,h)(etﬁl,hve—t&,h)
_ (etél,h Ve*t&,h)(et&,hgz’pe*tﬁzh)
_ f(eiﬁl,bgl,he*tﬁl,h,etiz,bgme*tﬁz,h) (etﬁl,hve*t&,h)
- f(etﬁl,pgl,he‘tfz,h,etiz’hgme‘iﬁzqh) ° CI)exp(tg,,)(V)
= 31 @expeey) (V)-

By exploiting (131) and (132), we can write:
(133)
= di( exp(téy) © XD (= H(Px © fieren)))
= feteing, yotrn oo, o) © Pexp(ity) © €XP (= tPx © fiere)))
— Pespiiey) © (Px © fere)) 0 exp (= t(Px © fies )
= Px 0 Pexpigy) © fieran) ©€x0 (= H(Px © fier6))))
— (Px 0 Qexpiigy) © fier, ) 0 exp (= t(Px © fie1.62)))
= Px 0 Pexpiey) © (fier.62) — flere0) 0 xp (= t(Px © fier )

= =Py © Pepiigy) © fiers o) © XD (= Py © fies )
(132)
= —Pxo f(etél,hglype*tﬁl,h,et52,h527pe*t52,h) 0 Qexp(re,) © CXP ( —t(Py o f(&,&z)))

L
= _PX © f(etgllhﬁl,peit&lvh7et§2vh§21peit52vh) o T(t),
where we used P o fie, , e,0) = fie1s..5)0Px - Together with the obvious

observation that the initial condition 7°(0) = idyyss, , is satisfied, this
gives the desired result. 0
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Now we are in the position to give an explicit expression for the
extrinsic rolling of T'xSt,  over St,; with respect to the Euclidean
metric whose development curve is of the desired form.

Proposition 5. Let £ = (§1,&) € so(n) x so(k) and X € Sty . Then
the quadruple (B(t), 5(t), B(t),C(t)) is an extrinsic rolling of Tx Sty
over St,, , with respect to the Euclidean metric, where

B(t) = (d,,1)tx o m)(a(l))

(134) B(t) (tx o m)(exp(t)) = e Xe 2 1
B(t) = (1,1 LX) A(t) o (i, ryex o)~
C(t) = Pgiy o T(t),
fortel and
at) = /0 exp (s(adg, + 3(pr,cade,))) (&) d s
. q(t) = exp(t€) exp(—t&;) = (e'1e™1n, ef2e700)
U35) g0 = Adespi,) © exp (= t(adg, + 5(pry 0ads,)))
A(t) = (dgym) © (d(1,,1) Lqry) © S(t)
)

= Pepiiey) © €xp (— H(Px © fiee2)))-

Proof. This is a consequence of the above discussion. Essentially, the
assertion follows by combining Proposition 4, Lemma 15 and Theo-
rem 2. ]

Proposition 5 implies an explicit expression for the rolling along
geodesics. In fact, by exploiting that geodesics on naturally reduc-
tive homogeneous spaces are projections of horizontal one-parameter
groups, we obtain the next corollary.

Corollary 7. Let £ = (£1,&) € p and X € St . Then the quadruple
(B(t),B(t), B(t),C(t)) is an extrinsic rolling of Tx Sty over St i with
respect to the Fuclidean metric, where

B(t) = (dr, 1tx © T)(t61,t&) = HEX — X&)
B(t) = (x 0 m)(exp(t€)) = "1 X et
(136) B(t) = (dr,,5)tx © ) 0 (d(1,.1,) Lietér eté2))
o exp ( — %t(prp oadgp)) o (d(1, 1,)tx © m)t
O(t) = Perer 2y 0 exp (= H(Px © fiey )

fort € I is a rolling, whose development curve is a geodesic.
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Proof. Clearly, £ € p implies § = 0. Thus the assertion follows by
Proposition 5. O

5.5. Comparison with Existing Literature. In this final section,
we relate our results with the known rolling of Stiefel manifolds from [5].

We discuss how the rolling of TxSt, , over St,j is related to the
rolling obtained in [5]. As in [5], we specify X = E = [&]. It is
well-known that

(137)  TpStn, = {[g] 1Q € so(k), B € R(”"“)Xk} = s0(n)E

holds. We now recall the rolling map from [5], where we make trivial
modifications concerning the terminology and notations in order to
adapt it to our notation.

Let a: I — St be a rolling curve with «(0) = E. Then there exists
a curve U: I — SO(n) such that a(t) = U(t)E. Denote
(138)
G={WeSOnk)|W=VaUV eSO(k),U e SO(n)} C SO(nk)

and
(139)
Ut) ={Q(t) e G| Q(t)vec(E) = (V(t) @ U(t)) vec(E) = vec(a(t))}.

The rotational part R(t) € SO(nk) describing the rolling of TrSt, x
over Sty is obtained in [5] by the following Ansatz:

(140) R(t) = Q(t)S(t),

where Q(t) € U(t) and S(t) is a curve in the isotropy subgroup of E
under the SO(nk)-action on R™ = vec(R"**), i.e.

S(t) € {R € SO(nk) | Rvec(E) = vec(E)}

(141) = Stab(vec(E)) = SO(nk — 1),

where the isomorphism in the above equation is obtained by choosing
an orthogonal transformation P € O(nk) such that By E € span{e,}
holds, as well as

Py(TgSty, k) = span{ey, ... eq, },

142
(142) Py(NgSt,, ;) = span{eg, 41, - - - €nk },

where ¢, = dim(St, x) and ¢,, = dim(NxSt, x), yielding

(143) Py(Stab(E)) P = {[g 01| S € SO(nk — 1)}.
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Note that S in this text corresponds to S in [5]. By this notation, it is
shown in [5] that S(t) needs to fulfill

~ ot 0 0
(144) S(t) € [ (o ) O(tn—1) 0] N SO(nk),
0o 1

where ¢, = dim(TgSt,, ;) and ¢, = dim(NgSt,, k).

The orthogonal projection of a matrix A € R™>*"" onto a matrix
with the structure given in the above equation is denoted by Api_giag-
Using this notation, we recall [5, Lem. 3.2].

Lemma 16. Let h = (R, s) be a rolling map for the Stiefel manifold
Stk If Q(t) € U(t) and R(t) = Q(t)S(t) with S(t) € Stab(E), then
S(t) obeys the ODE
S(t) = Py (PoQ() Q)P ), i PoS (1)
= _P(]—r (POQ(t) Q( )PT)]D] dlagpog(t),

where s: I — R™ fulfills the ODE
(146)  5(t) = =S(HQ) Q) vee(E) = S(H)Q(1)TQ(t) vee(E)
by [5, Eq. (44)].

Note that the second equations in (145) and (145) of Lemma 16 are
correct by QT Q € so(nk) because of Q: I — SO(nk).

The goal of the remainder part of this subsection is to show that
the extrinsic rolling of the Stiefel manifold obtained in Subsection 5.3

fulfills Lemma 16. To this end, we recall, that the extrinsic rolling

(B(1), B\(t), B(t),C(t)) from Subsection 5.3 is constructed by using the
kinematic equations

(145)

(147)
u(t) = (00 (e o m)] )7 (B(1)),
S(t) = L pr, cadsua © S(t),  S(0) = Sy = idy € O(p),
q(t) = ( (i) Lary) © S()u(t),  q(0) = (L, I) € O(n) x O(k),

T(t) = =Py o fgl(t re) 0 T(t),  T(0) =idygst,, € O(NpStng),
according to Corollary 6 for X = E. The development curve reads
(148) B(t)=RE)T.

Hence q(t) = (R(t),0(t)) € U(t) is fulfilled by the definition of U(t)
after identifying ¢(t) with Q(¢t) = 6(t) ® R(t) by the map

(149) O(n) x O(k) > (R,0) — 6 ® R € O(k) ® O(n)
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which is an isomorphism of Lie groups onto its images. Using this
identification, we obtain that

(150) (deLyn) (1) = S()ut) = (&(1), &(t)
corresponds to
(151) Q'Q=6()® I, + [ ®&(1)

by using properties of the Kronecker product, see e.g. [2, Sec. 7.1].
It remains to relate the curves S(t) and T'(¢) from (147) to the curve

S(t) considered in Lemma 16.

We first consider the normal part. We show that £ € NgSt, j, is in-
variant under 7": I — O(NgSt, k), where T is defined by the kinematic
equation. We obtain by the definition of fi¢, ¢,) for X = F

(152) flee) (E) = (& F — E&)

implying fi, ¢,) (span{E}) C TStk by the linearity of f(, ¢,): R™** —
R™*. Next, we consider the curve I > t — E(t) = T(t)(E), where
T:1— O(NxSt,) is given by the kinematic equation. We may view
E(t) as a solution of the initial value problem

(153) E(t) = —(Pg o famem) (B(), E(0)=E.

The unique solution of this ODE is given by E(t) = E for t € I, since
E(0) = E is clearly fulfilled and

(154) — (Py o fawen) (B) =0 = E(t)

holds due to fi¢, ¢,) (span{E}) C TSty k. In other words, since T'(0) =
idnyst, ,, one has

(155) TWE=FE, tel.

Clearly, by choosing Py € O(nk) such that (142) holds, one obtains
for v € R™

Py vec(Pg (vec™ (v)))

|:Oét Iz)n ] P()U c Rnk’
(156) 1 o k
Py vec(Pg(vec™ (v))) = [ o 0, ]PO’U c R™,

which implies, for v € R,

vecoPg ovec (v) = P [Iét 03 ]Pov,
(157) .

1 -1 _ pT | 0
vecoPy ovec  (v) = B, [ 0 Ien]POU'
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We now identify the curve S: I — O(p) with the curve S: I —
O(TESthg) via

(158) S(t) = (d, 1) (e o)) 0 S(t) © (dr, 1 (1 © ﬂ-)‘p)_l‘

Afterwards, we find a matrix representation for S , roughly speaking,

via considering S = vecoS o vec™!.

We start with computing (158) explicitly. The ODE (147) for S(t) €
O(p) can be equivalently rewritten as

(159) S(t) o S(t)™" = =3 pr, cad(e, (1).e(0)
and therefore

(160)
St)oS(t)!
= (diz.n) (e o)) o (= 5 Pry0adie, @) &) © (.10 (tr 0 7))

= (diz,n) (e om)) o (= 5adie .60) © ([, 10 (e 0 m)],) 7

-1

where, for the last equality, we use the fact that b belongs to the kernel
of d(Ian)(LE @) 7T>.

We now compute the right-hand side of the above equation. To this
end, we write

(161) V =[2] € TpSt,y and (£,6) = ([25 fng],\IQ € p.
Taking into account that Q7 = —Q, U7 = —¥, and

(162) g o(esom)([3 671 0) = 13 -8 10%] - ¥ 1w =[5
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we can write

(163)

(d([an)(LE (@) 7T)) O S(t) (¢] S(t)_l O (d([an)(LE O W)‘p)_l(V)

= —ldg ) (xon (51, (EVT —VET], [&,ETV])

= —du,ap(xom) ([ 57102 T[22 ¢TI 5] ve—qv)

_ d(ln 1 (ix o) [4\119 BTC 72\ch] _ [49\11ch3 72931,\1}9 _ Q\If)

2BO —-BCT 207 —CBT
1 4U0—BTC—4QU+CTB —20CT+20BT
:_ﬁd(Ian)(LXoﬂ-)([ + + ,\I/Q—Q‘I/

2BQ—20T —-BCT+CBT
_ _1(]4vQ-BTC—-4QU+CTB —29CT+20BT |[I] _ [ Ix _
2 ([ 2BOQ—2CV —-BCT+CBT [ 0 } [ 0 }(\I’Q Qv)
__1 [4\1/Q—BTC—4Q\IJ+CTB—\L'Q+Q\1/]
2 2BOQ—2CV
__1 [B\IJQ—BQQ/—BTC—s-CTB}
-2 2BOQ—2C¥ )

as well as
Pe(6V - ve) = pPo([2 -5T]18] - [21)
_ PE<[2\IIQfBTCfQ\II]>

BQ—-CV¥
(164) _ [<m—<m>T>—%(BTC—(BTC)T)—%(Q@—(W)T)}
BQ—-CV¥
_ |:\DQ—Q\IJ—%BTC—F%CTB—%Q\IJ—F%\PQ]
BQ—-CV¥
_ [3\119 3QU— BTC+CTB}
- T2 2BO—-20¥

By comparing (163) and (164), we get

(10 (ex 0 m)) 0 S(t) 0 S(8) ™" 0 (dz, 10 (ex 0 )] ) 7H(V)
= —Pp(&(t)V = V&(1)

Therefore, (160) can be written as

(166) S(t) o S) (V) = —Pg(&(1)V — VE(t))
for V€ TgSt, i, or equivalently as

(167) S(t) o S(t) (V) = =Pre femem (V)

for V'€ TgSt, 1. Applying vec: R™* — R"™ we get for S = vec o§(t) o
ec”! the ODE

(168) S(t) = —(vecoPgovec™) o (veco (e, e 0 vec ) o S(t).

(165)
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For W € R™* we have

vee (fe . (W) = vec(&u ()W — We(t))
Denoting the representation matrix of S by S, as well, and using the
identity (169) with W replaced by vec™ oS(t) o vec(V'), we get
(170)
S(t) vec(V) = —(vecoPgovec ™ ) (I ® &1(t) + & (1) @ 1,)S vee(V),

for V € TEStn’k.

Recalling the definition of Py € SO(nk) from (142), and using (157),
we can rewrite (170) for V' € TgSt, ; equivalently as

(
S(t) o S(t)" vee(V)
- [Iet ]PO(Ik ® &1(t) + &(t) @ 1,) Py Pyvec(V)
_PT[IG ]PO([k; ®&i(1) + &) @ fn)POT[ISt g]Po vec(V)
= =Py [T o] QWP [ §]Rovee(V),

where the last equality holds due to (151).

Similarly, for T: I — O(NgSt, ), if we define T (t) = vecoT(t) o

vec™! and denote its representation matrix by the same symbol, we

have, for V' € NxSt,, 1,
T(t) o T(t) " vee(V)
(172) =Py [0 1. [Po(le @ &(t) + &(8) @ L) Py [§ 1o, | Povee(V)
=—F [§ 2 ]RQW QWP [§ 1Py vec(V).

Next we define S: I 3 ¢ — S(t) € R™*"% and show that this curve

S(t) is exactly the curve S(¢) from Lemma 16. For that, let v € R
and compute

S(1)S(6) v = S(t) S(t) o (vecoPy o vec ) (v)
(t) oT(t ) (vec oPz ovec ') (v)

(169)

(171)

—Py " 01PQ)T QB [ 0] Py
(173) —Pm IZH]POQ TQMP) [ 2] P
=8 ([ a0 QR |

+ [0 1 P QR [0 1, DPOU

£n

In order to show that S (t) satisfies indeed the ODE from Lemma 16
we state the following auxiliar result.
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Lemma 17. Let ¢;, 0, € N with {; + ¢, = nk, and consider the matriz
A € so(nk) partitioned as

A1 A2 O
A= {AITQ Asg 01, where Ay € s0(¢;), Agn € 50(L, —1).
0 0 0

Then, for v € R,
(174) Abl-ding = ([8 AL o ]+ [T 0JAL 8})“
holds.

Proof. Writing v = [%ﬂ, where v; € R%, v, € R~ ! and v € R, we

compute

A v Apv
(175) Ablfdiagfu = [ él A;;z 8:| |:U§:| = [A;év;]

0JLvs

Moreover, we also have

(800408 21+ [ ool o1)[%]

VRS

A1 A2 O A Az 0] [w
= [8 IS ][Am Azo 0] [192] + [Iét 0} [A2l Azo 0} [0}
(176) ndlo 00 odlvs 0040 0 ollO
-y }[ﬁ”ﬂ 4 [ 9] [ﬁiiﬁi]
0 Loy 25 : 0 01| A310
Anvr
= |:A2zv2],
0
showing the desired result. U
Applying Lemma 17 to (173) yields
(177) SH)S() " = =P (RQE) Q)P ) g Po-

So, S defined in (173) fulfills the ODE from Lemma 16.
It remains to show that our approach also gives the curve s: I — R
from Lemma 16. Recalling that

(178) (deLow) ™ d(t) = St)u(t) = (&(8), &(1)),
we write S(¢) 71 (&1 (1), & (1)) = (ui(t),us(t)), and
(179) Blt) = (di1,.10) (e 0 ) (i (t), uz(t)) = wa () E — Eus(t),

where f3 is the rolling curve for the rolling of TgSt,, ,, over St,, ;. We now
consider the curve s: I — R™ from Lemma 16, and do the following
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computations:

$(6) = 5(6)TQU) Q) vee( )
= S(t) vec(&1(H) E — Eés(t))

= VeCO( (In,1) (LE © 71')) S(t) o (d(ank)(LE o w’p))—l

(
ovec tovec(£ (1) E — FE&(t))
= veco(d(, 1) (te o m)) 0 S(H) (& (t), E2(1))
= vec (d([m[k)(LE om)(ui(t), U2(t)))
= vec(uy (t)E — Eus(t))
= vec(B(1)).

By (180), vec(B(t)) + by = s(t) holds for t € I, and some by € R,

Recalling, from Lemma 16, that (R(¢)",s(t)) defines a rolling of
Sty over TgSt, j, the development curve is given by Q(t) vec(E) =
VGC(B(t)) and the rolling curve by s(t) = vec(8(t)). Thus, a(t), a(t)
and R(t) from Proposition 3 correspond to vec(5(t)), Q(t) vec(E) and
(Q(t)S(t))T, respectively. Therefore, we obtain

(180)

s(t) = vec(B(t)) — (Q()S ( NTQ(#) vee(E)
(181) = vee(8(t)) = S(8) Q) Q1) vee(E)
= vec(B(1)) = S(t) Q1) Q(£)S(t) vee(E)
= vec(B(t)) — E,

by exploiting that S(t)vec(E) = vec(E). Obviously, using (180) we
may conclude that s(¢) from (181) fulfills the ODE

(182) 5(t) = S(1) Q) Q(t) vee(E)

from Lemma 16.

In conclusion, after having developed theoretical results for rolling
normal naturally reductive homogeneous spaces over their tangent spaces,
we specialized to the Stiefel manifold. The results presented here for
rolling extrinsically the Stiefel manifold St,, ; over its tangent space
TSty coincide with those obtained previously in [5].
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