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ALGEBRAIC NOTES ON TESTING SETS
FOR LOWER AND UPPER GRIDS

EDUARDO MARQUES DE SA

ABSTRACT. For a given finite dimensional subspace P of k[z1,...,z,], where k is a field, a
subset N C k™ is a P-testing set if any member of P that vanishes at all points of A/, vanishes
all over k"; and we say N is optimal if it has the smallest cardinality among all P-testing
sets. This is related to Lagrangian interpolation of data on a set N of nodes using functions
from P. We consider a generic version of this interpolation problem, when P has a monomial
basis B that we identify with a grid (i.e. a finite subset of Ng'), each node is an n-tuple of
independent variables and the set of nodes is identified with a grid € C N¢g'. A corollary to our
main result offers an explicit formula for the determinant of the linear system corresponding to
the generic interpolation problem in case B = C is a o-lower (or o-upper) grid, where we say B
is a o-lower (resp., o-upper) grid if it is a union of intervals of Ng' having o as common origin
(resp., endpoint). We give explicit (optimal) P-testing sets for spaces having monomial bases
determined by o-lower (or o-upper) grids. The corollaries at the end, for the finite field case,
have potential use in Number Theory and Coding Theory.

1. INTRODUCTION

The starting point for this research was a result of R. Livné [19, Theorem 4.3, p. 256] giving
a sufficient condition for the isomorphism of the semi-simplifications of two 2-adic Galois repre-
sentations. That result is an extension of the so-called Serre-Faltings method [11, 22| that has
been frequently used to prove modularity of particular elliptic curves. For details on those mat-
ters see, for example, [19, 9, 15] and the references therein. Here, we only retain from Livné’s
method [19, Theorem 4.3] the crucial role of non-cubic subsets S of a finite dimensional vector
space V over the field Z/27, where non-cubic means that a cubic homogeneous polynomial
function on V that is zero on S is necessarily zero on V. This concept also occurs, in various
degrees of generality, under names like “zero-testing sets” or “test sets”, related to problems
of the following kind. A polynomial function f is given by an oracle that produces f(a) for
any argument a; we know that f belongs to a given class P of functions, and then ask for good
strategies to determine whether or not f is the zero function. In particular we may ask for a
set T' of arguments such that f = 0 whenever f is zero at all points of T'. [16, 7, 1]

These matters fall into the realm of Lagrange interpolation. To describe the contents of the
paper we need a few well-known concepts (e.g. [20, 21, 10, 12]). In a broad approach to Lagrange
interpolation we may start with a finite dimensional vector subspace P of the functional space
kA, where k is a field and A is an arbitrary set. Also given is a set NV of points of A called nodes
and some data on each node, more precisely a mapping y : N’ — k; we are then asked to find
a function f € P that agrees with y on N. In other words, we consider the evaluation of P at
N, which is the linear mapping

Evpry: P — KN
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that transforms f € P into the restriction f|ys, and then ask whether the given data y lies in
the image of such evaluation. We say that the pair (P, N) is poised for interpolation whenever
any data y € N can be interpolated by a unique function of P [12, §1.2], in other words, if
the above evaluation map is an isomorphism; in such case the cardinality of A/ obviously equals
the dimension of P. We say that A is a P-testing set, if any member of P that vanishes at all
points of N, vanishes all over A. A P-testing set of the smallest cardinal is said to be an optimal
P-testing set. Clearly the P-testing set property is equivalent to ker Evyp y, = 0. Therefore N is
an optimal P-testing set if and only if P and N are poised for interpolation.

We now describe the concrete objects to be considered below. The role of A will be played
by the affine space k™, where n is a positive integer, and the members of P are polynomial
functions generated by polynomials from k[z], where = (z1,...,2,) is an n-tuple of indepen-
dent variables. The mapping ® : k[z] — k*" that transforms a polynomial f into the functional
& ~ f(£) is a homomorphism of k-algebras. When £ is finite, ® has a nonzero kernel. Therefore,
a subspace W of k[z] may not be faithfully represented by its functional image ®(W). Having
this in mind we use the expression “W-testing set” with the same meaning as “®('W)-testing
set”. Thus the cardinality of any optimal W-testing set equals dim ®('W).

For monomials we use the notation z% = z{"'z,*?---x,,", where o € Nf'. If B is a finite
set of monomials, Py denotes the subspace of k[x] generated by B. We say Pg is a monomial
space and restrict our scope to such spaces. The set of all monomials will be identified with
Ng', under the correspondence o «~ x, viewing o as a simplified notation for z.

The nodes for interpolation are selected from a cartesian product X = X1 x --- x &},, where
X = {0, zi1, ..., 25, ... } (cf. [20, 21, 10]). In this paper the z;; are independent variables to
be later on replaced with elements of k. The members of X" are called generic nodes. A grid is
any finite subset of Nj'. For any grid € C N, define Xe C X by

Xe ={(T1ays -+ Tnay,) ¢ (a1,...,05) € C}.

Given two grids B, C C N, evaluating a polynomial f € B at a generic node (14, ...,%ns,) € C
produces an element of the field of fractions K = k({z;;}). So in this extended setting the
evaluation mapping has the form

(1) EVB,G : 233 - KXG,

where ., is the K-subspace of K[z] generated by B. We shall consider the case € = B, and call
(Bp, Xn) a twin pair. In the non-generic case (i.e. when X C k™), if k£ has characteristic 0 and
B is a lower set, T. Sauer [20] shows that the twin Pg is, roughly speaking, the only reasonable
subspace of k[x] to interpolate on the node set Xg.

Contents. In Section 2 we show that all generic twin pairs are poised for interpolation, and
prove some existential results on testing sets aiming at the finite field case. Section 3 contains
our main results, on an arbitrary square matrix A of the form A = 41 ® --- ® A,, each A;
having an LU-(or a UL)-decomposition. We give an explicit formula for any principal minor of
A indexed by a lower grid, in terms of principal minors of the tensor factors. Such formulas are
indeed valid for translates of lower grids and upper grids (to be defined). In the course of proof
we obtain characterizations of lower and upper grids. In Section 4 we get explicit formulas for
the determinant — denoted det V[B]— of the evaluation map (1) of the twin pair (PBz, Xp),
in case B is a lower (or upper) grid. Then det V[B] is shown to be isotonic for lower grids,
that is, if B C B’ are lower grids, then det V[B] divides det V[B']. Section 5 is devoted to the
case of finite fields, to obtain (optimal) testing sets for some relevant subspaces of k[z] with
concepts and language borrowed from Coding Theory, and to address the zero-testing problem
for homogeneous polynomials derived from R. Livné’s [19, p. 256].

Acknowledgement. I thank Ariel Pacetti for proposing the topic of this research, for long
discussions on the subject matter and multiple suggestions that improved the presentation of
this manuscript.
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Basic conventions.

[n] denotes {1,...,n}. [0, 7] denotes an interval in a given poset, e.g. N{.
A3 is the set of variables x;; occurring in Xp.

Hg is the space generated by the homogeneous polynomials of degree d.
E[2]<¢ is the subspace of polynomials of degrees < d; we let deg 0 = —oo.

A matrix like M = (mi:j)ieR,jeC is said to be an R x C'-matrizx.

[M]; ; and m;; are alternative notations for m; ;.

MII|J] is the I x J-submatrix of M, for any I C R and J C C.

MTiy -+ -ip|g1 - - Js) is the same as M[I|J] in case I = {iy,... iy} and J = {j1,...,Js}-
M (I]J) is the complementary submatrix of M[I|J], namely M[R \ I|C ~\ J].
When M is square: the order of M is the number of its rows (columns).
M]I] is the (square) principal submatrix whose rows are indexed by I.

M(I) is the (square) principal submatrix whose rows are indexed by R ~\ 1.

2. ON POISED GENERIC PAIRS

Let M denote the box [0,m;] x [0, m2] x --- x [0,m,] C N, where my,...,m, are fixed
natural numbers. For i € [n], let V; be the matrix whose row s € [0,m;] is (1, z,,, 2,2, ..., 2;0"),

that we call generic Vandermonde matriz. Let V=1V, ® --- ® V,, be the tensor (or Kronecker)
product of the V;. Recall [14, §1.4] that V=1; ® --- ® V,, is recursively given by V.=V, @ V',
where V' := Vo ® - - - ® V,,, and the two-fold tensor product V; ® V' is expanded as

V' oz, Vo oz gV V]
Voox Va2V MV
(2) V= |V 2,V 22V .. 2"V
Vo, Vw2V TtV
It follows that the rows and columns of V are arranged in lexicographic order. Moreover, V
is an M x M-matrix, whose entry in row (indexed by) (o1,...,0,) and column (indexed by)
(a1y..., ) 18 :1:1001‘1 -, 0m. This is precisely the evaluation of the monomial z,*' - .-z, at
the generic point (214, ...,%ns,). So for any finite B,C C NJ' (and choosing a large enough

M), we have the following fact, which is well-known for a longtime [12, §2.1]

The matriz of the evaluation mapping (1) with respect to the basis B and the canonical
basis of K¢ is the submatriz V[C|B]. O

Definition 1. Given a grid B and i € [n], let 6;;(B) be the number of those a € B such that
a; = j. Denote by B; the projection of B on the i-th coordinate, i.e. B; := {a; : o € B}.

Let S;(B) be the following tuple (mi,mi, ey My ey Gy Gy ey ey 1,1000.,1,0,0,...,0), where
each j occurs 6;;(B) times. Note that S;(B) is a permutation of the sequence («; : a € B).

Given € C N, such that |€] = |B|, define §;;(C, B) = ¥-29\% [5,(B)] . O

s=1

Proposition 2. For any grids B,C C N§ such that |C| = |B|, we have:
(a) The determinant of V[C|B] is either zero, or a homogeneous polynomial of degree equal

to the degree of the product of all members of B. Moreover
(b) The degree of det(V[C|B]) in the variable x;; is not greater than 0;;(C,B).

Proof. (a) For z® € B, all entries in the column « of V are monomials of degree |a|. So all |B|!
terms of det V[C|B] are monomials of degree ) g |a| = deg[[B.

(b) Each row of V[C|B] is indexed by an n-tuple ¢ = (g1,...,9n), which determines the
generic point (x1g,,...,%ng,), for g € C; among these points, the variable z;; occurs exactly
0;j(€) times; each such occurrence corresponds to a row of V[C|B] of the form (pagz;5" : @ € B),
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where each fiq4 is a monomial prime with x;;. Therefore, each term of det V[C|B] has the form
p;§, where p1 is prime with z;; and the exponent e is a sum of ;;(C) entries of S;(B) in distinct
positions of S;(B). The maximum of such exponents is thus the sum of the greatest 6;;(C)
entries of (a; : € B), which is Zgzge) [Si(B)],, as required. O

Definition 3. A k-replacement of XJ* is a map AZ* — k, that transforms z;; into Z;; € k.
The k-replacement is called proper if, for each i € [n], the elements T;,, for w € C; are pairwise
distinct. A k-replacement induces a mapping Xe — k™, (Z1ayy- -+ Tnay,) ~ (Tlags- -+ Tnay)-
If the induced map is injective we call it a k-embedding (of Xe into k™). Clearly, a proper
k-replacement induces a k-embedding, which is then said to be a proper k-embedding.

The image of Xe (resp., X§™) is denoted by X¢ (resp., X0,
Theorem 4. Suppose that the generic pair (Pg, Xe) is poised for interpolation. Then:

(a) If |k| > max{d;;(C,B)}icin) jec, there exists a k-embedding of Xe whose image is an
optimal Pg-testing set.

(0) If |k| = maxicpn) D jce,(0i(C,B) + 1), there exists a proper k-embedding of Xe whose
image is an optimal Py-testing set.

Proof. We know that (P, Xe) is poised if and only if det V[C|B] # 0. We shall use the following
result (check [3, Lemma 2.1] and [2, Lemma 2.1]):

Let f(&1,...,&n) be a nonzero polynomial over k. For each w € [N], let Ty,
(3) be a subset of k such that |Ty,| is greater than the degree of f in the variable
Ew. Then f is not zero in at least one point of Ty X -+ X Ty.

(a) We apply (3), with {&1,...,{n} = &A™, to the polynomial f = det V[C|B] € k[AF*]. By
Proposition 2(b), the assumption [k| > max{d;;(C, B)}ic[n) jec, implies that |k| is greater than
the degree of f in each variable z;; € A5*". So there exists a replacement of X7*" that produces
a nonzero point of det V[€|B]. The image X¢ is the set of the replaced columns of V[C|B]. These
are linear independent and therefore distinct. So from our replacement we get a k-embedding
of X@.

(b) The method of proof is the same as that of (a). For each variable x;; € AZ*" we consider
a subset T;; C k, satisfying the following conditions:

(4) |EJ‘ = (SZ](G,B) +1, for 7€ [n], j €€y,
(5) For each fixed i € [n], the sets Tj;, for j € C;, are pairwise disjoint.

These conditions imply, for each i € [n], that > e, Tij = >_ce,(04(€, B) +1). Our assumption
on the cardinality of & implies the existence of subsets Tj; satisfying (4)-(5). According to (3),
there exists a replacement X3* — k, x;; ~» T;;, that produces a nonzero point of det V[C|B],
and satisfies T;; € Tj;. Such replacement obviously determines a proper k-embedding of Ae. [

Remark. We may add to the above the following well-known facts of Algebraic Geometry. If k&
is infinite, the set &€ of all (proper) k-embeddings of Xp whose image is an optimal P3-testing set
has cardinality |k|. If k is the real or the complex field, £ is an open dense set in the Euclidean
topology of k"Bl O
Theorem 5. For any grid B the generic twin pair (Pp, Xp) is poised for interpolation.

Proof. We have to show that V[B] is nonsingular. Let V be the matrix obtaining from V after
zeroing out 19, and let V' = V5 ® - - ®@ V,,. In view of (2) it is clear that Vy may be written as

z, V' 23V L TV
V, 0 $12V/ $122 Vl e .I'lgnl Vl

. U}’ where U :=

(6) Vo= |

! 2 / miyy/
L1 V' T, V' VY
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and * denotes an unspecified block. Clearly the columns/rows of V' (resp., U) are indexed by
the nodes o such that oy = 0 (resp., ay > 0). We now factor x1; out of the j-th row of blocks
of U, for all j € [m1]. So U may be represented as

(7) U= (Diag($11;$12a s al'lm) ®Ih) : (VYII ®V,)7

where V/ is the [m1] x [m;] Vandermonde matrix whose row s is (1,2, x,2,..., 2,7 "), and
I, is the h-order identity matrix, where h is the order of V’. Therefore

(8) det Vo = (211219 - - Z1m, )" det V' det(V] @ V).

We consider the set of all tensor products of generic Vandermonde matrices and prove, by
induction on the order of such tensors, that all principal minors of all of those tensors are
nonzero.

So let B C M. Split B into two disjoint sets, B’ and B”, where B’ = {a € B : @3 = 0} and
B"={a € B:a; >0} Then

_[V[B] Z

From (7) we clearly have
U[B"] = (Diag(z11, ..., %1m) ® 1) [B"] - (V] @ V') [B"].

Put z19 = 0; as this kills Z, we get det Vo[B] = det V'[B'] - det U[B"]. The method used to
prove (8) produces

det Vo[B] = )" -2, det V/[B'] - det(V} @ V') [B],
where h; is the number of rows of B that cross the square block z1;V’ of U in the partition (6).
As V' and V" are tensor products of generic Vandermonde matrices of lower order than that of
V, the induction hypothesis entails det V'[B’] - det V/[B”] # 0. So det Vo[B] # 0 and, therefore,
det V[B] # 0. O

3. TRIANGULAR TENSOR PRODUCT PATTERNS

Let J := Jy x---xJ,, where Jq,...,J, are arbitrary finite sets, each one endowed with a total
order < (the same symbol for all these sets). The members of J are n-tuples a = (a1, ..., ),
B =(f1,--.,0n), etc., and J is partially ordered by the entrywise order, denoted by < as well.
Let T = (T1,...,Tp) and L = (Ly,...,1,) be, respectively, the top and bottom elements of J.
Thus J = [L,T], and J; = [1;, T4].

Let R be a commutative ring with identity 1. For each i € [n] let A; be an arbitrary square
matrix over R, whose rows and columns are indexed by J;. We let A be the tensor product
A1 ® - ® A,. Thus A is a J x J matrix.

Definition 6. Intervals of J, denoted as [«, 5], are tacitly referred to the partial order <. A
union of intervals of § with common origin o (resp., common endpoint 7) is called a o-lower set
(resp., T-upper set). A lower set of J is a o-lower set of J where o is 1, the bottom element of
d. An upper set of J is a T-upper set of J where 7 is T, the top element of J. For B C J we let
0;;(B) (or just 6;; if no confusion arises) and B; be as in Definition 1. O

Clearly 6;;(B) = 0 if and only if j & B;. If B is a o-lower set of J then B; is a Js-interval,
B; = [0, max B;]; moreover, 0;4(B) is weakly decreasing with respect to g € B;. If B is a
T-upper set then B; = [min B;, 73], and 6;4(B) is weakly increasing with respect to g € B;.

Theorem 7. Let A=A1 ® ---® A, be a J x J matrix, over the ring R.
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(a) Suppose that each A; has an LU factorization A; = L;U;, where L; and U; are, respectively,
lower and upper triangular matrices over some extension of R. If B is a lower set of J,

i 0; 1, —0;
(9) det A[B] =[] ] detAi[[w,n)] ™" ",
i=1 heB;
where h, denotes the successor of h in J;, with the convention 0i7h+ =0 when h is max B;.

(b) Suppose that each A; has a UL factorization A; = U]L., where U] and L] are, respectively,
upper and lower triangular matrices over some extension of R. If B is an upper set of g,

- 0i,n—0;
(10) det A[B] = ] det As[ln, )] " "~
=1 hGBZ‘
where h_ denotes the predecessor of h in B;, with the convention 0;;_ = 0 when h is min B;.

Corollary 8. Let A=A ®---® A, be a J x J matriz, over an integral domain R.
(a) If B is a lower set of § and all leading minors of all A; are nonzero, then (9) holds.
(b) If B is an upper set of § and all trailing minors of all A; are nonzero, then (10) holds.

The proofs of the previous theorem and corollary are based on the following lemma.

Lemma 9. Let £L:= L, ®---® L,, where L; is the J; X J; lower triangular 01-matriz having
entries 1 on and below the main diagonal. The following conditions are equivalent:

(a) B is a lower set (resp., upper set) of J;

(b) Any J x J-matrices L and U over R, such that Lo = 0 = Lor = Uye = 0 (for all
o,7 € J), satisfy the identity (LU)[B] = L[B|U[B] (resp., (UL)[B] = U|[B] L[B]).

Proof. We first prove the following claim
(11) For any o, € J we have: B < o if and only if Lo =1.

The case n = 1 is obvious. So take n > 1 and let £’ :== L1 ® --- ® £,,_1. Passing from £’ to £
consists in replacing, in £’, each 1 with a triangle £,,, and each 0 with a .J,, X .J,, zero matrix.
Define o := (a1, ... an—1) and 8’ := (b1, ... Bn-1).

Suppose o/ = . Then 8 < « is equivalent to 3, < a,. Moreover, the positions (o, «) and
(8,P0) lie in the diagonal of the same block L, resulting from the replacement of the entry
(o, ') of L' with £,,. Relative to the latter block, @ and 8 occupy the a,,-th and the 3,-th
diagonal positions. So 3, < a, if and only if [Ln] o = 1, and (11) follows.

Now suppose o # . By the inductive hypothesis, ' < o/ is equivalent to [£]og = 1; so
f < a holds if and only if: (i) [£']ovpr = 1 and (i) B, < ay,. The condition (i) means that

L'{a’, '} = [19], ie. the following configuration of blocks
[g SJ with A= B=C = £,

occurs as a principal submatrix of £, where the (a, a)-entry of £ is the (o, ay,)-entry of A, and
the (8, B)-entry of £ is the (8, 5,)-entry of B. Thus (i) holds iff («, ) lies on, or below the
diagonal of C'= £, i.e. L3 =1. So (11) follows easily in this case. Therefore (11) is proved.

¢

We only prove our lemma in the “lower set case”. The “upper set case” is left to the reader.
(a) = (b). For o, € B we have [LUlap = >, cgLayUyps. Suppose LayU,s # 0; then,
combining (11) with the assumptions of (b) on L and U, it is clear that v € B. Therefore
[LU]aB = Z LayUyp = [L[B] : U[fBHaﬁ'
yEB
(b) = (a). Applying (b) to the R-matrices L := £ and U := £ we obtain (LLT)[B] =
L[B)LT[B]. In particular, for any o € B, we have (£L7)[o] = (L[B]L[B]7)[r]. This may be
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written as 3 g LorLor =D gep Loplos. Taking (11) into account, we get

(12) Y Lor= > Lop

T€[L,0] BEB, B<o

Note that all entries of £ occurring is these sums are equal to 1 € R. Suppose that some 7 < ¢
does not lie in B; so 7 does not occur in the right hand side of (12). Let us zero out in £
the entry L,7; the modified matrix still satisfies the condition imposed by (b) on L. So the
equation (12) remains valid after zeroing out L,7. This contradiction shows that all 7 < o lie
in B. Therefore B is a lower set. O

Proof of Theorem 7. Suppose B is a lower set of J. Clearly the matrices L := L1 ® --- ® Ly,
and U := U; ® --- ® U, are, respectively, lower and upper triangular, and we have A = LU.
Applying Lemma 9, we get A[B] = L[B]U[B]. Therefore

det A[B] = det L[B] - det U[B].
Define D; as the J; x J; diagonal matrix whose diagonal entry in the position o; € J; is

D;|cii] = Li[e;]Uj[evi]. Define D := D; ®---® D,,. Thus D]a] = Di[aq] - Dyay] for any a € .
Therefore

(13) det A[B] = det D[B] = [ [ [[ Dilew].
i=1 aeB
Let ‘Bi = {hil,hig, - 7hiw¢}7 where o; = hil < hig < <K< hzw, Apply formula (13), in the
case n = 1, replacing A with A; and B with B;; as the lower sets of J; are the leading intervals
(hi1, hij] = {hi1, haa, .. ., hyj}, we get
J
s=1

By the definition of the 6;; = 6;;(B) we have

1 Diles] = H Di[his]ei’h”-
s=1

a€B
We now prove, by induction on ¢ =1, ..., w;, that, for any integers 6;,, > --- > 0;p,, = 0,
t ; t—1 L ;
ihig his ihi g i,h;
(15) I pilhis] ™" = (H det A; | hﬂ,hw]] 1 +1> det A;[[hi1, hat]] "
s=1 s=1

For t = 1, (15) reduces to D;[hs]%"i1 = det A; [hil]eivhil which follows from (14). Our induction
hypothesis is (15) when ¢ is replaced with ¢ — 1. First we transform the left hand side of (15)
using (14):

t Oi iy
[ Dl (HD is] e ) (HD )

s=1

(16) (HD is] )detA hzl,hzt]]lh“,

where ?z h;, denotes 0; , —0; p,,. Clearly GZ hiy = >0
The induction hypothesis applied to the integers 6; i

ihy = 0and 0; ., =0 hy, = Oi . —0ihsy,-
2 - >0, hie_y = 0 implies

t_ 0. —
(17) (H D; [his]ei’h“) (H det A;[[hi1, ]] e h”“) det A; [[hi1, hig—1]] Pibiet
s=1
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Our claim (15) follows from (16) and (17). Join (13) with the case ¢t = w; of (15) to obtain

n  w;
—0;

det A[B HHdetA hit, h H his Ok sir.

i=1s=1
with the convention 6;p,,, ., = 0. Up to notation this is nothing but (9).

The proof of (10), for an upper set, is omitted as it mirrors the proof we have just done. [

Proof of Corollary 8. We shall assume, as we may, that R is a field, otherwise we may extend
it to its field of fractions. Now recall the following known facts:

A nonsingular square matriz M has an LU factorization (resp., UL factor-

(18) ization) if and only if all leading (resp., trailing) minors of M are nonzero.

The LU case of this result is well-known in the theory of linear systems (check, e.g. [13, §3.2],
whose proof extends trivially to an arbitrary field); as a matter of fact, the non vanishing of the
leading minors is equivalent to the possibility of performing the Gauss elimination procedure
on the rows of M without pivoting. For the UL case, note that an LU factorization of M1,
say M~' = LU implies a UL factorization of M, namely M = U~ 'L~!; moreover, C. Ja-
cobi’s identity [5, Lemma A.1(e)] entails that a minor of M is nonzero iff the minor of M1
complementary position is nonzero.

In view of these facts, Corollary 8 follows from Theorem 7. O
4. THE CASE OF VANDERMONDE MINORS

4.1. Determinantal formulas. We now go back to the box M = [0, m1] x [0, ma] X - - - X [0, 112,,]
and the Vandermonde tensor product V=V; ® --- ® V,, of Section 2.

Theorem 10. If B is a o-lower grid of M, then

n

(19) det V[B] = [ ] =% I @iw— i)

i=1 teB; u<weB;
If B is a T-upper grid of M, then

n

(20) det V[B] — H H mitz:0§5<t(9it—9is) H (»Tiw _ xiu)ei“

=1 teB; u<weB;
Proof. For [r,s] C [0,m;] the well-known expansion of a Vandermonde determinant entails

(21) detV szt H (Tiw — Tin)-

t=r r<u<w<s

All minors of all V; are nonzero. So we get from Corollary 8:

det V[B H H detV az, ”_ei’s“

=1 se€B;
n  max B; s 0i,s—0i 541
o
=1 IT (1= II (e =)
i=1 s=o0; t=o; o <u<w<s

n [maxB; s max B;
(22) — H [ H H xi:’i(eivsai,&kl)] [ H H ($iw _xiu>9i’5_0i’5+l

=1 s=o; t=o0; s=0; o;<u<<w<s

For fixed i € [n] and t € B;, the expressions z;; i0a=0is41) 4 the first bracket of (22) occur
9.

for all s in [t, max B;]; the product of all such expressions is thus z,/*"*. For fixed u,w € B,,
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u < w, the expressions (x;.,, — %7”)0@5—9@5“ in the second bracket of (22) occur for all s in
[w, max B;]; the product of all such expressions is (x4, — 24,)%®. Therefore (19) holds.
When 3B is a 7-upper set of M we follow a similar path to get

n

(23)  detV[B] =]] ﬁ ﬁx;(eivs—@vm H T[T (oo — i)t

i=1 | s=minB; t=s s=min B; s<u<w<T;

For fixed i € [n] and t € B;, the terms J:Z-f(ei’rei’sfl) in the first bracket of (23) occur for all s

in [min B;, t]; as 6,5 = 0 for s < min B;, the product of all such expressions is

S(0i757917571) Z()<s (lt 97,5)
H L = Ty =
0<s<t
For fixed i € [n] and fixed v < w € B;, the expressions (., — xi,u)&,r@i,sﬂ in the second
bracket of (23) occur for all s in [min B;, u]; the product of all such terms is thus (2, — 2 )%*.

Taking these expressions into account in (23) we easily get (20). O
Corollary 11. If B and B are o-lower grids such that B C B', then det V[B] divides det V[B'].

Proof. As B C B', we have 0;;(B) < 0;;(B’) for i € [n] and j € B,. So the corollary is an easy
consequence of formula (19). O

Example. Let us check formulas (19)-(20) in case B is the box [, 7] € M. Then B is a o-lower
grid and a 7-upper grid. Clearly B; = [0;, 73] and 6;; = 6;;(B) is given by

0. — { |B|/|Bil, ifj € [oi,7i]
Y 0 if j & [o4,7i]
The exponent of x;; in (20) is the same as in (19) because

t—1 o;—1

Z Z Oit + Z it — = 0il.

s $§=03

=0
So, as expected, (19) and (20) produce the same expression which, after rearrangements, is

|BI/|Bi]
(24) detV[ = H H x; H (Tiw — Tin)

=1 [teB; u<weB;

The expression between big brackets is the determinant of Vi[[ai,ﬁ]]. As a matter of fact,
V(lo,7]] = Vi[lo1,71]] ® - @ Vi [lon, 7], and (24) may be confirmed via induction on n, using
(21) and the well-known formula det(A® B) = (det A)®(det B)® valid for square matrices A and
B, of orders a and b, respectively (cf. [17]). O

4.2. Explicit optimal testing sets. Recall the concepts of k-replacement and (proper) k-
embedding of Definition 3.

Theorem 12. Let Py be a subspace of k[x] with monomial basis B C M. Suppose that k
satisfies |k| > max;cp, (|Bi| + signmin B;) and consider the following prescribed properties of a
k-replacement Xg** — k, 145 ~ Tj;:

(a) If minB; > 0, then Ty # 0 for allt € B;, and all i € [n];

(b) If O;x > Bi0, then Ty # 0, for all i € [n).
If B is a o-lower grid (resp., T-upper gridJ, there exists a proper k™-embedding Xg — k"
satisfying (a) (resp., (b)), and the image Xg C k™ of any such proper k™-embedding is an
optimal Pg-testing set.
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Proof. In the o-lower grid case we only have to make sure that £ is large enough to accommodate
a k-replacement of XF* that does not annihilate the prime factors (z;, — 4,) and x4 occurring
in the expression (19). For a fixed ¢, we have two cases. In case o;(= min B;) = 0 we only have
to fulfill the conditions Ty, — Tjy # 0, for u < w € By; so it is enough to have |k| > |B;|. In case
o; > 0, we also have to satisfy Z;; # 0 for all ¢ € B;; for this purpose |k| > |B;| + 1 is enough.
Thus the desired k-replacement exists if [k| > max;cp,)(|Bi| + sign min B;).

Suppose B is a T-upper grid. Note that z;p is not a prime factor of (19). For a fixed 1,
|k| > |B;| is enough to fulfill the conditions T;,, — Ty, # 0, for u < w € B;. In case min B; = 0, it
is enough to have |k| > |B;| to fulfill the previous and the further conditions Z;; # 0, by letting
ZTijo = 0. In case min B; > 0, we must have T;; # 0 for all T' € B;; so |k| > |B;| + 1 is enough for
that purpose. Therefore our theorem follows from Theorem 10. O

5. OPTIMAL TESTING SETS OVER FINITE FIELDS

In this section k is a finite field, also denoted F, to highlight the cardinality |k| = ¢. The
concept of testing set is related with polynomial functions rather than with polynomials defined
as formal expressions. The mapping ® : k[z] — k¥" that transforms a polynomial f into the
polynomial function £ ~» f(&) is a homomorphism of k-algebras. The kernel of ® is the ideal
of vanishing polynomials. The following facts are well-known (check [6], [8] and the excellent
survey [18]). The Fermat Little Theorem tells that z] and z; produce the same polynomial
function, in other words z — ; lies in ker ®. As a matter of fact, ker @ is generated by the
polynomials 2! — z; for i € {1,...,n}. So, for positive integers a and b, the monomials z¢ and
wg’ produce the same polynomial function if and only if a = b mod (¢ — 1). A polynomial is
said to be a reduced polynomial whenever the degrees in each variable are all < ¢q. Thus any
polynomial is equivalent modulo ker ® to a reduced polynomial. Moreover, the set R of all
reduced polynomials is a vector subspace of k[z], and we have

klx] = R @ ker ®.

A fundamental fact is that any member of k¥ is a polynomial function. As a consequence R,
EF" and k[x]/ ker @ are isomorphic k-spaces; so we may identify a reduced polynomial with the
corresponding polynomial function. The reduction of a set P of polynomials, denoted Pieq, is
the set of polynomial functions (or reduced polynomials) afforded by the elements of P. If P is a
vector space then P.oq is a vector space as well, and dim P,q < dim P. If P is a monomial space
with monomial basis B, then B,eq is a monomial basis of Ppeq, in other words (Pg)req = P

red*

We know that the cardinality of an optimal P-testing set equals dim P.q. So one may wonder
why in Theorems 4 and 12 the cardinality of the optimal P-testing sets equal dim P. The reason
is that if the field is large enough with respect to B, Py and Pg , are isomorphic. More
precisely:

Proposition 13. Consider the following conditions involving a field k = Fy and a grid B:
(a) [K| > masic() (|| + signmin'B,);
(b) dim Py = dim Py, .
Then (a) implies (b). If B is a o-lower grid or a T-upper grid, then (a) and (b) are equivalent.

Proof. (a) = (b). Suppose (b) is false, i.e. |B| > |Byeq|. There exist a, f € B, such that a #
and (2%)red = (2°)req. So for some i € [n] we have a; # f; and (2] )pea = (:cf")red. We may
assume 0 < «; < f;. By Little Fermat «; = 3; mod (¢ — 1); therefore 5; — a; > g — 1 and
Bi = q. In case minB; = 0, we get 0,0; € B;, and so ¢ < |B;|; in case minB; > 0, we get
q < |Bi| + 1. In both cases, (a) is false.

(b) = (a) when B is a T-upper grid. Suppose that (a) is false. For some i € [n], ¢ <
|B;| +sign min B;. In case min B; = 0, we have ¢ < |B,|; thus ¢ € [0, ;] = B;; there exists o € B
such that a; = 1; define § € NI by 3; = q and s = a, for s # i; clearly (2%)req = () red;
moreover 5 € B, because f € [a, 7]; so (b) is false. In case minB; > 0, we have g < |B,|; there



TESTING SETS FOR LOWER AND UPPER GRIDS 11

exists a € B such that a; = minB;. Define 8 € Nj by 8; = a; + ¢ — 1 and 35 = ay, for s # i.
As in the previous case, we conclude that (b) is false.
We proved (b) = (a) when B is a T-upper grid. For a o-lower grid the proof is similar. [

The affine group of P. The affine group Aff,,(k) consists of the invertible mappings w : k" —
k™ of the form § ~» w(§) = A& + b, where A = (a,s) is an [n]-square nonsingular k-matrix,
and b € k™. Each such map gives rise to a reversible change of variables in k[z]; namely, any
f(z1...,2,) € k[x] is mapped to f, € k[z], given by

folz, ... zn) = f(w(z)) = f(Zz a1i%; + b1, ... 72@' Ui T; + bn).

Taking b = 0, we get the general linear group GL,, (k) C Aff,, (k)

Let P be a finite dimensional subspace of k[z]. An affine automorphism of P is a member
w € Aff, (k) such that f € P implies f, € P. The affine group of P, denoted Affyp, is the set of
all such automorphisms.

Lemma 14.
(A) The image of a P-testing set by an affine automorphism of P is a P-testing set.
(B) The affine group of P is a subgroup of the affine group of Preq.
(C) With the above notation, f and f, have the same degree.
(D) The whole Aff,, (k) is the affine group of both the space k[x]<¢ and its reduction.
(E) For a positive d, GL,,(k) is the affine group of both Hy and its reduction.

Proof. (A) Choose any P-testing set 7. For any f € P and w € Affp, suppose f(w(T")) = {0}.
We have f,, € P and f,(T") = {0}. AsT is a P-testing set, f,, (k") = {0}. Therefore f(k") = {0}.
This shows w(T') is a P-testing set.

(B) Let w € Affp and p € Preq. Then p = fieq for some f € P. We have f,, € P. The
equation p = freq means that, as functionals k™ — k, p and f coincide. Thus pow and fow
coincide. Therefore p,, € Preq, and we finally have p,, € Affp .

(C) We obviously have deg f, < deg f. Therefore, deg f = deg f,,,-1 < deg f,, < deg f.

(D) is an obvious consequence of (B) and (C').

(E) From (B) and (C) we get GLy, (k) C Affg, C Affs, . So we only need to prove that no
translation 7 : © ~» x 4+ b by a nonzero b € k" lies in Aﬂ'}%d’red. To check this, note that by # 0
for some s € [n]. The monomial xgi lies in Hy and its reduction is xf € Hg eq, Where e is a
positive exponent. 7 maps the homogeneous monomial z¢ to the non-homogeneous polynomial
(s +bs)¢ = x4+ -+ 5. As Hy is a monomial space Hgeq is monomial as well. So all
monomials in the expansion of (zs + bs)¢ lie in Hgreq, in particular the nonzero constant 0.
However all monomials of 34,eq have positive degrees. So 7 does not lie in Affs, ;- O

The examples to follow are relevant to Coding Theory. So we borrow some concepts and
language from that area (e.g. [8, 4, 23]). The code determined by a subspace P C k[z], denoted
Cyp, is the set of the ¢"-tuples, the codewords,

(25) (cp(t) i te k"),

with ¢ running over P. Up to isomorphism, Cp is Proq. So Cop is an evaluation code in the sense
that the encoding of a “message” ¢ is obtained by evaluating a function at all points of a fixed
finite set of points, the whole k™ in our case.

Thus the dimension of Cyp is dim P,oq. We may replace P with Preq, or else assume that P is
a subspace of k*"; this only changes the formal indexation of the words, not the code itself. In
case P is a monomial space with monomial basis B, then the reduction P.q is also a monomial
space, whose monomial basis is the reduction B,.q. We shall consider two relevant families of
codes associated wth monomial spaces, namely the generalized Reed-Muller (GRM) codes and
the Projective generalized Reed-Muller (PGRM) codes.
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Generalized Reed-Muller codes. Let d be a positive integer. The GRM code of order d over
the field g, usually denoted by C4(n,q), or C44 for short, is the code corresponding to k[z]<9,
the vector space of polynomials of degrees < d (cf. [8, p.409], [4, p.71]), which has monomial
basis . A

‘Bd = {:L"Lll.%',ln" . 21++'Ln<d}
The monomial basis of Cy, is therefore the set
(26) Bired = {37111 coemln gy 444, < d, and 0 < i < g for all s} .

The dimension of C4, is thus the cardinality of (26). In [4, p.72] the reader may find a proof
of the following formula based on the inclusion-exclusion principle:

n d .
(27) dim Cg, = Z(—US(Z) 3 (Z I " e 1).

s=0 1=

Therefore, this number is the cardinality of the optimal k[z]<%testing sets.

Corollary 15. Take any k-replacement Xg‘ﬁrred — k, i — Tyj, such that, for each i € [n],
Ti0s Tily - - - » T min{d,q—1} are pairwise distinct. Then the following subset of k"

(28) T ={(Tia1,--»Tnan) : @1+ -+ an <d, and 0 < a5 < q for all s € [n]}

is an optimal Cyq(n,q)-testing set. The family of all sets T obtained from k-replacements as
described is invariant under translations. For any such set T and any w € GL,(k), w(T) is an
optimal Cyq(n,q)-testing set.

Proof. The basis B req given by (26) is clearly a lower grid of Nj'. The projection of B eq on the
i-th coordinate is (Bgred)i = [0, min{d, g—1}]. Therefore the restriction imposed by Theorem 12
upon |k| = ¢ is satisfied, and property (a) of that theorem is vacuously true. Moreover, the
conditions imposed on Tjo, Ti1, - - -, Timin{d,q—1} tell us that the given k-replacement induces
a proper k"-embedding Xg, , — k™. So the first part of the corollary follows easily from
Theorem 12.

The invariance under translations follows from the fact that the translate T' 4 v, where
v = (v;) € k™, is obtained from the map x;; ~» T;; + v;, that is also a k-replacement inducing a
proper k"-embedding of X3, . The assertion relative to w(T’) follows from Lemma 14(D). O

Projective Generalized Reed-Muller codes. For the case of the space Hy, the d-th ho-
mogeneous component of the graded ring k[x|, we consider two closely related codes: the affine
code Cy¢,, with codewords as defined in (25), and the projective version of a GRM code as
given in [23] under the notation PC4(n, q). The monomial basis of Hy is the set of monomials
of degree d; the monomial basis of Hgreq is the reduction of the former basis, namely the set

(29) {xﬁlx# DY sls<d, Y is=d mod (¢ —1), andOéil,...,in<q}.

The dimension of Cy, is thus the cardinality of this set. This number has been determined in
[23, Theorem 1] with the following outcome:

n . t—jg+n—1
dimHarea = >, Y _(=1) (n> ( T )
o<t<d =0 J n—1
t=d mod(g—1)
So this number is the cardinality of the optimal JH4-testing sets.

For the projective code PCy(n, q) we start with the same space Hy but the evaluation process
is different from that of Cg¢,. While the latter evaluates homogeneous polynomials at the points
of k™ PCy(n,q) evaluates those polynomials at the points of the projective space P~ 1(k).
This is done by the usual embedding of P"~!(k) into k", which consists in choosing a single
representative from each point of P"~!(k). This reduces the length of the code from ¢" to
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(¢"—1)/(qg—1), a drastic cut if ¢ > 2. The matrix of the projective code PCy(n, q), call it P, is
obtained from the matrix A of the affine code Cy, after the following operations are performed:
(i) the column of A indexed by the zero vector is eliminated; (ii) for each point U € P"~1(k), the
g—1 columns of A indexed by the elements of U (that are pairwise proportional) are replaced by
a chosen one of them. The column spaces of A and P are obviously the same. So the dimensions
of the two codes are the same as well.

It is easy to check that if T C k™ is an optimal Hy-testing set, then all points of T are
nonzero; moreover, replacing each point ¢ € T' by a proportional point \¢t, As # 0, the new set
is also an optimal homogeneous d-testing set. So we may consider T as a subset of P"~1(k)
with no violation of the optimal testing property.

The set of the monomials with total degree d is the monomial basis of the space Hy. For
n > 1 and d > 0, that basis is neither a o-lower set nor a o-upper set. Thus, essentially,
Theorem 12 does not apply to that case. We illustrate the expected difficulties with a simple
example.

We consider the case n = 2, d = 4 over the field F3 = {0,1,2} 104 3, and try to find an
optimal H4-testing set in F;%. The monomial basis of Hy is B = {23, 7123, 2323, x3x9, 71}
So the reduced basis is, in lexicographic order, Biq = {3, ¥179, 73, x223}. Following the
construction of Section 2, we get

2 2 2 2 2 2 2 2
To9 Ty BN THo w v u w
VB | T10T22 T11T21 X12720 L12X22( aw bv cu cw
[ red] - 2 2 2 2 - 2 b2 2 2 ’
56102 21’112 5122 53122 g 2 2,2 QC 2 20 2
TioTz2 T11021 P12t  T12%22 aw” b7t cut o cCw

where, for better readability, we have replaced the x;; with non subscripted variables according
to (a,b,c) := (x10,211,212) and (u,v,w) = (z20,T21,222). According to an ad hoc computer
program, the irreducible factorization of det V[B,q] has the form cw(a — ¢)(u — w) - ¢, where
the factor ¢ is given by:
© = bw?v + chaw?v—cb*wv? — Pawv? — cb*wu—
b2 aw?u + Ebwou + chawvu — cCav’u + brav?u.

Our problem now is to replace (a, b, ¢, u, v, w) in F3¥, so that det V[B,eq] # 0. By brute force we
determine that there are 24 distinct solutions to this problem, but the complexity of ¢ leaves
us with no hint on a systematic way to determine such a solution, much less for higher values
of the parameters ¢, n,d. However we may circumvent this inconvenience over the field Fs.

The case of the two-element field. Recall from the Introduction that R. Livné’s result [19,
Theorem 4.3, p. 256] involves, among other ingredients, the identification of testing sets for the
space Hs of cubic homogeneous polynomial functions over the field k = Fy. Here we consider
the general case Hy of any degree d > 0. In this case we have a simple way to get explicit
(optimal) H4-testing sets. The monomial basis of g eq as given in (29), is the set

8qg=A{xl" a0y €{0,1}, 0< Y as < d}
={z;, -z, 1<ip < <ig<n, 1 <s<d}
Clearly, over Fa, Hy—1 red C Hared C Ca2. So a testing set for Cy o (resp., Hgreq) is a testing set
for any He req for any e < d. Besides, note that 1 & 84 (recall 1 is the monomial represented by

(0,...,0) € Ng). On the other hand, according to (26), the monomial basis of C42 is 84U {1}.
This situation is the object of the following simple result.

Proposition 16. For any field k and any finite set 8§ of monomials such that 1 € 8§, we have:
U C k" is a Pg-testing set if and only if U U {0} is a Psyqiy-testing set. This is also true when
the expression “testing set” is replaced with “optimal testing set”.
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Proof. Let U be a Ps-testing set, and assume 1) € Pg¢1) vanishes on UU{0}; then 1) vanishes on
U and, as 1(0) = 0, ¢ lies in Pg; so ¢ vanishes on k". Conversely let UU{0} be a P (1}-testing
set, and assume ¢ € Pg vanishes on U; as 1 € 8, ¢ vanishes on U U {0}; so 1) vanishes on k.
The claim concerning optimal testing sets is easily proved arguing with cardinalities of reduced
bases. In fact, (8 U {1})red = Srea U {1}; therefore, as no member of 8§ has reduced form 1, we
have [(8 U {1})red| = [8red| + 1. The rest is easy. O

In the case k = F2 we give a neat form to Corollary 15 and get a nice family of optimal
testing sets for homogeneous polynomials.

Theorem 17. Let Ty be the set of those members of F3' that have at most d entries equal to 1.
For any w € Aff,,(F2), w(Ty) is an optimal testing set for polynomials over Fy of degrees < d,
as well as a testing set for homogeneous polynomials over Fo of degree d.

For any v € Ty, and any w € GL,(F2), the set w(v+ Ty) ~ {0} is an optimal testing set for
homogeneous polynomials over Fo of degree d.

Proof. The only restriction Corollary 15 puts on the Fa-replacement is {Z;0,Zi;1} = {0, 1}, i.e.
Ti1 = Tio + 1. We choose (T19, . .., Tno) arbitrarily in FJ'. As ¢ = 2 the integers «a; in (28) all lie
in {0,1}. We shall view a = (a1, ..., ) also as a member of FJ'. If a; = 0, then Tjo, = Tio; if
a; = 1, then T, = T;1 = Tjo + 1. Therefore

(T1iags -« s Tnay) = (T10,- -+, Tno) + a.

In (28) « runs over Ty. So in case ¢ = 2 the set (28) is (Z1o,...,Tno) + Ty, which is, by
Corollary 15, an optimal testing set for Fa-polynomials of degrees < d.

The first claim of our theorem now follows from Corollary 15 and Proposition 16. Thus, for
any v € Ty, the set v + Ty is an optimal Cyo-testing set and 0 € v + Ty; so Proposition 16 tells
that (v + Ty) ~\ {0} is an optimal Hy-testing set, and Lemma 14(F) does the rest. O
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