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Abstract In this work we focus on the development of a numerical algorithm
for the inverse elastography problem. The goal is to perform an efficient ma-
terial parameter identification knowing the elastic displacement field induced
by a mechanical load. We propose to define the inverse problem through a
quadratic optimization program which uses the direct problem formulation to
define the objective function. In this way, we end up with a convex minimiza-
tion problem which attains its minimum at the solution of a linear system.
The effectiveness of our method is illustrated through numeral examples.
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1 Introduction

Optical coherence elastography (OCE) is an emerging biomedical imaging
technique based on the optical coherence tomography (OCT) imaging modal-
ity to form pictures of biological tissue and map its biomechanical properties.
An acoustic excitation system can be used for inducing a mechanical load to
the tissue leading to a deformation response. OCE combines the mechanical
excitation with OCT for measuring the corresponding elastic displacement [6,
10,12,14].
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The main goal of this paper is to propose a method to obtain the mechanical
properties of a medium given the displacement field for a given excitation, that
is, to solve the inverse problem of elastography. The predominant approaches
in the literature are based on minimizing the difference between the measured
and simulated displacements (e.g. [7,11,13]). Differently, in our method, we use
the direct problem to define the objective function. In particular, we compute
the parameters that characterize the mechanical properties of the medium
such that the given data solves the direct problem. The advantage is that, in
our case, we end up with a convex objective function.

In both, the direct and the inverse problems, we consider the medium as a
material with linear isotropic mechanical behavior, purely elastic.

We will work with the displacement field defined on piecewise linear func-
tion spaces which is a common simple choice for the basis functions when
using the finite element method (FEM). For the case of a nearly incompress-
ible materials, i.e. with Poisson’s ratio v close to 0.5, the performance of a
classical FEM scheme can deteriorate due to locking as v — 0.5 [1]. Here we
are assuming that we are dealing with media for which the range of values
of the Poisson’s ratio leads to locking-free FEM solutions. As an example of
application, we can mention the aortic elastography [8]. Concerning materials
for which locking is an issue, some numerical methods have been proposed in
the literature, in particular some variations of mixed finite element methods
[5].

The article is organized as follows. In Section 2 we describe the mathe-
matical model for the direct problem. We consider time-harmonic equations
of linear elasticity and we derive the corresponding numerical solution using
continuous piecewise linear finite elements in a three-dimensional domain. The
numerical method for this direct problem is the computational basis to address
the inverse problem. In Section 3 we propose and analyse the convex optimiza-
tion problem through which we intend to infer the mechanical properties of the
medium knowing the induced deformations. Finally, in Section 4 we present
several computational results including simulations with noise free data and
noisy data.

2 Elasticity model
2.1 The time-harmonic formulation

We start by considering a mathematical model for the mechanical deformation
as it is presented in [3]. This direct problem will be formulated grounded on
well-established physical laws, which provide equations that relate the biome-
chanical properties to the measured mechanical response. Our model is based
on equations for linear elasticity and we assume that mechanical behavior of
the medium is purely elastic and isotropic. Considering time-harmonic excita-
tions in the linear elasticity model, the displacement field is assumed to have
a time-harmonic form [2,7].
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To derive the mathematical model, we begin by introducing some notation
needed. Let p be a scalar function, v = (v;); -, 5 a vector function and A =
(aij), <; ; <5 @ matrix of functions of three variables, all defined in a bounded

domain 2 C R3. We also make use of the following Lebesgue spaces
L2 (Q) = {V : ||VHL2(Q) < OO}, L2 (Q) = {A : HAHLz(Q) < OO},

where o 1o
IVlz22) = (V) ity ANz (2) = (A A) LT,

endowed with the inner products defined by

3
(u,V)Lz(m:/u-vdm:Z/uivi dx,
Q —Jo

/ aijbij dx.
0

H(2)={u:uel?(2)AVue LI*(2)}

A:B)i2ogy=| A:Bdx=
(£2)
2 1<i,j<3

The space

is equipped with the following inner product

(0, V) (o) = (Vu: Vv) 20y + (W, v) 12()-

Now let us consider an isotropic elastic material in the configuration space
2 C R?, where {2 is a polyhedron with boundary 2. Given a distribution
of body forces f, we intend to characterize the field of induced displacements
u(z,t) through the space {2 and time R .

In the case of a sinusoidal excitation, as in the acoustic case, the displace-
ment field has a time-harmonic form given by [7]

u(z,t)=% (u (2) ei‘”t) ,

where R denotes the real part of a complex and w is the angular frequency of
the sinusoidal excitation. In this case, the elastic displacement field u satisfies
the Lamé equation

pV2u+ A+ p)V(V-u) +w?pu+f =0in 2 (1)

where p is the material density. The Lamé constants, p and A, are given by

E vE
p=———and A= — ———
2(1+4wv) (14v)(1—20v)

where F, v are the Young’s Modulus and the Poisson’s ratio, respectively.

Equation (1) is complemented with boundary conditions. Let I'; and I3 be
two open subsets of 92 such that 92 = I'T1UI'y, I'NI5 = () and meas(l%) > 0.
Considering the strain tensor e(u) = 3 (Vu + (Vu)T), the stress tensor o(u) =
2ue(u) + Atr(e(u))I (where tr(.) and I denote the trace of the matrix and the
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3 x 3 identity matrix, respectively) and n the unit outer normal direction, we
impose the traction boundary condition

o(u)n =g on I7, (2)
and the displacement boundary condition

u=0on Is. (3)

2.2 The finite element method

In this section we briefly introduce the finite element method associated to
the mathematical model (1)-(3) (see e.g. [4]) which we will develop in its
matrix form in Section 2.4, in order to solve the inverse problem. We start by
considering the weak form of this model. Let

V={veH (2):v|r=0}. (4)
The weak formulation of (1)—(3) reads: find u € V such that
a(u,v) =1(v), VW eV, (5)

where
a(u,v) = /Q 2ue(n) : (V) + MV -u)(V-v) —w?pu-vde (6)

and

l(v):/ g~vds+/f~vd:c.
I, (%}

Here we are assuming that g € L* (I'}) and f € L* (£2).
Let us consider a partition of {2 into M tetrahedra K, j € {1,..., M} such
that

M
0= K,
j=1

The resulting partition is denoted by §2;, where h represents its diameter. For
any pair of tetrahedra in the partition K; and Kj, ¢ # j, K; N K is either
empty, or a common vertex, edge or face of K; and Kj.

Let us consider the finite dimensional subspace V), C V of continuous
piecewise linear functions on each tetrahedron. Assuming that N is the total
number of vertices associated with the tetrahedra in (25, then dimV, = 3N.
The finite element formulation of the problem (5) consist of finding uy, € Vj,
such that

a(up, vy) = U(vp), Yvi € Vj. (7)
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2.3 Well-posedness

Let us discuss the existence and uniqueness of solutions of problems (5) and
(7).

Applying the Riesz-Schauder theory [9, Theorem 6.5.15] we derive the fol-
lowing result.

Lemma 1 Let a(-,-) be a V—-coercive bilinear form such that
a(u,v) = b(u,v) + f1(u,v)r2(0),

being b(-,-) a V — elliptic bilinear form. For each 1 € C we have one of the
following alternatives:

1. the problem a(u,v) = 1(v) has a unique solution;
2. By is an eigenvalue of the problem.

Defining
b(v,v) = / 2ue(v) s e(v) + MV - v)? dz, (8)
Q
we will make use of the following lemma.

Lemma 2 [{, Corollary (9.2.22)] Let V be defined by (4) where meas(Iz) > 0.
Then there exists a positive constant C' such that

leW)l2(2) = Cllvlim ey YveV.
As A > 0 in (8), from Lemma 2 we have

b(v,v) > 2H||€(V)H2L2(Q)
> 2uC? | V| 3n -

So we conclude that b(-,-) is V-elliptic.
For the bilinear form a(,-) defined in (6), we have that

a(v,v) = 2MC2||V||?{1(Q) - W2P||V||2L2(Q)v

and we deduce that a(-,-) is V-coercive.

Because of Lemma 1 and assuming that $; = w?p is not an eigenvalue
value of the problem, we conclude that (5) has a unique solution. Moreover,
considering h small enough, by [9, Theorem 8.2.8] we achieve the uniqueness
of solution of the discrete problem (7).
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2.4 Deriving the numerical scheme in matrix form

The application of the finite element method invariably involves the solution of
a sparse system of algebraic equations. In our proposal, that system in matrix
form will be crucial to define the inverse problem.

Let us associate to each vertex z7 of the partition £2), in tetrahedra three
base functions ¢;;, j € {1,..., N}, i € {1,2,3}. These functions are continuous
in (2 and linear in each tetrahedron, such that ¢;;(27) = 1, ¢;;(z*) = 0 (k # j)
and the support of ¢;; consists in all tetrahedra that share z7 as a vertex. We
have

Vi = span {¢11, oy ONT, P125 s PN25 P13, -0 ¢N3} .

In this way, each component of the approximate solution u, =
(U1p, uan,ugn) € Vi, can be written as a linear combination of the basis func-
tions (]3]‘1‘ with

U'zh(x) = Z Uji¢,ji (l‘) , 1E {17 2, 3} s (9)

where Uj;, i € {1,2,3}, j = {1,..., N}, are the coefficients that we want to
compute.

It should be noted that, if uj is the solution of the problem (7) then uj is
the minimizer of the problem

1
Jh(Vh) = ib(vh,vh) — ll,h(Vh),Vh S Vh, (10)
with
I n(ve) =1U(vy) + pr(u}:,vh). (11)

Therefore the solution of finite elements uj satisfies

) = mi . 12
Jn(wy) = min Jy(va) (12)

We can write problem (12) in matrix form as follows:
. 1
find V € R®*" such that y (V) = §VTB*V — VTF* is minimum, (13)

where V' = [Vi1, ..., V1, V12, ..., Viva, Va3, .., Vivs] T, with B* being the (global)
3N x 3N stiffness matrix and F* being a vector of dimension 3N x 1.

2.4.1 Reference tetrahedron

To calculate the global stiffness matrix B* and the vector F* of problem (13)
we will make use of a reference tetrahedron.

For each tetrahedron K of the partition of {2, consider ’I“JK = (5,95, %),
j €{1,...,4}, representing the coordinates of its vertices in a global Cartesian’s
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system. We can write the coordinates of each point 7% = (z,y,2) of K as a
convex combination of the local coordinates (£,n,7) (see Figure 1),

4
(1'711, z) = ZTJK’@[}]' (5,7)77) ’ (14)
i=1

where
¢1 <§7’r]77—) =1 _6_7]—7', ¢2 <§,’I’],T) 257
1/}3 (£77777') =1, ¢4 (537777-) =T.

T

¢

Fig. 1 Tetrahedron represented in local coordinates.

This transformation is associated with the Jacobi matrix which is given by

0(x,y,z
J = M The Jacobian can be written as
d(&m,7)
Tog —T1 T3 —T1 T4 —I1 ;1ylzli
|Jre| =det | yo—y1 ys —y1 ya—y1 | = det mz ‘Zi zi )
29 T X1 R3 T 21 24 — 21 x4y4241

Note that |Jx| = 6| K], where | K| is the volume of the tetrahedron K induced
by &, ...,7X. So, for any continuous piecewise linear function v, € V}, and for
(3373/72) eKC 'Qha

4
Uin (xay’z) = ZVJH/J; (577777)7 1€ {1a273}7 (15)

j=1
where Vj; is the value of the function v;;, in the vertex of the tetrahedron K
(Ji)T

with position 7%, i € {1,2,3},j € {1,...,4}. The inverse (J}) ' = Tl
K

exists, where Jj; is the adjugate matrix of Jx, and

87.)“1 8’Uih avm T (J;{)T 8U7;h 8vih avm T -
(% % %) = k] (% % %) ie {123 (6
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We will use the relations in (16) to obtain the stiffness matrix B* and the
vector ™.

2.4.2 Global matriz B*

Let us compute the matrix B* in (13). We will determine b(vy, vp) in terms
of the coeflicients Vj;. Since the base functions are linear in each tetrahedron
K then,

2/,L||5(Vh)||iz(K) + )\/K(V cvp)?da = |K| (2ue(vy) te(vi) + A(V - vi)?)

Now let v(vy,) = [e11(Vh), €22(Va), €33(Vh), 2612(Vh), 2e13(V4), 2e23(vi)]T
where €;;(vp) = %%3‘5 %%ﬂa{_’",i,j € {1,2,3}. It holds
; :

2ue(v) : e(vi) + MV - vi)2 = 4T (vi)Cy(vh),

where the matrix C' is given by

2+ A A A 000
A 204X A 000
A A 2u4+X000
0 0 0 p00 (17)
0 0 0 0upo
0 0 0 00

Considering a 9 x 12 matrix P given by

100000000
000010000
000000001

P=1010100000
001000100
000001010
we have
Ovip, Ovip, Ovip Ova, Ovap Ovap vz, Ovs, Ovsy |7
(Vi) =P

Oz, Oxs’ Oxsz’ Ox1 Oxy’ Oxz’ Ox1 Oxy Oxs

Let VE = [Vi1, Var, Va1, Vi, Via, Vaz, Va, Vo, Vi, Vag, Vas, Vas]T. Using (16),
from (14) and (15) we obtain

8vi 8111- 61)@' .
8§h = Vo — Vi, 8777}1 = V3 — Vi, 877'}1 = Vi — Vi, i€ {1,2,3},
and then

v; v, v, T 1 * .
(8873: aayh 867;) = @(JK)TH (Vi Vo Vi Vi) " yi € {1,2,3}  (18)
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being P; the matrix

-1100

P=1-1010

-1001

1
Therefore v(vy) = mPRK VE where R¥ is a block matrix where each
block diagonal is the matrix (J5)" P;.
As |Jk| = 6 | K|, we obtain

2ue(vy) : e(vi) + ANV -vp,)? = (VE)T BEVE, (19)

where

k_ 1 K T K
B 36|K| (R ) PTCPR".

Note that matrix B¥ is the local matrix corresponding to the tetrahedron
of vertices r¥, ..., rX. We will construct B* from these M local matrices. For
the k-th tetrahedron K, let us consider an application LX that is defined by
a N x 4 matrix with entries zeros and ones which identifies the vertices of K
in the set of all Vertices in §2,. The component (i,5) of L¥ is one when the
vertex with position 7’ , 7 € {1,...,4} is the i-th vertex in global numbering,
i € {1,..., N}. As we are working in R? the idea is to do the same for the three
components. It should be noted that

L0 0\’
VE=|0 LK 0 | v=(LE)"V, (20)
0 0 LK

where LE is a block matrix, where each block diagonal is the matrix L.
With this relationship is possible to pass from v, (r;),i € {1,2,3},5 €
{1,...,4}, which are the values of the function v; in the local matrix vertices,
to vip (rj),i € {1,2,3}, j € {1,..., N} which are the values of the function for
all vertices of the set §2),. So, rewriting (19) using (20), we obtain

(VR BEVE = vTLEBR (LE)TV
and therefore
b(vp,vp) =VIB*V,
being B* = Z Lp KBk LK the global stiffness matrix.
Key,

Note that B* is symmetric since C given by (17) is symmetric and conse-
quently B¥ is also symmetric.
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2.4.8 Vector F*

Let us now compute the vector F* in (13), such that VTF* = [ ;(v;) with
l15, given by (11).

Let T1,..,T,, be the set of all the triangles that define a face of one of
the tetrahedrons of the partition which are contained in Ij. The resulting
subdivision (or mesh) is denoted by I'i;,. So we can write

vy ds = / - vy, ds. 21
/Flg wis= 3 [ & (21)

Tel,

For each triangle T of the discretization of Iy, let us consider the points r! =
(43, 9i, %), © € {1,2,3} which correspond to the coordinates of its vertices. We
assume that I, is contained in a surface with equation z = S(z,y). Consider
the local coordinates (£,7) where the vertices of the reference triangle are
represented on the coordinate plane over the axes, as in Figure 2.

Fig. 2 Triangle represented in local coordinates.

In this form, we can write the coordinates of each point 7 = (x,y,2) of
T as a convex combination of the coordinates of the reference triangle

(z,y) = 1101 (§,m) + 12002 (§,1) + 73003 (§,1), 2= S(2,9), (22)
where
©1 (6777) =1 _5_777 ®2 (5777) = 57 ¥3 (5777) =1.
For this transformation, the Jacobi’s matrix is given by

J 0 (z,y) (wz — 1z T3 — x1>
T = =
Y2 — Y1 Y3 — Y1

and the Jacobian is

=det [ z2y2 1
Y2—Y1 Y3 —

1
Ty — 1 T3 — x1> Ty
z3 Y3 1

|JT| = det (
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Note that |Jr| = 2|T| being |T'| the area of the triangle T' defined by r{,r1 r1.
For any continuous piecewise linear function v, € Vj,, and for (z,y,z2) €
T C Iy, we have that

3
vin (2,9,2) = Y Viip; (1), 2 = S(a,y), i € {1,2,3}, (23)
j=1

where Vj; is the value of the function vy, in the vertex of the triangle 7" with
position rf, i€{1,2,3},5€{1,2,3}.

Now we will consider that, for any triangle T, the points 77,71 r1 corre-
spond to the vertices V', ViI', VI’ respectively. Consider the function g in (21)
defined in the triangle T" written in terms of the local coordinates, as

3 3
gi (xayaz) = Gi (;ZWT> <Z§0P> S {1,273}' (24)
=1 p=1

Therefore, by (23) and (24), we have

[evias=ia 3 [ [gi (;;w) (20)

1<4,5<3
where Ar defines the triangle in the local coordinates (£,7), i.e.,

Vjipj d€ dn, (25)

Ar={(n):0<£<1,0<n<1-¢}.

We can summarize the last equality in the following matrix form

3 Gz
/ g - vipds=|Jr| Z/ [Vii, Vai, Vai] D | G (26)
T i—1/Ar Gi

where G; = ¢; (% Z?Zl VZT> ,1€{1,2,3} and D is a 3 x 3 matrix where the

component (i,7) is given by
[ wiwidean, g€ (1,2.3). (27)
Ar
Note that in (27)

1 -t 1
/ so?dfdn:// S2dnde = L. i {1,2,3)
Ag o Jo 12

and

1 1-¢ 1
Ar 0 Jo
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Taking into account the previous expressions for the entries of the matrix D,
we can write (26) as follows:

Gi
3 a
/Tg'vhds:|JT;[Vli»V%»VSiaVM]DI GZ )
= 0
i.e., is the same as
(VE)T DyG™,
where GT = [GlaG17G1707G27G2aG2703G37G37G370]T7
Dy 0 0 211
1
Dy=1|Jr|| 0 Dy 0O ,Dlz[oTD 03(;1],1):24 121
0 0 Dy 3x1 112

and 037 is a 3 x 1 vector of zeros.

It should be noted that the expression in (20) is different for triangles.
Instead of having the matrix L% we will define another one, that is, LY, which
is a block matrix where each diagonal block has a matrix of dimension N x 4
with the fourth column being a vector of zeros. So for the triangles we obtain
VE=(LT)TVv.

Next, we present the calculation of the second term in (11). Consider that,
for any tetrahedron K, the points r& 7 rI rK correspond to the vertices
ViIE VE VE VE | respectively. The function uj defined in the tetrahedron K
in terms of the local coordinates, can be written as

4 4
* * 1 .
uly, (Y, 2) = ujy (4 E VlK> (E ¢p>,z€{172,3}.
=1 p=1

So, by this approach and using (15) we have

3 4 4 4
1
/Ku;- vy do = |JK\ZZ/A wh, (421//‘) <Z¢p> Vjinh; d€ dndr,
K =1 p=1

i=1 j=1
(28)
where Ak defines the tetrahedron in local coordinates (£,7,7), i.e.,
This equality can be summarized in the following matrix form
Uy
3 U
/KUZ' vidr = [Ji| > Vi, Vai, Vai, Vil E U:* ; (29)

=1 *
Ui
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where U} = uf, (i S VlK> ,1€{1,2,3} and F is a 4 x 4 matrix where the

component (i, 7) is given by

¢Z¢] dfdndTv 7“7.] € {1a2a374} (30)
Ax

In (30),

1 r1-¢ rl=€&—n 1
wfdgdndT:/ / / wfdfdndgz@,ie{l,...A}
0 0 0

A

/AK Yitp; d§ dndr = /01/015 /01577 Yipdr dndé = %z # J.

Taking into account the previous expressions for the entries of the matrix F,
we can write (29) as follows:

and

/ uj, - v de = (VE)T B (U""
K

where (U = [Ur,Ur, Uy, Uz, Us, U, Uz, UL Us  US, UL, U,

E0°0 L (121

B =|Jg||0FE 0] and E = —
00E 12011121
1112

To compute the last integral in (11) it is enough to consider what has been
done previously for the integrals over {2. Therefore, we have that

/ f-vyde = (V¥) B'FX
K

where FX = [Fy, Fy, Fy, F\, F», F5, F», Fy, F3, F3, F3, F3]T.
Next, the purpose is to determine the explicit form of F*. From (11) we
have

havi)= S (VK DGT + 3 (vE)T B {pr(U*)K—FFK}.
Tel, Kesy,

Then, using (20) results
ll}h(Vh) = VTF*

where

F*= > LEDG" +w?p Y LEB (LF) U™+ Y LEB'FX.
Tel Key, Key,
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2.4.4 Linear system

We are now ready to write problem (13) as a linear system. Note that, by
Section 2.3, the function y has a unique minimizer V on R3" which satisfies
Vx(V) = 0, where

Uy = ox dx  Ox ox  Ox ax \'
X o 8V11 B 8.‘/.]\]17 8V12’-“’ aVN2’ 6V13’“.7 aVN3

As B* is symmetric, Vx (V) = B*V — F* and the minimizer V of (13) satisfies
B*V = F*. In this way, we calculate the coefficients U;, i € {1,2,3},j €
{1,..., N} of (9) that allow to obtain the solution uj, of the problem (7) which

satisfy B*U* = F*. This problem is equivalent to find U

U=[Ui1,....Un1,U12,.... Un2, Urs, ..., Uns]"

such that
AU = F, (31)
where
A=B*"-w’p Y LEB (Lp)'
Keny,
and

> LLD.GT+ Y LEB'FE.
Te, Key,

3 Inverse problem
3.1 Description of the inverse problem

In this section we mathematically define the inverse problem, which can be
described by the following minimization program:

min [ AUobs = Fll 2 ()
s.t. e [,U,l, ‘LLQ] (32)
A€ [A1, A2

where A and F define the linear system to solve the direct problem (31) and
Uo,ps is the vector that contains the information of the given data. Here we use
the discrete L?-norm, defined for any 3N x 1 vector y, as

2 _ 2
IylZ2 o= > il i),
Key,

with
2

4
| K|
2
H?J”Li(}() = TZZ (rE) N>

7=0
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where |K| denotes the volume of the tetrahedron K with vertices 7 i €
{1,...,4}. The function ¢t is defined by

t:R® —{1,..,N}
re ),
where ¢(r€) is the index that corresponds to vertex of rX€ in the global num-
bering.
The constraint (u, A) € [p1, 42] X [A1, A2] in (32) ensures a range of values
for p and A compatible with the biological structures.
For convenience we denote the objective function by [,

l(,ua /\) = HAUobs - FHQL%L(Q) ’ (33)
and define the unconstrained minimization problem
min (g, A). (34)
TN

3.2 Hessian matrix and convexity

A natural question that arises is whether the function [ is convex or not. For
that purpose, let us check the corresponding hessian. We start by deriving the
expressions of the first-order partial derivatives in order to g and A. We have
that

ol _ |K| 0 9
@(% A) = K%r:z 4 X;Jz(:) @ [(AUobs - F)t(riK)—‘,-jN:| : (35)
h 1=1 5=
Since
0 0A
a_ AUobs - F 2 r ; =2 AUobs - F rK i (Uobs) 5
(35) can be written in the form
ol K| dA
7(:”7 >‘) = Z o Z Z(AUobs - F)t(rK)Jr iN 7Uobs .
O Keoy, 2 i=1 j=0 o I t(rf)+iN

Let I be a 1 x M vector with all entries equal to one, diag(lzﬁ) the diagonal
matrix of size M x M with entries u;jl, je{l,---, M} for some numbering
of the tetrahedra, diag(AU,ps — F') the diagonal matrix of size 3N x 3N with
entries (AUpps — F)t(rf()+jN and A = [A, A, A] a M x 3N matrix where A is
a M x N matrix with entries d;; = 1 if and only if the vertex v € K; and
dj; = 0 otherwise.

In this way, we can write

al
o

K A
(1.3) = L ding('51) A ding(AU, — )22
"

Uobs-
9 b
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Similarly, we obtain the expression for the first-order derivative in order to A,

0A
oA

ol

K
2 (1, 3) = 1 ding(I5)) A ding(AU. — )20

Uobs .

Next, we will derive the expression of the second-order partial derivative in
order to p. Taking into account that the second order derivative of the matrix
A in order to p is zero, then we obtain

0%l

87/12(/17 )‘) =1 diag(| |) A dlag <6AUobs> 87AUvobs-

ou ou

In a similar way, we derive the expression for the second-order partial
derivative of [ in order to A,

0%l

W( G G

0A 0A
122 )‘) =1I diag(‘ |) A diag ( Uobs) ——Uobs
and for the mixed derivative we get

Foall
OO

0A 0A
(u,A) =1 d1ag(| |) A diag <8)\ Uobs> aUObS.

Let (uo, Ao) be any point in the domain of I, that is, (po, Ag) € [p1, o] X
[A1, A2]. Note that function [ can be represented in the following quadratic
form:

Iy A) = U0, Ao) + VI(po, Xo) T Apgre + A HALoxs (36)

HoAo

where A, 5, = [ — po, A — Xo]" and H is the hessian constant matrix.
Lemma 3 The hessian matrixz of | is positive semidefinite.

Proof Writting

0A 0A
@Uobs = (ai>1§¢§3N and aTUobs = (bz‘)1gi§3Na

for some constants a; and b;, ¢ € {1,...,3N}, we can express the second-order
partial derivatives in the form

821 3N ) 821 3N )
872(“’ N =Y e, e A) = > b}
i=1 i=1
and
82
8A6 chal 7/7

where ¢;, i € {1,...,3N}, are non-negative constants.
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Let H be the hessian matrix of [. We can easily observe that the diagonal
2 2

9%l
components of H, (u, A) and —— (p, A), are non-negative constants. Let

ou?
us now prove that the determinant of H is non-negative, that is

0?1 %l < 0?1

2
H =" - — | — > 0.
dou T = 5 N 3 0) — () ) 20

We conclude that

3N 3N 3N 2 3N

2 2 _ 2
E :Ciai E ciby — E ciaib; | = E cicj(ab; —ajb;)* > 0.
=il =1 i,j=1,i]

Since [ is a quadratic function and the hessian of the function [ is a 2 by 2
positive semidefinite matrix then, if det H # 0, the Newton’s method applied
to (34) converges to a solution s in one iteration which is given by

s =s9— H 'Vi(sp)

where sq = (1o, A\o)T € R? is any initial guess. If the unconstrained problem
solution s checks the constraints of the problem (32), then it is the optimal
solution of (32). Otherwise, it is necessary to determine the optimal solution
along the active constraints, which is again a quadratic problem.

4 Computational results

In this section we present some computational results. In the context of a real
application, data is affected by noise. Here, we performed experiments with
noise free data as well as noisy data in order to assess the sensitivity of our
method to noise.

Let us consider the objective function defined by (33), which corresponds
to the following setting: 2 = [-2, 2]3 with 92 = I'1 U I5 where I is the face
of the cube contained in the plane z = —2; the mesh is a partition of {2 into 48
tetrahedrons; p = 1, w = 27 x 109, the functions g, f are defined respectively
by g; = 5.86 x 1072 and f; =0, i € {1,2,3}.

To illustrate the performance of the proposed method we used fabricated
data obtained by simulating the direct problem. In particular, we considered
Uups as the solution of (31) with E = 4.66 x 10° and v = 0.45 [8]. In this
way, (11, A) = (1.6069 x 105,1.4462 x 107) is the optimal solution of the inverse
problem. For the optimization problem we choose the set I = [0.9u, 1.1u] x
[0.9A, 1.1\] and the surface of the objective function ! defined in I is presented
in Figure 3. Considering this setting, we performed several simulations using
different starting points and we always recovered the exact solution.

Let us now check the robustness of the proposed method when considering
noisy data. To put this idea in practice, we consider gaussian noise R ~ N (0, o)
where R is a vector of dimension 3N x 1 and ¢ is the standard deviation. So
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Fig. 3 Surface of the objective function { in I.

instead Ugyps, we consider as data Uyps = (R + 13nx1)Usbs, Where 13y is
a 3N x 1 vector with all components equal to one and the i-th component
of the vector Uy, is given by (R(i) + 1)Ugps(i), i € {1,...,3N}. We consider
variations of o in the set {0,107%,1077,107%,107°} and, for each value of o,
we consider simulations with 30 random initial points. We only consider one
iteration of the Newton’s method for each initial solution.

Figure 4 presents the relative error average obtained from thirty simula-
tions for each value of o.

The results are according to the expectations as the relative error grows
with the level of noise. For small values of the standard deviation o the optimal
solution is well recovered.
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