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CONSTRUCTING POSITION VECTORS FOR THE
INTERSECTION OF TWO AND THREE LINEAR VARIETIES

M. A. FACAS VICENTE AND JOSE VITORIA

ABSTRACT. Position vectors are much useful in several several fields, such as
Differential Geometry, Mechanics and in Engineering, in particular in Dimen-
sional Metrology. We generalize, for linear varieties in R", the corresponding
results referred to the Euclidean ordinary space. The Moore-Penrose inverse
of matrices plays an important réle in this paper. Generalizations for three
linear varieties of the Anderson-Duffin formulae are presented. We establish
several formulae for a position vector of the intersection of linear varieties.
Some characterization of the position vector is done in terms of centres of
spheres. Results, in the context of commuting projections, are given as well.

1. INTRODUCTION

The present paper is a natural continuation of two preceding papers on best
approximation pair of two linear and the distance from a point to the intersection
of spheres in linear varieties [5, 6]. With this paper, we conclude the tryptic about
this subject.

Position vectors are much useful for practical purposes, namely in Dimensional
Metrology, where all the measured parts are described in terms of position vectors.
Moreover, when performing calibrations of measuring devices, the position vectors
play a fundamental réle (see [11, 12, 13] and the references therein). In fact, almost
every measurement is done to obtain the coordinates of notable points (e.g. centres,
vertices, etc.) of the measured objects, in addition to its dimensions.

We consider a linear variety ¥ = vg + %), where vg is a position vector and % is
the unique direction space. A position vector is not unique. In the present paper,
we seek formulae for a position vector of given linear varieties. We are using the
centres of spheres in order to characterize position vectors of the intersection of
linear varieties.

Intersection of linear varieties have been considered in several papers [2, 19, 20,
10, 5]. Our characterization involves the intersection of subspaces (Proposition 6.1).
Characterization in [2] and [5] involves the sum of subspaces.

The Moore-Penrose generalized inverse T plays an important role in the results
we present. Also, it is well known the relation between the Moore-Penrose pseu-
doinverse and orthogonal projectors operators (see, for instance, [18]).

Generalizations of Anderson-Duffin formulae [5] are much used in the present
paper, including an extension for the intersection of three linear varieties.

This paper is organized as follows. In section 2, we deal with the Moore-Penrose
inverse and the projection onto linear varieties. The radical hyperplane of linear
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varieties is studied in section 3. Sections 4 and 5 refer to the position vectors
of the intersection of three linear varieties and position vectors in terms of the
commutativity of projectors, respectively. The characterization of position vectors
in terms of centres of spheres and intersection of subspaces is treated in section 6.
Finally, in section 7, we present some conclusions and remarks.

In the following, we set a list of results which will be used in the present paper.
Theorem 1.1.

(1) Let S C R™ be a subspace. Then P € R™ is the orthogonal projection onto
S if range (P) = S, P2 =P, and PT = P.

(2) The vector s of the linear variety M4 = mo+.Hy is the orthogonal projection
of a vector ¢ € R™ onto the variety A if and only if the vector ¢ — s is
orthogonal to the associate subspace My of M .

(8) If P is a projector, then Pt = P.

(4) If N is the kernel of a matriz N € M(m,n;R), then

P,=1I,—N'N.

(5) Let Ay be a vector subspace of R™ and B a matriz whose columns are a
basis for #y. Then the orthogonal projector P g, is given by

P4, =B(B"B) " BT.
(6) Let be the linear variety
ZL={reR": Lr=1}=L"+.4(L),
where LTl is the element of minimal norm of Lz = 1. Then
Pg(.’L‘) = L1 + PJV(L) (.’L‘)
(7) Let be the linear variety
M={x eR": Mz =m}=Mm+ (M),
where Mtm is the minimal norm element of Max = m. Then
Py (x) = Mm+ (I — MTM)z.
(8) Let A and B be two subspaces. Then A C B if and only if P4 = PaPp =
PpPa, where Py stands for the projection onto the subspace A.
(9) Two linear varieties & = LT+ %y and M = Mtm+ .4, are perpendicular
if and only if the respective associated subspaces £y and My are orthogonal.
(10) Let £y and Ay be two vector subspaces of R™. Then the orthogonal pro-
jector onto the intersection Ly N My is given by
]P)foﬂ//[o = 2]P)$0 (]P)fo + ]P)‘//ZO)T ]P)L/”O'
(11) Let £ and A be two intersecting linear varieties in R™ given by
.,?:{xER":Lx:l}:lo—i—,/V(L):lo—l—go
and

M ={xeR": Mz =m}=mo+ N (M) =mo+ 4.

4] L]

be the minimum norm solution of the consistent system

o= ]

Let
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Then

Poyna(r) = 2Py, (P, + Pay) P, (2) + { ]\L/[ r [ 751 } :

(12) The linear varieties £ = lo + % and # = mgy + My have nonempty
intersection if and only if

mg — lo € L+ .

(13) We say that the spheres S;1 = S(c1,7m1) and Sy = S(ca,72) in R™ have
nonempty intersection if and only if

[r1 — ro| < |le1 — co|| < r1 4 ro.

Proof. For (1), (3), (4) and (5), see [5] and the references therein. For (2), see [8,
Theorem 9.26, p. 215]. For (6), see [5, Remark 3.2] and [15, Coroldrio 3.4]. For
(

(7), see [5, Remark 3.5]. For (8), see [19], [24, Theorems 4.30 and 4.31, pp. 82-83]
and [9, p. 481]. For (9), see [7]. For (10), see [1]. For (11), see [5]. For (12), see [2,
Theorem 5, p. 185]. O

2. MOORE-PENROSE INVERSE AND PROJECTION ONTO LINEAR VARIETIES

A relation between the orthogonal projection onto the intersection of two linear
subspaces and the orthogonal projectors on each subspace is given by the well
known Anderson-Duffin formula [1]. An extension for two linear varieties is given
in [5, Proposition 3.7].

We generalize these results to the intersection of three linear varieties, which is
motivated by considering distances between a point and the intersection of spheres
[6, Proposition 4.1]. In the latter reference, it is extended a formula concerning the
distance between a point and the unit sphere in a subspace of R™ [4, p. 1428].

Proposition 2.1. Let %, £ and .# be three intersecting linear varieties in R™
given by
%:{l’ERnKlL':k}:k0+JV(K):ko+%,

gi{l’ERn:L:L’:l}:lo+</1/(L):lo+$0

and
M={xeR": Mz=m}=mo+ N (M) =mo+ 4.
Let
K1k
L l
M m
be the minimum norm solution of the consistent system
K k
L r= |1
M m
Then
(1)
KT k
HANLNA=| L I |+ A (EK)NA(L)NA (M)
M m
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(2)

:
Pyngna(t) = AP (B +Pag) Py |2P (P +Pag) Pagy + Py | P ()

K17 &
+ | L l
M m

Proof. For (1), see (6) of Theorem 1.1. For (2), notice that

wnz=frer:[]e=[¢])

=$0+(¢%/ﬂ.,g)0

e ([£])

=zo+ A4 (K)NA (L)
=x9+ HNZL.
Therefore, we have

Pyngna () = Penxna ()

K11 &
=Penayna(@)+ | L !
M m
T K T
= {QP(zm%)o (Peznwny, +P.as) ]P’//zo] (x)+| L !
M

By the Anderson-Duffin formula (see (10) in Theorem 1.1),
Pienx), = Prong
= 2P, (P, + Pz Py

Hence,

;
Poyngna(®) =4Px (P +Py) Py, 2Py (Poy +Pg) Py + Py | Poa,(2)

K1 &
+ L l
M m

3. RADICAL HYPERPLANE OF LINEAR VARIETIES

The radical hyperplane of spheres plays an important réle when studying the
intersections of spheres in linear varieties. Properties of the radical hyperplane of
spheres are dealt with in [0].

The concept of the power of a point with respect to a sphere and the concept of
the radical hyperplane of two spheres are related.

For special spheres, we introduce the concept of radical hyperplane of linear
varieties.

Definition 3.1. Let S(c,r) be a sphere with centre ¢ € R” and radius r. For each

point x € R™, the number

e = e|* =
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is called the power of x with respect to S(c,r).

Let S; = S(c1,7r1) and So = S(ca,72) be two spheres in R™. The radical hy-
perplane of the spheres S7 and S is the set of points with the same power with
respect to the two spheres,

H(S1,82) = {w € R : |z —a|* = v} = ||o - cal)” = 13}

Let the spheres S (c1,71) and S_z(ca,72) be subsets of the linear varieties £
and . of R™. We will consider the radical hyperplane of these spheres as the radical
hyperplane of the spheres S; = S(c¢1,71) and Sy = S(c2,72) in R™,

H (S, Su) = (51,5).

The notation S stands either for . (S1,S2) or for 5 (S¢,S.«), depending on
the context.

In the next result, we extend, for the radical hyperplane, some properties of the
radical plane in the Euclidean space R3. See [, Proposition 2.5] and the classical
references therein.

Theorem 3.2. Let S(c1,71) and S(ca,r2) be two spheres in R™ with distinct centres
and let A be their radical hyperplane. Then:

(1) 2 is perpendicular to the line c¢ics.

(2) If the spheres have non-empty intersection, then the radical hyperplane €
contains the intersection of the two spheres and intersects the line cico at
the point

N r%—r%—i—dQ T%—T%-l—dQ

CT T T @ 22

where d = ||c1 — ca|.
(8) If the spheres have empty intersection, then the radical hyperplane S in-
tersects the line cico at the point
. Ta—r?4d? r? —r? +d?

€T T e @ 22

C2,

where d = ||c1 — co|.
(4) The radical hyperplane S is given by
H ={xeR": Hr = h},
with H = 2(c} — T and h = ||ea||* — 12 = ||ea||® + 3.

Proof. For (1) and (2). The point ¢* belongs to the intersection of the line ¢jco
and the radical hyperplane 5. Hence, regarding ¢*, we consider the equations

c=c1+ A2 — 1)
c*=cot+A—1)(c2 —c1) )

2 2
le* —erll” =rf = [|c* —eaf” =73
from which we get, successively,
\— r% — r% + d?
N 242
and
2 2 2
N ri—r5+d
c =c+——5—(2—c
1 2 (c2 1)
_r%—r%—i—dQC r%—r%—i—dQC
242 ! 242 *

For (3). We walk the same path by considering an ”imaginary” sphere which is the
intersection of two non-intersecting spheres S(cy,r1) and S(c2,732). O
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Next, we present the concept of radical hyperplane of two linear varieties.
Definition 3.3. Let £ and .# be the linear varieties
L={zecR": Le=1}=LI+.4(L)
and
M ={x €R": Mz =m}=M'm+ .4 (M),

such that LTl # MTm.

The radical hyperplane of the spheres S(L'1, ||MTmH) and S(M'm,, HL’LZH) is
called the radical hyperplane of the linear varieties £ and .4 and is denoted by
(L, M).

As a consequence of Theorem 3.2, we have the following.

Proposition 3.4. Let £ and 4 be two intersecting linear varieties
L ={zecR": Le=1} =L+ (L)
and
M= {x eR": Mz =m}=Mm+ .4 (M),

such that LYl # MTm.
Let be the intersecting spheres

Sy = S(L'I, HMTmH) ={zeZ:| —LTlH = ||MTmH}
and

Sa=SMm, |L'|)={z €. |z—Mm|=|L|}.
Then Py (c*) is a position vector of L N M, where

2 2 2 2
[ Mm||” = LU+, LYY = [|M Y[ + o
2d? 2d?

with d = ||LTZ — MTmH.

| .

Proof. Since Ll # MTm, these points cannot belong together to .Z N .#. The
centre ¢* is an element of the line passing through Lfl and MTm, so it cannot
belong to Z N .. O

Corollary 3.5. The hyperplane (%, . #) contains the point Mtm + LTI

Corollary 3.6. The radical hyperplane of two linear varieties £ and # is a
subspace of R™ if and only if £ and A are at the same distance of the origin.

Remark 3.7. For the particular spheres
Sy =S (L', |

L)
and
S =5 ('m, |M'm]),
the radical hyperplane (%, #) is a subspace.
The next result is used in the proof of Corollary 3.11.

Corollary 3.8. The element of (¥, #) with minimal norm is

o JEE ]

t ot
T (L1 — Mm) .
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Proof. The radical hyperplane (%, .#) is given by
H ={xeR": Hr = h},

where H = (LT)T — (MTm)T and h = HLTZHZ — HMTmHQ.
Since the matrix H = (LT)T — (MTm)T has only one row, its Moore-Penrose
inverse is given by
(LTl — MTm)||L1T - MTml||~
and the result follows. O
Corollary 3.9. Suppose that LTl and Mtm are collinear with the origin. Then the
radical hyperplane 7%, #) is parallel to £ and M .

Proof. If L'l and Mtm are collinear with the origin, then the line passing through
the points Ll and MTm is perpendicular to .Z and to .#. Hence, . and .# must
be parallel to the hyperplane (%, ). O

In the next result, it is set a relationship between the intersection of linear
varieties and the corresponding radical hyperplane. The radical hyperplane contains
the intersection the spheres and also the intersection of the linear varieties that
contains the spheres.

Proposition 3.10. Let .Z and .4 be two intersecting linear varieties
L={zecR": Le=1}=L1+.4(L)
and
M= {x eR": Mz =m} =M'm+ ¥ (M).

Then:

(1) If L'l = Mm, then L'l is a position vector of £ N .4 .

(2) If LYl # M'tm, then £ 0 .4 is contained in the radical hyperplane of £

and M
LM CHNL, MH).

Proof. Let v € £ N.#. Thenv— Ll € # (L) and v — Mtm € A4 (M). Therefore,
lo = ZU2[” = ||acm]* = ol = [[Z12]]" — [ ]
In fact, we have
Jv— LTI||* = (v—LT1) o (v — LT
— |[v]l* = 2v e LiT 4 || L11||.

As the point L1l is orthogonal to the subspace .4 (L) (see (2) of Theorem 1.1), and
hence orthogonal to the point v — LTI, we get

0= (v—Lfl)eLil=veLll—|L|.
So,
ve Ll =Ll
Finally,
o= Zh " = oll® = |2t
Analogously, mutatis mutandis, we have
o= 2tm||” — LR = flo]* — |[arm] — [[£12] "

This way, we see that v has the same power with respect to the spheres (LT, ||MTmH)
and S(Mtm, HLTZH) and therefore we conclude that v belongs to their radical hy-
perplane € (L, ). O
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The projection of the element of minimal norm of the radical hyperplane (%, .#)
is the element of minimal norm of Z N .Z.

Corollary 3.11. Let .Z and 4 be two intersecting linear varieties
L={xecR": Le=1} =L+ (L)
and
M={xeR": Mz =m}=Mm+ (M),
where LTl # Mtm.

Then
HLUHQ — HMTmH2 : [ L T [ l }
P Lt — Mt = )
LN ( HLTZ—MTm||2 ( m) M m

Proof. From Proposition 3.10, we have £ N .# C (L, #). Setting

LH|* = | Mfm)|)?

|LH — Mim]
we get, by using the Anderson-Duffin formula for linear varieties (see (11) in The-
orem 1.1),

m
As Nl C H(L, M), we obtain Ly N My C HH(L, #). Hence, from (8) in
Theorem 1.1 and [20, 24],

Ponns (@) = (Pzonay) Pty (07)

= ]P)foﬂ//lo (0)
= O’

Peou () =Pesyn.a, (47) + [ 54 ]T [ l ] .

as %y N Ay is a subspace and Pg (z) = z if z € S and S is a subspace. This ends
the proof. O

4. POSITION VECTORS OF THE INTERSECTION OF THREE LINEAR VARIETIES

We consider spheres and their intersections with linear varieties. The case of the
intersection of three linear varieties is dealt with by using a suitable generalization
of the Anderson-Duffin formula.

Proposition 4.1. Let £ and 4 be two intersecting linear varieties
ZL={xeR": Le=1}=1l+ %
and
M ={x eR": Mx=m}=mg+ Hp.
Let be two spheres with non-trivial intersection
Se(cr,r)={ze? |lz—acl=r, aef}
and
Sulca,mo)={x e M ||z —c|| =12 c2€ H}.
Let be the radical hyperplane
H = (Se,S.u)
={zeR": Hx = h}
= ho + 5.
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Then a position vector of the intersection 7€ N.L N of the three linear varieties
I, L and M is given by

H
t

= 4P (P% + [Pl?o)]L P, [QP% (P% + Pffo)T P, + P///o:| Pz, (C*)+ L
M

where c* is

2_ .2 72 2_ .2 72
o TaTT +d o ri—rs+d .
2d? 2d?
with d = HCl — 82” .
Proof. See Proposition 2.1 and [0, Proposition 2.1]. O

In the next result, we express, in another way, the projection of a point onto the
intersection of three linear varieties.

Proposition 4.2. Let be two intersecting linear varieties

L={zeR": Le=1l} =+ %
and

M ={x eR": Mx=m}=mg+ Ap.
Let be two spheres with non-trivial intersection
Sg(c,m)={zeZ lxa—c|=r, ca€Z}
and
Sulca,mo)={x €M :||lx—c3|| =12, c2€M}.
Let 7 be the radical hyperplane given by
H = (Se,Su)

={zeR": Hx = h}
= hy + 4.

Then a position vector of the intersection € N.L N .M of the three linear varieties
I, L and M is given by

g=(I—F'F)(c")+ F'f,

where
C*irgfrf+d2c r%fr§+d2
- 2d2 ! 2d2

and d = ||e; — co||, with F and f expressed by

C2

H h
F=1| L and f= l
M m

Proof. See (7) of Theorem 1.1 and [6, Proposition 2.6]. O
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5. POSITION VECTORS IN TERMS OF COMMUTATIVITY OF PROJECTORS

In this section we deal, in two settings (linear subspaces and linear varieties),
with projectors that commute. Commutative projectors do constitute a subtle
subject, and it is the object of a quantum-mechanical interpretation, as considered
in [4, Remark 10.8, p. 1456], [21, 22] and [23].

Proposition 5.1. (1) Let be two linear subspaces
Ly={xeR": Lz =0}
and
My ={x e R": Mz =0}.
Then the orthogonal projectors onto £y and My commute, i.e.
PoP sy =P.aPes,
if and only if
L'LM'M = MYMLTL.
(2) Let be two linear varieties
L ={xeR": Le =1}
and
M ={zxeR": Mx=m}.
Then the orthogonal projectors commute, i.e.
PPy =PuPs
if and only if
L'LM'M = MTML'L
and
MYMLY = LTLM'm.
Proof. For (1). See [24, Theorem 4.30, pp. 82-83].

For (2). By (6) in Theorem 1.1, we see that the orthogonal projectors commute,
i.e.
PePu =PuPe
if and only if, for every = € R", we have
LU+ Py (M'm 4Py (@) = Mim 4Py (L1 + Py (2)
That is to say
(IP./V(M)]P)JV(L) — ]P,/V(L)]P)JV(M)) (.TC) = MTMLTZ — LTLMTTI‘L, z € R™.
This is equivalent to
PyonPywy =Pira)Payon
and
MYMLTl = LTLMtm.
U

In the case the projectors do commute, the projections of the minimal points of
the linear varieties play an interesting role.
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Proposition 5.2. Let be two intersecting linear varieties
&L =L+ .4 (L)
and
M= Mm+ N (M).
Let
PyPy =P 4Pe.
Then Py (MTm) =Py (LTl) is a position vector of £ N .# .
Proof. Using (7) of Theorem 1.1, we have
Pg(M™m) = LT+ Mtm — L'LM™m
and
P (LTl = LY + M'm — MTM L.
Using Proposition 5.1, we get LTLMTm = MYML'l. This ends the proof.

6. CHARACTERIZATION OF POSITION VECTORS IN TERMS OF CENTRES OF
SPHERES AND INTERSECTION OF SUBSPACES

Finding a position vector of the intersection of linear varieties is useful when
studying the projection of a point onto the intersection of two spheres and in the
study of the distance between a point and a sphere [6, Propositions 3.4 and 4.1].

Next, we find the position vector of the intersection of two linear varieties in
terms of intersecting spheres in R™.

Proposition 6.1. Let be the intersecting spheres S1 = S(c1,71) and S = S(ca,72)
in R™. Let be given two intersecting linear varieties

L={zeR": Le=1l}=c+%

and

M={x eR”: Mz =m}=cy+ H.
Then the centre c* of the sphere S1 N Sa, given by

r3 —r? +d? r? —r? +d?
c = C1
2d2 2d?

is a position vector of the linear variety £ N A if and only if

027616300%0,

*

C2,

where d = ||c1 — ¢

Proof. The centre ¢* was achieved in Theorem 3.2 and in [6, Proposition 2.5].
Notice that ¢* € £ if and only if ¢* — ¢y € 4. Since ¢; — ¢; and ¢* — ¢; are
linearly dependent, this is equivalent to co — ¢; € %. Analogously, we conclude
that ¢* € 4 if and only if co — ¢; € #y. Therefore, ¢* € £ N .# if and only if
co—c1 € LN .M. O

Remark 6.2. By (12) of Theorem 1.1, the position vectors ¢; and c¢o of the linear
varieties satisfy the relation co — ¢; € £y + #y. In Proposition 6.1, these position
vectors must satisfy simultaneously the relations co — ¢; € £ N Ay and ¢ — ¢1 €

Lo + M.
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7. CONCLUSIONS AND REMARKS

In this paper, we dealt mainly with linear varieties with non-void intersection.

The centre of the intersection of spheres plays a fundamental réle in the most of
the present paper.

We set results concerning vectors belonging both to the sum of subspaces and to
the intersection of subspaces (Remark 6.2). This leads us to consider the Zassenhaus
algorithm, which allows find simultaneously a basis for the intersection of subspaces
and a basis for the sum of two subspaces [16, pp. 207-210].

Use was made of the subtle concept of commuting projectors. Some results were
offered in this context, both to the intersection of subspaces and to the intersection
of linear varieties. If, however, we intended to extend our preoccupations to the
best approximation pair of two non-intersecting linear varieties [5, Corollary 4.17],

o = (LD + MM — L LMt M) (L4 Mim — LTLMm)
and
y* = (L'L+ MM — MM D) (L1 4+ Mt — MTMLY)

the use of commuting projectors will allow to drop the exponent t in the expressions
of the referred to best approximation points. In fact, in the commutative context,
the Boolean sum [17]

L'LeoMM=LL+MM-LLM'M

is a projector ([3, Fact 3.13.20], [9, p. 481] and [17, p. 126, Lemma 11.1]).

The radical hyperplane plays an important role in the present paper. It exists
even when the linear varieties do not intersect. We observe, moreover, that the
radical hyperplane usually is not parallel to the separating hyperplanes ([3, pp.
105-106] and [14]) of the non-intersecting linear varieties.
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