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Abstract

In this paper, we investigate the Krein space numerical range of 2-by-2

block matrices, with diagonal blocks as scalar multiples of the identity. For

these matrices, we specifically investigate the cases when the respective

boundary generating curves consist of hyperbolas. This provides a unified

approach to derive established and new results concerning the numerical

range hyperbolic shape.
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1 Introduction

As usual, let Mn stand for the associative algebra of n×n complex matrices
and let In denote the identity matrix. Consider the complex vector space Cn

equipped with the Krein space structure endowed by the indefinite inner product
[x, y]J = y∗J x, for x, y ∈ Cn, with J = Ir ⊕ −In−r, 0 ≤ r ≤ n (for references
on Krein spaces see e.g. [1, 17]). In general, we may consider a non-singular
Hermitian matrix H ∈ Mn instead of J . The Krein space numerical range, also
called the indefinite numerical range, of A ∈ Mn is defined as

WH(A) = −WH
− (A) ∪ WH

+ (A)

with
WH

± (A) =
{
[Ax, x]H : x ∈ C

n, [x, x]H = ±1
}
.

It is clear that W−H
+ (−A) = WH

− (A).
If H = In, then WH(A) = WH

+ (A) reduces to the well-known classical
numerical range, introduced a century ago by Toeplitz [28] and Hausdorff [19],
and extensively investigated thereafter (see e.g. [21, Chapter 1] and references
therein). The set WH(A) has also been researched and applied by some authors
(see e.g. [2–13,18,22–24,27]).

It is well-known that W (A) contains the spectrum of A. In the present
context for

σH
± (A) =

{
λ∈ C : ∃ x ∈ C

n, [x, x]H = ±1, A x = λx
}
,

the following inclusions hold: σH
+ (A) ⊂ W J

+(A) and σH
− (A) ⊂ −WH

− (A).
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Both sets WH
+ (A),WH

− (A) are convex, nevertheless they may not be closed
or bounded [22]. On the other hand, WH(A) is pseudo-convex, that is, for
any pair of distinct points w1, w2 ∈ WH(A), either WH(A) contains the closed
line segment {tw1 + (1 − t)w2 : 0 ≤ t ≤ 1} or WH(A) contains the half-lines
{tw1 + (1− t)w2 : t ≤ 0 or t ≥ 1}.

A matrix A ∈ Mn is H-Hermitian if it equals its H-adjoint, which is given
by A[∗]= H−1A∗H, and WH(A) ⊆ R if and only of A is H-Hermitian [22].

If r is the number of positive eigenvalues of the matrix H, counting mul-
tiplicities, then by Sylvester law of inertia there exists S ∈ Mn non-singular,
such that S∗HS = J , where J = Ir ⊕ −In−r is the inertia matrix of H, and
WH(A) = W J(S−1AS). We also remark that A is H-Hermitian if and only if
S−1AS is J-Hermitian. Thus, without loss of generality, we may restrict our
attention to the study of W J(A) and, for simplicity, the notation A# = JA∗J
for the J-adjoint of A is used.

Any matrix A ∈ Mn admits the representation A = ℜJ(A)+ iℑJ(A), where

ℜJ(A) =
A+A#

2
and ℑJ(A) =

A−A#

2i

are J-Hermitian matrices. For each angle θ ∈ R, we define the matrix

Hθ(A) = ℜH(A) cos θ + ℑH(A) sin θ, (1)

which is J-Hermitian, so it has real or complex eigenvalues, these occurring in
complex conjugate pairs [17]. IfHθ(A) has non-real eigenvalues, thenW J(Hθ(A))
is the whole real line [5, Proposition 2.1].

To avoid trivial cases of degeneracy of W J(A), we will focus on the class
J of matrices A ∈ Mn such that Hθ(A) for θ in some real interval, has real
eigenvalues, satisfying

σJ
+

(
Hθ(A)

)
= {λ1(θ), . . . , λr(θ)}, λ1(θ) ≥ · · · ≥ λr(θ), (2)

σJ
−

(
Hθ(A)

)
= {λr+1(θ), . . . , λn(θ)}, λr+1(θ) ≥ · · · ≥ λn(θ) (3)

and the elements in σJ
+(Hθ(A)) and σJ

−(Hθ(A)) do not interlace, that is, either
λr(θ) > λr+1(θ) or λn(θ) > λ1(θ). If the eigenvalues of Hθ(A) interlace, then
W J(Hθ(A)) is also the whole real line.

The characteristic polynomial of Hθ(A), that is,

pA(z, θ) = det
(
ℜJ(A) cos θ + ℑJ(A) sin θ − z In

)
,

is called the indefinite generating polynomial of W J(A) and its eigenvalues play
a crucial role in our study (for details, see Section 2). For A ∈ Mn, through the
equation det(uℜJ(A) + vℑJ(A) + w In) = 0, it is associated an algebraic curve
of class n, in homogeneous line coordinates. Its real part, denoted by CJ(A),
is the indefinite boundary generating curve, or indefinite Kippenhahn curve, of
W J(A) and its pseudo-convex hull generates the set W J(A) as follows. For
any two points w1 = [Ax, x]J and w2 = [Ay, y]J in CJ(A), we take the line

2



segment joining them, if [x, x]J [y, y]J > 0, or the union of two half-rays given
by {tw1 + (1 − t)w2 : t ≤ 0 or t ≥ 1}, if [x, x]J [y, y]J < 0 (see e.g. [3] for more
information).

In general, not too much is known on the boundary of W J(A), except for
the case n = 2 and for certain structured matrices, some of them with low
order, when W J(A) is the pseudo-convex hull of a finite number of hyperbolas
[4–7, 10–12]. In this paper, we are interested in investigating to which extent
this shape persists.

For α, β ∈ C, we will focus on matrices of the form

A =

[
αIr C
D βIn−r

]
, α ̸= β, (4)

with at least a non-zero off-diagonal entry. If C = D = O, then W J(A) is the
union of the half-lines {t α + (1 − t)β : t ≤ 0 or t ≥ 1}, with α ∈ W J

+(A) and
β ∈ −W J

−(A).
The remaining of this note is organized as follows. Section 2 contains preli-

minary results used in subsequent discussions. In Sections 3, 4 and 5, counter-
parts of classical numerical range results (e.g. [14–16, 25, 26]) are presented in
the context of indefinite inner product spaces, specifically in the cases when the
indefinite boundary generating curve consists of hyperbolas. Previous known
results concerning the shape of W J(A), when CJ(A) contains a family of hy-
perbolas, are in particular reobtained from the main unified result in Section 3.
Most results are illustrated via specific numerical examples. Section 4 is ded-
icated to the case when arcs of hyperbolas and flat portions appear at the
boundary of W J(A). Section 5 presents families of matrices with hyperbolic
W J(A), derived from the main result, except for the last theorem. Section 6 is
applied to the Krein space numerical range of certain tridiagonal matrices. In
Section 7, some final comments are stated.

2 Pre-requisites

The Hyperbolical Range Theorem [3, 6] describes the indefinite numerical
range in the 2-by-2 case. It states that if A ∈ M2 has eigenvalues λ1, λ2 and
J = diag(1,−1), then W J(A) is bounded by the non-degenerate hyperbola,
with foci at λ1, λ2, transverse and non-transverse axes of lengths

(
Tr(A#A)− 2ℜ(λ1λ̄2)

) 1

2 and
(
|λ1|2 + |λ2|2 − Tr(A#A)

) 1

2 ,

respectively, if and only if

2ℜ(λ1λ̄2) < Tr(A#A) < |λ1|2 + |λ2|2. (5)

Moreover, W J(A) is the disjoint union of two closed half-lines, with endpoints
at λ1, λ2, on the line containing these points, if and only if

2ℜ(λ1λ̄2) < Tr(A#A) = |λ1|2 + |λ2|2.
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The reduction to a singleton occurs if and only if A is a scalar matrix. Further,
W J(A) may degenerate into a line, eventually except a point, or the whole
complex plane, eventually except a line (see [2] for a detailed description).

The following elementary properties will be used throughout. For A ∈ Mn,

P1. W J(αA+ βIn)= αW J(A) + β for any α, β ∈ C (translational property);

P2. W J(A) is J-unitarily invariant: W J(U#AU)=W J(A) for any J-unitary
U ∈ Mn, that is, UU# = In.

In the sequel, let J = Ir ⊕ −In−r, 0 < r < n. In order to state a criterion
of non-degenerate hyperbolicity of W J(A) obtained in [6], and which plays a
key role in the present research, let Ω be the interval, with greatest possible
diameter, of angles θ such that Hθ(A) ∈ J . For simplicity, recalling (2) and
(3), we adopt the following unified notation:

(I) λL(θ) = λr+1(θ) and λR(θ) = λr(θ) if λr(θ) > λr+1(θ) holds for θ ∈ Ω;

(II) λL(θ) = λ1(θ) and λR(θ) = λn(θ) if λn(θ) > λ1(θ) holds for θ ∈ Ω.

If W J(A) is a hyperbolic disc with horizontal transverse axis, then x = λL(θ)
and x = λR(θ) are support lines, respectively, of −W J

−(A) and W J
+(A), in case

(I), or of W J
+(A) and −W J

−(A), in case (II). The envelopes of the two following
family of lines:

e−iθ(λR(θ) + iR) , e−iθ(λL(θ) + iR),

for θ ranging over Ω, provide the characterization of the boundaries of W J
+(A)

and −W J
−(A), and ultimately of the set W J(A).

Theorem 2.1 (Criterion of hyperbolicity) Let ã, b̃ > 0 and A ∈ Mn. The
set W J(A) is bounded by the non-degenerate hyperbola centered at the origin,
with horizontal transverse and vertical non-transverse semi-axes of length ã and
b̃, respectively, if and only if

λR

(
θ
)
=

(
ã2 − c̃2 sin2 θ

) 1

2 and λL

(
θ
)
= −

(
ã2 − c̃2 sin2 θ

) 1

2

where c̃2 = ã2 + b̃2, for θ ∈ (−θ0, θ0) with θ0 = arctan(ã/b̃).

Without loss of generality, for the study of W J(A) for matrices A of type (4)
we can assume throughout n ≤ 2r. Indeed, if n > 2r, we can instead consider
WJ ′

(A′) for the matrices

A′ =

[
βIn−r D
C αIr

]
and J ′ = In−r ⊕−Ir; (6)

becasuse by an adequate permutation matrix P , we have A′ = PTAP and
J ′ = PT (−J)P, which guarantees the equalities:

W J(A) = W−J(A) = W J ′

(A′),
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although interchanging the roles of the convex components, according to

W J
+(A) = −W J ′

− (A′) and −W J
−(A) = W J ′

+ (A′).

For matrices of the form (4), the next result gives pertinent information on
the eigenvalues of the J-Hermitian matrix Hθ(A), for each θ ∈ R, in terms of
the eigenvalues of the positive semidefinite matrix:

M(θ) = C∗C +DD∗ − 2ℜ(e−2iθDC), if n ≤ 2r. (7)

If n > 2r, we just need to interchange α, r, C and β, n−r,D, respectively, having
in mind the considerations above. For simplicity of notation, let

B = A− 1

2
(α+ β)In and ω =

1

2
(α− β). (8)

Proposition 2.1 Let A ∈ Mn be a block matrix of type (4), n ≤ 2r and θ ∈ R.
Let µ1(θ), . . . , µn−r(θ) be the eigenvalues of the matrix M(θ) in (7).

(a) If n < 2r, the eigenvalues of Hθ(A) are ℜ(e−iθα) in σJ
+(Hθ(A)) and

λj,±(Hθ(A)) =
1

2
ℜ(e−iθ(α+ β))±

√
(
ℜ(e−iθω)

)2 − 1

4
µj(θ) (9)

for j = 1, . . . , n− r. If n = 2r, the eigenvalues of Hθ(A) are those in (9)
for j = 1, . . . , n

2 .

(b) If µj(θ) < 4
(
ℜ(e−iθω)

)2
, then one of the eigenvalues in (9) belongs to

σJ
+(Hθ(A)) and the other to σJ

−(Hθ(A)).

Proof. (a) Since A is the block matrix (4), considering (8), we have

B =

[
ωIr C
D −ωIn−r

]

and

Hθ(A) =
1

2
ℜ(e−iθ(α+ β))In +Hθ(B). (10)

Let Nθ = 1
2

(
e−iθC − eiθ D∗

)
and consider k = rankNθ. By the singular

value decomposition, there exist unitary matrices U ∈ Mr, V ∈ Mn−r, such
that

U∗ Nθ V =

[
Dθ

O

]
,

where Dθ is diagonal with the non-zero singular values s1(θ), . . . , sk(θ) of Nθ on
the first main diagonal entries (and the null block O is absent if n = 2r). Since

Hθ(B) =

[
ωθIr Nθ

−N∗
θ −ωθIn−r

]
, ωθ = ℜ(e−iθω),
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considering Z = U ⊕ V , we can see that the matrix

Z∗Hθ(B)Z =

[
ωθIr U∗Nθ V

−V ∗N∗
θ U −ωθIn−r

]
. (11)

is permutationally similar to a direct sum of k blocks of order 2 of type

[
ωθ si(θ)

−si(θ) −ωθ

]
, i = 1, . . . , k,

and blocks of order 1, namely r − k equal to ωθ and n − r − k equal to −ωθ.
Hence, the eigenvalues of Hθ(B) are given by

λj,±(θ) = ±
√
ω2
θ − s2j (θ), j = 1, . . . , k, (12)

together with ωθ and −ωθ of multiplicities r−k and n− r−k, respectively. We
remark that M(θ) = 4N∗

θNθ. Thus, the eigenvalues of M(θ) are µj(θ) = 4s2j (θ),
j = 1, . . . , n− r. Recalling (10), the eigenvalues of Hθ(A) are readily obtained.

(b) Under the hypothesis, we have s2j (θ) < ω2
θ , so (12) are real and distinct.

Suppose that sj(θ) ̸= 0. The vector uj,±(θ) whose jth entry is ωθ +λj,±(θ), the
(r + j)th entry is −sj(θ) and all the others are zero is an eigenvector of (11)
associated to the corresponding eigenvalue (12). By some computations, we get

[uj,±(θ), uj,±(θ)]J =
(
ωθ ± λj,+(θ)

)2− s2j (θ)

= 2λj,+(θ)
(
λj,+(θ)± ωθ

)
.

From λ2
j,+(θ)− ω2

θ = −s2j (θ), we find that

[uj,+(θ), uj,+(θ)]J [uj,−(θ), uj,−(θ)]J = −4λ2
j,+(θ) s

2
j (θ) < 0.

Since Z is a J-unitary matrix, we have

[Zuj,±(θ), Zuj,±(θ)]J = [uj,±(θ), uj,±(θ)]J < 0.

Consequently, Zuj,±(θ) is an eigenvector of Hθ(A) associated to the eigenvalue
λj,±(Hθ(A)), such that one belongs to σJ

+(Hθ(A)), the other to σJ
−(Hθ(A)).

When sj(θ) = 0, then (9) reduce trivially to ℜ(e−iθα) in σJ
+(Hθ(A)) and to

ℜ(e−iθβ) in σJ
−(Hθ(A)).

We finish this section with some useful considerations. If α = β in Proposi-
tion 2.1, then the eigenvalues (9) of Hθ(A) associated to a non-zero eigenvalue
µj(θ) of M(θ) are non-real and Hθ(A) is not in class J . This is the reason for
assuming α ̸= β in (4), to avoid trivial cases of degeneracy of W J(A).

The following observation is in order too. If ℜ(e−iθα), or ℜ(e−iθβ), is an
eigenvalue of Hθ(A), then the point α, or β, respectively, is a component of
CJ(A). The remaining curves in CJ(A) form a family which is central symmet-
ric with respect to 1

2 (α + β) as implied by (9). We are interested in imposing
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conditions on the blocks C and D that ensure that these curves, whenever dis-
tinct from singletons, are non-degenerate hyperbolas. Then the boundary of
W J(A) will be formed by hyperbolic arcs and possibly flat portions, produced
from the pseudo-convex hull of the different components of CJ(A). For that pur-
pose, we will analyze cases of matrices M(θ), defined in (7), whose eigenvalues
can be explicitly computed.

3 Main Result

Now, we assume that the non-diagonal blocks of the matrix A in (4) are such
that DC is normal and commutes with C∗C +DD∗, so that they can be diago-
nalized by the same unitary similarity transformation, inspired by the work [16].
In this event, let us label the eigenvalues of DC and C∗C +DD∗, respectively,
by zj and hj according to the order in which they appear in the respective main
diagonals. That is, letting U be the unitary matrix that simultaneously diago-
nalizes the above matrices, the j-th diagonal entries of U∗(C∗C +DD∗)U and
U∗DCU are hj and zj , respectively. In the sequel, for simplicity of notation,
we use

∆j = (α− β)2 + 4zj ,

and Ĥj will denote the hyperbola with foci at

fj,± =
1

2
(α+ β)± 1

2

√
∆j

and transverse axis, non-transverse axis of length, respectively, equal to

Nj =

(
1

2
|∆j |+

1

2
|α− β|2 − hj

)1

2

, Mj =

(
1

2
|∆j | −

1

2
|α− β|2 + hj

)1

2

. (13)

As usual, Arg(z) denotes the principal argument of the complex number z.

Theorem 3.1 Let A be of type (4), n ≤ 2r, such that DC is normal and com-
mutes with C∗C+DD∗, with eigenvalues zj and hj, j = 1, . . . , n−r, respectively,
labelled as mentioned above. The following conditions are equivalent:

(A) CJ(A) = {Ĥ1, . . . , Ĥn−r, α}, whenever n < 2r, or CJ(A) = {Ĥ1, . . . , Ĥn
2
},

whenever n = 2r;

(B) For j = 1, . . . , n− r, we have

|α− β|2 − |∆j | ≤ 2hj < |α− β|2 + |∆j |. (14)

In this case, W J(A) is the pseudo-convex hull of Ĥ1∪· · ·∪Ĥn−r. Moreover, each
hyperbola Ĥj is nondegenerate if and only if the corresponding LHS inequality
in (14) is strict.

7



Proof. Under the hypothesis, the matrix M(θ) in (7) is unitary diagonalizable
for all values of θ by the same unitary similarity as DC and C∗C + DD∗,
implying that the eigenvalues of M(θ) are

µj(θ) = hj − 2ℜ(zj) cos(2θ)− 2ℑ(zj) sin(2θ), j = 1, . . . , n− r. (15)

By some computations,

(ℜ(e−iθω))2 =
(
ℜ(ω) cos θ + ℑ(ω) sin θ

)2

= (ℜ(ω))2 cos2 θ + (ℑ(ω))2 sin2 θ + ℜ(ω)ℑ(ω) sin(2θ)

and

(ℜ(ω))2 =
ℜ(ω2)

2
+
|ω|2
2

, (ℑ(ω))2 = −ℜ(ω2)

2
+
|ω|2
2

, ℜ(ω)ℑ(ω) = 1

2
ℑ(ω2).

Hence,

(ℜ(e−iθω))2 =
|ω|2
2

+
ℜ(ω2)

2
cos(2θ) +

ℑ(ω2)

2
sin(2θ). (16)

Let φj =
1
2Arg(∆j). We may conclude, by (15) and (16), that

(ℜ(e−iθω))2 − µj(θ)

4
=

|ω|2
2

− hj

4
+

ℜ(ω2 + zj)

2
cos(2θ) +

ℑ(ω2 + zj)

2
sin(2θ)

=
1

8

(
4|ω|2 − 2hj + |∆j | cos(2θ − 2φj)

)

=
1

8

(
4|ω|2 − 2hj + |∆j | − 2|∆j | sin2(θ − φj)

)
. (17)

Firstly, assuming (B), suppose that (14) holds with strict LHS inequality for
some j ∈ {1, . . . , n− r}. Then Mj , Nj in (13) are positive and we find that (17)
is positive for θ ∈ Ωj = (φj − ηj , φj + ηj), considering ηj = arctan (Nj/Mj).
Consequently, Hθ(B) has real eigenvalues of the form

λj,±

(
Hθ(B)

)
= ±

(
1

4
N2

j − 1

4
(M2

j +N2
j ) sin

2(θ − φj)

) 1

2

, θ ∈ Ωj ,

according to Proposition 2.1 and the previous computations, such that one of
these eigenvalues belongs to σJ

+(Hθ(B)) and the other to σJ
−(Hθ(B)). The

equation of the tangent lines of a component of CJ(e−iφjB), perpendicular to
the direction θ, are of the form

x cos θ + y sin θ = λj,±

(
Hθ+φj

(B)
)
,

because Hθ(e
−iφjB) = Hθ+φj

(B). The envelope of this family of tangent lines,
with θ ranging over Ωj , gives this component in CJ(e−iφjB), which can be
computed from its parametric equations

{
x = λj,±

(
Hθ+φj

(B)
)
cos θ − λ′

j,±

(
Hθ+φj

(B)
)
sin θ

y = λj,±

(
Hθ+φj

(B)
)
sin θ + λ′

j,±

(
Hθ+φj

(B)
)
cos θ

.

8



We easily conclude that this envelope is a non-degenerate hyperbola centered
at the origin (see the proof of Theorem 3.1 given in [6, Theorem ?] for an
analogous reasoning); each branch of the hyperbola has the parametric equa-
tions associated to either λj,+

(
Hθ+φj

(B)
)
or λj,−

(
Hθ+φj

(B)
)
. The transverse

and non-transverse axes have length Nj and Mj . The corresponding rotated
hyperbola in CJ(B) = eiφjCJ(e−iφjB) has transverse axis parallel to eφj and
the foci are ± 1

2

√
∆j , this implying, after applying a translation, that Ĥj is a

non-degenerate hyperbolic component in CJ(A), because A = B + 1
2 (α+ β)In.

Moreover, if (14) holds for j = 1, . . . , n−r, then some components of CJ(A)
may (eventually) reduce to points, this occuring if either (i) the LHS inequality
in (14) holds as equality for some ι ∈ {1, . . . , n − r} or if (ii) M(θ) is singular.
If (i) holds, we have Mι = 0 and Nι > 0, then Ĥι reduces to the points fι,±,
one in W J

+(A), the other in −W J
−(A). In case (ii), we find α in W J

+(A) and β
in −W J

−(A) as points of CJ(A). Otherwise, if M(θ) is non-singular and (14)
holds with strict LHS inequality for all j = 1, . . . , n− r, then CJ(A) contains at
most n− r nondegenerate concentric hyperbolas, Ĥ1, . . . , Ĥn−r, some of these
possibly coincident (whenever DC and C∗C +DD∗ have multiple eigenvalues).

Thus, we proved that if (B) is assumed, then CJ(A) = {Ĥ1, . . . , Ĥn−r} and
the point α is additionally in CJ(A), if n < 2r, that is, we find (A). The reverse
implication, (A) implies (B), is clearly satisfied too.

In any of these cases, W J(A) is the pseudo-convex hull of Ĥ1 ∪ · · · ∪ Ĥn−r,
as the point α is already included in this pseudo-convex hull.

The main result in Theorem 3.1 can be easily adapted to the case n > 2r,
just interchanging the roles of C,D, together with those of α, β and r, n− r.

The conditions imposed in Theorem 3.1, concerning the non-scalar blocks
C, D of the block matrix A of the form (4), are essential to obtain hyperbolic
components in CJ(A), as the next example shows.

Example 3.1 Let J = I2 ⊕−I2 and A be the block matrix of form (4), with

α = 1, β = −7, C =

[
2 0
3 3

]
, D =

[
3 2
3 0

]
.

Then

C∗C +DD∗ =

[
26 18
18 18

]
and DC =

[
12 6
6 0

]
.

The matrix DC is normal, but it does not commute with C∗C + DD∗, so the
hypothesis of Theorem 3.1 are not fullfilled. In this case, CJ(A) consists of a
hyperbolic-like shaped curve (which is not a hyperbola) and two deltoids in its
interior (see Figure 1).
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Figure 1: Boundary generating curve of W J(A) in Example 3.1

4 Arcs of hyperbolas and flat portions on the

boundary of W J(A)

Under the hypothesis of Theorem 3.1, if CJ(A) has different hiperbolic com-
ponents, with points on the boundary of W J(A), then boundary flat portions
will appear too. These boundary line segments are naturally central-symmetric
with respect to the point 1

2 (α + β). In other cases, the shape of W J(A) may
be hyperbolic, as discussed in detail in Section 5. Example 4.1 illustrates the
existence of boundary flat portions that intersect at a corner of W J(A), that is,
a boundary point of W J(A) on more than a support line. As it is well known,
any corner of W J(A) is an eigenvalue of A [23].

In all the figures used throughout to illustrate, the branches of the hyper-
bolas, as well as the points, in W J

+(A) are represented in blue and those in
−W J

−(A) are colored in red.

Example 4.1 Let J = I3 ⊕−I3 and A be a block matrix of the form (4), with

α = 10, β = 6, C =




1 0 1
0 1 1
1 1 0


 , D =




0 1 1
1 0 1
1 1 0


 .

Then C,D and

DC =




1 2 1
2 1 1
1 1 2


 = CD

are real symmmetric and DC commutes with C2 +D2 = 2D + 4I2, that is, the
hypothesis of Theorem 3.1 are satisfied. Since h1 = 8, h2 = h3 = 2, z1 = 4,
z2 = 1, z3 = −1, then (14) holds for j = 1, 2, 3, with equality at the LHS of
(14) for j = 2. Therefore, CJ(A) consists of the points 8±

√
3 and two nested

hyperbolas, with foci 8 ±
√
8 and 8 ±

√
5, respectively, depicted in Figure 2.

The set W J(A) is the pseudo-convex hull of the outer equilateral hyperbola,
with foci at 8 ±

√
8 and axes of length 4, and the points 8 +

√
3 ∈ W J

+(A),

8−
√
3 ∈ −W J

−(A), which are corners of W J(A) (see Figure 3).

10
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Figure 3: W J(A) in Example 4.1

Next, Example 4.2 illustrates Theorem 3.1 in the case when non-nested
hyperbolas are present in CJ(A).

Example 4.2 Let J = I3 ⊕−I3 and A be of the block form (4) with

α = 3, β = −3, C =




2 + 2i 1− i 0
−i −1 + i 0
0 0 4


 , D =




i 0 0
i 3 + i 0
0 0 1

4


 .

Then

C∗C +DD∗ =




10 −5i 0
5i 15 0
0 0 257

16


 , DC =




−2 + 2i 1 + i 0
−1− i −3 + 3i 0

0 0 1


 ,

such that DC is normal and comutes with C∗C+DD∗. After some compuations,
we can confirm that (14) holds, with strict LHS inequality, for j = 1, 2, 3. By
Theorem 3.1, CJ(A) consists of three hyperbolas, all centered at the origin, as
displayed in Figure 4. The boundary of W J(A) contains hyperbolic arcs, from
the two non-nested hyperbolas and consequently each convex set W J

+(A) and
−W J

−(A) will have a line segment on its boundary.

Theorem 3.1 holds, in particular, for matrices of the form (4) when CD and
DC are both normal. The following result was obtained in [3, Theorem 3.1] and
is now proved as an easy consequence of Theorem 3.1. In this case, non-nested
hyperbolas may be present in CJ(A) too.

Corollary 4.1 Let A be of type (4), such that CD and DC are both normal,
p = min{r, n − r}. Let σ1, . . . , σn−r and δ1, . . . , δr be the singular values of C
and D, respectively. If

2ℜ(fj+fj−) < |α|2 + |β|2 − σ2
j − δ2j < |fj+|2 + |fj−|2, j = 1, . . . , p, (18)

11
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Figure 4: Boundary generating curve of W J(A) in Example 4.2

then CJ(A) has at most p hyperbolic components (some possibly coincident),
with foci at fj± and non-transverse axis of length

√
|fj+|2 + |fj−|2 − |α|2 − |β|2 + σ2

j + δ2j , j = 1, . . . , p,

and possibly a point, α if n < 2r and β if n > 2r. The set W J(A) is the
pseudo-convex hull of these p hyperbolas.

Proof. Without loss of generality, let n ≤ 2r. The hypothesis on CD and DC
being both normal is equivalent to the existence of unitary matrices U, V such
that U∗C∗V = Σ, U∗DV = Γ are both diagonal [20, p. 426]. This implies that

U∗(C∗C +DD∗)U = ΣΣ∗ + ΓΓ∗ and U∗DC U = ΓΣ∗

are diagonal matrices too, that is, C∗C + DD∗ and DC are simultaneously
unitarily diagonalizable, with eigenvalues hj = σ2

j + δ2j and zj = σjδje
iχj , for

some χj ∈ R, for j = 1, . . . , n−r, respectively. Then we are under the hypothesis
of Theorem 3.1. Moreover,

2ℜ(fj+fj−) =
1

2
|α+ β|2 − 1

2
|∆j |, |fj+|2 + |fj−|2 =

1

2
|α+ β|2 + 1

2
|∆j |.

Thus, inequalities (18) are equivalent to
∣∣ |α− β|2 − 2σ2

j − 2δ2j
∣∣ < |∆j | j = 1, . . . , n− r.

By Theorem 3.1, the result follows.

As illustrated by the matrices in Example 4.2 the main result in Theorem 3.1
holds even if CD is not normal, that is, it extends Corollary 4.1. In fact, for
C,D as in Example 4.2, we have that

CD =




−1 + 3i 4− 2i 0
−i −4 + 2i 0
0 0 1




12



is not normal and Corollary 4.1 does not apply.
In particular, Corollary 4.1 materializes for A ∈ Mn of the form (4), n = 2r,

when C = U − Ir, D = U∗ + Ir, U ∈ Mr unitary. Then CD = DC = 2iℑ(U)
is skew-Hermitian and C∗C +DD∗ = 4Ir, corresponding to hj = 4 and zj zero
or pure imaginary with |zj | ≤ 2, j = 1, . . . , r, in Theorem 3.1.

Example 4.3 Let J = I3 ⊕−I3 and A be of the form (4) with α = 10, β = 7,
C = U − I4, D = U∗ + I4, considering the unitary matrix

U =




1
2 + i

2
1
2 − i

2 0
1
2 − i

2
1
2 + i

2 0
0 0 −i


 .

In this case, DC has eigenvalues 2i, 0,−2i and CJ(A) consists of three non-
nested co-centered hyperbolas, depicted in Figure 5. The pseudo-convex hull of
these hyperbolas yields a vertical flat portion on the boundary of W J(A).

0 5 10 15
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-4

-2

0

2

4

6

Figure 5: CJ(A) in Example 4.3

In general, it is known that W J(A) contains a flat portion on the boundary,
if Hθ(A) has a multiple eigenvalue λ, for some θ ∈ R, that is a maximum or a
minimum of σJ

+(Hθ(A)) or σJ
−(Hθ(A)), λ = λR(θ) or λ = λL(θ), and the set

of numbers [Hθ+π
2
(A)x, x]J , when x ranges over the eigenspace Eλ of Hθ(A)

associated to λ, is not a singleton. In this event, if x1, x2 are eigenvectors in Eλ,
satisfying [x1, x1]J [x2, x2]J > 0 and

[Hθ+π
2
(A)x1, x1]J/[x1, x1]J ̸= [Hθ+π

2
(A)x2, x2]J/[x2, x2]J ,

then the boundary of W J(A) contains the line segment joining [Ax1, x1]J and
[Ax2, x2]J .

13



5 Classes of matrices with hyperbolic W J(A)

In this section, selected classes of block matrices A of the form (4) with hy-
perbolic shaped W J(A) are presented. The next corollary applies to Hermitian
matrices A of these block form.

Corollary 5.1 Let A ∈ Mn be non-diagonal of the form (4) with α, β ∈ R and
D = C∗. Let σ1 > · · · > σs be the non-zero singular values of C. Then CJ(A)
consists of s nested hyperbolas H̃1, . . . , H̃s and, additionally, the points α, β, if
C is not full rank, the point α if n < 2r, and β if n > 2r. Each hyperbola
H̃j is centered at 1

2 (α + β), has horizontal transverse semi-axis of lenght |ω|
and vertical non-transverse semi-axes of length σj. The set W J(A) is the non-

degenerate hyperbolic disc bounded by H̃1.

Proof. Firstly, let n ≤ 2r. Clearly, A is under the conditions of Theorem 3.1,
hj = 2σ2

j , zj = σ2
j , j = 1, . . . , s, and (14) holds for j = 1, . . . , s, with strict

LHS inequality. Hence, if n = 2r, then CJ(A) consists of s non-degenerate
hyperbolas corresponding to the non-zero singular values of C and the points
α, β, if C is not full rank. If n < 2r, then CJ(A) consists of these hyperbolas
and the point α. By Theorem 3.1, the hyperbolas have foci at

1

2
(α+ β)±

√
ω2 + σ2

j , j = 1, . . . , s,

all have the same transverse semi-axis of lenght |ω| and non-tranverse semi-axis
of lenght σj , j = 1, . . . , s, respectively. Thus, they are nested and WJ(A) is the
non-degenerate hyperbolic disc bounded by the outer hyperbola.

If n > 2r, replacing C by D and α by β leads to the same conclusion, because
C,C∗ have the same non-zero singular values.

Theorem 3.1 holds, in particular, whenDC is a scalar multiple of the identity,
in which case all zj are the same. The introduced notation for the hyperbola

Ĥj and its foci fj,± from Section 3 is reused below.

Corollary 5.2 Let A be of type (4), DC = z1In−r, n ≤ 2r. The set W J(A)
is a non-degenerate hyperbolic disc with foci at f1± and non-transverse axis of
length M1 if and only if

∣∣|α− β|2 − 2∥C∗C +DD∗∥
∣∣ <

∣∣(α− β)2 + 4z1
∣∣ . (19)

In this case, all the hyperbolic components Ĥ1, . . . , Ĥn−r in CJ(A) are nested.

Proof. Under the hypothesis, the hyperbolas Ĥ1, . . . , Ĥn−r share the foci f1±,
and the axes lenghtsNj ,Mj in (13) of Ĥj vary just according to the eigenvalue hj

of C∗C+DD∗. Therefore, all the hyperbolas are nested. If h1 = ∥C∗C+DD∗∥,
then N1 is the minimum transverse axis and, consequently, M1 is the maximum
non-transverse axis. The result readily follows from Theorem 3.1.

14



Example 5.1 Let J = I3 ⊕−I2 and A be of the form (4) with

α = 6 + i, β = 13, C =




−2 −1
−4 −2
−3 0


 , D =

[
0 0 2
0 3 −4

]
.

Then DC = −6I2,

C∗C +DD∗ =

[
33 2
2 30

]
, ∥C∗C +DD∗∥ = 34.

By simple computations, (19) holds and, by Corollary 5.2, the set WJ(A) is the
hyperbolic disc, with foci at

1

2
(19 + i)± 1

2

√
24− 14 i

and non-transverse axis of length
(
9 +

√
193

) 1

2 . By Theorem 3.1, CJ(A) con-
sists of two co-centered hyperbolas and a point, (6, 1), displayed in Figure 7.
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Figure 6: Boundary generating curve of W J(A) in Example 5.1

A quadratic matrix is a matrix with minimal polynomial of degree 2 and
it can be reduced, under a unitary similarity transformation, to a matrix A of
type (4) with D = O. In this case, we easily find the next result (cf. [3, 13]).

Corollary 5.3 Let A be of type (4) with C ̸= O and D = O. Then W J(A) is
a non-degenerate hyperbolic disc, with foci at α and β, and non-transverse axis
of lenght ∥C∥ if and only if ∥C∥ < |α− β|.

Proof. Since D = O, the result follows from Corollary 5.2 with z1 = 0. In this
case, f1± reduce to α, β. Further, ∥C∗C∥ = ∥C∥2 ̸= 0 and the non-degenerate

hiperbolicity condition (19) of W J(A) becomes
∣∣|α− β|2 − 2∥C∥2

∣∣ < |α− β|2 ,
which can equivalently be simplfied to ∥C∥ < |α− β|.

15



If r = n − 1, we have J = In−1 ⊕ −I1 and the matrix in (4) reduces to an
arrowhead matrix of type




α c1
. . .

...
α cr

d1 · · · dr β


 , (20)

with zeros at the omitted entries of the first diagonal block. The next result
holds, in parallel to the classical numerical range elliptical case [15, 26].

Corollary 5.4 For an arrowhead matrix A ∈ Mn of type (20), r = n − 1,
c = (c1, . . . , cr), d = (d1, . . . , dr), the set W J(A) is a non-degenerate hyperbolic
disc, with foci at

1

2
(α+ β)± 1

2

√
(α− β)2 + 4 cTd,

non-transverse axis of length

(
1

2

∣∣(α− β)2 + 4 cTd
∣∣− 1

2
|α− β|2 + ∥c∥2 + ∥d∥2

)1

2

,

if and only if

∣∣|α− β|2 − 2∥c∥2 − 2∥d∥2
∣∣ <

∣∣(α− β)2 + 4 cTd
∣∣ .

Proof. The non-diagonal blocks of the arrowhead matrix A are such that

DC = c1d1 + · · ·+ crdr = cTd,

C∗C +DD∗ = |d1|2 + · · ·+ |dr|2 + |c1|2 + · · ·+ |cr1|2 = ∥c∥2 + ∥d∥2

and the result is a direct consequence of Corollary 5.2.

Now, we consider the case when the spectrum of M(θ) is independent of θ
and study the condition for non-degenerate hyperbolicity of W J(A).

Theorem 5.1 Let A ∈ Mn be a block matrix of the form (4) with the spectrum
of M(θ) in (7) independent of θ. The set W J(A) is a hyperbolic disc, with foci
at α and β, non-transverse axis of length ∥C −D∗∥, if and only if

∥C −D∗∥ < |α− β|.

In this case, all the hyperbolic components of CJ(A) are nested, with the same
foci, non-transverse axes of lenght

√
µ1, . . . ,

√
µs, where µ1, . . . , µs are the dis-

tinct non-zero eigenvalues of M(0).
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Proof. By hypothesis, the spectrum of M(θ) is independent of θ, thus it coin-
cides with the spectrum of

M(0) = C∗C +DD∗ − 2ℜ(DC) = (C −D∗)∗(C −D∗).

Suppose that the maximum eigenvalue of M(0) is µ1, that is, µ1 = ∥C−D∗∥2. If
∥C−D∗∥ < |α−β| is assumed and θ ∈ Ω′

j = (τ − θj , τ + θj) with τ = Arg(α−β),

θj = arctan

( |α− β|2
µj

− 1

)1

2

,

then

µj <
(
ℜ(e−iθ(α− β))

)2
= |α− β|2 cos2(θ − τ), j = 1, . . . , s,

and it follows from Proposition 2.1 that Hθ(B) is in class J , with s pairs of real
eigenvalues of the form

λj,±

(
Hθ(B)

)
= ±1

2

(
|α− β|2 − µj − |α− β|2 sin2(θ − τ)

) 1

2 , j = 1, . . . , s.

We conclude that CJ(B) contains s hyperbolic components, all with the same
foci ± 1

2 (α−β) and non-transverse axes of lenght
√
µj , j = 1, . . . , s. This corres-

ponds to s hyperbolic nested components in CJ(A), all of them with foci at α
and β, with the previous non-transverse axes lenghts.

If M(0) is not full rank, or n ̸= 2r, then the remaining eigenvalues of Hθ(B)
would additionally give α and β, or just one of these, as points in CJ(A).
Clearly, W J(A) is bounded by the outer hyperbola, obtained for j = 1, with
non-transverse axis of length ∥C −D∗∥.

The reverse implication is trivially satisfied.

If for a subspace S invariant under C∗C +DD∗, the column space of DC is
contained in S and S is contained in the null space of DC, then the eigenvalues
of (7) are independent of θ, as observed in [16] and then Theorem 5.1 holds.

Example 5.2 Let J = I2 ⊕−I2 and A be the block matrix of the form (4) with

α = 8 + i, β = 4− i, C =

[
1− i 1− i
−1 2

]
, D =

[
1 + i 2
0 0

]
.

Then

DC =

[
0 6
0 0

]
and C∗C +DD∗ =

[
9 0
0 6

]
.

The matrix in (7) is

M(θ) =

[
9 −6 e−2iθ

−6 e2iθ 6

]
,

17



which has eigenvalues 15
2 ± 3

2

√
17 independent of θ. By Theorem 5.1, the set

W J(A) is a non-degenerate hyperbolic disc with foci at (8, 1) and (4,−1) and
non-transverse axis of length

√
15

2
+

3

2

√
17.
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Figure 7: Boundary generating curve of W J(A) in Example 5.2

6 Results for certain tridiagonal matrices

In this section, we consider J̃ = diag(1,−1, 1,−1, . . . ) ∈ Mn and focus on the
class of tridiagonal matrices with biperiodic main diagonal (α, β, α, β, . . . )∈ C

n,
denoted by Tn(α, β; c,d), where c = (c1, . . . , cn−1), d = (d1, . . . , dn−1) ∈ C

n−1

are, respectively, the first lower and first upper subdiagonals of the matrix.
By [10, Lemma 2.1], the J̃-numerical range of these tridiagonal matrices is

invariant under switching of any two corresponding off-diagonal entries cj and

dj . Consider K ⊂ {1, . . . , n− 1} and T̃ the matrix obtained from Tn(α, β; c,d)
by interchanging cj and dj for j ∈ K. Let r =

⌈
n
2

⌉
and P be the permutation

matrix associated with the permutation π ∈ Sn defined by

π(i) = 2i− 1, 1 ≤ i ≤ r, and π (r + i) = 2i, 1 ≤ i ≤ n− r. (21)

Clearly, J̃ = PTJP and T̃ = PTAP for J = Ir ⊕−In−r and A a block matrix

of type (4), where n = 2r or n = 2r − 1. Therefore, W J̃(T̃ ) = W J(A) and
the results of the previous sections may be applied to conveniently derive corre-
sponding characterizations of the indefinite Kippenhahn curve and J̃-numerical
range of tridiagonal matrices of type T̃ .

The next corollary exemplifies this situation. It was obtained in [6, Theo-
rem 3.1] when a = (a,−a, a,−a, . . . ), a ∈ R (see also [10]).
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For simplicity, let ω = 1
2 (α − β) and consider the bidiagonal matrix X(c)

defined, in terms of the entries of the vector c = (c1, . . . , cn−1), by either



c1
c2 c3

c4 c5
. . .

. . .

cn−2 cn−1




or




c1
c2 c3

. . .
. . .

cn−3 cn−2

cn−1



, (22)

according to n even or n odd, with zeros at the remaining (ommitted) entries.

Corollary 6.1 Let T = Tn(α, β; c,d) with d = κ c, κ ∈ C. Let s1 ≥ . . . ≥ s⌊n
2
⌋

be the singular values and k be the rank of X(c). Let Hj be the hyperbola with
foci at

1

2
(α+ β)±

√
ω2 + κ s2j

and non-transverse axis of length
√
2
∣∣ω2 + κ s2j

∣∣− 2 |ω|2 + (|κ|2 + 1)s2j .

Then CJ(T ) consits of the nested hyperbolas H1, . . . ,Hk and possibly the points
α, β, if k < ⌊n

2 ⌋, or the point α, if n is odd and k = ⌊n
2 ⌋, if and only if

∣∣∣∣|ω|
2 − |κ|2 + 1

2
s21

∣∣∣∣ <
∣∣ω2 + κ s21

∣∣. (23)

In this case, W J̃(T ) is bounded by the non-degenerate hyperbola H1.

Proof. Let T̃ = Tn(α, β; c̃, d̃), with c̃ = (c1, κc2, c3, . . .), d̃ = (κc1, c2, κc3, . . .).
Considering J = Ir ⊕ −In−r, r =

⌈
n
2

⌉
, and A the block matrix in (4) with

C = X(c) and D = κC∗, having in mind the previous considerations, we may
conclude that

W J̃(T ) = W J̃(T̃ ) = W J(A).

It is obvious that DC = κC∗C and C∗C+DD∗ = (1+ |κ|2)C∗C are under the
hypothesis of Theorem 3.1 and have, respectively, the eigenvalues

zj = κs2j and hj = (1 + |κ|2) s2j , j = 1, . . . , k,

all the remaining being zero if k < ⌊n
2 ⌋. The result easily follows from Theo-

rem 3.1, observing that z1 ≥ · · · ≥ zk and h1 ≥ · · · ≥ hk allow us to conclude
that the hyperbolas H1, . . . ,Hk are nested and non-degenerated if and only if

(23) holds; the outer one H1 forms the hyperbolic boundary of W J̃(T ).

7 Final comments

We have investigated ...
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