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ABSTRACT. We obtain an explicit characterization of the K-functional of a pair of weighted classical
Lorentz spaces of type S. We develop a method for obtaining such characterization based on a
relation between the desired quantity and the K-functional of a specific couple of spaces of type
A, which are substantially more manageable than their companions of type S. The core of our
techniques is a subtle manipulation with respective fundamental functions. We present several
applications, in particular we nail down a formula for the K-functional of a Lebesgue space and
a classical Lorentz space of type S with a power weight, and using this formula we establish an
inequality of a reverse Marchaud type.

The paper is dedicated to Professor Hans Triebel, the true classic of the field of
function spaces, at the occasion of his 90th birthday, with compliments from the
authors.

1. INTRODUCTION AND MAIN RESULTS

Many important inequalities in analysis have the form
(1.1) (Af)™(t) < C(Af)"(t) + something,

in which A is some operator, f — f* denotes the operation of taking the non-increasing re-
arrangement of a real-valued function f acting on some nonatomic o-finite measure space, and, for

€ (0,00), f**(t) is the integral mean of f* over the interval (0,¢). In the particular case when
C =1, one can subtract (Af)*(¢t) from both sides of (1.1) and obtain thereby a useful pointwise
upper estimate for the quantity (Af)** — (Af)*.

A pioneering result in this direction (with A being the identity operator) was obtained by Ben-
nett, DeVore and Sharpley in [8], where the space ‘Weak L%’ was introduced as the collection of
all functions f such that f** — f* is bounded. It was shown that Weak L* can effectively replace
L when L°° does not give satisfactory results, and, in particular, its interesting interpolation
properties were found. It was also observed that Weak L™ is not a linear set. It was identified as
the rearrangement hull of the space BMO of functions having bounded mean oscillation.

In [6, Theorem 2], Bagby and Kurtz established a weighted version of an estimate of the form (1.1)
and used it to gain control over a maximal singular integral defined by a Calderén—Zygmund
kernel in terms of the Hardy—Littlewood maximal operator. This technique eventually lead to the
establishment of the so-called better A-inequality, a significant enhancement of the classical good
A-inequality of Burkholder and Gundy ([14, Theorem 2]), which was first used to get estimates of
the distribution function of the area integral in terms of the nontangential maximal function, and
which was later exploited many times in a variety of situations, for example by Coifman in [21] or
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Coifman and Fefferman in [22]. It was however demonstrated in [6] that the ‘better A’ inequality
contains more information and provides sharper results.
In [2, Equation (A7), page 219], Alvino, Trombetti and Lions established the inequality

(1.2) FE(E) = F1(8) < Catw |V FI™(t)  for t € (0,00),

which is valid for every locally integrable function f: R™ — R whose first-order weak derivatives are
locally integrable and where C), is a dimensional constant. The authors pointed out a connection to
certain optimization problems involving gradients with prescribed rearrangements. In particular,
they showed that this inequality can be used in order to give a short proof of a sharp version of the
Sobolev-Lorentz inequality. An inequality equivalent to (1.2), in which the functional f**(¢)— f*(¢)
is replaced by f*(t) — f*(2t), was independently discovered by Kolyada in [38, Lemma 5.1]. In [39,
Inequality (3.1)]), the inequality is established in the form

(1.3) F(8) = £5() < Vatn V() for t € (0,00).
Inequalities in this spirit were intensively investigated by Martin and Milman in [48], where among
other results it was shown that the inequality

(14) P = £ () < Cot V() for t € (0,00)

for aw € (0,1) characterizes that the underlying domain belongs, owing to its isoperimetric profile,
to the Maz’ya class J,. Iterated versions are applied to higher-order derivatives and to obtain
Sobolev—Poincaré inequalities including fractional versions.

In [36, Inequality (3.24)], an estimate of the form (1.1) is given for a specific supremum-type
operator, which plays a crucial role in the so-called reduction principle and provides characterization
of optimal partner spaces in sharp Sobolev embeddings. The crucial role of the quantity f** —
f* in limiting Sobolev embeddings was however spotted earlier, namely in [7], and subsequently
corroborated in [52] and [60]. A yet different quantity, namely f*(%) — f*(¢), intimately related to
f*(t) — f*(t), has been used to define various function classes of interest in specific applications.
In [46], this functional was utilized in order to describe a new scale of function spaces, one of which
significantly enhanced the target function space in a limiting Sobolev embedding. It turned out
that the first-order Sobolev space with the degree of integrability coinciding with the dimension of
the underlying domain continuously embeds into this new space, providing a sharper result than
embeddings that had been known before such as those from [68, 59, 69, 55, 56, 34, 32, 12, 11, 49, 24].
However, both the quantities are very close to one another, and sometimes they are equivalently
interchangeable - see [7, Theorem 4.1] or [39, Inequalities (2.8) and (2.12)].

The quantity f** — f* turned out to be of vital importance in the search of an explicit character-
ization of the optimal target classes for Sobolev inequalities ([37, Theorem A], [41, Theorem 1.2]),
and it played similarly important role in trace inequalities [20] or potential estimates [25].

The above examples clearly show that the expression f** — f* has potential to define interesting
function spaces. On the top of it, it turns out to be of particular use in the theory of the classical
Lorentz spaces. Let us recall that these spaces are of three types, which we will respectively refer
to as of type A, of type I', and of type S. For precise definitions and the summary of their basic
functional analytic properties, see Section 2 below.

The discovery of the connection to classical Lorentz spaces is due to Sinnamon [62, Theorem 4.1],
who used the quantity f** — f* to give a new formula for the associate norm of a space of type I'.
Other (equivalent) characterizations were obtained for instance in [28, 26], but the formula in [62]
for the associate norm is unique in the sense that it breaks the associate norm into two parts
corresponding to the size, represented by f*, and the smoothness, represented by f** — f*, of a
function f.

Roughly speaking, the spaces of types A, I" and S are governed by the degree of (weighted)
integrability of quantities f*, f**, and f** — f*, respectively, where f is a given function. Of the
threesome, the spaces of the type S are the youngest, the most difficult to handle, and also the
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most interesting. They were introduced only in 2005 ([16]), in sharp contrast to those of the type
', which first appeared in 1990 ([61]) and in an even sharper contrast to those of the type A, which
were introduced already in 1951 ([44]). Their study is so difficult mainly owing to the fact that
these spaces systematically avoid nice functional properties. In particular, they are, in general,
neither quasinormable, nor necessarily complete, as sets they are not necessarily linear, and they
do not possess the lattice property (see [16] for more details).

The introduction of spaces of type S was, of course, originally motivated by the ubiquitous
appearance of the quantity f**— f*, mentioned above. They have been used in order to characterize
various dual structures of function classes ([62, 28, 30, 39, 26, 37]), they served as an appropriate
tool for characterizing validity of the bilinear weighted Hardy inequality for monotone functions
([43]), and they played a vital role in the research of continuity properties of solutions to the p-
Laplace system of elliptic equations ([1]). We shall now describe their intimate connection to the
theory of interpolation.

In the theory of real interpolation and its numerous applications, a central issue is the question of
characterization of the K-functional for a prescribed pair of function spaces. In order to give such a
characterization, a lot of effort has been spent by many authors, and the topic occupies substantial
parts in classical monographs such as [64, 10, 40, 9, 13, 67]. It is also a subject of several more
recent papers motivated by various important operators (such as fractional integrals, for instance)
whose endpoint behavior is nonstandard and hence the classical theory fails (see e.g. [29, 47, 5, 42]).

The indispensable role of the functional f** — f* in interpolation theory is thoroughly described
in [9, Chapter 5, Section 7], where it is observed, among many other results, that this functional
can be used to show that the non-increasing rearrangement of a function oscillates no more than
does the function itself.

The power of the interpolation properties of spaces of type S was found soon after they were
first introduced. In [30], the inequality (1.3) was used to obtain sharp estimates of rearrange-
ments of functions in terms of their moduli of continuity. This result was in turn applied to
get sharp embeddings of general Besov spaces into Lorentz spaces and a characterization of the
rearrangement-invariant hull of a general Besov space. The approach was based on evaluating
the K-functional for pairs of spaces (X, Sx), where X is a generic rearrangement-invariant space
containing functions defined on a Lipschitz domain in an Euclidean space, and S is a generalized
classical Lorentz space of type S built upon X. For further applications in a similar but slightly
different direction, see [27].

The techniques in [30] however have some limitations that quite adequately correspond to the
state of the art of knowledge at the time of their origin, and they naturally propagate in turn into
related results and applications. For instance, the structures appearing in theorems of [30] are
assumed to be r.i. spaces, in particular normed, which constitutes an unfortunate restriction ruling
out many interesting function classes endowed merely with quasinorms. Furthermore, the Boyd
indices of the present function spaces are required to be kept away from the endpoints, which, once
again, bans plenty of interesting limiting cases.

In this paper we look at the problem from a different angle. We take an approach based on
some recent advances, leading to a substantial extension of the theory in which, in particular, the
above-mentioned restrictions are chipped away. Our key theoretical achievement is a pointwise
characterization of the K-functional for a pair of spaces of type S.

Our argument proceeds in several separate steps. First, we reduce the problem to the question
of characterizing the K-functional for the pair of spaces of type A appropriately tied to the original
pair. Next, we axiomatize a pair of abstract quasinormed spaces in a way that enables us to establish
a formula for their K-functional. As the next step, we apply the abstract result to a pair of spaces
of type A. The combination of the partial results then yields a solution of the principal problem.
Finally, we point out some applications of the main result, including an inequality of reverse
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Marchaud type related to an embedding of a homogeneous-type Sobolev space into a Lebesgue
space.

Before stating the results, we need to fix some notation. We denote by L[ (0, 00) the collection

of all functions integrable over every subset of (0,00) of finite measure (in particular, integrable
near zero). Following [16], we introduce the set

A= { f € L .(0,00) nonnegative, non-increasing and satisfying tlim ft) = 0}
—00

and the operator T', defined by

(1.5) TF(t) = /O fs)ds — %f G) for f € LL (0, 00) and ¢ € (0,00).

It is easy to see that if f € LL (0,00) is nonnegative and non-increasing on (0, c0), then
i 0 =0

and T'f itself is non-increasing on (0, 00). Indeed, this follows from

-

%
(1.6) TFE) = /0 (f(s) — (1)) ds for t € (0,00).
Moreover, it was observed in [16, Lemma 2.1] that 7" is idempotent in the sense that

(1.7) ToT=1d on A,

and that T is self-adjoint with respect to the L'(0, co)-pairing in the sense that

/OO Tf(t)g(t)dt = /OO Tg(t)f(t)dt for every f,g € A.
0 0

In particular, it follows immediately from (1.7) that every f € A can be represented as f = Th
for some h € A. It might be useful to add that we shall be mostly applying the operator T" to f*,
where f is defined on some o-finite measure space and f*(oco) = 0. In that case, one has
1

(18) 70 = [ e as =G = F (G = 1() forte 0.00)

Similarly as in [4] and [16], given p € (0,00) and a weight (that is, nonnegative and measurable
function) w on (0, 00), we say that w satisfies the condition B,, and write w € B, if there exists a
positive constant C' such that

00 t
tp/ w(];s) ds < C/ w(s)ds for t € (0, 00),
t 0

S

and that w satisfies the reverse condition By, denoted by w € RB,, if there exists a positive constant
C such that

t 00
/ w(s)ds < C’tp/ @ds for t € (0, 00).
0 t sP
When p € (0,00) and a weight w on (0,00) are fixed, we denote by w the function defined by
(1.9) w(t) = tp*Qw(%) for t € (0, 00).

One has, by a change of variables (cf. [16, page 382]),

weRB, & webB,.
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Convention 1.1. When a quasi-Banach space X = X (R, u) allows representation in the sense
that there is a quasinorm || - || such that || f||x = || f*|| for every admissible f, we will sometimes,
when there is no danger of confusion, write X instead of X for the representation space. It will
be always clear from the context whether the function whose norm is taken is defined on a general
measure space or on an interval. Typically, all rearrangements, characteristic functions of intervals,
and also all arguments and images of the operator T', are always considered to be defined on (0, 00).
We will use the barred notation only in connection with abstract spaces.

Our first result relates the K-functional of a pair of spaces of type S to that of a pair of spaces
of type A with the help of the operator T' from (1.5).

Theorem 1.2. Assume that py,p1 € (0,00), and let wy,w; be weights on (0,00). Define the
functions 1o, 1 : (0,00) — [0, 00] by

1
(1.10) Wilt) = (/too s Piw;(s) ds> " forte (0,00) and i€ {0,1}.
Assume that there exists a positive constant C such that

(1.11) Yi(t) < Ci(2t)  fort € (0,00) and i € {0,1}.
Suppose that

(1.12) wo € RBy,.

Then, for every f satisfying f* € A and every t € (0,00), one has

(1.13) K (f, ;57 (wo), S (w1)) ~ K(Tf*,t; A™ (@), AP (@),
in which the notation from (1.9) has been adopted.

In our next result we characterize the K-functional of a pair of fairly general r.i. quasi-Banach
function spaces. For a similar result, in a slightly different setting, see [45, Theorem 1la], and
for some related results in certain more specific situations, see e.g. [33, 70, 50, 66, 51, 3] and the
references therein. Later we shall apply it to a pair of spaces of type A, and, via (1.13), to a pair
of spaces of type S. However, we formulate the theorem for abstract spaces, since such a general
statement is of independent interest, and the field of applications might be broader.

Theorem 1.3. Let Ay and Ay be r.i. quasi-Banach function spaces that admit, respectively, the
representation spaces Ay and Ay over (0,00). For i € {0,1}, let ¢i(t) = |[x (0, llz, fort € (0,00),
and set

¥0
oc=—.
Y1
Suppose that
(1.14) 1x0.0$)9" (D)5, S o) llgll, fort € (0,00) and g € Ay,
and
(1.15) o (1) X0 D, S 1115, or t € (0.00) and h e Ay

with constants in the relations ‘<’ independent of g, h and t. Then

(1.16) K (f,0(t); Ao, A1) = |[x0. " |5, + o) [[X(to0) I,
for f € Ao+ A1 and t € (0,00) with constants of the equivalence independent of f and t.

We shall finally formulate an explicit formula for the K-functional for a pair of spaces of type S.
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Theorem 1.4. Assume that py,p1 € (0,00), and wy, w1 are weights on (0,00). Define the functions
0,11 (0,00) — [0,00] by (1.10) and suppose that

(1.17) Y;(0+) =00 forie{0,1},

and that conditions (1.11) and (1.12) are satisfied. Denote

Po(t)
1.18 o(t) = fort € (0,00).
(119 0= (0.0¢)
Assume that there exists an € > 0 such that
(1.19) t— 0(t)o(t)°  is equivalent to a non-decreasing function on (0,00).
Then

(1.20)  K(f,0(t); SP°(wp), SP*(w1))

1

‘ o 0 o
~ ([ e - reruwea)” oo ([T e - rEr o)
for f € 5P (wp) + SP (wy) and t € (0,00) with constants in the relation ‘~’ independent of f and t.

The following corollary constitutes a useful particular case of Theorem 1.4.

Corollary 1.5. Let p € (1,00) and a € (0,00). Then

1
p

k(g s = ( ) - S )

s </t°o (F(s) — (s))P s~ ds>” fort € (0,00).

We shall now point out an interesting application of Corollary 1.5 to an inequality of reverse
Marchaud type. Such inequalities are central for example in the theory of approximations. We shall
use the known formula for the K-functional for the pair (V¥?(R"), LP(R")), see e.g. [9, Chapter 5,
Inequality (4.42), p. 341]. It will restrict us to p € (1,n). We will need the notion of the modulus of
smoothness. For h € R", the first difference operator Ay is defined on a real function f: R™ — R
by

Anf(@) = f(z+h)— f(z) forzcRY,
and, for k € N, k > 2, the k-th order difference operator is defined inductively by
Aff(x) = Ap(AFf)(z), for 2 € R™
For p € [1, 00|, the p-modulus of smoothness of order k of a function f € LP(R™) is defined by

wi(f,t)p = sup 1AL S llo(er) for t € (0,00).
t

Corollary 1.6. Assume thatn € N, n > 2, andp € (1,n). Let k € N be such that
(1.21) 2<k< 41,
p

Then
az  (/f ) - PP ds)’l’ st ([T rers ds)’l’ < wn(F. 15,

fort € (0,00) and every (k — 1)-times weakly differentiable function f: R™ — R such that
(1.23) tli)m |VIf|**(t) =0 for each j € {0,...,k —1}.
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2. PRELIMINARIES

In this section, we shall collect definitions and other background material and fix notation.

Let (R, ) be a nonatomic o-finite measure space with u(R) € (0,00]. We denote by M(R, u)
the set of all y-measurable functions on R whose values lie in [—00, co] and by M (R, i) the set of
all functions in M(R, 1) whose values lie in [0, co]. If there is no risk of confusion, we write only M
and M, respectively.

For f € M(R, u), the function f*: [0,00) — [0, o], defined by

@) =inf{A>0: p{z e R:|f(x)] > A}) <t} forte]0,00),

is called the non-increasing rearrangement of f. The function f**: (0,00) — [0, o], defined by

_t/o f*(s)ds fort e (0,00),

is called the mazimal non-increasing rearrangement of f. The maximal non-increasing rearrange-
ment is subadditive in the sense that

(2.1) (f+9)* < f™+g" for f,g e M(R,u).

The operation of taking the non-increasing rearrangement, on the other hand, is not subadditive,
but it satisfies merely the estimate

(2.2) (f+9)"(s+t) < fr(s)+g*(t) for f,g € M(R, ) and s,t € (0, 00).

Two functions f and g, notably defined on possibly different measure spaces, are called equimea-
surable, and denoted f ~ g, if f* = ¢g* on (0,0).
Since our measure space is assumed nonatomic, it is automatically resonant in the sense that

/ fr(t dt—zgr;/ |f(2)g(2)|dp(z),

in which the supremum is extended over all functions g equimeasurable with g.
For a p-measurable subset E, we shall denote by xg the characteristic function of .

Definition 2.1. Let [|-||: M(R, ) — [0, 0] be a mapping satisfying || |f||| = || f]| for f € M. We
say that ||| is a Banach function norm if its restriction to M satisfies the following axioms:

(P1) it is a norm, in the sense that it obeys the following three conditions:
(i) it is positively homogeneous, i.e. Va € RV f € My : [laf| = |al|| f]],

(ii) it satisfies || f|| =0 < f =0 p-a.e.,

(iii) it is subadditive, i.e. V.f,g € My = |f + gl < If1l + llgll,
(P2) it has the lattice property, i.e. if some f, g € M satisfy f < g p-a.e., then also [|f] < ||g]l,
(P3) it has the Fatou property, i.e. if some f,,, f € My satisfy f, T f p-a.e., then also || f,]| T/ £,
(P4) ||xe| < oo for E C R satisfying u(E) < oo,
(P5) for every E C R satisfying u(F) < oo there exists some positive constant C'g, depending

only on F, such that the inequality fE fdu < Cgllf|l is true for f € M.

While the theory of r.i. spaces is classical and well developed ([9, 40]), the analogous knowledge
about r.i. quasinorms and corresponding spaces is rather sparse. On the other hand, it is becoming
fashionable recently ([57, 53, 54, 58]). The interest in it stems from the fact that the normed spaces
do not hold answers to all challenging contemporary problems.

Definition 2.2. Let ||-[|: M(R, u) — [0,00] be a mapping satisfying || |f||| = || f]| for f € M. We
say that ||-|| is a quasi-Banach function norm if its restriction to M satisfies the axioms (P2), (P3)
and (P4) of a Banach function norm together with a weaker version of axiom (P1), namely
(Q1) it is a quasinorm, in the sense that it satisfies the following three conditions:
(i) it is positively homogeneous, i.e. Va € RYf € My : [laf| = |al|| f]],
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(ii) it satisfies || f|| =0 < f =0 p-a.e.,
(iii) there is a positive constant C' such that

Vfg e My |lf +gll < CAUFI+ llglD)-

A quasi-Banach function norm might, or might not, satisfy (P5). Nontrivial examples of both

situations can be obtained by considering the functional || - ||;1,¢ given by
1—1
[fllera = [/ @)t @l La(o,00)  for g € (0,00].
Then || - |14 is a quasinorm for every ¢ € (0, o], it is equivalently normable if and only if ¢ = 1,

and it satisfies (P5) if and only if ¢ € (0,1]. For further details, see [57, 53, 54, 58].

Definition 2.3. Let ||-||x be a (quasi-)Banach function norm. We say that ||-|x is rearrange-
ment-invariant, abbreviated r.i., if || f||x = ||g||x whenever f,g € M are equimeasurable.

Definition 2.4. Let |-||x be a (quasi-)Banach function norm. We then define the corresponding
(quasi- ) Banach function space X as the set

X ={f €M |fllx <oc}.
Furthermore, we will say that X is rearrangement-invariant whenever ||-||x is.

If ||-|| x is an r.i. quasi-Banach function norm on M(R, 1), then there exists a uniquely determined
r.i. quasi-Banach function norm ||| on M([0,00), A), in which A is the one-dimensional Lebesgue

measure, such that, for every f € M(R,u), one has ||f|x = || f*||5- When || - |[x is a norm, this
is the classical Luxemburg representation theorem (see e.g. [9, Chapter 2, Theorem 4.10]). In the
case when || - || x is merely a quasinorm, this is the recent result of [53, Theorem 3.1].

Definition 2.5. Assume that ||-|| x is an r.i. quasi-Banach function norm and X is the corresponding
r.i. quasi-Banach function space. We then define the fundamental function ¢x of X by

px(t) = lIxellx  fort €0, u(R)),
where E; is any subset of R with u(E;) = t.

Note that the rearrangement invariance of X guarantees that its fundamental function is well
defined. Moreover, the fact that p is nonatomic implies that ¢ x is defined on the entire interval

te [0, u(R)).
Remark 2.6. Observe that if X allows a representation space X, then
ox(t) = lIxonllx fort e [0, u(R)).
Definition 2.7. Fix p € (0, 00] and a weight w on (0,00). We define the functionals

1 .
[ f*w? || p0,00)  if p € (0, 00)

(2.3) Iflarey = Y sup f()w(t) if p = oo,

te(0,00)

1 .

Hf**prLp(0,00) lfp € (0,00)
(2.4) Ifllre) = sup f*)w(t) i p = oo,

te(0,00)
and

1 .

”(f** _ f*)’LUpHLP(O,oo) 1fp & (0, OO)
(2.5) IFlspwy = 9 sup (£*() = F*(£))w(t) if p= oo

te(0,00)

for every f € M(R, u), in which [| - [|1r(0,00) is the usual Lebesgue (quasi-)norm on (0,00). Then
the classical Lorentz spaces AP(w) and I'P(w) are defined as the sets of all functions f € M(R, u)
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for which the respective functionals are finite. We define the space SP(w) as the collection of all
measurable functions f having || f||sr(w) < 00 and satisfying lim; o f*(t) = 0.

Remark 2.8. The space SP(w) is defined slightly differently than its companions of types A and
I" because the functional f** — f* vanishes on constant functions, which obviously calls for some
normalization. Unlike the spaces of the other two types, spaces of type S do not measure the size
of a function, but rather its smoothness through oscillation.

Remark 2.9. We note that classical Lorentz spaces of all types have their natural representation
spaces, regardless whether they are r.i. quasi-Banach function spaces or not, due to the very nature
of their governing functionals. More precisely, we have (appealing once again to Convention 1.1)

(2.6) AP(w) = AP(w), TP(w) =TP(w), SP(w) = SP(w).
We will be using these relations without further warning.

In the proofs of the main results and, in particular, in the applications, we will need some
functional properties of spaces of type A which we will recall now. In [63, Theorem 1.1] (for other
variants see also [17, Corollary 2.2], [35, page 6] or [23]) it was observed that the functional || -|| Ap ()
for p € (0,00) is a quasinorm if and only if the function W (the primitive function of w) satisfies
the As-condition, i.e., there is a positive constant C' such that

(2.7) W(2t) <CW(t) forte (0,00).

Under the assumption (2.7), the space AP(w) is, for any p € (0,00), a quasi-Banach space. In
particular, it is complete and has the Fatou property. If, moreover, w is integrable near zero, then
the functional [ - [|Ap(,) satisfies the axiom (P4), resulting in the space A?(w) being an r.i. quasi-
Banach function space. Furthermore, thanks to the recent advances of [54, Theorem 3.23], for every
fixed a € (0,00), the dilation operator D, defined by

Dog(t) = g(at) for g € M(0,00) and t € (0, 00),

is bounded on the representation space of AP(w) in the sense that there exists a positive constant
C such that, retiring to Convention 1.1,

(2.8) lg(at)||ar@w) < Cllg(t)|lar@w) for g € M(0, 00),

in which C' may depend on p, w, a, but not g.
We will finish this section by recalling the crucial notion of the K-functional and its important
modification.

Definition 2.10. Let (X, X1) be a pair of quasi-Banach function spaces over a common measure
space (R, u). Let X+ X; denote the sum of spaces consisting of all functions f € M(R, ) such
that there exists a decomposition f = fo+ f1 with f; € X;, i € {0,1}. Then, for every f € Xo+ X
and every t € [0,00), we define the K-functional by

(29) K(f7t7 X07X1) = lnf{HfO”Xo +t”f1HX1 : f = fO +f17 fl S Xiv 1€ {071}}

Remark 2.11. Given pg,p; € (0,00) and a couple of weights wq, wq, we define the K-functional
for the pair (SP°(wg), SP*(w1)), and, indeed, also of the pair (AP°(wp), AP*(wy)), over a common
measure space, in the same way as in Definition 2.10, without a-priori knowledge whether either of
the corresponding functionals is a quasinorm.

We will also need the restricted version of the K-functional, defined for non-increasing functions
(for further details, see [19]). For a quasi-Banach function space X over the measure space [0, c0) en-
dowed with the one-dimensional Lebesgue measure, we denote by X¢ the cone of all non-increasing
functions contained in X.
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Definition 2.12. Let (X, X1) be a pair of quasi-Banach function spaces over the measure space
[0,00) endowed with the one-dimensional Lebesgue measure. For every f € X¢ + X{ and every
t € [0,00), we define the K%-functional by

(2.10) K4(f,t; Xo, X1) = K(f,t; X§, X{)
= inf {| follxo +tlfillx, s £ = fo+ fi, i € XY, i €{0,1}}.
Observe that one always has
(2.11) K(f,t; Xo, X1) < K4(f, t; Xo, X1)

for every admissible f and ¢, since the functional on the right extends the infimum over a smaller set
than that on the left side. On the other hand, the question whether or not the converse inequality
to (2.11) holds is highly nontrivial and of great interest. In this direction, a very useful tool is the
decomposition lemma ([19, Lemma 1]) which states that if three right continuous non-increasing
functions f, g, h satisfy f < g + h, then there are non-increasing functions fy, f1 such that fy < g,

Ji<hand f=fo+ f1.
3. PROOFS

We begin by recalling a useful elementary relation which establishes a bridge between the A and
the S worlds, and which will come to play several times in our proofs. A part of it, without proof,
was mentioned in the course of the proof of [16, Theorem 3.3]. For the sake of self-containment,
we include its simple verification.

Lemma 3.1. Let p € (0,00) and let w be a weight on (0,00). Then, with T from (1.5) and w
from (1.9), we have, for every f € SP(w) and every t € (0,00),

(3.1) < /0 ) — )P uls) ds)’l’ - ( [ rrerae ds> %

and

(32) ([ @@= ror ds);’ - ( / i) ds> g

In particular,
(3.3) 1 £llspw)y = 1T |ap(a)-

Proof. Fix t € (0,00). Changing variables s — % and using definitions of 7" and w, we arrive at

t(f**(s)—f*(s))pw(s)ds %: Oo(f**(%)_f*(%))pw(%)%s 5
g/ ) -( )

- (/100 (sTF*(s))? w(i)jj) ’

t

- ( | rrerae ds) g

t

since T'f* is non-increasing (cf. (1.6)). This establishes (3.1). The relation (3.2) can be proved
analogously. Finally, (3.3) follows on letting ¢t — oo in (3.1). O
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Let us still recall that, for an integrable function f: R™ — R and 0 < t < s < 00, integration by
parts yields

T

(see [9, Chapter 5, Formula (7.11), page 379]). If, moreover lims_,~ ¢**(s) = 0, then, on taking
s — 00 in (3.4), one gets ([9, Chapter 5, Formula (7.29), page 384] or [39, Formula (2.7)])

o0, k% %
(3.5) g (1) :/ IS =9 4o for ¢ € (0, 00).
¢ s
We shall use these observations in the forthcoming proof.

Proof of Theorem 1.2. Consider a function f € SP9(wqg) + SP*(wy). Then, arguing analogously to
the proof of [18, Proposition 3.1] and employing the measure preserving transformation, whose
existence is guaranteed by Ryff’s theorem ([9, Chapter 2, Theorem 7.5 and Corollary 7.6]), we get
that

£ € 57 (wo)? + 57 (wy)
(note that here Convention 1.1 applies) and, by (2.11),
(3.6) K (f,t; 57 (wp), SPL(w1)) < KA(f*, t; 5P (wp), SP* (w)).

Observe that, for every pair fy, fi of nonnegative non-increasing functions on (0,00) such that
f* = fo+ f1, the function T'f* is non-increasing (cf. (1.6)), and one has

(3.7) Tf(t)=Tfo(t) +Tfi(t).
Therefore, using Lemma 3.1, we obtain
(38) Kd(f*7t;Sp0(w0)7Spl (wl))

= inf { | follsro o) + L f1llson )3 * = fo -+ i, fi € S (wi)?,i € {0,1}}
{HTfOHAPO(@’O) T fillar @y £5 = fo+ f1, fi € SP(wi)?, i € {0, 1}}

1901l avo @) + tllg1llar @) TF" = go + g1,9: € A’”(ﬁi)d}
= Kd(Tf*,t; AP0 (wp), AP (wn)).

= inf
> inf

We shall now show a converse inequality to (3.8). First note that it follows from (3.8) that 7'f* is a
non-increasing element of AP0 (wq) + AP (w7). Let go € AP°(wp)andg; € AP*(w;) be non-increasing
functions such that Tf* = go + g1. Set hg = T'go and hy = Tg;. Then h; € SPi(w;)? for i € {0, 1},
in particular, hyg and hj are non-increasing, and, applying (1.7), we have

Tho+Thy =TTgo+TTg1 =g0o+g1 =Tf".
Therefore, by Lemma 3.1,

(3.9) g0l aro (@) + tllg1llar (@)
= | Thollarowg) + tITP1llars (@) = R0l spo (we) + A1 llspr (uwr)

> inf { || follswoquo) + I llsws ) TF* = Tho +Thi, fi € SP(wi)i € {0,1}}
= inf{”fo”spo(wo) +t) fillser oy 5= fo+ f1, fi € SPH(wi)?, i € {0, 1}}
= K(f*,1; 57 (wp), S (w1)).
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As gg € APo(wy), g1 € AP*(wy) were chosen arbitrarily, taking the infimum over all such decompo-
sitions on the left-hand side of (3.9) yields

(3.10) KT f*, ;A7 (wo), AP (w)) = K (f*, ;5% (wp), S7* (w1)).
Combining (3.8) and (3.10), we arrive at
(3.11) K (f*, ;57 (wp), S7 (wy)) = KUTf*,t; AP (o), AP (wn)).

By (1.11), we have that

L [e.e] -
(/ s Piw;(s) ds) " <o (/ s Piw;(s) ds) " forie {0,1} and t € (0, 00).
t 2

t

Changing variables t — %, we obtain

1/t p% 1/2t i
/ Ti(s)ds| <C / Ti(s)ds|  foric {0,1} and ¢ € (0,00),
0 0
and thus

(3.12) (/:tm(s) ds>pli <cC (/Otm(s) ds>”1i for i € {0,1} and ¢ € (0, 00).

Owing to [17, Corollary 2.2], the inequality (3.12) guarantees that AP9(wg) and AP!(wq) are quasi-
Banach spaces. Thanks to this fact, we can employ the relation proved at the end of the proof
of [18, Proposition 3.1] (note that their assumption [18, Inequality (2.2)] is our (3.12)), and obtain
thereby

(3.13) KT A% (), AP (7)) ~ K (T, 6 AP (i55), AP (@),
Combining (3.6), (3.11), and (3.13), we get
(3.14) K (£, 57 (wo), S (wn)) S K (Tf*, 4 AP (i5), AP (i7)).

To establish the inequality converse to (3.14), fix f in SP9(wq) + SP*(w1) and let fu € SPO(wy),
f1 € SP*(wy) be such that f = fy + fi. Then, by the subadditivity of the maximal non-increasing
rearrangement (2.1), and the estimate f;(2t) < f*(¢) 4+ fi(t), which follows from (2.2) as a special
case with s = ¢, we have that

@) = @) < fo7 @) + S0 = f1(20) + fo () < 2f67 () + f17(8) — fi(21)
2t

1 [ 1
:2f5‘*(t)+t/0 fils)ds— ¢ [ fils)ds— fi(26) for t € (0,00).

t
Since, by monotonicity,

2t
fien < [ s

this implies
S = (@) < 267 () + 207 (2t) — f1(2t))  for ¢ € (0, 00).

Applying this to % in place of ¢ and using (1.8), we get

(TF() < 23" (2) + 2007 (2) — 1(2) = 205" (1) + 4T (L) for t € (0,00).
Dividing this by ¢, we obtain the relation
(3.15) TFe(t) < 2f57(3) + Tf7 (L) fort € (0,00).
We claim that
(3.16) ITf7 () avs @y S NT SOl ar @)
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To prove (3.16), we first note that it is equivalent to the inequality

| rrer@esdss [ ds

0 0

which, since T'f{ is non-increasing, would in turn follow from the embedding
(3.17) AP (w1 (s)) <= AP (wq(2s))

if the embedding was true. However, in [65, Proposition 1(a)], it is shown that the embedding (3.17)
holds if and only if

t ¢
/ w1(2s)ds < / wi(s)ds for t € (0, 00),
0 0

which, however, is (3.12) in disguise (as is readily verified by changing variables). This estab-
lishes (3.16).
By the decomposition lemma and (3.15), we find non-increasing functions go, g1 such that

(3.18) Tf*(t) = go(t) + g1(t)
and
(3.19) o) < 271, @) STH(G) fort € (0,00).

Applying T to each side of (3.18), using its linearity and (1.7), we get
[5(t) =Tgo(t) + Tg1(t) fort e (0,00).

Consequently, using (3.18), (3.19), (3.16) and (3.3), we infer that
(3.20) K(T "t AP (wo), A" (w1)) < llgollaro @) + tllgrllar @)

<2 £ (Dllaro @g) + T ars @)

S 20167 Ao (wo) + LT f1 (| arr @)

= 2[| follreo (wo) + tlf1lls21 () for t € (0,00).

We next claim that (1.12) implies

(3.21) PO (wp) = SPO(wy).

For pg € [1,00), this follows from [15, Corollary 4.3] (for pg € (1,00) also from [16, Theorem 3.3]).
Both these sources use duality methods and hence do not allow extension to the full range of
po € (0,00). We shall give a proof for py € (0,1).

We first note that (3.21) is equivalent to saying that there exists a positive constant C' such that

(3.22) /0 P (t) d < C /0 T — PO welt)dt for £ e M(R, p),

owing to the fact that the converse inequality, with C' = 1, is obvious. Using (3.5) and [15
Corollary 5.3|, we get

Integrating with respect to wq(t) dt and using Fubini’s theorem, we have

[ remaoas [ () = D™ e oy d
/O (/s S*()) /0 wolt) dt ds.
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Now, applying [15, Corollary 5.3] once again, we obtain that the inequality

= (f**(S) — f*<3>)po ® > *k * 0
/0 : /0 wo(t) dtds < C /0 (£ (8) = £ ()" wo(t) dt

holds with C' given by

O n ki Jo wo(s) dsdr

sup =
te(0,00) ft T Powo(T) dT

as long as this expression is finite. However, using Fubini’s theorem, one can easily verify that

t—po s)d
C<1+ sup f wo(s) ds
te Ooo)ft TPowg (T )dT

which is finite owing to (1.12). This establishes (3.22), and hence, in turn, (3.21), for py € (0, 1).

For the sake of completeness, let us mention that an alternative proof of (3.21) for py € (0,1)
can be tailored via an approximation argument in which we fix a function f and then we effectively
replace f* by a sequence of functions of the form ftoo h(s) ds which converge to f* monotonically
from below, and applying the monotone convergence theorem, owing to a recent result from [31,
Theorem 2.1, Part (ii)]. This approach gives works equally fine, albeit through a more lengthy
argument. We omit the details.

Now, combination of (3.20) with (3.21) yields

K(Tf, 4 A7 (wo), AP (w1)) S 2l follseo (wo) + El f1llser ) for ¢ € (0,00).

As functions fy and f; were taken arbitrary, we get

(3.23) K(Tf*, t; AP (wyg), AP*(wr)) S K(f,t; 5P (wo), SP*(wy)) for t € (0, 00).

Finally, (3.14) and (3.23) give

(3.24) K(f,t; SP(wy), SP*(w1)) =~ K(Tf*,t; AP (wp), AP*(wy)) for t € (0,00),

as desired. O

Proof of Theorem 1.5. Fix t € (0,00) and a function f € Ay + A1, and suppose that fy € Ap and
fi € Ay are such that f = fo+ f1. By (2.2), f*(s+1t) < f§(s)+ f1(t) for every s,t € (0,00). Thus,

X0 F |5, + 7@ [xtto0 S|4,
S HX(Ot (3)f5(§)|‘20 + HX Ot)(s)ff(ﬁ)Hzo
+ (1) ([xeoe 5, + x5 Bl ) -
Applying (1.14) to the first summand and (1.15) to the last one, we get
HX(o,t)f*Hzo +o(t) HX(t,oo)f*Hgl S o lla, + @) L1, -
Taking the infimum over all representations f = fo + f1, fo € Ao, f1 € A1, we arrive at
(3.25) X005, + @) [X(too) £ |5, S E(f,0(t); Ao, Av).

To prove the converse estimate, we take a particular decomposition of f. Fix ¢t € (0,00). We find
fo, f1 so that f = fo+ f1 and

fo(s) = (f*(s) = f*(t))x(0,0)(s) for s € (0, 00),
f*(t) for s e (0,t],
FL) =9 F(s) for s € (£ 00).
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Then, using subsequently the definition of fo and fi, the formula for o, the definition of (g, the
monotonicity of f*, and properties of quasinorms, we obtain

K(f,o(t); Ao, A1) < [If5llz, +o@) £l
< xonfillz, + Ixweo 54, + o) (me,t)fszl + HX(t,oo)fszl)

= X () (f*(s) = f )|, +o(®) (f*(t) x|, + HX(t,oo)f*Hzl)
< x|, + 20 F () + () [|X(t,00) |13,
= Ixon I, + X0l £E + o) X007,
< Ixonf Iz, + xn ) F )|l + o) X 7,
< Ixoof 4, + @ [IxXoo 7, -
Combination of this with (3.25) establishes our claim. O

We shall now concentrate on proving Theorem 1.4. We will proceed in several steps, formulating
and proving auxiliary results of independent interest. First, we shall establish easily verifiable
sufficient conditions for (1.14) and (1.15). As we know thanks to Theorem 1.3, validity of these
conditions can be a decisive factor in the hunt for the formula describing the K-functional on the
left-hand side of (1.16).

Lemma 3.2. Let Ay and Ay be r.i. quasi-Banach function spaces that admit, respectively, the
representation spaces Ay and Ay over (0,00). For i € {0,1}, let ¢i(t) = ||x(0,n /7, fort € (0,00),
and let o0 = 22, If

1
(3.26) HX“”” <o(t) forte (0,00),
o1 |17,
then (1.14) holds. If
X(t,00)
(3.27) o(t) H <1 forte (0,00),
Yo A,

then (1.15) holds.

Proof. Let t € (0,00). First let us note that, owing to the boundedness of the dilation operator (2.8),
one has, for any given function f, and any s € (0, 00),

(3.28) F@)ei(s) = 7Gxz, < I @xos(Mla, <@z, S 1717, -
Thus, from (3.28) and (3.26), we obtain

X(0,t)
Y1

DSBS,

Ao

S, o),
Ao

o0& Bz, = [xioa (e

which gives (1.14).
Let us now prove the second assertion. Fix t € (0,00). Similarly as in (3.28), let us note that,
for any given function f, and any s € (0, 00),

(3.29) F(@)eo(s) < 17 (Gx.s) (Mlla, < 17 Hllz, S 1717,
Using this and (3.27), we obtain

o) oo ) Bz, = 70) o0 ()22 165
which gives (1.15). O

_ SN,

Aq

< Hf*HAOU(t)H

Aq

X (t,00) ‘
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In order to prove Theorem 1.4, we need to focus on the specific situation when both Ay and A;
are spaces of type A. We shall show that, in such case, we can establish an explicit characterization
of the K-functional from (1.16). We begin with careful reformulation of the expression on the right-
hand side of (1.16) in an integral form. It is useful to notice that this step is not straightforward
owing to the fact that the functional governing the space APi(w;) requires rearranging the function
in question. This affects significantly the second term on the right-hand side of (1.16).

In the following three lemmas, Convention 1.1 will be applied without further warning.

Lemma 3.3. Assume that po,p1 € (0,00) and wg, w1 are weights on (0,00). For i € {0,1}, let
@i(t) = Ix(0,6) | APi uy) for t € (0,00). Let o = E£2. Let g € M(R, ).
(i) One has

(3.30) 009" | ar0 gy + 7O I1X0.00)9" [ 1 )

1 1

with a constant in ‘S’ independent of g and t € (0,00).
(ii) If 1 satisfies the Ag-condition, then

t L 0 L
(3.31) </ 9" (5)Powo(s) ds) " +o(t) (/ g (s)Prw (s) ds> "
0 t
S HX(O,t)g*HAPo(wO) + U(t> HX(t,OO)g*HApl (w1

‘

with a constant in ‘S’ independent of g and t € (0, 00).

Proof. (i) Let g € M(R, ). With no loss of generality we may assume that the expression on the
right-hand side of (3.30) is finite. Fix ¢ € (0, 00) and define g; so that

91 (s) = 9" (O)x0,4(5) + 9" ()X (t,00) (8)  for s € (0, 00).

Due to the monotonicity of g*, we have

t pi o] pi
005"y + 70 019 Ty = ([ 7 09185) " 000 ([ tsrunoras)”

_l’_

1

¢ 0 ¢ 0 00 -+
< ( / g (sl ) ( / g (5ol >ds) o) ([ oo as)

0 0 t

°° Pl
) +o(t < " (s)Prwi(s) ds)
with the constant in <’ depending only on p;.
(ii) Let g € M(R, ). Once again, we may assume that the expression on the right-hand side

of (3.30) is finite. We fix t € (0,00) and define the function g; as above. Since ¢; satisfies Ag -
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condition, AP (w;) is quasinormed space. Therefore, using the monotonicity of g*, we obtain

([ rormma)” = ([Taerues)” < ([Caornes)”

= HQ:HAM (w1) S HX(O,t)g:HApl(wl) + HX(t,oo)Q?HApl(wl)

=g (t) HX(O,t) }Apl(uu) + Hx(t,OO)g*HAm(wl) )

and, in turn

1

( /0 " (5w (s) ds) T olt) ( /t°° () ds) L

+9"(1)eo(t) + 7 (1) X009 | o1 ()

1

( )
< (/Ot g (s)Powp(s) dS) g + (/Dtg*(S)pO%Uo(S) ds) " +0(8) [IX(t.00)9" || A1 )
( )

+0(t) | Xt,00)0" || (w1)

= HX(O,t)g*HApo(wo) +0(t) X0 9" [l pns (w1) ’
as desired. O
Our next goal is to point out a rather remarkable connection between conditions (3.26) and (3.27)

and a certain monotonicity property of the ratio involving the fundamental functions of spaces of
type A. Let us note that in the case when

Apg = AP(wp) and A; = AP (wy),

then it follows straightforward from the definition of the functional || - [|xr; («;) and the monotonicity
of the functions ¢; that the condition (3.26) reads as

t 1 Ppo
(3.32) / <<,0 (s)> wo(s)ds S o(t)P°  for t € (0,00),
0 1
and, likewise, the condition (3.27) reads as
o0 1 P1
(3.33) o(t)P / (cpo(s+t)> wi(s)ds S1 fort € (0,00).
0

Now, while (3.32) is quite satisfactory for further applications, (3.33) is not, owing to the shift in
the argument of ¢y caused by rearranging. For this reason, we will now establish an alternative
characterization of (3.33), hence of (3.27) with A; = APi(w;) for ¢ € {0,1} in this setting.

Lemma 3.4. Assume that py,p1 € (0,00) and wo, w1 are weights on (0,00). For i € {0,1}, let
@i(t) = lIxo.pllapiw,) for t € (0,00). Suppose that 1 satisfies the Ag-condition. Let o = £2
Then, the condition (3.33), hence (3.27) with A; = APi(w;) for i € {0,1}, is equivalent to

(3.34) o(t) ( /t h <¢01(5)>p1 w1 (s) ds> z <1 forte (0,00,

in which the constant in the relation < does not depend on t.

Proof. Suppose first that (3.27) holds with A; = APi(w;) for ¢ € {0,1}. Since ¢, satisfies the Ay
condition, AP!(wy) is a quasinormed space. Therefore, using the monotonicity of g, we have
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o[ () rs) <00 ([ (o (o)) i)

S o) (s
_ J(t) HX(O,t]( ) I X(t,00) )
eo(t) eo(s AP1 (w1)
1 X (t,00)
So(t)—— +o(t) || ——=
( )@O(t) HX(OJ}HApl(wl) ( ) %0 AP1 (w1)
S

which gives (3.34). Conversely, suppose that (3.34) holds. Then, by the monotonicity of ¢y and
the lattice property of ||-[|yp1 (), We have

X(Ot](s) +X(too)(s)
po(t) eo(s) AP1 (wy)

< o) (/Ot ((pol(t)>m w(s )1 8> < < )pl w1(8)1d8> o
=) 900175 (/o wi(s) ds) ’ ( <(POES > )d8> pl
=+ ([ () mow)”

which gives (3.27) with A; = APi(w;) for i € {0,1}. O

X(t,00)
o) || ———=
€) H %0

<o(t) H

AP1 (wl)

Lemma 3.5. Assume that po,p1 € (0,00) and wg, w1 are weights on (0,00). For i € {0,1}, let
@i(t) = X0, api(w;) for t € (0,00). Suppose that each of the functions @o,p1 satisfies the Aa-
condition and that, for each i € {0,1}, one has @;(00) = co. Let o = %. Then condition (3.26)
with Ay = APi(w;) for i € {0,1} is equivalent to

t
(3.35) t olt) is equivalent to a non-decreasing function on (0,00) for some e > 0.

e1(t)°

Moreover, (3.35) is also equivalent to (3.27) with A; = APi(w;) fori € {0,1}.

Remark 3.6. For particular tasks, it might be useful to notice that, under the assumptions of
Lemma 3.5, if

(3.36) t— 901t() is equivalent to a non-increasing function on (0, c0),
then the condition
t
(3.37) t— at(a) is equivalent to a non-decreasing function on (0, c0) for some € > 0

is sufficient for (3.35). As is well known (]9, Chapter 2, Corollary 5.3, page 67]), (3.36) is automat-
ically satisfied whenever AP!(w;) is equivalent to a normed space. Consequently, in all such cases,
it is sufficient to verify (3.37) rather than (3.36). Characterization of those p; and w; for which
AP (wy) is equivalent to a normed space can be found in [61, Theorem 4].

Proof of Lemma 3.5. First suppose that (3.35) holds with some ¢ > 0. Since

i(t) = </Ot w;(s) ds)pli for i € {0,1} and ¢ € (0, 00),
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one has
dt .

(3.38) dtZ =w; forie {0,1} on (0,00).
Fix t € (0,00), Then, by (3.35),

1 ) 1 )

1+e T1=

—— t)1+e ——
(3.39) HX(M) = X(O,t)gp @y 1t° < folh) 1+ X0n%0
@1 AP0 (wo) ©1 p1(t) -
wo)
APO(’LUQ)

Using (3.38), we obtain
1

T 1+4e

‘ 1 o I
o - ( [ sy wo<s>ds) ~ golt) T,

APO (’wo)
Plugging this into (3.39) and using the definition of o, we arrive at

X0 So(t) fort e (0,00)
PL AP0 (wo)
with a constant in ‘<’ independent of ¢. Therefore, (3.32), or, which is the same, (3.26) with
A; = APi(w;) for i € {0, 1}, follows.
Now suppose that (3.26) with A; = APi(w;) for ¢ € {0,1} is true. As we know, that means
that (3.32) holds. Thus, there is a C' > 0 such that

1 Pl po _ or 00
(3.40) i /0 () < O for € (0.00)

From this, we obtain by integration that

L | t » » L | »
/0 2o () /0 o1 ()P dep’ (s)dep’ (t) < C/o O dey’(t)  for x € (0,00).

Using Fubini’s theorem on the left term of the preceding inequality and applying (3.40) to the right
one, we obtain

z 1 z 1 o (x)Po
doP (H)del (s) < C? for 2 € (0, 00),
L i ), atmaeh wastio s e 2 (0, 00)

which gives

po ()P0 po(s)P p1(z)Po
Again, from this, we obtain by integration that

t 1 : o) ! PO (g O(x 2 t 1 PO (e or 00
L e ) o () et @@ < 02 | i@ tort e (0,00)

Using again Fubini’s theorem and (3.40), we get

Lo ¢ wo(z)P° 1 0 0 3 po(t)P°
| i [, e (Bl oo @) < € D ot 0,00)

which gives

1 v wo(z)Po 1 o g 1
/0 log ( )801(8)7’0 dey’(s) < C for z € (0, 00).

1 b1 wo(t)Po 1 1
[ Ziog? AP (s) < O3 ——  for t € (0, x0).
w(t)po/o 3108 (om0 < € S (0,00)

Iterating this process k times for some k£ € N, we derive

¢
1 k(o) 1 Po k1 Po()P
(3.41) /0 o log (4,00(8)1’0) O de’(s) < C o for ¢t € (0, 00).
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We choose gg € (0,1) such that £gC' < 1. Then, from (3.41), we infer that

eo(t)P 1 K1k | po()P
Z/ >)(p1() <ZC+ ) Lo fort€(0.00),

which gives, after interchanging summation with integral, for some C7 > 0,

3 Po Po
[ () i) < 0 2L for e (0.00),
0 '

po(s)Po 1(s)Po p1(t)Po
t 1 e 1 - o (t)Pol—e0) .
(3.42) /0 ((po(s)m) () < 0 P or e (0.00).

By monotonicity, for any t € (0,00), we have that

¢ 1 o 1 0 1 t 1 0 bl (t)po(1=<0)
L Go)” om0 = g | (o) a6~ 22

From this and from (3.42), we conclude that

t 1 \eo 1 @o(t)Po1—20)
dpt(s) =~ T~ ——— fort € (0,00).
| o) e )~ 2 (0, 00)

Hence,

poftyni=

pa(t)Po
which implies (3.35) with € > 0 given by 1 4+ ¢ =1/(1 — ).

We shall now show that (3.35) implies (3.27) with A; = APi(w;) for i € {0,1}. Note that if (3.35)
holds for some € > 0, then

o(t)

p1(t)
for any €; € (0,e). By Lemma 3.4, (3.27) with A; = APi(w;) for i € {0, 1} is equivalent to (3.34).
So, it suffices prove (3.34). Fix t € (0,00). Then,

0 ([ (o) me) o) ([ ((pz'fo(); : sol<sl>1+e)pl o) s ) '

(3.43) t—

is equivalent to a non-decreasing function on (0, o),

t+—

is equivalent to a non-decreasing function on (0, c0)

1+e %
ot éﬁ?ﬂ </ (o (")) s s
- <p1(t)”€ .
=1,

which gives (3.34). Hence, (3.27) with A; = APi(w;) for i € {0,1} follows as well.

It remains to show that (3.27) with A; = APi(w;) for ¢ € {0,1} implies (3.35). To this end,
suppose that (3.27) with A; = APi(w;) for ¢ € {0,1} is true. Then, we also have (3.34). Therefore,
there is C' > 0, such that

11 )
3.44 dpt(s) < C—— for t € (0, 00).
() i ), )< O rte (09

From this, we obtain by integration that

> 1 o 1 P1 P1 /OO ]' P1
< .
/ mt)m/t oo LT ) < C | e delt () fora € (0,00)
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Applying Fubini’s theorem to the left term of the previous inequality, and the estimate (3.44) to
the right one, we obtain

o0 1 s 1 1 (x)Pr
doP (H)deP (s) < C? for x € (0, 00),
L oo | st e < 205 (9, 20)

which gives

T o aloik ! (s 21 or x 00
pr(z)P /z o (Spl(ﬂf)pl) @o(s)P: dei'(s) = © @o ()P for z € (0, 00).

Again, from this, we obtain by integration that

- N pi(s)” ! PLYdoP (x 2 [T 1 PLix)  for 00
/t sm(ﬂf)“/x log<<p1($)pl><po(5)p1dwl (S)der’(e) = € /t ooy e (@) fort € (0,00).

Repeating the argument, we obtain

R S ANCTC LN 21y s N
/t sOO(s)zm/t : g(wl(x)m)@l(m)pld% (z)dpy' (s) < C oD for t € (0,00),

which gives

1 1 p1(s)P? 1 3 1
~ log? dplt(s) < C° ——— for t € (0,00).
| 2 (Gpn) a0 <€ (0:e<)

p1(t)P p1(t)P
Iterating the argument k times, where k£ € N, one derives
<1 pr(s)y 1 k1 Pt
3.45 —10’“( ) dpP (s) < CFHE I for t € (0,00).
@[ et (G ) ) < O S (0:20

Fix € > 0 such that eC' < 1. Then, from (3.45), one obtains that

O ook p1 1 i £)Po
Z/ £ log® (Qpl(s) ) del(s) < E:C’kﬂel€ #o(t) for ¢t € (0, 00),
=) K p1(t)P1/ po(s)Pt — p1(t)Po

which now gives, after an interchange of summation with integral, for some C; > 0,

- 901(5)1’1 ‘ 1 Pl(g Spl(t)pl or 0
/t <<’pl(t)p1> oo (s)P! dey (s) <Cy oo(D)P for t € (0, 00),

which it is equivalent to

o € p1(14e)
(3.46) | (o) et < o 2002

From this it also follows

for t € (0, 00).

! t ) g - 1 doP (s) < C o1 (t)rr(1+e) for 1 € (0
SOO(t)pl 0 (901(3) ) ¥1 (S)+ \ (901(3) ) W 90]13 (S) )] W or E( ,OO).
Owing to the fact that the reverse estimate is trivial, we in fact have
(3.47)

1 t e 00 e 1 S01(75);)1(1+s)
wo(t)pl/o (@1(5)1)1) dgoﬁol(S)%-/t (@1(5)131) o AP (s) ~ Rwere for t € (0,00).

Since the left hand side of (3.47) is equal to

/OOO (gol(s)l’l)s min { 900(175)171 ) (pg(i)f’l }dgpﬁ’l (s) forte (0,00),

we conclude that
01 (t)p1(1+6)

which implies (3.35). O

(3.48) — is equivalent to a non-decreasing function on (0, c0),
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Proof of Theorem 1.4. Fix f € SP(wg) + SP*(wy1). Then, by Theorem 1.2 (note that every f in
SPO(wg) + SPL(wq) satisfies f* € A), one has
(3.49) K(f,0(t); SP°(wp), SP*(w1)) =~ K(T'f*,0(t); AP°(wq), AP (wy)) for t € (0,00).
For each i € {0, 1} let ¢; be the fundamental function of APi(w;) and let o = ‘01 . Then the change

of variables s +— g in the integral in (1.10) gives

1

©i(t) = </Otm-(s) ds) " ¥i(1) for i € {0,1} and every t € (0, 00),

and, in turn,

1
(3.50) 0(t) = —v fort € (0,00).
5 (7)
Consequently, the function
1
. €
o (BEee)

(pﬂ(t)a (fJ{U\(/)(S)d )Po(1Jr €) 0(%)w0<%)8

is, by the assumption (1.19), equivalent to a non-decreasing function on (0,00). Therefore, the
condition (3.35) is satisfied with o and ¢ replaced by & and g, respectively. This implies, via
Lemma 3.5, that both the conditions (3.26) and (3.27) hold, with o and ¢; replaced by ¢ and ¢y,
respectively. This means, owing to Lemma 3.2, that both the conditions (1.14) and (1.15) hold
with o replaced by ¢ and with Ay = AP*(w7), A1 = AP°(wyp). Therefore, by Theorem 1.3, applied
to the couple (AP (wq), AP°(wp)) in place of (Ag, A1), we obtain

K (97 6(t); AP (@/1)7 AP0 ({0\6)) ~ HX(O,t)g* HApl (w1) + &(t) HX(t,oo)g>|< HApo(,u";'O)
for every g € AP'(wy) + AP°(wp) and every t € (0,00). Thus, by Lemma 3.3,

1
t 1 00
331 K (05087 @) a%@) ~ ([ 5 eraeas)” o0 ([ o emaneas)”
0 t
for every g € AP*(wy) + AP°(wp) and every t € (0,00). Since
K(f,s;Xo0,X1) =sK(f, S,Xl,XO) for any admissible f and s € (0, c0),
using (3.50), (3.51), (3.1) and (3.2), we finally arrive at

(352) K (Tf,0(): AP(Tn), AP (@) = H(t)K<Tf*,9(1ﬂ;/\pl(ﬁ)7/\p°(%)>

0K (Tf*,5(3); AP (wr), AP (wy))

1 1

</° R MS) " uenty </OO T (s () d5> ’
) Fa)" wnfe) ds g + t (f*(s) — f*(s))P° wo(s)ds g
ol >l |

for f € SPo(wp) + SP*(wy) and ¢ € (0,00). The assertion now follows from (3.52) and (3.49). O

Proof of Corollary 1.5. We will show that the assertion follows as a special case of (1.20), in which
we take pg = p1 = p, wo(t) = 1 and wy(t) =t~ for t € (0,00). We only have to verify that, for
this choice of parameters, the assumptions of Theorem 1.4 are satisfied.
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First, observe that SP°(wg) = L? by [9, Chapter 5, Proposition 7.12, page 384]. Next, one has

1-p 1-p—a

(3.53) Yo(t) mt v, ()=t

Consequently, since p > 1, the assumption (1.17) is satisfied. The condition (1.11) is obviously

valid due to the fact that both g and v; are equivalent to decreasing power functions. The
condition (1.12) amounts to the existence of a positive constant C' such that

for t € (0, 00).

t 00
/ lds < Ctp/ s Pds forte (0,00),
0 ¢

which is evident, once again thanks to the fact that p > 1. Finally, owing to (3.53), the function

0 from (1.18) satisfies 6(t) ~ tr for t € (0,00) with constants of equivalence independent of t.
Therefore, the condition (1.19) is satisfied with any choice of € € (0, 2%7). O

Proof of Corollary 1.6. The proof is based on a repeated alteration of (1.3) and (3.5). Let k € N,
k > 2, and let f be a (k — 1)-times weakly differentiable function which satisfies (1.23). We claim
that

3E—2 00
$ok * n2 L k=1 4 k p**
(3.54) £ = £ 0 < gt / SR (s) s for ¢ € (0, 00).
—"
We shall prove (3.54) by induction. Fix t € (0,00). By (1.3) (used twice) and (3.5),
V1)~ V1)

S

PO = 1) < VR DS 0 = Ve [
% > %—1 v2 *k d
<nt /t sn V2 F(s) ds,

hence the base case (k = 2) of (3.54) follows. Now, suppose that (3.54) holds for some k € N,
k > 2, and, once again, fix t € (0,00). Then, by (3.5), Fubini’s theorem and (3.54), one has

/Oos’%”\v’“f\**(s) ds = /Oo s /Oo VAT (@) — VAT g g

t t s T

I G R VATINGD) [
t t

T

CAVEF () = IVFSIE() [T ey
</t /0 s dsdr

- T

n

= O IR

k—1
3
n2

<
T k-1

/ sn L WRFLE** () ds.
t

Plugging this back into (3.54), which still holds, with the fixed &, owing to the induction preposition,
and using the fact that ¢ was arbitrarily chosen, we get

*ok * n%(k+1)_2 = > kE_1 k+1 g%
) — () < th sn | VET 17 (s)ds  for t € (0, 00).
RN ’

-

This yields (3.54) with k replaced by k + 1, and thence establishes the induction step. Altogether,
the claim now follows, by the induction process, for general integer k£ > 2.

Raising the terms on each side of (3.54) to p, then multiplying each of them by t_kﬁp, integrating
the resulting expressions with respect to ¢ over (0, 00), and finally taking the p-th roots, we arrive
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([ w-rayes cu)‘i < (H) ([T ([Tt eas) dt>; |

We now apply the weighted Hardy inequality from [64, Chapter V, Lemma 3.14(ii), p. 196] with

g=pandr=1+ % to the expression on the right-hand side of the last inequality. Note that

in order to perform this step, we need the upper bound for k from (1.21) to hold. We obtain

(/000 (f™(t) — f*(t))l’t—%p dt)’l’ < Chkyp (/OOO VR I ()P dt)é

with some positive constant C,, j, depending only on the indicated parameters and, in particular,
independent of f. This can be interpreted as the Sobolev embedding

VEP(R™) — SP(t™w )(R"),
in which V*P(R™) denotes the homogeneous Sobolev space defined as the collection of all weakly

differentiable functions u whose weak k-th gradient satisfies |V*u| € LP(R"), endowed with the
seminorm || V¥u|| rr(rr). We complement this embedding with the trivial one,

LP(R") — LP(R"),
and we derive the corresponding K-inequality, obtaining thereby
(3.55) K (f, 05 LP(R™), SP(¢F)(R™)) < CK(f, 75 L/(R"), VEP(R™)).

Now, by Corollary 1.5 with a = @, we get

n

at

Ep
n

(3.56) K(f,tn; IP(R™), SP(1 ) (R™)

~(f ooy d8>; it ([T U - ey d3>; ,

while from [9, Chapter 5, Estimate (4.42), p. 341] we infer that

(3.57) K(f,t% LP(R"), VEP(RY)) S wilf 7).
The result now follows from (3.55), (3.56) and (3.57). O
REFERENCES

[1] A. Alberico, A. Cianchi, and C. Sbordone. Continuity properties of solutions to the p-Laplace
system. Adv. Calc. Var., 10(1):1-24, 2017.

[2] A. Alvino, G. Trombetti, and P.-L. Lions. On optimization problems with prescribed rear-
rangements. Nonlinear Anal., 13(2):185-220, 1989.

[3] J. Arazy. The K-functional of certain pairs of rearrangement invariant spaces. Bull. Austral.
Math. Soc., 27(2):249-257, 1983.

[4] M. A. Arino and B. Muckenhoupt. Maximal functions on classical Lorentz spaces and Hardy’s
inequality with weights for nonincreasing functions. Trans. Amer. Math. Soc., 320(2):727-735,
1990.

[5] S. Baena-Miret, A. Gogatishvili, Z. Mihula, and L. Pick. Reduction principle for Gaussian
K-inequality. J. Math. Anal. Appl., 516(2):Paper No. 126522, 23, 2022.

[6] R. J. Bagby and D. S. Kurtz. A rearranged good A inequality. Trans. Amer. Math. Soc.,
293(1):71-81, 1986.

[7] J. Bastero, M. Milman, and F. J. Ruiz Blasco. A note on L(o0, q) spaces and Sobolev embed-
dings. Indiana Univ. Math. J., 52(5):1215-1230, 2003.

[8] C. Bennett, R. A. DeVore, and R. Sharpley. Weak-L> and BMO. Ann. of Math. (2),
113(3):601-611, 1981.



INTERPOLATION OF CLASSICAL LORENTZ SPACES MEASURING OSCILLATION 25

[9] C. Bennett and R. Sharpley. Interpolation of operators, volume 129 of Pure and Applied
Mathematics. Academic Press, Inc., Boston, MA, 1988.

[10] J. Bergh and J. Lofstrom. Interpolation spaces. An introduction, volume No. 223 of
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin-New York, 1976.

[11] H. Brézis and S. Wainger. A note on limiting cases of Sobolev embeddings and convolution
inequalities. Comm. Partial Differential Equations, 5(7):773-789, 1980.

[12] J. A. Brudnyi. Rational approximation and imbedding theorems. Dokl. Akad. Nauk SSSR,
247(2):269-272, 1979.

[13] Y. A. Brudnyi and N. Y. Krugljak. Interpolation functors and interpolation spaces. Vol. I,
volume 47 of North-Holland Mathematical Library. North-Holland Publishing Co., Amsterdam,
1991. Translated from the Russian by Natalie Wadhwa, With a preface by Jaak Peetre.

[14] D. L. Burkholder and R. F. Gundy. Distribution function inequalities for the area integral.
Studia Math., 44:527-544, 1972.

[15] M. Carro, A. Gogatishvili, J. Martin, and L. Pick. Weighted inequalities involving two Hardy
operators with applications to embeddings of function spaces. J. Operator Theory, 59(2):309—
332, 2008.

[16] M. J. Carro, A. Gogatishvili, J. Martin, and L. Pick. Functional properties of rearrangement
invariant spaces defined in terms of oscillations. J. Funct. Anal., 229(2):375-404, 2005.

[17] M. J. Carro and J. Soria. Weighted Lorentz spaces and the Hardy operator. J. Funct. Anal.,
112(2):480-494, 1993.

[18] J. Cerda and H. Coll. Interpolation of classical Lorentz spaces. Positivity, 7(3):225-234, 2003.

[19] J. Cerda and J. Martin. Interpolation of operators on decreasing functions. Math. Scand.,
78(2):233-245, 1996.

[20] A. Cianchi, R. Kerman, and L. Pick. Boundary trace inequalities and rearrangements. .J.
Anal. Math., 105:241-265, 2008.

[21] R. R. Coifman. Distribution function inequalities for singular integrals. Proc. Nat. Acad. Sci.
U.S.A., 69:2838-2839, 1972.

[22] R. R. Coifman and C. Fefferman. Weighted norm inequalities for maximal functions and
singular integrals. Studia Math., 51:241-250, 1974.

[23] M. Cwikel, A. Kamiriska, L. Maligranda, and L. Pick. Are generalized Lorentz “spaces” really
spaces? Proc. Amer. Math. Soc., 132(12):3615-3625, 2004.

[24] M. Cwikel and E. Pustylnik. Sobolev type embeddings in the limiting case. J. Fourier Anal.
Appl., 4(4-5):433-446, 1998.

[25] D. E. Edmunds, Z. Mihula, V. Musil, and L. Pick. Boundedness of classical operators on
rearrangement-invariant spaces. J. Funct. Anal., 278(4):108341, 56, 2020.

[26] A. Gogatishvili and R. Kerman. The rearrangement-invariant space I'y 4. Positivity, 18(2):319~
345, 2014.

[27] A. Gogatishvili, B. Opic, S. Tikhonov, and W. Trebels. A unified approach to inequalities for
K-functionals and moduli of smoothness. Math. Z., 307(2):Paper No. 24, 41, 2024.

[28] A. Gogatishvili and L. Pick. Discretization and anti-discretization of rearrangement-invariant
norms. Publ. Mat., 47(2):311-358, 2003.

[29] A. Gogatishvili and L. Pick. Calderén-type theorems for operators of nonstandard endpoint
behaviour. Indiana Univ. Math. J., 58(4):1831-1851, 2009.

[30] A. Gogatishvili, L. Pick, and J. Schneider. Characterization of a rearrangement-invariant hull
of a Besov space via interpolation. Rev. Mat. Complut., 25(1):267-283, 2012.

[31] A. Gogatishvili, L. Pick, and T. Unver. Weighted inequalities involving Hardy and Copson
operators. J. Funct. Anal., 283(12):Paper No. 109719, 50, 2022.

[32] K. Hansson. Imbedding theorems of Sobolev type in potential theory. Math. Scand., 45(1):77—
102, 1979.

[33] T. Holmstedt. Interpolation of quasi-normed spaces. Math. Scand., 26:177-199, 1970.



INTERPOLATION OF CLASSICAL LORENTZ SPACES MEASURING OSCILLATION 26

[34] R. A. Hunt. On L(p, q) spaces. Enseign. Math. (2), 12:249-276, 1966.

[35] A. Kaminska and L. Maligranda. Order convexity and concavity of Lorentz spaces Ay, 0 <
p < oo. Studia Math., 160(3):267-286, 2004.

[36] R. Kerman and L. Pick. Optimal Sobolev imbeddings. Forum Math., 18(4):535-570, 2006.

[37] R. Kerman and L. Pick. Optimal Sobolev imbedding spaces. Studia Math., 192(3):195-217,
2009.

[38] V. I. Kolyada. Rearrangements of functions, and embedding theorems. Uspekhi Mat. Nauk,
44(5(269)):61-95, 1989.

[39] V. L. Kolyada. On embedding theorems. In NAFSA 8—Nonlinear analysis, function spaces
and applications. Vol. 8, pages 34-94. Czech. Acad. Sci., Prague, 2007.

[40] S. G. Krein, Y. I. Petunin, and E. M. Seménov. Interpolation of linear operators, volume 54 of
Translations of Mathematical Monographs. American Mathematical Society, Providence, RI,
1982. Translated from the Russian by J. Sziics.

[41] D. Kubicek. Optimal function spaces and Sobolev embeddings, Studia Math., doi:
10.4064 /sm240705-15-7, online first article.

[42] D. Kubicek. Nonstandard Calderén-type theorems, arxiv 2512.06826 [math.FA], 2025.

[43] M. Krepela. Bilinear weighted Hardy inequality for nonincreasing functions. Publ. Mat.,
61(1):3-50, 2017.

[44] G. G. Lorentz. On the theory of spaces A. Pacific J. Math., 1:411-429, 1951.

[45] L. Maligranda. The K-functional for symmetric spaces. In Interpolation spaces and allied topics
in analysis (Lund, 1983), volume 1070 of Lecture Notes in Math., pages 169-182. Springer,
Berlin, 1984.

[46] J. Maly and L. Pick. An elementary proof of sharp Sobolev embeddings. Proc. Amer. Math.
Soc., 130(2):555-563, 2002.

[47] L. Maly. Calder6n-type theorems for operators with non-standard endpoint behavior on
Lorentz spaces. Math. Nachr., 285(11-12):1450-1465, 2012.

[48] J. Martin and M. Milman. Higher-order symmetrization inequalities and applications. J. Math.
Anal. Appl., 330(1):91-113, 2007.

[49] V. Maz’ya. Sobolev spaces with applications to elliptic partial differential equations, volume 342
of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences/. Springer, Heidelberg, augmented edition, 2011.

[50] M. Milman. Interpolation of operators of mixed weak-strong type between rearrangement
invariant spaces. Indiana Univ. Math. J., 28(6):985-992, 1979.

[51] M. Milman. The computation of the K functional for couples of rearrangement invariant
spaces. Results Math., 5(2):174-176, 1982.

[52] M. Milman and E. Pustylnik. On sharp higher order Sobolev embeddings. Commun. Contemp.
Math., 6(3):495-511, 2004.

[53] A. Musilovd, A. Nekvinda, D. Pesa, and H. Tur¢inova. On the properties of rearrangement-
invariant quasi-Banach function spaces. Nonlinear Anal., 260:Paper No. 113854, 2025.

[54] A. Nekvinda and D. Pesa. On the properties of quasi-Banach function spaces. J. Geom. Anal.,
34(8):Paper No. 231, 29, 2024.

[55] R. O’Neil. Convolution operators and L(p, q) spaces. Duke Math. J., 30:129-142, 1963.

[56] J. Peetre. Espaces d’interpolation et théoreme de Soboleff. Ann. Inst. Fourier (Grenoble),
16(fasc. 1):279-317, 1966.

[57] D. Pesa. Wiener-Luxemburg amalgam spaces. Journal of Functional Analysis, 282(1):109270,
2022.

[58] D. Pesa. On the sums of rearrangement-invariant quasi-Banach function spaces and their
relationship to amalgams, arxiv 2508.10825 [math.FA], 2025.

[59] S. I. Pohozhaev. On the imbedding Sobolev theorem for pl = n. Doklady Conference, Section
Math. Moscow Power Inst., 165:158-170 (Russian), 1965.



[60]
[61]
[62]

[63]

64]
65]
66]
67)
68]
69)

[70]

INTERPOLATION OF CLASSICAL LORENTZ SPACES MEASURING OSCILLATION 27

E. Pustylnik. Sobolev type inequalities in ultrasymmetric spaces with applications to Orlicz-
Sobolev embeddings. J. Funct. Spaces Appl., 3(2):183-208, 2005.

E. Sawyer. Boundedness of classical operators on classical Lorentz spaces. Studia Math.,
96(2):145-158, 1990.

G. Sinnamon. FEmbeddings of concave functions and duals of Lorentz spaces. Publ. Mat.,
46(2):489-515, 2002.

A. Sparr. On the conjugate space of the Lorentz space L(¢,q). In Interpolation theory and
applications, volume 445 of Contemp. Math., pages 313-336. Amer. Math. Soc., Providence,
RI, 2007.

E. M. Stein and G. Weiss. Introduction to Fourier analysis on Euclidean spaces, volume No.
32 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1971.

V. D. Stepanov. The weighted Hardy’s inequality for nonincreasing functions. Trans. Amer.
Math. Soc., 338(1):173-186, 1993.

A. Torchinsky. The K-functional for rearrangement invariant spaces. Studia Math., 64(2):175—
190, 1979.

H. Triebel. Interpolation theory, function spaces, differential operators. Johann Ambrosius
Barth, Heidelberg, second edition, 1995.

N. S. Trudinger. On imbeddings into Orlicz spaces and some applications. J. Math. Mech.,
17:473-483, 1967.

V. I. Yudovich. Some estimates connected with integral operators and with solutions of elliptic
equations. Soviet Math. Doklady, 2:746-749 (Russian), 1961.

M. Zippin. Interpolation of operators of weak type between rearrangement invariant function
spaces. J. Functional Analysis, 7:267-284, 1971.

AMIRAN GOGATISHVILI, INSTITUTE OF MATHEMATICS OF THE CZECH ACADEMY OF SCIENCES, ZITNA 25, 115 67
PranA 1, CzecH ReEpuBLIc, ORCID 0000-0003-3459-0355, E-MAIL: GOGATISHQMATH.CAS.CZ

JUL1o0 S. NEVES, UNIVERSITY OF COIMBRA, CMUC, DEPARTMENT OF MATHEMATICS, APARTADO 3008, EC
SANTA CRUZ, 3001-454 CoiMBRA, PORTUGAL, ORCID 0000-0002-7675-6862, E-MAIL JSN@QMAT.UC.PT

LuB0oS PicK, DEPARTMENT OF MATHEMATICAL ANALYSIS, FACULTY OF MATHEMATICS AND PHYSICS, CHARLES
UNIVERSITY, SOKOLOVSKA 83, 186 75 PrAHA 8, CzecH REPUBLIC, ORCID 0000-0002-3584-1454, E-MAIL:
PICKQKARLIN.MFF.CUNI.CZ

HANA TURCINOVA, CZECH TECHNICAL UNIVERSITY IN PRAGUE, FACULTY OF ELECTRICAL ENGINEERING, DE-
PARTMENT OF MATHEMATICS, TECHNICKA 2, 166 27 PRAHA 6, CzECH REpUBLIC; ORCID 0000-0002-5424-9413,
E-MAIL: HANA.TURCINOVAQFEL.CVUT.CZ



