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Abstract

This paper aims to study, from a numerical point of view, a system of partial differential equa-
tions defined by a parabolic, an elliptic and a hyperbolic equation that can be used to describe
cell migration in elastic tissues that integrates chemotaxis, interstitial fluid pressure and tissue
displacement. The system couples a Keller-Segel type system for cell density and chemical concen-
tration with an elliptic equation for fluid pressure and a wave-type equation for displacement. We
propose a semidiscrete nonuniform finite difference method to approximate the continuous system.
Furthermore, we derive second-order spatial error estimates for all system variables using a suitable
discrete norm. Finally, numerical simulations validate the theoretical results and demonstrate the

interplay between chemotaris and tissue mechanics.

Keywords: Chemotazis, tissue displacement, finite difference method, convergence analysis.

1 Introduction

In this paper our aim is to propose a numerical method for the following Keller-Segel (KS) type system

. v-<<¢(vc, ¢ Vp) + %?)b) — V-(Dy(b,c)Vb) + £(b,0), (1)
gj + v.<<¢(vp) + %‘tl)c> = V-(De(b,c)Ve) + g(b, ), (2)

-V (Dp(p)Vp — %‘;) = q(p), (3)

\ p‘;‘; =V (?(Vu - VuT)> — Vp, (4)

where Q = (0,1)2, ¢ € (0,7] and b, ¢, p and u' represent, respectively, cell density, chemical signal con-

centration, interstitial fluid pressure and tissue displacement. The boundary of €2, 052, is decomposed

"'We use bold letters to denote vector or matrix valued functions. We also use the notation Vu for the Jacobian

matrix of u and the divergence term (V) is interpreted per row.
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as 0Q =T'y U9, with I'y NI’y = () and this system is complemented with initial conditions

b(x7y70) - bg(l‘,y), (x7y) €, (5)
C(Qj‘,y,()) = Co(l‘,y), (l’,y) € Q, (6)
My 0) =m(ry), @y €0 @
u(x7y70) = hQ(xay)v (x,y) €Q, (8)

where by, ¢p and hj, hy are known functions. The differential system (1)-(8) is complemented with
suitable Dirichlet boundary conditions for all variables. In the differential system (1)-(4), u = (u1, u2),
bye,p,ut,ug : Qx [0,7T] — R, ¢: R — R, f,g: R? — R, Dy, D, and D,, are diagonal matrices
depending on b and ¢, Dy ; : R? —R,i=1,2,

. Db,n(b, C) 0

Dhlpre) = 0 Dy22(b,c)| ¥

with D, and D), being defined analogously, ¢; : R} — R, :R2—R,i=1,2and

d)l (‘9767 7271)
$(Ve,e,Vp)= | ool (10)
bo( 2, c p
i 2 oy’ Y oy
[ (2
wp) = || ()
0 (22

A simplified version of the last system has already been studied in the literature. In fact, the

following version of the differential system (1)-(4)

glt’ +V-((6(Ve, ¢, Vp))b) = V-(Dy(b, ) Vb) + f(b, ), (12)
g; + V((w(Vp))C) = v'(Dc(b7 C)VC) + g(b, C)? (13)
—V(Dp(b,c,p)Vp) = q(b, c, p). (14)

was studied in [11] from a numerical point of view. This system can be used to describe cell migration
driven by the spatial distribution of a chemoattractant enhanced by the interstitial fluid pressure. In
this scenario, Dj, 7 = b, ¢, p, denotes the cell, chemical signal and pressure diffusivity, respectively. The
function ¢(Ve, ¢, Vp) represents the cell’s sensitivity to interstitial flow and chemical’s concentration
while ¥(Vp) governs the chemical sensitivity to interstitial flow. Moreover, f and g represent cell
growth/death and chemoattractant production/degradation rates, respectively, and ¢ is a source term
that describes fluid exchanges between the extracellular matrix (ECM) and the capillaries.
Classically, cell migration driven by the concentration of a chemoattractant, is mathematically
described by the KS system (see [18,19] and [1] for a review of several improvements of the classical
model). This system has been extensively studied in the literature, both from a theoretical and
numerical point of view, see for instance [2,6, 10, 14, 28] and the references therein. Although the
standard KS system effectively describes cell movement in response to chemical concentration gradients,
it disregards environmental effects on cells. The importance of considering the interstitial fluid pressure

associated with cell migration has been addressed in several studies, see for instance [20,24-26,31,35].



We also mention the reference [29] as a particular experimental study where the effect of interstitial
fluid flow on cell migration was documented. Keller-Segel type models incorporating fluid flow were
proposed and numerically explored from analytical and/or simulation perspectives. Without being
exhaustive we mention [3,5,7,9,21,32,36]. It should be pointed out that significant work has been
done for the Keller-Segel-Navier-Stokes system, see for instance [4,8,15,16,23, 33, 38].

In [11] an IMEX method was proposed that combines a finite difference spatial discretization that
can be seen as a fully discrete (in space) piecewise linear finite element discretization with implicit-
explicit (IMEX) time integration to treat the nonlinear terms. Sharp second-order superconvergence
estimates (in space) with respect to a discrete H!-norm were deduced by using the Bramble-Hilbert
Lemma. This enabled the reduction of the smoothness assumptions usually required if the traditional
truncation error analysis is followed. Moreover, the KS-flow system was validated against experimental
data from [29] on a chemokine predominantly secreted by lymphatic endothelial cells.

Regarding the mechanical influence of the underlying tissue on cell migration, it has been observed
that cells tend to migrate from softer to stiffer regions of the tissue, a phenomenon known as durotaxis,
see for instance [17,22,27]. When (visco)elastic tissues deform due to the (visco)elastic response
induced by the fluid flow’s pressure, tissue displacement is greater in softer regions and smaller in
stiffer regions. Consequently, the tissue’s magnitude of the velocity is higher in soft regions when
compared with stiff ones, which naturally drives cell migration from soft to stiff regions. In a certain
sense, this process may be interpreted as a form of negative durotazis [17]. In pattern formation, cell
migration is a consequence of the physical interactions between cells and their local surroundings. The
influence of viscoelastic properties in pattern formation is studied in [34] where the authors consider
different stress-strain constitutive equations for the ECM. Other mechanochemical models of pattern
formation were proposed in the literature, see [34] and its references for a critic analysis of different
models.

The differential system (1)-(4) can be considered to describe cell migration driven by a chemoat-
tractant gradient and fluid flow in a poroelastic tissue that deforms under the action of the fluid’s

pressure. In this context, the two component displacement field u is linked with the strain tensor by
1 T
g(u) = i(Vu + Vu').

As in [12,30], assuming that the relevant forces acting in the poroelastic tissue are the stress, o,
developed by the internal structure and the interstitial fluid pressure p (assuming that the inertial and

gravitational forces are neglected) then the total force F acting in the porous tissue is given by
F=o0—-plL (15)

Assuming that the tissue is an isotropic linear elastic medium, we consider o0 = Eye, where Ejy denotes
Young’s modulus, and combining Newton’s Second Law and (15), we obtain (4).

The objective of this paper is to study a finite difference method (FDM) to approximate the solution
of the system of partial differential equations (1) to (4) combining the effects of cell migration with fluid
pressure and tissue displacement. Its main contributions are the way the displacement equation (4) is
discretized and coupled with the remaining discrete version of the KS system, equations (1) and (2),

and the fluid pressure, equation (3), as well as the analysis of the convergence of the method. To our



knowledge, this is the first study where the convergence of a scheme is established for the KS system
coupled with the fluid pressure equation and tissue displacement. We highlight that equation (4) has
mixed derivatives of the displacement’s components, which requires special attention in their discretiza-
tions. The coupling also introduces significant analytical challenges, namely, deriving suitable spatial
a priori error estimates for the approximate displacement field of u and proving uniform boundedness
for the numerical approximations of u’. The latter is crucial to control the error terms arising from
the convective terms in equations (1) and (2). The spatial discretization is defined by considering a
nonuniform rectangular partition on  and our FDM can be seen as a fully discrete piecewise linear
finite element approximation defined in the triangulations associated with the rectangular partition.
We derive second-order spatial error estimates for all variables of the system under suitable smooth-
ness assumptions. The analysis relies on discrete versions of classical inequalities, such as Poincaré and
Sobolev inequalities, adapted to the nonuniform grid setting. Bramble-Hilbert Lemma is the main tool
in the construction of the error estimates that lead to sharp estimates in what concerns the smoothness
of the continuous solution.

This paper is structured as follows. Section 2 introduces the semidiscrete FDM to approximate
the solution of the system of equations (1) to (8) and presents useful preliminary results. Section 3
derives a priori error estimates for the proposed FDM under suitable smoothness assumptions. Finally,
Section 4 presents numerical simulations to illustrate the theoretical results and an extensive study on

the interplay between chemotazis and tissue displacement in the context of cell migration.

2 The semidiscrete approximation

2.1 Discrete operators

Let A be a sequence of vectors H = (h,k), h = (hy, ha,...,hn), k = (k1, ko, ... ky), with by, k; >
0,i=1,...,N,7=1,..., M, such that ||h||; = | k|1 = 1 (with ||-||; being the standard vector 1-norm)
and

Hpax = maxq max h;, max kj .
i=1,.,.N = j=1,..M

We introduce the nonuniform finite difference grid
QH = {(xi,yj) GRz T, = X1 +hl, Y; :yj,1+kj,i: 1,...,N,j = 1,...,M},

with zg =950 =0, a2y = ypr = 1.

We set Qg = Qg NQ and 00y = QO N ON. Let Vi denote the set of grid functions defined in
Qg and let Vi, C Vi be the subset of grid functions that are zero on 9Qr. We also define Tr as the
partition of Q into triangles induced by the grid Q. The triangles are obtained from the nonuniform
rectangular partition Qg by adding a diagonal in each rectangle [x;_1,2;] X [yj_1,y;]. If A € Ty, by
diam(A) we represent the diameter of A.

To formulate the numerical scheme, we introduce a few discrete operators. For the difference opera-
tors, we explicitly define the components for the z-direction (subscripted with “,”). The corresponding
y-direction components are defined in the same way. For the average operators, we also define the

bl

component in the z-direction, subscripted with “;,” and in the y-direction, subscripted with “;”.



The difference operators in the z-direction are

up (T, Y5) — up(Ti-1,y;)

D_xUH(.’IT“y]) = h s 1 = 1, .,N,
(2
D, yur(xi,y;) = uH(xi+17]3ij")+—h1ii(wi—17yj)’ i=1,.. . N—1,
(2 1
Diug (i, y;) = “H(x"+1’3}/;")+1_/2“f1(“7“yj), i=0,...,N—1,
(3

where j = 0,..., M and h; /5 = %(hi_i_l +h;),i=1,..., N — 1. These are used to build the vector
operators that act on Vp functions, Vy, = (D_,,D_,), V}; = (D3, Dy) and V. jy = (D, ,, D, ). We
also introduce, for ug = (ug,1,un2), the notations V zupy as the matrix whose rows are (VHUHVZ‘),
i=1,2, and V3;-Ap (where Ay is a 2 X 2 matrix with elements in V) as the row-wise application of
the discrete divergence operator (V).

In the context of discrete difference operators, we introduce the operator D, as the weighted
difference operator
h; hit1

M p e p Y
it _ouH (T, ) + hit hoot 2w (T, y5),

Dyur (i, y;) =
fori=1,...,N—1and j=0,...,M, with D, and D being defined as in the previous cases. We

also introduce the average operator

wp(zi, y;) + wp(zi-1,y;5)
2 b

Myug (x4, y;) = i=1,...,N,j=0,..., M, (16)

with M} and My defined analogously.
Finally, we introduce the standard restriction operator, Ry : C(Q2) — Vi, as Ry f(xi,y;) =
f(zi,y;), for all z;,y; € Qg and f € C(Q).

2.2 Inner products and norms

We now proceed to introduce several inner products and norms that will be useful in the convergence
analysis of the FDM equations (23) to (26).

For scalar grid functions ug, wg in Vi, we define the discrete L? inner product,
(wm,wi)g =Y hagryekiun (T y))w (2i,y;), (17)
(zi,y;)EQH
and denote the its induced norm by ||-||zz. To handle the discrete derivatives, we introduce bilinear
forms (which are inner products in Vi),

N M-1

(uHawH Z Z hik j+1/2UH :vz,y])wH(xz,y])
=1 j=1

and, in a similar way, (-,-)y,+. Let ||-|[z,+ and [|-||y + denote the norms (in Vo only) induced by these

bilinear forms. For ugy,wy € Vg, we now define

(’LLH,’UJH)+ = (uHawH)ac,+ + (UH7wH)y,+» (18)



which allows us to express the norm of the discrete gradient as
2 2 2
IVgunllt = I1D_zunlzy + 1D_yunlly +
= (D—ruH7 D—zuH)$7+ + (D—yqu D—yuH)y7+‘

Consequently, we can define the discrete H!'-norm,

2 24\1/2
lurlle = (lurllf + 1Vaunll) ™, un € Vo (19)
Finally, we introduce in Vp the discrete L°°-norm,

lunllHoo =  max  |um(zi,y;)l, (20)
x4,y5)€QH

for all ug € Vi, with the obvious extension to vector grid functions.

Remark 1. To simplify the presentation, we will often omit constants in inequalities that do not depend
on the discretization parameter H and time. That means that if C' denotes a positive constant,

independent of H and ¢, such that A < CB, holds, we will simply write A < B.

2.3 Extension to vector grid functions

The previous definitions extend to vector grid functions ug = (ug1,um2), wg = (Wg1,whs2) € [Va)?

naturally. The corresponding inner products are

(g, Wi)r = (ug1, wa1)a + (UH2, WH2)H,

(um, wi)+ = (U1, WH )2+ + (UH2, WH2)y,+5

and the associated norms are denoted by |ug||z and ||ug||+, respectively. For the discrete operators
Vi, Dy or My, we can define how they are applied to a vector function uy through componentwise

operations. For example, in the case of V;, we have
VHuH = (DfquJ, Diy'U/H,Q).

2.4 Useful inequalities and identities

For the grid spaces, inner products and norms introduced in Sections 2.1 to 2.3 we recall some useful
results. The proof of the following propositions is a straightforward applications of summation by parts

and is therefore omitted.
Proposition 1 (Discrete Poincaré inequality). For all vy € Vi, it holds that
lorlla < IVyvmll.
Proposition 2. For all vy € Vg and wy € Vi o, we have
(Vi v, wg)g = —(ve, VEwg) +.
Proposition 3. Let uy € [Vio)? and vy € Vig. We have

(VC,H'qulvH)H = _(MHuH, VHUH)+~



Proposition 4. For vy, wy € Vi, the following identities hold

(DC,.Z‘UH’ wH)H = _(UHa Dcﬂij)H?

(Dc,vaa wH)H = _(UHa Dc,ywH)H'

Proposition 5. For vy € Vi, it holds that

||Dc,:pUH||H < ||D71UH ‘957+7

HDc,vaHH < ||D—yUHHy,+~

2.5 Function spaces

We introduce the Sobolev spaces, W*P (), for functions defined in the spatial domain 2 using standard
notation. The norm associated with this space is [|[|yys.»(q), for 1 < p < coand s > 0. In the case p = 2,
we denote H*(Q) = W*2(2), with norm ||-||gs() and in the case s = 0, we use LP(Q) = W?(Q),
with norm ||-|| £ (q)-

For time-dependent problems on the space-time domain €2 x (0,7), let X denote a Banach space
with norm ||-||x. We introduce the Bochner spaces, H(0,T; X), i > 0, of the functions with weak
derivatives up to order ¢ in time with values in X. This space is imbued with its standard norm,
I £2i (0,;x)- We use the notation C"™ ([0, T]; X) to denote the space of functions v : [0, 7] — X such
that v(® : [0,7] — X,i=0,...,m, are continuous. This space is equipped with the norm

[Vl oy = mmax | masc [l (2)llx

For time-valued grid functions vy : Qp x [0,7] — R, for each t € [0,T], we denote by v (t) :
Qp — R, the grid function defined by vy (¢)(x, y;) = ve(ws,y;,t), i =0,...,N and j = 0,..., M.
Its time derivative is denoted by v/, (t). These definitions extend in a straightforward way to the vector

case.

2.6 Semidiscrete numerical scheme

Before introducing the numerical scheme, we need to define notations to discretize the diffusion and
convection terms as well as the source terms. The diffusion and convection terms in equations (1) to (3)
involve the operators Dy (t), @ = b,e,p. If by (t),cu(t),pu(t) are approximations of b(t), c(t),p(t),

respectively, then we define

Dy 11(Mpbg(t), Mpcr(t)) 0

; (21)
0 Dy 22(Mibu (t), Micu(t))

Dy i (t) = [

with D, g (t) and Dy g(t) being defined similarly. The discrete convection-diffusion functions are
discretized using the D,, D, operators as follows

(22)

pt) = [¢1(DhCH(t),CH(t)7thH(t))] ) = [wl(pth(t))] |

P2(Dyer(t), cu(t), Dypm(t)) b2(Dypm (1))

Finally, the source terms, fr(t), gu(t) and gp(t) are discretized by evaluation on the grid functions,

i.e., taking fy as an example, fr(t) = f(bg(t),cu(t)).



Using these notations, the proposed semidiscrete finite difference method for equations (1) to (8)
reads as follows:

find by (t),cu(t), un(t) € Vapo and py(t) € Vi such that py(t) = Rypi(t) in I'y g = 0Qy N Ty,
pE(t) = Rupa(t) in I'y g = 00y N Ty,

01(8) = ~Vig- Dy (05 o (1) + V. gy 1) (23)
() = Vi ( (T sgan(®) + (Vsgun(0)") ) = Digpu (), (24)

and
Wit (0) + Vo (6310) + W (D)1 (1) = Vi (Da s (OV b (1) + i (1), (25)
r(t) + Ve (Vu(t) + 0y (t)en(t) = Vip (Deu(t)V gen(t) + gu(t), (26)

in Qf x (0,7] and uy = (up,1,un2). The system of equations (23) to (26) is complemented with the

initial conditions

bu(0) = Rubo, (27)
cu(0) = Ruco,

and
uyy(0) = Ryhy, (28)
up (0) = Ryhy,

in Qg.

Using Propositions 2 and 4, we rewrite equations (23) to (26) in a form suitable for the upcoming
convergence analysis, that is, find by (t), cg(t), up1(t), um2(t) € Vio, pua(t) € Vi, such that py(t) =
Rupy in Ty g, pu(t) = Rup2 in Te yr, and

(Dp () (1), ¥ g ar) s — Mgy (1), ¥ g ar)s = (s (8) )1 (29)
(o (0), w11)11 = (D 2(0), Degron )it — Bo(D_yurg (1), Do) o
= 22 D_yuna(0), Do)y — (Dypn (0w,

(1) w2 = (D (8), Doyt 2) 11 — Bo(D_yuna(6), Dy )y ¢ .
— 22D _usa), Dy 2)ass — (Dypra(0), wnz)i,
W0 000 = (M ((6010) + W (0)Dir ) = Do OF b0 Vo)
+ (Fn0) w0
(€000 = (M (011 0) +y (O)em(0) = Do O ) V)

+ (9u(t), we,n)n,
for all wy, g, wH 1, WH 2, Wy 1, We,.r € Vio. The system of equations (29) to (33) is defined for ¢ € (0, T’]
and it is complemented with the initial conditions
(W (0),vi)g = (Ruhi,vi)w,

(um(0), vo)n = (Rpha, vo)m,



for all vi,va € [Vir]? and

(br(0),w1)r = (Rybo, w1)H,
(cu(0),wo)y = (Ruco, w2)u,
for all wy, w2 € Vi p.
We remark that this form of the semidiscrete FDM system is akin to a Galerkin method with

numerical integration.

2.7 Assumptions

We make the following assumptions on the nonuniform finite difference grid Qy and the coefficient

and source functions of the system of equations (1) to (8).

(I) Let {Qp}uea denote a sequence of grids. The grids are said to be quasi-uniform if there exists
a constant Cg, > 0 such that for all H € A,

H
max S Cqu-
Hmin

(IT) The diffusion coefficient functions Dy, ;; € W2>(R?), i = 1,2, are Lipschitz functions, with Lips-
chitz constant Lp,. Moreover, there exists Dy > 0 such that Dy o < Dy ;. We impose the same

conditions for the similar functions related with D. and D,,.

(III) The functions ¢; € L®(R?), i = 1,2, are Lipschitz functions with Lipschitz constant Ls. More-
over, there exists Cy such that |¢;| < Cy, and ¢;(Ve(t), c(t), Vp(t)b(t) € H3(Q), i = 1,2. (we

consider similar assumptions for 1)).

(IV) The source terms f,g,q are Lipschitz functions. For w = f, g, p, the Lipschitz constant of w is
Ly, and w(b(t),c(t)) € H?(Q).

Remark 2. In the upcoming analysis, the assumption (I), the quasi-uniformity of the grids, can be

avoided if functions ¢ and 1 are independent of Ve and/or Vp.

3 Convergence analysis

We establish an error estimate for the spatial errors of the semidiscrete approximations defined by
equations (23) to (28). In order to do this, we first present an estimate for the spatial error of the pres-
sure fluid, E, g (t). Then we present estimates for the spatial error of the semidiscrete approximation
for the displacement. Then we combine the estimates obtained and present a bound for ||’y (¢)|| i 0c-
Finally, we establish error estimates for the semidiscrete approximations of the density of cells and the

chemical signal, b and c, respectively.

3.1 Pressure and displacement error estimates

Let u = (uj,u2), E ]_7H(t) = Rpu;(t) —um;(t), j = 1,2, and E,, 4(t) = (E,, 4(t), E,, y(t)) denote

u

the spatial error of the semidiscrete approximations for the displacement.



Proposition 6 (Estimate for the pressure error). If the assumptions of Section 2.7 hold, p € H*(0,T; H3(12)),
q(p) € H'(0,T; H*(Q)), u' € H'(0,T; [H*(Q)]*) and

Lp, |Ipll z1 0,83 (02)) + Lq < Dpo, (34)
then
IV Ep (I3 S N B i (011 + Ty (1), (35)
for t € [0,T], where
Tyt = 3 (diam(A))* (1) By + a0y + 10Oy ) (36)
A€TH
Proof. The proof follows |11, Proposition 4]. O

Remark 3. We highlight that the bound given by inequality (35) directly implies a similar one replacing
|V gy Ep a(t)||+ by ||Epa(t)||# using the discrete Poincaré inequality given by Proposition 1.

We now turn our attention to estimate the error for the displacement. In this context, we introduce

the following notations:

82U2 82U1 82u1 82’LL2
D = D Y et .
et (t) (83; Ay’ dy 83:)’ 24 (1) ( 0x2’ Oy? )’
62U1 82UQ
Dy yzu(t) = ( 02 Ox2 )
Euu(t) = 1B, p (Ol + BollV i Bu,n () + (HD—y Ol + 1D By 5 (O117.4),

for ¢ € [0,T].

Proposition 7 (Estimate for the displacement error). If u € [H?(0,T; H*(Q)) N L*(0,T; H3(Q) N
HE(Q))?, p e HY(0,T; H3(Q)) and assuming that the sequence of grids Qp is quasi-uniform, then, for
all ep,eq # 0, there exists a constant C' > 0, independent of H and t but dependent on €p,eq, such
that the following inequality holds:

1dEun By d
2 dt 2 dt

+ eIV Epn ()3 +

(t) < - (Dcx’Eu1 H( )7DcyEu2 H(t))H +62QHVHEu H(t)H?i—_‘_

20 Cady g 01+ 2580+ Qu),

(37)

fort €10,T], where

Ga(t) = (Ruw"(t) — (0" (1) 11, By ()
+ Eo((D2ayu(®) i, By g () + Eo(Vg Ruu(t), Vg Ey g(t))+
(Do (), Byr ()1 + (9 Riga (1), Vg By (1))
+ %«Dx,yu(t))m Bt () + %(VC,HRHuu), O

(D Rup(t), Eu ()it — (YD)t B ()

and

=C Z diam*( <||um(t)H[2H2(A)}2 + Hu/(t)H[zH?’(A)]? + Hp/(t)\@za‘(m) (38)
A€TH

10



Proof. Taking wy 1 = E;, ;(t) in equation (30) we have

(W1 (), By () = —Eo(D_yua(t), D, By, g (t))e 4

E
— S (D_yuna (6, Dy By 5 (t))y+
B (39)
2 (D UHQ( ) Dcx u1, H(t))H
— (Dppu(t), Eyy g(t)m.
On the other hand, from equation (4) we deduce
(Reui(t), By, g(t)n = —Eo(D_,Ruus(t), D_, By, (t))z
E
— S (D Ruyur (6, Dy By (1)) +
! (40)
2 (D RHU?( ) Dcx w1, H(t))H
— (DyRup(t), Bl (8)n + Su(t)
with
Sua(t) = (R (t) — (i (1)), By (D)
82
+E((550) Bu)) +E(D L Barus(0).D LBy (0
H H
E 0%u E
+ 2 ((520) Ew®) + D0 Ria(0.D,Ey )
H H
E 0? E
+ 5 ((5op®) Bon®) Dy Riree). Do Ly )i
H H

(=) Eu,uw®)) +(D,Rup(t),E, zt))u.
((35’3 )H >H

In the definition of Sp1(t) the following notation was used: if v € L*(Q), then (v)g : Qp — R is
given by

1
Wnleow) = 57 [ vy,

for all (z;,y;) € Qp. Here, O;; = [3;'1;1/2, Cvi+1/2] X [yj—l/Zyijrl/g], Ti_1/3 =Ti—1+ %, with Tiy1/2 and
Yj+1/2 being defined analogously.

We observe that Sp1(t) can be represented as

L 1) 1 Qua), (1)

Sua(t) =

with

)
2u

* EO( 88.I21 (t)> H7 EulvH(t)) = + EO(D*J:RHUI( ) DfxEul, ( ))1’,+

EO 62’LL1 EO
) << dy? (t)> H Eulﬂ(t)) H i 7(D_yRHu1( )s Dy By i (8)y,+

EO 82u2 EO
) < <395 Ay (t)> " B t®) H + 5 (DeyRuua(t), Dep By 1 (1) 1
a (<ai(t)> 7Eu1’H(t)> + (DhRHp(t)7Eu1,H(t))H

H H



and

2u/
+E0( ’ 1<t>)H,Eu1,H<t>)H+Eo<DxRHm()D o By (8 +

0x2
2u/
E2‘0<<aay21 (t)>7Eu1,H(t)>H + @(D RHUI( ) D yEulv ( )) o+
2u/
+ % <<8833 82 (t)>H7Eu1,H(t)>H * %(DcvyRHUQ( ) Dchul’ ( ))H
_ < ai(ﬂ) EulH(t)> (DpRup' (), By, 1 () 1
H H

Combining equations (39) to (41) we derive

1dEg Eo dGra
5 dt (t) < _7(Dc,yEu2,H( ) Dcx ul, H(t))H_(DhEZLH(t)? ;LH(t))H—i_ dt (t)+QH71(t)7
where Ep,1(t) = | B}, 5 (O + BollD_o By, ()24 + B ND_y By, (D]}
We can perform a similar analysis for the second equation for the displacement and derive an upper

bound for %dzlf (t), where

Ena(t) = 1By n (Ol + Eoll D_y By, g (t)Hf,,++ S Do By ()7 4

Combining both upper bounds, we obtain

1dE, B
! dt,H < —%((Dc,xEulyH(t),DcvyE;%H(t))H+ (Doy Byt (8), Do By 1r(8)) 1)
4G
— (DyEpu(t), By y(t)u + Y < LI (1) + Quy(t )>
7j=1,2

where G 2(t) and Qp2(t) are defined as G 1(t) and Qp 1(t) with convenient modifications.

For the remaining terms, we observe that, for all ¢, # 0, we have

(D Ep,p (t), )| <2vV2y/1+ Coul Vi Epr (Ol + | By (D)

201+
< 2V B (O + d )u o

and

d
a(DC,zL’Eul,H(t)’Dc,yEug,H(t))H = (Dc,xEul,H(t)vDc,yE{LQ,H(t))H—i_(Dc,yEug,H( ) Dcm u1, H(t))H

Finally, using a similar technique as in [13], it can be shown that, for all eg # 0, there exists a

positive constant C, independent of H and t (but dependent on £¢), such that

Qua(t)] < C1 Y diam’( )(”Um( Wirz(ay + 1)) + Iua (O3 a) + Hp/(t)H%ﬁ(A))
AETy
2

+ IV By (DI -

Since a similar estimate holds for @ 2(t), combining the previous inequalities and identities concludes

the proof. O
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Theorem 1. Letu € [H3(0,T; H*(Q))NH (0, T; H3(Q))NL?(0,T; H3(Q)NHL ()2, p € HY(0,T; H3(Q)),
u”(0) € [H2(Q))?, u(0) € [H3(Q)]? and p(0) € H3(QY), where u and p are the solutions of equations (3)
and (4). If the assumptions of Section 2.7 and inequality (34) are satisfied then

1B aOF + Y IVEEsr @3 S 1Bz Ol + IV B, m (0)]3 + Tu(h), (42)
s=u,p
fort €10, T], where
2 2
015 Y diam*(A) (Ilal oz + 1l oz aye + bl o)
AETH
+HQ(p>H2L2(0,T;H2(A)) + Hu//(O)H[QHQ(A)P + HU<O)H[2H3(A)}2 + Hp(O>H§{3(A)> .

Proof. From the regularity assumptions on u and p and inequality (34), we can apply Proposition 6

to estimate ||V E, g (t)||2 in inequality (37), obtaining

t
HEI/J,H(t)H%—I + EOHVHEu,H(’f)H%r < 201/0 (HVHEU,H(S)H?F + HEI/J,H(S)H%'I) ds
- EU(Dc,achl,H(t)7 Dc,yEu2,H(t))H + SU,H(t)v

for ¢ € [0, T, where

Suu(t) =2(Gu(t) — Gu(0)) + Q/Ot(QH(s) + 512)T ’H(s)) ds
(Hny w1, H( )Hy + + HDfx us, H( )H?:,Jr) + EO(Dc,zEul,H(O)vDc,yEuQ,H(O))H

and

2(1 w
Ci = max{sQQ,Csi + (%—C})}

2
p

We now estimate the terms S = —FEy(D, 2B, 5g(t), Doy By, g()m and Sy g (t).

e Estimate for S:

Combining the Cauchy-Schwarz and Proposition 5, we have
5] < *(I!D_z it D24+ 1Dy By (05 1)

e Estimate for S, g (t):

We start by observing that following the construction of the estimate for Qg (¢) in Proposition 7,
it can be shown that there exists a positive constant Cy, H and t independent, such that, for all
eg #0and t >0,

Gu(®) < Co Y diamn () (I (1) Byeqays + (Ol s o + 1003
AETy (44)

+egllVa B a3

Taking into account the estimate from inequality (44) and the estimates obtained before for

Qr(t) and T}, g (t), (38) and (36), respectively, for S, p(t) we deduce that there exists a positive

13



constant C3, H and t independent, such that

Supr(t)] < Cs 3 diam(A) [0 (1) Byeqaye + (0 s ayz + 000 s
AeTy

t
+/ ||11,”(3)||[2H2 Azt ||u,(5)||[2H3(A)]2 + ||p,(8)||§13(A) + ||p(5)||§{3(A) ds

[ o) sy ]

+Cs AZT diam* (A )(”U”(O)H[QH2(A)]2 + [[u(0)[IFs ay:2 + HP(O)H%{?)(A))
clg

Ep
# (5 428 IV B O + Coe IV Bu DI

Combining the last estimate with inequality (43) we get

E t
1B O+ (22— ot ) IV B O < Auo(4201 [ (19 Bum ) + 1B (o)) s

where

Ey
Auol®) = 1B Ol + (5 42 ) IV B O

+Cs Z diam*(A) {Hu”(t)H[Qm(A)P [l ayz + PO a)+
A€TH

t
[ e 196 s+ 1)y + 19060 By + oo s
+Hu//(0)H[2H2(A)}2 + HU<O)H[2H3(A)P =+ ||p(0)”%{3(A)] :

Choosing g such that % — C352G > 0 and applying Gronwall’s lemma, we conclude that

1B O + IV Ba, g D13 S 1B m O + IV B w013 + Tu(t),
for ¢ € [0, T, where
15 Y diam®(A) [l g + 1903 o) + 1210 o m e+
AETy
+Hla®) 1 0,728y + 10O 12 ay2 + 1 (0)[Fzs a2 + [2(0) 772 (a) | -

[

Combining the previous estimate with the estimate for ||V ;; £, g (t)||5 from Proposition 6 concludes

the proof. O

An immediate consequence of Theorem 1 is the order of convergence for the semidiscrete displace-

ment and pressure approximations.

Corollary 1 (Quadratic convergence for displacement and pressure). Given the conditions in Theo-

rem 1, if |} ()1 S Hiy and ||V Bl ()l S Ha e, then

max’

1B 1 )i+ IV i Ba g (O l+ + 1V By (Ol + S Hias

and

1By s )l S Hia

14



We can also obtain an uniform bound for the semidiscrete displacement’s velocity approximation

as a consequence of Theorem 1.

Corollary 2 (Uniform bound for ||[u/y(t)||#,c0). Let ug denote the semidiscrete approzimation of the
displacement defined by (23), (24) and (28). Under the assumptions of Theorem 1,

[0 ()00 S 1,

for all t € [0,T].

After establishing the convergence for the displacement and pressure approximations, we now
present error estimates for the concentration approximations. Let Ej y(t) and E. p(t) denote the
spatial discretization errors for the semidiscrete approximations by (t) and cg(t), respectively, defined
by (25)-(27) and

t
Eo(t) = || Ew.sr(8)3 + /0 IV 1 B ()12 ds,

for w =0b,c and t € [0,T].
Theorem 2 (Estimate for the cell densities error). If the conditions of Theorem 1 hold,

L2 5(2Cqu + 1)? < DeoDyg

Hbucl( OT] C( )
and the solution of system of equations (1) to (4) satisfies b,c € C1([0,T]; C(Q)) N L*(0,T; H3(2) N
Hy () N HY(0,T; H*()), w'b,u'c € [L*(0, T3 H*(Q))]?, ¢(Ve, ¢, V)b, (Vp)e € [L*(0,T; H*(Q))]?,
then .
Bu(t) + Belt) £ 1B (O + |Ecar @)l + [ Tu(s)ds, (15)
0

fort € [0, T], where Ty (s) satisfies

T (O] < To.e(t) + () (1B i (O + IV 5B 1 (0)]1%)

+ Z diam*( ( [ulf? (30,2 (A2 T HUH[QHl(o,T;m(A))P + HPH%I(O,T;H%A)) (46)
AETy

Hla@I7207m2(a)) + 10" (O IEg2ay2 + 10(0)[1Frs(ay2 + HP(O)H%B(A)) '
with

(2C, + 1) (3L L? 1
() = 15 =2 b0 + 5 Iy ) + 10O a0

and

Tyo(t) = > diam*(A > lIr®liea +Z<HT (Ol (a +||u/(t)7“(t)”[2H2(A)]2)

A€TH r=b,c,f,9 r=b,c
+ 2 @O yeay | D2 7@ ey + 1) 1) | + 1601 Fsa)
r=b,c r=b,c
T 0(Ve(t), ), Tp)bO) Braans + (TR Brgays + 3 IO s

r=b,c

15



Proof. With the regularity conditions from Section 2.7 and following [11], it can be shown that, for all
e # 0,

1d

5
351l + (Do = 3¢ ) IV Bun (012

2

3L
< Tﬁ\\b(t)\\%z(m@cqu + D2 (1Bt DI 1 + IV i B (D]%)
b

1
(c¢ + 3 (O ) 1B Oy + 5y IO B (47
b b
2
22 1B(E) 3 (111 () + 1B (2 )
b
Ly (1ot ()11 + | Eeat )1 0)l| Byt () 111 + To s (1),
with
Tyu(t)=C1 Y diam*(A) [ > |Ir(@®)]7e ) T 10 7 a) + [0 (D) [Pz a2
AETy r=f,b
1508 ) (IO + o)) 8)

+ [ S(Ve(t), e(t), Tp(t)b() Bz a2

+ D 1@ e IO a) + ’T(t)b(t)||l2ﬁl3(A)> ,

T=C,p

for some positive constant C1, H and t independent. Since a similar estimate is obtained for E. g (t),

we can conclude that

d 56
G 0B O+ 1B 1) +2(Doo - 52 ) IV B0

3 3L
+2 <Dc,o - ¢ 100 ) (2C + 1) ) IVrEen@)2 (49
< Hb,c<t>(HEb,H<t>||%{ | Be,m (t)I[E) + Ta (),
where
(1) = 4( Loy 1612 ) + Lo.le(t) I3 q) + max{Ly, Ly} )
2 1
oo )+ 5 (€2 + i)

T (t) = The(t) + W) IV Epr (O3 + 1 EL 1 ()11F)-

2 5 1., 2 3L42i> 2 2
+max { - | Cy, + 5 |[u(t) Hoo | T = 16O (2Cqu +1)7 ¢,
€} 2 ¢ (D]

Using Theorem 1, there exists a positive constant C3, H and t independent, such that

Tt (8)] < Toe(t) + Came(t) (1B 5 (O + IV i By (017

+ Z diam*( ( ’uH[H3(0TH2( ane T HuH[2H1(O,T;H3(A))}2 + ||PH%{1(0,T;H3(A))
AETy

Hla®Z20mm2(ay + 107 (O IEg2ay2 + 10(0)[Fs Ay + ||P(0)||%{3(A)) :
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The proof is concluded observing that inequality (49) leads to

1o, (017 + || e, (D7

t
+ / elo e (2040 — 56) |V 1y By 11 (9) 13 + (2D — 0() |V iy B, (5)]17) ds
0

< O (L O + [ Bean O)) + [ e80Ty 5) s,
for t € [0, 7], with 6(t) = % ?be( )||é(§)(20qu +1)? and choosing €, and €, such that D.g — 525 —
312 '
?5(20(1“ +1)2 ||by|c1 (oc@y > 0 and 2Dpo — 5¢2 > 0. O

Corollary 3 (Quadratic convergence of scheme). Under the assumptions of Corollary 1 and Theorem 2,

if the initial data by and cq is approzimated with an error of order H, then

max )

t
1B, 1 (D)1 + | Be,rr (1)1 +/0 (VB m ()% + IV aEen(s)13) ds S Hipaxs
fort €[0,T].

Remark 4. Corollaries 1 and 3 show that the proposed finite difference method for the displacement-
pressure and concentration problems have second-order convergence in space, provided that the solution
of the continuous problem is smooth enough and the discrete initial data is of second-order. Our
technique requires a uniform bound assumption for the discrete displacement velocity u’;(¢), which is
ensured by Corollary 2 as a consequence of Theorem 1 and suitable approximations for the initial data.

This boundedness assumption is crucial to handle the nonlinear convection terms in the equations for
b and c.

4 Numerical Simulations

We have two objectives in this section: (i) to numerically illustrate the results obtained in this previous
section and (ii) to numerically simulate an academic example for tumor cell migration. We start by
presenting an example which will allow us to analyze the convergence rates, with respect to space,

given by Corollaries 1 and 3.

4.1 Convergence rate in space and time

We introduce now the necessary notations to present a fully discrete implicit-explicit (IMEX) scheme
for the displacement-pressure and concentration problems. In [0,7], we introduce the uniform time
grid {t,, n = 0,...,N}, where to = 0, Tyy = T and t,, = t,—1 + At,n = 1,...,N. We denote by
uy = (ufy,ufs), Py, by and ¢y the numerical approximations for up(tn) = (um1(tn), um2(tn)),
pr(tn), bg(ty) and cg(t,), respectively.

The diffusion tensors at time t¢,, are approximated by

1
i = Do), Dy = Dy(bjr,ci™),  Diy = Del(by, ),

the convection terms are approximated by

17



and the source terms are approximated by

n+l
o= f O G, gl =g c).

We consider the following IMEX finite difference problem: for n = 1,...,A —1, find u% € [V )%,
b, ¢ € Vo, 'y € Vi such that p}y = Rppi(ty) on I'y g, p%y = Rupa(t,) on I'y g,

q?IH ~Vi (DnHvanH) + Vg (D-tuf), (50)
= 2ufpy + . Eo
A = Vi (B ) + S Do Dyl s — D™, (51)
uhth— 2, 4wt E
2SR Vi (BoV ) + 5 Dey Doty — Dyl (52)
Doseyt + Ve (W + D) ei™) = Vi (DeuVucy™) + gk, (53)
Do + Ve (65 + Do) o) = Vi (D,jg“vag,“) + i, (54)

\

in Q, with homogeneous Dirichlet boundary conditions and initial conditions

ul; = Ry(hy + Athy), uly = Ryhy, % = Ryby and % = Ryco.

4.2 Accuracy of numerical solutions

In what follows we compute the fully discrete in time and space errors. Taking EY| ; = = Ryu(t,) —ul,

Ef g = Rub(ty) — b, Ellg = Ruc(ty) — ¢y, By = Rup(tn) — p, n=0,..., N, we define

Brroryen = _max {IESH IR m+ IELE 1R u

-----

as the error associated with the discretization of the density of cells and the concentration of chemical
signal and

Errorpun = _max {IIECH IR g+ IVaELE 13},

as the error associated with the discretization of the pressure equation and the displacement. For the
numerical simulation we set Q = [0,1]2> and T = 1. We consider the timestep of order H2. which

min

allow us to neglect the discretization error in time. For the coefficient functions we consider

2+ chb 0
0 2 + b2

1+ p? 0
0 1+2p?

2+c+bd 0

Dy =
0 2+ ¢2

) p =

and
¢p=(Vp+c)te), ¢=(Vp).

The initial conditions and the source functions are such that the exact solution of equations (1) to (8),

is given by
b(z,y,t) = ezy(x — 1)(y — 1)|y — 0.5, c(z,y,t) = ezy(z — 1)(y — 1)|y — 0.3]%,
p(z,y,t) = 50zy(z — 1)(y — 1)|y — 0.7], ui(z,y,t) = e'zysin(rz) sin(ry)|y — 0.5,

for i = 1,2 and o € R. We highlight that the solution (b,c,p,u) satisfies the regularity assumptions
of Theorems 1 and 2 with o = 3.1.
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In order to illustrate the convergence rates we repeatedly consider nonuniform grids which are
randomly generated with Hp,x between 0.020 and 0.0795. For each grid we plot the logarithm of
errors Errory . g and Error, u g versus the logarithm of Hpax. Additionally, we also plot the fitting

least square fitting line and indicate its slope. As shown in Figure 1, the slope is close to two in both

4 3r
451 8351 $
slope = 1.9568 slope = 1.9846
5 -4
-5.5 451
-6 5
6.5 -55
7r 6
7.5 . : 1 6.5 1 )
-4 -3.5 -3 -2.5 -4 -3.5 -3 25

Figure 1: Log-log plots of Errory . (on the left) and Errorp, g (on the right) versus Hpmax. The

best fitting least square line is plotted in orange.
cases, which illustrates our theoretical results.

4.3 Cancer cell migration: modeling and simulation
4.4 Introduction effect

It is well accepted the importance of the lymphatic system in cancer cell migration. Cell migration
towards the lymphatic capillaries depends on several factors, as for instance, the chemokines gradient,
the characteristics of the extracellular matrix, lymphatic endothelial cells and fluid flow. In [29] an
in vitro experiment is reported to illustrate the role of interstitial fluid flow from blood to lymphatic
capillaries in cancer cell migration. The authors considered CCL21 (CC Chemokine Ligand 21) as
chemoattractant and MDA-MB-435S tumor cells. The cells were distributed into Matrigel® used to
simulate the extracellular matrix and a water flow was considered to simulate the interstitial fluid flow.

To describe cell migration in a human tissue = (0,1)? enhanced by a chemoattractant gradient,
interstitial fluid low whose fluid pressure induces a displacement, we consider the following simplified

version of the differential system (1)-(4)

gz; +V. <¢>bvc — KbVp + %‘t‘b> = DyAb, (55)
% 1+ V- <—Kch + %‘tlc> = D Ac, (56)

V. (Kvp n %‘;) —q, (57)

(2;‘; =V - (Ee(u)) — Vp (58)

defined in © x (0,7]. In (55)-(58), b denotes the cell density, ¢ the chemoattractant concentration,
p the fluid pressure and u = (uj,ug) the displacement field of the medium. We recall that, in the
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pressure equation, g represents a source term and K is the hydraulic conductivity. The flow conditions
are modeled by the following localized source term
qo, if (x —0.5)% 4+ (y — 0.3)® < 0.01%,
q= (59)
0, otherwise,
where ¢q is a constant source parameter.

In (55), Dy is the cell diffusivity and ¢b represents chemotactic sensitivity to the chemoattractant,
while, in (56), D,, denotes the diffusion coefficient of the chemoattractant. The term V-(—KcVp)
describes the chemoattractant transport under flow conditions. The velocity of cells and chemical
signal induced by the displacement are described by the convection terms V-(%—‘t‘b) and V-(%—'tlc),
respectively. The Young modulus Ejy in (58) quantifies the stiffness of the material.

The parameters, units, description, reference values and chosen simulation values are summarized
in Table 1, where the simulation values are taken as typical reference values from the literature. We
assume, without loss of generality, that K = 1 and we also set ¢y = 22h~!, which yields typical values
for the interstitial velocity in the range of 0.36 mmh~! to 7.2mmh~!. No fixed value is presented for

the Young’s modulus, as we intend to analyze the effects of varying tissue stiffness.

Remark 5 (Young modulus of human tissue). The Young’s modulus of human tissue varies widely.
Soft tissues like lung, breast and brain typically have stiffness values in the ranges of 25 kPa to 35 kPa,
4kPa to 12kPa and 7kPa to 26 kPa, respectively. In contrast, bone tissue and skin tissue affected
by tumours are significantly stiffer, with a Young’s modulus that can exceed 689 MPa and be around
400 kPa, respectively. For a comprehensive list of values for normal and cancerous tissues, we refer
to [37, Table 6.1]. In this work, we focus on softer tissues and adopt a Young’s modulus in the range
of 1.6 kPa to 30 kPa.

Parameter Description Unit Reference values Value
Dy Cell diffusion coefficient mm? h~! [3.6 x 107¢, 3.6 x 1074 5.3 x 10~*
D, Chemoattractant diffusion

coefficient mm? h~! [3.6 x 1074, 3.6 x 1071] 2.6 x 1073

10) Chemotaxis coeflicient mm? h~! [0.001, 1] 0.07
K Hydraulic conductivity mm? Pa~th! - 1
qo Flow source term h—! - 22
Ey Young’s modulus MPa [0.0016, 0.03] -

Table 1: Parameters for the system of (55)-(58).

Initially, we set cancer cells concentrated in a region of higher density compared to the chemoat-
tractant:

_ (2-0.4)%4(y—0.7)2 _ (2—0.6)%4(y—0.6)2

b(z,y,0) =0.8¢ oot and c(zr,y,0)=05e oo

for (z,y) € Q.
In the numerical simulations, we use the fully discrete scheme defined by (50)-(54) using a uniform
mesh with Hpax = Hupin = 1.25 x 1072 and time step At = 2 x 1072, Figure 2 illustrates the

computational domain and initial density of cells and concentration of chemical signal.
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(a) Initial cell density, b. (b) Initial chemical signal concentration, c.
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Figure 2: Representation of the computational domain and initial conditions for the cell density and

chemical signal concentration.

We now explore several simulation scenarios. Initially, in Section 4.5, we consider a simplified case
where diffusion occurs and without fluid pressure or tissue displacement, focusing solely on chemotazis.
Next, in Section 4.6, we incorporate fluid pressure to evaluate its influence. After that, we combine
all mechanisms in Section 4.7, chemotaxis, fluid pressure and displacement, in order to study their
combined impact on cell movement. We also consider in Section 4.8 an additional scenario in which
the displacement field is generated by a source term that continuously emits mechanical waves. This
setup is intended to mimic the effect of ultrasound waves propagated through the tissue, commonly used
in therapeutic contexts such as targeted drug delivery. Our goal is to investigate how this persistent
mechanical stimulation influences the migration of cancer cells. For these cases, all parameters will be
given by the values in Table 1. However, in same cases, we intend to analyze some variations of the
parameters of the model. All simulations were run for 15 h.

As a final note before presenting the simulations, we aim to quantify the percentage of migrated cells
under the influence of each component individually. Specifically, we evaluate the migration resulting
from chemotazis alone, chemotazis coupled with fluid low and the combination of all three mechanisms.
In these measurements, we isolate the effects of each mechanism by excluding the contribution of
diffusion to cell movement. To achieve this, we adopt a domain partition where we define a chamber

region and measure the percentage of cells that migrate into this area.

4.5 Chemotaxis effect

When considering only the effect of chemotaxis on cell movement, we expect cells to move towards the
higher chemical concentration and anticipate a gradual migration towards southeast. This behavior is
illustrated in Figure 3, which plots the cell density, b, at different time levels, overlaid with contour
lines representing the initial distribution for reference. Figure 3 also shows a small accumulation of cells
near the region of high chemical concentration at early times. As time progresses, the cell density at

the original location decreases, while cells continue to migrate southeast. At later time instances, the
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Figure 3: Cancer cell distribution under chemotaxis at different time levels.

movement becomes less pronounced and diffusion begins to dominate the overall dynamics. Regarding

the concentration of the chemical signal, ¢, we expect diffusion to be the only dynamic process, since
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in this case the governing equation is a pure diffusion equation without any source terms. Figure 4

%1072
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) 0.5

0.2 0.4 06 08

Figure 4: Concentration of chemical signal under diffusion at t = 15h.

presents the distribution of the chemical signal at the final time level ¢ = 15h and will serve as a

reference for comparison in the simulations of the upcoming sections.

4.6 Chemotaxis effect coupled with fluid pressure

We now analyze chemotazis coupled with fluid pressure, illustrating the effects of the fluid flow on
the cell movement for two different source terms: gy = 22h~! and ¢ = 100h~!. In both cases, we
still expect chemotazis to be the dominant mechanism guiding cell movement, resulting in a trajectory
similar to that observed in the previous case. However, due to the influence of the velocity field,
induced by the fluid pressure, a slight upward movement of the cells is anticipated, as illustrated by
the velocity field in Figure 5.

1

,,,,,,,,,,,,,,,
0‘9_::::::vvlrr»»», i
\\\\\

\\\\\
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0 ) o -
0 0.1 02 03 04 05 06 07 08 09 1

Figure 5: Velocity field under flow with gy = 22h~!. The top left plot is a zoom in on the dashed box.

As chemotaxis continues to be the dominant driving force, we plot only the final time level for both
the cell density and chemical signal concentration. For comparison, Figure 6 presents the plots of cell
and chemical signal distributions, for different fluid source terms, at ¢ = 15h. The influence of the fluid

flow, increasing with the flow rate qg, causes an upward displacement of both the cell density and the
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Figure 6: Simulation results at ¢ = 15h. Results are shown for: (a)-(b) chemotazis only; (c)-(d)
chemotazis and flow with gy = 22h~!; and (e)-(f) chemotaxis and flow with gy = 100h~L.



chemical signal concentration, as globally depicted in Figure 6. Specifically, when we compare the no-
flow scenario to the intermediate rate (go = 22h~!) and the high rate (go = 100h~!), the upward shift
is clearly exhibited in the resulting cell density fields (Figures 6¢ and 6e) and the chemical concentration
fields (Figures 6d and 6f). Furthermore, in both flow scenarios, a distinct region immediately adjacent
to the fluid source is depleted of the chemical signal, with its concentration approaching zero.

We also plot the percentage of cancer cells that migrated to the chamber. Figure 7 illustrates
three different scenarios: chemotaxis alone, chemotazxis combined with fluid flow for flow source term

go = 22h~! and chemotazis combined with fluid flow with gy = 100h~!. As expected, the scenario

1.4

T
—O— Chemotaxis
—<&— Chemotaxis with flow source q=22

Chemotaxis with flow source q0=1 00

0.8

0.6

Percentage of cells migrated

Figure 7: Percentage of cells migrated to the chamber under chemotaxis, chemotaxis plus fluid flow

with gg = 22h~! and chemotazis plus fluid flow with go = 100h~1.

with chemotazis alone exhibits the lowest migration rate, reflecting the limited directional guidance
provided solely by the chemical gradient. When fluid flow is introduced, the migration rate increases
in both cases. A higher source term (go = 100h~!) results in a greater percentage of migrated cells
compared to gy = 22h!, confirming that increased fluid mobility amplifies the influence of the pressure

field on cell transport.

4.7 Chemotazxis effect coupled with fluid pressure and displacement

We now consider the fully coupled problem, where migration is influenced by chemotaxis, fluid velocity
and tissue displacement. For this simulation, the fluid source parameter is set to g = 100h™! and the
displacement field is given by a Gaussian profile centered in the domain with zero initial velocity, that
is ) ,

= % e_@ ST and %?(a:,y,O) =0,

fori=1,2, (x,y) € Q and we set Ey = 0.005.

Figure 8 compares the percentage of cells that migrate to the chamber under three different scenar-

Ui(ff, Y, O)

ios: chemotazxis, chemotaris combined with fluid flow and chemotaris combined with both fluid flow
and mechanical displacement in the tissue. Including displacement with flow (go = 100h~!) leads to
slightly higher cell migration compared to flow alone, as shown in Figure 8a. However, the difference is
minimal, suggesting that displacement has a marginal effect in this regime, likely due to the dominant

influence of fluid pressure. Consequently, we do not include additional visualizations for this scenario.
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Figure 8: Percentage of cells migrated to the chamber over time under various fluid flow and displace-

ment conditions.

To further investigate the potential role of displacement, we take o = 22h~!, K = 5 and consider
two values for the Young modulus: Ey = 0.005 and Ey = 0.05. As illustrated in Figure 8b, the per-
centage of cells reaching the chamber begins increasing earlier than in the previously tested conditions.
Additionally, the final percentages are higher for both cases. The initial stages of cell movement also
display a more irregular behavior, possibly due to transient effects caused by the interplay between fluid
flow and mechanical displacement. Another important observation steaming from Figure 8b is that the
percentage of cells migrated to the chamber is consistently higher in the softer tissue. This suggests
that, under the combined influence of chemotazis, fluid pressure and displacement, cell migration is

more effectively promoted in softer tissues.

4.8 Chemotaxis effect with fluid pressure and displacement with a source term

The final case of interest concerns the continuous emission of mechanical waves, aimed at investigating
the impact of sustained mechanical stimulation on migration. In this scenario, we assume no initial
displacement or velocity in the tissue. Instead, wave generation is modeled through a time-dependent

source term in the displacement equation, given by:

0 =\2 02
ot = ey (<32 - BB Y iniet) €0, e 07)

where A is the amplitude, o, and o, are the standard deviations and w is the angular frequency.
This term continuously emits waves centered at (0.5,0.5). We consider the parameters A = 0.1,
oy = 0y = 0.02 and angular frequencies w = 200m and w = 1007. All other parameters remain as
specified in Table 1. Our objective is to analyze the effect of this stimulus on migration in two tissues
with different stiffness profiles: Ey = 5 x 107% and Eg = 5 x 107°. Figure 9b shows the percentage
of cells that migrate to the chamber under chemotazis and chemotaxis combined with fluid flow with
go =22h~!, w = 200r.

Recalling that the percentage of cells migrated under chemotazis combined with fluid flow (g9 =

26



T
—O— Chemotaxis
[ | —&— Chemotaxis, flow with 0,=22, E;=0.0005 and w=2007

Chemotaxis, flow with q0=22, E0=0.00005 and w=2007

T
—E&— Chemotaxis
—&— Chemotaxis, flow with q,=22, E;=0.0005 and w=1007

Chemotaxis, flow with q0=22, E0=0.00005 and w=1007

el

S
©

o
©
T

e
3
T

o
o
T

e
IS
T

05

Percentage of cells migrated
Percentage of cells migrated
o
(9]

Time (h) Time (h)

(a) w = 100m. (b) w = 2007.

Figure 9: Percentage of cells migrated over time under sustained mechanical wave stimulation (with

go = 22h~!), comparing two angular frequencies across tissues with different stiffnesses.

22h~1) was approximately 0.6% (see Figure 7), we observe that the addition of wave stimulation results
in a higher migration rate. This suggests that the combined influence of fluid pressure and sustained
mechanical waves significantly enhances cell motility. Furthermore, we note that the stiffer tissue
(Eo = 5x107%) leads to reduced migration compared to the softer case (Eg = 5 x 107°). Interestingly,
both migration curves remain nearly identical until approximately ¢ = 11h, after which differences
begin to emerge.

We also reduced the angular frequency to w = 1007 while keeping all other parameters unchanged,
to assess its influence. As shown in Figure 9a, this reduction further increases cell migration. In the
stiffer tissue, the percentage of migrated cells rises to approximately 1.2%, while in the softer tissue
this value reaches about 1.4%. These values represent a noticeable increase compared to the 0.73%
and 0.93% observed in the higher frequency case, respectively. This suggests that lower frequency
mechanical stimulation promotes greater cellular movement. Additionally, both curves remain similar
up to t = 12 h, after which the stiffer tissue again shows a slower increase in migration, consistent with

the behavior observed under higher frequency conditions.

5 Conclusions

This paper presented a numerical method for the nonlinear system of partial differential equations
(1)-(4) that combines two convection-diffusion-reactions equations and an elliptic and a wave-type
equation. The convective transport in the two first equations depends on the gradient of the solution
of the elliptic equation and the time derivative of the solution of the wave equation.

It should be pointed out that (1)-(4) can be considered to describe cancer cell migration when
chemotazis, fluid pressure and mechanical displacement of the tissue are the relevant phenomena in
cell migration. This model extended previous work in [11] by including tissue displacement through
a linear elastic model (Hooke’s law). A semidiscrete finite difference scheme was proposed and ana-
lyzed, establishing second-order of convergence in space for all variables of the system, under suitable

smoothness assumptions and second-order initial data approximation. Numerical simulations with an
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IMEX method based on the semidiscrete scheme confirmed the theoretical convergence rates. The
nonlinearity nature of the problem as well as the dependence of the convective transport on the solu-
tion of the elliptic and wave equations and the presence of mixed derivatives in the wave equation pose
intricate mathematical challenges that were addressed in the present work.

Numerical simulations allow us to draw some insights regarding the interplay between chemotazis,
fluid pressure and displacement on cancer cell migration. In high-flow regimes (go = 100h~!), fluid
pressure dominates over mechanical displacement. However, when fluid flow is reduced (gq = 22h™!),
mechanical displacement plays a more important role. On our analysis, softer tissues show higher mi-
gration rates compared to stiffer tissues. We also concluded that sustained mechanical waves, modeled

through a time-dependent source term, significantly enhanced migration compared to all other cases.
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