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Abstract. We study the fully nonlinear quenching problem and estab-

lish sharp C
1,α
loc −estimates and optimal growth at the free boundary in

two distinct scenarios: the uniformly parabolic case and the degenerate

elliptic case with oscillatory singularities. For the former, we refine, in

particular, the recent asymptotic results in [5].

1. Introduction

In this paper, we study local regularity properties of viscosity solutions

to free boundary problems with singular absorption terms. The first model

we consider is
{

F (D2u)− ∂tu = γuγ−1 in ΩT ∩ {u > 0},

u = φ on ∂pΩT ,
(1.1)

governed by a fully nonlinear uniformly parabolic operator F . The second

model is
{

|Du|κ(x)F (D2u) = γ(x)uγ(x)−1 in Ω ∩ {u > 0},

u = φ on ∂Ω,
(1.2)

governed by a degenerate elliptic operator. Here, γ, γ(x) ∈ (0, 1) corre-

spond to the singular absorption terms, while κ(x) ≥ 0 in the second model

represents the degeneracy associated with the gradient of the solution.

In the elliptic case and for κ(x) = 0, PDEs of this form arise as the

Euler–Lagrange equations of the functional
∫

1

2
|Du|2 + uγ dx.

The case γ = 0 and γ = 1 correspond to the cavitation problem and the ob-

stacle problem, respectively. The intermediate case γ ∈ (0, 1) is the quench-

ing problem we will address.
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The cavitation problem, also known as the Alt–Caffarelli problem, was

treated in the variational setting by Alt and Caffarelli in [1]. Later, Ricarte

and Teixeira in [17] studied the fully nonlinear case. The obstacle problem

was studied by Caffarelli in [10] and later extended to the fully nonlinear

setting by Lee and Shahgholian in [14]. In the case of the quenching problem,

also known as the Alt–Phillips problem, Alt and Phillips studied it in [2],

and Araújo and Teixeira extended it to the fully nonlinear uniformly elliptic

case in [7].

The quenching problem refers to a phenomenon for which a process or

reaction abruptly stops or vanishes, often encountered in combustion theory,

heat transfer, and chemical reaction models. The quenching problem has

been extensively studied over the years, and numerous results are available

in the literature. For the variational setting involving the Laplacian oper-

ator, we refer readers to [2, 16, 15, 20]. In the nonvariational setting with

fully nonlinear uniformly elliptic operators, the authors in [7] obtained op-

timal regularity along the free boundary by investigating the fine oscillation

decay of limiting solutions. For degenerate elliptic operators, Teixeira in

[18] established optimal regularity of solutions along the free boundary. In

the uniformly parabolic case, sharp regularity result was obtained in [5] by

constructing proper barrier functions. We refer the reader to [4] and [6] for

further related extensions.

In this paper, we first establish the existence of nonnegative viscosity so-

lutions to (1.1) and (1.2) obtained as uniform limits of positive solutions

to penalized problems. Subsequently, we derive sharp local regularity re-

sults by analyzing the regularity properties of the positive solutions to these

penalized problems. For the uniformly parabolic case (1.1), we improve

upon the result in [5], which provides regularity for exponents strictly less

than the optimal value. By applying Jensen–Ishii’s lemma twice, we ob-

tain more refined estimates, ultimately enabling us to achieve the optimal

exponent. In the degenerate elliptic case (1.2), we establish the result for

the variable exponent case corresponding to oscillatory singularities under

appropriate assumptions on κ(x) and γ(x). The proof relies upon the use

of both Jensen–Ishii’s lemma and Hopf’s lemma.

The paper is organized as follows. In Section 2, we introduce notation,

the basic assumptions and known results that will be used throughout. In

Section 3, we establish the sharp local regularity and the optimal growth at

the free boundary for uniformly parabolic operators by repeatedly applying

Jensen–Ishii’s lemma. In Section 4, we treat the case of a degenerate elliptic

operator with oscillatory singularities.
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2. Preliminaries

2.1. Notation and definitions. Let Sn denote the space of real n×n sym-

metric matrices. For parameters 0 < λ ≤ Λ, the Pucci extremal operators

M±
λ,Λ : Sn → R are defined as

M+
λ,Λ(M) = Λ

∑

ei>0

ei + λ
∑

ei<0

ei and M−
λ,Λ(M) = λ

∑

ei>0

ei + Λ
∑

ei<0

ei,

where ei = ei(M) are the eigenvalues of M ∈ Sn. We denote with Aλ,Λ the

set of symmetric matrices M such that λI ≤ M ≤ ΛI. Note that

M+
λ,Λ(M) = sup

A∈Aλ,Λ

tr(AM) and M−
λ,Λ(M) = inf

A∈Aλ,Λ

tr(AM).

For a bounded open domain Ω ⊂ R
n, with a smooth boundary, and T > 0,

let ΩT = Ω × (−T, 0]. Denote by ∂pΩT the parabolic boundary of ΩT . For

(x0, t0) ∈ ΩT and r > 0, we define the intrinsic parabolic cylinder

Qr(x0, t0) = Br(x0)× (t0 − r2, t0],

where Br(x0) denotes an open ball in R
n centered at x0 with radius r. For

convenience, we donote Br = Br(0) and Qr = Qr(0, 0).

Following [13], we introduce the definition of viscosity solution for the

equation

F (D2u)− ∂tu = g(u, x, t) in ΩT , (2.1)

where g ∈ C(R × ΩT ). A similar definition applies to the elliptic case. We

denote by USC(ΩT ), respectively LSC(ΩT ), the set of upper, respectively

lower, semicontinuous functions on ΩT .

Definition 2.1. A function u ∈ USC(ΩT ) (resp., u ∈ LSC(ΩT )) is a

viscosity subsolution (resp., supersolution) of (2.1) if, for every (x0, t0) ∈ ΩT

and ϕ ∈ C2,1(ΩT ) such that u − ϕ has a local maximum (resp. minimum)

at (x0, t0), we have

F (D2ϕ(x0, t0))− ∂tϕ(x0, t0) ≥ (resp., ≤) g(u(x0, t0), x0, t0).

We say that u ∈ C(ΩT ) is a viscosity solution if u is both a viscosity super-

solution and a subsolution.

We next recall the concept of parabolic superjet/subjet introduced in [12,

Section 8].
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Definition 2.2. Let v : ΩT → R be an upper semicontinuous function. For

every (x, t) ∈ ΩT , the parabolic superjet of v at (x, t) is the set

P+(v)(x, t) =
{

(a, p,X) ∈ R× R
n × Sn |

v(y, s) ⩽ v(x, t) + a(s− t) + ⟨p, y − x⟩

+
1

2
⟨X(y − x), y − x⟩

+ o(|s− t|+ |y − x|2) as (y, s) → (x, t)
}

.

The corresponding limiting superjet of v at (x, t) is

P
+
(v)(x, t) =

{

(a, p,X) ∈ R× R
n × Sn |

∃(xm, tm, am, pm, Xm) such that

(am, pm, Xm) ∈ P+(v)(xm, tm), and

(xm, tm, v(xm, tm), am, pm, Xm) → (x, t, v(x, t), a, p,X)

as m → ∞
}

.

Subjets P− and limiting subjets P
−
are defined analogously for lower semi-

continuous functions, replacing ≤ with ≥ for the former and P+ with P− for

the latter. In the elliptic case, superjets and subjets are defined similarly,

as described in [12, Section 2].

2.2. Known results. We recall here Jensen–Ishii’s lemma (cf. [12]). We

state it for the parabolic case, but a similar result also holds in the elliptic

case.

Lemma 2.1 (Jensen–Ishii’s lemma). Let v ∈ C(Q1) and suppose that

Φ(x, y, t) = v(x, t)− v(y, t)− Lϕ(|x− y|)−K(|x|2 + |y|2 + (−t)2)

has a local maximum at (x, y, t) ∈ Q1 with x ̸= y for L,K > 0. Then, for

every sufficiently small ι > 0, there exists τ ∈ R, p ∈ R
n and X,Y ∈ Sn

such that

(τ + 2Kt, p+ 2Kx,X) ∈ P
+
(v)(x, t),

(τ, p− 2Ky, Y ) ∈ P
−
(v)(y, t),

and
(

X 0

0 −Y

)

≤ L

(

Z −Z

−Z Z

)

+ (2K + ι)

(

I 0

0 I

)

, (2.2)

where

|p| = Lϕ′(|x− y|)
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and

Z = ϕ′′(|x− y|)
x− y

|x− y|
⊗

x− y

|x− y|
+

ϕ′(|x− y|)

|x− y|

(

I −
x− y

|x− y|
⊗

x− y

|x− y|

)

.

Remark 2.1. Note that applying the matrix inequality (2.2) to the vec-

tor (ξ, ξ), for ξ ∈ R
n arbitrary, implies that every eigenvalue of Y − X is

greater than or equal to −(4K + 2ι). Similarly, applying (2.2) to the vector
(

x− y

|x− y|
,−

x− y

|x− y|

)

shows that at least one eigenvalue of Y −X is greater

than or equal to −4Lϕ′′(|x− y|)− (4K + 2ι).

3. Optimal regularity in the uniformly parabolic case

In this section, we examine the fully nonlinear parabolic problem

{

F (D2u)− ∂tu = γuγ−1 in ΩT ∩ {u > 0},

u = φ on ∂pΩT ,
(3.1)

and establish the existence and optimal regularity of a solution under the

following assumptions.

(A1): F is (λ,Λ)-uniformly elliptic, i.e.,

M−
λ,Λ(M −N) ≤ F (M)− F (N) ≤ M+

λ,Λ(M −N),

for every M,N ∈ Sn.

(A2): F is 1-homogeneous, i.e.,

F (tM) = tF (M),

for every t ≥ 0 and M ∈ Sn.

The first main result of this paper is the following.

Theorem 3.1. Let γ ∈ (0, 1), φ ∈ C(∂pΩT ), with φ ≥ 0, and assume (A1)

and (A2). There exists a nonnegative bounded viscosity solution u to (3.1)

in the sense of Definition 2.1, and u is locally of class C1,α, for every

α ∈

(

0,
γ

2− γ

]

∩ (0, αF ) ,

with the estimate

sup
(y,s)∈Qr(x,t)

|u(y, s)− u(x, t)−Du(x, t) · (y − x)| ≤ Cr1+α,

for Qr(x, t) ⋐ ΩT , where C = C(n, λ,Λ, γ, α, ∥u∥L∞). Moreover, for each

free boundary point (x, t), u is of class C
1,

γ
2−γ at (x, t), with the estimate

sup
Qr(x,t)

u ≤ Cr
1+

γ
2−γ ,
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for Qr(x, t) ⋐ ΩT , where C = C(n, λ,Λ, γ, ∥u∥L∞).

Remark 3.1. The constant αF in the statement of the theorem denotes the

optimal exponent associated with the C1+µ, 1+µ
2 −regularity theory for solu-

tions of F -caloric functions, i.e., solutions of the equation F (D2h)−∂th = 0

(see [19]).

We construct our solution to (3.1) as the limit of solutions to singularly

penalized approximating problems. Let ρ ∈ C∞(R) be a nonnegative smooth

function with compact support in [0, 1], such that
∫

ρ = 1. For each ϵ ∈

(0, 1), define the real function

βϵ(s) = γ

∫ σ(s)

0
ρ(θ) dθ,

where σ(s) := sϵ
2

γ−2 − σ0, for σ0 ∈ (0, 1), which converges to γχ{s>0} as

ϵ → 0. Here, χE denotes the characteristic function of a set E. We consider

the penalized problem

{

F (D2uϵ)− ∂tuϵ = βϵ(uϵ)u
γ−1
ϵ in ΩT ,

uϵ = φϵ on ∂pΩT ,
(3.2)

where ϵ ∈ (0, 1) and φϵ = φ + ϵ
2

2−γ . The following result concerns the

existence of a positive solution to (3.2) and is taken from [5, Section 3].

Proposition 3.1. There exists a viscosity solution uϵ to (3.2). Moreover,

uϵ satisfies

0 < uϵ ≤ ∥φ∥L∞(∂pΩT ) + 1 in ΩT .

For ease of notation, hereafter in this section, we will denote uϵ by u.

Following the approach of [7], we will examine the regularity of the auxiliary

function

v := u
2−γ
2 .

By direct calculation, we have

Dv =
2− γ

2
u−

γ
2Du (3.3)

and

D2v =
2− γ

2
u−

γ
2D2u−

2− γ

2

γ

2
u−

γ
2
−1Du⊗Du. (3.4)

Using (3.3), (3.4) and (A2), we rewrite the equation in (3.2) as (see [5])

F (D2v + δv−1Dv ⊗Dv)− ∂tv = f(x, t)v−1 in ΩT , (3.5)
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where

δ =
γ

2− γ
and f(x, t) =

2− γ

2
βϵ

(

v(x, t)
2

2−γ

)

∈ [0, 1).

The following Hölder regularity of v in the space variables has been ob-

tained in [5, Thm. 1].

Proposition 3.2. Let v ∈ C(Q1) be a positive viscosity solution to (3.5)

in Q1. Then, for each µ ∈ (0, 1), there exists C > 0, depending only on

n, λ,Λ, γ, µ and ∥v∥L∞(Q1)
, such that

|v(x, t)− v(y, t)| ≤ C|x− y|µ,

for every (x, t), (y, t) ∈ Q 1
2
.

Now, we build upon Proposition 3.2 to obtain the Lipschitz regularity of

v in the space variables, thus unlocking our optimal regularity result.

Theorem 3.2. Let v ∈ C(Q1) be a positive viscosity solution to (3.5) in

Q1. Then, there exists C > 0, depending only on n, λ,Λ, γ and ∥v∥L∞(Q1)
,

such that

|v(x, t)− v(y, t)| ≤ C|x− y|, (3.6)

for every (x, t), (y, t) ∈ Q 1
2
.

Proof. Define in Q1

Φ(x, y, t) = v(x, t)− v(y, t)− Lw(|x− y|)−K(|x|2 + |y|2 + (−t)2),

where, for a parameter a ∈ (1, 2) to be determined later,

w(t) =

{

t− 1
a t

a if 0 ≤ t < 1,

1− 1
a if t ≥ 1.

Then, for 0 < t < 1, we have w′(t) = 1 − ta−1 and w′′(t) = −(a − 1)ta−2.

Note also that

w(t) ≥
t

2
, (3.7)

for sufficiently small t. We will prove that

max
B 1

2
×B 1

2
×[− 1

4
,0]
Φ ≤ 0, (3.8)

for sufficiently large L and K. Then (3.6) follows from the standard trans-

lation argument.

To prove (3.8), assume, by contradiction, that Φ attains its positive max-

imum at (x, y, t) ∈ B 1
2
×B 1

2
× [−1/4, 0]. Then, we have x ̸= y,

v(x, t)− v(y, t) ≥ Lw(|x− y|) > 0, (3.9)
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and

v(x, t)− v(y, t) > K
(

|x|2 + |y|2 + (−t)2
)

.

By Proposition 3.2, we have

|v(x, t)− v(y, t)| ≤ C|x− y|µ,

where µ ∈ (0, 1) is to be determined later. From

1

3
(|x|+ |y|+ |t|)2 ≤ |x|2 + |y|2 + (−t)2 ≤

v(x, t)− v(y, t)

K
≤

C|x− y|µ

K
,

we get

|x|+ |y|+ |t| ≤

(

3C

K

) 1
2

|x− y|
µ
2 . (3.10)

From (3.10), by choosing K sufficiently large, we ensure that

(x, y, t) ∈ B 1
10

×B 1
10

×B 1
100

.

Now, we can obtain τ ∈ R, p ∈ R
n and X,Y ∈ Sn, such that

(τ + 2Kt, px, X) ∈ P
+
(v)(x, t), (3.11)

(τ, py, Y ) ∈ P
−
(v)(y, t), (3.12)

where px = p + 2Kx and py = p − 2Ky, with the estimate given by

Lemma 2.1. We can choose L sufficiently large so that

1 ≤
1

2
|p| ≤ |px|, |py| ≤

3

2
|p|. (3.13)

Note that, by (3.10),

|py − px| = 2K|x+ y| ≤ 2(3CK)
1
2 |x− y|

µ
2 . (3.14)

By applying (3.11) and (3.12) to equation (3.5), we obtain the inequalities

F (X + δv(x, t)−1px ⊗ px)− (τ + 2Kt) ≥ f(x, t)v(x, t)−1,

F (Y + δv(y, t)−1py ⊗ py)− τ ≤ f(y, t)v(y, t)−1.

Then, we get

F
(

Y + δv(y, t)−1py ⊗ py
)

− F
(

X + δv(x, t)−1px ⊗ px
)

(3.15)

⩽ K + f(y, t)v(y, t)−1 − f(x, t)v(x, t)−1.

On the other hand, for every η > 0, there exists Mη ∈ Aλ,Λ such that

F
(

Y + δv(y, t)−1py ⊗ py
)

− F
(

X + δv(x, t)−1px ⊗ px
)

⩾ tr
(

Mη

(

Y + δv(y, t)−1py ⊗ py (3.16)

−X − δv(x, t)−1px ⊗ px

))

− η.
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From (3.15) and (3.16), we obtain

K + η ⩾ tr
(

Mη(Y −X)
)

(3.17)

+ v(y, t)−1
(

δ tr(Mηpy ⊗ py)− f(y, t)
)

− v(x, t)−1
(

δ tr(Mηpx ⊗ px)− f(x, t)
)

.

From Lemma 2.1,

tr(Mη(Y −X)) ≥ λ(−4Lw′′(|x− y|)− (4K + 2ι))− Λ(n− 1)(4K + 2ι)

≥ −4λLw′′(|x− y|)− (λ+ Λ(n− 1))(4K + 2ι)

≥ −3λLw′′(|x− y|), (3.18)

for sufficiently large L. From (3.13), we know

δ tr(Mηpy ⊗ py)− f(y, t) ≥ δλ|py|
2 − ∥f∥L∞ ≥

δλ

4
|p|2 − 1 > 0, (3.19)

for sufficiently large L. Using (3.9), (3.18) and (3.19), from (3.17), we obtain

K + η ⩾ tr
(

Mη(Y −X)
)

+ v(x, t)−1
(

δ tr(Mηpy ⊗ py)− f(y, t)
)

− v(x, t)−1
(

δ tr(Mηpx ⊗ px)− f(x, t)
)

⩾ −3λLw′′(|x− y|)

− v(x, t)−1
(

2δnΛ|py||py − px|+ δΛ|py − px|
2

− f(x, t) + f(y, t)
)

. (3.20)

Note that

f(x, t)− f(y, t) =
2− γ

2
(βϵ(v(x, t)

2
2−γ )− βϵ(v(y, t)

2
2−γ )) ≥ 0, (3.21)

which follows from v(x, t) > v(y, t), and βϵ being a nondecreasing function.

Denote ∆ = |x−y|. Using (3.7), (3.9), (3.13), (3.14) and (3.21), from (3.20),

we have

K + η ≥ −3λLw′′(∆)− L−1w(∆)−1
(

6(3C)
1
2 δnΛK

1
2∆

µ
2Lw′(∆)

+ 12δCKΛ∆µ
)

≥ L∆a−2
(

3(a− 1)λ− 12(3C)
1
2 δnΛK

1
2L−1∆1−a+µ

2

− 24δCKΛL−2∆1−a+µ
)

≥
3(a− 1)λ

2
L,

for sufficiently large L, provided

1− a+
µ

2
≥ 0 and 1− a+ µ ≥ 0.
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Note that we used ∆ ≤ 1. Now, choose a =
5

4
and µ =

3

4
, and take the

limit as η → 0 and L sufficiently large, to obtain a contradiction. □

The next result is an improvement of [5, Thm. 2].

Theorem 3.3. Let v ∈ C(Q1) be a positive viscosity solution to (3.5) in Q1.

Then, there exist r0, C > 0, depending only on n, λ,Λ, γ and ∥v∥L∞(Q1)
, such

that

|v(x, t)− v(x, s)| ≤ C|t− s|
1
2 ,

for every x ∈ B 1
2
and t, s ∈ (−r0, 0].

Proof. Upon construction of a proper barrier function and application of

the comparison principle, the conclusion follows from Theorem 3.2 and [5,

Lemma 2]. □

Proof of Theorem 3.1. Once Theorem 3.2 and Theorem 3.3 are proven,

the remaining parts of the proof are similar to those in [5], where v was shown

to exhibit C1−,1/2−−regularity. Here, we have established C1,1/2−regularity,

an improvement enabling us to achieve the optimal regularity. Since only

minor modifications are required, we omit further details.

Remark 3.2. If we consider a variable coefficient operator F = F (M,x, t),

we can obtain the same result under the assumption that, for some µ > 0,

there exists a µ−Hölder modulus of continuity ω̃ such that

|F (M,x, t)− F (M,y, t)| ≤ ω̃(|x− y|)∥M∥.

4. Degenerate elliptic case with oscillatory singularities

In this section, we examine the degenerate elliptic problem
{

|Du|κ(x)F (D2u) = γ(x)uγ(x)−1 in Ω ∩ {u > 0},

u = φ on ∂Ω,
(4.1)

for degeneracy, and oscillatory singularity, exponents κ(·) and γ(·), respec-

tively. We assume the following extra hypotheses in addition to (A1) and

(A2).

(A3): The functions κ, γ : Ω → R are continuous and there exist constants

κ1, γ0 and γ1 such that, for all x ∈ Ω,

0 ≤ κ(x) ≤ κ1 and 0 < γ0 ≤ γ(x) ≤ γ1 < 1.

Moreover, there exists a modulus of continuity ω such that

lim sup
t→0+

ω(t) log

(

1

t

)

≤ C,



ON THE FULLY NONLINEAR QUENCHING PROBLEM 11

for a constant C > 0, and

|κ(x)− κ(y)| ≤ ω(|x− y|),

|γ(x)− γ(y)| ≤ ω(|x− y|),

for all x, y ∈ Ω.

(A4): There exists a modulus of continuity ω such that, for all α > 0,

x, y ∈ Ω, and X,Y ∈ Sn, we have

|α(x− y)|κ(x)F (X)− |α(x− y)|κ(y)F (Y ) ≤ ω(α|x− y|2),

provided

−3α

(

I 0

0 I

)

≤

(

X 0

0 −Y

)

≤ 3α

(

I −I

−I I

)

.

The second main result of this paper is the following.

Theorem 4.1. Let φ ∈ C(∂Ω), with φ ≥ 0, and assume (A1)–(A4). There

exists a nonnegative bounded viscosity solution u to (4.1), and u is locally

of class C1,α, for every

α ∈

(

0,
γ(x)

κ(x) + 2− γ(x)

]

∩ (0, αF ) ,

with the estimate

sup
y∈Br(x)

|u(y)− u(x)−Du(x) · (y − x)| ≤ Cr1+α, (4.2)

for Br(x) ⋐ Ω, where C = C (n, λ,Λ, γ, κ, α, ∥u∥L∞).

Moreover, for each free boundary point x, u is of class C
1,

γ(x)
κ(x)+2−γ(x) at

x, with the estimate

sup
Br(x)

u ≤ Cr
1+

γ(x)
κ(x)+2−γ(x) , (4.3)

for Br(x) ⋐ Ω, where C = C (n, λ,Λ, γ, κ, ∥u∥L∞).

Remark 4.1. The constant αF in the statement of the theorem denotes the

optimal exponent associated with the C1+µ−regularity theory for solutions

of F -harmonic functions, i.e., solutions of the equation F (D2h) = 0 (see

[11]).

We will start by establishing the existence of a solution to (4.1). Similarly

to Section 3, we first define, for ϵ ∈ (0, 1),

βϵ(s) =

∫
s

ϵ1+α−σ0

0
ρ(θ) dθ,
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where ρ ∈ C∞(R) is a nonnegative smooth function with compact support

in [0, 1], satisfying
∫

ρ = 1, σ0 ∈ (0, 1) and

α =
γ0

κ1 + 2− γ0
.

Note that βϵ(s) → χ{s>0} as ϵ → 0.

Now, we analyze the penalized equation






|Duϵ|
κ(x)F (D2uϵ)− ϵuϵ +

σ0ϵ
2+α

2
= γ(x)βϵ(uϵ)u

γ(x)−1
ϵ in Ω,

uϵ = φϵ on ∂Ω,
(4.4)

where φϵ = φ+ ϵ1+α.

Proposition 4.1. For each ϵ ∈ (0, 1), there exists a viscosity solution uϵ to

(4.4). Moreover, uϵ satisfies

0 < uϵ ≤ ∥φ∥L∞(∂Ω) + 1 in Ω. (4.5)

Proof. Let u be a viscosity solution to






|Du|κ(x)F (D2u)− ϵu+
σ0ϵ

2+α

2
= 0 in Ω,

u = φϵ on ∂Ω,

and u be a viscosity solution to






|Du|κ(x)F (D2u)− ϵu+
σ0ϵ

2+α

2
= γ1(σ0ϵ

1+α)γ0−1 in Ω,

u = φϵ on ∂Ω.

Note that

G(M,p, r, x) = |p|κ(x)F (M)− ϵr +
σ0ϵ

2+α

2

is degenerate elliptic and strictly decreasing in r. The existence of u and u

follows from Perron’s method ([12, Theorem 4.1]), together with the com-

parison principle ([8, Lemma 6.3]) and [8, Lemma 6.4]. Since

0 ≤ γ(x)βϵ(u)u
γ(x)−1 ≤ γ1(σ0ϵ

1+α)γ0−1 in Ω,

it follows that u and u are a viscosity supersolution and a viscosity subso-

lution to (4.4), respectively. By the comparison principle, we know that

u ≤ u in Ω.

Then, by [3, Theorem 2.1], there exists a viscosity solution uϵ to (4.4) such

that u ≤ uϵ ≤ u.

Now, we prove (4.5). First, we claim that

uϵ ≥
σ0
2
ϵ1+α.
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Assume, for the sake of contradiction, the set

A := {x ∈ Ω | uϵ(x) <
σ0
2
ϵ1+α},

is nonempty. Since

uϵ = φϵ ≥ ϵ1+α >
σ0
2
ϵ1+α on ∂Ω,

we have

uϵ ≥
σ0
2
ϵ1+α on ∂A.

By the definitions of βϵ and A, uϵ is a viscosity solution to

|Du|κ(x)F (D2u)− ϵu+
σ0ϵ

2+α

2
= 0 in A. (4.6)

Note that the constant function
σ0
2
ϵ1+α is a solution to (4.6). Then applying

the comparison principle, we deduce uϵ ≥
σ0
2
ϵ1+α in A which contradicts

the definition of A.

In addition, the constant function ∥φϵ∥L∞(∂Ω) is a viscosity supersolution

to

|Du|κ(x)F (D2u)− ϵu+
σ0ϵ

2+α

2
= 0 in Ω,

since φϵ ≥ ϵ1+α in Ω. By the comparison principle, we have

uϵ ≤ u ≤ ∥φϵ∥L∞(∂Ω) ≤ ∥φ∥L∞(∂Ω) + 1 in Ω,

and (4.5) follows. □

As before, for simplicity of notation, we omit the subscript ϵ in uϵ from

now on. We now consider the equation

|Du|κ(x)F (D2u)− h1(x)u+ h2(x) = h3(x)βϵ(u)u
γ(x)−1 in Ω, (4.7)

where h1, h2 and h3 are nonnegative functions, all uniformly bounded by

the universal constant C.

Remark 4.2. We will examine the scaling invariance of solutions to (4.7).

Let u be a positive viscosity solution to (4.7) in BR(x0) ⋐ Ω. Then, for

parameters R > 0 and A > 0, the rescaled function

ũ(x) =
u(x0 +Rx)

A

satisfies

|Dũ|κ̃(x)F (D2ũ)− h̃1(x)ũ+ h̃2(x) = h̃3(x)βϵ̃(ũ)ũ
γ̃(x)−1 in B1,
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in the viscosity sense, where

ϵ̃ = ϵA− 1
1+α ;

κ̃(x) = κ(x0 +Rx);

γ̃(x) = γ(x0 +Rx);

h̃1(x) =
Rκ(x0+Rx)+2

Aκ(x0+Rx)
h1(x0 +Rx);

h̃2(x) =
Rκ(x0+Rx)+2

Aκ(x0+Rx)+1
h2(x0 +Rx);

h̃3(x) =
Rκ(x0+Rx)+2

Aκ(x0+Rx)+2−γ(x0+Rx)
h3(x0 +Rx).

Note that, as a consequence of (A3), h̃1, h̃2 and h̃3 are nonnegative func-

tions, uniformly bounded by a constant that depends only on the universal

constants, A and R.

Let us now denote

α(x) :=
γ(x)

κ(x) + 2− γ(x)
.

To obtain the optimal growth of the solution, we first prove the following

estimate.

Theorem 4.2. Let u ∈ C(B1) be a positive viscosity solution to (4.7) in

B1. Then, for each µ ∈ (0, 1), there exists C > 0, depending only on

n, λ,Λ, γ, κ, µ and ∥u∥L∞(B1)
, such that

∣

∣

∣

∣

∣

∣

u(x)

1
1+inf

B1
α
− u(y)

1
1+inf

B1
α

∣

∣

∣

∣

∣

∣

≤ C|x− y|µ, (4.8)

for every x, y ∈ B 1
2
.

Proof. Denote

α0 := inf
B1

α ∈
[

γ0
κ1+2−γ0

, γ1
2−γ1

]

,

and let v = u
1

1+α0 . Applying (A2), we rewrite (4.7) as

|Dv|κ(x)F (D2v + α0v
−1Dv ⊗Dv)− h1(x)v

1−α0κ(x) + h2v
−α0(κ(x)+1)

= h3(x)βϵ(v
1+α0)vα̃(x) in B1, (4.9)

where

α̃(x) = (1 + α0)(γ(x)− κ(x)− 2) + κ(x) + 1
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and

hi(x) =

(

1

1 + α0

)κ(x)+1

hi(x),

for i = 1, 2, 3. Note that

−1 ≤ α̃(x) ≤ 0 in B1, (4.10)

and h1, h2 and h3 are nonnegative functions, uniformly bounded by C. De-

note also

f(x) := h3(x)βϵ
(

v(x)1+α0
)

,

which is a nonnegative bounded function.

Defining

Φ(x, y) = v(x)− v(y)− L|x− y|µ −K(|x|2 + |y|2) in B1,

we will prove that

max
B 1

2
×B 1

2

Φ ≤ 0, (4.11)

for sufficiently large L and K, thus obtaining (4.8). To obtain (4.11), assume

that Φ attains its positive maximum at (x, y) ∈ B 1
2
×B 1

2
. This implies that

x ̸= y, v(x) > v(y) + L|x− y|µ,

and

L|x− y|µ +K(|x|2 + |y|2) ≤ 2∥v∥∞. (4.12)

From (4.12), by choosing K sufficiently large, we ensure that

(x, y) ∈ B 1
4
×B 1

4
.

Now, we can obtain p ∈ R
n and X,Y ∈ Sn, such that

(px, X) ∈ P
+
(v)(x), (4.13)

(py, Y ) ∈ P
−
(v)(y), (4.14)

where px = p + 2Kx and py = p − 2Ky, with the estimate given by

Lemma 2.1. We can choose L sufficiently large so that

1 ≤
1

2
µL ≤

1

2
µL|x− y|µ−1 ≤ |px|, |py| ≤

3

2
µL|x− y|µ−1. (4.15)

By applying (4.13) and (4.14) to equation (4.9), we obtain the inequalities

|px|
κ(x)F

(

X + α0v(x)
−1px ⊗ px

)

− h1(x)v(x)
1−α0κ(x)

+ h2(x)v(x)
−α0(κ(x)+1) ≥ f(x)v(x)α̃(x),
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and

|py|
κ(y)F

(

Y + α0v(y)
−1py ⊗ py

)

− h1(y)v(y)
1−α0κ(y)

+ h2(y)v(y)
−α0(κ(y)+1) ≤ f(y)v(y)α̃(y).

Then, we get

F
(

Y + α0v(y)
−1py ⊗ py

)

− F
(

X + α0v(x)
−1px ⊗ px

)

(4.16)

≤ |py|
−κ(y)

(

f(y)v(y)α̃(y) + h1(y)v(y)
1−α0κ(y) − h2(y)v(y)

−α0(κ(y)+1)
)

− |px|
−κ(x)

(

f(x)v(x)α̃(x) + h1(x)v(x)
1−α0κ(x) − h2(x)v(x)

−α0(κ(x)+1)
)

.

On the other hand, for every η > 0, there exists Mη ∈ Aλ,Λ such that

F (Y + α0v(y)
−1py ⊗ py)− F (X + α0v(x)

−1px ⊗ px) (4.17)

≥ tr(Mη(Y + α0v(y)
−1py ⊗ py −X − α0v(x)

−1px ⊗ px))− η.

From (4.16) and (4.17), we obtain

η ≥ tr(Mη(Y −X)) (4.18)

+ v(y)−1
(

α0 tr(Mηpy ⊗ py)− |py|
−κ(y)

(

f(y)v(y)α̃(y)+1

+ h1(y)v(y)
2−α0κ(y) − h2(y)v(y)

1−α0(κ(y)+1)
)

)

− v(x)−1
(

α0 tr(Mηpx ⊗ px)− |px|
−κ(x)

(

f(x)v(x)α̃(x)+1

+ h1(x)v(x)
2−α0κ(x) − h2(x)v(x)

1−α0(κ(x)+1)
)

)

,

and, from Lemma 2.1,

tr(Mη(Y −X)) ≥ λ
(

4µ(1− µ)L|x− y|µ−2 − (4K + 2ι)
)

− Λ(n− 1)(4K + 2ι)

≥ 4λµ(1− µ)L|x− y|µ−2

− (λ+ Λ(n− 1))(4K + 2ι)

≥ 3λµ(1− µ)L|x− y|µ−2, (4.19)
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for sufficiently large L. From (4.10) and (4.15), we get

α0 tr(Mηpy ⊗ py)− |py|
−κ(y)

(

f(y)v(y)α̃(y)+1 + h1(y)v(y)
2−α0κ(y)

− h2(y)v(y)
1−α0(κ(y)+1)

)

≥
γ0

κ1 + 2− γ0
λ|py|

2 − Cmax (1, ∥v∥L∞)− Cmax
(

1, ∥v∥2L∞

)

≥
γ0

κ1 + 2− γ0
λ

(

1

2
µL

)2

− Cmax (1, ∥v∥L∞)− Cmax
(

1, ∥v∥2L∞

)

> 0, (4.20)

for sufficiently large L. Using that v(y)−1 > v(x)−1, from (4.15), (4.18),

(4.19) and (4.20), we obtain

η ≥ tr(Mη(Y −X))

+ v(x)−1
(

α0 tr(Mηpy ⊗ py)− |py|
−κ(y)

(

f(y)v(y)α̃(y)+1

+ h1(y)v(y)
2−α0κ(y) − h2(y)v(y)

1−α0(κ(y)+1)
)

)

− v(x)−1
(

α0 tr(Mηpx ⊗ px)− |px|
−κ(x)

(

f(x)v(x)α̃(x)+1

+ h1(x)v(x)
2−α0κ(x) − h2(x)v(x)

1−α0(κ(x)+1)
)

)

≥ 3λµ(1− µ)L|x− y|µ−2

− v(x)−1
{

2α0nΛ|py||py − px|+ α0Λ|py − px|
2 + |py|

−κ(y)
(

f(y)

v(y)α̃(y)+1 + h1(y)v(y)
2−α0κ(y)

)

+ |px|
−κ(x)h2(x)v(x)

1−α0(κ(x)+1)
}

≥ 3λµ(1− µ)L|x− y|µ−2

− v(x)−1
{

3α0nΛKµL|x− y|µ−1 + α0ΛK
2 + 2Cmax(1, ∥v∥L∞)

+ Cmax
(

1, ∥v∥2L∞

)}

.

Note that we used the fact that

0 ≤ α0(κ(x) + 1) ≤ γ(x)
κ(x) + 1

κ(x) + 2− γ(x)
≤ 1.
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Finally, since v(x)−1 < L−1|x− y|−µ and |x− y| ≤ 1, we get

η ≥ 3λµ(1− µ)L|x− y|µ−2

− L−1|x− y|−µ
(

3α0nΛKµL|x− y|µ−1 + α0ΛK
2 + C

)

≥ L|x− y|µ−2
{

3λµ(1− µ)− 3α0nΛKµL−1|x− y|1−µ

− (α0ΛK
2 + C)L−2|x− y|2−2µ

}

≥ λµ(1− µ)L,

for sufficiently large L. By taking the limit as η → 0, we obtain a contra-

diction and conclude the proof. □

Remark 4.3. Let R ≤ 1 and u ∈ C(BR(x0)) be a viscosity solution to

|Du|κ(x)F (D2u)− h1(x)u+ h2(x) = h3(x)βϵ(u)u
γ(x)−1 in BR(x0).

Then, for µ ∈ (0, 1), it follows from Theorem 4.2 that
∣

∣

∣

∣

∣

∣

u(x)

1
1+ inf

BR(x0)
α

− u(y)

1
1+ inf

BR(x0)
α

∣

∣

∣

∣

∣

∣

≤ C|x− y|µ, (4.21)

for every x, y ∈ BR
2
(x0). Indeed, denote α := inf

BR(x0)
α and let

ũ(x) =
u(x0 +Rx)

R1+α
in B1.

By Remark 4.2, ũ satisfies

|Dũ|κ̃(x)F (D2ũ)− h̃1(x)ũ+ h̃2(x) = h̃3(x)βϵ̃(ũ)ũ
γ̃(x)−1 in B1,

in the viscosity sense, where

ϵ̃ = ϵR− 1+α
1+α ;

κ̃(x) = κ(x0 +Rx);

γ̃(x) = γ(x0 +Rx);

h̃1(x) = R2−ακ(x0+Rx)h1(x0 +Rx);

h̃2(x) = R1−α(κ(x0+Rx)+1)h2(x0 +Rx);

h̃3(x) = Rγ(x0+Rx)−α(κ(x0+Rx)+2−γ(x0+Rx))h3(x0 +Rx),

for x ∈ B1. For 0 ≤ β ≤ 1 + α(x0), defining in B1

h1,β(x) = Rκ(x0+Rx)+2−βκ(x0+Rx)h1(x0 +Rx),

h2,β(x) = Rκ(x0+Rx)+2−β(κ(x0+Rx)+1)h2(x0 +Rx),

h3,β(x) = Rκ(x0+Rx)+2−β(κ(x0+Rx)+2−γ(x0+Rx))h3(x0 +Rx),
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we have that h1,β , h2,β and h3,β are uniformly bounded. Indeed, from

γ(x0)− α(x0)(κ(x0) + 2− γ(x0)) = 0

and (A3), we have

Rκ(x0+Rx)+2−β(κ(x0+Rx)+2−γ(x0+Rx))

≤ Rγ(x0+Rx)−α(x0)(κ(x0+Rx)+2−γ(x0+Rx))

= Rγ(x0+Rx)−γ(x0)+α(x0)(κ(x0)−κ(x0+Rx)+γ(x0+Rx)−γ(x0))

≤ R−3ω(R)

≤ C,

in B1. By similar calculations, we can see that

Rκ(x0+Rx)+2−βκ(x0+Rx) and Rκ(x0+Rx)+2−β(κ(x0+Rx)+1)

are universally bounded. The functions h̃1, h̃2 and h̃3 correspond to the case

β = 1 + α. Then, applying Theorem 4.2 to ũ, we obtain
∣

∣

∣

∣

∣

∣

ũ(x)

1
1+inf

B1
α̃
− ũ(y)

1
1+inf

B1
α̃

∣

∣

∣

∣

∣

∣

≤ C|x− y|µ, (4.22)

for every x, y ∈ B1
2
, where

α̃(x) =
γ̃(x)

κ̃(x) + 2− γ̃(x)
= α(x0 +Rx).

Note that inf
B1

α̃ = α. Hence, (4.22) implies (4.21).

We can now prove the optimal growth of the solution using Theorem 4.2.

Theorem 4.3. Let u be a positive viscosity solution to (4.7) in B1. There

exists a universal constant C > 0, depending only on n, λ, Λ, γ, κ and

∥u∥L∞(B1)
, but not depending on ϵ, such that

sup
Br

u ≤ C
(

u(0) + r1+α(0)
)

, (4.23)

for every r ≤
1

2
.

Proof. Let us first observe that to establish (4.23), it suffices to show

sup
Br

u ≤ C

(

u(0) + r
1+ inf

B2r
α
)

, (4.24)
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for every r ≤ 1/2. Indeed, by the Mean Value Theorem, together with (A3),

we obtain, for x, y ∈ B1,

|α(x)− α(y)| ≤
∣

∣

∣

γ(x)
κ(x)+2−γ(x) −

γ(x)
κ(y)+2−γ(x)

∣

∣

∣+
∣

∣

∣

γ(x)
κ(y)+2−γ(x) −

γ(y)
κ(y)+2−γ(y)

∣

∣

∣

≤ sup
t≥0

γ(x)
(t+2−γ(x))2

|κ(x)− κ(y)|+ sup
0≤s≤1

κ(y)+2
(κ(y)+2−s)2

|γ(x)− γ(y)|

≤ |κ(x)− κ(y)|+ 2|γ(x)− γ(y)|

≤ 3ω(|x− y|). (4.25)

Using (4.25) and again (A3), we conclude

r
1+ inf

B2r
α
≤ r1+α(0)r−3ω(2r)

≤ Cr1+α(0).

To prove (4.24), we assume, by contradiction, that for every integer l, there

exist Fl, ul, κl, γl, h1,l, h2,l, h3,l, ϵl and rl ≤ 1/2 such that

|Dul|
κl(x)Fl(D

2ul)− h1,l(x)ul + h2,l(x) = h3,l(x)βϵl(ul)u
γl(x)−1
l in B1,

in the viscosity sense,

0 ≤ h1,l, h2,l, h3,l ≤ C in B1

but

sl := sup
Brl

ul > l

(

ul(0) + r

1+ inf
B2rl

αl

l

)

. (4.26)

Denote αl = inf
B2rl

αl and define wl

wl(x) :=
ul(rlx)

sl
.

Then, by Remark 4.2, wl satisfies

|Dwl|
κ̃l(x)Fl(D

2wl)− h̃1,l(x)wl + h̃2,l(x) = h̃3,l(x)βϵ̃l(wl)w
γ̃l(x)−1
l in B1,

(4.27)
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in the viscosity sense, where, for x ∈ B1,

ϵ̃l = ϵls
−

1
1+α

l ;

κ̃l(x) = κl(rlx);

γ̃l(x) = γl(rlx);

h̃1,l(x) =
r
κl(rlx)+2
l

s
κl(rlx)
l

h1,l(rlx);

h̃2,l(x) =
r
κl(rlx)+2
l

s
κl(rlx)+1
l

h2,l(rlx);

h̃3,l(x) =
r
κl(rlx)+2
l

s
κl(rlx)+2−γl(rlx)
l

h3,l(rlx).

Also, from (4.25) and (4.26), we have

wl(0) = o(1), sup
B1

wl = 1, (4.28)

and

r
1+αl(rlx)
l

sl
≤

r1+αl

l

sl
≤

1

l
→ 0 as l → ∞, (4.29)

in B1. Using (4.29) and

κl(rlx) + 2− γl(rlx) ≥ 1 in B1,

we obtain

r
κl(rlx)+2
l

s
κl(rlx)+2−γl(rlx)
l

=

(

r
1+αl(rlx)
l

sl

)κl(rlx)+2−γl(rlx)

≤
1

l
→ 0 as l → ∞,

(4.30)

in B1. Note that, from (4.30),

h̃i,l → 0 as l → ∞, (4.31)

for i = 1, 2, 3. By Theorem 4.2 and Remark 4.3, along with (4.28) and

(4.31), for 0 < µ < 1, we have that {wl}l is equicontinuous and

sup
BR

2
(x0)

wl ≤



wl(x0)

1
1+ inf

BR(x0)
α̃l

+ CRµ





1+ inf
BR(x0)

α̃l

≤ C
(

wl(x0)
2−γ1

2 +Rµ
)1+

γ0
κ1+2−γ0 , (4.32)
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for BR(x0) ⊂ B1. Note that we used

γ0
κ1 + 2− γ0

≤ α̃l ≤
γ1

2− γ1
.

From

|κ̃l(x)− κ̃l(y)| = |κl(rlx)− κl(rly)|

≤ ω(|rl(x− y)|)

≤ ω(|x− y|),

and

|γ̃l(x)− γ̃l(y)| = |γl(rlx)− γl(rly)|

≤ ω(|rl(x− y)|)

≤ ω(|x− y|),

for x, y ∈ B1, we know that also {κ̃l}l, {γ̃l}l are equicontinuous. Then,

by the Arzelà–Ascoli Theorem, the equicontinuity of {κ̃l}l, {γ̃l}l and {wl}l,

combined with (A3) and (4.28), implies the existence of κ̃0, γ̃0, w0 ∈ C(B1)

such that, up to a subsequence,

κ̃l → κ̃0, γ̃l → γ̃0, wl → w0,

locally uniformly in B1. Furthermore, by (A1), possibly after passing to a

subsequence, Fl converges locally uniformly to F0, which satisfies (A1). We

can rewrite (4.27) as

w
1−γ̃l(x)
l |Dwl|

κ̃l(x)Fl(D
2wl)− h̃1,l(x)w

2−γ̃l(x)
l + h̃2,l(x)w

1−γ̃l(x)
l

= h̃3,l(x)βϵ̃l(wl) in B1,

in the viscosity sense. From stability of viscosity solutions and (4.31), w0

satisfies

w
1−γ̃0(x)
0 |Dw0|

κ̃0(x)F0(D
2w0) = 0 in B1.

Note that, by the cutting lemma ([13, Lemma 6]), we have

F0(D
2w0) = 0 in {w0 > 0} ∩B1, (4.33)

in the viscosity sense. By (4.32), we get

sup
BR

2
(x0)

w0 ≤ C
(

w0(x0)
2−γ1

2 +Rµ
)1+

γ0
κ1+2−γ0 , (4.34)

for 0 < µ < 1 and BR(x0) ⊂ B1. Furthermore, by (4.28), we obtain

w0 ≥ 0 in B1, w0(0) = 0 and sup
B1

w0 = 1. (4.35)
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From (4.35), there exist z+ ∈ {w0 > 0} ∩ B1 and z0 ∈ {w0 = 0} ∩ B1 such

that

dist(z+, {w0 = 0}) = |z+ − z0|.

By Hopf’s lemma with (4.33), we obtain

lim inf
h→0+

w0(z0 + h(z+ − z0))− w0(z0)

h
> 0. (4.36)

On the other hand, by applying (4.34) with x0 = z0, we obtain

sup
BR

2
(z0)

w0 ≤ CR
µ
(

1+
γ0

κ1+2−γ0

)

,

for 0 < µ < 1 and sufficiently small R > 0. Then, choosing µ satisfying

µ
(

1 + γ0
κ1+2−γ0

)

> 1,

we get

lim sup
h→0+

w0(z0 + h(z+ − z0))− w0(z0)

h
= lim sup

h→0+

w0(z0 + h(z+ − z0))

h

≤ lim sup
h→0+

Ch
µ
(

1+
γ0

κ1+2−γ0

)

−1

= 0,

which contradicts (4.36). □

Now, we will prove the Lipschitz continuity of the solution.

Proposition 4.2. Let u be a positive viscosity solution to (4.7) in B1.

There exists a universal constant C > 0, depending only on n, λ,Λ, γ, κ

and ∥u∥L∞(B1)
, but not depending on ϵ, such that

sup
Br

|u(x)− u(0)| ≤ Cr,

for every r ≤
1

2
.

Proof. Let r ≤ 1/2. We will consider two cases based on the range of r in

terms of u(0) =: θ. By Remark 4.2, we may assume θ ≤ 1/2.

Case 1) r ≥ θ: by Theorem 4.3, we obtain

sup
Br

u ≤ C(θ + r1+α(0)) ≤ C(θ + r) ≤ 2Cr,

so we have

sup
Br

|u(x)− u(0)| ≤ sup
Br

u+ u(0) ≤ 2Cr + θ ≤ (2C + 1)r. (4.37)
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Case 2) 0 < r < θ: define w(x) =
u(θx)

θ
in B1. Then, by Remark 4.2, w

satisfies

|Dw|κ̃(x)F (D2w)− h̃1(x)w + h̃2(x) = h̃3(x)βϵ̃(w)w
γ̃(x)−1 in B1, (4.38)

in the viscosity sense, where, for x ∈ B1,

ϵ̃ = ϵθ−
1

1+α ;

κ̃(x) = κ(θx);

γ̃(x) = γ(θx);

h̃1(x) = θ2h1(θx);

h̃2(x) = θh2(θx);

h̃3(x) = θγ(θx)h3(θx).

Note that

w(x) =
u(θx)

θ
≤

sup
Bθ

u

θ
≤

C(u(0) + θ)

θ
= 2C in B1, (4.39)

which follows from Theorem 4.3. We also have
γ1

2− γ1
≥ inf

B1

α̃ = inf
Bθ

α =: αθ,

where

α̃(x) =
γ̃(x)

κ̃(x) + 2− γ̃(x)
.

Applying Theorem 4.2 to w, with µ =
1

2
, we obtain

|w(x)
1

1+αθ − w(0)
1

1+αθ | = |w(x)
1

1+αθ − 1| ≤ C|x|
1
2 in B 1

2
,

which in turn implies

w(x) ≥
(

1− C|x|
1
2

)1+αθ

≥
(

1− C|x|
1
2

)

2
2−γ1 in B 1

2
.

Then,

w ≥
1

2
in Bδ0 , (4.40)

for a universal constant δ0 > 0. We can rewrite (4.38) as

|Dw|κ̃(x)F (D2w) = h̃1(x)w − h̃2(x) + h̃3(x)βϵ̃(w)w
γ̃(x)−1 in B1, (4.41)

and, by (4.39) and (4.40), the right-hand side of (4.41) is bounded by

C

(

2C + 1 +

(

1

2

)γ0−1
)

in Bδ0 .
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The regularity result from [9] implies that

sup
Br

|w(x)− w(0)| ≤ Cr,

for 0 < r ≤
δ0
2
. By scaling back, we obtain

sup
Br

|u(x)− u(0)| ≤ Cr,

for 0 < r ≤
θδ0
2

.

For
θδ0
2

< r < θ, using (4.37), we get

sup
Br

|u(x)− u(0)| ≤ sup
Bθ

|u(x)− u(0)|

≤ (2C + 1)θ

≤
2

δ0
(2C + 1)r.

□

As a consequence of Proposition 4.2, we derive a gradient bound for the

solution, which is instrumental in establishing its sharp local regularity.

Proposition 4.3. Let u be a positive viscosity solution to (4.7) in B1.

There exists a universal constant C > 0, depending only on n, λ,Λ, γ, κ

and ∥u∥L∞(B1)
, but not depending on ϵ, such that

|Du(x)| ≤ Cu(x)
γ(x)

κ(x)+2 in B 1
2
.

Proof. Let x0 ∈ B 1
2
and

r0 =

(

u(x0)

M

) 1
1+α(x0)

,

where M is a constant chosen such that r0 ≤
1

4
. Define

w(x) :=
u(x0 + r0x)

r
1+α(x0)
0

in B1.

Then, by Remark 4.2, w satisfies

|Dw|κ̃(x)F (D2w)− h̃1(x)w + h̃2(x) = h̃3(x)βϵ̃(w)w
γ̃(x)−1 in B1,
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in the viscosity sense, where, for x ∈ B1,

ϵ̃ = ϵr
−
1+α(x0)
1+α

0 ;

κ̃(x) = κ(x0 + r0x);

γ̃(x) = γ(x0 + r0x);

h̃1(x) = r
2−α(x0)κ(x0+r0x)
0 h1(x0 + r0x);

h̃2(x) = r
1−α(x0)(κ(x0+r0x)+1)
0 h2(x0 + r0x);

h̃3(x) = r
γ(x0+r0x)−α(x0)(κ(x0+r0x)+2−γ(x0+r0x))
0 h3(x0 + r0x).

Recall that, by Remark 4.3, h̃1, h̃2 and h̃3 are uniformly bounded.

Using Theorem 4.3, we get

sup
B1

w = sup
B1

u(x0 + r0x)

r
1+α(x0)
0

≤
C(u(x0) + r

1+α(x0)
0 )

r
1+α(x0)
0

= C(M + 1).

Therefore, applying Proposition 4.2, we conclude

|Du(x0)| = r
α(x0)
0 |Dw(0)|

≤ Cr
α(x0)
0

= C

(

u(x0)

M

)

α(x0)
1+α(x0)

= C̃u(x0)
γ(x0)

κ(x0)+2 .

□

Using the optimal growth and gradient bound for the solutions, we obtain

the following sharp local estimates, uniform in ϵ.

Theorem 4.4. Let u be a positive viscosity solution to (4.7) in B1. For

x0 ∈ B 1
2
and β ∈ (0, α(x0)] ∩ (0, αF ), there exists a universal constant

C > 0, depending only on n, λ,Λ, γ, κ, β and ∥u∥L∞(B1)
, and independent of

ϵ, such that

sup
x∈Br(x0)

|u(x)− u(x0)−Du(x0) · (x− x0)| ≤ Cr1+β , (4.42)

for every r ≤
1

4
.

Proof. Fix x0 ∈ B 1
2
, β ∈ (0, α(x0)] ∩ (0, αF ) and r ≤

1

4
. Let

r0 =

(

u(x0)

M

) 1
1+β

,
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where M > 1 is a constant chosen in such a way that r0 ≤
1

4
. We will

consider two cases based on the range of r in terms of r0.

Case 1) r ≥ r0: by the definition of r0, u(x0) = Mr1+β
0 ≤ Mr1+β ; then,

applying Theorem 4.3 and Proposition 4.3, we obtain

sup
x∈Br(x0)

∣

∣u(x)− u(x0)−Du(x0) · (x− x0)
∣

∣

≤ C
(

u(x0) + r1+α(x0)
)

+ u(x0) + Cru(x0)
γ(x0)

κ(x0)+2

≤ C
{

Mr1+β + r1+α(x0) + r(Mr1+β)
γ(x0)

κ(x0)+2
}

≤ Cr1+β . (4.43)

Note that we used that

1 + (1 + β)
γ(x0)

κ(x0) + 2
− (1 + β) = 1− (1 + β)

κ(x0) + 2− γ(x0)

κ(x0) + 2

= 1− (1 + β)
1

1 + α(x0)

≥ 0.

Case 2) 0 < r < r0: define

w(x) :=
u(x0 + r0x)

r1+β
0

in B1.

Then, by Remark 4.2, w satisfies

|Dw|κ̃(x)F (D2w)− h̃1(x)w + h̃2(x) = h̃3(x)βϵ̃(w)w
γ̃(x)−1 in B1, (4.44)

in the viscosity sense, where, for x ∈ B1,

ϵ̃ = ϵr
−
1+β
1+α

0 ;

κ̃(x) = κ(x0 + r0x);

γ̃(x) = γ(x0 + r0x);

h̃1(x) = r
2−βκ(x0+r0x)
0 h1(x0 + r0x);

h̃2(x) = r
1−β(κ(x0+r0x)+1)
0 h2(x0 + r0x);

h̃3(x) = r
γ(x0+r0x)−β(κ(x0+r0x)+2−γ(x0+r0x))
0 h3(x0 + r0x).
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Recall that, by Remark 4.3, h̃1, h̃2 and h̃3 are uniformly bounded.

Applying Theorem 4.3, we get

sup
B1

w = sup
B1

u(x0 + r0x)

r1+β
0

≤
C(u(x0) + r

1+α(x0)
0 )

r1+β
0

≤ C(M + r
α(x0)−β
0 )

≤ C(M + 1). (4.45)

The definition of r0 implies that w(0) = M > 1, thus, using Proposition 4.2,

we obtain

w ≥
1

2
in Bδ0 , (4.46)

for universal a constant δ0 > 0. We can now rewrite (4.44) as

|Dw|κ̃(x)F (D2w) = h̃1(x)w − h̃2(x) + h̃3(x)βϵ̃(w)w
γ̃(x)−1 in B1, (4.47)

and by (4.45) and (4.46), the right-hand side of (4.47) is universally bounded

in Bδ0 . Since

β ≤ α(x0) =
γ(x0)

κ(x0) + 2− γ(x0)
=

γ̃(0)

κ̃(0) + 2− γ̃(0)
<

1

κ̃(0) + 1
,

the regularity result from [9] implies that there exists a universal constant

C > 0 such that

sup
Br

|w(x)− w(0)−Dw(0) · x| ≤ Cr1+β ,

for 0 < r ≤
δ0
2
. By scaling back, we have

sup
x∈Br(x0)

|u(x)− u(x0)−Du(x0) · (x− x0)| ≤ Cr1+β ,

for 0 < r ≤
r0δ0
2

.

For
r0δ0
2

< r < r0, from (4.43), we obtain

sup
x∈Br(x0)

∣

∣u(x)− u(x0)−Du(x0) · (x− x0)
∣

∣

≤ sup
x∈Br0 (x0)

∣

∣u(x)− u(x0)−Du(x0) · (x− x0)
∣

∣

≤ Cr1+β
0

≤ C

(

2

δ0

)1+β

r1+β .

□



ON THE FULLY NONLINEAR QUENCHING PROBLEM 29

Combining the previous results through the limiting process, we finally

establish the existence and sharp local regularity of viscosity solutions to

equation (1.2).

Proof of Theorem 4.1. By Proposition 4.1, the sequence {uϵ}ϵ is uni-

formly bounded, and by Proposition 4.2, it is equicontinuous. Therefore, by

the Arzelà–Ascoli Theorem, there exists a continuous function u such that,

up to a subsequence, uϵ converges locally uniformly to u. By the properties

of uϵ, the limit function u is nonnegative and bounded. Now, we show that

u is a viscosity solution to (1.2). For x ∈ {u > 0} ∩ Ω, the continuity of u

implies that u > u(x)/2 in Bδ(x), for some δ > 0. Then by the uniform

convergence of uϵ to u, we obtain uϵ > u(x)/4 > (σ0 + 1)ϵ1+α in Bδ(x), for

sufficiently small ϵ. By the definition of βϵ, we know that uϵ satisfies

|Duϵ|
κ(x)F (D2uϵ)− ϵuϵ +

σ0ϵ
2+α

2
= γ(x)uγ(x)−1

ϵ in Bδ(x),

in the viscosity sense. Taking the limit as ϵ → 0 and using the stability

of viscosity solutions, we conclude that u is a viscosity solution to (1.2).

The regularity along the free boundary with the estimate (4.3) follows from

(4.23) and the limiting process. Similarly, the local regularity result with

estimate (4.2) follows from (4.42) and the limiting process.

Acknowledgments. S. Kim expresses his gratitude to KAUST for the support and

gracious hospitality during his stay as a Visiting Student. S. Kim was also supported

by a National Research Foundation of Korea grant (NRF-2021R1A4A1027378,

funded by the Korean Government). J.M. Urbano is partially supported by the

King Abdullah University of Science and Technology (KAUST) and the Centre for

Mathematics of the University of Coimbra (funded by the Portuguese Government

through FCT/MCTES, DOI 10.54499/UIDB/00324/2020).

References

[1] Hans W. Alt and Luis A. Caffarelli. Existence and regularity for a minimum problem

with free boundary. J. Reine Angew. Math., 325:105–144, 1981.

[2] Hans W. Alt and Daniel Phillips. A free boundary problem for semilinear elliptic

equations. J. Reine Angew. Math., 368:63–107, 1986.
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[11] Luis A. Caffarelli and Xavier Cabré. Fully nonlinear elliptic equations, volume 43 of

American Mathematical Society Colloquium Publications. American Mathematical

Society, Providence, RI, 1995.

[12] Michael G. Crandall, Hitoshi Ishii, and Pierre-Louis Lions. User’s guide to viscosity

solutions of second order partial differential equations. Bull. Amer. Math. Soc. (N.S.),

27(1):1–67, 1992.

[13] Cyril Imbert and Luis Silvestre. An introduction to fully nonlinear parabolic equa-

tions. In An introduction to the Kähler-Ricci flow, volume 2086 of Lecture Notes in

Math., pages 7–88. Springer, Cham, 2013.

[14] Ki-Ahm Lee and Henrik Shahgholian. Regularity of a free boundary for viscosity

solutions of nonlinear elliptic equations. Comm. Pure Appl. Math., 54(1):43–56, 2001.

[15] Daniel Phillips. Hausdorff measure estimates of a free boundary for a minimum prob-

lem. Comm. Partial Differential Equations, 8(13):1409–1454, 1983.

[16] Daniel Phillips. A minimization problem and the regularity of solutions in the pres-

ence of a free boundary. Indiana Univ. Math. J., 32(1):1–17, 1983.

[17] Gleydson C. Ricarte and Eduardo V. Teixeira. Fully nonlinear singularly perturbed

equations and asymptotic free boundaries. J. Funct. Anal., 261(6):1624–1673, 2011.

[18] Eduardo V. Teixeira. Nonlinear elliptic equations with mixed singularities. Potential

Anal., 48(3):325–335, 2018.

[19] Lihe Wang. On the regularity theory of fully nonlinear parabolic equations. II. Comm.

Pure Appl. Math., 45(2):141–178, 1992.

[20] Georg S. Weiss. Partial regularity for weak solutions of an elliptic free boundary

problem. Comm. Partial Differential Equations, 23(3-4):439–455, 1998.

Department of Mathematical Sciences, Seoul National University, Seoul

08826, Korea

Email address: seung27788@snu.ac.kr

Applied Mathematics and Computational Sciences (AMCS), Computer, Elec-

trical and Mathematical Sciences and Engineering Division (CEMSE), King

Abdullah University of Science and Technology (KAUST), Thuwal, 23955-

6900, Kingdom of Saudi Arabia and CMUC, Department of Mathematics, Uni-

versity of Coimbra, 3000-143 Coimbra, Portugal

Email address: miguel.urbano@kaust.edu.sa


