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GENERALIZED MULTICATEGORIES: CHANGE-OF-BASE, EMBEDDING, AND
DESCENT

RUI PREZADO AND FERNANDO LUCATELLI NUNES

ABSTRACT. Via the adjunction —-1 - V(1, —): Span(V) — V-Mat and a cartesian monad 7" on an ex-
tensive category V with finite limits, we construct an adjunction —-1 - V(1, —): Cat(T,V) — (T, V)-Cat
between categories of generalized enriched multicategories and generalized internal multicategories,
provided the monad T satisfies a suitable condition, which is satisfied by several examples.

We verify, moreover, the left adjoint is fully faithful, and preserves pullbacks, provided that the
copower functor — - 1: Set — V is fully faithful. We also apply this result to study descent theory of
generalized enriched multicategorical structures.

These results are built upon the study of base-change for generalized multicategories, which, in
turn, was carried out in the context of categories of horizontal lax algebras arising out of a monad in
a suitable 2-category of pseudodouble categories.
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INTRODUCTION

The systematic study of the dichotomy between enriched categories and internal categories can be
traced as far back as [44, Section 2.2|. It was shown in [35, Theorem 9.10] that for a suitable base
category V, the category V-Cat of enriched V-categories can be fully embedded into the category Cat())
of categories internal to V, enabling us to view enriched V-categories as discrete categories internal to
V1. This observation is, for example, employed in the study of descent theory of enriched categories
(see [35, Theorem 9.11] and [37]). The aim of this work is to construct such an embedding in the
setting of generalized multicategories, which we recall below.

Multicategories, defined in [31, p. 103|, are structures that generalize categories, by allowing the
domains of morphisms to consist of a finite list of objects. The most quintessential example is the
multicategory Vect, whose objects are vector spaces, and whose morphisms are multilinear maps.
Their “multicomposition” and the description of the analogous notions of associativity and identity
can succinctly be described via the free monoid monad on Set. More precisely, multicategories can be
formalized by considering the equipment Span(Set) of spans in Set (see [4, p. 22]), and extending the
free monoid monad to a suitable monad (—)* on Span(Set) (see |22, Corollary A .4]).

Generalized multicategories have since been developed in various contexts, abstracting the notion of
ordinary multicategories by replacing the monad (—)* on Span(Set) by a suitable notion of monad on
a pseudodouble category.

Enriched T-categories were first introduced in [12] with the terminology (7', V)-categories. In this
setting, the category of (T,V)-categories is obtained out of the so-called lax extension of a monad
on Set to a suitable monad on V-Mat, the ubiquitous equipment of V-matrices (see [12, Section 2]).
For instance, when V is a suitable quantale, the ultrafilter monad ${ on Set admits a lax extension &l
to V-Mat [12, Section 8]. In particular, when V = 2, we have an equivalence Top =~ (i, 2)-Cat (first
observed in [3]) and (&L, [0, o0])-Cat is equivalent to the category of approach spaces.

Internal T-categories were introduced in [8] and [22|. For a category B with pullbacks, the former
defines T-categories for any monad T' on B, while the latter considers T' to be a cartesian monad on
B. A cartesian monad 7" on B induces a strong monad on the equipment Span(B) of spans in B. In
this setting, we can obtain the category Cat(T, B) of T-categories internal to B. As examples, we
recover the category of ordinary multicategories by considering Cat((—)*.Set), and letting § be the free
category monad on Grph, we obtain the category VDbCat = Cat(§, Grph) of virtual double categories.

The main goal of this paper is to construct an embedding (T, V)-Cat — Cat(7T, V) from a category
V, and a monad T on V, satisfying suitable properties. To this end, it is desirable to work in a
general setting where these various notions of generalized multicategories can be uniformly studied and
compared with one another. This was, in part, accomplished by the work of [15], where the notion of T'-
monoids was introduced, unifying the several approaches to the theory of generalized multicategories.
To be precise, these T-monoids are the horizontal laz algebras induced by a monad T' = (E, T, e, m) in
the 2-category VDbCat of virtual double categories, lax functors and vertical transformations. These
objects have a natural structure of a virtual double category, which we denote here by H Lax-T-Alg.

This general setting ought to provide us an “internalization” functor (T, V)-Cat — Cat(T, V) ob-
tained from the comparison V-Mat — Span(V), and the induced monad T" on Span(V). However, [15]
does not provide a notion of change-of-base induced by an appropriate notion of morphism S — T of
monads, where S = (D, S, e, m) is another monad in VDbCat. We remark this was left as future work
in [15, 4.4].

It should be noted that the study of change-of-base functors has been studied in each specific
setting of generalized multicategories. In [33, Section 6.7], the author provides such constructions for
the internal case, and [12, Sections 5, 6] treats two particular families of monad morphisms for the
enriched case. To establish a relationship between the enriched and internal structures, we expand on
the work of these authors, with the goal of providing a convenient environment to produce and study
such a functor (T, V)-Cat — Cat(7T, V) from simpler tools.

We must mention that our approach diverges from the techniques and tools developed in [15]. Firstly,
we must restrict our scope from virtual double categories to pseudodouble categories, as we need to work
with (op)lazx horizontal transformations, which require horizontal composition to be defined. Secondly,
instead of using (op)cartesian 2-cells and their universal properties, we opted to use a “mate theory”
of conjoints and companions to prove our results, mostly to obtain explicit formulas. Lastly, this is far

IThis embedding result was studied in more detail in [13].
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from the full scope of the project mentioned in [15, 4.4], as we merely study the underlying categories
and functors of the 2-dimensional structures formed by these horizontal lax algebras. Instead, we fall
back on an ad-hoc approach for the natural transformations between the functors induced by monad
(op)lax morphisms, leaving a treatment of the complete story for future work.

Outline of the paper: We begin by reviewing the notion of pseudodouble category in Section 1, first
introduced in [20], and the two dimensional structures formed by these, in Section 1. For pseudodouble
categories D, [E, the structures consisting of

— lax functors D — E as 0-cells,

— wertical transformations as vertical® 1-cells,

(op)laz horizontal transformations as horizontal 1-cells,
generalized modifications as 2-cells.

are, by Proposition 1.8, pseudodouble categories Laxj.x(ID,E) (Laxopi(D,E)). We also have a third
double category PsDbCat (Proposition 1.4) consisting of

— pseudodouble categories as 0-cells,
— (op)lazx functors as (vertical) horizontal 1-cells,
— generalized vertical transformations as 2-cells.

The pseudodouble categories that concern our study are the following:

— the pseudodobule category V-Mat of V-matrices for suitable monoidal categories V,
— the pseudodouble category Span(B) of spans in B, for categories B with pullbacks,
— the double category of lax T-algebras, for 1" a pseudomonad on a 2-category B.

We will furthermore review the double categorical structure of the last item.

Let V be a distributive category with finite limits. Section 2 is devoted to studying the pseudodouble
categories V-Mat and Span(V), and the (op)lax functors induced by the adjunction —-1 4 V(1,—): V —
Set. We confirm these functors induce Cat-graph morphisms

—-1: V-Mat — Span(V) and V(1,—): Span(V) — V-Mat,

which give us an adjunction — -1 4 V(1,—) in the 2-category Grph(Cat) (Lemma 2.1). We also prove
that — - 1: V-Mat — Span(V) defines an oplax functor of pseudodouble categories (Proposition 2.2).
Using techniques from the following couple of sections, we obtain the following
_.1
R
V-Mat L Span(V)

N~
V(la_)

which is a generalized notion of adjunction — a conjunction — in the double category PsDbCat.

Section 3 aims to recall the notions of “adjoint” in pseudodouble categories: conjoints and com-
panions. These were first introduced in [19], under different terminology. We provide an explicit
description of “mate theory” for these objects (also studied in [19, 41]), analogous to the mate theory
for adjunctions. We also take the opportunity to work out some known results for three reasons: first,
to fix technical notation for subsequent sections; second, to serve as examples on their use; and finally,
to keep this work self-contained. This Section culminates in our first contribution, crucial to construct
functor between categories of lax horizontal algebras, Theorem 3.6. It states that, if E is conjoint
closed, then so is Laxjax (D, E).

In Section 4, we explicitly establish an equivalence (Proposition 4.1) between the double category
PsDbCat and the double category of pseudo-algebras for the free internal Cat-category 2-monad on the
2-category Grph, with the goal of making the tools of two-dimensional algebra [7, 28, 34| available to
the theory of pseudodouble categories. In particular, via doctrinal adjunction [36, Theorem 1.4.11], we
conclude that V(1,—): Span(V) — V-Mat is a lax functor, and is the conjoint of —-1: V-Mat — Span())
in PsDbCat.

After recalling the notion of horizontal lax algebra from [15], in Section 5 we prove Theorem 5.2; it
states that any monad lax morphism (G,): T — S in PsDbCaty,yx induces a change-of-base functor
G: Hlax-T-Alg — HLax-S-Alg, and any monad oplax morphism (F, ¢): S — T satisfying a suitable

%In accordance with [15], we take the vertical arrows to be non-strict ones instead.
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conditon also induces a change-of-base functor Fi: HlLax-S-Alg — HLax-T-Alg. We close this sec-
tion by comparing our constructions with the change-of-base functors for generalized multicategories
considered in [33] and [12].

In Section 6, we consider a conjunction

(G, 9)
in the double category Mnd(PsDbCaty,y), and we proceed to the existence of an adjunction

F
/\
HlLax-S-Alg 1 HLax-T-Alg
~_

G

between the induced change-of-base functors; this is Theorem 6.1. We also study the conditions for
invertibility of unit and counit of such an adjunction, stated in Lemma 6.2 and Corollary 6.4. Finally,
after instanciating these results to the settings considered both in [33] and [12, 24|, we take the
opportunity to point out some of obstacles to the double pseudofunctoriality of H Lax-(-)- Alg.

We devote Section 7 to the study of extensive categories. When C is an lextensive category, we pro-
vide a description of Fam(C) via Artin glueing (Lemma 7.1), from which we deduce that the coproduct
functor > : Fam(C) — C preserves finite limits. Studying limits of fibered categories, we obtain The-
orem 7.2: it confirms that, in a lextensive category, the coproduct of a “pullback-indexed” family of
pullback diagrams is itself a pullback diagram. This result is extensively employed, as illustrated in
the remaining results of this Section as well as subsequent ones.

The final groundwork is laid down in Section 8. Via a “structure transfer’-type of result (Proposition
8.1), we are able to construct a monad T on V-Mat from a monad T on Span(V), which is, in turn,
induced by a cartesian monad T on a lextensive category V [22]. In fact, we obtain a conjunction

(=1, ép—.1))
J— /\

(0.1) (T, V-Mat) L (T,Span(V))
\_/

(V(L_)v V(LTé))

in the double category Mnd(PsDbCatj,y). However, only under a suitable condition does this induce
an adjunction
_.1

— /_\
(0.2) (T, V)-Cat L Cat(T,V).
~_
V(,-)
The goal of this Section is to study this extra condition. In the case — :1: Set — V is fully faithful,
we obtain Theorem 8.6, characterizing this condition in terms of a notion of fibrewise discreteness of a
monad. Finally, we check that most of the commonly studied cartesian monads on lextensive categories
V are fibrewise discrete, provided — - 1: Set — V is fully faithful.

Section 9 contains our main results. Let V be a lextensive category such that —-1: Set — V is fully
faithful, and let T" be a fibrewise discrete, cartesian monad on V. We also denote the induced monad
on Span(V) by T. Via Theorem 6.1, we obtain the (ordinary) adjunction (0.2) from the conjunction
(0.1) in PsDbCatjay (Theorem 9.2).

We then apply Theorem 9.2 to study effective descent morphisms for enriched categorical structures
in Section 10. Under an additional technical condition (satisfied by most of the examples we provided),
we confirm that (T, V)-Cat is precisely the full subcategory of Cat(7T, V) with a discrete object-of-
objects (Theorem 10.3), generalizing [35, 9.10 Theorem| and [13, Corollary 4.5]. Via this description,
we confirm that —-1: (T, V)-Cat — Cat(T, V) reflects effective descent morphisms (Lemma 10.4), and,
with the results of [38] pertaining to effective descent morphisms in internal categorical structures, we
provide criteria for an enriched (T, V)-functor to be effective for descent (Theorem 10.5). We finalize
the paper by studying the above examples.
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1. STRUCTURE OF DOUBLE CATEGORIES

Double categories were first defined in [18], and the more general pseudodouble categories were
introduced in [20], allowing the vertical structure to be non-strict. Here, we will recall this notion
of pseudodouble category, following the opposite convention of taking the horizontal structure to be
non-strict, instead of the vertical, as in [15].

Furthermore, to fix notation, we also recall the notions of lax functor, and generalized vertical
transformation [19, 2.2], and we provide definitions for (op)lax horizontal transformations, and the
corresponding notion of modifications. For later reference, we also work out the (pseudo)double cate-
gorical structures formed by these objects.

1.1. Pseudodouble categories: A pseudodouble category D consists of:

— A category Dg, denoting its objects as 0-cells, its morphisms as vertical 1-cells, its composition
and identities as vertical.

— A category Dy, denoting its objects as horizontal 1-cells, its morphisms as 2-cells, its composi-
tion and identities as vertical.

— Vertical domain and codomain functors dom, cod: D — Dy,

— A horizontal unit functor 1: Dy — Dy,

— A horizontal composition functor -: Dy — Dy for each triple z,y, z of 0-cells, denoted by hori-
zontal composition, where Dy, given by pullback of dom and cod, is the category of composable
pairs of horizontal 1-cells and 2-cells.

This data must satisfy dom ol = cod ol = id, and dom(s-r) = dom(r), cod(s-r) = cod(s). Furthermore,
we say a natural transformation ¢: F' — G of functors C — D is globular if dom-¢ and cod -¢ are
identities. We also have data

— Globular natural isomorphisms A: 1eoq—) - — = —, p: — 1gom(—) — — of functors Dy — Dy,
the left and right unitors, respectively.

— A globular natural isomorphism «: (—1 - —3) - —3 = —1 - (—2 + —3) of functors D3 — Dy, the
associator, where D3 is the category of composable triples.

These must also satisfy the following coherence conditions:

(a) We have 1, = idy,.1,, where we define v = p~1 o \.
(b) The following diagram commutes

Ap 5.1,

(1, o ——2 5 1-(s-71)
Ash /

for each pair of horizontal 1-cells r: x — y, s: y — 2.

(c) The following diagram commutes
ERES
PV wﬁr

(s'r)- 1y —— s-(r-1;)

A1y ,7,s

for each pair of horizontal 1-cells r: x — y, s: y — 2.
(d) The following diagram commutes

(s-

arlys
_Snlys r)

Ly) -7 5 (1y
psm AM

for each pair of horizontal 1-cells r: x — y, s: y — z.
(e) The following diagram commutes:

((t-8) 1) - q =55 (t-5) - (rq) =5 £ (s (r-q))

ar,s,t-idqi Tidt-aq,r,s

(t-(s-1)-q cte((s1) )
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for each quadruple of composable horizontal 1-cells g, r, s, t.

We will usually supress the subscripts, unless the need to disambiguate occurs. If A\, p and « are the
identity transformations, we say D is a double category.

Proposition 1.1. The coherence conditions (a), (b) and (c) are redundant.

Proof. First, observe that (b) is the horizontal dual of (c), so it is sufficient to verify (a) and (b).
We may obtain (a) from the remaining conditions: we have an equality of 2-cells (1, -1,) -1, — 1,

Ao(A-1)=Xodoa=Ao(l-N)oa=Ao(p-1)

by (b), naturality of A, and (d). We deduce that A-1 = p-1, and since p is a natural isomorphism, we
conclude that A = p.

To prove (b) given only (d) and (e), we consider the following diagram:

1 - (1 - (3'T>)

o~ 1.id

Except for the top left triangle, every inner polygon commutes either by (d) or by naturality of a.. The
outer pentagon is an instance of (e), so we conclude that the top left triangle commutes. Since A is a
natural isomorphism, the result follows. O

1.2. Lax functors: Let D, E be double categories. A lax functor F': D — E consists of:
— A functor Fy: Dy — Eyg.
— A functor F7: D — E;.
— A globular natural transformation ef": 1. Fy — I} - 1.
— A globular natural transformation m”: Fi(—1) - Fi(—2) = Fi(—1-—2).
This data must satisfy the following properties:

— dom OFl = FO o dom
— codoF| = Fyocod,
— Comparison coherences for the unit: the following diagrams commute

F . .
lpy - Fr =I5 Fl,-Fr  Fr.ip, 945 pr.F1,

| e 4 e

FTTF(ly'T‘) FT?F(Tlx)
— Comparison coherence for composition: the following diagram commutes

(Ft-Fs) - Fr ™4 p(t.s). Fr - F((t-s) 1)

! [

Ft-(Fs-Fr) m)Ft-F(s-r) TF(t-(s-r))

Dually, an oplax functor F: B — C is the horizontally dual notion (reverse the 2-cells). If the unit
comparison transformation is an isomorphism, we say F' is normal, and if both comparisons are iso-
morphisms, then we say F' is a strong functor (which can be seen both as a lax and oplax functor).

Proposition 1.2. Composition of (op)lax functors is well-defined, associative, and has identities. That
is to say, PsDbCaty,, (PsDbCat,y;) with double categories as objects and (op)lax functors as morphisms
forms a category.
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Proof. For a double category DD, the identity functor is given by the identity function on objects
and identity functor hom-categories, with coherence morphisms given by identities. The coherence
conditions trivialize, thus we get a strong functor.
For lax functors F': C — D and G: D — E, define the GF to be given by
— (GF)o = GoFv,
— (GF)1 = G117,
F—@Geloe,

GF — @mf omC,

-m
To verify GF is a lax functor, first note that e and m&¥ are natural transformations, and globular,

since GG is a lax functor. Next, observe that the following diagrams

G .GFf GeF -GF( IGFf~G’eF GF f-e¢

mc,i lmc m{ Jmc
G(Fref)
A : . p
e G(el" -Fr) N
GA 1 JG’(mF) G(m )J Gp~1
e AN
' GFA1 ) GFp1 '

v/ N\,
TS

commute, since every inner polygon commutes: either by coherence (of both F' and G) or by naturality
(only in m%). Hence, the morphisms on the boundaries are equal, which give the coherences for GF.
If e, m¥, %, m& are isomorphisms, then so are e“¥" and m&*.

Finally, note that the identity functors are the units for lax functor composition, and this operation
is also associative. This is because all required compositions occur on categories: function composition
on a category of sets, functor composition on Cat, and 2-cell composition on the hom-categories (plus
the composition preservation by the functors between them). [l

1.3. Vertical transformations. We fix lax functors H: A — B, K: C — D and oplax functors
F:A—Cand G: B— D. A generalized vertical transformation ¢, depicted as

A-—H.B

iloo o

C*HD)

so that the vertical domain, codomain are F', G respectively, and horizontal domain, codomain given
by H, K respectively.

— A natural transformation ¢g: GoHo — KoFy,

— A natural transformation ¢1: G1H; — K1 F1,
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satisfying dom -¢1 = ¢¢ - dom and cod -¢1 = ¢g - cod, subject to the following conditions:

lote —2 i, . GHs-GHr™% KFs-KFr
G?V \e;“(z mHV *VFT
Glus Klp, G(Hs-Hr) K(Fs- Fr)
GeH\ 49_1” Gnm AF

We say ¢ is a vertical transformation between lax functors if F' = id and G = id, in which case we

denote it simply as ¢: H — K, and vertical transformations between oplax functors can be analogously
defined.

Proposition 1.3. Lax functors and (generalized) vertical transformations form a category, and the
vertical domain, codomain operations define functors to PsDbCat,p;.

Proof. The identity vertical transformation on a lax functor F' is given by idg, and idg, , which trivially
satisifies the conditions, and has identities functors as vertical domain and codomain.
To define composition, we consider the generalized vertical transformations ¢ and 1 as given below:

A-—L5B c—5D
e e oml ow |k
C 5 D E—F
We define (¢ 0 ¢); = 9; F; o K;¢; for i = 0,1. Since we have
KéoKor  patrs

~

Kos.r ‘ ’¢'F(s<'r)

and

~

i
Kii/z' K(1y) '\\5:Q ///z'
Yip Rel
N T
KGeP RH e
' Kon ‘ o
we conclude that 1o ¢ is a generalized vertical transformation, with vertical domain H F' and codomain

KG. Hence, if ¢ and v are globular, then so is ¢ o ¢, so we obtain a subcategory of lax functors and
vertical transformations.

Associativity and identity are obtained via componentwise calculation on the underlying natural
transformations. O

1

Proposition 1.4 (|19, 2.2|). We have a double category PsDbCat with double categories, lax and oplazx
functors and generalized vertical transformations as 0-cells, horizontal and vertical 1-cells and 2-cells,
respectively.

Proof. The underlying Cat-graph for this double category is described in Proposition 1.3.
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For an oplax functor F': A — D, the identity natural transformation on F' defines a generalized
vertical transformation 1r: 1;4 — 1;q, whose vertical domain and codomain is F'.
Given generalized vertical transformations ¢ and 1 as given by the following diagrams

A—L5B B2+ C
P Je o w o |m
D 44254» E E — IF

we denote their horizontal composite by ¢ - ¢, and is defined by (¢ - ¢); = S;¢; o ¥; P;. Since

dJPs'wPr . . Sd)ssd)r

S(dordr) N

¢P(s~'r') ‘ Ss.r

and

lyp Ise

~

Yp1 . Sé1

are commutative diagrams, we conclude v - ¢ is a generalized vertical transformation, with vertical
domain F' and codomain H. Associativity and identity conditions hold, via componentwise calculation

on the underlying natural transformations, so we may take the associator and unitor isomorphisms to
be identites. 0

1.4. Horizontal transformations: Let F, G: D — E be lax functors. A lax horizontal transforma-
tion ¢: F — G is given by data

— a functor ¢: Dy — E;
— a globular natural transformation n®: G - ¢gom — Pcod - F of functors Dy — E;.

satisfying the following coherence conditions:
— Comparison coherence for the unit: the following diagram commutes
1Gw : be $> ¢x o
e ~idl lideF

for all O-cells x.
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— Comparison coherence for the composition: the following diagram commutes

Gls 1) 60— 6. (s -7)

m& .id id-m¥’
(Gs-Gr) - ¢, ¢, (Fs-Fr)
Gs - (Gr - ¢g) (¢ - Fs)- Fr

m %

Gs - (¢y - Fr) ? (Gs-¢y) - Fr

for each pair r: * — y,s: y — z of horizontal 1-cells.

Oplaz horizontal transformations between (op)lax functors are obtained by dualizing 2-cells, and strong
horizontal transformations are those whose comparison 2-cells are invertible, and hence are simultane-
ously lax and oplax.

Proposition 1.5. Let F': D — E be a lax functor. The data
(i) (1)y = 1px for each 0-cell x,
(it) (1p)f = 1pys for each vertical 1-cell f,
(ii3) n}F = ~yp,. for each horizontal 1-cell r,
defines a strong horizontal transformation lgp: FF — F.
Proof. The data (i) and (ii) tell us that the underlying functor of 1 is the composite 10 Fy: Dy — Eq,
and the datum (iii) tells us that the underlying globular natural transformation n'# is given by the

whiskering v - F1: F - 1gom — leod - F, so the data is well-defined.
We're left with checking coherence. First, we observe that

1F:1: : 1Fac L 1F'z : ]-F:L"
lid'eF leFid
lpg - Fly, —— Fl, - 1py

commutes by naturality, giving the comparison coherence diagram for the unit. Now, note that we
have

(1.1) ato(id-y)oao(y-id)oa™t =4,

by (b), (d) and (c), so that the following diagram commutes

lps-F(s 1) —— F(s-7)-1py

id-m¥ m¥ .id
1p. - (Fs- Fr) i (Fs-Fr)-1p,
] &
(1FZ.F8).F'," FS(FTlFx)
~-id id-~y

(Fs-1py)-Fr —— Fs-(1py - Fr)

by naturality of «. Since v - F} is invertible, we conclude that 1p: F© — F is a strong horizontal
transformation. O

Proposition 1.6. Let ¢: F' — G, 1p: G — H be lax horizontal transformations, where F,G,H: D — E
are lax functors. The data
(i) (V- @)y =y - bz: Fx — Hx for each 0-cell x,

(it) (Y- P)p =y -y for each vertical 1-cell f,
(iii) nf® = aLo(id-n?) oo (nf -id) o a~t for each horizontal 1-cell r
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defines a lax horizontal transformation - ¢: F — H.

Proof. Due to functoriality of horizontal composition and of the underlying functors of ¢ and 1, it is
enough to point out that ¢,) and v, are a composable pair of horizontal 1-cells to make sure the data
(i) and (ii) define a functor Dy — E;.

Furthermore, note that the datum (iii) is a composite of globular natural transformations, so it is
enough to verify the coherence conditions are satisfied.

We note the following diagram, in which we have supressed the horizontal 1-cells,

> > >
| | | |
eH .dl (eH -id)-id (id-e%)-id id-(e© -id) id-(id-e") Ld eF
g g e e
a”t n? id “ id-ng a”t

commutes, by naturality of o and unit comparison coherence for ¢ and ¢. By 1.1, the top composite
is 7y, so this confirms unit comparsion coherence for 1 - ¢.

The next diagram verifies composition coherence for i - ¢: it is a pasting of composition coherences
for ¢ and ¢, a naturality square from the functoriality of -, and the remaining diagrams are coherence
and naturality of a.

m# .id n;g-;b N id-m¥
% 77777777777777777777777777777 . %
/ \
a~?! a~l a~?! a~?!
(m* .id)-id id-(id-m*")
. 4>. . . % .
id-a! n?., id idn?, a~lid
Ad \ / id-a
[e%
. % . . % . . % .
(e (6%
id-(n¥ -id) (id-n)-id (id-m&)-id id-(mC -id) id-(n? -id) (id-n?)-id
% . % .
(03 [0}
Na id-ay
id-(id-n?)
. % .
\ / ovid
(03 (0%
. (e
w) a*l
% (n? -id)-id
a*l
id-a™ 1 a~lid
0471
Hence, we have confirmed composition coherence for v - ¢, concluding the proof. Il

1.5. Modifications. Let F, G, H, K: C — D be lax functors and let (: ' — H, £&: G — K be oplax
horizontal transformations, and let ¢: F — G, »: H — K be vertical transformations. A modification
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I': ¢ — &, depicted as

F—,H

(1.2) ¢l T lw

GT>K

is a natural transformation I': ¢ — & on the underlying functors (,&: Dg — E; such that

G Fr =2 ¢, Gr

(1.3) mci lnﬁ

HTC(EWK/F&:E

commutes for all horizontal 1-cells r: x — y. We say ¢ and 1 are respectively the vertical domain and
codomain of T'.

Proposition 1.7. We have a category Laxop (D, E) with oplax horizontal transformations of lax functors
D — E as objects, and modifications as morphisms. Moreover, the vertical domain and codomain
operations define functors to the category of lax functors and vertical transformations.

Proof. Let (: FF — G be an oplax transformation of lax functors D — E. We take the identity
modification id; on ¢ to be given by identity natural transformation on the underlying functor of ¢,
whose vertical domain and codomain are taken to be the identity vertical transformations idp and idg,
respectively. The instance of the diagram (1.3) for id¢ is trivially commutative.

Let I', = be modifications given by

I
L

We define the composite I'o = to be the vertical composition of the underlying natural transformations.

Since

F r Ee’!‘
Cy - Fqub)fy-Hr%Xy'Lr

I
ngl i l
s

G'I" Cx*F)KT ng)M'F Xz

commutes for all horizontal 1-cells r: x — y, we confirm ZoI': ¢ — x is a modification with vertical
domain 6 o ¢ and codomain w o .

Associativity and identity properties are inherited from natural transformations, and functoriality
of vertical domain and codomain is an immediate consequence. O

Proposition 1.8. Let D, E be double categories. Lax,y,(ID,E) has the structure of a double category,
with lax functors as 0-cells, vertical transformations as vertical 1-cells, oplax horizontal transformations
as horizontal 1-cells, and modifications as 2-cells.

Proof. The underlying categories of cells are provided in Propositions 1.2 and 1.7. moreover, the latter
has provided the vertical domain and codomain functors.

We have defined the horizontal unit functor on objects in Proposition 1.5. For a vertical transfor-
mation ¢: F' — G, we define 14 to be the modification with underlying natural transformation 1 - ¢,
with vertical domain 1r and codomain 1¢; note that

Lo-br
1p-Fr 2% 14 Gr
| I\
d)r‘lzb
Fr-lp —— Gr-1¢

commutes by naturality of «. Since this is just whiskering with 1: Eg — Ej, this describes a functor.
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We have defined the horizontal composition functor on objects in Proposition 1.6. For modifications
I' and = as depicted below

F—sH-*51
o| T lw = lx
GT>K7>M

we define = - I' to be the horizontal composition of the underlying natural transformations. This is a
modification, since the following diagram commutes

IdTL$ a71

(& Cy) - Fr —=— &, - (¢y - Fr) & - (Hr () —— ...

(Ey'rly)"f’r Ey'(r“y*ﬁr) Ey~(¢r~Fx)
v v id-n® M _
(wy-0,) - Gr —%s wy, - (0, Gr) 21 w, - (Kr-0,) — .
(1.4)
a1 né-id a
——— (& -Hr) Cx —— (Lr- &) - ¢ — Lr- (& - ()
(Ey'wT)'Fx (XT'%)‘FI Xr'(E\r‘f‘Fz)

— w b
a1 ny-id

o (wy K1) 0y —— (Mr-wy) -0y —— Mr - (wy - 6y)

and has vertical domain ¢ and codomain x.

Since horizontal composition in E is functorial, we obtain functoriality of horizontal composition
of modifications. Moreover, both the horizontal unit and horizontal composition have the required
behaviour with respect to vertical domains and codomains.

We're left with providing the unitors and associator, and the respective proofs that these satisfy the
required coherence conditions. Moreover, we define A¢: 15 - ¢ — ¢ to be given by A¢, : 1g4 - G2 — Cas
and p¢ is similarly defined. These are globular modifications, as the following diagrams commute

Agyid P, -id
(1Hy-Cy)-Fr*>Cy-Fr (Cy-le)-Fr*)Cy-Fr
(0% «
1Hy'(Cy'FT) Cy'(le'Fr)
id-n& id-~y
iy - (Hr - (o) Gy (Fr-1pg)
a~ ! n$ a~t n$
(lpgy - Hr) - ( (Cy - Fr)-1ps
7y-id n$ -id
(0% «
Hr(leC:v)WHTCz HT(CxlF:v)WH"ACx

by naturality of A, p, and coherence.
Finally, we let 7: L — P be another oplax horizontal transformation. We define a: (7-€)-¢ — 7 (£-()
to be given at z by a: (7 - &) - (o — 7z - (§x - (). Also a natural isomorphism, and is a globular
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modification since the following diagram commutes:

((my - &) - Gy) - F'r —od (my - (&~ Gy)) - Fr
(my &) - (C- F1) 7y (€ ) HY)
idnf. | \) Jida
(my - &) - (Hr - () Ty - (& - (Gy - HT))

o=t| \) Jid-(idn)
((my - &) - Hr) - G) my - (€ (Hr - )
cid | Jid-a
(my - (& - Hr)) G ——— 7y ((§ - Hr) - G)
V(id-nﬁ)-id Vid~(n§ id)
(my - (Lr &) o ————— my - (L1 &) - Ga)
o lid| Jida
((my - Lr) - &) - Co my - (Lr - (& - Ce))
(n% -id)-idv X) Voﬁl
(Pr-me) &) Co (my - Lr) - (& - Ga)
ovid | \) |7 id
(Pr (72 &) - Ca (Pr-mg) - (& - Ca)
Pr((m &) o) ———— Pr-(my- (& G2)

which is obtained by pasting coherence pentagons and naturality squares of a.
By checking componentwise, we find that A, p and « satisfy the desired coherence conditions. O

1.6. Examples: The pseudodouble categories studied in this body of work are:

— The pseudodouble category V-Mat of V-matrices, for distributive monoidal categories V (that
is, for V with coproducts, which preserved by the tensor product; see |6, 12, 15]).

— The pseudodouble category Span(B) of spans of morphsims in B, for B a category with pullbacks
(see [4, 22, 15]).

— The pseudodouble categories Laxjax (D, E) and Lax,pi(ID, E) for double categories D, E.

— The double categories Lax-T-Alg, Ps-T-Alg of lax and pseudo T-algebras, for 1" a pseu-
domonad on a 2-category B.

— The double category Mnd(B) = Lax-id- Alg of monads in a 2-category B.

We shall specify the double categorical structure of Lax-T- Alg. First, recall that we have 2-categories
Lax-T-Alg,,, and Lax-T-Alg,, whose O-cells are lax T-algebras, with their (op)lax morphisms and
their respective 2-cells [36]; however, there is a notion of generalized 2-cell which subsumes both
structures.

We will be taking the vertical 1-cells to be the oplax morphisms and the horizontal 1-cells to be the
lax morphisms. Let (h,¢): (w,a,n,u) — (z,b,n, 1), (k,¥): (y,¢e,n, 1) — (z,d,n, n) be lax T-algebra
lax morphisms and (f,(): (w,a,n,un) — (y,¢,n, 1), (g,€): (x,b,m, 1) — (2,d,n, 1) be lax T-algebra
oplax morphisms. A generalized lax T-algebra 2-cell

(h,9)
(’LU, a, 1, /-L) — (SL’, b7 7, M)

(r0)] w |@w)

(ya ¢, ,LL) W (27 da m, ,LL)
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consists of a 2-cell w: g-h — k - f satisfying the following coherence condition

g-b-Th

> T

-a d-Tg-Th

ld-wT

- a d-Tk-Tf

N e

k-c-Tf

s}
D‘

€
2

ol
kh

where we write w? = (m7)~! o Tw o m?. Horizontal and vertical composition is defined as expected:

to be explicit, we consider generalized lax T-algebra 2-cells 6, o given by

(k,€) (h',¢")
(yaca %M) — (Z7d7 777:“’) (xabana :U') — (w/aalana M)

)| 0 e ) o |

!/ / U !
(xabﬂ?a/i)m(Z,dﬂ??ﬂ) (zad,naﬂ)m(yacanau)
and we define fow = (0 f)o (¢ -w) and 0 -w = (kK -w) o (¢ - h). These provide a double categorical
structure to Lax-T- Alg, provided the coherence conditions are satisfied for 6 o w and ¢ - w, which are
given by the commutativity of the following diagrams:

g -g-b-Th

g g-h-a g -d-Tg-Th

".Tg-Th
g’wul g/~d~le “
g-k-f-a g-d-Tk-Tf d-Tg -Tg-Th
fa 9" k- Td' T
Ml \ %Mf w,m ldTg
m-f - f-a g -k-c-Tf d-Tg -Tk-Tf

m l@ TS ld-GT-Tf
e Tf

d-Tm-Tf -Tf

T
mm AT I

m-¥-Tf-Tf
l-a'-Th -
ZV w)ﬂl
l-h-b-Th cd-TL-Th -Th
V lo-b-Th lc’-aT-Th
I-n- ~g-b-Th d-TK -Tg-Th
€' Tg-Th .
o-h- (ll A k’m / lc Tk wT
cg-h-a K -d-Tg-Th d-TK -Tk-Tf
k/.w.al k/.d-le %Tf
Kok fa K.d Tk Tf

m mf

Kok-c-Tf
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with analogous definitions for 7 and ¢, plus a couple of omitted coherence conditions which confirm

that (07 - Tf) o (Tg - w') = (ow)T and (Tk" - wT) o (¢ -Th) = (- w)T.

2. SPANS VERSUS MATRICES

Let V be a distributive, cartesian monoidal category with finite limits. Our starting point is the
adjunction

—.1
-

(2.1) Set 1LV
Y
V(lu_)
whose unit and counit we denote by 7, ¢ respectively; here, — - 1 is the copower with the terminal

object 1.
After fixing some notation regarding V-Mat and Span(V), we confirm that (2.1) induces an adjunction
of internal Cat-graph morphisms

—-1: V-Mat — Span(V) V(1,-): Span(V) — V-Mat

and we will furthermore confirm that — - 1 defines an oplax functor.

Together with the tools and terminology provided in Sections 3 and 4, we will be able to deduce
that V(1,—) is a lax functor, and that we have a conjunction in the double category PsDbCat. The
unit and counit may be depicted as follows

V(1,—
V-Mat V-Mat  Span(V) 257k yoMat

S T L

Span(V) s V-Mat  Span(V) = Span(V)

alluding to the fact that these are generalized vertical transformations in PsDbCat.

Notation for Span(V): The Cat-graph Span(V) is succintly defined as [l < m — r,V| = V, whose
underlying functors are the evaluations at [ and r. Throughout this work, we opt to denote spans
p: X -» Y in V as the following diagram

Tp

l
X " M, Y

and a 2-cell # will be denoted as a morphism M, — M, making both of the following squares commute:

X,y

A

W M, Z

=
lq q

The unit span 1x: X - X is defined on objects by M;, = X and [, = r;, = idx, and on morphisms
[ X —=>Ybylf=r;=Ff
Let ¢: Y - Z be another span in V. We write the pullback which defines ¢ - p as

0
My, —— M,

ml " f“

M, —— Y

so that we have [y, = [, o7 and rq, = r4 0o mp. By abuse of notation, we may refer to instances of
such pullback diagrams as M.p.

The unitors A: 1-p — p and p: p-1 — p in Span(V) are given by the pullback projections my: M., —
M, and mo: Mp.1 — M, respectively.
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Given a third span r: Z - W, note that the universal property of the pullback M,., guarantees the
existence of a unique map ms: M.q)p = Mgyp such that 7 o m9 = 71 and 71 o Ty = 7 © Wy:

0
M( )ep E— Mr.q
> o T

rq

~

o
My, —— M,

W e

M, —— Y

With this, the associator a: (r-q)-p — r-(q-p) may be defined as the unique map such that 7o = o
and mp o a = g o 7o, via the universal property of the pullback M,.(q.p):

M

7-q)-p QO

TqOTo Z

Notation for V-Mat: Let p: U - V be a V-matrix. We denote by p(u,v) € V the value of p at the
pair (u,v) € U x V. A 2-cell of V-matrices

N v
1o s
WT>X

consists of a family of morphisms 0, ,: p(u,v) = ¢(fu,gv) in V, for u € U and v € V. Given another
2-cell

w1, X

ih w lk
Y —— Z
the composite w o @ is given at u,v by the composite of

plu,v) % g(fugv) 5 r(hfu, ko),
exhibiting the structure of V-Mat as an internal Cat-graph.

Given u,u’ € U, we write [u = u/] for the set that is a singleton if u = v’ and empty otherwise. Note
that if we have a function f: U — V, then there is a unique morphism [u = /] — [fu = fu/]. With
this, the unit V-matrix 1y: U - U is defined by 1y (u,v') = [u = u'] - 1 for a set U, and 14 is given by
Iy(u,o): [u=u]+1—= [fu= fu']+1 for a function f: U — V.

Recall that if ¢t: V' -» W is another V-matrix, we have

(t-s)(u,w) = Zt(v,w) x s(u,v)
veV
which is the composition of V-matrices. This is likewise defined for 2-cells.
The unitors and associators are then given by taking coproducts over the unitors and associators
for the cartesian monoidal structure of V.

Lifting the adjunction to Grph(Cat): For a V-matrix p: X - Y, we define M,.; = Z:C’yp(x,y),
and we define p+-1: X -1 -» Y -1 to be the span given by taking the coproduct of p(z,y) — 1 indexed
by X xY'; this gives a morphism M,.; — X -1 x Y -1 (see Diagram (2.2) below, which is commutative
by the universal property of the coproduct), whose composite with the projections determine /,.; and
Tp1-
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p(z,y) ——— 1

(2.2) l lﬁx,ﬁy

M. l*>X-1><Y-1
p-1,Tp-1
We write 7rg: (t-s)+1 — ¢+ 1 (respectively, 71: (t-s)+1 — s-1) for the coproducts of the projections
t(v,w) x s(u,v) = t(v,w) indexed by U x V. x W — V x W (respectively, t(v,w) x s(u,v) = s(u,v)
indexed by U x V. x W — U x V).
For a span p: V - W in V, we define the V-matrix V(1,p): V(1,V) - V(1, W) to be given at v, w
by the following pullback:

V(,p)(v,w) —— 1

(2.3) l : Jv,w

M, VxW

lp,p

and if we have a 2-cell of spans 6:

l T
Vet M, W

fl l@ g

X +——— M, Y

Tq

V(LP)( ) ) 77777777 V(laQ)(fv’gw) — 1
r r
| | [
M, 7 > M, o » X XY

We observe that [;08 = fol, and ry00 = for,.
We extend 7, € to V-Mat and Span(V): for a V-matrix p: X - Y, we define 7,: p — V(1,p- 1) at
x,y to be given by the dashed arrow

Ty
V(Lp- 1)z, qy) 1
r

l lﬁr, iy

My, ——— > X-1xY-1
lp1,7p1

(2.4)

For a span p: V - W, welet £,: V(1,p)-1 — p to be given by taking the coproduct of (2.3) indexed
by

V(1,V) x V1, W) = V(1,V) x V(1, W)
1 1

which yields a commutative square
MV(I,p)‘l —_— V(l, V) .1 x V(l, W) -1

(2'5) épl iévffw
M, VxW

lp,Tp




GENERALIZED MULTICATEGORIES 19

By taking the coproduct of (2.4) over the diagram
XxY

S S

X XY — X

= X

XY
1
we conclude that £,.; o), - 1 = id,.;. Moreover, by considering the following diagram

V(L 8)(0,w) —— V(L V(L 5) - D)(fv, jw) "S85y (0,0) ———— 1

L

M, bas"s V x W

My (1,6)1
we conclude V(1,&5) o my(1,5) = idy(1,5). Hence, we have confirmed that
Proposition 2.1. We have an adjunction — -1 -4 V(1,—): Span(V) — V-Mat in Grph(Cat).

Coherence for — - 1: Now, we check that — - 1 is a normal oplax functor: for a set X, consider the
pullback diagram

[z =]
(2.6) 5”“"4 Jx y

XT>X><X

so that d,, = x and d,, is uniquely determined when = # y. Now, we consider the image of the
diagram (2.6) under — - 1, and take its coproduct indexed by:

XxX—XxX

(2.7) | |

] —— 1

This yields us e)_('l; since [z = y] - 1 = 0 for = # y, we conclude that this 2-cell is invertible.
Moreover, given a function f: X — Y, we observe that the following diagram

w=y] 1% [fz=fy-1

| |

x-1—™ oy

commutes, as it is the image via — « 1 of a commutative diagram in Set. Taking the coproduct over
(2.7) confirms naturality of e~!.

For V-matrices p: X - Y, q: Y - Z, m—! is depicted in Diagram (2.8) below by a dashed arrow,
and is uniquely determined by the universal property of the pullback square:

Mp.q)1

(2.8)

We consider the following horizontally composable 2-cells of V-Mat:

U Po 174 p1 W

fl o f‘i G lh

X —Y ——Z7
q0 q1
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We have

mjomy b o((¢-¢o) - 1) = (m5 - 1) o ((¢1-¢o) - 1)
( .

for j = 0,1. We obtain naturality via the universal property of the pullback Mg,.1).(¢0.1)-
To verify the unit comparison coherence of — 1, we let p: X - Y be a span in V, and we consider
the composite

Zx,y,z 1y (y,2) x p(z,y) *> M(ly 1)- 4 M, . (p-1) — nyp(a: Y)-

By definition, A\: My, . (p.1) — Mp.1 is simply the pullback projection, thus A o (e=1.id) = m is the
pullback projection My, .1).(p.1) = Mp.1, and therefore Xo(e™ 1 id)om™! = myom~! = #; by (2.8). But
711 itself is the coproduct of 1y (y, z) X p(x,y) — p(x,y) indexed by the projection X xY x Z — Y x Z,
which is just A- 1. A similar argument confirms the right unitor case.

Now, we're left with verifying the composition comparison coherence of —-1. For the remainder of the
section, we will denote horizontal composition simply by concatenation. For an easier understanding
of the calculations, we provide the following diagram:

((s)r) -1 — ((ts) - 1)(r-1) — ((£-1)(s- 1))(r-1)

PN
(ts) -1 (s+1)(r-1)
X /
N
(sr)-1 (t-1)(s-1)
\

—_— —

/

First, we verify that m~! o(m;-1)o(a-1) = mpoao(m~ ! .id)om™! as 2-cells ((ts)r)-1 — (s-1)(r-1).
We have

~ ~

(t(sr))+ 1 — (¢-1)((sr) - 1) — (£ 1)((s- 1)(r- 1))

mpom toro(a-1)=rgodo(a-1)
:7%1073'0
_ —.1 —.1
=miom “ompom
=momo(m tid)o

=THOM OO (mf'1 [id) o m—!

=mo(m tid)om™!

=T O OO (mi'l Id) o mf'l,
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and then we apply the universal property of the pullback M.1)(.1). With this, we finish our proof:

note that
My © (L O (m_'1 4id) o m-l=momo (m_'1 [id) o m~!

=mom tomgom™1
(mo+1)o(m-1)
(mo-1)o(a-1)

=mpom to(a-1)

=mpo(id-mHomto(a-1)

mo(id-mHom lo(a-1)=mtorom™to(a-1)

=m! o(mp-1)o(a-1)

=T 0o0QO0 (m_.l |d) O m_.1

then we apply the universal property of M.1)((s.1)(r-1))- This concludes the proof of

Proposition 2.2. —-1: V-Mat — Span(V) is a normal oplax functor.

3. CONJOINTS AND COMPANIONS

As introduced in [19], and studied in [42, 15, 16, 41], there exist two notions of “adjunction” be-
tween vertical and horizontal 1-cells in a pseudodouble category; these were introduced as orthogonal
adjunctions.

To be precise, let D be a pseudodouble category, and let f: a — b be a vertical 1-cell, r: b - a be
a horizontal 1-cell. Following the terminology from [42, 41|, we say that r is the conjoint of f if there
exist 2-cells

such that eon =1y and n-e = p~ Lo A We say n, € are the unit, counit of the conjoint, respectively.

Also denote by companion the horizontally dual notion of conjoint; we denote the unit and counit
2-cells of a companion as v: 1 — r and §: r — 1, respectively.

In any pseudodouble category D, the identity vertical 1-cell on any O-cell z always has both a
companion and a conjoint; in both cases, it is given by the horizontal unit 1., with unit and counit
given by id;, = 1ljg,, which trivially satisfies all four conditions. Unless otherwise specified, 1, will be
our fixed choice of companion/conjoint for id,.

We say that D is conjoint (companion) closed if every vertical 1-cell of D has a conjoint (companion).
For instance, equipments may be defined as the pseudodouble categories which are both conjoint and
companion closed (see [42, Theorem A.2]), of which Span(V) and V-Mat are examples.

Let T be a pseudomonad on a 2-category B, and consider the double category of lax T-algebras as
described in Section 1. Our next result, Proposition 3.1, given in [36, Theorems 1.4.11 and 1.4.14],
originally stated for strict T-algebras in [28], may be used to characterize conjoints and companions in
Lax-T- Alg. Since this is just a restatement of the results of [36, Chapter 1|, we omit the argument.

Proposition 3.1 (Doctrinal adjunction). Let (f,g,n,¢) be an adjunction in a 2-category B. There is
a bijection between 2-cells ¢ making (f,() into an lax T-algebra oplax morphism and 2-cells & making
(9,€) into a lax T-algebra lax morphism.

Moreover, (f,() is the conjoint of (g,&) in Lax-T-Alg if and only if ¢ and & correspond to each
other via the aforementioned bijection, and f has a companion if and only if  is invertible; in which
case, its companion is (f,¢71).

As is the case with ordinary adjunctions in a 2-category, there is also a notion of mate theory for
conjoints (and dually, companions), which we present in Lemma 3.2. Results along these lines were
already present in |19, 1.6], as well as [15, Corollary 7.21| and [41, Propositions 5.13 and 5.19]. We have
decided to provide a slightly different statement and proof: our goal is to provide explicit formulas as
an aid for calculations involving conjoints and companions, abundant in this work.
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Lemma 3.2. Let (f, f*,n,e) and (g,9"*,n,€) be conjoints, and consider 2-cells

r rf*
U — T VvV ———
(3.1) kofl ¢ |gon k;J/ 3 lh
w—— 2 w—=1Y

g*-s

Then the following are equivalent:

(a) E=po (((nolh)-c) : (1k05)> oca~loA™t
(b) ¢=Ao(e-ids)o&o(id,-n)opt,

(c) Ao(e-ids) o€ =po (- (1x02)),

(d) €o(idr-n)op™t = ((nolp) ()or™!

In particular, the sets of 2-cells as given in (3.1) are in pairwise correspondence, explicitly given by the
formulas (a) and (b). Pairs of such 2-cells are said to be mates or under mate correspondence.

Proof. We will prove that (c) =i (b) =4 (d) =i (a) —=iv (¢).
(i) Since e on =1y, we have
Ao (e-idg) oo (idy-n)op™t =po(¢-(log))o(idy-n)op’
—po((Coidy) - (Locom)opt=¢
(ii) Since - = p~ o\, we have
((nol)-()o)\_l = < nol)- ()\o € -idg) ofo(ldq n)op 1))) oA !
= (ids-A)o(n-( Jo (1-(¢ Idp 77) oph))ort
= (ids )\)oozo( Id)o()\ id) o ofo(idp‘n)O/f1
and coherence guarantees
(id- N oao(ptid)o(A-id)oator™! =id,

as desired.
(iii) Since - = p~! o\, we have

(no1)-¢)- (o) = (¢o(idy-m)opto) e
£-1)o((idy-m)-e)o((p~ 0 N)-idg)
= (¢ Doalto(idy- (p o) oao((p o) -idg)
and coherence guarantees

poato(idy- (p o N)oao((p o) idy)oat oAl =id,

as desired.
(iv) Since € on = 14, we have

(e-idg) 0 = (e-idg) o po (((no1)-¢) - (Loe))oa oA
=po((e-idg)-idi) o ((no1)-¢)-(Loe))oa o™
=po((1-¢)-e)oator"!
zpooflo)\*lo(g.g)

and coherence guarantees

as desired.
O

Remark 3.3. Once more, we consider the pair of 2-cells ¢, given in (3.1). We will consider the
following specialized instances of the mate correspondence:

(i) For k = id, (c) becomes (¢ -id)o& =~"10o (¢ ¢).
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(ii) For h = id, (d) becomes & o (id-n) = (n-¢) oy~ L.

(iii) For s = 1 ( ) becomes o0 = po ((-(1po¢)), where § = poé.

(iv) For r =1, (d) becomes o = ((no1;)-¢) o A™!, where § = £ o A71.

(v) For f = |d both (b) and (c) become ¢ = Ao (¢ -id) 0§, where § = £ o p~ 1.
(vi) For g = |d, both (b) and (d) become ¢ = o (id-n) o p~!, where § = Ao €.

And by combining these, we may obtain simpler forms. For example, (v) and (iii) (respectively, (vi)
and (iv))) provide the result that the counit (unit) of a conjunction is a cartesian (opcartesian) 2-cell
in the sense of [42, 15].

The combination of (iii) and (iv) is mainly used under the hypothesis that we have a commutative
square ko f = goh of vertical 1-cells, that is, ¢ = id. In this case, the unit 1,0, = 13,y has two mates;
they are said to be the mates of the commutative square ko f = go h, and are the unique 2-cells 0, w,
respectively satisfying

11

gofl=1,0e and fon=mnoly,

cow=140e and womn=mnoly

In practice, we will consider “the” mate of a commutative square ko f = g o h, and we let context
determine which mate is being considered.

We proceed to review well-known [15, 19, 16, 42, 41], yet fundamental results about companions
and conjoints. Our aim is to demonstrate the applications of their mate theory, while fixing notation
to use for later reference in Sections 5 and 6.

Let F: D — E be a lax functor of conjoint closed pseudodouble categories, and let f is a vertical

I-cell in D. We denote the mate of Fno el obtained via (vi) by O'f (Ff)*— F(f*):
. 1 . R S
n F
L N RN
~7(F§*+- = - —F1— -
| ey ol |
F(f)

We say that F' preserves the conjoint of f if af is an invertible 2-cell; we say F' preserves conjoints

if o? is invertible for all vertical 1-cells f. We can show that:
Lemma 3.4. Let F: D — E be a lax functor of conjoint closed pseudodouble categories. The following
are equivalent:

(a) F preserves conjoints of identities,
(b) F preserves all conjoints,
(c) F is normal.

Proof. We begin by showing that any lax functor F satisfies the identity Fe o of" = e og, for we have

Fsanon:FsanoeF:FlfoeF:eFolpf:eFoson,

so the desired equation follows by (vi).
Moreover, whenever lef is invertible, the following relations hold:

co(of)y T oFnoel =con=1y,
eFO€O(O'F)_loF’I]:FEOF’I]:FIf.

Hence, if ofj is invertible for all O-cells, we conclude that e!” is invertible; this confirms (a) — ( ).
Now, if we assume F is normal, we let x be the unique 2-cell such that ¢ o Y = (ef")~! o Fe,
obtained via (v). From this, it is clear that x'" o o = id, since

5oXFan:(eF)_loFeoUF:57
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and
ptoct oxfor=(c-id)optoro(id xF)
= (0" -id)o(n-e)o(id-x")
=(o"on)-(eox")
= (Fnoel) - (')t o Fe)

= (id- (ef") ™Y o (Fn- Fe)o (el -id)
=p toFpomlo(Fn-Fe)o (el id)
=p toFpoF(n-e)oml o(el id)
—plon

confirms that y¥ is the inverse of 0. We have shown that (c) — (b), and of course, (a) is a particular
case of (b). O

For the case of companions, we write Tf (Ff) — F(f;) for the mate of Fvoe!, and we say that F

preserves the companion of f if 71" is invertible. The horizontally dual result states that F preserves
companions iff F' is normal. Thus, we obtain the result that these three notions are equivalent for lax
functors between pseudodouble categories ([16, Proposition 3.8]).

Lemma 3.5. Let F: D — E be a lax functor between conjoint closed pseudodouble categories, and let
r:x -y, f: 2 —y be horizontal, vertical 1-cells respectively. Then the 2-cell

(Ff)*- Fr 229 peeey - Fr - F(f* - r)

is invertible. In particular, m¥: F(f*)- Fr — F(f*-r) is invertible for all such r, f if and only if F
s mormal.

Proof. We claim the inverse I is given by the mate of F# via

| | =1 b
lF: S F(f*r) - —1— -« > where 6 = C—r = s — 1 .
|
| pocrn | N
Fr (Ff)” "

Note that [ is the mate of F@, and 6 is the mate of id .., via (iv) and (v), respectively. Now, note
that

(e-id) ol omfo(cf -id) = A"t o FOom o(cF -id)
=AtoFXom! o(Fe-id)o (o -id)
=Xt oFxomfo(el id)o(c-id) =¢-id
m o(c - id) o IF = mF o(Fn - FO) o (e -id) o A7}
=F(n-0)omfo(elid)or™! =id
So, the result follows by the mate correspondence. O

In a conjoint closed pseudodouble category D, let f, g be composable vertical 1-cells with conjoints
f* and ¢g*, and let w: f* - g* — (g o f)* be the mate of 1;0¢e: f* — 1. Via (i) and (iii), we obtain:

. g 5 . f .
f*.g* 7
. RN |
R A
(32) - —(gof)* > - - o — 11— —1— .
N |
N p

1
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We can also define a 2-cell (go f)* — f* - g* as the mate of o 1f, which can be shown to be the
inverse of 7, using a method similar to the proof of Lemma 3.5; as this is not needed, we omit the
details.

Now that we have fixed the notation we will need for the rest of the paper, we end the section with
Theorem 3.6, to justify the utility of conjoints and companions.

Theorem 3.6. Let D,E be pseudodouble categories. If E is conjoint closed, then so is Laxy(D,E).
Dually, if E is companion closed, then so is Laxqp (D, E).

Proof. Fix a vertical transformation ¢: F' — G where F,G: D — E are lax functors. For each 0-cell
x, we write

Fr -1 Iz G’:c&Fx

S B

Gz — Fz Gz — Gz
for the 2-cells satisfying €, on, = 14, and 1, - €, = p~~ o A, so that ¢}, is the conjoint of ¢, for all x.

Define ¢7%: ¢7 — ¢;, to be the mate of 1 via (ii), so that ¢Fong =myolpyand eyo0¢} =lgpoe,.
Moreover, note that

1

pyoFon. =g onyolpp=mn,0lgsolrs=mn.01lggoer),

so we conclude that ¢;O IS ¢y 0 qﬁ; by mate correspondence. Similarly, we have ¢fy = id:;x.
Next, we consider the map r — F'r - ¢L, where r: x - y is a horizontal 1-cell. It is functorial: for
2-cells

<
<

(3.3) ¥ k

— 8

_r . 9.
0 g h 3
s ? T

S
N

8
Q<

we have
F(0oX) - Ghop = (F0o0Fx)- (¢ 00F) = (F6- ;) 0 (Fx - ¢5),
and F(id) - ¢¥, = id, as desired. Analogously, r — ¢y - Gr is also functorial.
We define n¢ : Fr - ¢y — ¢ - Gf to be the mate of

Fz - Fy

"5{ o o

via (i). We claim this data makes ¢* into a lax horizontal transformation G - F.
Given a 2-cell 0 as in the left diagram of (3.3), we have ¢s o F§ = GO o ¢,, since ¢ is a vertical
transformation. The following pairs

GOo¢, and nf o(F0-¢}),
¢soFO and (¢} GO)onf
are mates, so that we have
n{ o(FO - ¢}) = (¢, - GO) ony,
giving naturality. To confirm this,

Mo (e-id) on?” o(FO-¢7) =po(ps-c)oo(F0-¢})
=po ((¢s 0 FO) - (e0¢}))
=po((¢s0Fb)-(1oe)),

((b; -GO) o nf* o(id-n) o p = (¢; -GO)o(n-¢r)o At
= ((¢g0m) - (GOo¢)) oA~
= ((no1)-(Go6,) 0 A~
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Now, we note that ¢, o el = eg oly, and ¢4 © mf = mGo(qSS - ¢r). We shall deduce that

x
the coherence diagrams for ¢* commute by taking the mates of these commutative squares, thereby

confirming that ¢* is a lax horizontal transformation. Via (i), we will prove that the following pairs

Go(ps-¢,) and (id-m%)oao (¢ -id)oato(id-¢f)oa
psromf” and  n? o(m’ .id)
¢1, oel” and n‘f: o(ef" -id)
e“oly, and (id-e“)oplol

are under mate correspondence. The last three are one-liners, respectively:

Ao (e-id) on, o(m”id) = po (¢, -€) o (m"id) = po ((¢sr om™) - &),
o (e-id)on{ o(e”id) = po (d1, -) o (e id) = po ((¢1, o €”) -id)
Ao (e-id)o(id-e“)optoro(id-n)opt =e“oro(c-id)opton=eoly,.
For the first pair, observe that
Ao (e-id)o(id-m%oa=ro(1l-m%o(e-id)oa
=m%oXoao ((e-id)-id)
=m%o(\-id) o ((e-id) - id)
((e-id) -id) o (n?" -id) o' = (((e-id) on?") -id) o ™!
= (7o (ps-e))-id)oa
yhid) o ((¢s-€) -id)oa

(¢ ( |d)) (Id nf*)oa:

= (id -y~ 1)an((¢3'¢r)'5)

and pasting the expressions above together verifies the claim.
Finally, note that

n?* O(idFr : nz) = (ny : er) © ’771
(ey - idar) on? =70 (¢r - cy)

are immediate consequences of mate correspondence. Thus, 1 and € define modifications, and by
calculating pointwise, we conclude that ¢* is the conjoint of ¢. Il

We say that a vertical transformation ¢ has a strong conjoint (companion) if its conjoint (companion)
in the appropriate pseudodouble category is a strong horizontal transfomation; that is, if n®” (n¢!) is an
invertible natural transformation. The notion of a vertical transformation ¢ having a strong companion
(conjoint) is present in [15, A.4]; therein, the terminology is (co)horizontally strong.

To provide a class of examples, recall from [15, A.6] that for a natural transformation ¢: F — G
between pullback—preservmg functors F': B — C on categories with pullbacks, the induced vertical
transformation ¢: F' — G between the induced strong functors F, G : Span(B) — Span(C) has a strong
conjoint if and only if it has a strong companion, if and only if ¢ is a cartesian natural transformation.

We also have the following the result:

Lemma 3.7. Let ¢: F' — G be a vertical transformation of lax functors F,G: D — E, let H: E - F
be another lax functor. We assume E is conjoint closed, and that ¢ has a strong conjoint.

H¢ has a strong conjoint if and only if m? o(id - o™): HFr - (H¢,)* — H(Fr - ¢!) is invertible for
all x and all r.
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Proof. We shall verify that

(H¢x)*\ . HFr . . (H ¢z )+ . HFr
n(H(b)* O'H H
'
'*HGT*)'*(H(z)y)*}' 7H(¢;)+ﬂ>
(3.4) H ol = mH
- —HGr— - —H(¢)) > - C—— H(Fr¢p) — -
mH Hnf
H(¢;-Gr) ' ’ H(¢y-HGr)

for all r and z, from which our result follows as a consequence of Lemma 3.5. Note that

m7o(c™ -id) o n{H9" o(id - ) = mP o(c -id) o (- Hey) oy~

=mf o(Hn - He,)o (efl id)oy~?
= H(n-¢,) om o(e .id) oy~ !
=H(n-¢-)o H\ " op
Hn? omfo(id- o) o (id-n) = Hn? om o(id - Hn) o (id - e)

= Hn? oH(id - n) o m™ o(id - &)
=H(n-¢p) o Hy P omf o(id - )
=H(n-¢-)oHX "op

so (3.4) holds by mate correspondence. O

This invertibility condition is satisfied, for instance, by Barr extensions of monads on Set; see [24,
1.10.2(2)], and by strong functors.

4. DOUBLE CATEGORIES AS PSEUDO-ALGEBRAS

This section is devoted to proving the following result:

Proposition 4.1. We have an equivalence of double categories PsDbCat ~ Ps-§-Alg, where § =
(§,m,e) is the free internal category 2-monad on Grph(Cat), and Ps-3- Alg is the sub-double category
of Lax-§- Alg consisting of the pseudo-F-algebras.

The proof is laid out as follows:

— We recall the definition of §, verifying it is a 2-monad.

— We provide a construction of a pseudo-§-algebra from a given pseudodouble category.

— We provide a construction of (op)lax morphisms of pseudo-§-algebras from given (op)lax
functors of pseudodouble categories. Moreover, we verify this construction defines a functor
PsDbCatjax — Ps-§-Algy,, (and dually, PsDbCatp — Ps-§-Alg,y,).

— We prove the aforementioned functor is fully faithful and essentially surjective.

—Let H: A — B and K: C — D be lax functors, and let F': A — C and G: B — D be
oplax functors, and consider the induced lax and oplax F-algebra morphisms (as in (4.3)).
Given a 2-cell w: GH — KF of internal Cat-graphs, we prove that w is a generalized vertical
transformation if and only if w is a generalized 2-cell of pseudo F-algebras.

We begin by recalling that Grph(Cat) is the functor 2-category [-1 = o, Cat], whose 2-cells §: F' — G
are pairs of natural transformations 0;: F; — G; for i = 0, 1 such that d; - 01 = 0y - d; for j =0, 1.

Since Cat is an extensive category with pullbacks, we can define the free internal category monad
§ = (§,m, e) on the underlying category of Grph(Cat).

To extend § to a 2-monad, let §: F' — G be a 2-cell in Grph(Cat). We define §6 by letting (§6)o = 6o
and (§60)1: (§F)1 — (§G); is given at a composable string of horizontal arrows r1,...,r, by

(Se)rlyn-ﬂ‘n = (97"17 ceey eTn)v
which is a horizontally composable string of 2-cells, and (§¢)() = 0.
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We must check (§6); is natural; indeed, if ¢;: 7; — s; is a horizontally composable string of 2-cells,
then 0, o F'¢p; = Go; 0 0, for all i, so
(39)517---7Sn o (gF)(QZ)la sty ¢n) = (9817 sty 9871) © (F(Zsl) R F¢n)
= (Go1,...,Gpp) o (Oryy...,0r,)
= (gG)(él) SRR an) © (30)7“1,...,7’”7
and since 6y is already natural, there is nothing to check for n = 0.

Finally, note that di - (§0)r,,..r, = d1(0ry,...,0r,) = d1(0r,) = O4yry = 04,(,,....r), and likewise
d() . (39)1 = 90 . d(].

To verify § is a 2-functor, we must prove we have strict preservation of vertical and horizontal
composition of 2-cells. Therefore, let w: G — H and £&: H — K be 2-cells, with H, K composable
with F, G respectively. We have §(w o 0)g = F(w)g o F(0)o and F(& - 0)o = F(&)o - F(0)g. Moreover,
given a composable string of horizontal arrows rq,...,r,, we have

%’(w ° 0)1“1,-..,1% = ((w o 9)7“17 BE) (w 0 9)7'71)
= (Wryy-eoswp,) 0 (Opyyenny6r)
= S(w)rl,.‘.,rn © S(G)rl,...,rna
S e)rl,...,rn =((§-O)ryse-es(§-0)r,)
= (67“17' . ’57’71) : (97“17’ . "ern)
= %(é)rl,...,rn : S(G)Tl,...,rna

as desired. Nothing needs to be done to verify that m, e are 2-natural transformations.

A pseudodouble category consists of a graph of categories D = (D; = Dy), with vertical domain and
codomain functors. The algebra structure a: FID — D is the identity on 0-cells and vertical 1-cells. We
define a() = 1 (at O-cells), and if a is defined for D™ we define

a(riy ..oy pg1) = Tong1 - a(ry, ..., ry).
We let 7: id — a - e be the identity on idp,, and n,: r — a(r) is given by
plir—=r-l=r-a() =a(r).
We define p1: a - Fa — a - m to be the identity on idp,, and on §§D; — FD; by double induction:
po = id,
koo ,0 = Hiere e © A
Pker oo ka1 = (id - fgy k) 0
where
Pyt @(@(T1 15 Tk )y e @(Tts oo s Trken)) = @GP, - Tk, )-

To prove that (D, a,n, u) is a pseudo-F-algebra, we must verify that

HEm © Na(ry,...orm) = id,
Ml,---,l © a(777’17 e ,Urm) = Idu

Ht it © Ptokin = My G0 a0 0n)

where we use the following abbreviations:

k;
Jik; = E Jip
p=1
Up = lujp,lwwjp,k:p

For the first and second, we argue by induction. When m = 0, the first becomes A; o pfl = id, and
the second trivializes. If we assume the equations hold for some m, then

pmpr0p~ = (id - pm) oo p=t = (id- pn) o (id - p~') = id,
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and

pi.a1oalp™t . pp ) =(id 1) o(id-Noao(pt-id)o(id-a(p™!,...
(id - p1,.1) o (id - a(pfl, .

=id

For the third, we use triple induction. If n = 0,

kn4+1 =0, we have

Hji1sesdnen © Hki,esknkngr = Hjia,.

Now, we assume it holds for some k1.

29

)
)

it trivializes, so we assume it holds for some n. If

dnien © Mk, Ky O A

= U~ o oa(o1,...,0n)0A
'U/Jl,klv---vjn,kn (1, ,0n)

= U~ o (¢] N i
M]l,klvnwﬂn,knao a(al’ »In; Id)

:/’LA' Oa(0-17"'70-n70-n+1)‘

]l,kl 7"’7j’!L,k'n 7jn+1,kn+1

If jni1kpr+1 = 0, we have

Fo1tsesdng 1k 4150 © Fhtseskn knpi+1 = Hgia,edngt e, 1 © Ao (id - /f«k1,-..,kn+1) o

= Hgiasedngt kg © Phiekngr © Ao
.y Un+1) e} (A : Id)
) (U”+1 © A))?

= ~ A ocal\ot, ..
HJl,k17~--»]n+1,kn+1 ( 1

:/’LA A

. . oa(oy,..
JLky s dntLkppq+1 ( L

and finally, if we assume it holds for some j,, 41 x,.,+1, then we have

Hg1 e g g 141 © Her g 41 =
(i
(i
(i

(i
(i
i

d
d
d-
d
d
d

Hjl,k17~--7jn+1,kn+1

J1ky o dnd 1k, g H1

: Mj1,1,~~7jn+1,kn+1+1) oao(id- Nkh---,knﬂ) oo

: /'I/jl,1w~7jn+1,kn+1+1) © (id ) (id : /’Lk17~~~7kn+1)> caocw

/'le,ly---ajn+1,kn+1+l) © (id ’ (id : /"Lkl,~~-,kn+1)) © (id ! a) cao (a ’ id)

’ 'ujl,lv"':jn+l,kn+1+l) o (id ) Mk1,---7/€n+1+1) cao (a : id)

e

,0n+1)) oo (a-id)
.y 0op)) o (a-id)

o, (id - opg1) 0 @),

)o(id-a(al,...

31,1@1 7---73n+1,kn+1
Joao((id- gui1) - alon, .

o a(al, ..

so the result holds by induction. It should be noted that the proof (so far) remains unchanged if we
consider left-biased double categories, in which case (D, a,n, 1) is a lax F-algebra instead. Respectively,
right-biased double categories — oplax §-algebras.

If we have a lax functor F': D — [E between ordinary double categories, we define a pseudo §-algebra

lax morphism (F,v"): (D, a,n, u) — (E,

b,m, i), taking F' to be the same underlying graph morphism,

and we define v¥": bo FF — F o a inductively as follows:

F
71”17...

F _ _F
Yz _e:B’

F /- F
g1 M O(Id ’ 77"1,...,1””)'

to confirm (F,~%) is indeed a lax morphism, we will prove that

and

’yTl,lw-vrn,k:n o lu’klyu.,kn - F:u’kl,...,kn o 'Ysl,...,sn o 6(017 o

where

08 = Yrit,Tik, -

Fn=.0n

7Un)a

si=a(rit,...,rik),

i

The first is just a restatement of the coherence diagram for the right unitor. For the second, when
n = 0, the equation is trivial; e/’ = ef’. Now, we assume the equation holds for some n. If k, 1 = 0,
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then

Vrr 1 s © Bk k0 = Vr1 g gy © Hky,edn © A
= Fliky,. kp © Vs1,ysn ©0(01, .. s 00) 0 A
= Ao (id- Fpg,,. k) o (id-vs, . s.)0(id-blo1,...,00))
= Fxomfo(ef"-id) o (id- Fup, . x,) 0 (id s s.) 0 (id-b(o1,...,04))
=FXo F(id - pig, .. k) © m? o(id - Ys11onsn) O (el -b(oy,...,00))
= Fliky ... kn,0 © Vsrsmosnit © 001, Oy Ony1),

so, we assume the identity holds for some k1. We have

VPt Tt ke P Ly 141 © B esBon i1 +1
=mf o(id '7T1,17---7rn+1,kn+1) o (id - Nk17~-~,kn+1) o«
=m" o(id - Fpgy. kner) © (id - Vsy,smsnir) © (id - b(01, .., Ony Ont1)) 0 @
= F(id - iy, knir) om? o(id - m*) o (id - (id - 75y, 5,)) 0 @0 ((id - 0pt1) - b(a1, ..., 00))
= F(id - fhy,.. knys) © Faom o(m? id) o (id - 75, 5.) 0 ((id - 0ppt1) - b(o1, - .., )
= Fliy,.. Jonsr41© Vs1,smis © 0(01, ooy opemP o(id - 0y11)),

so, the result follows by induction.

This assignment preserves maps identities to identities (trivially), and preserves composition; that
is, this defines a functor PsDbCatj,x — Ps-§- Alg),,. To see this, let G: E — C be another lax functor.
We have

(G 07%) ) = Gel oe?,
(G 0y D)y rnis = mFo(id - Gl ) o (i )
=Gmfom%o(id- Gy}, )o(id-vF,  rp)
=Gm"oG(id v, ) om%o(id g, p.)
=GV i) OVt Froir-

We claim the functor PsDbCatjax — Ps-§- Algy,, is fully faithful; if (F,v"): (D, a,n, ) — (E,b,n, i)
is a lax morphism between (the image of) double categories, we define

el =7
m) = F(id - p) o[ o (id-p7")

We must confirm these satisfy the coherence conditions. First, we observe that
m{,o(id - &) = F(id - p) o y{, 0 (id - p~*) o (id - ")
= F(id-A) o F(p-id) o 7] 5 © (Fp~" -id) o (id - (7 id)) o (id - A1)
= Fp10,1 0V o) © 0¥ 78 ) 0 g1 = 74 s
M o€ id) = F(id - p) o7/ o (id - p~) o (e id)
= F(id-p)o F(id- (p-id)) o vh,y 1 0 (id- (Fp~' -id)) o (e -id) o (id - p~1)
= F(id - p) o F(id - p) 05y 0 b(y7 s vfy) o (id - p~ 1) o (id - p 1)
= F(id-p) o F(id- p) o Fuygov, opgo (id-p~ ) o(id-p~)
=FXtoFpoyfop ol
=F\1o)
which gives the unit comparsion coherences for F', and after calculating
pr2 = o ((id- p) - (p-id))
po1 = (id-a)o(id- ((id- p) -id)) o (p - id)
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we verify that

Faomfts o(m gt‘id)
=FaoF<id-p)ovft.sood-p—l)ow(ud p)-id) o (4F, -id) o ((id - pt) -id)
= Fao F(id- p)o F((id - p) - (p-1d)) 0 V() a(s) © (Ve - (Fp~t-id)) o ((id - p~1) - p7)
— F(id- (id- p)) o Fao P((idp) - (p- ud))ova(r) oy 0B AT 0 ((id - 7YY - (5L i) o (id - o)

)
— F(id- (id- p)) oLy 000 (id- p7Y)

(Id p)OVmO('d p~)o(id- F(id-p))o(id-~f,)o(id-(id-p ")) oa

F(id - p)o F(p- ((id- p) - 1d)) 0 1L a0 (Fp L (Fd - p1) -id)) o (id - =) o (id - Fi(id - p))
o (id-~F) o (d- (id-p~))oa

F(d - (id- p)) 0 F(p- p) 01y a0 boFwaE) 0 (97 - p ) 0 (- (id - p7 1)) o

F(id - (id - p)) o5y 0o (id- p7t)

which confirms coherence for the associator comparison. We further verify that, by induction, f, 1 o
(p~'-p~1) =id (pattern matching), so that

F . F
ma(rl,‘..,Tn),T'nJrl O(Id : 71‘1,...,rn)

F(Id p) © ’YUI (T15e-5Tn) Pt 1 (Id ' pil) © (Id ' ’}/7}‘1,“-»7%)
F(p-p) o Yatrr . ryalrmsn) © X Yempn) 0 (07 071

77‘1, 417

confirming that the functor PsDbCatjox — Ps-§- Algy,, is fully faithful.
We claim the functor PsDbCatj,x — Ps-§- Algy,, is essentially surjective; let (D, a,n, ) be a pseudo-
S-algebra. We define

1= a(),
s-r=ualr,s),
Ar =117 0 i 0 a(pr,id),
pr=mn, " op_yoalid,n),
arst = af(id, 7775_1) 0 ,U;sl,t O fr,st © a(7r, id).

These endow D with the structure of a double category; to see this, we must verify the coherence
conditions hold. First, we have

(Id ’ )‘7”) 0 Qrls = (nr ’ d) ° a(ﬂr —> |d) © a’( (777’7 Id)? Id) ° a(id7 77;1) ° :Ufr_ll,s © Mr,1s © a(nra |d)
a(n "t mst) o alpr,—,id) o aa(ny,id), id) o pu7', o pir1s 0 any, id)
= Mr,;s © a(,u,,’,, |d) o M;(}")l s ° CL(’I’]T, id, |d) O Ur1s © CL(T]T, |d)

= Hrs© a(,ur,—a fis) © 'u;(}")l,a(s) o a(n,,id,n,) o Hr1s © a(nr,id)
= Hr,—,s © Ha(r),1a(s) © @(a(nr), a(id, 1s)) © a(ny, id)

= fir.s © alpr; pi—s) © aa(ny), a(id, ns)) © a(ny, id)

= a(n; 157" o alid, - s) © a(id, a(id, n;)) © a(n,, id)

= a(id,n; 1) o a(id, p— 5) o a(id, a(id, ns)) = ps - id.
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and for the associator pentagon, we have, on one hand

(Id Qs t) © ®g.a(r,s),t © (a(LTS ’ Id)
= a(a(id, n; "), id) o apg,s, id) © alpigrs, id) o ala(ry, id), id)
o a(id 77,: ) o Mqa(r ).t Mq,a(r,s)t © a(nqa Id)

o a(id, a(id, n; 1)) o a(id, ur_;t) o a(id, pir s¢) 0 a(id, a(ny, id))
= a(a(id, n; ), m; 1) © alkigrs, id) © alpig,s, id)

o a(a(ng,id),id) o ki o 4 © Hg.a(rsy © alid, alid, 7; 1))

o a(id, L) 0 alid, inst) © (g, aie, id))
= a(a(id, n; ), m; ") © a(bigry, id) © alpig,s, id)

oca

(
(
(
(
(
(
(
(id, a(n; ! )OM (@a(rs).a(t) © Ha().a(rs)a(t) © alalrg), id)

o alid, irsy) © a(id, pir.st) © a(ng, a(ny, id))

= a(a(id,n;"),n; ") o a(uqrs,' ) © alpgrs; ie)
a(q)a(r,s),a(t) © Ha(q),a(r,s)a(t)

o alpy ", pyey) © alid, piyst) 0 alng, a(ny, id))
= a(a(id,n; 1), ) 0 alpigls id) © prgyy

O lg,rst © a(id, Mr,st) o a(ﬁq, a(ny,id)),

while on the other, we have

Qa(gr),st © Agra(sn) = alid, 170) © g oy © Haggr), st © (a(q,r)s id)
o a(id, n, 4 ) © Hopia(sar) © Hara(s,t) © a(1q, id)
= a(id, 7;1) © gy e © Alidy 50 © Hagq ) a(s)an
o a(id, a(ns,m¢)) © a(id, n,, ) © @(a(gr), id) © alalig, 1), id)
Hatpatryatss © alg 117 51d) 0 g rags ) © alng, id)
= a(id, ;") © Hy(y ey © alid,ng )
© Ha(qr),a(s)a(t) © A(Ma(gr)> @(Ms, Me))
oa(a(ng ', ) as) © Halgyatr)a(s.)
0 a(ng, Mr»id) © Hy ra(s,r) © a(ng, id)
= a(id, ;1) © gy e © alidyn L) o gl
O ig,r,st © a(Tg; M 1d) © fig ra(s,p) © al7lg, id)
= a(id, ;1) © g e © @lidyng L) 0 gl
O fig,r,st © a(Tg; M 1d) © Lig ra(s,t) © al7lg, id)
= alid, n; ") 0 iy e 0 alid, gt )
© alflg,rs Hss Ht) © Hg(g)a(ry a(s).a(t)
O Ka(g)a(r)a(s)a(t) © Aty by s g t)
© a(ng; Nr,id) © fig ra(s,t) © a(ng, id)
= a(a(id, 75 "), ;") © alid, 1) © Hyy ya(s).ato
albg,rs Hss Ht) © Hig i) a(r) a(s).a(t)
© Ha(g)a(r)a(s)a(t) © Al s e s pist)
© Ha(g),a(r)a(st) © (tq,id) o a(ng, a(nr,id)),
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so, our goal is to prove that

-1 -1 -1 -1
a(ﬂqr,su e ) o Hars,t © Hq,rst © apgs pr,st) = Ha(q,r)a(s),a(t) © alfhq,rs Hss Hit)

—1
(4.1) © Pa(g)a(r),a(s),a(t) © Falg).a(r)a(s)a(t)

© a(ﬂ(;1> /1*;1; /’L;tl) © Ha(q),a(r)a(s,t)"

And to do so, we observe that the following diagrams

ala(a(q)), ala(r), a(s, 1)) —20 s 4(a(q),alr,s,1))
—| [
a(a(q),a(r),a(s,t)) Ha,r,st > a(q,r,s,t)
a(uz?l,u?l,u;i)l lﬂﬁs,t
a(a(a(q)). a(a(r)), a(a(s), a(t)),————— a(a(g).a(r), a(s),a(t))

—1 —1
a(tgr,s, iy )

a(a(g,r, ), a(t)) a(a(a(g;r),als)), ala(t))

—1 -1
Hgrs,t Pa(q,r)a(s),a(t)

a(q,r,s,t) ———— pgr o — ala(q,r), a(s),a(t))
uq,r,s,tT Ta(ﬂq,h/ﬁ&ﬂt)
ala(q), a(r), a(s), a(t)) —— alala(q), a(r)), ala(s)), a(a(t)))

Pa(q)a(r),a(s).a(t)

are pastings of associativity squares for u, and are therefore commutative. Pasting these diagrams
along fiq s+ will confirm (4.1), and we conclude that D has the structure of a pseudodouble category.

Now, write (D, a,7, ) for the pseudo-§-algebra induced by the above double category. We define
~v: @ — a to be the natural transformation inductively given by

Py'r17~--’7‘na7‘n+l = /"LTI"'Tn7T7L+1 © a(7T1,~~~,7’nv"77’n+1)

We claim that (id,v): (D,a,n,u) — (D,@,7, ) is an invertible lax morphism of pseudo-F-algebras.
First, note that

Yo7, = p—p o alid,n,) o alid, n, ") o u=} o m = ny,

and we shall prove that

(4.2) Vriseengen © Bk, kn = N(

oY ( kn © a(7T1,1,---77“1,k1 yree 77Tn,17---,Tn,kn)

k & k
Tl,i)ii1’~~-7(7"n,i)i£1 a Tl,i)ii1r~~7(rn,i)i:1

by double induction. When n = 0, the above reduces to

id = 1) 0 a(id),
which holds, so assume the above is true for some n. If k,11 = 0, the left-hand side of (4.2) becomes

Ve 1ot © Pkt om0 = Vr1tseTnin © Hyodon © A
= Ao a(7T1,17---77“n,kn7 id) o a(ﬁkl,...,kna id)
while the right-hand side of (4.2) becomes

B(r1 ) (ri)s0) © Va(rya)soa(rmg) © @ Vraas -3 Y is 1)
= W) (i) © Pa(ry)--a(rn.i)sa() © @ Va(ri)smalrn.)s Ta()) © @@ 5 -+ -5 Vi ;)5 1d)
= gt s() © Q) (i) 1(0)) © O Va(rri)seesa(r.i) Ta()) © A@(Vry g5+ -+ s Vi ;)5 i)
= fhry ern () © O Vrrg oo ey 1d) © (T g5 id)
so the equality holds by verifying that
My eeorn, () = A
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which is equivalent to proving that
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the following diagram commutes

Ha(r yeesTn ),
a(a(a(ry,...,m)),a()) 00 a(ry, . .. o)
(,L"Tl rn,d)i J"u"rl“""n
a(a(ri, ), 0() ——r a1, T)

which is given by the coherence condition p o §u = p o pg; recall that py = id.
Hence, for the final induction step, we suppose (4.2) holds for some k1. For k11 +1, the left-hand

side of (4.2) is given by

? 7Tn,i’ ,.)/Tn+l,i77’n+1,kn+1 +1 )

P11 P 1 gy 4 g 41 O My, kngr+1

= L T kg Ty g 1 C a(Vr Lot kg ) 1, kn+1+1>
© a(Fky,. kyyys1d) 0 X

= Hr Ty Tk g +1 O @ (:U’(Tl i)yees (Tt 1,i) id)
o a(’ya(rl )y @(Trp1,6) Mg, kn+1+1) a

- Mr1,1'~~7“n+1,kn+1,Tn+1,kn+1+1 © a(lu'(rl i) (Tt 1,i) 'd)
© a(lufa (r1,5Tn,i),0(Tn+1,i)2 Id)
© a(a(fYa (r1,i)5-era(Tn,3) na(rnJrl,i))v id)
°© a’(a( (77“1 FERR 7’77"71,1')7 7Tn+1,i)7 Zd)
°© a(|d7 M, kn+1+1) oo

= i1tk Pt kg 1 Ay oo )o(rg1,)2 1)
° a(a(lu’(rl )y (i) (gt l))’ 'd) oo
© a(%l(ﬁ i)yes0(Tr i) (na(rn_,.l’i)a id))
© a’( (’7?“1 ive ey Vrn, 2) a(%”n+1,iv 77rn+1,kn+1+1))

T HTL L T e, e 41 © a('u(rl i Tk ) (Tn1,i) yid) o cx
o a(yr ek ) ,id)
o a(fig,,.. k,»id)
o a(id, a(Vryy1i My s, kn+1+1))7

while the right-hand side is given by
IU’(T‘l,i),n-,(Tn,z'),(Tn+1,i77“n+1,kn+1+1) o ’Ya(rlyi),...,a(rn,i),a(rnJrl,i,rn+1,kn+1+1) o 6(77’1,1'7 s
= L) i) (Pt Ly g g +1) © Ha(r1a)a(rni),a(rnaimn 1 g, g g +1)

= L1k ) (P i P 1y 1 +1)

= :u(rl,l,...

77"n,kn)7(7“n+1,i77"n+1,kn+1+1)

© a(’ya(rlyi),.,.,a

(rnyi)» na(Tn+1,w“n+1,kn+1+1))

© a(a(')’n,m e v%n,i)7 ’an+1,¢,rn+1,kn+1+1)
© Ay ) oo i) B st g 1))

© A(Va(r1,i),sa(rni) Malrast,irn 1 by 4 +1)
0 a(@(Yrygs s Vrny)sid)

© a(id, “(T’n+1,z‘)ﬂ‘n+1,kn+1+1)
TG S

0 a(Vry 1,y > 1d)

oa(fik, . k,»id)

© a(id, brp oy )rniin, g 41)

o a(id, a('YTn+1,i’ 77Tn+1,kn+1+1))’
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and therefore, proving (4.2) reduces to verifying that

Hry 3 mgd ey g Ttk +1 © a(iu(rLi--'T,L’kn),(rn_;,_l’i)7 id) o av
- /’L(Tl,l7---77'n,kn)»(Tn+1,i77’n+1,kn+1+l) © a(ld’ M(Tn+1,i)7rn+1,k:n+l+1)'

Here, we have

. -1
=a(i o
a=a( d’“““»knﬂ“) Ma(?”l,lw-ﬂ"n,kn)a(f‘n+1,i)7a(7‘n+1,kn+1+1)

© Ha(r1,1,0es7 ki )50(Pnt1,0) (Tt kpy g g 1)

-1 .
© a(’u'Tl,l“‘Tn,kn’ Id)’
so we just need to verify that
p o a(p u )o i
TLL T by g Tk L 41 +1 (T1,57 T ke )5 (T 1,0) ) FPn 1 ey g +1 (11,15 ke ) @(T41,),0 (P41 ey g +1)

_ -1
- N(Tl,l7~--J'n,kn)7(rn+1,i:rn+1,kn+1+1) °© a(urlyl"'rn,knM(rn+1,i)7rn+1,kn+1+l) © ’uCL(Tl,l,~~~,7"n,kn),G(Tn+1,i)fl(7"n+1,kn+1+1)7

which holds, since both sides of the above expression equal

Fory 1er gy, 7(rn+1,i)77"n+1,kn+1+1 )

confirming that (id,~y) is an invertible pseudo-morphism of pseudo-F-algebras.
We consider double categories, lax (horizontal) and oplax (vertical) functors as in the following
diagram, and the respective diagram in the double category Ps-g- Alg.

(HAM

Ai) B (A,aﬂ?,ﬁb) *’Y; (B7ba77nu’)

(4.3) Fl e (F,zSF)l J’(G,(SG)
C K D (Cvcvnvﬂ) ([(73 (]D)’ dﬂ%/‘)

Let w be a 2-cell GH — KF of internal Cat-graphs. The claim is that w is a generalized vertical
transformation if and only if w is a generalized 2-cell of pseudo-§-algebras.
If w is a generalized vertical transformation, we wish to prove that the following diagram commutes

Gb(Hry,...,Hry)

d(GHry,...,GHry) GHa(ry,...,m)
d(wT‘l yeesWrp )l lwa(rl vvvv ™)
d(KFry,...,KFry,) KFa(ry,...,m)

,,,,,

For all n and all horizontal 1-cells rq,...,r,. We proceed by induction: when n = 0, the above is just
coherence of w for the unit comparsion. If true for some n, then
F H
K5T1,...,Tn+1 © wa(rlv'“’r’ﬂ+1) © G’y"‘lv-uv"'nJrl

= K(id- ok, )oKm"ow oGmToG(id -+ )

= (Id ’ 67}’1,%1) o mK O(an-H ' wa(rl,...,rn)) o mG OG(Id : ’Yg,...,rn)
G

Tn41-0(T1,,Tn)

= mK O(id ’ Karli,...,rn) ° (wrn+1 : wa(n,...,rn)) o ('d : G'77{11r7...,7"n) om

= mK O<|d : PY?m,...,Frn) © (an+1 ! d(wru v 7w7’n>) © (Id : 6gr1,...,Hrn) © mG

K G
— ,YFTl,...,F'r'nJrl © d(wﬁ’ cee 7wrn+1) © 5Hr1,...,Hrn+1’

S0 w is a pseudo-§g-algebra 2-cell as well.
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Now, if w is a pseudo-F-algebra 2-cell, the coherence for the unit comparison holds by definition,
and

K G
Mpy fg © (wS : wT) OCMpyyr Hs

= K(id - p) o yf ps 0 (id - p7) 0 (ws - wy) o (id - p) 0 05, s 0 G(id - p)
= K(id - p) 0 vy ps © (ws - (wr - id)) 0 0, prg 0 G(id - p7")

= K(id - p) 0 yfy. g © d(wr, ws) © 65, 415 0 G(id - p71)

= K(id - p) o K6y 0 wyrs 0 Gyl o Gid - p7t)

= K(id - p) o K6, 0o KF(id- p~") owsr o GH(id - p) 0 G(id - p~")

= K(m!) 0w, o G(mH),

verifies coherence for composition comparsion, completing our proof.
Now, as promised at the start of Section 2, we obtain:

Proposition 4.2. We have a conjunction

—.1
7
V-Mat L Span(V)
~N_
V(l’f)
in the double category PsDbCat.

Proof. Via the equivalence PsDbCat ~ Ps-§- Alg, we simply apply Proposition 3.1 to the adjunction
—-14VY(1,—) in Grph(Cat), with the oplax functor structure of —-1: Span(V) — V-Mat, all of which
were described in Section 2. O

5. HORIZONTAL LAX ALGEBRAS AND CHANGE OF BASE

We will review the notion of categories of horizontal lax algebras introduced in [15], and we define the
change-of-base functors between such categories, induced by an appropriate notion of monad morphism.
We begin by fixing monads S = (D, S, m,e) and T' = (E, T, m,e) in the 2-category PsDbCat,y.

We define the category H Lax-T- Alg of horizontal lax T-algebras, as follows:

— Objects are given by 4-tuples (x,a,v, u) where z is a O-cell, a: Tz - x is a horizontal 1-cell,
and v, u are 2-cells

1
r——x TTz L% Ty — %5 ¢

Lo |-
Tz

~

8

satisfying
wo (U . ea) =\

po (id- (Tvoel))=p

po(id-(Tpom™)) =po(u-me)oa

— A morphism (z,a,v,u) = (y,b,v, 1) is a pair (f,() where f: x — y is a vertical 1-cell and ¢
is a 2-cell

satisfying (ov =wvolyand (op=po (¢ -T¢).
It should be noted that id = (id,id): (x,a,v, u) = (z,a, v, p) is a horizontal lax T-algebra morphism,
and if (f,(), (g,&) are composable horizontal lax T-algebra morphisms, then so is (g,&) o (f,() =
(go f,&0(). Associativity and identity properties are inherited from Ey and E;, making H Lax-T- Alg
into a category.
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Our work focuses on the cases E = Span(V), with T" induced by a cartesian monad (also denoted
by T) on V, and D = V-Mat with S a lax monad. Then, HLax-T-Alg = Cat(7, V) is the category
of internal T-categories of [22], while H Lax-S- Alg = (S, V)-Cat is a generalization of the category of
enriched S-categories introduced by [12], by not requiring S to be normal.?

Let (F,¢): S — T be a monad oplax morphism, and we assume E is conjoint closed. By Theorem
3.6, ¢ has a conjoint, given by a lax horizontal transformation ¢*: TF — F'S. We define a 2-cell ez
for each 0-cell z given by

For —1 & Fx

eFa:l e(b; lFez

as the mate of the commutative square ¢, o Fe, = ep, oid, and a 2-cell m?z given by

r7Fe T rEsy 95 PSSy

TTEFx —— (T'¢e0¢s.)* — FSSx

m le 1V lme

TFz po FSx

where 7 is given as in (3.2), and 1Y is the mate of the commutative square ¢,0 Fm, = mp,o(T¢,0ps,).
To be explicit, via mate correspondence we have

(5.1) coe’ =1,,., and com® =1, opo((lry, 0c)-e).

Analogously, when I is companion closed, we define 2-cells eé,/” and mg! for a monad lax morphism

(G,Y): T — S.

Lemma 5.1. If (F,¢): S — T is a monad oplax morphism and E is conjoint closed, then e?” and m?®”
are modifications, and the following relations hold:

(a) mf o(ef; e(\; )= A,
(5) mi o(7 ') =, *
(c) m$ o(mzx mgw) = m% o(¢}, - :(ET¢) )oa,

where e¢ and m¢ are the mates of the naturality squares of e and m at ¢, and e(T¢) mT: are
respectively given by the mate of the commutative square T'¢, o TFe, = Tep, oid, and the mate of
the commutative square T¢y o TFmy = Tmpy, o (TT ¢, 0 Tog,) composed with T, satzsfymg properties
similar to (5.1).

Proof. Note that 7 is given as a 2-cell (modification) in Lax(ID, E)j.y, and e?” and 1Y are mates of
equations of vertical 1-cells. It follows that e?” and m?" are modifications.
We have
comd o€l -¢}.) = Luy, o Ao (174, 02) - £) o (s -cl,)
= Lnp, 0A0 (1T¢>10€Fs;c ’ (LBTFIO‘S))

=1 ol ceol=col,

Mmrx €TFzx

com o(@? - el = L, 0 po ((Lry, 02) -2) o (67 - eT9")

xX e xX
= lmp, 00 ((I7¢,0TFe, ©€) - 1Ter,)
= lmp, 0 lrep, 0€0p=c€op,

Now, we note that

(5.2) o m¢* (mgx mgm) =po ((1mpmoT¢x ogo m‘gm) (I, 0€0 mgx)),
and we note that .
€o mgx =po ((1mFSxOT¢Sx o 5) ) (1mFSa: © 5))7

3When V is a quantale, this generalization is already present in [40].
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and
go mgz = lmpg, ©€,
so that (5.2) becomes
com? o(mfy my,) = po(p-id)o((A-B)-C)

where A=1;0e, B=1g0¢,C=1z0¢, and

~ A=mpy 0T¢s 0mpgy o Tdsa,

- Bi = Mmpg 0 TPy 0 MpSs,

— C =mpz omrEy.

On the other hand, we have
(5.3) eom? o(¢y, - mT? ) o = po ((lnp,ore, 00 dh) - (Lnp, 00 m{T?)),
and we note that
€0 ¢, = lrpm, o€,
and
€0 m(de)) = )\ © ((1TmFa:OTT¢z © 8) ' (]‘Tsz o 6))7
so that (5.3) becomes
com®o(¢f - mIYoa=po(id-Noao((X -Y)-2),

where X =1¢0¢e, Y =1gp0¢, Z=1,0¢, and

- X = mpg 0 Tgy 0o TFmy,

- }f =Mmpg 0 Tmpy 0o TT ¢y,

— Z=mpgoTmp,.
We conclude the proof by observing that A= X, B=Y and C = Z. O

Theorem 5.2. We suppose that (F,¢): S — T is an monad oplax morphism and that E is con-
joint closed. If ¢ and T'¢ have strong conjoints (see Lemma 3.7), then (F,¢) induces a functor
Fi: Hlax-S-Alg — HlLax-T-Alg.

Analogously, if we suppose that (G,v): T — S is a monad laz morphism and that D is companion
closed, then (G,1) induces a functor Gy: HLax-T-Alg — HLax-S-Alg.

Proof. The functors Fi and G, are given on objects by
E(xaa7valu) = (vaFa¢::7EU7EM) and G!(yabﬂ)v#) = (Gvab'wybG!U?G!M)?

where Fiv, Fiu are respectively given by the following 2-cells:

Fr — s Fe — L1 sy
| e

€Fa ef* Fzx —rm— Fx
e |
Y
TFy —— FSx —— Fzx
& Fa
TTFz T(Fad) s TFz — ¢t —s FSz — Fa—s Fu
QT
H ¢ H H
TTFx -(T¢.)* s TFSx —TFa— TFx — ¢ — FSx
H H (n) ! H
TTFx - (T¢z)*» TFSx — ¢%, — FSSx — FSa— FSv — Fa— Fx
H m?
MFg m¢* FSSx F(a-Sa) — Fx
x |
J v
TFx FSx Fx

o Fa
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where 9;{ is the inverse of m” o(id - ¢7), and Gyv, G\ are respectively given by the following 2-cells:

Gy L > Gy ! Gy
|

ey e;”’ Gy —c1— Gy

G |
SGy Ty! GTy = Gy
SSGy S(G ) s SGy — vy — SGy — ah—> Fy
95
| ¢ H H
SSGy - (Svyh» SGTy — sab— SGy — by — GTy
| | ) H
SSGy — (5S¢ + SGTy —¢ra— GTTy — 16— GTy —Gb— Gy
H me
mGa mY! GTTy —— G(bTb) —— Fy
) I
l Gmy GM
SGy o GTy T » Gy

where 9;2 is the inverse of m® o(id - 7°), given by Lemma 3.5.

If (f,¢): (w,a,v,u) = (,b,v, 1) is a horizontal lax S-algebra morphism, and if (g,€): (y,c,v,u) —
(z,d,v, ) is a horizontal lax T-algebra morphism, then we have

F(f.Q) = (Ff,FC-¢}) and Gi(g,€) = (Gg,GE - vp).

We observe that ¢ and T'¢ are required to have strong conjoints only to guarantee the existence of
Fip. All other things being equal, up to a letter substitution, we conclude it is enough to verify that
one of Fi(z,a,v,u), Gi(y,b,v, 1) is a horizontal lax algebra, and likewise for the morphisms.

Throughout the calculations, we will use the following abbreviations:

v = Fuoel,
—uF =Fpomf,
~a=(d-atoa,
~ 0 =id-(0-id) for a 2-cell 6.

We begin by verifying that the following equalities hold:

(5.4) 07 0 epag; = era ey,
(5.5) 0T o T (v e )oTptoel = (0TF . TP o pt,

X
We obtain (5.4), via mate correspondence, by noting that

m” o(id - o7) o (epq-€f,) o (id m)op~t =m’ ofid- oT) !

=m’ o(id - T)
=T(d-n)omTo(id-eT)optoep,
=T(id-n)oTp toer,

= erags o (id 1) 0 p,

o(id-n)o(era - leps,) © P~

o(id-e)op~toep,
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and (5.5), directly, since

m?’ o(id - O'T) o (UTF . engd))*) o p_l =

. * . . . * . . .
Furthermore, since e?” is a modification and n?" is natural, we respectively obtain

(5.6) (n? )L o (ef oery) = (Feq - €5.) 0,
(5.7) (n¢*)_1 o (id - UTF) = (UFS ~pr)on.

a

And lastly, we note that the following diagrams commute

Fa-1 P Fa
~ - r A
id-e < . - 14
Fa-F1 —/— F(a-1)
| I F
id-v -Fos F(id-vS) :

which respectively confirm that
(5.8) pf o (- Fey) = A\,
(5.9) pf o (id - vf™%) = p.
By applying (5.4), (5.6), (5.8), and (a) from Lemma 5.1, we obtain

(1 m2 ) o NZ o (id-07) o (v - €2") - erap:) o (A1 -id)
— (uF ) o NI o (07 -8 - (epa - €,)) o (A1 - id)
= (1" m) o (" - Fea) - (e§,-€),)) o Ny o (A" -id)
=(\-NoatoFoao (At id) = A,

verifying the left identity law, and by applying (5.5), (5.7), (5.9) and (b) from Lemma 5.1, we obtain

(uF - m2 ) o N¢ o (id-6T) o (id - (T(vF - e?)oTA o eT))
— (") o NI o (id - (uTT - elT9)) o (id - o)
= (- mg") o ((id - v™%) - (97 - &) o Ny o (id - p")
=(p-p)oatoFodao(id-pt)=p,

verifying the right identity law.
Now, note that

(5.10) 07 o Mpg.¢x = (Mmpq - méz) oo™
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holds via mate correspondence, since we have

MEpag: om’ L o(id- o™ ) o (id-n) o p~! =mpge: om?  o(id - TTn) o (id-e’™)op?
= Mrag o TT(id-n) om ™ o(id - &™) 0 p~*
=T(d-n) ompg10TTp *
=T(id-n) o Tp™" ompa,

mT o(id - o7) o (mpq - mgz) ofid-n)opt=mlo(id-aT)o(id-n)o(mpg-1)op?

=mT o(id-Tn) o (id-el) o p™t o mp,
=T(id-n) omT o(id-ef) o p~ L omp,
=T(id-n) o Tp™" ompa,

. * . . .
and since m?” is a modification, we get

(5.11) () o (m?" mpg) = (Fimg - m&) o (ngs 7971,

a

Now, note that the following diagram commutes

(Fa-FSa)-FSSa —*— Fa-(FSa-FSSa) idm7, Fa-F(Sa-SSa) 9P Pa. FSa

mF 'idl lmF lmF

m¥’ Fa F(id-p®)
F(a-Sa)-FSSa ——— F((a-Sa)-SSa) —— F(a-(Sa-SSa)) —— F(a-Sa)

Furm | [Fome [

. _—s . >
Fa-FSa — F(a- Sa) o Fa

which confirms
(5.12) pf o (uf - Fmg) = pF o (id - ) o .

Our next step is to confirm that

(513)  ((id-m"S) id) o (a-a)o NST" o (N9 id) = N, o (id - (m'F id)) o (id - NT9") o 1.

First, we recall that

nf*s'(T@* =alo(id-nT?Yoao (n%, id)oa™,

and

*

n?g, o(mid) = (id-m™)oao (n? -id)oato(id-n% )oa,

and note that by coherence, we have

dodo(@tid)=atlo(id-a&)o(id-a)oa,
o

ca=a"'loaloao(id-a),

id-a Hoalo(id-a)

id- &) o a,

41
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so that

((id - mFS) - id) o (a-a) o NO5 T o (N9 . id)
= ((id-mF5) id) o (a-a)oa oo (id- ((nfg; id) - id))
o (id- ((id - n{T9") . id)) L oaodo (&' -id) o ((id- (n¢" -id)) -id) "' o (& - id)
=a"to(id- (mf¥-id) -id)) o @ o (id - ((id - n%,) - id)) ™
odo(id-a)od toao(id-a)o(id- (n? -id))~!
o (id - (id - (n{T9)".id))) ™t o (id - &) o v o (@& - id)
=&~ o (id- (m".id) -id)) o &~ o (id - ((id - ng,) - id)) " o do (id - ((ng"-id) - id)) "
o(id-oz)—1 o (id - (id - (n{T9)" .id)))~! (|d Oa)oao(& id)
=a "o (id- (ndg, i) o (id- ((id-m™)-id) oao (id- NI*") oo (a-id)

1471

= N, o(id- (mTF id))oorl o (id - N{T ))oao( -id)
= N o (id- (mTF.id)) o (id - & ) (id- A7) oa o (id-a)o (id-a)oao (&-id)
= N?, o (id- (mTF .id)) o (id - N{T9") o
Next, we observe that
(5.14) (FSp-¢}) 0 (n )™ = (nd") ™ o (id - TFp)

holds by naturality of n®", and lastly we must confirm that
(5.15) (" mT9"y o NI 6 (97 . 07T) = 07 o T(uF - m®") o TNE o T(id - 67) o m”,
which we reduce to proving the following relations:

TN? oT(id- 0Ty om” o(m” - m ™Yo ((id-oT) - (id-oT")) = mT o(m” -mT) o (id- (67 - o)) o NTO)

ol omT9)" = Tm? omTo(6T - o7)

For the first, we have the commutativity of the following diagram, omitting horizontal 1-cells

id-(m” -id) idmT m7T .
id~al id~‘Ta lT(id-a)
N mT
- —id-(idmT) > «- —idmT — - —8 -
|
a_ll a1 lTa_l
+
. id-m”T . mT .id - mT -
then we observe that
T(id-07) omT o(m® - mT) o ((id - o) - (id - o1T))

=m? o(id - T0T) o (mT-mTT) o ((id- oT) - (id - oTT))

=mlo(m?-mT)o((id-oT)-(id-oT)),
and finally recall from (3.4) that

m’ o(UT -id) o n((le))* =T ng* om? o(id - O'T),
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so that we may calculate

=
(e]
=
o
P

o
mDomlo(id- (67 -id)-6T)) o a9 0 4
-m
T

=Ta o Th? *om o(id-m?)om’ oo (id- (o7 - o1))
TomT - mT)o(id- (o1 - oT))

The second follows by applying the mate correspondence twice: we have

A —_ ~ * ~
=Ta loTna oTd&om

ol om{T9 o(n-(no1))opt=0"01"oy
=olonol
:TnoeTol
=T(nol)oel
and

Tmf omTo(UT . UT) o(n-(nol)) op_1 =Tm? omTo(Tn -T(nol))o (eT-eT) op_1

=Tm¢ oT(n-(nol))omlo(id-el)optoel
=T(1Von)oel
=T(nol)oel
We obtain (5.15) via the following calculation:
T(uF - m") o TNG, 0 T(id - 07) o m o(m? - mTT) o ((id - o7) - (id - 7)) o (N{TH") 1

— T md ) omT o(mT - mT) o (id - (o7 - oT))

— T o(uTF %) o (id - mT) o (id - (o7 - oT))

=mTo(id-oT) o (u mTo)).

Now, we apply (5.10), (5.11), (5.12), (c¢) from Lemma 5.1, (5.13), (5.14), (5.15) in sucession, to
obtain

*

(1" m@) o N¢" o (id - 67) o (1" - mS") - mpag) o (N -id) o ((id - 67) - id)

= (uF - £>oN¢ o (- mE") - (mpa-mY)) o (N -id) o ((id - 67) - 677)

= (- m$") o (1T - Fma) - (m%, -m)) o No=T97 o (N9 -id) o ((id - 67) - 677)

— (1" m? ) o ((id - 1FS) - (@, - mY)) o (- a) o NOZ T o (NS -id) o ((id - 67) - 677
(" -m)o
(- md")

*

B!

3

Vo ((id- FSp) - (¢f, - my.)) o NPg, o (id- (mTT id)) o (id - NT?7) o (id - (67 - 677)) 0
o N o (id- (™ - mT?" )Y o (id - NI ) o (id - (67 - 07T)) o a

m% ) o N o (id-07) o (id - T(uF - m&)) o (id - TN ) o (id - T(id - 67)) o (id - m¥) 0
which confirms the associativity law.

We conclude the proof by confirming that (F'f, F( - gb}) is a horizontal lax T-algebra morphism, for
any given horizontal lax S-algebra morphism (f, ¢): indeed, note that the following diagrams commute

-m

*

-m

*

A oF ¢ "
lpy —=— 1pg - lpg ———— Fa- ¢

ml llpf-lFf le;

1Fy T} 1Fy'1Fy W Fbgi);:
v ey
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(FC-6%) T(FC-6%)

(Fa-¢3) T(Fa-¢}) (£~ ¢y) - T(Fb- ¢})
id-0T id-6T
(Fa-¢t) - (TFa-(Te)k) — (FCo3)(TFC(TH);) — (Fb- gbZ) -(TFb - (Tqb),z;)
Ng Ny

N

(Fa- FSa) - (63, - (T)3) — (FCFS-65,-T0);) — (Fb- FSb) - (64, - (T6)?)

uFom? uF-m
k *
Fa- ¢ oo Fb- ¢}

via pasting of naturality and modification squares.
Functoriality is confirmed componentwise. [l

We close this section with a comparative analysis of Theorem 5.2 with the notions of change-of-
base for internal T-categories described in [33], and with the notions of change-of-base for enriched
T-categories described in [12, Sections 5 and 6|; we confirm all of these generalize to our setting. The
description of our main object of study, the functor (T, V)-Cat — Cat(T, V) induced by —-1: V-Mat —
Span(V), must be postponed to Section 8.

5.1. Internal T-categories: Let D, £ be categories with pullbacks, with respective cartesian monads
S, T on D, £. We consider the equipments D = Span(D) and E = Span(€), and, abusing notation, we
denote by S and T the induced strong monads on D and E.

Using the terminology of [33], we consider a cartesian monad oplax morphism (P, ¢): S — T and a
cartesian monad lax morphism (Q,): T — S. Their underlying data is given by

— pullback-preserving functors P,Q: D — &,
— a cartesian natural transformation ¢: PS — TP,
— a natural transformation ¢¥: SQ — QT

We note P and () induce strong functors P:D— E, Q E — D, and ¢, ¢ induce vertical trans-
formations ¢, 1/), which, in turn, define a monad oplax morphism (P, qb) and a monad lax morphism

(@, 9).

We conclude, by Theorem 5.2 that (Q, ) defines a functor Q;: Cat(T', V) — Cat(S, V). Moreover,
since ¢ is cartesian, gZ) has a strong conjoint, and since P is strong, Pq[) also has a strong conjoint;
therefore we may also conclude that (P, é) induces a functor P Cat(S, V) — Cat(T, V).

In fact, this notion of change-of-base can easily be extended to include Burroni’s T-categories |[8].
This would require a notion of horizontal lax T-algebra for T an oplaz monad (possible with merely
a couple of adjustments), and a replacement of lax functors with oplax functors in Theorem 5.2. We
leave a pursuit of these results and possible applications for future work.

5.2. Enriched T-categories: Two instances of change-of-base are constructed in [12]; we begin by
fixing a distributive monoidal category V, and let D = V-Mat. Therein, a lax extension of a Set-monad
T to V-Mat is a normal lax monad on D with underlying Set-monad T

First, we suppose we have two normal lax monads S and T on ), and let ¢: T"— S be a vertical
transformation, so that (id,¢): S — T defines a monad lax morphism. This is precisely the data
described in [12, Section 5|, restated in a double categorical language. Theorem 5.2 produces a functor
(S, V)-Cat — (T, V)-Cat, which coincides with the algebraic functor construction in the aforementioned
work.

Now, let W be another distributive monoidal category, let E = W-Mat, and let F': ¥V — W be a
normal lax monoidal functor, preserving the initial object. F' induces a normal lax functor F:D—>E
with Fy = idser.

We let T and S be a lax monads on D and on E, respectively, with the same underlying monad on
Set; in other words, S and T are lax extensions of the same Set-monad.

Given a vertical transformation ¢: TF — E'S, such that ¢ is the identity and such that (E, ¢): S —
T is a monad lax morphism, we may apply Theorem 5.2 to produce a functor E: (S, V)-Cat —
(T, W)-Cat; this is precisely the functor constructed in [12, Section 6].
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We should highlight that all normality conditions can be omitted, as well as the preservation of
the initial object by F, and still obtain change-of-base functors. This normality-free setting for both
instances of change-of-base was already studied in |24, Sections 3.4, 3.5], for thin categories V.

6. INDUCED ADJUNCTION

As observed in [33, Section 6.7], an adequate notion of adjunction between cartesian monads will
induce an adjunction on the categories of internal T-categories, which has proven fruitful in their
study. Moreover, in |24, Section 3|, several change-of-base adjunctions between categories of (monad,
quantale)-categories are studied as well. Our aim is to extend these ideas to arbitrary horizontal lax
algebras, aiming to compare the enriched and the internal notions of generalized multicategory.

Throughout this section, our setting is a conjunction

(F,9)
e

(5,D) + (T\E)
~_
(G, ¥)

in the double category Mnd(PsDbCat,y), such that D and E are equipments, and ¢, T'¢ have strong
conjoints. We denote the unit and counit by 7, €, respectively.
We recall that
- (F,¢): (S,D) — (T,E) is a monad oplax morphism,
- (G,¥): (T,E) — (S,D) is a monad lax morphism,
— we have an adjunction F' 4 G in PsDbCatj,y with unit 7 and counit &,
— and by doctrinal adjunction, F' is strong, and ¢, ¥ are mates,

so that by Theorem 5.2, we may construct functors

Fy: HLax-S-Alg — HLax-T-Alg and G): HLax-T-Alg — HLax-S-Alg
induced by (F, ¢*) and (G, 1)), respectively.
Theorem 6.1. We have an adjunction Fy 4 G.

Proof. To fix notation, for f: x — Gy and g: Fx — y, we let f# = éyo Ff and ¢” = Gg o f,. This is
similarly defined for 2-cells.
We claim that the hom-isomorphism and its inverse are given by

(6.1) (f,Q) m (F£.¢C"), and (9,6 = (4", €

where we use (—)¥ and (—)” as short-hand for mates. To be explicit, these are respectively given by
¢V =polid-8)o¢ and € =Eo(id-n)op,
0" =(0-(vol))op™ and x"=po(x-(loe))

for adequate 2-cells ¢,6 in D and &, x are 2-cells in E.
To make sure that the horizontal composition for these mates of 2-cells is defined, note that

éryo Fipyo FSf =Té,0¢a, 0 FSf =Té o TFf o, =Tf o ¢y,

GTgo Gy ofisy = GTg o Yay 0 Sily = 1y 0 SFg o Sil =y 0 Sg’.
Since V, A and b, f are pairs of inverse operators, we find that the maps in (6.1) are each others’
inverse.
To check these maps are natural, let (k,w): (w,d,v, u) — (z,a,v, ) be a horizontal lax S algebra
morphism, and (h,x): (y,b,v,u) — (z,¢,v, 1) a horizontal lax T-algebra morphism. We have

o (Fuw- 7)o (id ) 0 pt = (Vo Fuo = (Cow) ¥,
(Gx-Yu) o)V =Gxo¢Y, (Gxo(l")'=2.0FGxoF( =xo("

and reach our desired conclusion via mate correspondence.

So we're left with proving that (f¥,¢V#\) and (¢°, £V*") are horizontal lax algebra morphisms. Since
the proofs are similar, we omit the second one.

We must check the following identities hold:

MM oFuv=voly and (V¥ oFRu=po ¢V TV
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Since (f, () is a lax S-algebra morphism, we have
(ov==Guwvoly,
so that
(VM o Fv= Cvﬁ o Fvoel
(Cov)¥oel
ébOFGUOFeGoFlfoeF

voéloeFGolpf

Uolfﬁv

which gives the unit law for (f%, V).
For the multiplication law, we will confirm that

o (uf - mg) = po (¢ TC ) o (id - mT) o (id - (id - 07)) 0 &

via mate correspondence.
On one hand, we have

— ~o* ~
on, o«

o (uf mg Yo (id-(n-(nol)))o(id-pt)opt =" o(uf (nol))op?

_ CVﬁ o ,UF
= (Cop) om”,
while on the other, we begin by noting that
(id-mT)o(id-(id-ol))oa™tor? oo (id-(n-(nol)))o(id-pHop!
= (id-mT)o(id-(id-oT)) o ((id-n) - (¢a-(nol)))oa to(id (v L id)odo(id-p
= (id-m") o (id- (id- ")) o ((id-n) - (a- (n01))) o (p"-p~")
= (id-mT)o(id- (id- 7))o (id- (id-n)) o (id- p~ 1) o ((id - 1) - pa) 0 (p~ - id)
= (id-mT) o (id- (id-Tn)) o (id- (id-el)) o (id- p™ ) o ((id-n) - ¢a) o (p~* -id)
= (id - T(id - n)) o (id - mT) o (id - (id - eT)) o (id - p~ ) o ((id - ) - pa) © (p* - id)
= (id-T(id-n)) o (id - Tp~ ") o ((id - 1) - ¢a) o (p" -id),
hence, if we write
Y =(id-mD)o(id-(id-cT))oaton? oa, Z=(d-(n-(nol)))o(id-p~Hop?

we deduce that
po (CV¥ . T¢V¥ ™ oY 0 Z
¢V TCHMN o (id - T(id ) o (id - TpY) o ((id - ) -
¢VEA(TC 0 ¢a))
(50 FCY) - (Tey o TFCY 06,))
(e 0 FCY) - (Tep o dpep 0 FSCY))
=po ((epo FCY) - (erp o Fpy 0 FSCY))
= po(ep-ep) o (FC - (Fipp o FSCY))
= sboF,uGomFo(FCv - (Fipp 0 FSCY))

#
= (W0 (¢¥ - (w05¢¥)) om,
so we conclude it is sufficient to show that

(Com) =pu%o (Y- (po0SCY)),

— o
o
— o
— o

e Y Y N R

—
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and indeed, we have
(Cop)' =po(id-8)oGiuo(¢-SC)

=po<id~5>o<G~mz‘“> 6t oy oo (id - x%) o (¢ 5C)
=pCopol(id-p)oa=to(id: (y-id)odo((id-8)- (- (1od))) o (id-x%) o (C-5¢)
=uo(p-p)o((id-8)- (- (1od))o(id-x*)o(¢-5¢)
= 1o (p-id)o((id- ) - p) o (id - p) o (id - (id - §)) o (id - x*) o (¢ - SC)
=% o (p-id)o((id-8)-p) o (id- Sp) o (id-S(id - 8)) o (¢ - SC)
=10 (¢ (0 8¢Y)),

which concludes the proof. ]

For the purposes of applying this adjunction to the study of full faithfulness of F; and subsequent
applications to descent theory, it is useful to establish criteria for the invertibility of the unit and counit
of the adjunction F} 4 G, which are provided by the following results:

Lemma 6.2. Let (y,b,v, ) be a horizontal lax T'-algebra. If &, and F1y, are invertible, then &g, 4., )
18 invertible if and only if ni* 1s invertible.

Proof. We have &
idV#\ = Q, where

ybo) = (éy, idvﬁ/\). We first observe that, up to coherence isomorphisms, we have

®¢ F(Gb-,,

H H -y

TFGy -%6y» FSGy (Fyy) FGTy - FGb> FGy

Tfyl . H

FGy

Q= & » FGTy - rav> FGy
H
b yy — & — FGy
H J e l@y
; >y — Y

and w = Ao (d-¢) is the mate of ¢, which is in turn the mate of épy o Fipy = Té, 0 ¢y
Indeed, we note that

QY =Xo(e-id)onj ofid-w)oao (xF-id)o(id-n)op~*
—po(&-2)o(id-w)o(id- (id ) oao (X -id)o
=po(é-e)o(id-w)o(id-(id-n))o(id-p~t)oxT,

and since
cowo(id-n)opt=109,
we obtain
QY =po(&-1)o(id-8)ox" =& opo(id-d)ox",

and of course, po (id - ) o x¥ is precisely F(po (id - §)), so we obtain Q¥ = id"#, as desired.

Our claim follows by noting that if &, and F4p, are invertible, then so is ¢, and since 0: (Fpy)1 — 1
is invertible, so is w.

The inverse of ¢ is given by the mate of ¢gy o (F' ¢y)_1 =Te, 1 o7y, which we denote by 6. We have

gorof =1p,,0c00=140e=¢ and 5090L:1T€;1050L:11do€:5,
finishing the proof. ]

The analogous characterization for the unit is not quite the dual of Lemma 6.2; it requires one more
verification.
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Lemma 6.3. Let (x,a,v,p) be a horizontal lax S-algebra. If n,, Go, and néGqS)* are invertible, then

Nz,a,0,p) 18 tnvertible if and only if ng' is invertible.

Proof. The only missing detail is that, if nt(lGd))* is invertible, then so is

m%o(id - 0%): GFa - (Gp): — G(Fa - ¢%).

To see this, we take (3.4), with H = G and r = a, and we recall that ¢ has a strong conjoint, by
hypothesis. O

As an immediate corollary, we obtain:

Corollary 6.4. Fi: HLax-S-Alg — HLax-T-Alg is fully faithful whenever F': D — K is fully faithful
and G is invertible.

Proof. If F: D — E is fully faithful, then % is invertible, and therefore has a strong companion.
Likewise, G¢ has a strong conjoint. Thus, 7., ng* and nELG¢) are invertible for all z and all a, so we

apply Lemma 6.3. U

For the remainder of this section, we will compare Theorem 6.1 with [33, Section 6.7] and |24,
Section 3|, confirming we have a common generalization of these results. Furthermore, we provide
some comments comparing our approach with the pseudofunctoriality ideas stated in [15, 4.4].

6.1. Internal T-categories: We recall the setting described in Subsection 5.1. If P 4 @ and ¢ and
1 are mates, we can immediately apply Theorem 6.1, to obtain an adjunction P, 4 @ as claimed in
[33, Section 6.7].

Likewise, with an adequate restatement of Theorem 6.1 for oplax monads and functors, we can also
obtain adjunctions between categories of Burroni’s T-categories.

6.2. Enriched T-categories: We note that Theorem 6.1 is a generalization of |24, Proposition 3.5.1],
however, we cannot obtain the adjunction studied in [24, Subsection 3.4], using our result in the current
form.

We will work out the same argument in our more general setting, to emphasize what goes wrong.
Given a monad T' = (T, m,e) in E, note that e: id — T defines a monad lax morphism (id,e): 7" — id,
which, by Theorem 5.2, gives a functor

er: HLax-T-Alg — H Lax-id- Alg,

meaning every horizontal lax T-algebra has an underlying horizontal lax id-algebra (monad!). Moreover,
e also defines a monad oplax morphism (id,e): id — 7', but unless e and T'e have strong conjoints,
Theorem 5.2 cannot be applied to construct a functor H Lax-id- Alg — H Lax-T- Alg, which would
guarantee e) has a left adjoint.

However, it is possible to expand our notion of change-of-base to rectify the above problem: an
analogous version of Theorem 5.2 can be obtained for a monad oplax morphism (F,¢): id — T,
without requiring strong conjoints for either ¢ or T'¢, by defining Fi(z,a,n, 1) so that Fla = ¢% - T Fa;
note that this is precisely a4 of [24, Subsection 3.4] when F' = id, and is isomorphic to the construction
of Theorem 5.2 when ¢ and T'¢ do have strong conjoints.

This would also require an analogous version of Theorem 6.1 for this specialized change-of-base
construction, but since such results are outside of our scope, we leave them for future work.

6.3. Pseudofunctoriality: Theorems 5.2 and 6.1 prompt one to view HLax-(—)-Alg as a double
pseudofunctor Ml — CAT (see [41, Section 6]), for a suitable sub-double category M of Mnd(PsDbCatj,y).
Since double pseudofunctors preserve conjoints, we would obtain the conclusion of Theorem 6.1 as an
immediate corollary, for those conjunctions which are in M.

We haven’t pursued this line of reasoning, as obtaining a suitable choice of M which includes our
main examples has proved to be elusive, as we briefly explain below.

We observe that the hypotheses required for Theorem 5.2 restrict us to a setting where the vertical
1-cells (F,¢): S — T (monad oplax morphisms) of M are those such that ¢ and T'¢ have strong
conjoints. Unfortunately, this property on its own doesn’t determine a sub-double category, as it is not
closed under vertical composition: if (G,¢): T — U is another vertical 1-cell, there is no reason for
w = ¥YF o G¢ nor Uw to have strong conjoints, so this property doesn’t define a sub-double category.
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This obstacle could be overcome, provided we can guarantee that G¢ and UG¢ have strong conjoints.
The first condition can be guaranteed if we require that the underlying functor of every monad oplax
morphism (H, x) is such that

(6.2) Hr- (Hf)* 9% me 2 ™ Hir - )

is invertible for all horizontal 1-cells » and vertical 1-cells f; note that this implies that H¢ has a
strong conjoint whenever ¢ has a strong conjoint. This property is satisfied, for instance, when H is
strong. Therefore, this extra requirement is still within the setting of Theorem 6.1, as the underlying
functors of the left adjoints are necessarily strong.

The problem lies in guaranteeing that UG¢ has a strong conjoint; we would need to guarantee that
the underlying lax functors of the monads make (6.2) invertible. However, it can be shown that this
does not hold for our applications.

Lacking an alternative method to overcome this obstacle, we opted for the current ad-hoc, yet more
general, approach for obtaining an adjunction of change-of-base functors, instead of going for the more
attractive pseudofunctoriality argument.

7. EXTENSIVE CATEGORIES

Extensivity of V is a crucial hypothesis to construct and study the comparison functor V-Cat —
Cat(V) (see [35] and [13]), and therefore we shall devote this section to the study of extensive categories.
Let C be a category with coproducts. We say C is extensive if the coproduct functor

(7.1) [[cixi—»ci> x

i€l el

is an equivalence for all families (X;);cr of objects in C. We refer to [9] for a comprehensive introduction
to these categories. Extensive categories to keep in mind are Set, Top, Cat, any Grothendieck topos
such as Grph, and any free coproduct completion Fam(B) of a category B.

The following characterization of extensivity in terms of Artin glueing [21, p. 465] is quite important:
an immediate corollary is that Y : Fam(C) — C preserves limits when C has all finite limits (that is,
when C is lextensive). The converse was also shown to hold in [10, Section 4.3].

Lemma 7.1. Let C be a category with coproducts and a terminal object. Then Diagram (7.2)

Fam(C) DRI

L~ |

is a comma diagram if and only if C is extensive, where o(.,)
over X of the morphisms ¢, — 1.

Y zex e — X + 1 is the coproduct

zeX ©

Proof. If C is extensive, for a morphism f: ¢ — X - 1, we consider the family (c;).ex given by the
following family of pullbacks:

Cg — 1

|l
(& T) X-1
The family is, by definition, indexed over X, and by extensivity, we have an isomorphism )y ¢z = ¢,

whose composition with f equals o(c,), -

Let (cz)zex, (dy)yey be families of objects, and let f: Y orex Ce — Zer dy be a morphism and
let f: X — Y be a function such that o o f = (f-1)oo. For each y € Y, we consider the following
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diagram:

> wex Ca ; Zer dy

The left, right and inside squares are pullbacks, hence the outer square must be a pullback; let f lo: e —
df, be the top morphism composed with the inclusion ¢, — > % Cas and consider the morphism

(f, fla): (ca)eex — (dy)yey in Fam(C). It is the unique morphism v : (¢z)zex — (dy)yey indexed by
f such that Y ¢ = f, by extensivity. With this, we conclude that (7.2) is a comma diagram.

Now, given that (7.2) is a comma diagram, we aim to confirm (7.1) is an equivalence. First, full
faithfulness: given a commutative triangle in C

@
Zie[ Y; ’ Ziel Z;
Z% A)z
Ziel Xi

we have
oxpod fi=owy and oo =0z

from which we obtain o(y,) = 0(z,) 0 ¢. This implies unique existence of a morphism (id, ¢;): (Yi)ier —
(Zi)ier in Fam(C) such that ), ¢; = ¢, by the 2-dimensional universal property of comma squares.
Now, if we have a morphism w: S — . _; X;, we consider its composite with o(x,)- This yields, by
the 2-dimensional universal property, a family (5;);e; and an isomorphism v: 3, ;S; = S. From full
faithfulness above we obtain a family w;: S; — X; such that >, w;ov = w. O

The following instance of limit preservation is extensively used:

Theorem 7.2. Let C be an extensive category. If we have a commutative square in Fam(C)

i
(Aw)wew ( )> (be)zex

(7.3) (6)| [

(cy)yey o (d2)zez
such that
w S x
(7.4) g ih
Y — VA
1 a pullback diagram, as well as
fu
Ay ——— byy

(7.5) gwl [

Coqw — dkgw = dhfw
kgw
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for each w € W. Then

Zw QA M) Za: bz
(7.6) >, éi izhiz

d,
Zy Cy W >,

s a pullback diagram.

Proof. The hypotheses (7.4) and (7.5) guarantee that (7.3) is a pullback in Fam(C), by [23, Definition
4.7 and Corollary 4.9]. Since ) preserves limits, (7.6) must be a pullback diagram, as desired. O

As corollaries, we obtain succinct proofs of a couple of results from [35] and [13|, which clarify the
role of the extensivity condition.

Lemma 7.3. If V is extensive with finite limits, — + 1: V-Mat — Span(V) is strong.

.1

Proof. Since — -1 is normal, it is enough to prove that m™ " is invertible. Indeed, we have the following

pullback diagrams:

XxYxZ —YxZ s(y,z) x r(z,y) —— s(y,2)

| | ! !

XXY —— Y r(z,y) —— 1

thus, applying Theorem 7.2, we conclude that the outer square of diagram (2.8) is a pullback, verifying
our claim. O

Remark 7.4. We observe that the above lemma can be restated in terms of a Beck-Chevalley condition;
see [36, Definition 1.4.13]. To wit, the lax functor V(1,—): Span(V) — V-Mat satisfies the Beck-
Chevalley condition if V is extensive. Then, by [36, Theorem 1.4.14], we conclude that — -1 4 V(1,—)
is an adjunction in the 2-category PsDbCat,y.

We can also give a short proof that a considerable class of monads are cartesian:

Lemma 7.5. Let V be a lextensive, monoidal category, whose tensor product @ preserves coproducts
and pullbacks. Then the free ®@-monoid monad on V is cartesian.

Proof. We let XY = I be the unit object, and X" = X" ® X. Recall that the underlying functor
of the free ®-monoid monad may be given by X — X* = 3" _\ X" (see, for instance, [26, Theorem
23.4]), and note that since pullbacks are preserved by ® (by hypothesis) and by coproducts (as a
corollary of Lemma 7.1), we conclude the free ®-monoid monad preserves pullbacks. Moreover, note
that

xn ln X*
MR
T

is a pullback diagram for all n € N, due to extensivity. Taking n = 1 confirms 7 is a cartesian natural
transformation.
Now, we consider the following pullback diagrams

ZkGN Nk ﬂ) N an R...R Xnk i> X”1+~~+”k
H H fn1®---®fnki lfn1+,..+nk
N

EkeN NF “sum YM®...Y"k — ynittng

to which we may apply Theorem 7.2, allowing us to conclude that pu is a cartesian natural transformation
as well. O
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Connected categories. An object x in a category V is said to be connected if the hom-functor
V(x, —) preserves coproducts, and, borrowing terminology from topos theory, V is said to be connected
if the terminal object is connected.

Under the hypothesis that V is lextensive, understading this condition turns out to be helpful in our
work on the enriched — internal embedding, particularly regarding the study of certain monads on V;
see Lemma 8.7.

Lemma 7.6. IfV is lextensive, then it is connected if and only if — - 1: Set — V is fully faithful.
X;, we consider the following diagram

Proof. Given a morphism p: 1 — >, ;

> X > 1
r

| [

5 Dier Xi 2571

_—
al

which is a pasting of pullback squares.

It is clear that if — - 1 is fully faithful, then v = [0 o p = ¢] - 1. Thus, by universality of coproducts,
p is uniquely determined by a morphism 1 — X;.

Conversely, since 1 is terminal we have V(1,X - 1) = X - V(1,1) = X, which implies the unit of
—-14YVY(1,—) must be an isomorphism. O

Lemma 7.7. IfV is a connected, lextensive category, then —-1: V-Mat — Span(V) is fully faithful on
2-cells.

Proof. The outer square of (2.4) is a pullback, due to extensivity. Then, since 7: X — V(1,X - 1) is
an isomorphism for all X, the result follows. O

8. FIBREWISE DISCRETE MORPHISMS

Let T' be a cartesian monad on a lextensive category V, also denoting by 7' the induced strong
monad on Span(V) (22, 15]. The Set-monad 7" under study (as well as its lax extension to V-Mat, also
denoted by T'), is constructed via the following consequence of Proposition 3.1:

Proposition 8.1. Let B be a 2-category, let (I,r,n,€): b — ¢ be an adjunction in B, and let (t,m,e)
be a monad on c. Then (rtl,r(motet)l,rel on) is a monad on b, and we have a conjunction

(Letl)
T
(b,rtl) L (c,t)
~_ —
(r,rte)

in Mnd(B).
Indeed, by Remark 7.4, we have an adjunction

.1
7
(8.1) V-Mat L Span(V)
N~
V(L_)

in the 2-category PsDbCatyay, thus, we may apply Proposition 8.1 to (8.1) with the monad 7" on Span(V)
to obtain a monad 7' = V(1,7(— - 1)) on V-Mat, and a conjunction

(=1, ér.1))
— /\
(8.2) (T,V-Mat) L (T,Span(V))

(V(]-v_)v V(lvTé))

where (— -1, ép(_.;)) is a monad oplax morphism and (V(1,—), V(1, T€)) is a monad lax morphism.
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The only remaining ingredient to place ourselves under the setting of Section 6 and therefore apply
Theorem 6.1 to (8.2), is the hypothesis that é7_.;) has a strong conjoint*. The study and charac-

terization of this hypothesis (for V connected) is the central purpose of this Section, culminating in
Theorem 8.6.
Once this characterization is obtained, we obtain an adjunction (see Lemma 9.1)

(_'17 éT(—-l))

— /\
(8.3) (T, V)-Cat L Cat(T,V)

~_
(V(l,—), V(l’Té))

from (8.2), for pairs (7', V) where T' is a cartesian monad on a lextensive, connected category V such
that £p_.1) has a strong conjoint.
We begin by establishing the following:

Lemma 8.2. Let w: F' — G be a vertical transformation of lax functors F, G: D — Span(V). For a
horizontal 1-cell a: s -+ t in D, the 2-cell nz’* is tnvertible if and only if

Mp, —£25 Ft

<8~4) Wal lwy

MGa W Gt

1 a pullback diagram.

Proof. We observe that n” is uniquely determined by the dashed morphism below making the triangles
commute

w/ Mpq \

~

a TFa
MGa Ft
/ o e
lGa TGa Wy \
K > K

Gs Gt Ft
which is invertible if and only if (8.4) is a pullback diagram. O

Lemma 8.3. The following are equivalent:
(a) ép(—.1) has a strong conjoint,
(b) ép(—.1y is a cartesian natural transformation.

Proof. Instanciating (8.4) with w = é7_.1), we find (a) holds if and only if

> (Ta)(x,y) —— Tt-1
t€T’s
neTt

(8.5) éT(wl)l

Ty a(zy) o LE-1)
TreSs
yEt

EAT(t-l)

is a pullback diagram for all V-matrices a.

4Note that, since T is strong, it follows that T'ép(_.1) has a strong conjoint as well.
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If we take a = fi for a function f: s — ¢, (8.5) becomes

Ts-1 1y Tpq

5T(s'1)l \FT(M)

T(S'l) m) T(t' 1)

thereby verifying (a) — (b).
Now, we assume that the outer square of Diagram (8.6) below commutes:

Ty

v s Tt 1

\\.l'u - /

A _ _
Ts«l——T1-1

(8'6) w 5T(s-l)l l ET(t.1)
T(S . l) — T1

>
lr(a-1)
- ~

TZ a(z,y) D » T(t-1)

FASES
yEt

An immediate calculation shows the entire diagram commutes. Since the square in the middle is a
pullback, there exists a unique morphism I,: v — T's - 1 such that the left and top squares commute.
Thus, we conclude that the following diagram

ly,ry

v Ts-1xTt-1

""l JéT(s-l)XéT(m)

T a(a,y) ——— T(s-1) x T(t- 1)

lr(a-1):"T(a-1)

TES
yEt

commutes. We observe that Diagram (2.5) is a pullback square when V is extensive, by Theorem 7.2,
so there exists a unique morphism

wfiv =Y (Ta)(x,v)
FGTS
neTt
such that p(,.1) © W = w, TFge1 © wt = r, and IF,.4 © w? = 1, which, in particular, confirms that
Diagram (8.5) is a pullback square. O

Fibrewise discrete monads. The search for a more concrete notion of what it means for £7(_.1) to
have a strong conjoint led us to the notion of fibrewise discreteness.

Let V be a lextensive category, and let f: x — y be a morphism in V. We say f is fibrewise discrete
if for every pullback diagram

f'p —z
-
I
1 — Y
the object f*p is discrete; that is, £+, is an isomorphism. For instance, in V = Top, local homeomor-
phisms are fibrewise discrete.

We say an endofunctor F on V is fibrewise discrete if for all sets X, the morphism F!: F(X-1) — F1
is fibrewise discrete.

Lemma 8.4. Let F' be an endofunctor on a lextensive category V. If Ep_.1y is cartesian, then F is
fibrewise discrete. The converse holds when V is connected.
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Proof. Let F = V(1, F(—-1)). We consider Diagram (8.7)

FX-.1 EF(X-1)
\N‘

Y =X B(X 1)

L

Fl1-1—— F1
€F1

where the square in the lower right corner is a pullback. The outer square commutes by naturality, so
there exists a unique fx, depicted by a dashed arrow, making both incident triangles commute. Note
that £€p(_.1) is cartesian if and only if fx is an isomorphism for all X.
Now, consider the image of (8.7) via V(1, —), which preserves pullbacks. Note that since V connected,
V(1,ép1) = 7);(11, F1) is an isomorphism, so we conclude that V(1,w,) is an isomorphism as well.
Hence, we consider the following naturality square

V1, ry) -1 28 By

éTXJ léF(X'l)

X ——n—— F(X 1)

and we observe that fx o V(1,wx) -1 = £, holds, by the universal property. Thus, §x is invertible if
and only if £, is invertible; that is, if and only if 7, is discrete. U

Remark 8.5. In Diagram (8.7), we have a morphism 7, — F'1 - 1, which corresponds to a family
(Te,p)peF1, by extensivity (see Theorem 7.1); these are given via pullback

Top — F(z-1)

(8:8) i im

1 ——— F1

and we also have Zpefl Top = 7p. Thus, 7, is discrete if and only if 7, , is discrete for all p € F1.
With this, we obtain the following characterization:

Theorem 8.6. IfV is connected, the following are equivalent for an endofunctor F': V — V:
(i) €p(—.1) has a strong conjoint.
(i3) Ep(—.1) is a cartesian natural transformation.
(iii) F is fibrewise discrete.
(iv) Tup, as given in (8.8), is discrete for all x and all p € F1.

Proof. The equivalence (i) <= (ii) is given by Lemma 8.3, we have (ii) <= (iii) by Lemma 8.4,
and Remark 8.5 confirms (iii) <= (iv). O

Naturally, we are most concerned with cartesian monads 7' such that T is fibrewise discrete, and,
armed with Theorem 8.6, we can promptly verify that many familiar examples of cartesian monads
are fibrewise discrete. We begin with the following:

Lemma 8.7. Let V be a connected, distributive monoidal category. The free ®-monoid monad on V
1s fibrewise discrete.

Proof. Let X be a set, and let p: 1 — (X - 1)* be a morphism. Since V is connected, we may apply
Lemma 7.6, to confirm p factors uniquely through ¢: 1 — (X - 1)" for some n € N. Now, note that
(X-1)n=X".1ifn >0, (X-1)° =1, and that we have pullback diagrams

1— 1 X"l —— X".1
l l and, for n > 0, l l
1— 1 1] —— 1

whence 7x , = X" - 1 for some n € N; this concludes the proof, by Theorem 8.6. O
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Lemma 8.8. Let S, T be endofunctors on V, and let a: S — T be a cartesian natural transformation.
If T is fibrewise discrete, then so is S.

Proof. Consider the following composite of pullbacks:
Orp — S(x+1) 225 T(x-1)

o [

1 S1 71

p a1

We have 7, q,0p = 04,p, which is discrete for all z, p. O

8.1. Free monoid monad Set x Set: We will confirm this monad is not fibrewise discrete. Indeed,
we have the following pullback diagram

(XM X" —— (X*, X¥)

| !

(1,1) —— (N,N)

for each m,n € N and each set X. However, (X™, X™) is not discrete in general, so we cannot obtain
a functor — - 1: (T, V)-Cat — Cat(7, V) via Theorem 5.2.

8.2. Cartesian monads on slice categories: If we have a pair (T),)) where T is a cartesian monad
on a category V with finite limits, and % is an internal T-category, we may construct [33, Proposition
6.2.1] a cartesian monad Ty on V | %, and we obtain an equivalence |33, Corollary 6.2.5] of categories

Cat(Ty,V | 6) ~ Cat(T,V) | €,

which raises the question: can we obtain (8.3) for the pair (T, V | 60)?

Already when T = id, V = Set, we cannot generally guarantee an affirmative answer. Indeed, let
C be an ordinary small category. In this case, T¢ is the cartesian monad induced by the monadic
adjunction

LanLC
N
[C,Set] L Setl]obC
~_ 7
@

However, Set | obC = [(ob() - 1, Set] is connected precisely when obC = 1 or obC = 0; in fact, we
shall confirm that while it is true that 7¢ is fibrewise discrete, 7, (_.1) is not cartesian, and thus we
cannot obtain (8.3) for general C.

Let X =obC(. Tt is defined on objects by

<A$)w€X — (Z Ay X C(x7y))x€X’
yeX

and the terminal object of Set | X is precisely the constant family 1 = (1)zex. In this case, T¢l =

(ob(z | C))zex, while Tel = [],cx ob(z | C).
More generally, for a constant family A -1 2 (A),ex, we have

Te(A-1) = (A xob(z | C))sex,
and Tc(A-1) = AX x [I,exob(z | C). We have, for each x € X, a pair of pullback diagrams

A —— Axob(z |C) AxJ]exob(xz | C) —— A xob(z]C)
1 ob(z L C) [Ty ob(z | €) —— ob(z | )

which confirms that T is fibrewise discrete, but, since we cannot guarantee A = AX, we cannot
guarantee £1,(_.1) to be cartesian as well.

In spite of this, we can obtain the adjunction (8.3) when % is terminal; that is, when % is a
(T, V)-monoid. We will now treat the case "= (—)*, which are denoted V-operads.
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8.3. V-operadic monads: An important corollary of Lemmas 8.8 and 8.7 is that for a cartesian
monoidal category V, V-operadic monads are fibrewise discrete; note that these are precisely the
cartesian monads on V with a cartesian natural transformation to the free x-monoid monad.

To be explicit, for a V-operad O [33, p. 44| the monad associated to O is given on objects by

Vi Y 0, x V7,
neN

and the projections O, x V™ — V™ induce a cartesian natural transformation to the free x-monoid
monad.

Thus, any pair (7,V) where T' an operadic monad over a lextensive, connected category V induces
an adjunction (8.3). Of special interest is the case T'= (—)* is the free monoid monad on V. In this
case, the induced Set-monad T is precisely the ordinary free monoid monad.

8.4. Free category monad: The free category monad § on Grph is fibrewise discrete, since we have
the following pullback of graphs:

X-1 (Nx X)-1

&

X1—X-1

N
2SS

so, for the pair (F, Grph), we also obtain an adjunction (8.3). We note that § is a lax extension of the
N x — monad on Set, for the multiplicative structure of N.

1 N-1

8.5. Free finite coproduct completion monad: For a category C, Famg,(C) is the category of
finite families of objects of C; it is given on objects by (obC)*, and a morphism ¢ — vy is a pair (f, ¢),
consisting of a function f: [m] — [n], where m and n are the lengths of ¢ and v, respectively, and for
each ¢ = 1,...,n, a morphism ¢;: r; — 9y;.

From [45, 5.16], we learn that Famg, is a cartesian (2-)monad on Cat. We proceed to verify it is
fibrewise discrete; first, observe that ob Famg, (X + 1) = X™*, and the hom-sets are given by

m
Faman(X - D)(mn) = Y ]l = v,
fim]=[n]i=1
where m, n are the lengths of r, y respectively. Moreover, note that Famg, (1) ~ FinSet. The fiber of
Famg, (X - 1) — FinSet at (the identity on) n is given on objects by the set of families of size n, and
on morphisms by [r = 9] =[] [r; = 1;], which yields a discrete category; diagrammatically, we have

[z =y — Z H[Fi:‘)fi]

(8.9) l felnl>ln] =1

|

1 ————— FinSet([n], [n])

as we desired. Thus, the pair (Famg,, Cat) gives an adjunction (8.3) as well.
We note that Famg, is a lax extension of the free monoid monad on Set.

8.6. Free finite product completion monad: The functor (—)°P: Cat — Cat taking each category
to its dual is its own, since we have Cat(C°P, D) = Cat(C, D°P), so, via 8.1, we can promptly verify that
the functor

C — Famg,(C) = Famg, (C°P)°P
is a cartesian monad. For a category C, Famj, (C) has the same set of objects as Famg,(C), but a
morphism ¢ — 1 is a pair (f, ¢) consisting of a function f: [n] — [m], where m, n is the length of ¢, v
respectively, and ¢;: ry; — v is a morphism for each i =1,...,m.
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This monad is also fibrewise discrete; the only adjustment we need to make to the pullback diagram
(8.9) is to replace [r; = vy;] with [ry; = 1;], so the pair (Famg,, Cat) induces an adjunction (8.3).

8.7. Free symmetric strict monoidal category monad: For a category C, we let &C be a sub-
category of Famg, (C) with the same set of objects, and precisely those morphisms (f,#): ¥ — vy such
that f is a bijection.

This was shown to be a cartesian monad, for instance, in [33], or in [45, Example 7.5], where it
was shown that we have a cartesian (2-)natural transformation & — Famgy,. For this same reason, it
is fibrewise discrete, by Lemma 8.8, giving us another example of an adjunction (8.3), with the pair
(&, Cat).

Furthermore, note that & is also a lax extension of the free monoid monad on Set.

9. EMBEDDING

Throughout this section, we fix a lextensive category V, and a cartesian monad 7' = (T, m,e) on V.
Following the notation from Section 8, we denote by T the monad on V-Mat induced by T on Span(V).

Via the tools developed throughout the paper, we shall verify that if V is connected, and T is fibrewise
discrete, then (T, V)-Cat — Cat(T, V) is a fully faithful, pullback-preserving functor. Moreover, among
the pairs (7, V) satisfying these hypotheses at the end of Section 8, we shall provide a description of
(T, V)-Cat and Cat(T, V).

Lemma 9.1. If ép_.1) has a strong conjoint, then we have an adjunction

—.1
— /_\
(9.1) (T, V)-Cat L Cat(T,V)
N
V(l,—)
whose unit and counit are also denoted by 1) and &, respectively.

Proof. By hypothesis, — - 1 is a strong functor, and £p(_.) has a strong conjoint. Since T is a strong
functor, we also deduce that Té7(_.1) has a strong conjoint as well. This places us in the setting of
Section 6, hence, we obtain (9.1) by applying Theorem 6.1 to the conjunction (8.2). O

Henceforth, we shall assume that V is a connected category, and that T is fibrewise discrete.
Theorem 9.2. —-1: (T, V)-Cat — Cat(T, V) is fully faithful.

Proof. By Lemma 7.7, we know — - 1: V-Mat — Span(V) is fully faithful, and since V(1,ep(_.1)) is a
natural isomorphism, the result follows by Corollary 6.4. O

These results can be immediately applied to the last four examples in Section 8; we shall describe
both (7', V)-Cat and Cat(T, V) for each such pair (7,V).

9.1. V-operadic multicategories: Let T' = Ty be a monad induced by a V-operad 9. When V is
connected, we have shown that T is fibrewise discrete, and therefore (7, V) induces an adjunction (9.1).
So, we conclude that — - 1: (T, V)-Cat — Cat(7, V) is fully faithful, by Theorem 9.2.

The induced monad T on Set is given on objects by

X > V(1,9,) x X7,
neN

and note that since V(1, —): V — Set is a strong monoidal functor (preserves products), it follows that
V(1,9) a Set-monad, so T is an operadic monad as well.

Let r: X - Y be a V-matrix, and let 0 € V(1,9,,), r € X", 7 € V(1,9,), n € Y". The V-matrix
Tr is given at (o,r,7,2) by

(Tr)(o,x,7,9) = if o £,

{H?l r(zi,y;) otherwise
thus, in practice, we just write (7)(c, ¢, 1) for the possibly non-initial values of T

The objects oif Cat(T, V) are (internal) operadic V-categories, and for this reason, we will consider
the objects of (T', V)-Cat to be the enriched operadic V-categories. Such an object consists of
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— a set X of objects,
—a V-matrix a: TX x X =V,
— a V-morphism 1 — a(ex, z) for each z € X,
— a V-morphism a(o,xr,z) x Ta(o, (11,91), -+, (T, 9k),&) — a(o(T1,...,Tk), 91 Y, ) for 7; €
On,s i € XM, 0 €O, r € X™, where m =n1 + ...+ ng.
satisfying suitable identity and associativity conditions.

Of particular interest may be the T' = (—)* free xX-monoid monad on V; more generally, monads
induced by a discrete operad O and the M x — monad for M a V-monoid.

9.2. (3, Grph)-categories: As we have verified in Section 8, the pair (F, Grph) consists of a fibrewise
discrete monad on a connected, lextensive category, so — - 1: (g, Grph)-Cat — Cat(J, Grph) is fully
faithful.

The object of the category Cat(F, Grph) are precisely the virtual double categories [33, 15|. An
enriched (§, Grph)-category X consists of

— A set X of objects,
— A graph Xi(n,z,y) = (X11(n,z,y) = Xi0(n,z,y) for each n € N and z,y € X,
— Aloop 1 — X (1, z,x) for each = € X,
— A graph morphism Xj(m,y,2) X §nXi1(n,z,y) — X1(m - n,z,z) for each z,y,z € X and
m,n € N, where §,,,G is the graph of m-chains of G.
satisfying suitable identity and associativity conditions.
Via the induced functor Grph(1,—): VDbCat — (g, Grph)-Cat, we can come across examples of
(T, Grph)-categories. If V is a virtual double category, Grph(1,V) consists of
— a set of objects Grph(1,Vy), that is, the set of loops in Vy,
— for each n € N and loops 7, s of Vy, a graph Vi(n,r,s) has edges §: f — ¢ consisting of the
2-cells of the form

r—— r — s ——
fl 0 lf
Y 5 Y
whose vertical domain has length n; we may simply write
"
fl 0 g
Yy——Y
as a shorthand.
— the unit 2-cell at r in Vi (1,r,r) is given by
r—— x
X ﬁ X
for each r € Grph(1, Vy),
— for 2-cells
y——y v
g w lh fiql 0; lfi
z2—z Yy——5—7Y
for i = 1,...,n, the composite 2-cell is given by
,r,m-n
x x
gofol w(91 .. On) lhofn
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9.3. Clubs: We begin by considering the pair (&, Cat). The category Cat(&, Cat) is the so-called
category of enhanced symmetric multicategories in [33, p. 212|, first defined by [1] (therein, these are
called opetopes).
By analogy, we let
— Cat(Famgy, Cat) be the category of enhanced cocartesian multicategories, and
— Cat(Famg,, Cat) be the category of enhanced cartesian multicategories.

As we shall verify in Section 10, in each case T' = Famg,, Fam}, , &, the category (T, Cat)-Cat is the
full subcategory of Cat(7’, Cat) with discrete categories of objects. Therefore,
— (Famgy,, Cat)-Cat is the category of cocartesian multicategories,
— (Famg,,, Cat)-Cat is the category of cartesian multicategories,
— (&, Cat)-Cat is the category of symmetric multicategories.

10. APPLICATION TO DESCENT THEORY

We shall fix a lextensive, connected category V with its cartesian monoidal structure, and a fibre-
wise discrete, cartesian monad T on V. Theorem 9.2 provides us with an embedding (7, V)-Cat —
Cat(T, V). Now, we desire to apply this result to study effective descent morphisms in (T, V)-Cat. We
promptly review the fundamental aspects of descent theory necessary to draw our desired conclusions.
Afterwards, under a suitable hypothesis, we confirm that (T, V)-Cat is the full subcategory of Cat(T, V)
with a discrete object-of-objects (Theorem 10.3), which we deduce that (T, V)-Cat — Cat(T, V) re-
flects effective descent morphisms, generalizing [35, 9.10 Lemma and 9.11 Theorem]| to the generalized
multicategory setting.

Let C be a category with finite limits, and let p: * — y be a morphism. We have a change-of-base

adjunction
P

r~
Cly L+ C(CJx

~—_ 7
*

p
By the Bénabou-Roubaud theorem [5], we obtain Desc(p) = TP- Alg, where TP is the monad induced
by the change-of-base adjunction.

Hence, we may consider the Eilenberg-Moore factorization of p* in the following form:

Cly A Desc(p)
17*\,4 /
Clx
We say that

— pis an effective descent morphism if KP is an equivalence,
— pis a descent morphism if KP is fully faithful,
— pis an almost descent morphism if KP is faithful.

For categories C with finite limits, descent morphisms are precisely the pullback-stable regular epi-
morphisms, and almost descent morphisms are precisely the pullback-stable epimorphisms. If C is
Barr-exact [2]| or locally cartesian closed, then effective descent morphisms are precisely the descent
morphisms. If C is a topos, then effective descent morphisms are precisely the epimorphisms [25].

Effective descent morphisms were studied and characterized for C = Top in [39, 11], and for C = Cat
in 32, 25|, exhibiting their non-trivial nature.

Having fixed the terminology, we finish our preliminaries by recalling the following result of effective
descent morphisms for pseudopullbacks of categories:

Proposition 10.1 ([35, Theorem 1.6]). If we have pseudopullback diagram of categories with pullbacks
and pullback preserving functors

=

_F

&L
H
S

o
!
>

and a morphism f of A such that
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— Ff and Gf are effective descent morphisms, and
- KFf= HGf is a descent morphism,

then f is an effective descent morphism.

Lemma 10.2. If (X-1,a,n, u) is an internal (T, V)-category, then &, is a split epimorphism. Moreover,
if €71 is a monomorphism, then €, is an isomorphism.

Proof. We consider the unique morphism (X - 1,a,7n, 1) — (1,€3,n, u) to the terminal (T, V)-category

%

M,
m
T(X 1) X-1
1 !
/ \
1
and we note that e; = épj o (€1 - 1), so that there there exists a unique lo: M, — TX -1 such that

éT(X-l) e} Za = la and T' .1lo Za = (61 . ]_)o'

M,
!l Tl
g Er(x.1)
1 TX -1 — T(X-1)

-
&T!-lj JT(!-I)

T1-1 ———— T1
€T1

!

T1

la

(10.1)

It follows that there is a unique w: M, — My (q 4).1 such that €, 0w = id and (Za,ra) = (lg,7q) 0w,

la,ra

lv(l,a).lvrv(l,a)-l—

Mv(17a)_1 — A TX.1xX-1

-
éal FNX-DXM

M, ——— 5 T(X-1)x X -1

(10.2)

thereby confirming £, is a split epimorphism.

Moreover, observe that when ép; is a monomorphism, it follows by the pullback square in (10.1)
that £r(x.1) is a monomorphism, and by the pullback square in (10.2), we may conclude that £, is a
monomorphism. Thus, €, is an isomorphism. (I

As a corollary, we obtain

Theorem 10.3. If éry is a monomorphism, then we have a pseudopullback diagram

(T, V)-Cat — Cat(T, V)

(10.3) l l

of categories with pullbacks and pullback-preserving functors.

Proof. We begin by observing that the objects of the pseudopullback are pairs (S, (X, a,n, 1), w) where
S is a set, (X,a,n, ) is an internal (7', V)-category, and w: S -1 — X is an isomorphism. Naturally,
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this implies that €x is an isomorphism, since £g.1 is invertible:

V(1,5-1)-1 51 5.1

V(l,w)-ll lw

VI, X)-1—— X

€X

and conversely, for any internal (7', V)-category (Y, b,n, 1) such that £y is invertible, the triple

(V(la Y)7 (K ba mn, :u)v éY)

is an object of the pseudopullback.

Hence, given a (T, V)-category (X, a,n, 1) such that £x is invertible, we have by Lemma 10.2 that
€, is invertible, since €71 is a monomorphism by hypothesis. By Lemma 8.2, it follows that nf: is
invertible, so that we can apply Lemma 6.2 to conclude that (X, a,n, u) is isomorphic to an enriched
(T, V)-category, concluding the proof. O

From this, we can now apply Proposition 10.1 to conclude that

Lemma 10.4. [f &7 is a monomorphism, then —-1: (T, V)-Cat — Cat(T, V) reflects effective descent
morphisms.

Proof. Let F: C — D be a functor of enriched (T, V)-categories such that F -1 is an effective descent
morphism. Since Cat(7, V) — V has fully faithful left and right adjoints, we may apply [37, Lemma
2.3] to conclude that it preserves descent morphisms, so that (F'- 1) = Fp -+ 1 is a descent morphism.

Since —-1: Set — V reflects epimorphisms, we conclude that Fjy is an epimorphism; hence an effective
descent morphism. Now, we apply Proposition 10.1 with the pseudopullback (10.3) to conclude F' is
effective for descent. O

Via [38, Theorem 5.3], which provides sufficient conditions for effecgve descent morphisms in
Cat(7, V) in terms of effective descent in V, we can now do the same for (7', V)-Cat:

Theorem 10.5. Let p: C — D be a functor of (T, V)-categories. If 1 is a monomorphism, and

~ (p- 1)1 is an effective descent morphism,
— (p-1)g is a descent morphism,
— (p-1)3 is an almost descent morphism,

then p is an effective descent morphism.

Proof. The three above conditions guarantee that p - 1 is an effective descent functor of (internal)
(T, V)-categories. Since ér1 is a monomorphism, we can apply Lemma 10.4 to obtain the promised
conclusion. O

Now, the above work raises (at least) the following two questions:

— For which pairs (7),V) can we guarantee that €71 is a monomorphism?
— Is the requirement that é71 be a monomorphism “reasonable’?

To answer the first, we note that this holds when

— the terminal object is a separator; that is, when V(1,—) is faithful, which implies € is a
componentwise monomorphism. This is the case when V = Set, Top, Cat, any hyperconnected
Grothendieck topos, but not V = Grph.

— T is discrete; that is, when €71 is an isomorphism. This is the case when T is the free x-monoid
monad on V, but not when T' = §.

And this, in a sense, answers the second question as well: from a practical perspective, the above
conditions are sufficient for nearly all of our examples. And while we haven’t confirmed whether the
condition “ép; is a monomorphism” is necessary or not, we can provide a heuristic argument to convey
the intuition that this condition correctly captures that T1 -1 is a “good” discretization of T1: a
pair which satisfies neither of the above hypotheses is the pair (§F,Grph), as obézi: N — 1; here,
1 = Grph(1,F1) has too many points to be a “reasonable” discretization.

We now discuss the examples we have worked with so far.
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10.1. V-operadic V-categories: Let O be a V-operad, so that the V-operadic monad T' = Ty induced
by £ is given by

XHZanX”.
neN

Since V(1, —) preserves coproducts, we have

V(LY 0,) =) V(1,0,),

neN neN

and therefore ér = ) _€p,. It is easy to verify that in an extensive category, a coproduct of
morphisms is a monomorphism if and only if every summand is a monomorphism, so we may apply
Theorem when €g is a monomorphism for all n € N.

Naturally, the result holds if we consider V-operads for categories V whose terminal is a separator,
such as Cat or Top, or if we consider discrete V-operads; that is, V-operads such that éo is an
isomorphism for all n € N.

However, the above conditions are not necessary, if, for instance, one considers Grph-operads £ such
that O, has at most one loop at each vertex for all n € N; this is precisely the case when éo, is a
monomorphism for all n € N.

If O a discrete V-operad, we define (T, V)-Cat to be the category of enriched D-categories.

10.2. V-multicategories: An important instance of the previous case is the case O = N - 1; that is,
when T is the free x-monoid monad on V. In this case, Cat(T, V) is the category of multicategories
internal to V. We note that T is a discrete monad, and the induced Set-monad T is the ordinary free
monoid monad.

Thus, we may define the objects of (T, V)-Cat to be the enriched V-multicategories, and the mor-
phisms are the respective enriched V-functors. An immediate application of Theorem 10.5 provides
criteria for such an enriched V-functor to be effective for descent.

10.3. Clubs: We consider the pair (&, Cat); the free symmetric strict monoidal category monad &
on Cat. By Theorem 10.3, we recover the categories of (many-object) clubs considered in [29, 27| by
taking the fibers of the fibration (&, Cat)-Cat — Set (see [15, 4.19]).

In fact, the above can be carried out for any fibrewise discrete monad T on Cat, as the terminal
object of Cat is a separator.

11. EPILOGUE

We gave a general description of change-of-base functors between horizontal lax algebras induced
by monad (op)lax morphisms on the 2-category PsDbCatj,y, and with this description, we made the
dichotomy between enriched and internal generalized multicategories explicit. As our main result, we
have shown that enriched generalized multicategories are discrete, internal generalized multicategories,
under suitable conditions. Moreover, we applied this result to study the effective descent morphisms
of (T, V)-Cat.

There is still a vast amount of open problems left to settle. For the remainder of this section, we will
state a couple of these problems, sketch a possible approach to their solution, and highlight possible
connections to other work.

11.1. Object-discreteness. In [15, Section 8|, the authors define and study the full subcategories of
normalized and object-discrete horizontal lax T-algebras. Inspired by our Theorem 9.2, we sketch an
argument, for an instance of [15, Theorem 8.7| for the equipment of modules of a suitable equipment,
via change-of-base.

If D is an equipment whose hom-categories of the underlying bicategory have all coequalizers, which
preserved by horizontal composition, then we have an equipment Mod(D) whose underlying category
of objects is H Lax-id- Alg, and horizontal 1-cells are modules; see |33, Section 5.3|, [42, Theorem 11.5].
In fact, Mod defines a 2-functor defined on a suitable full sub-2-category of equipments, hence if T is
a monad on D, then Mod(T') is a monad on Mod(ID). We have an inclusion

3: D — Mod(D),
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and this induces a monad oplax morphism 7" — Mod(7') with the unit comparison e’. When T is
normal, we may apply Theorem 5.2 to obtain a change-of-base functor

J: HLax-T-Alg — HLax-Mod(T)-Alg,

which identifies the full subcategory of “object-discrete” horizontal lax Mod(7')-algebras as the category
of horizontal lax T-algebras, so we partially obtain [15, Theorem 8.7], when 7' is normal.

11.2. Monadicity of horizontal lax algebras. Let T = (T, m,e) be a monad on an equipment D
in PsDbCatj,x, and let z be an object of D. We define HKI(T, z) to be the category whose objects are
horizontal 1-cells a: T'x — x, and morphisms are the globular 2-cells between them.

If m has a strong conjoint, HKI(T, z) has a tensor product defined by

b@a=0b-(Ta-m}),

which makes it into a skew monoidal category [43]. If we let HLax-T-Alg(z) be the category of
horizontal lax T-algebras with underlying object x, it can be shown that H Lax-T- Alg(z) is the category
of monoids of the skew monoidal category HKI( T, z)°. Therefore, we have a forgetful functor

HLax-T-Alg(z) — HKI(T, z),

and we can study its monadicity, by studying free monoids in skew monoidal categories, adapting the
work of [17, 26, 30].

11.3. 2-dimensional structure. As stated in the Introduction, we have not considered the 2-dimensional
structure of H Lax-T-Alg. However, inspired by the fact that (T, V)-Cat — Set and Cat(T, V) — V
for suitable V are fibrations, it might be interesting to explore whether H Lax-T-Alg — D is a double
fibration (see [14]), as well as possible applications, even in the more general context where D is a
virtual double category.

11.4. Other notions of change-of-base. We have already mentioned two notions of change-of-base
that are not covered by Theorem 5.2 in Subsections 5.1 and 6.2. In fact, with an adequate notion of
“monad morphism” (F,¢): S — T for S a lax monad on D, and 7" an oplax monad on E, we question
if it is possible to expand the scope of the dichotomy between enriched and internal multicategories.
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