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Abstract

We propose finite difference methods for degenerate fully nonlinear
elliptic equations and prove the convergence of the schemes. Our fo-
cus is on the pure equation and a related free boundary problem of
transmission type. The cornerstone of our argument is a regularisa-
tion procedure. It decouples the degeneracy term from the elliptic
operator driving the diffusion process. In the free boundary setting,
the absence of degenerate ellipticity entails new, genuine difficulties.
To bypass them, we resort to the intrinsic properties of the regularised
problem. We present numerical experiments supporting our theoretical
results. Our methods are flexible, and our approach can be extended

to a broader class of non-variational problems.
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1 Introduction

We propose numerical methods for fully nonlinear degenerate equations of

the form

(1)

|Dul’ F(D2u)=f  in Q
u=yg on 0f2,

where F': S(d) — R is a fully nonlinear elliptic operator, f € C(Q)NL>®(Q),
and g € C(09Q). The exponent # > 1 is a degeneracy rate, governing how
the vanishing of the gradient affects the ellipticity of the problem.
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After designing a finite difference scheme for (1), we embed this equation

into a free boundary problem. Namely, we consider the free transmission

model
|Du|" F(D?u) = f in QN {u>0}
|Du|% F(D?u) = f in QN {u<0} (2)
U=y on 012,

where 1 < 6; < 65. In both settings, the unknown wu is understood in the
sense of viscosity solutions [19, 17, 18, 13].

The PDE in (1) accounts for a fully nonlinear counterpart of the p-
laplacian. As in the latter, the ellipticity in (1) is no longer uniform, since it
depends on a power of the gradient. This problem has been largely studied
in the literature [5, 6, 7, 8, 9, 20]. Regularity results for the solutions to (1)
are the subject of |25, 10, 1, 27, 26, 11]. The transmission problem in (2)
was introduced in [24]; see also the survey [4] and the references therein.

Numerical methods for nonlinear partial differential equations (PDE) of
Hamilton-Jacobi type have appeared in [2, 15, 16, 21, 31], to name just a
few. In [3], the authors examine a strategy for the approximation of viscosity
solutions to fully nonlinear equations. They also devise a set of conditions
under which a family of numerical approximations converge to the (unique)
viscosity solution of the underlying PDE. The authors prove that solutions
to a monotone, consistent and stable scheme converge to the unique viscos-
ity solution of the approximated problem. In [28], the author verifies that
degenerate ellipticity, properness and Lipschitz continuity of the numerical
method ensure monotonicity and stability and lead to convergence. We also
mention [22, 29, 23, 14].

Solving a nonlinear approximation scheme designed for a stationary PDE
benefits from a solution operator in the spirit of the Euler method. In
[28], the author resorts to this method and derives a non-linear Courant-
Friedrichs-Lewy (CFL) condition ensuring the solution operator is a con-
traction on a Banach space. Such a condition depends only on the Lipschitz
constant of the approximation scheme.

Problems (1) and (2) introduce genuine difficulties concerning numerical
approximations. The first one regards monotonicity. It is well-known that
there exists a monotone approximation for F(D?u), provided F satisfies a
diagonal-dominance condition (see [3, Theorem 3.4]). On the other hand,

an upwind monotone discretisation of Du yields a monotone approximation



for |Du|9. However, the product of monotone operators are not necessarily
monotone.

The second main difficulty concerns the (two-phase) free boundary prob-
lem (2). Unlike the obstacle problem, (2) cannot be immediately written
in terms of a single equation in the entire domain. Compare with the [28,
Section 3|. Therefore, an approximation scheme in 2 is not available. In
addition, the dependence of the degeneracy rates on the sign of the solution
affects the maximum and the comparison principles.

We start our analysis with the pure equation (1). For 0 < ¢ < 1, we
propose a regularisation of the form

{(5 + |Du5|2)% (eu® + F(D*uf)) = f in Q (3)
ut =g on 0f).

Arguing along the same lines as in [24|, we prove the existence of a
(unique) viscosity solution to (3). We also verify that u® — wu, locally uni-
formly, where u € C(2) is a viscosity solution to (1). This is summarised in

our first result.

Theorem 1 (Existence of solutions). Let  C RY be a bounded domain
satisfying a uniform exterior sphere condition. Suppose Assumptions Al
and A8, to be detailed further, hold. Then there exists a unique viscosity
solution to (3), denoted with u® € C(2). Moreover, u® — u locally uniformly

in Q, where uw € C(Q) is a viscosity solution to (1).

Thus, our goal is to produce a numerical approximation to (3). To that
end, we fix 0 < h < 1 and consider a discrete approximation of {2, which we

denote with €2;,. Then we propose an approximation of the form

eus (z) + F(Dius (x)) — S ) B in Qp
(e+|Dnus, (2)[2)

uf (x) = g(x) on 0.

SRS

(4)

We prove the method in (4) is monotone, consistent with (3), and stable.
Therefore, an off-the-shelf application of the Barles-Souganidis theory implies
that uj — u® locally uniformly [3|. Finally, by sending ¢ — 0, one concludes
that uj provides an approximation to the solutions to (1).

We emphasise the regularisation in (3) decouples the product in (1),

unlocking monotonicity. In addition, the proof of the existence of viscosity



solutions to (3) relies on global barriers. We show that a discrete version of
those barriers amounts to sub- and super-solutions to the numerical method
in (4). Such discrete barriers are independent of the mesh size h. Together
with the degenerate ellipticity of the method, it provides us with the stability
for uy. To prove the consistency, we rely on standard arguments. Our first

main result is the following.

Theorem 2 (Convergence of the numerical method I). Let Q C R be a
bounded domain satisfying a uniform exterior sphere condition. Suppose As-
sumptions A1-A3, to be detailed further, hold true. Then the method (4) is
monotone, consistent and stable. Therefore, the family (uj )o<n.e<1 converges

locally uniformly to u as e, h — 0.

Theorem 2 verifies that the method in (4) is monotone and consistent.
After proving that global barriers available for (3) provide us with global
barriers for (4), uniformly in h, we prove the method is stable. Hence, uj
converges locally uniformly to the viscosity solution u® of (3).

Consequently, the method (4) provides a numerical approximation for
(1). It remains to notice that the existence of solutions to (4) follows from
the Euler method, under an appropriate CFL condition.

Once the numerical approximation for the pure equation is understood,
we address the free transmission problem (2). Once again, we resort to a
regularisation strategy. However, to accommodate a free boundary problem
whose degeneracy law depends on the solutions, we start with an auxiliary
function 6-(u). Indeed, for 0 < € < 1, consider

o (t) — «91]1{t<—a} + 92]1{t>5} if (x’t) c R\ [—6,5]
) b0y 4 010 it (2,t) € (—¢,2).

Now, define 0. = O, x n.. Notice that 0. € [01,02]. Also, if t > ¢ we get
0-(t) = ba; if t < —e, we get 0-(t) = 0. In the interval (—¢,¢), the exponent
0c(t) is non-decreasing and smooth. We consider
b (u)
e+ |Duf?) 2 (eu® + F(D*uf)) = f in Q

(5)
=g on 0Of2.

A viscosity solution uf to (5) converges locally uniformly to a viscosity solu-
tion of (2). We observe, however, that (5) introduces an important limitation

to our method.



Indeed, our approach to the numerical approximation of (1) and (2) stems
from the regularisation introduced in [30, 24|. In those papers, the authors
address the free transmission problem through regularisations that depend
on two parameters. The first one is 0 < ¢ < 1, whereas the second one is a
function v € C(Q). To pass from the regularised problem to (2), it is critical
to produce a fixed-point argument for the functional parameter v. Conse-
quently, a numerical approximation of (2) through the (e, v)-regularisation
would rely on a similar strategy. The introduction of 6., as above, aims at
bypassing this constraint.

We propose a discrete approximation for (5) of the form

eus, (x) + F(D}uj () - M ey =0 i O

(s Dnus (@)7) 2 (6)
uj,(x) = g(x) on 08,

Under general assumptions, this method is monotone and consistent with
the regularisation in (5). Nevertheless, the dependence of 6. on the solution
introduces a further difficulty. It jeopardises the comparison principle, in the
sense of [28].

To overcome this difficulty, we construct new barriers w < w and compare
them with solutions up. By construction, the former are also comparable to
the threshold parameters +e. As a consequence, we enforce 6.(w) = 67 and

0 (W) = B3. Our second main result reads as follows.

Theorem 3 (Convergence of the numerical method II). Suppose Assump-
tions A2-A4, to be detailed further, are in force. Then the method in (6) is
monotone, consistent with (5), and stable. Suppose there exists a unique vis-
cosity solution to (5). Then u; — u locally uniformly, where u is a viscosity

solution to (2).

The proof of Theorem 3 follows along the same arguments as in the proof
of Theorem 2. The main difference is due to the lack of a discrete comparison
principle. We find a way around this difficulty by exploring the monotonicity
of 6. and using specific barriers.

The remainder of this paper is organised as follows. Section 2 gathers
preliminary material, whereas Section 3 examines the existence of solutions
to (3). The proof of Theorem 2 is the subject of Section 4. In Section 5

we detail the proof of Theorem 3. A final section presents a few numeri-



cal experiments, as an attempt to illustrate our strategy and validate our
method.

2 Main assumptions and preliminary material

We denote with S(d) the space of symmetric matrices of order d, and notice
d(d+1)

S(d) ~R™ 2. The norm of M € S(d) is given by.

|M|| = sup el Me.
eeSd—1

For ¢ € R%, we define ||£]| := v/&-&. The matrix norm ||N|| is defined as

IN||:= max [e;],
i=1,...,
where {e1,es,...,eq} are the eigenvalues of the matrix N. We also notice
that the matrix inequality M > N means that M — N is positive semidefinite.
Our first main assumption concerns the uniform ellipticity of the fully

nonlinear operator driving (1) and (2).

A 1 (Uniform ellipticity). Let 0 < A < A be fized, though arbitrary. We
suppose F' is uniformly elliptic, or (A, A)-elliptic. Namely, for every M, N €
S(d), we have

AN < F(M) = F(M + N) < AN,

provided N > 0.

A well-known consequence of uniform ellipticity is the Lipschitz conti-
nuity of the operator F' concerning the Hessian entry. Also, a uniformly
elliptic operator can be written as an Isaacs-type operator [12, Remark 1.5].

Building on that observation, we introduce our second assumption.

A 2 (Diagonal dominance). We suppose the operator F : S(d) — R is of
Isaacs-type. That is,

F(M) = sup inf (=Tr (AysM)),
(M) = sup inf (=T (4, 500)

where the matrices

Aap= (a;?jf)ij:l € 5(d)



are (X, A)-elliptic and the sets A and B are compact. Also, A, g satisfies a

diagonal dominance condition of the form

d
HEDY

2,7=1
i#]

a’/B
@i |>

foreveryi=1,...,d, a € A and 8 € B.

The diagonal dominance condition in Assumption A2 ensures that there

exists a monotone approximation scheme for the operator F'; see [3, Theorem

3.4].

A 3 (Regularity of the data). We suppose f € C(2) N L>(2). We also
suppose g € C(09).

When working under Assumption A3, one may consider f = 1, for sim-

plicity. We also impose conditions on the exponents 61 and 0s.
A 4 (Degeneracy rates). We suppose 1 < 61 < 5.
We continue with the definition of degenerate ellipticity.

Definition 1 (Degenerate elliptic operators). We say the operator F' : S(d) %
R? x R x Q — R is degenerate elliptic if

F(N,p,r,x) < F(M,p,r,z),

for every p € R?, r € R and = € Q, whenever M < N.

A (A, A)-elliptic operator is degenerate elliptic. Of particular interest for
us is the operator F. = F.(M,p,r,z) defined as

(e + [p)*") (er + F(M)).

Notice F; is degenerate elliptic provided F' is degenerate elliptic.
Let G : S(d) x RTx R x Q — R be a (), A)-elliptic operator and consider
the Dirichlet problem

{G(DQu,Du,u,x): f in Q -

U=y in 09,



where f € LP(Q2)NC(Q) and g € C(02). We define the (perhaps discontin-
uous) operator F: S(d) x R x R x @ — R as

G(M,p,r,z) — f(x) it zeQ

F(M,p,r,z) =
M p.7,z) {r—g(x) if xe€ 0.

The operator F' simultaneously accounts for the PDE and the boundary
condition. To define a viscosity solution to (7), one requires the notion of

semicontinuous envelopes, which is the subject of the next definition.

Definition 2 (Semicontinuous envelopes). Let F': S(d) x R x R x Q — R.
We define the upper semicontinuous envelope F* : S(d) x REx R x Q — R

as
F*(M,p,r,xg) := limsup F'(M, p,r, x).

Tr—xQ

We also define the lower semicontinuous envelope Fy : S(d) x RIxRxQ — R

as
F.(M,p,r,xo) := liminf F'(M,p,r, x).

T—TQ
We proceed with the definition of viscosity solution to (7) in terms of the

semicontinuous envelopes for F'.

Definition 3 (Viscosity solution). An upper semicontinuous function u :
Q — R is a viscosity subsolution to (7) if for every ¢ € C?(Q) such that

u — @ attains a mazimum at xo € Q, we have
F.(D*p(x0), Dp(x0), u(zo), 20) <O0.

A lower semicontinuous function u : Q — R is a viscosity supersolution to
(7) if for every o € C%(Q) such that u— ¢ attains a minimum at vg € Q, we
have

F*(D*p(x0), Dp(w0), u(zo), 9) > 0.

A continuous function that is both a subsolution and a supersolution to (7)

is a viscosity solution to (7).

The previous definition resorts to C%-regular test functions, setting the
framework in the context of C-viscosity solutions [18].

Let 0 < hg < 1 be fixed and set Hg := (0, hg). Given a domain Q C R?
and h € Hg, we design a structured grid €, providing a discrete approxima-
tion of €.



For i = 1,...,d, let ; be a family of hyperplanes, orthogonal to the
canonical unit vector e;; each hyperplane in €; is a copy of R4, Suppose
the hyperplanes in ); are h-apart. Denote with €}y 4 the collection of all
the points determined by the intersection of d hyperplanes. We define 2, as

Qp =N Ql»---yd‘

Clearly, €25, is a discrete approximation of €2, comprised of points that are

h-apart. To complete the discretisation of €, consider the intersection
0 :=00N ([ UQU---UQy).

Finally,
97}1 = Qp U 08Qy,.

For 0 < h « 1 fixed, the cardinality of QO is finite, and denoted with N,. For
0 < h < hg, we use discrete approximations of the Hessian and the gradient
of u, respectively.

Under Assumption A2, we define Diuy(z) = (02w, a:juh(x))?jzl by set-

ting
up(z + he;) +up(x — he;) — 2up(x)
851-@1-“}1(53) = 2
and
9 —2up(x) + up(x + e;h — ejh) + up(x — e;h + ejh)
O; wun(T) = 572
up(x + eih) + up(x — e;h) + up(x + ejh) + up(z — ejh)
+ 2h? '

As concerns | Djup|?, we consider

d
|Dpup ()| = % > max ((un(x) — u(x + hey)) , (up(z) — ulx — he;)),0)%.
i=1

For 0 < h < hg fixed, though arbitrary, we denote with Fj the set of
functions defined on Q. A numerical scheme (or numerical method, or
approximation scheme) is a family (Gp)p,e(q o) Of rules G, @ Fpp ¥ Q, — R,
We abuse terminology and sometimes refer to a single rule G}, as a numerical
scheme. A solution to the numerical scheme is a function u;, € F}, such that

Gh(up(z),x) = 0 for every z € Qy,. Typically, G depends on uj;, through



D%uh, Djuy, and uy, and we are interested in
Gh(up(z), x) = Gr(Diup(z), Dpup (), up(z), ).

Combining the former notation with the discretisations introduced above,
we notice GJ,(up(),z) also depends on uy; in neighbouring points y € Q.
That is,

Gp =Gy, (uh(ac),uh(y)’yeN(w),x> ,

where N (z) stands for the neighbouring points of = used in the required
discretisations. We use this notation only in the definition of degenerate
elliptic schemes. Elsewhere in the paper, we adhere to Gj, = Gp,(un(x), )
and leave the dependence on the neighbouring points implicit. We continue

with the definition of degenerate elliptic methods.

Definition 4 (Degenerate elliptic). We say the numerical method (Gp,)o<h<n,

is degenerate elliptic if

Galon(o).2) = Go () nlw)] _, o)

is mon-decreasing with respect to vp(xz) and non-increasing with respect to
vp(y), for every y € N(x).
Notice that both Diuh and Dpuy, are degenerate elliptic discretisations.

Next, we recall the definitions of monotonicity, consistency and stability for

an approximation scheme.

Definition 5 (Monotone scheme). We say the numerical method (Gp,)o<h<hq
is monotone if, for every 0 < h < hg, and every up,v, : Qn, — R with

up(x) = vp(x) and up < vy, we have
Gp(vp(z),z) < Gp(up(z), ).

The next definition concerns the consistency of the numerical scheme.

Definition 6 (Consistent scheme). We say the numerical method (Gp)o<h<hg

is consistent with (7) if

tim sup Giy(p(y) + £,4) < F*(D*p(x), Dp(x), p(x), x)
Y=

£—0

10



and
lim inf Gy (p(y) + €,y) > F.(D*¢(x), Do(x), (), ),

Yy—x
£—0

for every o € C®(Q) and z € Q.

We proceed with defining stability. As usual, a function up : Q5 — R

denotes a solution to G, = 0.

Definition 7 (Stability). We say the numerical method (Gp)o<n<n, s stable
if there exists C' > 0 such that

sup max |up(x)| < C.
he(0,ho) TEQ
Definitions 5-7 are the main ingredients in the criterion for convergence
of the numerical scheme introduced in [3]. We recall it in the sequel, in the

form of a proposition.

Proposition 1 (Convergence of the numerical method). Suppose the numer-
ical method (Gp)o<n<n, s monotone, stable, and consistent with (7). Then

(un)he(o,ny) converges, as h — 0 to the unique viscosity solution of (7).

We close this section with a strategy to solve G = 0. Namely, we

consider the solution operator
Splu(@)] = u(@) — pGn(u(a), o),

where 0 < p < 1 is a parameter chosen to ensure, among other things,
that S, has a fixed point; see [28]. The choice of p depends on h through a
non-linear CFL condition. We also refer to S, as Euler operator. We resort
to this strategy in the proof of Theorem 2 as well as in our numerical tests.
Our last preliminary result regards the conditions ensuring that the solution

operator is a contraction. See |28, Theorem 7|.

Proposition 2 (The solution operator is a contraction). Let h € (0, hg)
be fized, though arbitrary. Suppose Gy, is degenerate elliptic and Lipschitz-
continuous, with Lipschitz constant C' = C(d, A\, A, e, h,0). If0 < p < C, the

operator S, is a strict contraction.

11



3 A detour on the existence of solutions

For completeness, we detail the proof of Theorem 1. We argue as usual
in the theory of viscosity solutions. Namely, for ¢ > 0 fixed, we prove a
comparison principle for (3) and construct global sub- and super-solutions.
Then Perron’s method yields the existence of a viscosity solution u. to that
problem. At this point, regularity estimates for (3) allow us to consider the
limit € — 0. The stability of viscosity solutions yields the existence of a

function u € C(Q) solving (1). We proceed with the comparison principle.

Proposition 3 (Comparison principle). Suppose Assumptions A1 and A3

are in force. Let u. € USC(QY) be a viscosity sub-solution to the PDE in (3)

and w, € LSC(Q) be a viscosity super-solution to the PDE in (3). Suppose
further that ue < w. on 0. Then u. < w, in .

Proof. The argument follows along the same lines as in the proof of |24,

Proposition 4] and is omitted. O

We proceed by constructing global sub- and super-solutions.

Proposition 4 (Existence of global sub and super-solutions). Suppose As-
sumptions Al and A3 are in force. Then, for every ¢ € (0,1), there ex-

ists a viscosity sub-solution w € C(Q) to (3) and a viscosity super-solution

w e C(N) to (3). In addition, w =w = g on 9. Finally, w and W do not

depend on €.

Proof. The argument follows along the same lines as in the proof of |24,

Lemma 2| and is omitted. O

For every 0 < € < 1, Perron’s method ensures the existence of a viscosity
solution u. € C(R) to (3), agreeing with g on the boundary of Q. In addition,
w < u. < w, for every € € (0,1). We continue with an observation on the

Holder-regularity of the family (ue)ee(o,1)-

Lemma 1 (Uniform compactness). Suppose Assumptions Al and A3 are
in force. Then there exists a unique viscosity solution u. € C(Q) to (3).
Moreover, we have w < u < w. Finally, there exists a € (0,1) such that

us € C2(Q) and, for every ¥ € Q, we have
||Us||ca(gz/) <C,
where C = C(d, A, A, [ fll oo () 5 191l 1w 062y - dist (€2, 092)).

12



Proof. Notice that u. satisfies

~Fll ooy = el oo () < F(D?ue) < 1 £ll ooy + el e (@

in QN {|Du| > 1}. Arguing as in the proof of [24, Corollary 2|, one obtains
the result. O

Proof of Theorem 1. The family (uc).c(o,1y i3 uniformly bounded in some
Holder space. Therefore, there exists a convergent subsequence, still denoted
with (ue)o(0,1), satisfying ue — u, locally uniformly in Q, where u € C(£2).
Standard results on the stability of viscosity solutions ensure that w solves

(1) in the viscosity sense. O]

4 Degenerate fully nonlinear equations

We now introduce a discrete approximation of (3) given by

eup(x) + F(D?up(x SR i) H— ifx e Q
Gp(up, ) = () (Dien () (e+|Dpun (@)[?) 2 "
up(z) = g(z) ifx € 00y,

We proceed with the monotonicity of G, (up, x).

Proposition 5 (Monotonicity of Gy). Let G}, be defined as in (8). Suppose
Assumptions A2 and A3 are in force. Suppose up,vy, : Qp, — R are such that
up(z) = vp(xz) for some x € Qp, with up, < vy, in Q. Then Gp(vp,z) <
Gp(up, x).

Proof. If x € 09y, we conclude Gp(up,z) = g(x) = Gp(vp,x). Suppose
otherwise that x € Q. Under Assumption A2, we have F(D3v,(z)) <
F(D?up(z)). Also, |Dpvp(2)|? < |Dpup(z)|*. Hence,

f(@)
(2 + | Dpun(x)[2)?
f(@)

(¢ + [Dpon(x)]?)

Gh(up, x) = evp(x) + F(Diuy () —

> cup,(x) + F(Diop () —

(SIS

= Gp(vn, 2),
which completes the proof. O

In what follows, we verify that G}, (up,x) is Lipschitz-continuous.

13



Proposition 6 (Lipschitz continuity of Gp). Let G, be defined as in (8).
Suppose Assumptions A2 and A3 hold true. Then

max |Gp(up, x) — Gp(vp, x)| < C max |up(z) — v ()|,

zeﬁh :Eéﬁh
for every up, v : Qp — R. Moreover, the constant C > 0 depends on the
dimension d, the ellipticity constants 0 < A < A, 0<e <1, 0< h K 1,
and HfHLoo(ﬁh)-

Proof. 1If x € 0Qy,, Gp(un, ) — Gp(vp,x) = 0 and there is nothing to prove.

Suppose otherwise and notice

C(\ A d
|Gr(up, ) — Gp(vp, x)| < <E + (;7,2’)> lup(x) — vp ()|
@ @ o)
(e + [Dpun(@)[?)? (e + [Dpon(z)?)?
= (24 S funto) - ) + 1
We proceed by examining the term I. Indeed,
Dpuy () 7_ Dypop(x)]? 2
1< 1l (e + [Dpup(x)]?) : (& + [Dpn( )|Q) (10)
(e + [Dpun(x)[?)? (e + [Dpon(x)?)>

and

8
2

N[

(5 + ’Dhuh(x)|2) — (5 4 |thh(1’)‘2)
(e + | Dyun(@)[2)? ( + | Dyon(x)?)?

max up(z)|? v ()] e
< ((5+ [Drun{o)] 2’(6+ [Drva (@) 2) HDhuh(ﬂf)’Q - ’thh(ﬂf)|2‘
(¢ + [Drun(2)[?)2 (¢ + [Dpon(z)[?)>

C(d,e
(h ) max |up(z) — vp(z)|,
JJEQ}L

IN

(11)

By combining (9) and (10), and (11), we conclude

max |G (up(2), ) — Gp(op(z), )| < Cmax |u(z) — vp(z)],
€N, z€Qy

14



where

C = <5 + C()‘];?’ 9, C(Z’ €)> ~ % (12)

O
Remark 1 (Courant-Friedrichs-Lewy condition). In the sequel, we resort
to an Fuler scheme with parameter 0 < p < 1 to prove the existence of

solutions to G, = 0. In that context, the constant in (12) is pivotal. Indeed,

we impose a Courant-Friedrichs-Lewy condition of the form

C\Ad)  Cd, s))—l

p<(6+ 12 =+ h

Having in mind that our goal is to examine the case 0 < e,h < 1, we can

simplify the former inequality and work under

1
P s

We continue with the consistency of Gy,. To that end, write
eu(z) + F(D?u(z)) — —I% i Q

(e+Du()|?) 3 (13)
u(x) — g(z) on S

G(D?*u, Du,u,x) =

A viscosity solution to G = 0 solves (3) in the viscosity sense. We prove that

Gy, is consistent with G.

Proposition 7 (Consistency). Suppose Assumptions A2-A/ hold. Then Gy,
is consistent with G.

Proof. For ¢ € C*°(Q) and = € ), we prove that

ligljélp Gule(y) + & y) < G* (D*¢(x), Dp(x), 0(x),2) . (14)
y—x
£—0

We split the proof into three steps, depending on the point = € . We start
by considering z € 2.

Step 1 - If x € Q, we can suppose the points y approaching it are also

15



interior points. In this case,

Grley) + & y) = eley) + &) + F(Di(o(y) +€))
f(y)
(e + [Dn(e(y) + &)%)

ISR

The regularity of ¢ implies
Dj(e(y) + &) = D*p(x) + O(h*)  and  Dy(p(y) + &) = Dy(x) + O(h).

Now, the continuity of F' and 6. builds upon this information to ensure

limsup Ga(p(y) + £,9) = ep(a) + F(D2p(a)) — — &
e (e + | Dp()[2)?
£—0

< G* (D*¢(x), Dp(x), o(x), ) .

Step 2 - Consider next x € 9. In this case, one can approach x by points
y € Qp or y € 9y, or both. Since we work with limit superiors, we consider

only y € Qj or y € 9Qy. In the latter case, we have

Gr(e(y) +&y) = e(y) + € —g(y) — o(z) — g(x) = G(D*p, Dy, o, x)

ash — 0,y — z and £ — 0, and (14) follows. Suppose now y € . Then,

arguing as before,

lim sup Gp(¢(y) + &, y)
h—0
y—x
£—0

<l sup <5(s0(y) +&) + F(Dj(ey) +€)) - o )
y—x

£—0
< G (D?*¢(z), Dp(x), o(z),z) .

The consistency of the method is fundamental for convergence. However,
it also plays a role in building global barriers for GGj,. Indeed, by modifying
the sub and super-solutions in Proposition 4, one can find w and w such
that w = w = g on 09, and Gp(w(x),z) <0 < Gp(w(x),z) in Qy, for every

16



0 < h < 1 small enough. We formalise this heuristic in the next proposition.

Proposition 8 (Discrete global barriers). Suppose Assumption A2-A hold.
There exists 0 < hg < 1 such that, for 0 < h < hg, one can find w,w : Qj, —
R with w < g <w on 9y, satisfying

Gh(w(l'),.’lj) <0< Gh(@(.ﬁlﬁ),.’r),
for every x € Q.
Proof. For constants C7,Cy > 0, define

o

w(z) = Cy = 5o ||l — o,

where z¢ € R? is such that |z; — zg;| > VA foreveryi=1,...,d, and Cy is
such that W(z) > [|g]| o (9q)- Note

D?w(x) = —C41,
whereas

Ct
A(Ad)?

(max (2|z; — x| — h,0))*.
1

d
|Dpup ()] =

1

Now, let z € 9. Then
Gp(w(z),z) = w(z) — g(x) > 0,

because of the choice of Cy. If = € Q},, we have

Gp(w(z),z) > ew(x) + Cy —

Hence, Gp,(w(z),x) > 0 for every x € Q. The construction of w is entirely

analogous. O

An important aspect of Proposition 8 concerns uniform bounds on w and
w. Because these functions are obtained as (uniform) variants of the global
barriers in Proposition 4, we conclude there exists C' > 0, depending only

on the dimension d, ellipticity 0 < A < A, and the norms || ||« q) and
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||g||Loo(aﬂ) SU.Ch that
-C<w<w<C.

It is critical to notice that C' does not depend on h.

Proposition 9 (Stability). Let h € (0,hg) be fized. Let uj, : € — R be
a solution to Gy(up(x),x) = 0 in Qp,. Suppose assumptions A2-A4 are in
force. Then there exists C > 0 such that

sup max |up(x)| < C.
he(0,ho) TEQ,
In addition, C' depends on the dimension d, the ellipticity 0 < A < A, and
the norms || f[| ooy and ||gll 0090y, but does not depend on h.

Proof. Let w, be the barrier function from Proposition 8. We claim that
up, < W in Q. Suppose otherwise; if this is the case, there exists Z € Qp,
such that un(Z) > w(x). Clearly, such a point has to be in 5. Also,
up(T) > up(z) for every z € Q. Hence,

up(Z) — up(x) > w(z) —w(x),

for every = € Q. It follows that
f(@)
(e + [Dpun(T)]?)
f(@)
-
(e + |Dpw(z)[?)>

Gh(up(?),7) = eup(T) — F(D,%uh(m)) —

[ SIS

> cw(T) — F(Djw(x)) —
Therefore,
Gy (w(7),7) < Gp(u(®),T) =0,

which contradicts Proposition 8. Therefore, u;, < w. Arguing as before,

with w instead of w, one concludes

up, > —W

in ©, and completes the proof. O

We have established that the method in (8) is monotone, consistent with

(3) and stable. Therefore, we are in a position to prove Theorem 2.
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Proof of Theorem 2. The method G}, is monotone, stable and consistent
with (3). Hence, Proposition 1 ensures that the family (uf)ne(o,ny) con-
verges to the unique viscosity solution u. to (3). In addition, because G},
is degenerate elliptic and Lipschitz continuous, with a Lipschitz constant of
the order h=2, the solution operator S, is a strict contraction, provided we
choose p < h™2. Therefore, seen as a functional on £, S, admits a unique
fixed point. To complete the proof, we recall u. converges locally uniformly

to a viscosity solution to (1). O

5 The fully nonlinear free boundary problem

In this section, we detail the proof of Theorem 3. For 0 < ¢ <« 1, we

introduce

o.(t) = | Wiy T 02y I (@,1) €RA [—ee]
e batiy 4 D146 if (z,t) € (—¢,¢).

and define 0. := ©. xn.. It is paramount to emphasise that 6. € [0y, 6] sat-
isfies 0. (t) = 02 if t > € and 0.(t) = 6, if t < —e. Also, the exponent 6.(t) is
non-decreasing and smooth in [—¢, e]. We propose the method Gj,(up(x), x)
defined as

eup + F(D2uy) — fe) =0  in O
Gp(up(x),z) = (e+|Dpupl?)™ 2
up(z) = g(z) on 0.

(16)

Now, we verify that G}, is monotone in the sense of Definition 5.

Proposition 10 (Monotonicity of Gy). Let Gy, be defined as in (16). Sup-
pose Assumptions A2 and A3 are in force. Suppose up, vy, : Q) — R are
such that up(x) = vp(x) for some x € Qp, with up < vy, in Q. Then
Gp(vp, x) < Gp(up,x).

Proof. The proof follows along the same lines as in Proposition 5, noticing
that 0 (up(z)) = 0c(vn(x)). o

As before, we verify that Gy, is consistent.
Proposition 11 (Consistency). Suppose Assumptions A2-A4 are in force.

Then Gy, is consistent with (5).
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Proof. The argument is the same as in the proof of Proposition 7, once we
notice 0: € C(R). O

We proceed with the stability of the method. To that end, we build
sub- and super-solutions to G, = 0. Once those functions are available, we
compare them with solutions wu; at maximum points and take advantage of

the asymptotic behaviour of 6..

Proposition 12 (Stability). Let h € (0,ho) be fived. Let up : Q — R be
a solution to Gy(up(z),r) = 0 in Q. Suppose assumptions A2-A4 are in
force. Then

o | =

[ f o 2
lup(z)| < - <|gHL°°(8Q) +1+ ?() :

g2

Proof. For ease of presentation, we split the proof into three steps. Set
w:Q, — R as

w(x) = é

Hf”Loo(Q))

92
2

<H9HL°°(8Q) +1+
e

Step 1 - We start by verifying that
Gp(w(z),z) = 0, (17)
for every x € Q. If & € 9Qy,,

_ f 1 11l o
G (@ (), x) = B(x)—g(x) > - (ngnmm) 14+ =1 | =gl e o) = 0

Now, suppose = € . In this case,

_ [fll o) Il
Gr(W(2), ) = [|gllpc ) + 1+ 372( ) - 95@@())) = 0.
g2 g 2

Step 2 - We claim that u;, < @ in Q. Suppose otherwise; if this is the
case, there exists T € , such that uy,(Z) > w(Z). Such a point has to be in
Qp. Also, up(T) > up(x) for every x € Q. Hence,

un(T) — up(z) 2 w(T) — w(),



for every = € Q. It follows that

f@
(e + | Dpun(T)[?) B
f(Z)

0= (@,up, (7))

(e + [Dpw(z)?) 2

Gh(uh(f),f) = 5uh(E) — F(D%uh(az)) —
(18)

> ew(T) — F(Diw(x)) —

By construction, uy,(Z) > w > €. Therefore, the definition of 6, yields
0= (T, up (7)) = 0=(T, W(T)) = .

The former observation builds upon (18) and the fact that uy, is a solution

to ensure

Gr(w(T),T) < Gp(u(T),T) =0,
which contradicts (17). Therefore, up, < .

Step 3 - Consider now w = —w. Arguing as before, one concludes

Up, > —W

in Q,. Hence

1 11l oo ) 11l oo 2
—C (Hg\Loo(an) 14 D) <y < = { lgllzoeon) +1+ )

g2 €2

—_

Because the bounds above are independent of h, the result follows. O

We have established that the method in (16) is monotone, consistent with

(5) and stable. Therefore, we are in a position to prove Theorem 3.

Proof of Theorem 3. Let G}, be defined in (16). By combining Propositions
10, 11 and 12, we conclude that G} is monotone, consistent with (5), and
stable. Therefore, Proposition 1 ensures that u; — u° locally uniformly,
where u® is the unique viscosity solution to (5).

By letting € — 0, u® converges locally uniformly to u, a viscosity solution

to the free transmission problem (2), and the proof is complete. O
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6 Numerical experiments

In this section, we present one-dimensional examples to validate the conver-
gence of our numerical methods. We compute approximate solutions to the
regularised problems 3 and 5. These in turn converge to the solution of the
original problems (1) and (2), respectively, as ¢ — 0.

Specifically, we compute an approximate solution uj to the regularised
problems (3) and (5), and compare it with the exact solution u of the respec-
tive main problems (1) and (2). For simplicity, as in the previous sections,
we omit the superscript € in the notation and refer to the numerical solu-
tions simply as uj. The following examples are constructed so that the exact
solution is known a priori, allowing for a direct assessment of accuracy.

We discretise the domain using grid points x; = xo+ih, fori =0,1,..., N—
1, N. Here, z¢p and xx denote the left and right boundaries, respectively.
The finite difference approximation to the solution at each grid point z; is
denoted with wuy, ;.

We recall the definitions of the discrete operators used to approximate

first and second-order derivatives. The approximation for |Du|? is given by

1 2
| Dhupi|* = 7,2 max (Uhi — Uhi—1, Uk — Uhit1,0)7,

which is accurate of order O(h?) for C2-regular function. We also define the

approximation of the second-order derivative as
2 1
Dyup; = ﬁ(uh,i—f—l — 2upi + upi—1).

Notice the latter is accurate to order O(h?), for C*-regular functions.

The numerical scheme is

fi

Gh(unis i) = (eup; + Fp(Djup ;) — (e & | Dnupa 22"
i

fori=1,...,N — 1, where
0; :==0(up;) and  fi = f(x;).

The exponent 6; is constant in the pure equation setting, whereas it depends

oni=1,...,N—1in the free transmission context. The operator G}, is also
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defined on the boundary as
Gh(Unis Ti) = Uni — gi,

for i = 0 and ¢ = N. Here, g; is defined in the obvious way. This discretisa-
tion leads to a nonlinear system of equations that must be solved to obtain
the approximate solution over the discrete domain. To address this, we ap-
ply the well-known explicit Euler method. It solves iteratively the nonlinear
system represented by Gp(up i, x;), for i =1,...,N. See [28]; see also [3].
For p > 0, define the Euler map S,(up) == (Sy(up1) ..., Sy(un n)), where

Sp(un,i) = uni — pGn(uni, i),

t =1,...,N. The map S, is a contraction in the /-norm provided we
choose 0 < p < 1 small enough. That is, the CFL condition found previously
appears to ensure a contraction; see Remark 1. As a consequence, there exists

a unique fixed point uj, satisfying

up, = Sp(up)
In the next examples, we consider F(D?u) = —D?u. Starting with an
ansatz uf (x;), for i = 1,...,N — 1, where u)(29) = u(zo) and ul)(zy) =

u(xn) we seek the discrete solution wj through the iterative process

ujt = Spyup?

We run the experiments until an (artificial) fixed terminal instant 7" is
reached. This means the number of iterations n is chosen such that np = T.
As we refine the spatial step h, the number of iterations required increases
accordingly.

At this point, we must also discuss the parameter €. Our goal is to
compare the computed results with the solution u of the original problem.
To accurately capture the features of the solution, it is necessary that € > h.
Therefore, as £ decreases, h must decrease accordingly. In the following
experiments, we set € = h to ensure this condition is satisfied.

We begin with a test case for the pure problem (1), followed by two test

cases for the transmission problem (2).

Example 1 (Pure equation). In the first example, we consider the domain
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Q = (—1,1) and the degeneracy rate # = 2. The source term in problem
(1) is chosen so that the exact solution is u(z) = (1 — 2)?(1 4+ z)2. The
corresponding boundary conditions are u(—1) = 0 and u(1) = 0. In Figure
1(a) we display the initial approximation, u"(x) = (1—x)(z+1), used to start
the Euler iteration alongside the exact solution u(x). Figure 1(b) illustrates
a sequence of Euler iterations performed until the approximation error falls
around h.

The Euler iteration mimics a time-dependent process, with the parameter
p playing a role analogous to a time-step. To satisfy the stability condition,
p is chosen to depend on the mesh size h, specifically set as p = 0.01h2%. For

this example, we simulate until the (artificial) final time 7" = 1.

1 1
0.8F 1 0.8F
0.6 1 “5 0.6
0.4+ 1 041
0.2+ 1 0.2F

0 . . . 0 . . .

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

X X

Fig. 1: Example 1 : (a) Exact solution of the pure problem (1) (red line)
and the ansatz u)) (blue line); (b) Solutions obtained via Euler iteration with
h = 0.01 and np = 1. The maximum error is max; |up ; —u;| = 8.2137x 1073.

When it comes to the free transmission problem, we present two exam-
ples. In the first one, the exact solution has a strictly positive derivative,
whereas in the second one, the gradient of the solution vanishes at x = 0. We
notice our method is capable of bypassing the effects of the gradient-driven

degeneracy in both cases.

Example 2 (Transmission problem I — strictly positive gradient). Consider
the domain ©Q = (1/2,3/2) and the degeneracy rates #; = 2 and 62 = 4. The
source term in problem (2) is chosen so that the exact solution is u(x) =
log(z). The corresponding boundary conditions are u(1/2) = log(1/2) and
u(3/2) = log(3/2).

The initial estimate for the Euler iteration is



In Figure 2(a), we display the initial approximation, u%(z), used to start
the Euler iteration alongside the exact solution u(x). In Figure 2 (b), we
display how Euler’s method progresses until the solution approximates the
exact solution with an error less than h. To satisfy the stability condition,
p is chosen to depend on the mesh size h, specifically set as p = 0.01h2.
For this example, we simulate until the final time T" = 0.3. We need fewer
iterations than in the previous example, due to the geometry of the exact

solution.

0.6 T 0.6

0.5 | 15 05 | 15
X X

Fig. 2: Example 2 : (a) Exact solution of problem (2) (red line) and the
ansatz uj) (blue line); (b) Solution obtained via Euler iteration with A = 0.01
and np = 0.3. The maximum error is max; |up; — u;| = 4.3047 x 1073.

Example 3 (Transmission problem II — vanishing gradient). In the third

example, Q = (—1,1), ; = 2, and 63 = 4. The source term in problem (2)

is chosen so that the exact solution is u(x) = 22 for > 0 and u(z) = —a*
for z < 0. The corresponding boundary conditions are u(—1) = —1/2 and
u(l) =1/2.

The initial estimate for the Euler iteration is the same as in Example 2;
namely,
u?z,i(xi) =x;,i=1,...,N —1.

We chose p as in the previous examples, p = 0.01h2. In Figure 3(a), we
display the initial approximation, u’(x), used to start the Euler iteration
alongside the exact solution u(x). Figure 3(b) shows the Euler method it-
erations until the solution approximates the exact solution with an error

around h.

We kept the final value np = 0.3 the same as in the previous example for

comparison purposes. This third example requires more iterations to reach a
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X X

Fig. 3: Example 3: (a) Exact solution of problem (2) (red line) and the ansatz
u9 (blue line); (b) Solution obtained via Euler iteration with h = 0.01 and
np = 0.3. The maximum error is max; [up,; — u;| = 1.3222 x 1072,

satisfactory approximation of the solution compared to the second example.
The most challenging region to approximate appears to be around z = 0.

The maximum error is slightly larger than that of the second example.
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