THE SYMPLECTIC LEFT COMPANION OF A
LITTLEWOOD-RICHARDSON-SUNDARAM TABLEAU
AND THE KWON PROPERTY

OLGA AZENHAS

ABSTRACT. As a consequence of the Littlewood-Richardson (LR) commuters coincidence and the Kumar-
Torres branching model via Kushwaha-Raghavan-Viswanath flagged hives, we have solved the Lecouvey-
Lenart conjecture on the bijections between the Kwon and Sundaram branching models for the pair
(GL2n(C), Spy,, (C)) consisting of the general linear group GL2,(C) and the symplectic group Sp,,, (C).
In particular, thanks to the Henriques-Kamnitzer gl,-crystal commuter, we have recognized that the left
companion of an LR-Sundaram tableau is characterized by the Kwon symplectic condition. We now show
that the construction of the left companion tableau of a LR-Sundaram tableau exhibits in fact the Kwon
symplectic property.
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1. INTRODUCTION

Consider G a group and Ga complete set of representatives of the equivalence classes of certain irreducible
G-modules [Wat25]. Given H a subgroup of G, a natural and interesting problem is to determine how and
if a given irreducible G-module V' € G decomposes into irreducible H-submodules [Lit44, Sun86, HTWO05,
Kwol8a, Wat25, KT25]:

V ~ @ wew.

WeH

The multiplicities numbers cjj, are called branching coefficients of the pair (G, H). An explicit description
of the branching coefficients is called a branching rule for the pair (G, H). For example, the Littlewood-
Richardson rule [LR34] gives a branching rule for the pair (GL,,(C) x GL,,(C),GL,,(C)). In this note one
considers the pair (G, H) = (GL2,(C), Sp2,(C)). The polynomial irreducible representations of GLa,,(C)
respectively Spa, (C) are parameterized by partitions A of length < 2n respectively partitions p of < n, and
we denote the corresponding branching coefficient by cf;.
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Littlewood [Lit44] has given a branching rule only in the case where both partitions have length < n. Sun-
daram has given a complete branching rule [Sun86, Sun90] by counting certain Littlewood-Richardson (LR)
tableaux, called Littlewood-Richardson-Sundaram tableaux in [LL20, KT25], and symplectic LR tableaux
in [Wat25]. Schumann and Torres [ST] proved a conjectural branching rule by Naito and Sagaki [NS05] in
terms of Littelmann paths.

Kwon [Kwo18a] has provided branching rules for various pairs in particular the pair (G Loy, (C), Sp2,(C)).
To express the branching coefficients cf; he enumerates certain sets in its combinatorial spinor model
[Kwol8b] for crystals of classical type. As expected the problem of comparing the Sundaram and the
Kwon branching rules addresses. This has been considered by Lecouvey and Lenart [LL20] by conjecturing
an explicit bijection between the two models via the combinatorial R-matrix realized by the Henriques-
Kamnitzer LR commuter [HK06a, HK06b] which has several realizations [KTWO04, Buc00, TY08, AKT16,
Aze25, TKA18, ACM25, Aze25] depending also on the LR model. Recently Kumar and Torres [KT25] use
the LR commuter by Kushwaha-Raghavan—Viswanath for flagged hives [KRV21, KRKV24] to establish a
bijection between the Sundram and Kwon branching models. As conjectured by Pack and Vallejo [PV10]
and proved in [PV10, DK08, AKT16, ACM25, Aze25| all these realizations coincide and henceforth the
Lecouvey-Lenart conjecture [LL20] is solved.

As one shows in [Aze25] the objects counted by the Kwon branching model, after a rephrasing of that
model by Lecouvey-Lenart, are precisely the left companions of LR-Sundaram tableaux. While Kumar-
Torres use the right companion tableau of an LR-Sundaram tableau in their bijection via flagged hives,
here, we use the left companion to directly show that the Sundaram flag condition on an LR tableau is
mirrored on the left companion as a symplectic Kwon property . In other words, the construction of the
left companion tableau of an LR-Sundaram tableau gives a symplectic semistandard tableau, equivalently,
a semistandard tableau satisfying the Kwon property. To summarize we exhibit the branching models of
Kwon and Sundaram via the left companion of a Littlewood-Richardson-Sundaram (LRS) tableau.

More precisely, for partitions u C A with p of length at most n and A of length at most 2n, the Sundaram
branching rule says: the branching coefficient c;\L equals the cardinality of the set

LRS(\,p) :=| JLRS(\/p,v)

where the union is taken over all even partitions v, and LRS(\/u,v) denotes the set consisting of the
Littlewood-Richardson-Sundaram tableaux of shape A/u and weight the even partition v.

According to a reformulation of the Kwon’s branching rule by Lecouvey—Lenart [LL20, Section 8] (see
also [KT25]), the branching coefficient C;)Z equals the cardinality of the set

LRK(X\ ) :=| JLRK},
14

where the union is taken over all even partitions v, and LRK 3 ., denotes the set of right companions 7' (of
shape 1) of the LR tableaux in LR(\/v, i) (note v and p are swapped) whose evacuation (or Schiitzenberger
involution) S(T') satisfy the Kwon property (also called symplectic property). Those tableaux S(T') are
precisely the left companions of the set Littlewood-Richardson-Sundaram tableaux LRS(\/u, v).

Our main result is stated as follows and illustrated in Examples 4.4. It describes how the Sundaram
property violation mirrors on its left companion.

Main Theoreml Let T € LR(\/u,v) with v even, on the alphabet [2n], and ¢(u) < n. T does not
satisfy the Sundaram property if and only if G, (T'), the left companion of T', is not symplectic.

Moreover, in this case, there exists a unique ¢ > 0 such that the following are equivalent

(1) n+1t+1 is the minimal row of T" where the Sundaram property violation occurs.
(2)
T(n+t,1)
T(n+1,1)

> 2,
(3) the maximal row of G, (T") where a symplectic violation occurs is either in the cell (¢(u),1), or
((p) —1,1),..., or ({(p) —t,1) of the first column of G, (T).

2, T(n+t+1,1)=2t+1, T(n+t+21)=2(t + 1),
2, T(n+2,1)>4,....,T(n+t+1-2,1)>2(t+1-2).
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Watanabe [Wat25] recently has also established a new branching rule for the pair (G L2, (C), Spa2,(C)). It
is an interesting question to ask how the Watanabe branching rule bijects to Sundaram or Kwon branching
rules.

This paper is organized in four sections. Section 2 introduces the relevant notation. Section 3 intro-
duces semistandard symplectic tableaux (King tableaux rephrased in the alphabet [2n]) [Wat25] also called
tableaux satisfying the Kwon property [KT25]. The left companion of an LR tableau and Littlewood-
Richardson-Sundaram tableaux are defined in Section 4. The main result and examples also appear in
Section 4.
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2. PRELIMINARIES

2.1. Partitions and semistandard tableaux. A partition is a weakly decreasing sequence of nonnegative
integers A = Ay > Ay > --- such that A\ = 0 for some k > 1. The length of X is the maximal ¢ such that
A; > 0 also called the number of parts or length of \. We write the partition A as a vector A = (A1, Aa, ..., Ak)
for k > £()\). A partition X is identified with its Young diagram Y () which is a left and top justified
collection of boxes (or cells) with A\ many boxes in the kth row for all £ € Z-0. In particular, The empty
Young diagram and the partition (0) are identified. The boxes or cells of the Young diagram of \ are
identified by its coordinates (i, j) in the matrix style, that is, 1 <7 < /¢(A) and 1 < j < A;.

Let A, p partitions with g C A, that is, pu; < \; for all i € Z~0, or the Young diagram of p is a subset of
the Young diagram of A. A semistandard tableau T of (skew) shape A\/u is a map (or a filling of Y'()\))

T:Y(N) = 220, T(i, j) = T(i, j),

assigning a nonnegative integer to each box of A such that it is weakly increasing as we go from left to right
along a row and strictly increasing as we go from top to bottom along a column, and equal to 0 in the boxes
corresponding to u,

T(i,j) <T(i,j+1), T(i,j) <T(i+1,5), forall (i,5) € Y(A)\ Y (1),
and T(i,7) =0, for (i,5) € Y (1),

where we set T'(a,b) := oo if (a,b) ¢ Y (N). Usually T'(i,7) is just referred as the entry in the box (7,7) and
we omit the zeroes in the boxes of u. A positive integer k& > £(A will be fixed and [0,%] := {0,1,...,k}
will be used as a co-domain for map T. We call [k] := {1,...,k} the alphabet of the semistandard tableau
T. In this case, we will denote the set of semistandard tableaux of shape A/p by SSTi(MN/ ). When
= (0), we just write SSTy(\). The weight or content of T is the nonnegative vector (myq, ..., my), where
m; = #{(a,b) € Y(\) : T'(a,b) =i} for i € [k], that is, m; is the number of occurrences of ¢ in the tableau
T.
A semistandard Young tableau G € SSTy()\) is also realized by the sequence of nested partitions
A= \R D... 2)\(1) 2/\(0) =0

where A(™) defines the filling of the boxes of T' on the alphabet [m], for 1 < m < k. Equivalently,
M) = G=1([m]) the pre-image of [m], for 1 < m < k. The semistandard condition translates to the
condition that )\(i)/)\(i_l) is a horizontal strip, that is in any column of the Young diagram of A(¥), there is
at most one box of A(¥) that is not a box of A1, In other words, 0 < £(A®)) — £(AG=1) < 1. Henceforth,
the first column of G records in strictly decreasing order, from bottom to top, the i’s in [k] such that
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((A®) —1 = ¢(A6=D), In other words,

G(s,1)=b>G(s—1,1) = a, for some s € [2,{(N)] (1)
-
(D) =1 =¢(A@), and ¢(A@) = ¢(A@), for all a < & < b. (2)
Example 1. Let G € SSTs(p) with p = (4,3,2,1)
0
0 0
1 0 0
414
Z 5|7 g . . . 3 1 0 0
G= and its defining nested sequence of partitions
68
S 3 2 0 0 O

p=pu® =(4,3,2,1,0) 2 puM = (4,3,1,0*) D u® = (4,2,1,0%) D pu® = (3,2,0%) D u® = (3,1,0%)
2 p® =(1,0%) 2 u® = (0*) = uV = (0).
The first column of G records the supra indices of the subsequence pu® D p(® > p® > 4G
() =4 > D) = 0) = 3> () = (D) =2 > 6(9) = 1> () = (D) = 0
The sequence of numbers 8 > 6 > 4 > 3 defines the entries of the first column of G.

The reverse row word of a semistandard tableau T, denoted w(T') = wy - - - wy, | the number of non zero
entries of T', is obtained by reading the entries of its rows (excluding the entry 0) right to left starting from
the top row and proceeding downward. The weight of w(T') is the weight of T. A Yamanouchi word is a
word w = wy - - - w; such that, for each 1 < k <[, the the weight of the subword ws - - - wy, is a partition.

3. SYMPLECTIC TABLEAUX

From now on, we fix n € N. Let v be a partition with length ¢() < 2n. The partition + is said to be even
if 49,1 = 7y9; for all i > 1. In other words, all columns of « have even length and necessarily the length of
is even. Let SSTy, () be the set of all semistandard tableaux of shape v with entries in [2n] := {1,...,2n}.

Definition 1. [Kin76] A semistandard tableau G € SSTy,(7) is said to be symplectic if
G(k,1) > 2k —1, for all k € [¢(v)].
Let SpTh, () denote the set of all symplectic tableaux of shape v on the alphabet [2n].

The following proposition due to Watanabe [Wat25] describes the minimal row of G € SpTs, () where a
symplectic violation occurs. Our main result Theorem 1 describes the maximal row of G, as a companion
of an LR Sundaram tableau, where a symplectic violation occurs. See Examples 4.4.

Proposition 1. [Wat25] Let G € SST5, (7).
(1) If G € SpTa,(7y) then £(y) < n.
(2) If G is not symplectic, then there exists a unique ¢ € [2,2n] such that
G(i,1) <2i—1and G(k,1) > 2k —1for all k € [1,i —1]. (3)
Moreover, we have

Gi—1,1)=2—-3=2(i—1)—1and G(4,1) =2 —2=2(i — 1) . (4)
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4. SYMPLECTIC LITTLEWOOD-RICHARDSON TABLEAUX AND THE LEFT COMPANION

Let A be a partition with ¢(\) < 2n. Let pu,v C A with (1) < n and v an even partition.

4.1. LR tableaux of even weight. A tableau T € SST5,(\/u) of weight v is said to be Littlewood-
Richardson (LR) tableau if its reverse row word is a Yamanouchi word of weight v. Let LR(\/u,v) be the
set of all LR tableaux of shape A/ and weight v on the alphabet [2n].

Remark 1. Note 2n > ¢(\) < 4(A) —n < n.
Lemma 1. Let T € LR(A\/p,v). Let i > 0.
(1) If T(k,5) = 2i + 1 then T'(K,j') = 2(i + 1) for some k" > k and j'.

(2) UT(k,1)=2i+1then T(k+1,1) =2(i + 1).
(3) Forany 1 <k,j T(k,j) <k.
Proof. By assumption v is an even partition and the reverse row word of T" is a Yamanouchi word. O

4.2. The left companion of an LR tableau. In [KT25] the right companion of a Littlewood-Richardson-
Sundaram tableau has been characterized by a flag condition. Next section does it for the left companion
by the symplectic property. We recall first the definition of left companion of an LR tableau.
Definition 2. [AKT16] Let T' € LR(A/p,v). The left companion of T', G, (T') € SSTs, (1) of shape p in
the alphabet [2n] and content rev(A — v) the reverse of A — v, is obtained from T by recording the sequence
of partitions p(2"~"+1 giving the shapes occupied by the entries < r, including the empty entries of the
shape p identified with 0, in rows 7,7+ 1,...,2n of T, for r = 1,2,...,2n. We then get the nested sequence
of partitions g = p" O = > ... O 4V defining G, (T).

Since the shape of G,(T) is p and the first column has length ¢(u), the following is an immediate
consequence of the previous definition and a rephrasing of (1), (2). It is an equivalent description of the left
companion G,(T) of T

Lemma 2. Let G = G,(T') be defined by the nested sequence of partitions
p=p® 2= 55 @ 5 M) (5)

The first column of G of length £(u) read bottom to top is equal to 7y, > -+ >r; > --- > 71, that is,

GU(p), 1) = 1oy > GU(p) = 1,1) = rguy—1 > -+ > G, 1) =r; > - > G(1,1) =1

such that
(4)
WM >y > > > > >, (6)
and
(i)
M(W(u)) > ,u(rl(u)—l) 5o M(Ti) Seee D M(h) (7)

is the maximal subsequence of (5) of length £(u) such that

o) = g(u(m(“))) < K(M("’l{(p,)—l)) > > g(lu(riﬂ)) > E(Iu(n')) > > E(ﬂ(ﬁ)) =1
Opr) —o(utm=)y =1, 1<i < p),

where we set p(70) =0, Towy+1 = 2n+ 1, and, for i = 0,1,...,4(u),

() = ), for any rir > 5 > 7, ®)
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Example 2. Let n = 4, A\ = (6,5,5,4,3,1,0%), v = (4,4,3,3,0*), u = (4,3,2,1,0*) even and T €
LR(X/p,v) as below. We illustrate T with its left companion G,(T') = G in Example 1,

1[1]
1[2 3[4]4]6]
_ 1[2]3 _ 14]5]7
T* 234 ’GH(T)768
2[3]4 18]
4]

G, (T) has weight rev(A —v) = (02,1,3,1,2,1,2) and as the left companion of T is defined by the nested
sequence of partitions constructed as in Definition 2,

p=p =(4,3,2,1,0%) 2 p®1 = (4,3,1,0%) D p®7 = (4,2,1,0%) 2 pu¥ = (3,2,0%)
0 p8 = (3,1,0%) 2 u = (1,0%) 2 p0 = (0%) = 77 = (0). (9)
The subsequence p® D u® O 4™ D 1) is obtained according to Lemma 2
)y =4 > o) =) =3 > () = (M) =2 > L(E®) = 1> Lu?) = (M) =0
8 6 4 3 (10)

The sequence of numbers 8 > 6 > 4 > 3 (10) are the entries of the first column of G,(T). Iterating this
procedure, by subtracting one unity to each positive entry of the nested sequence (9), we get

3 2 1 0 0 0 0 0

By the same reasoning as above, the sequence of numbers 8 > 5 > 4 are the entries of the second column of
Gu(T). Again subtracting 1 to each positive entry we get by the same reasoning the sequence of numbers
7 > 4 that are the entries of the third column of G, (T"). Again subtracting 1 to each positive entry, and by
the same reasoning we get 4 which gives the fourth column of G, (T).

The next proposition collects a few properties of G,,(T') in relation with 7'
Proposition 2. Let T' € LR(\/u,v) and the left companion of G, (T') defined by (5). The following holds
(1) T(l(p) + s,1) = £(u) + s, for some s > 1, or not defined if and only if
((pCr=EWHDFDY — o for all ¢ > s. (11)
(2) Either T'(k,1) is not defined for k¥ > 1, in which case £(\) = ¢(u), or T'(k,1) = k for £(u) < k <
2(A) < 2n if and only if
L) > (D) > o > (D) 5 (=00 L (D) — o, (12)

(3) Let T(¢(p) + 1,1) = s € [¢(p)]. Either T(£(u) + 1,1) = s even, or s odd and for some even
2<t<l(p)—s+2,T(p)+1i1)=s+i—1,1<i <t Moreover, this is equivalent to
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() > (D) > > f(uBr o) = (), if s even, (13)
and, for some even 2 <t < £(u) + 1,
E(M(Zn)) > Z(M(Zn—l)) S>> g(u(2n—s+1)) — E(M(Zn—s)) - .= £<M(2n—(s-|—t—1)))7 if s odd. (14)

Proof. Recall since T is LR, above or in a row k of T there are no larger entries than k, that is, T'(k,7) is
not defined or T'(k,j) <k, for any 1 < k, j. In particular, T'(k,1) < k or not defined for k > ¢(u).

(1) The partition ;7= EW+)+1) gives the shape occupied by the entries < £(u1) +t, including the empty
entries identified with 0, in rows £(u) + ¢, €(p) + ¢+ 1,...,2n of T. Since T is LR and T'(¢(u) + s,1) =
L)+ s < T(l(u) +1,1), it forces T(€(p) +t,1) = €(p) +t < Tl(u) +t,j), for t > s and j > 1. Therefore,
there are no entries < £(u) +t in rows £(;1) +t,0(p) +t+1,...,2n of T, and £(p2n=E+)+1)) = 0 for all
t>s.

(2) Tt is a consequence of (1). For 7 = £(u) +1,...,2n, the partition u(*"~"+1) giving the shape occupied
by the entries < r, including the empty entries of the shape p identified with 0, in rows r,r +1,...,2n of
T, is empty.

For 1 < r < ¢(u), the partition p27=m+1) giving the shape occupied by the entries < r, including the
empty entries of the shape p identified with 0, in rows r,7 + 1,...,2n of T, has length ¢(u) — r + 1.

We then get the nested sequence of partitions defining G, (T') to be

= M(Zn) 2 M(%—l) 2 2 M(Qn—f(u)-*-l) 2 ’u(%—@(u)) e M(l) =0,

and the result follows by definition of G, (T).

(3) Note T(0(p) +4,1) =s+i—1<Ll(u)+i—1<(u)+1, for i > 1.

Let T(¢() +1,1) = seven € [{(u)]. Then, for 1 < r < s < £(u), the partition u®"="*+1 gives the
shape occupied by the entries < r, including the empty entries of the shape p identified with 0, in rows
rr+1,...,0(u) of T, and £(u®"="+1) = ¢(u) — r + 1. In particular, u(>*=**t1 gives the shape occupied
by the entires < s in rows s,...,%¢(u), and p(?*=*) gives the shape occupied by the entires < s in rows
s+1,...,0(p), () + 1. This means, £(p?*=*tD) = ¢(u) — s + 1 and

C(u =) = (o) = 1 L= f(p) = s+ 1= £t tY),

Let T(¢(p)+1,1) = s odd € [€(u)]. Since the partition v is even, then one also has T'(¢(u)+2,1) = s+1.
Assume, for some even 2 <t < /l(u)+ 1, T(l(u)+i,1)=s+i—1,1<i<t.

For s = 1, one has for some even 2 < ¢ < £(u) + 1, T(¢(u) +14,1) =4, 1 < i < t. We show that this is
equivalent to

Uu) = L(uPV) = L(uPr=D) = = (u® Y (15)

The partition x(27~"+1) gives the shape occupied by the entries < r, including the empty entries of the
shape p identified with 0, in rows r, 7+ 1,...,2n of T, for r = 1,2,...,2n

Fori=1,2,...,t < /f(u)+ 1 with t even, since T(¢(u) +14,1) =i, 1 < i < t, the partition "1 gives
the shape occupied by the entries < 4, including the empty entries of the shape u identified with 0, in rows
i+ 1, 0(pw), () +1,...,0(u) +i— 1 of T. Therefore, £(u7—# D) = ¢(p) for i =1,...t.

Let 3 < s < ¢(u) with s odd. Since for some even 2 <t < £(p) —s+2, T(l()+i,1) =s+i—1,1<i<t,
then indeed

M) > 0D > > (P TI) = f(p) — s+ 1 = L(pBrTY) = = (B e
O

4.3. The left companion of a symplectic LR tableau. We now recall the definition of LR-Sundaram
tableau also called symplectic LR tableau in [Wat25].

Definition 3. [Sun86, Sun90] Let p,v C A such that £(u) < n and v an even partition. A Little-
wood—Richardson tableau T' of shape A/u and weight v on the alphabet [2n] satisfies the Sundaram property
if for each i = 0,...,£(v)/2, the odd entry 2i + 1 appears in row n + ¢ or above in the Young diagram of A.
In other words, if T'(k,j) = 2i + 1 for some cell (k,j) of T' and ¢ € Z>0, then we have k < n + 1.
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The set of T' € LR(\/u,v) satisfying the Sundaram property is denoted by LRS(A\/u,v) and called the
set of LR-Sundaram tableaux or symplectic LR tableauz in [Wat25].

Remark 2. Let T € LR(\/p,v).
(1) A Sundaram property violation never occurs in the first n rows of T'.
(2) If T € LRS(\/p,v), the possible odd numbers in row n + ¢ of T' are larger or equal than 2t + 1, for
t > 0. In other words, for ¢ > 1, the possible odd numbers in row n+t of T are 2i + 1 with ¢t <4: 1
or larger in row n; 3 or larger in row n + 1, 5 or larger in row n + 2, etc.
(3) For n > £¢(\) any T € LR(\/u,v) is LR-Sundaram.
Lemma 3. Let T € LR(\/p,v) with v even, on the alphabet [2n], and n > £(u).
(1) If T satisfies the Sundaram property, it holds

T(n+t1)=2i+1, forsomei>0andt>1 =i>t>1. (16)
(2) If T satisfies (16), T(n+¢t,1) > 2t, for all ¢ > 1.

Proof. 1) Tt is a consequence of the definition of LRS tableau with j = 1. If T € LRS(\/u,v) then, in
particular, for j = 1, (16) holds.
(2) From (16), indeed T'(n 4 1,1) > 2. By induction on ¢ > 1, assume T'(n +t,1) > 2t. Then either

Tn+t+1,1)=o0dd >2(t+1)+1>2(t+1) or,
Tn+t+1,1) =even >T(n+t,1) > 2t = even > 2(t + 1).
0

The proposition below asserts that to verify the Sundaram property in an LR tableau it is enough to
check the odd entries in the rows below row n in the first column of T

Proposition 3. Let T € LR(\/p,v) with v even, on the alphabet [2n], and n > ¢(u). Then, T €
LRS(\/p,v) if and only if T satisfies (16)

T(n+t,1)=2i+1,forsomei>0andt>1 =i>t>1.

In other words T' € LRS(A\/u,v) if and only for all ¢ > 1, either T'(n +¢,1) = even > 2t or T(n +t,1) =
odd > 2t + 1.

Proof. The ”Only if part” was proved in Lemma 3.

"If part”. Assume that condition (16) holds for T' € LR(A/p,v). We want to show that for ¢ > 1, the
possible odd numbers in row n 4t of T are 2i + 1 with ¢ < i. Indeed, from (16), T'(k,1) > 2 for k > n + 1.

IfT(n+t1)=2i+1and T(n+t,j) = 2i’+1 for some j > 1,¢ > 1 then from the semistandard property
of T,i >¢>tand i >t.

If T(n+t,1)is even and T'(n+t,j) = 2i+1is odd for some j > 1 and i > 1, then T(n+t¢,1) < 2i+1 and
T(n+1t,1) = even < 2i. From Lemma 3, (2), one has 2t <T'(n+t,1) = even < 2 which implies ¢t <i. O

Corollary 1. Let T € LR(\/u,v) with v even, on the alphabet [2n], and n > ¢(u). T does not satisfy
Sundaram property if and only if T'(n +¢,1) = 2i + 1, for some t > i > 0.

A more detailed description of the Sundaram property violation on a Littlewood-Richardson tableau of
even weight is the following.

Corollary 2. Let T € LR(\/ps, v) with v even, on the alphabet [2n], and n > ¢(u). Then

(1) T(n+t,1) = even < 2t, for some t > 1 only if T(n+ s,1) = odd < 2s + 1, for some 1 < s < t.
(2) T(n+s,1) = odd < 2s + 1 for some s > 1, only if T'(n +¢,1) = even < 2t, for some 1 < s < t.

Proof. (1) If T(n +t,1) = 2a for some 1 < a < t, and ¢ > 2, then there exists 1 < s < ¢ such that
T(n+s,1) = odd < 2s+ 1. One has only a — 1 positive even numbers to distribute on t —1 > a — 1 cells
(n+1,1),...,(n+t—1,1). Hence, there exists at least one cell (n + s,1) such that T(n + s,1) = odd
with 1 < s <¢—1. Let (n+ s,1) be the first cell above the cell (n + ¢,1) (seen from the bottom) where
this occurs. If odd > 2s + 1, since v is even, it follows T(n + s+ 1,1) =2(s+1) < --- < T(n+t,1) and
T(n+t,1) > 2t > 2a which is absurd.
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(2) If s > 1 is such that (n + s,1) is the first cell, seen from the top, where T'(n + s,1) = odd <
2s 4+ 1 then from the previous implication, all previous cells in the first column of T satisfy T'(n + 1,1) >
2,...,T(n+s—1,1) > 2(s — 1). Then standard-ness forces T'(n + s,1) = 2(s — 1) + 1 and v even forces
Tn+s+1,1)=2s<2(s+1). O

Theorem 1. (Main result) Let T € LR(\/u,v) with v even, on the alphabet [2n], and ¢(p) < n. T does
not satisfy the Sundaram property if and only if G,,(T') is not symplectic.
Moreover, in this case, there exists a unique ¢ > 0 such that

(1) n4+t+1 is the minimal row of T" where the Sundaram property violation occurs.
(2)
T(h+t,1)=2t, T(n+t+1,1)=2t+1, T(n+t+2,1)=2(t + 1), (17)
T(h+1,1)>2 T(n+2,1)>4,...,T(n+t+1-21)>2(t+1—2). (18)
(3) the maximal row of G,(T) where a symplectic violation occurs is among the bottom most ¢ 4 1

cells, ((p),1), (€(p) —1,1),..., (€(p) —t, 1) of the first column of G, (T).

Proof. Let G = G,(T) and recall £{(A\) —n < n. From Corollary 1, let ¢ > 1 be minimal such that
T(n+t,1) =2i+1 for some 0 <i < t.

For readability we start to spelling out the cases t = 1, 2.

Ift=1,T(n+1,1) =1and n = £(u). Since v is even, T'(n + 2,1) = 2. Hence

2<lAN)—n<n=n=1{Lu) >2.

We show that T'(n 4+ 1,1) = 1 means a symplectic violation in the cell (¢(x),1) of G, (T).
One has, () > 2, and T(¢(p) +1,1) =1, T(¢(p) + 2,1) = 2 is equivalent to

Up) = 0(u2") = L") = 0" 72) 2 6™ ) (19)
& (20)
GE(), 1) < 26(p) — 2 = 2(0(p1) — 1) & G(E(), 1) # 20(0) — 1. (21)

Hence, G,,(T') is not symplectic with bottom most symplectic violation in the cell (¢(u),1).
If t =2, by definition of ¢, T(n + 2,1) = 3 and T(n + 1,1) = 2. On the other hand, v is even, so
T(n+3,1) =4 and 3 < ¢(A\) —n <n and thus n > 3, and

Tn+1,1)=2,T(n+2,1)=3,T(n+3,1) =4.
We show that T'(n + 2,1) = 3 means a symplectic violation in a cell of the first column of G, (T').

Casen =4(p) > 3: T(l(pw)+1,1) =2, T(l(p) +2,1) =3, T(4(p) +3,1) = 4.
This translates to

Op) = 6(u"™) > L1 = 02" 72) = L") = (P ) > -

=

CE(). 1) = 20> 20— 1, G(0() — 1,1) < 20— 4= 2(6(u) — 1) — 2 2(6(u) — 1) — 1
So G is not symplectic with bottom most symplectic violation in the cell (¢(u) —1,1).

Case n = £(u) + 1 > 3 in which case and £(u) > 2, T(¢(p) + 1,1) = 1, T(({(p) + 1) + 1,1) = 2,
() + 1) +2,1) = 3, T((L(u) +1) +3,1) = 4.
This translates to

() = £027) = (027 = 22 = 02 ) = 2 >
4
G(p),1) <2n—4=2(0(p) +1) —4=20(p) —2 % 20(p) — 1.
Hence, G,,(T') is not symplectic with bottom most symplectic violation in the cell (¢(u),1).
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Let+1 > 1 with ¢ > 0, be minimal such that T'(n+¢+1,1) = 2i+ 1 for some 0 < i < ¢t. From Corollary
2, this means that T'(n + k, 1) does not violate the Sundaram property for 1 < k <t and T'(n + k,1) > 2k,
for 1 < k <t. Therefore, since T'(n +¢,1) > 2t, T(n+¢t+1,1) <2t + 1 and

2<T(n+1,1) < <T(n+t1)<T(n+t+1,1)<2t+1,
it follows that
Tn+t1)=2t<T(n+t+1,1)=2t+1

On the other hand, v is even, so T(n+¢+2,1) =2(t +1). Thusn+t+1>n+1, with ¢ > 0, is the
minimal row of T" where the Sundaram property violation occurs if and only if
Th+1,1) < <T(n+t+1-2,1) <T(n+t,1)=2t, T(n+t+1,1)=2t+1, T(n+t+2,1) = 2(t+1),

T(n+1,1)>2x1, T(n+2,1)>2x2,... . T(n+t+1—21)>2t+1-2).

Moreover t +2 < ¢(A\) —n < n and thus n > ¢t + 2.

Casen=4L(p) >t+1+1:

Let T(n+1,1) =2, T(n+2,1) = 4,. T(n+t—1) 1)=2(t—-1), and T(n+t,1) =2¢t, T(n+t+1,1) =
204+ 1, T(n+t+2,1)=2(t+1). Note 2 4,...,2(t — 1) are the first positive ¢ — 1 even numbers.
This translates to

(22)
Up) = (™) >
o) = (2
L) = () >
€(u2” (At+1=2)=1)) _ g 2n-2(t+1-2)) 5
E(MQn (2(t+1— 2)+1)) o 2n—(2(t+1—2)+2)) — g(u2vl—(2(t+1—2)+3)) — g(u2n—(2(t+1—2)+4)> > ... (23)
&
GUl(p),H)=2n>2n—-1,Gl(n) —1,1)=2n—-2>2(n—-1)—1,...,
GE) — (41— 2),1) = 26(u) — 2t +1 - 2) = 2(0(p1) — (¢ +1—2)) > 2(6) — (t+1—2)) — 1,
GUE(p) — (t+1—1),1) < 2n — (2(t+1—2) +4) = 20(p) — (2(t + 1 — 2) +4) = 2(6(u) — t) — 2
# 20 — )~ 1 (24)

Note £(p?"2H+1=2)) = f(p) — (t+1—2) — 1) = £(u) — (t +1 — 1) = £(u) — t. Furthermore, ¢ is the number
of > in (22) before arriving to the flat sequence in (23) which is also the number of the first ¢ non negative
even numbers, t = #{0,2,4,...,2(t +1—2)}.

Thus G,,(T') is not symplectic with bottom most symplectic violation in the cell (¢(p) —t,1).

In the remaining cases there exists at least one odd number among

Tn+1,1)>2x1,T(n+2,1)>2x2,...,T(n+t—2),1)>2x (t—2),T(n+t—1),1) >2x (t—1).

This means, at least one of the even numbers 2,4, ...,2(¢ — 1) is replaced by an odd number, that is, for
some 1 < ¢ < t—1, 2iis replaced by 2i+1 and 2(i+1) is preserved in the list. Indeed such odd numbers do not
violate the Sundaram condition. Each time we do this we glue two next flats subsequences in (22) and reduce
by one unity the number of >. The flat tail (23) can be longer but the flat portion £(p2"~(2(t+1=2)+1)) —
02— CEH1=2)42)) — gy 2= QEH1=2)43)) — p(y2n=QE+1=2)+4)) 5 preserved. Therefore, in the first column
of G, (T'), from the bottom, the first symplectic violation occurs among the bottom most t+1 cells (¢(x), 1),
(E(M) -1, 1)7 R (€<N) =1, 1)'

A situation where the bottom most failing is in cell (¢(u), 1) of G, is the following

Casen =L(p) +t>t+ 2= £(p) > 2 in which case one has
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T(K(M)‘i’lv 1) =1, T(E(/L)+2a 1) =2, T(é(:u)+3’ 1) =3, ... 7T(€(,u')+tv 1) =1, T((g(:u‘)+t)+1a 1) =t+1,
S T((p) )+ 1) =28 T((6(p) +6)+t+1,1) =2t + 1, T((0(u) +¢) +t+2,1) =2(¢+ 1).
This translate to a sequence where all > in (22) disappear and we are reduced to a longest final flat
sequence in (23)

‘€(M2n) _ E(MQTL_I) — ... = é(’u?n—t—i-l) _ f(/ﬁQn_t) _ f(uQn_t_l) _ é(u2n—t—2) = >

4.4. Examples. In all examples below T is an LR tableau with even weight.

(1) Let n =5 and

—_

—_
[\

[t
WIN |-

o Ll

4 orT = with the first column exhibited

and G,(T) =

[oo] <[ [en]w=

[=2] [S23 1 N}
~ ||

T fails the Sundarm property and G, (T) fails the symplectic property (in red).
(2) Let n =17,

WIN|—

M
YD

(27)

NEEEE

—_
Slo|oo|~|o ||

BlE[a]a]=]re]=



12 OLGA AZENHAS

O(p) = LuM) =5 = (u* V) =5 = ¢(u*?) =5

[

_ g(lu1474) —4 = e(p147‘)) —4 = é(‘u1476) -4

(M14_11) — K(u14—12) — e('u14—13) =0

For n =7, T satisfies the Sundaram property and G is symplectic.
(3) Forn=5

1
1]2
12]3
3134 .
T= | [314]5 G.(T) = [3 (28)
—[1]6 pAs
2|7 N
i[8 aa
59
6]10
) = (") =5 = e(u0~1) = () = 5 (29)
> 0(u'07) =4 (30)
= £(u107Y) = £(uO7)) = £(u070) = 4 (31)
> 0(pt" ") =3 (32)
>0(u0 %) =2 (33)
> p'% ) =1 (34)

TG+1,1)=1#2x1+1=3,T(5+4,1)=5#2x4+1and T fails the Sundaram property,
and G, (T') is not symplectic.

For n = 6, T is not Sundaram: if T(6 + 1, j) = odd for some j then odd >3 > 2 =T(6 + 1,1);
T(6+42,1) = 4even, and if T(6+2,7) = odd > 5 > 2x2+1 for some j; T(6 +3,1) =5 # 2 x 3+ 1;

|

is not symplectic:

T(6+4,1)=6,T(6+5) =11 >2x5+1and G(T) =

BE N

i=4, GB3,1)=5=2x3-1,G(4,1)=6#2x4-1, G(5,1)=10>2x5—1.
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) = (")) =5 = (V) = £(u"?)
> U(u”) =4
= () = () = 0(p®) = 4 (35)
> U(p°) =3
> U(pt) =2
> U(p’) =1
> () = L) =0
For n =7, T is Sundaram and G is symplectic.
(4) Let n =5 and
1
1|2
112]3 2
11314 3
T = 21415 G,(T)= |4 (36)
2|3 18]
416 10|
5|7
68
) = L) =5
> e(ﬂ(lofl)) —4
= (1) = 4
> g(u(lofi’))) =3
= (00 = (D) = £(u100) = 3 (37)

[ACM25]
[AKT16]

[Aze25]
[Buc00]

[DKO8]
[HKO06a]
[HKO6b]
[HTWO5]
[Kin76]
[KRKV24]

[KRV21]

[KT25]

> g(‘uIOf?) =92> g(‘ulOfB) =1> g(ﬂlofg) =0
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