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Abstract
The de Casteljau algorithm on Riemannian manifolds is adjusted in
order to solve two-point boundary value problems that give rise to gener-
alized cubic polynomials on Stiefel manifolds given in closed form. This
adjusted approach is based on the recursive use of quasi-geodesics, which
are special curves with constant geodesic curvature. Two types of inter-
polation problems are formulated, related, and solved explicitly.

Keywords: Interpolation, Stiefel manifolds, quasi-geodesics, adjusted de Castel-
jau algorithm, adjusted geometric cubic polynomials.

1 Introduction

Geodesics are the simplest curves on a Riemannian manifold, generalizing
straight lines in Euclidean spaces, and being the shortest paths between two
points. However, there are cases where it might be difficult to find geodesics
precisely, specially those that solve two point boundary problems.

A manifold that illustrates these difficulties is the Stiefel manifold consisting
of all orthonormal k-frames in n-dimensional Euclidean space, where k < n.
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As far as we know, no explicit solutions for a geodesic that joins two points
on the Stiefel manifold is known, except for some particular cases. This gap
is a drawback when one wants to solve smooth interpolation problems on this
manifold using a geometric method that generalizes the de Casteljau algorithm
for Euclidean spaces, see [5] and [8] for the classical description and [13], [4] and
[14] for its generalization to curved spaces. This method, based on recursive
geodesic interpolation, is computationally very efficient in cases when endpoint
geodesic formulas are known explicitly.

Surprisingly enough, there are certain curves that may not be true geodesics
but can more easily solve a two point boundary problem, making them particu-
larly useful in various contexts where exact geodesics might be hard to define or
compute. Such curves have been named quasi-geodesics and used successfully
in [12] to generate quadratic splines on the Stiefel manifold. In [12], the Rie-
mannian metric used was the so called canonical metric. The nice properties of
those curves explained the success of the results, but also raised the following
natural question: are quasi-geodesics with respect to the canonical metric true
geodesics with respect to another metric on Stiefel manifolds? Partial answers
to this question were given in [11] and [9]. In [11] quasi-geodesics are proved to
coincide with projections of sub-Riemannian geodesics on a certain Lie group
that acts transitively on the Stiefel manifold. The Lie group was considered
equipped with the trace metric. In general such curves are not geodesics with
respect to the submersion metric induced by the action. In [9] a one-parameter
family of metrics (the o metrics) on Stiefel manifolds was studied in detail and
the quasi-geodesics also appeared as solutions of a variational problem asso-
ciated to the limit case when o — 0.

Stiefel manifolds are important in theoretical and applied mathematics, as
well as in interdisciplinary fields such as pattern recognition and quantum in-
formation theory. Solving interpolation problems on that manifold is crucial in
all areas of application since it allows to construct new data from a discrete set
of known data points.

The organization of this paper is the following. After the Introduction we
review in Section 2 the main concepts related to Stiefel manifolds, in particular
we present the quasi-geodesics that will be used in the main part of the paper.
The generalized de Casteljau algorithm on manifolds, as well as the adjusted
version of this algorithm, are described in Section 3. The formulation of the
interpolation problems appear in Subsection 3.4, where also the main results,
concentrated in Theorem 7 and Theorem 14, are stated and proved using several
auxiliary lemmas. A list of references is also included.

2 The Stiefel manifold

For the sake of completeness, we start this section with basic definitions about
Stiefel manifolds and then recall important properties of quasi-geodesics that
have been introduced in [12] and will play a major role in the section dealing
with interpolation.



2.1 Background & notations

The Stiefel manifold of orthonormal k-frames in R™ has the following matrix
representation:

St ={S € R™" | STS =1} (1)

There is a strong relationship between the Stiefel manifold St,, ; and the
Grassmann manifold Gr,, ; consisting of all k-dimensional subspaces of R"™. If
one considers the matrix representation in terms of projection matrices, that
is, Grp,p = {P € R™" | P = P", P? = P, rank(P) = k}, if S € St 1, then
P =887 € Gr,, . This relationship will be explored later on.

In what follows, s(n) denotes the set of n X n symmetric matrices, so(n)
denotes the set of n x n skew-symmetric matrices, and for P € Gr,, j, s0p(n)
is used to denote the vector subspace of so(n) defined by

sop(n) ={X €so(n) | XP+ PX = X}.
This vector space is related to the tangent space of Gr,, \ at the point P. Indeed,
TPGrn,k = {[Xa P] ‘ X € 5OP(n)} - 5(”)7

where [.,.] denotes the commutator of matrices.

The tangent space to the Stiefel manifold at a point S € St,, ;, is given by
TsSt, = {VeR™ | VTS + STV =0}, (2)

but another useful representation of the tangent space is the following, which
already appeared in [12, Proposition 5].

Proposition 1. Let S € St,, ;, and P := SST e Gr,, ;. Then,
TsSty, = {XS+ 50| X €sop(n), Qcso(k)}. (3)
Moreover, if V.= XS+ SQ € TsSt,, 1, then
X=VST —8svT +28VTssT, =5TV (4)

We consider the Stiefel manifold equipped with the canonical metric defined
in [6] by

(i, Vo) = tr(Vy' (I, — 3SST)Va), Vi, Va € TsSty, . (5)

Also in [6] one can find the following second order differential equation, which
is the geodesic equation with respect to the above metric.

F4+4 Ty +9((v"4)2+4T4) = 0. (6)

The geometric de Casteljau algorithm to generate polynomials on Rieman-
nian manifolds is based on successive geodesic interpolation and requires that



explicit formulas for the geodesic that joins two points is available. However,
as far as we know, such formulas do not exist. As an attempt to overcome
this problem, the authors of [12] used quasi-geodesics, instead of geodesics, to
successfully modify the de Casteljau algorithm to generate quadratic polyno-
mials and splines on Stiefel, equipped with the metric (5). The success of that
alternative approach resulted from the fact that it was possible to define quasi-
geodesics that join two given points, in terms of those points only. These curves
are associated to a particular retraction. Retractions on a Riemannian manifold
are generalizations of the exponencial map.

2.2 Retractions and quasi-geodesics on Stiefel manifolds

Definition 2. A retraction R on the Stiefel manifold St,, i is a smooth mapping
from the tangent bundle T'St, ; to St, i that, when restricted to each tangent
space at a point S € St 1 (restriction denoted by Rg), satisfies the following
properties:

(1) Rs(0) =5;

(i) dRs(0) =1id,
where dRg(0) stands for the tangent map of Rs at 0 € TsSt,, 4.

If V € TsSt,, 1, one can define a smooth curve Sy : t — Rg(tV) associated
to the retraction R. The curve By which satisfies By (0) = S and By (0) =V is
called a quasi-geodesic. Next, we define a particular retraction and correspond-
ing quasi-geodesics on the Stiefel manifold, and list some of their interesting
properties. Proofs and more details can be found in [12]. In what follows, e?
denotes the exponential of a matrix A and log is used for the principal matrix
logarithm.

Proposition 3. Let S, X and Q) be as in the Proposition 1. Then, the mapping
R: TSt — St whose restriction to TsSty, i is defined by Rs(V) = eXSe
is a retraction on the Stiefel manifold. Moreover, the curve § : [0,1] — St,, g,
t > !X Se! is a quasi-geodesic in St,, 1. that satisfies

1. 5(0) = 5;
2. ﬁ(t) - etX(XS+SQ)6tQ;
3. ﬂ(t) =X (X285 +2X50 + SQ?)et?.

In the next proposition the initial velocity of a quasi-geodesic is explicitly
written in terms of the given endpoints Sy and S;. We use the notation D3 for
the covariant acceleration along the curve  and x for the geodesic curvature.

Proposition 4. Let Sy and S1 be two distinct points in St, ;. so that, for
i=0,1, P, =SS, € Gr,, ;. Then, if

1
X = log (I =258 )(I —25,87)) and Q=log(Sye *S1), (7)



the quasi-geodesic 3 : [0, 1] — St,, i defined by
B(t) = X Spet?, (8)
has the following properties:
1. B(0) = So;
B(1) = 51
B2 = —tr(Sg X2So + 10?) (constant speed);

. DtB(t) = Xﬁ(t)ﬂf

Guo e e

DB = tr(Q22S] X2S0) (constant norm of covariant acceleration);

20T ¥ 2
6. k= _tr(;§g2§§ ng(})Z) (constant geodesic curvature).
Remark 5. Note that the matrices X and Q in (7) are only well defined if
the logarithm exists. This is always guaranteed if the points Sy and S1 are
sufficiently close.

The quasi-geodesic defined above is a true geodesic w.r.t. the metric (5) only
if X =0 or Q= 0. In particular, these 2 situations occur when k =1 and when
k =n. Since St, 1 = S" and St,, , = O,,, for the sphere and for the orthogonal
group these quasi-geodesics are geodesics.

3 The de Casteljau Algorithm on Riemannian
Manifolds

A well-known recursive procedure to generate polynomial curves in Euclidean
spaces is the classical de Casteljau algorithm which was introduced, indepen-
dently, by de Casteljau [5] and Bézier [2]. The algorithm is a simple and powerful
tool widely used in the field of Computer Aided Geometric Design (CAGD), and
is based on successive linear interpolations, cf. [7] for a modern treatise.

A generalization of that algorithm to Riemannian manifolds appeared first in
[13], and the basic idea was replacing linear interpolation by geodesic interpola-
tion. The resulting curves are also called polynomial curves as they are natural
extensions to Riemannian manifolds of Euclidean polynomials. In Euclidean
spaces, the most important are the cubic polynomials, due to their optimal
properties, as they minimize acceleration. Generating polynomial curves and
polynomial splines on manifolds was motivated by problems related to path
planning of certain mechanical systems, such as spacecraft and underwater ve-
hicles, whose configuration spaces are non-Euclidean manifolds. The rotation
group, which plays an important role in this context, inspired further develop-
ments such as the work in [4] that will be used here. But first we briefly describe
the de Casteljau Algorithm to generate cubic polynomials on Riemannian man-
ifolds, assuming that they are geodesically complete.



3.1 Generating cubic polynomials

A cubic polynomial is a smooth curve that satisfies a two-point boundary value
problem (initial and final points and velocities are prescribed), but may be
generated from four distinct points xq, z1, x2, x3 in M, the first and last being
respectively the initial and final point of the curve and the other two are auxiliary
points for the geometric algorithm, but are related to the prescribed velocities.
Without loss of generality, we parameterize the curves over the interval [0, 1].

The next algorithm describes all steps of this construction, which is briefly
described for instance in [10] and illustrated in Figure 1.

3.2 Generalized de Casteljau Algorithm
Given four distinct points zg, 21, 2 and x3 in M:

Step 1. Construct three geodesic arcs, 81 (¢, z;, ;4+1), ¢ = 0,1,2, joining
xz; to x;4+1. In the illustration below, these arcs are represented by the
black dotted lines.

Step 2. For every t € [0, 1], construct two geodesic arcs

Ba(8s, i, Tit1, Tit2) = Pi(s, Pr(t, i, Tit1), Bi(t, Tig1, Tit2))

for ¢ = 0,1, joining 51 (¢, x;, xiv1) to B1(t, i+1, Ti+2). In the illustration
below, these arcs are represented by the blue dotted lines.

Step 3. For every t € [0,1], construct the geodesic arc

63(83 x07x17x27$3) = ﬂl(svﬁQ(ta anxlvxZ)vﬂQ(t,mla (EQ,.’EQ,)),

joining Ba(t, xo, 1, x2) to B2(t,x1,x2,23). In the illustration below, this
arc is represented by the green dotted line. The dark red dot represents
the point in B3(s, zg, x1, T2, x3) corresponding to s = t.

The curve [0,1] 3 ¢t — B3(t) := Bs3(t, xo, x1, 22, x3) obtained with this algo-
rithm is called geometric cubic polynomial in M, and in Figure 1 it is represented
by the red curve. Observe that this curve joins the points z¢ (at t = 0) and
x3 (at t = 1), but does not pass through the other two points z; and xz2. The
latter are called control points, since they influence the shape of the curve. We
also note that the whole geometric construction lives in M.

Remark 6. There are some relationships between the velocity boundary condi-
tions of the final curve B3 and velocities of the curves obtained in step 1.:

5:3(0) = 301 (t, w0, 1) =0
B3(1) = 3B1(t, w2, 3)|¢=1-
These relationships are particularly important to generate a cubic polynomial

that satisfies certain Hermite conditions (initial and final points and velocities
are prescribed), since the control points x1,xs can be obtained from that data.

(9)
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Figure 1: Illustration of the algorithm. Geometric cubic polynomial in red.

3.3 Adjusted de Casteljau Algorithm

The de Casteljau algorithm described in Subsection 3.2 can be modified in
several ways. Here, for the obvious reasons, we simply replace geodesics by
quasi-geodesics and name the corresponding procedure adjusted de Casteljau
algorithm. In spite of this modification, we still call the resulting curves geo-
metric cubic polynomials.

3.4 Solving a 2-point boundary problem on the Stiefel
manifold, using the adjusted de Casteljau algorithm

Since no explicit formulas for the endpoint geodesics on Stiefel manifolds are
known, the implementation of the de Casteljau algorithm is not possible. How-
ever, we will show next that the adjusted algorithm produces a curve that sat-
isfies a 2-point boundary problem. We note that quasi-geodesics have already
been used to generate quadratic spline curves in Stiefel manifolds in [12], how-
ever the generation of cubics requires further developments that will be done
here in detail.

To be consistent with the first part of these notes, points in the Stiefel
manifold will be denoted by 5.

Problem 1. Find a smooth curve v : [0,1] — St, i satisfying the following
boundary conditions:

¥(0) = So, ~(1) =83, 4(0)="Vo, F(1)=V3, (10)

where Sy, S3 are given points in Sty i, and Vo € Ts,St,, 1 and V3 € Ts,St,, 1
are given tangent vectors.

The adjusted de Casteljau algorithm will be used to generate a curve that
solves this problem. So, we first need to find the control points S, .Sy from the
given data. S7 is the end point of the quasi-geodesic that starts at the point Sy
with initial velocity equal to %Vo. This quasi-geodesic is given by

ﬂl(t,So,Sl) = €tXOS()€tQO, (11)



where, according to (4) in Proposition 1 and Remark 6,

1 1
Xy = §(VOSOT — SoVy +280Vy S8y ), Qo= gSOTVO. (12)

So, 81 = eX08pef? defines the first control point.

The second control point S5 is the end point of the quasi-geodesic that starts
at the point S3 with initial velocity equal to 7%‘/3. This quasi-geodesic is given
by

Bi(t, S5, S2) = "2 G3e2, (13)

where, according to (4) in Proposition 1 and Remark 6,
1 1
X, = —g(vg,sg,T —S3VyT +283V578585), Q= —gs;vg. (14)
So, Sy = eX285e%%2 defines the second control point.
We can now proceed with the three steps of the de Casteljau algorithm.

Step 1. Construct three quasi-geodesics, defined by
Ba(t, So, S1) = e'*05pet
Ba(t, 81, 92) = "1 51t (15)
Bi(t, Sa, S5) = e~ X2 Sy~

where Xy, Q, Xo, s are given in (12) and (14), and X4, are, according to
Proposition 4, defined by

1
X = ; log (I —288))(I—2515)), Qi =log(S/e XS,). (16)
Step 2. Construct two quasi-geodesic arcs
Ba(s, 80, 51, 82) = XM B (8, Sy, 1) (B = s Xa()tXo g 0 52 (t)

52(8, Sl, SQ, SB) _ 65X4(t)ﬂ1 (t, Sla 52)6594(t) _ esX4(t)etX1 Sletﬁlesih(t),
where, according to Proposition 4 and formulas (15),
X3(t) = $log ((I — 218 8] e tX1) (I — 2etX0 Gy S e~ tX0)),
Q3(t) = log (e ¥ §J et Xoe=Xa(t) et X1 g, eth)

X4(t) = log ((I — 2e71%25,57 e!X2) (I — 2¢%1.8, S e X)),

Qu(t) = log (e—thSlTe—tXle—X4(t)€—tX2 Spet62),



Step 3. Construct the quasi-geodesic arc
Bs(s, 80,51, 52,83) = e XMpy(t, S, Sp,S2)es
— eSX5 (t) etX3(t) etX() Soetﬂoetﬂg(t) 68Q5(t) ,

where, according to Proposition 4 and formulas above

X5(t) = %log ((I - 2etX4(t)etX1SlSlTe_txle_tX“(t))
(I - Qetxs(t)etXOSOSOTe_tXOe_tX3(t))),

Qs(1) = log (e—tﬂg(t)e—tﬂo ST e~ tX0 =t X3 () o= X5 (1) ot Xa () X1 Sletﬂletﬂzl(t)).
Theorem 7. Let X5 and Q5 be given by the last two formulas. Then, the
geometric cubic polynomial v : [0,1] — St,, . defined by

y(t) = X5yt Sy, Sy, Sp)ets )

(17)
= etXs()tXa(t) ot Xo G o100 ot (1) o125 (1)

solves Problem 1.

In order to prove Theorem 7, it is required some additional results that are
established in the following lemmas.

Lemma 8. The generalized cubic polynomial in Sty defined in (17) by

y(t) = ot X5 (1) ,t X5 (1) gt Xo St etsza(t)etszs(t)7

satisfies the following boundary conditions
7(0) = So, (1) = Ss.

Proof. Tt is immediate to see that v(0) = Sp. In order to show that (1) = Ss,
one needs to compute X5(1), 23(1), X4(1) and Q4(1).

1
Xs(1) = 5 log((I —2e1.818] e 1) (I —2e%98, 8, e~ *0))

%1og((l — 2(eX1 51691)(6)(1 Sleﬂl)T) (I — 2(eX°SerO)(eXOSer°)T))

1
3 log((I — 2828, )(I —25157))

Q3(1) = log(e*Q“S()Te*X"e*X“l)eXl Sleﬂl)
= log((eXOSerO)Te_XS(l)Sg)

= log(SlTe*XE‘(l)SQ).
(18)



Proceeding in an analogous way, by noticing that S3 = e~ X2S,e~%2, one may
compute

X,(1) = % log((1 —2e7%28,8) e**)(I — 2e¥18, 8] e™*1))
= %log((l 2e™ X2 Gy 2 (€7X2526792)T)

(1= 2(e% 506 (¥1516™) )

(

1 (19)
= 3 log( I — 25’353 )( - 2525;—))

(1) = log(e‘QlSlTe_Xle_X4(1)e_XZSge_Q"’)
= log(S;—e*X“(l)Sg).
According to the expressions derived for X5(1) and £3(1), notice that the quasi-
geodesic parametrized in the interval [0, 1] by a(s) = e*X3(1)S;e5%(1) gatisfies
a(0) = 51 and (1) = Ss. Therefore,
v(1) = exs(l)6X3(1)€X050690693(1)695(1)
— X5(1)Xs(1) g (25(1) Q5 (1)

_ o Xa(1) g, (1)

It remains to prove that eXs(1) S,e2%5(1) = S5 But,

X log((l 26X4 D X1515T67X167X4(1))
(I — 26X X0 g G ¢ Xoe=Xa(D))
1
=3 log((1 — 2eX4(1) g, 87 ¢ X4(1)) (1- 26X3(1)5151T6_X3(1)))
. —log((I - 2555, (I - 2825';)) (20)

Q5(1) = 10g(e423(1)€79050Te—X0 e~ X3(1) o= Xs5(1) ( Xa(1)  Xa 51691694(1))
= log((eXS(l)SleQ3(1))T67X5(1)53)
= og(S;—e_Xs(l)Sg)

It is immediate that eXs(1) Sy = Sy since eX5(1) S5e25(1) represents the
endpoint of the quasi-geodesic joining S5 to Ss. So, v(1) = Ss. O

The next result is essential to compute the derivative of v at ¢t = 1.
Lemma 9. For the generalized cubic polynomial defined in (17), one can write

’y(t) — e(tfl)X;,(t)e(tfl)XAL(t)6(17t)X2 S3e(lft)ﬂge(tfl)Q4(t)6(t71)Qs(t). (21)

10



Proof. To show that the two expressions for the generalized cubic polynomial -y
coincide, it suffices to rewrite each one of the curves obtained in the de Casteljau
algorithm in an equivalent way. The three quasi-geodesics obtained in Step 1
can be rewritten as

ﬁl (t, S(), Sl) = etXO Soetﬂo
— etX()e—Xo eXo Soeﬂoe—ﬂoetﬂg

— (=D Xo g, (=)

ﬂl (t, Sl, SQ) = etXI Sletﬂl
_ etXle—Xl eX1 Sleﬂle—Qletﬂl

— DX g (=)

Bi(t, Sa,S3) = e~ X2G,e 12
— e*th 6X2 67X2 326*92 692 67t92

— 1-0)X> g (1-1)0

The two quasi-geodesic arcs obtained in Step 2 can be rewritten as

Ba(s, S0, 81, S2) = e X3 By (¢, Sp, Sp)e* )
= X=Xt g (t, 54, 52)6793@)6593(@

— e(s—l)Xa(t)Bl (t, S, 52)6(8—1)93(75)

Ba(s, 81, Sa,83) = X4 3y (8, Sy, Sp)es ()
— 65X4(t) 67X4(t),81 (t7 S.?,, 52)67524(15)6594(&

= e(s—l)X4(t)51(t’ Ss, 53)6(8—1)94(15)
Finally, the curve 83 can be reparametrized by

B3(s, S0, 51,52, S5) = X5 By(t, Sy, Sy, Sp)e* ™)
_ @SX5(t)e*X5(t)ﬂ2(t, Sy, Ss, 53)6795(06595@)
= e(s—l))fs(t)52(t7 S1, S, 33)6(3—1)95(:&).

The result follows by using the equivalent reparametrizations for the quasi-
geodesic arcs derived below. O

The next goal is to show that 4(0) = Vp and (1) = V;. For this task, it is
necessary to use the derivative of a matrix exponential (Sattinger and Weaver
[15]). Notice that if ¢ — A(t) is a differentiable matrix function, then

deA® et -1
d ~  u

(A(t)eA®, (22)

u=ad A (t)

11



“—1
where ad is the adjoint operator defined by adx(Y) = XY — Y X and ¢

u
o (mui:l)' Moreover, if t — Y (t) is a

differentiable matrix function such that log Y (¢) is defined for all ¢, then
d(logY(t))  wu

dt e —1

denotes the sum of the power series S

Yy (1), (23)

u=adjog v (t)

where =1-35+ Zjnool ’gfg‘),u and (s, are the Bernoulli numbers.

Lemma 10. The derivative of the generalized cubic polynomial in St,, . defined
by (17) satisfies the following boundary conditions

Y(0) = Vo, (1) =W

Proof. To compute 4(0), we use the expression for v given by (17). Notice first
that, according to (22),

d(etX5(t)) et -1

dt u

(X5(t) + tXs5(t)) et X0

u=ad; x5 (1)

Evaluating the above in ¢ = 0, one simply gets

d(etxs(t))
dt ’t:O = %5(0).
So,
. _ d tXs5 (t) th(t th tQo tSZg(t) tﬂ5(t)
0~ 4 st

= X5(0)S() + X3(0)So + X()S() + S(]Qo + 5093(0) + S()Qg,(())

= X5(0)So + So25(0) + X5(0)So + So23(0) + XoSo + So%.
Now, according to (12), it is easy to check that XS + So€2 = %Vo. We claim
that

X5(0)So + So€25(0) = X3(0)So + So23(0) = XoSo + Sof2o-
Indeed,
1
X5(0) = X5(0) =  log (I = 25157 )(I — 25057 )
and
Q3(0) = log (Sg e=*2(08)) = log (Sg e~ 2V 5))
= Q5(0).
It remains to prove that X3(0) = Xy and Q3(0) = Q. According to (11),
B1(t, So, S1) is the quasi-geodesic satisfying /31 (0, So, S1) = Sp and 51(1, Sy, S1) =
Sl. SO7
1
Xo = 5log ((I - 25:57)(I — 25057 )

Qo = log (Sy e=*°51).

12



This enables to conclude that 4(0) = Vj.
To compute §(1), we use the expression for v given by (21). According to
(22),

d(e(t—l)Xg,(t)) et — 1

dt u

(Xs5(t) + (t — 1) X5(t)) el =DX 0,

u=ad(¢+—1)x4(t)
Evaluating the above in t = 1, one simply gets

d(et=DXs ()

= X5(1).
dt ‘t:l 5(1)
Hence,
3(1) = %(e(tfl)Xs)(t)e(tfl)Xz;(t)e(lft)XzSS e(lft)Qze(tfl)Qz;(t)e(tfl)Qs(t)) 1
t=
= X5(1)S3 + X4(1)S3 — X553 — 5380 + 5394(1) + 5395(1)
= X5(1)53 + 5395(1) + X4(1)53 + 5394(1) — (XQS3 + 5392).

From (14), it is immediate to conclude that X2S3 + S5 = —%Vf;. From (19)
and (20), we also conclude that

X5(1)S5 + 5305(1) = X4(1)S5 + S50 (1).

We claim that X5(1) = —X5 and Q5(1) = —Qy. To prove this fact, observe
that the curve fi(t,S3,S;) = e!X2 Sset®2 is the quasi-geodesic connecting Ss3
(at t =0) to Sy (at t = 1). Therefore,

Xy = %log((f — 28,8, )(I - 2535;—))

Qy = log(Sy e=X285).
Following (20),
X5(1) = $log((I — 28353 )(I — 2525, ) = —3log((I — 25255 )(I — 25353 ))
= *X27
Q5(1) = log(Sy e M 83) = log(Sy eX253) = —log(Sy e~ X28,) = —Qy,

where the latter comes from the orthogonality of Sy e*X2S3 [12, Theorem 7.
We can now conclude that 4(1) = V3, as required. O

The goal now is to solve the following problem.

Problem 2. Find a smooth curve v : [0,1] — St,, i satisfying the following
boundary conditions:

HO) =S, A)=S, O =V TO)=Wp ()

where Sy, Sz are given points in St,, i, Vo € Ts,St, 1, is the velocity of v at
t =0 and Wy € Ts,St,, 1 is the covariant acceleration of v att = 0.
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The idea is to rewrite the control points S; and Ss in terms of the given new
data. But, S; is easily computed by using the fact that it is the endpoint of the
quasi geodesic S (t, Sp, S1). So,

T T T T T
S, = e%(voso —SoVy +2S0V," S0 S, )Soeéso Vo (25)

It remains to compute Ss. )
The covariant acceleration % is obtained by projecting 4 into the tangent
space of St,, , which, according to [6], is given by
D4

— == vy ")¥ + v Skew (v " #), (26)

where Skew(A) = A_QAT.
So, it is enough to compute 4. The next two lemmas give the values for

X3(0) and Q3(0).
Lemma 11. Let X3 be defined by

1
Xs(t) = 3 log ((I —2e"%1518] e 1) (I — 2e' %0 G5 e~ ¥0)).

Then,
; 2u
X3(0) = (Xy). (27)
e’ 1 u=ad x
0
Proof. According to (23),
. 1d
X5(0) = 5 S1og (T — 218,57 €70 (1 — 261X05, 57 X))
=0
u
T w1 (((SlS;er - X188 )(I — 2808, )
u=adax

+ (1= 25:5T) (505 Xo — XoSoS])) (1~ 250571 - 25:8T)

U
et —1

(187 X1 = X188 )(1 = 28157

u:adgxo

+ (I = 28157)(SoSq Xo — X0S657)) (I — 28057 ) (I — 25153)).
Notice that, since X; € sog ¢7(n), i =0, 1, then

(S:8 Xi — X:8:8) (I —28:8]) = X;,

and also
(I —2818)Xo(I —25,8]) =—X,.
Therefore,
. u
X3(0) = (X1),
et —1 u=adax,
and the result follows. O

14



Lemma 12. For Q3 given by
Qs(t) = log (e*tQOSJe*tXOe*X?’(t)etXl Sleml),

we have
U

1—e v

Q3(0) =

(). (28)

u:adgo
Proof. Let’s begin by noticing that e=X05; S eXo = S55]. Thus,
. d
Q3(0) = pn log (e_tQUSS—e_tX°e_X3(t)etX1Sleml)
u
Ceu—1

t=0
e —1

(Xg(O)))e’XOSl

u=ad_ x

(( (QSq + g Xo + 57
u=adgq,

ST e X0(X, S + 5191)) ST eXDSO>

1—e™
<—SOT(X0+ -

u:adgo

u
et —1

(X5(0))) S0

u=adx,

ST e X0(X, S + 5191)) sy eXUSO> .

From [12, Proposition 3], it follows immediately that

1—e™

S(—)r (Xo +

(Xs(o))>50 =0,
u:adxo
1 — e ¥
since Xg + ¢

(X3(0)) € 505,57 ().

u:adx0
Let us now prove that Zy = e~ %0 X5, 5 eXo € ls,s7 (). Indeed, using
SpSg e~ X0 = X055 one can write
SoSy Zo + Z0SoSg = S0Sg e X0 X158 X0 + e X0 X158 X058,
=e %05 57 X158 S eXo 4 e X0 X, 8,85, eXo
——
=0

= eiXOXlSlSlTeXO = Zo.

This means that SOTe*X"XlSlslTeXO So = 0 and one gets

03(0) = — (Sg e X08,0,5] eXo5p) = —+ (e e )
eu - 1 u:adgo eu - 1 u:adgo
u , U
= (€420 (1)) = - ().
e — 1|, 1—e ™| ,_a
u=adgq u=adgq
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Using similar computations and arguments, we can also conclude that
X5(0) = 2X3(0) and Q5(0) = 2Q3(0).

In order to compute 4, notice that, according to (22), if ¢ — X(t) is a
differentiable matrix valued function, one has

d(etX(t)) et — 1

(X (1) +tX(t))e!*®

dt (3 u:adtx(t)
u __ 1 .
= X(t)eX® L & 72 (X (£))etX®).
u u:adtx(t)
Therefore,
d tX(t)
0 —x).
dt ‘=0
and using ¢! = % (n;‘rl)!, one can write
et —1 . . t2 t3
B (tX (1) = tX (1) + 5 [X(0), X ()] + —[X(t), [X (1), X ()] +
u u=ad;x (+) 2 6

It can be easily seen that

d2(etX(t))

= =2X(0) + X2(0).

t=0
Proposition 13. Given the curve v, defined in (17) by

'y(t) — etXS (t)etX3(t) etX() SoetQO eth(t)etQ{,(t)’
then
5(0) = L XoVoQo + 3(XoVo + VoSd) + 6(X5(0)So + SoQ23(0)),  (29)

where X3(0) and Q3(0) are given by (27) and (28), respectively.

Proof. Differentiating the curve v with respect to ¢, one gets

Y(t) = et X5 (1) gt X5 () ot Xo (XoSo + SOQO)etQU et (1) ot Qs (1)

N d(e!Xs () ¢ Xa(t) gt Xo G (1% t2a(t) 12 (1)
dt
d(eth(t))
tXs(0) 2\ )
e dt
Q
T et Xs(0) gt Xa (1) X0 g 1% d(etdg(t)) ot (1)
t
) d(etﬂs(t))
e

etXU SoetQ[] etﬂg (t)etﬂ5 (t)

4 etX5(t)6tX3(t)etX0 Soetﬂgetﬂg(t
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Knowing that X3(0) = X5(0) = Xy and Q3(0) = Q5(0) = Qo, we can write

~4(0) = Xo(X0So + S0€20)Q0 + 4X0(X0So + So0) + 4(XSo + SoQ0)Q20+
+2X2S0 + 8X0S0Q0 + 25092 + (2X5(0) + X2)So+
+ (2X3(0) + XZ)So + So(2€25(0) + Q2) + Sp(2923(0) + QF)
= Xo(X0S0 4 SoQ0)Q0 + 8X0(X0So + SoQ0) + 8(X0So + So€20)Q
+ 2(X5(0) 4 X3(0))So + 250(Q25(0) + Q5(0)).

Using XS + SoQ = Vo, X5(0) = 2X5(0) and Q5(0) = 2Q5(0), we get the
result. O

Theorem 14. The control points S1 and Sy used in the Casteljau algorithm
to generate the geometric cubic polynomial v : [0,1] — St,, i satisfying the
boundary conditions (24) are given by

S, = e%(VOSJ—SOVOT+250V0TSOSJ)SO€%SJVO

X Q
52:6 1516 1,

where
11—
011 (S50 + % (S 70)* + Skew(S] VoV W0))),
u:adgo
1 2u 1
X = 3 ¢ S <Skew(WoSOT) + SoWy SoSy — 5-Skew ((VoSg )%)
u:adxo

+ 5:50(S7 V6)* S — 1eSkew((VoSy )?) ).
Proof. Using the projection operator given by (26), we notice that
Wo = S Skew (Sq 5(0)) + (I = SoSg )5(0).
One can observe by doing some straightforward computations that
Sq4(0) = Sy X2S0Q0 + 8(Sg X280 + Q2) + 6523(0).
So,
Skew (Sy 5(0)) = 30 X3S0 + 10057 X3S0 + 623(0).
Using the condition SpS; X2y = X2So, one gets
So Skew(Sy #(0)) = 2 X2 5000 + 250905, X¢So + 6S0823(0).
Moreover,

(I =SS )7(0) = X050Q2 + 16X¢S0Q0 + 6X3(0)S.
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Hence,
Wo = 1X2S0Q0 + £5000S7 X3S0 + 6S023(0) + X509 + 16X0500
+ 6X5(0)Sp.
Multiplying on the left the above equation by S , it follows
Sg Wo = 3(Sg XS0 + Q0Sy X3So) + 6523(0). (30)
Performing some computations with the expression of Xy and Qg, we find that
X3 = L(VoVy SoSq — VoV — SoVy VaSy + 5087 VaVy')
So X580 = £(S0 VoV So — Vo' Vo)
So X358 = =57 ((Sg Vo) + Vo' VoSSy Vo)
Q0Sy X580 = 57 ((Sg Vo)* + Vo' VoSSg Vo)
By using the above into equation (30), one gets
So Wo = 3= (30" VaVo' So — 350 VoV Vo — (Sg Vo)®) + 6€23(0).
Using the expression for Q3(0) given by (28), we obtain

1—e™

u

1
. (53 Wo + 2 (87 V0)* + Skew(S] VoV 10)) ).

u=adgq,

In order to compute X;, we start by computing Wo Sy — SoW, +2SoW, S Sy -
Observe that
WoS, — SoW, = 2Skew(WyS, ),

and since X250S, = SoS; Xo, one gets
WoSy = 1X2S5020S] + 150005y X3S0S, + 6S023(0)Sg + X0So3Sy
+16X0509Q05, + 6X3(0)S0S,
= 1 X350Q05) + 3500205y Xg + 650€23(0)Sy + X050 Sy
+16X05090S, + 6X5(0)S0S; .
Therefore,
2Skew (WoSy ) = X2S0Q0S, + SoQ0S, Xo +1250Q3(0)S] + X0S0Q2S,
+ 800257 Xo + 16X050Q05; — 1650905, Xo
+ 6)(3(0)505(—)r + GSOSS—Xg(O)
= X205y + SoQ0Sg X2 4 125:03(0)S; + XS0035,
+ SOQ%SJXO + 16)(050905(;r — lﬁsoQongo + 6X3(0),
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and
250 W SoST = (f So0ST X2— X25,Q0S] — 1255$23(0)ST
— 250025] Xo + 32500057 Xo — 125057 Xg(O))SOSOT
= —50Q0S) X2 — X2S0Q0S] — 125,23(0)S .
Consequently,

2 Skew(Wy Sy ) + 2S0Wy So Sy =
= X0S0Q25) + SoQ2S Xo + 16(X0S502S; — So€0S, Xo) + 6X3(0).

To proceed, notice that
X0509285; = 5 ((VoSg )* — So(Sg Vo)*Sy )
So9%5Sg Xo = —5- ((SoVy')® + So(Sg Vo)®Sy )-
S0
X0S0250 + 50550 Xo = 5 (Skew((VoSg )*) — So(Sg Vo)*Sg )-
On the other hand, since
X0500S; = (VoSg VoSy + SoVy' SoSg VoSy ),
then
X050S) — 8055y Xo = 2Skew ((Vo Sy )?).
Therefore,
2 Skew (WoSy ) + 2SoW, SoS; =
= 3 (Skew((VoSy)*) — So(Sy Vo)*Sy ) + % Skew ((VoSy )*) + 6X3(0).
Finally, using the expression for X3(0) given by (27), we conclude that

e2v — 1
2u

X =

(Skew(WOSOT )+ SoWy SoSy — 2 Skew ((VoSJ)?)

u:adxo

+ £:50(S0 o)y — eSkew((VoS{ %))

W =

O

Remark 15. Using formula (17), one can evaluate points on the geometric
cubic polynomial at different values of the parameter t (only requires computing
exponentials of skew-symmetric matrices and logarithms of orthogonal matrices),
in order to compare the results with curves obtained using different approaches.
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Nowadays, there are stable algorithms to compute matriz exponentials and log-
arithms. For instance, MatLab already uses them.

A similar strategy might be applied when the Stiefel manifold is equipped with
the Euclidean metric, taking into account the numerical methods, involving the
shooting method and path-straightening, to approximate endpoint geodesics, as
done in [3]. Also, it would be interesting to compare the curves obtained in
Theorem 7 with the approrimate Riemannian cubic polynomials that result from
using geometric integrators and extended retractions in [1].
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