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ABSTRACT. In this paper we study an accurate and stable numerical method for the system of partial
differential equations defined by the linearized Westervelt equation and the Pennes bioheat equation.
This system was proposed in the literature to describe the high-intensity focused ultrasound (HIFU)
propagation through a target tissue and the correspondent temperature evolution due to the conversion
of acoustic energy into heat. In the bioheat equation, the heat source term is allowed to depend on the
acoustic field through p?, pf or on suitable time-averaged versions of these quantities. The method can
be seen simultaneously as a finite difference method and as a fully discrete in space piecewise linear
finite element method. We establish second order convergence in space for the discrete time derivative
and for the discrete gradient of the numerical solution and first order convergence in time, including the
case where the temperature equation is driven by the aforementioned heat sources. Semi-discrete and
fully discrete in time and space discretizations are studied using the Bramble-Hilbert lemma to avoid
the usual smoothness requirements on the solution. Simulation results illustrating the convergence
estimates and the qualitative behavior of the solution of the differential problem are also included.

1. INTRODUCTION

Ultrasounds have been a staple in clinical diagnostic for decades. More recently, its mechanical
and thermal effects have led to its use in several medical applications, through high intensity focused
ultrasounds (HIFU), see [5,9,10,30]. Therefore, accurately simulating the propagation of HIFU plays a
crucial role in treatment planning. In this paper, we consider the Westervelt equation [10,34],

pue = bAp, + a(T)Ap + k(T) (p*)ue + f, (1)
coupled with the well known Pennes bioheat equation,
0Ty + T = %AT + g, (2)

to model a HIFU propagating through a target tissue and the corresponding temperature evolution. This
system is defined in the domain € x (0,¢¢], where 2 = (0, 1)? is the spatial domain and ¢; > 0 represents
the final time. The system of partial differential equations (1) and (2) is also complemented with the
initial conditions

p(x,9,0) = ¢(z,y), pe(z,y,0) =¢(z,y), T(z,y,0)=To(z,y), for (z,y) € Q, 3)
and the homogeneous Dirichlet boundary conditions
p(fﬂ, y,t) =0, T(:B,y,t) =0, on Q x (O,tf]a (4)

where 99 denotes the boundary of 2. In the context of equation (2), the source term g accounts for the
heat generated by the conversion of acoustic energy, as well as other potential heat sources.

The coefficients and terms in these equations have distinct physical meaning. For the Westervelt equa-
tion (1), a(T) = c*(T), where ¢(T) is the temperature-dependent speed of sound in the tissue. The term
b > 0 is the sound diffusivity. The coefficient k(T') is defined as WQL(T), where p is the mass density
and [ is the nonlinearity coefficient. Finally, f represents an external source term. For the Pennes
bioheat equation (2), 70 = p,Cya, where p, is the medium density and C, is the medium specific heat
capacity. The term v is given by Cywy, where (Y is the specific heat capacity of blood and wy is the
volumetric perfusion rate. The coeflicient 75 is the thermal conductivity of the medium. The source term
g is expressed as g = Q+ CpwpT,, where T}, is the arterial blood temperature and @ is the acoustic energy
absorbed by the tissue that converts to heat. The expression of the heat source () varies in the literature
but it is modeled as being directly proportional to the acoustic intensity. However, the intensity of an
acoustic wave can be expressed in different ways. For example, if the phenomenon is not very oscillatory,
the intensity can be taken as the instantaneous squared acoustic pressure, p?, or pressure velocity, p?,
see [12,22]. Both expressions can be seen as equivalent, in some sense, provided we scale the pressure

Key words and phrases. Westervelt equation, Pennes equation, nonuniform finite differences, convergence and stability
analysis, numerical simulation.

[vl] Mon, 16 Mar 2026


https://www.mat.uc.pt/preprints/eng_2026.html

THE LINEARIZED WESTERVELT-PENNES BIOHEAT SYSTEM: NUMERICAL ANALYSIS AND SIMULATION 2

velocity with w2, where w is the angular frequency, see [27]. However, if the pressure signal is highly
oscillatory, like HIFU, then it is considered more appropriate to model the intensity as a time-averaged
quantity. As before, two possibilities are to model the intensity as <p2> or w2 <pf>, where

) @) = 1 [ P s

In [12,22], Q is unbounded as p? and p? increase. This behavior is not physically acceptable in practical
applications. We believe that a smoother version of these functions needs to be introduced to ensure
physical accuracy. Following these considerations, we will assume that @ is a Lipschitz function depending
on 12, p2, (p2) and (p?).

Further research into this system and its variations have explored aspects of its mathematical prop-
erties and physical interpretations. For instance, the local wellposedness of the system comprising equa-
tions (1) to (4) was established in [22], while its global wellposedness and qualitative behavior were
analyzed in [23]. To account for nonfickian heat transport, the authors of [1] considered a hyperbolic
heat equation as a replacement for the standard Pennes equation. This nonfickian version incorporates a
relaxation time parameter 7 into the heat flux, J!, such that 7 %‘g +J = —k,VT. Additionally, in [3], the
authors modified the system of equations (1) and (2) by coupling it with a convection-diffusion-reaction
equation for a concentration variable, where the convective velocity is dependent on the acoustic pressure.
This study also addressed the wellposedness of the newly proposed system and presented a numerical
method to illustrate the behavior of its solution.

The mathematical description of ultrasound propagation through a target tissue has received broad
attention in the literature. For instance, a wave equation in a heterogeneous medium is considered in [20],
while in [8,16] a telegraph equation in a nonhomogeneous medium is studied. A homogeneous Helmholtz
equation was analyzed in [12]. To describe ultrasound propagation in a viscoelastic tissue, the authors
in [29] studied a viscoelastic wave equation written in terms of particle displacement. Other references
that focus more in specific applications can also be found in the literature. Without being exhaustive
we mention that ultrasounds can enhance drug delivery in several medical contexts. They can be used
to locally and transiently break the blood brain barrier [26,31], and the corneal barrier, increasing its
permeability [28,35]. They can also break physiological cancer barriers [13,14] and assist in treating eye
diseases by temporarily disrupting the corneal barrier [28,35]. Other applications of HIFU propagation
has been employed in tumor ablation (see, for instance, the reviews in [9,19]) and fat reduction [21].

In the numerical analysis of this paper, we focus on a linearized version of the Westervelt equation,
neglecting the nonlinear effect term k(7') and taking a(T') as a constant, that is, we consider

Pt + a1pr = asAp + azAp, + f, (5)

and
T, +nT = 7AT + Qv v}, (p*) . (p7)) + g- (6)
subject to the same boundary conditions and initial data as previously.

In porous tissues, and as a consequence of ultrasound propagation, convective heat transport can be
observed due to occurrence of cavitation - growing, oscillation and collapsing of microbubbles, see [4].
Cavitation induces phenomenon like microstreaming, microjets and shockwaves that enhance heat and
mass transfer. The Pennes bioheat equation does not take into account the convective heat transport
and alternative models have been proposed in the literature. For instance, in [32,33], a particular case
of equation (2) is considered to describe the temperature evolution induced by HIFU with v(p) = u
where u is a divergence free velocity satisfying the momentum equation

w + fru = +BV - (Vu+ (Vu)') — B3Vp + Bu(T — Trep)g + F(p).

Here, (Vu)? denotes the transpose of Vu, g denotes the gravitational acceleration and F(p) is a source
term that takes into account the conversion of the acoustic pressure energy in heat. We note that in our
paper, although our main focus will deal with the system defined by equations (5) and (6), which does
not explicitly include the convective term, we will make remarks along the paper on how the analysis
can be carried out if such term is present. We shall assume that the convective velocity depends on
ultrasound pressure and its gradient, thereby avoiding the mathematical equations for u.

Although the numerical simulation of ultrasound propagation through a target tissue and the corre-
sponding temperature evolution are reported in a considerable number of papers, only a few papers focus
on the development of the theoretical support on the numerical methods used. Without being exhaustive,
we mention [8] where a semidiscrete approximation for the acoustic pressure and temperature induced

IIn this paper, we will use bold letters to denote vector quantities.
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by a spatial discretization defined by a finite difference method (which can be seen as a fully discrete
piecewise linear finite element method) is proposed. This was used to solve the telegraph equation for
the ultrasound propagation coupled with a Pennes bioheat equation for the heat evolution.

The present paper addresses the lack of theoretical support for the Westervelt—Pennes system by
developing a fully discrete numerical method for the linearized Westervelt—Pennes system of equations (5)
and (6) with rigorous convergence analysis. Our main contributions are (i) a semidiscrete and fully
discrete finite difference method, (ii) stability and error estimates for both semidiscrete and fully discrete
approximations, (iii) second order in space and first order in time convergence rates under less smoothness
than the classical approach and (iv) numerical simulations illustrating the theoretical convergence rates
and qualitative behavior using realistic physical parameters. Compared to [8], our analysis incorporates
the additional diffusion term Ap; in the acoustic equation and the acoustic energy absorption @ in the
heat equation, and extends the analysis to fully discrete schemes.

The paper is organized as follows. In Section 2 we introduce the notations and auxiliary results that
will be used in the numerical analysis of the proposed method. In Section 3 we present the semidiscrete
approximation for the system defined by equations (5) and (6) and establish stability and error estimates
for the corresponding numerical approximations. A fully discrete method in space and time is introduced
in Section 4 where we also establish stability and error estimates for the corresponding numerical approx-
imations. Finally, in Section 5, we present some simulation results illustrating the convergence estimates
and the qualitative behavior of the solution of the differential problem, using realistic parameters.

2. NOTATIONS AND AUXILIARY RESULTS

This section lays the groundwork for our numerical analysis. We consider the domain = (0,1)? and
introduce in Q a nonuniform grid Qg in the following way. Let H = (h,k) represent the discretization
parameters, where h = (hq,...,hy) and k = (k1,..., k) are vectors with positive entries such that
Ihis = |Ik|l1 = 1, where |||, denotes the standard vector p-norm, with p = 1. We define Hyax =
max{||h| s, |||l } and Hp;, with the proper adjustments. In the subsequent analysis, we will consider
a sequence of such grids, where this parameter, Hy,,x, tends to zero.

The set of grid points, denoted by Qg, is defined as

QH:{(xi7yj):i:O7""N’j:0""’M}7

where o = yo = 0, and the grid point coordinates satisfy z; = x;_1 + h;, for ¢ = 1,..., N, and
y; = yj—1 + kj, for j = 1,..., M. The discrete boundary 9y is the intersection of Qp with the
boundary of the continuous domain 9%, i.e., 00y = Qg N OQ. The set of interior grid points is denoted
by Qg = ﬁH Nn€Q.

Remark 1. Throughout this work, we use the notation A < B to indicate that A < C'B for some positive
constant C independent of the discretization parameter H and time t.

2.1. Discrete space and operators. We denote by Vi the space of grid functions defined on Q. A
subspace of particular interest is Vi o = {vg € Vi : vy (x,y) =0, (z,y) € 0Qg}, which consists of grid
functions that are zero on the discrete boundary.

Next, we introduce several finite difference operators. The backward difference operator in the z-
direction, D_, : Vg — Vg, at a point (z;,y;), is defined by

up (2i,y;) — ug(@i-1,95)

h; ’
where we assume that, if ¢ = 0, then D__ug(x0,y;) = un(xo,y;)/h1. The second-order centered
difference operator in x, Dy , : Vg — Vi, is defined using D_, as

D_,un(zi,y;) =

D_ ug(Tit1,y;) — D_,un(zi,y;)
hit1/2

Dy yun (i, y;) = ,
where h;y1/2 = (hi + hiy1)/2 and, at i = N, we simply eliminate the term D__ ug(2i41,y;) in the
previous definition. The operators D_, and D, , are defined analogously in the y-direction, with k; 1 /o =
(kj + kj11)/2. Using these, we define the discrete gradient operator Vy; : Vi — [Vy]* as Vyug =
(D_qu,D_yuH), for uy € Vg and the discrete Laplace operator, Ay : Vg — Vg, by Aguy =
Dy yum + Dy yup, for ug € Vg.

The centered difference operator in the x-direction is defined as

UH($i+17yj) - UH(%‘A, l/j)
hi + hit1

D, ,un(wi,y;) =
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The corresponding operator in the y-direction, D, ,, is defined analogously. We denote by Vewu: Vo —
[Vi])? the operator defined by V.gun = (D, um, D, yun), for ug € Vi. Moreover, we introduce the
operators D, D, : Vg — Vg. Fori=1,...,N—1and j=1,...,M, D, is defined as

Dyt (w1, ;) = hiD_ um (zig1,y5) + hig1 D_jum (xi,y5) .
hi + hig1
At the boundaries © = x¢ and ¢ = x, it is defined as D), ug (zo,y;) = D_,um(x1,y;) and Dyup (N, y;) =
D_,up(xzN,y;), for j = 1,..., M. The operator D, is defined analogously. The combined operator
Dy : Vg — [Vg)? is given by Dyuy = (Dyum, Dyug), for ug € Vp.
Finally, we introduce the averaging operator in the z-direction as

wn (Ti-1,Y5) + wn (i, y5)

2
where Mpug(zo,y;) = um(2o,y;)/2. The operator My, is defined similarly in the y-direction. For a pair
of grid functions uy = (up.1,um2) € [Vi]?, we use the notation

Myug (x4, y;) =

Mpuy = (Mpup, Myug2).

2.2. Discrete inner products and norms. We now define inner products and norms on these discrete
spaces. For uy, vy € Vo, we define

(wmvm) g = Y, |Tijlun (@i y)ve (@i, y;),
(2:,9;)EQH

where O; ; = (2;_1/2,Zit1/2) X (Yj—1/2,Yj+1/2) N Q is a control volume around (z;,y;), and | ]
denotes its area. In this definition, we assume that the midpoints x;; /o are defined as

T_y/3 =To, TN41/2=TN, Tiy1/2=7Ti+hiy1/2, j=1,...,N—1
and y;1/9 is defined similarly. The norm induced by this inner product is denoted by ||-|| -

For vector grid functions uy = (ug1,un2), vy = (vg1,vm2) € [Vi]?, we define
(UH7VH)+ = (up,1,va1)z+ + (UH2, VH2)y +)

where each component is given by
N M-1
(Up1,vE1)2,+ Z Z hikji1youp (2, y;)vm1 (i, yj)
i=1 j
N-1

Il
—

NE

(uH,27 UH,Q)y,+ hi+1/2kjuH,2($i7 yj)UH,Q(x% yj)-

=17

Il
_

We note that this bilinear form is an inner product in Vi . The corresponding norms derived from these
components for functions in Vo are denoted by |-+ and ||-||y,+. Using these, we define a discrete
norm for the gradient,
2 2 \1/2
IVgunll+ = (ID_qunlz 4 + I1D_yunly ) "
With this notation, we define in Vg the following discrete norm
2 2\1/2
lurllnm = (luall + 1Vaurl?) "
It is worth observing that the norms ||-||z and ||-||1,# can be interpreted as discrete analogues of the
standard continuous L?(2) and H'(Q) norms, respectively. We also introduce a discrete L*-norm for
grid functions in Vg as
1/4
urllLs, = > Oiluk (i, y))
(zi,y;)€EQm
The following two results are well known for this type of finite difference operators and corresponding
inner products.

Proposition 1 (Summation by parts). For ug,vy € Vi, the following equality holds
(AHUH, UH)H = 7(VHUH, VHUH)+-
Proposition 2 (Discrete Poincaré-Friedrichs inequality). For all ug € Vi, we have

lur o < IV gumlls
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Finally, we define discrete analogues of the W**-norm, s = 0,1. Forugy € Vg and ug = (ug,1,umz2) €
[VH]Q, let

||’U’H||+#L’,OO = max |uH(:E27yJ)|7 ||uH||H,oo = max |’LL1L1(1‘,“’L1/J)‘7
=1 N
Y, (21.0,)€0n
= v
lurll+y.00 = iZ0n N [ur (i, y5)], w1 m,00 = max{|lun || g,o0, IV gum|+.00}
G=1,0 M

s[4 00 = max{llum 1]+ 2,000 um2ll+.y.00}-
In the upcoming analysis, we will also require the following propositions whose proof is straightforward.

Proposition 3. For ug € Vi, it holds

a0 < o llus]
u u
HI||H,oo > Hmin HI||H,
1
e || 00 < JAH IV gumll+,
1
< Vunls
Hglln

Proposition 4. Let uy € [Vio]? and vy € Vi o. We have
(Vegum,vm)g = —(Mpup,Vgvg)y.
Proposition 5. Ifuy € Vo then
max{||Dyun | f,o0; | Dyt oo} < 2min{|[D_um 42,00 1D _yum |+ y.00}

We end this subsection by stating one result that is a discrete version of Ladyzhenskaya’s inequality [22,
Inequality (2.8)] in Vp,o. This result is the two-dimensional counterpart of [24, Proposition A.0.4]. In
order to do so, we first present an auxiliary result that is a discrete version of the Gagliardo-Nirenberg
interpolation inequality applied to Vi o functions per line segment.

Proposition 6 (Discrete Gagliardo-Nirenberg interpolation inequality). Let ug € Vo and (z;,y;) €
Qp. Then,

N_1 1/2 1/2
) I{laXNuH(x“y] < 2(; hiH/Qu%{(mi,yj)) (Zh (D_,uy ag“yj))2>
and
Mt 1/2 1/2
; I{laXMuH(xwyj) <2 Zl kj—&-l/ZUH(xwy]) Zk D_ UH muyj))g
J

Proof. We only prove the first inequality, as the second follows similarly. For fixed j, we consider the
one-dimensional grid function v; = uy(x;,y;) for ¢ = 0,..., N. Note that vg = vy = 0 since uy € Vi .

Let m denote the index such that |v,,| = max; |v;|. Since vy = 0 and using the Cauchy-Schwarz
inequality, we can write

m
= Z Vi + UVi— 1 D_xvi)
=1

N, 12 , y 1/2
2 (Z Zz v; + Ui_1)2> (Z hi(D_in)2> .
=1

i=1

IN

Finally, from the identity

hi
1 (vi +vi1)? = Z hit1/20},

-

we conclude the proof. O
Proposition 7 (Discrete Ladyzhenskaya-type inequality). For uy € Vi o, we have
lurllFs < V2wV sl (7)



THE LINEARIZED WESTERVELT-PENNES BIOHEAT SYSTEM: NUMERICAL ANALYSIS AND SIMULATION 6

Proof. From the definition of [|-|| L4 , we have

M-—1 N-1
lum s = > ki (Z hi+1/2u§1($i,yj)“?q(%?h))

j=1 i=1

IN

M—1

k; max u (z Zh max w3 (x;, y;
Zl ]+1/2i:1,...,N—1 l?y] i+1/2 Gl M1 H( hyj)
j=

J=1Ls0

Ay Az

Using Proposition 6 to estimate the maximum term in A;, we obtain successively

M—1 N-1 /2 , N 1/2
A <2 Z kjt1/2 (Z hi+1/2u%{(1'i7yj)> (Z hi(D_xUH(xivyj))2>
=1

j=1 i=1
<2ljunllalD_pumlle+,
and similarly, for A,
Ay <2llug||allD_yunlly+-

Combining these estimates, we arrive at
lurllzs < 4llurllf I D_pun o |1D_yumlly,q+
H
which leads to inequality (7). O

2.3. Projection and restriction operators. Let 7Ty be the admissible triangulation of €2 induced by
the nonuniform rectangular grid Q. Specifically, each rectangle [z;, ;1] X [y;, yj+1] within this grid is
decomposed into two triangles: one that includes the grid vertex (x;,y;4+1) as its right-angle vertex, and
the other that similarly includes (x;41,y;) as its right-angle vertex. Associated with the nodes of this
grid Qp, we denote as Py : Vi — C(Q) as the standard piecewise linear interpolation operator. We
further introduce the standard restriction operator RH C(Q) — R which evaluates a function at the
grid points of Oy and the Clément-type prOJectlon RH LY(Q) — R, as follows

// g(x,y) da dy,

2.4. Functional spaces. To simplify the presentation of the upcoming numerical methods, we consider
the following notation: if vy : Qp x [0,t5] — R, by vg(t), t € [0,¢¢], we represent the grid function
v (t) : Qg — R, defined by vy (t)(xi,y;) = vu(zs,y;,t), i =0,...,N and j =0,..., M. By vjy(t) we
represent its time derivative. For grid functions vy defined in others grid sets the definition is similar.
Finally, given a Banach space X and m € N, we introduce C™([0,ts]; X) as the space of functions
v:[0,t;] — X such that v : [0,¢;] — X, i =0,...,m are continuous, imbued with the norm

(Rug)(wi,y;)

1.7
fori=1,...,N—1,j=1,...,M—1.

m . = t .
[vllem ((o,¢ %) tg[lgij]ﬂv( ) x

Similarly, we introduce the Bochner spaces H*(0,¢¢; X) i > 0.

3. SEMIDISCRETE APPROXIMATION METHOD

The numerical method that we will study in the present paper can be seen simultaneously as a fully
discrete piecewise linear finite element (FEM) method and as a finite difference method (FDM). To
introduce our method as a fully discrete piecewise linear FEM, we first introduce the weak formulations
of the combination of equations (1), (2), (5) and (6). On one hand, we recover the linearized case of
equation (5) making K = 0 and on the other hand, we recover the original Westervelt equation (1).

For the coupled problem, the weak formulation is: find p € H?(0,ts; L2(Q)) N H(0,¢; HY(2)) N
L2(0,t; H2(Q) N H(Q)) and T € H(0,t5; L2(2)) N L?(0,t¢; H3(22)) such that

(P"(t), w) + ar(p' (), w1) + 02(Vp(t), V)22 + as(Vp'(£), Vi) 22 @®
= K((p*(1))",w1) + (f(t), w1)
and )
(T'(t), w2) + 7 (T(t), w2) +72(VI(t), Vwa)(r2)2
2 2

= (QM*(®), ()*(1), (»*) (1).{(¥')*) (1)), w2) + (9(t), w2),
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a.e. in (0,t5), for all wy,ws € HJ (), with the initial conditions
(p(0), w1) = (¢, w1),
(¥'(0), wa) = (¥, wo), (10)
(T(0),ws) = (To, ws),

for all wy,ws, ws € L*(2). In equations (8) and (9), (-,-) and (-,-);z2}2 are the usual inner products in
L2(2) and [L?(2))?, respectively. To simplify the notation, we define

Qpl,t) = Q* (2, 1), (') (2, ), (p*) (2, 1), ((')?) (1)) (11)
as a shorthand notation for the heat source term. Therefore, the piecewise linear finite element (FE)
approximations Py (t) = Pypg(t) and Ty (t) = PyTy(t), with pg(t), T (t) € Vi, are defined by

(D (1), wr,1) + o1 (P (t), wr1) + a2 (VPu (t), Vwm,1) 22 + as(Viy (t), V)2
= K((ﬁ%—l)/lva,l) + (f(t)a wH,1)7
(T3 (), wer2) + 71 (Tu (), wi2) + 72 (VT (t), Vwm o)z = (Qpy ), wa2) + (9(t), wa 2), (13)
a.e. in (O,tf), for all WH,1,WH,2 € VH,O and
(ﬁH(O)a wH,l) - (d/;H; wH,l)v
(P (0), W) = (JJHJUH,Q)a (14)
(T(O)a wH,3) = (TO,Ha wH,3)7

for all wy 1, wH2, w3 € Vi,o, with z/A)H = Py Ry, (ZSH = Py Ry ¢ and T(),H = Py RyTy. Considering
now suitable quadrature rules, from the set of equations (12) to (14) we obtain the fully discrete FE
approximations for the acoustic pressure, py(t) € Vu o, and for the temperature, Ty (t) € Vi, that
satisfy

P (), wia) g + ey (), waa) g + ao(Vgpu(t), Vgwm)
os(V iy (1), Vrwr ), = K (03 (0)"wma) y + (Barf (). wi)
(T (), wr2) y +1(Tu(t), wr2) y +72(VeTa(t), Vgwns)
= (Qpu (O wia)y + (Ruglt)wia)

a.e. in (0,ty), for all wy 1, w2 € Vo and

(15)

(16)

(pr(0),wrg1)n = (¢u, wH1)H,
(Pu(0), wh2)m = (Y, wH2)H, (17)
(Tr (0),wr3)u = (Tg,wus)m,

for all wy 1, wr 2, wH 3 € V0, where ¥y, ¢ and Ty g are approximations for 1, ¢ and Ty, respectively.
We observe that from equations (15) to (17) we obtain the following initial boundary value problem

P (t) + 01l (t) = s Aupu(t) + asAuply(t) + Kk ()" + Ruf(t), (18)
Tir(t) + 1 Tu(t) = 1 AuTu(t) + Qpy () + Rug(t), (19)
in Qp and a.e. in (0,%y),
P (0) = ¢u, pu(0) = ¢u, Tr(0) = To,m, in Qp, (20)
and
pu(t) =Ty (t) =0, on 0Oy, (21)
a.e. in (0,ty).

Remark 2. Oftentimes, as mentioned in the lintroduction, the temperature equation in bioheat transfer
models includes the convection term —V - (v(p, Vp)T). In this study, we have chosen to omit this
convection term from our numerical analysis to simplify the presentation, but will make remarks on how
to handle this term in the main analysis. This decision is based on the observation that, in many practical
scenarios, the convection effect is relatively minor compared to the diffusion component of the equation.
By excluding this term, we simplify the main analysis while still capturing the essential dynamics of the
temperature distribution within the tissue.
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To consider a fully discrete in time FEM/FDM, given S € N, we introduce the following uniform
partition on the time interval [0, ],

{tn :nAt,n:O,...,S},WithAt:%.

We also introduce the finite difference operators,

ufy —u Do ot — thu’;;“l —D_,u% D un — wltt it
At Rt At ) ettH = 2At

for values of n that make the expressions valid. To discretize the time integrals in equation (11), we

introduce the first order approximation

At <~
)" = TS g m > 1,

noi=1

n o o__
D_up =

and the corresponding discretization of the heat source term @,

ZH = Q((prﬁ)Q’ (D—tp%)zv <p%~1>n ) <(D—tpH)2>n)a n > 1.

Several approaches can be considered in the time integration of the initial boundary value problem
defined by equations (18) to (21). The four-level numerical method we propose considers the following
time discretization

Dy oy + 01 D_pliy = oo Agplytt + asAgD_ypit + KDy 4 () + Rt f(tnsa), (22)
D_Ti + 1Tttt = Ag T + Qrit + Rirg(tni1), (23)
in Qp, forn=1,...,5 -1,
D_ypyy = Yu, pir = ¢u, Ty = To,ur in Qu, (24)
and
py =T =01in 0Qp, forn=1,...,5. (25)

Remark 3. In the presence of the convection term, V - (v(p, Vp)T), in the temperature equation, we
propose to discretize it as

VC,H'(V(p7]7:1+17DHp?1]+1)TE)'
This approach treats the convection term semi-implicitly, which maintains stability while keeping the
computational cost manageable.

3.1. Stability analysis for the semidiscrete approximation. We start by studying the stability of
pr(t), that satisfies equation (18) with K = 0, that is,

P (t) + arply (t) = aoAgpp(t) + asApply () + R f(1), (26)
a.e. (0,ty), with homogeneous Dirichlet boundary conditions on 09, or, equivalently,
Pr ), wh1) g + on(py (), waa) gy + a2 (Vypu(t), Vywna) + as(Vgpy (1), Vywma),

= (Ruf@.wns) . Ywns € Viro, 27
a.e. (0,t5).
We now define the following set of assumptions:

H1. The source functions f and g belong to H'(0,t¢; L*(9)).
H2. Fori=1,2, v; is a Lipschitz function with constant L, such that v;(0,0) = 0.
H3. Q is a Lipschitz function with constant Lg.

H4. For all sequence of grids {Qu}u, H € A, there exists a positive constant Cy,, such that
Hmax

min

< Cyqu, H €A

Remark 4. A brief comment on the previous assumptions. Assumption H4 is a standard condition
related to grids/triangulations and is the definition of quasi-uniformity of a grid. Assumptions H2
and H3 simply requires the convection and heat source terms to be Lipschitz continuous. We also note
that assumption H2 allows linear growth in the variables.
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As the coupled system of equations (19) to (21) and (26) is nonlinear, to study stability, we assume
that ¢,y and TY are perturbed. Let b, ¥r and T0 denote the corresponding perturbations and let

wp(t) = pu(t) — pu(t), wr(t) = Tu(t) — Tu(t),

where jg(t) and Ty (t) are the solutions of equations (19) and (26) with homogeneous Dirichlet boundary
conditions corresponding to the perturbations.
We start by showing a principle of conservation of energy for the acoustic pressure.

Proposition 8. Assume that assumption H1 holds. Let pg € H'(0,t5; Vo) N H%(0,t5; V) denote a
solution of equation (26). Then

t
9% ()17 + esl|V o ()17 + 2/0 (arllps ()3 + asl|V gpe(s)[3) ds
= [vulf + asl|Vyouli,

for allt € [0,tf].

Proof. Take f =0 and wy 1 = py(t) in equation (27). It can be shown that

1d
5 = (D@3 + 0zl ¥ api ()13) + a9 Dl + sV ok ()13 =0,

e. (0,ty). Integrating over [0,t] concludes the proof. O

Remark 5. Under the same regularity conditions as in Proposition 8, and noting that equation (26) is
linear in py(t), we can apply Proposition 8 to w,(t) to obtain

t
leop, (01177 + IV gp ()17 + 2/0 (el ()13 + 3|V gep(s)[13) ds
= |m — dult + asllVa(on — om)l3,
for all t € [0,1].

As far as wr(t), we can proceed similarly with the caveat of the nonlinearity introduced by the heat
source and (possible) convective terms. We start by proving two preliminary results with respect to the
estimation of the perturbations associated with the heat source and the convective term.

Proposition 9. Let py,puy € H?(0,t5; Vi) N HY (0,5, Vi) and wg € Vi o. If assumption H3 holds
then

k

|(@pa (1) = Qpy (1) wi) | < 2L | Y <tg[103§f](|w Moo 219t 15100 + ||w,§.’€>||H,oc>)) lwe o,
k=0,1 ’

a.e. in (0,tr).

Proof. Applying the Lipschitz assumption H3 to (Qp,, (1) — Qp, (1), wn); we easily derive

(@i () = Qp (D wr) | < Lo Y 1Tyl (7(@is st prrs ) + 7 (@i, vy s Pl D) wi (i, ;)
(%1,y;)€EQH

where

T(xhyj)t;quﬂH) = ‘u%{(xlvy_]?t) - ’&’%—I(:Ezay]7t)| + ‘<u%1> (mhyj?t) - <ﬂ%{> (-/Eiayjat) )
for ug € H'(0,t; Vo). We conclude the proof noting that

T(2i, Y5, tup, Ug) < th[lgx (lurg — gl oo lubll oo + |lug — Gnl Ho00))-
sUf

O

Proposition 10. Let pH7]5H,TH7THvH € Vo, wp =pg — P and wyr = Tg — TH, If assumptions H2
and Hj hold then

‘ (MH(THV(pHa Dypn) — THV(ﬁHa Dypu)), VH,UH)_A'_‘

< 2L, V3 (20Tl oo Ieop I + (1 + CEIV 3+ 315m o lorllor ) IV o

where v = (v1,v2) and ¥; = v;(Pp, DyPm), i = 1,2.
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Proof. Let v; = v;(pg, Dypr) and ©; = v;(pm, Dypm), @ = 1,2. Since
(My(Tav(pw, Dypw) — Tuv(pu, Dypn)), V gve)+
< |IMu(Trvr — Tron) o+ | D_ i llo+ + | Mi(Tave — Trto) |y 11 D_yv lly,+

we just need to estimate the norms on the right-hand side of inequality (28). The first term can be
bound as

(28)

| Mp(Tgvr — T ||ar < | Ta(vi — 910) |l + |wrd||le

N N (29)
SN Tullacllvr — 01l + lwr |2
while the term involving M}, is estimated similarly.
Using assumptions H2 and H4 it follows from straightforward arguments that
It Dypir) = 01(Grr, D)y < 3L (Il + 1Dy + 1Dy ) 0
< 3L5(lwp I + (1 + ColIV gwpll)-
Finally, combining inequalities (28) to (30) and noting that
lwordillmr < 3v'3 Myl |11, 1,00 lwr |,
for i = 1,2, we conclude the proof. ([

To simplify the notation, we define

bp=1{ > ( max () (8) .00 (21055 (1)1 + ||w§,’€><t>||H,m)))

te[o,t
o \t€[0:¢¢]

Proposition 11. Under the hypotheses of Proposition 9 and assumption H1, if Ty, Ty € HY 0,5 V)N
L2(0,t5; Vi), then
t
lor®lfs + [ 19 or ()1 ds 5 o)1+,
for allt € [0,tf].
Proof. We start by noting that, for wr(t) = Ty (t) — Tg(t) in equation (16),
(W (8),wr () g + nllor @7 + 120 VaerOlF = (Qpu (1) = Qpy (), wr () 4,
a.e. in (0,t¢). Using Proposition 9, it follows that, for all € # 0,
1d L0,

5 37 ler@ i + (n = 2)|wr I + 2l Vawr @3 < =55

a.e. in (0,ty). Integrating over [0,ty] leads to the desired result.

O

Remark 6. In the presence of the convective term, we use Proposition 10 to handle the corresponding
perturbation. In this case, a similar inequality as the stability result of Proposition 11 still holds, with
the right-hand side replaced by

t $)I12 2 s t
(1 Sy e ) (o @)1 + [ (170 0) By el B+ ) s ).
where C1 is a positive constant independent of H and t.

We can now conclude a first stability result for the solution of equations (19) and (26) with homoge-
neous Dirichlet boundary conditions in the sense presented in the following result.

Theorem 1. Let py,pm € H2(07tf; VH) N Hl(O,tf; VH’()) and TH,TH € Hl(O,tf; VH) N LQ(O,tf; VH,O)~
Under assumptions H1, H3 and H4, for all positive €, there exists a positive § < Hpax Such that for
all solutions of equations (19) to (21) and (26) with max(||wr(0)|#, [|w,(0)||m, [|wp(0)|[1,) < 6, it holds
that

t
()3 + IV (B2 + / ()2 5 ds < € (31)
and ,
lwr(®)3 + / lor(s)I2 ds < e, (32)

for allt € [0,tf] and H € A.
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Proof. Applying Propositions 8 and 11, it suffices to assume that ||w;,(0)|| &, [|V gwp(0)||+ and [lwr(0)|| =
are bounded by a factor C'Hy,ax, where C > 0 is a constant independent of H and ¢. This implies that
left hand side of inequalities (31)and (32) are uniformly bounded with respect to H and t.

For the pressure, the proof is trivial. For the temperature, it remains to uniformly bound 6,. Applying
Proposition 3 and Proposition 8, we derive for k£ = 0,1, that

1
sz()k) Ol 00 < T Hw;(,k) ()|

C

T (o )l + IV rwp (0)]]+)
2CC Hypax

< —— —omax

o Hmin

< 2CCCyu,

for some constants C,C' > 0 independent of H and t. The term |pg(t)||#.0o can be bound uniformly
using the same arguments, which yields a uniform bound for 6,. U

Remark 7. If the heat source term, @, depends only on p? and (p’)?, reworking the upper bound given
by Proposition 9, then it can be shown that the radius of the balls, §, centered in p';(0), pu(0) and
Ty (0) in Theorem 1 can be taken independently of Hyax.

Remark 8. If we consider the convection term in the analysis of Theorem 1, stability in the sense stated
in this result, is achieved as long as we can control the approximate pressure and temperature, in the
Theorem 1 is still valid as
long as we further assume suitable bounds for the initial data and a uniform bound for || T (¢)| m,00 With
respect to H € A and ¢ € [0,ty]. Specifically, under assumptions H2 and H4, then it suffices to require
that the radius of the balls centered in T (0) and pg(0) are taken as § < Hﬁnx The uniform bound for

Ty (t) can be derived from the upcoming convergence analysis of the semldlscrete approximations, which
is established in Section 3.2.

Remark 9. We note that the local stability result in Theorem 1 is established considering that the radius
of the balls centered in Ty (0) and py(0) are H-dependent. These results follow the definition of stability
introduced in the literature by Sanz-Serna and Lopez-Marcos in [17,18] which is a natural extension of
the nonlinear stability concept due to Keller in [15].

3.2. Convergence analysis of the semidiscrete approximations. In this section we establish upper
bounds for the semidiscretization errors

Ep(t) = Rup(t) — pu(t), Er(t) = RuT(t) — Tu(t), in Qg x [0,t],

where p, T are the solutions of equations (8) to (10) (with K = 0) and pg(¢), T (t) are the solutions of
equations (19) to (21) and (26), all with homogeneous Dirichlet boundary and initial conditions.

On nonuniform grids, assuming p(t), p'(t), T(t) € C*(Q) yields first-order spatial truncation errors in
the |||l 77,00 norm. We establish second-order estimates applying suitable norms under weaker regularity.
This is partially achieved using results from [6] based on the Bramble-Hilbert lemma [2].

Proposition 12. Assume that assumption H1 holds. Let p € H?*(0,tg; H2(Q)) N H(0,t; H3(2) N
H(Q)) and pg € H?(0,t5; Vi) N HY(0,t5; Vo) denote the solutions of equation (8) (with K =0) and
equation (26), respectively, all with homogeneous Dirichlet boundary conditions. Then

t
1,15 + IV Ep ()13 +/ 1B, ()1 5 ds
(33)

SIE, O + IV Ep0)I5 + Hipax Z/ 1P (3) 3720 + 198 (S)H%B(m) ds,
i=1,2

fort € [0,tf] and H € A.

Proof. Considering wy,1 = E,(t) in equation (27) we deduce

(P (8), Ep(0)) y + 1 (Pia (8), Ef(1)) , + 02 (Viapn (0. Vi By (1)) "
a3 (Vb (1), Va (1), = (Ruf(®). By()) .
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a.e. in (0,ty). The term (RHf(t), El’,(t)) admits the representation
H

(Rut®). Ey0) = (Rap"(t) = Rap" (1), Ep(0)) =+ (Rup"(8), E} (1)),
+ay (ﬁHp'(t) ~ Rup (D), E;,(t))H + a1 (Rup (), E) (1)),
— a (EHAp(t), E;(t))H — sV Rp(t), V4 Ey(t) (35)
—ag(Rudp/ (0. By()) | = |V R (0)|+V 1 Ep (1)
+ 2|V Rup(t) ||+ V g By (t) + a3 (Vi Rup' (t), V5 E (1)), -

Considering [6, Lemma 5.1], and under the smoothness assumptions on p, we obtain

|(Rudp®).By(1)  + sV Rup®|+ Vi Ey(t)]| S Haelp(®)l1r5(0) IV By (8)]+

and

(Ruaw' @) By(0)) |+ aa(V 3R (1), Vi Ey(0) | S H2aallb' 1) 10500 IV 5 B 0)] -

Considering now [6, Lemma 5.7], it follows that

(R (®) = Rup (1), E(0)) | S HEuel6" Oz [V By (0)]+

and
|(Bip' (@) = Reasd 0, By(0)) | S B2l Ol |V E5 O]+

Taking into account these estimates and equations (34) and (35), we get

1d [6%) d
5 T NEOIE + 0l Byl + 5 = Vi By + (a3 — 4 [V Ey(0)13
1 i— i
< 15 Hovox 2 (PO Ol 0 + 199 0)2()

i=1,2

for all € # 0, a.e. in (0,¢s). Integrating over [0, t] leads to inequality (33).

We establish now an error estimate for Ep(t).
Proposition 13. Let p € H%(0,ty; H2(Q))NHY(0,t5; H3(Q) N HE(Q)), T € L2(0,t5; H3(Q) N H ()N
H1(07tf;H2(Q)>, pPH € Hl(o,tf;VH’o) N H2(0,tf;VH) and Ty € L2(0,tf;VH’0) N Hl(O,tf;VH) denote
the solutions of equations (8), (9), (19) and (26) (with K = 0). If assumptions HI and H3 hold and
Q. (1), (r*) . ((#)?*)) € L2(0, t5; H*(Q)), then
¢
1B+ [ IVaPr)IR s S 1EO) I + T T (0 (30)

fort € 0,ts], H € A, where

t
1.0 = [ (1T By + 1T 6y + 1M i) 4
Proof. First, from [6, Lemma 5.7], we obtain

(@i (0, Er(®) 4 = (RuQp(t). Br() | S B2l Qu(®) 117200 IV 5 B (D)

provided that Q,(t) € H%(Q). Second, we have

~ (2VuTu (). Vi Br(), — (12RuAT(0). Br(1))
< =% Vy Er(t)|3 + CrHp o IT )l a3 o) |V i Er (1) +-

Following the procedure used to establish inequality (33) and taking into account the previous in-
equalities, we arrive at the desired result. O

From Propositions 12 and 13 we obtain the following result, proving the quadratic convergence rate
of the semidiscrete scheme with respect to space.
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Theorem 2. Let p € H?(0,tp; H*(Q)) N HY(0,t5; H3(Q) N HY(Q)), T € L*(0,ty; H3(Q) N H(Q)) N
Hl(Oﬂff;HQ(Q)), PH € Hl(O,tf; VH’()) N H2(0,tf; VH) and Ty € L2<O,tf;VH’O) N Hl(O,tf;VH) denote
the solutions of equations (8), (9), (19) and (26) (with K = 0). If assumptions H1 and HS hold, Q, €
L2(0,t5; H2(2)) and the initial conditions of equations (19) and (26) are defined by p’y(0) = Rup’(0),
pu(0) = Ryp(0) and Ty (0) = RyT(0), respectively, then

t t
IE, (017 + IV e Ep ()13 +/0 1B, (s)|17 5 ds < anax/() Op(s) ds,
and
t
1Er ()% + /0 IV Er(s)|} i ds < Hapo T (1), (37)

fort e [0,ts], H € A, where
0p() = > (1P ()32 + 110" ()rscey )
i=1,2

and
t
7(0) = | (176 s+ 176 s+ 1Q0(0) o) s

Remark 10. In the presence of the convective term and the additional assumption H2, the right-hand
side of inequality (36) is replaced by

t t
C W,(s)ds
e IO (1EnO) + [ (T + TG B ) ),

for t € [0,ty], H € A, where Cyp is a positive constants independent of H and ¢,

Up(s) = || Ep(s)

1% t00 + 11D 100 () + 1VD(8) [P0 (22

and
To(s) = I T() 13 + 1T (97200 + 1T ()70 () 12() 1 3 2y + 1Qp ()1 Fr2 62 + V()T (8) 12 2y

In this scenario, inequality (37) also holds true adding to the integrand function on the right-hand side
the function

17() gy (14 120D sy ) + V()T Braqeayge + 1T (5) 32

Remark 11. Coming back to the stability analysis of Section 3.1, we mentioned that a uniform bound for
| T ()| 17,00 With respect to H € A and ¢ € [0, /] is required to establish the stability of equations (19)
and (26) when the convection term is considered. Under the assumptions of Theorem 2, assumption H4
and considering the initial condition T (0) = RyT(0), we can conclude that

1

I Tr ()| 00 < i

min

||ET(t) HH + HTHC([Q,tf};c(ﬁ))

S HmaxCou + HTHc([o,tf];C(ﬁ))
<L

4. FULLY DISCRETE SCHEME IN TIME AND SPACE

We now turn to the analysis of the fully discrete scheme,

Dy ,pf + a1 D_pitt = coAppytt + asApD_pitt + Rirf(tnsr), (38)
D_Ti ™ + 1 Tpt! =y Ap Tt + Qrit + Ry g(tnir), (39)

in Qg, forn=1,...,5— 1, with initial conditions and boundary data given by equations (24) and (25).

Remark 12. The system of equations (24), (25), (38) and (39) has a unique solution for At small enough.
This can be shown using standard arguments based on the invertibility of the matrices associated with
equation (38) and equation (39).
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4.1. Stability. Let py,pu and Th, Ty represent two solutions of the equations (24), (25), (38) and (39)
and ¥y, wH, b, (bH, XH, Xy their corresponding perturbations of the initial data. We define

Wp.H =PH — PH, Wr,H=1H — Ty.

Proposition 14. If max;—1___s{|[p% || .00, |D_iPll .00} S 1 then, under assumptions H1 and HS, for
all € > 0, there exists 0 S Hmax such that for all solutions of equations (24), (25), (38) and (39) with

max(|[Yy — Yu v, |én — dullim, Ixe — Xulln) < 6, it follows that
ID_ywy gl + 02|V gw) g3 + 288> (aal|D_yw), gllf + sl Vg D_yw), gll3) < e (40)
=2
and

n n
lwh wllf + ALY llwh gl + 27248 > |V gwh gll3 < (41)

=1 i=1

foralln=1,...,5.

Proof. For n > 1, we have
D n 7D (D n+17D 7L+1)
( 2,tWp H tWp, H) +aq tWp,H —tWp,H H
+ oo (vap VD tw;;;l)+ +as (VHD,tw;}j}, VHD,tw;;}L —0,
which leads to
(14201 AY)||D_, Z;(lHH + ongVHw”H||+ + 2043At||VHD_tw”+1H+
< ”thw;,H”%{ + a2||vag,H||2+~
It follows that, for n > 1,

n
||D7tw;,H||%I + a2||va;,H||i + QAtZ(Oél Hthw;,HHIQLI + 043‘|VHD4W;;,HH3)
i=2

< lu = Pl + AP |V (Wu = Pl + V(b — on)l3-
yielding inequality (40).
For the temperature, we have
(Dot wid) il + el Vw12 = (@ - Qi) . (42)

Proceeding as in the proof of Proposition 9, it follows that

(@5 = Qptowiid) | < oMl

= ([l gl 0 (2P0 + 10711 11.00)

.....

+||D—twg,H||H,oo(2||D7tp}l{||H,oo + Hthwg,H”H,OO)) .

Combining the previous inequality with equation (42) and applying Young’s inequality, we obtain for all
e >0,

(LoM)®
D_lluf™ H + (n = )l I + 2| Vaug I < iez

we derive that, for n > 1,

(43)

1

2

Choosing €* = 2,
n n

I3 + A Y llufy 3 + 27248 > IV gl |3 < ullF + 2(LoM)*t,

i=1 i=1

The proof concludes noticing that u%; = xyg — Yz and choosing § = CHyax sufficiently small such

that M is also small, leading to inequality (41). O

Remark 13. Proposition 14 shows that the fully discrete scheme defined by equations (24), (25), (38)
and (39) is stable with respect to perturbations in the initial data as long as the discrete acoustic pressure
and its time derivative, py and D_,pg, remain uniformly bounded in the norm ||-|| 7,00 This can be done

using the same ideas as presented in Remark 11, the convergence result Proposition 16 and assuming
At < Hpax-
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Remark 14. In the presence of the convective term and the additional assumption H2, the stability result
of Proposition 14 also holds true. The extra term arising from the convection can be controlled as follows
(proved similarly to Proposition 9):

|(Ma TV D) = Tav(t, Dusy™), Vui™), |

< (2B LR Lnoelp 5 + (L5 RV g 12

63 M 5% I, .00 107, L1 ) 11V s -

This upper bound modifies inequality (43) by adding to the right-hand side a term of the form

Cr(9) 72 1
- (Lt llwrgl) + 5 IVawra 13,
272 2
for some positive constant Cr(d) satisfying lims o+ C7(6) = 0, provided that ||wi x|z and [|pF||1,#,00
are uniformly bounded. Thus, we derive

D_llwr g + mllwpl I +2lV w3 <

) + (LQM)Q )

Cr(6
O (1 1 %
Y2 ’

Finally, this leads to a stability result similar to inequality (41) but with an exponential growth in
time, i.e., for n > 1,

Iy + T2 S T el S Nl + o
T,HII|H 1+’}/1At P HYT HIl4+ ~ T,HIIH 1+’Y2At’
Cr(8) Cr(d) _
where p = TFN and \ = h

4.2. Convergence. In this section we will study the convergence of the system of equations (24), (25),
(38) and (39). We start by analyzing the acoustic pressure equation. Let us define the following functional
space:

X, = C([0,t]; H3(Q) N C2(Q) N H () N C3([0,t4]; H3(Q)) N H3(0, 45 C(Q)).

Proposition 15. Let p € X, and p¥; € Vuo denote the solutions of equations (8), (9), (24), (25)
and (38) (with K = 0), respectively. Let EJ y(vi,y;) = Rup(xi,yj,tn) — i (i, 45), ¢u(wi,y;) =
Ruyd(xi,y;) and ¥u(z:,y;) = Ru(zi,y;), fori=1,....N, j=1,...,M, n=1,...,5. If assump-
tion H1 holds then
1
5 D [ID_ B I + ol Va BR 13 + (an = el D_ B + (as — &) [V D_ B2

tnt1

2 2
< B (17 () s ) + [0t ) sy + 18 () [y ) + A ( / | Rap” (D)%
;

n—1
1B (O + Hae (1020 a0y HIE5 O 32y + 19 (0320 + 1%, ()32 ) d)
for any €4, €, > 0.

Proof. The convergence analysis will essentially make use of Bramble-Hilbert lemma [2] and of two
lemmas that can be found in [6]. From equation (38), we can write

(Daeply DBy )  +on (Do DB ) oo (Vipi VD By ) | »
44
s (VD i VD By ) = (Ruf(tars) DB
We note that the right-hand side of equation (44) can be rewritten as
(R f(tur). DBy = (Rup"(tusn). Do B3} +aa(Rup!(tasn), Do Ep)
— Qg <§HAp(tn+1)a thE;;Il) ' as (éHApl(t"H)’ thEg,El) H

Combining the previous equations leads to

]' 3 n n n
2 Do (1D B i+ 02l VB 2] + aID_ 533 s+ as VDL B3R

<70+ 171 + a7 + 373,
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where

(D2 tRHp EHP//(tTLJrl)? D—tEg,_I‘—Jl)H’
( _Rup(tnyr) — I:BHp’(th),D_tEL’,El)Ha
2 = (Vi Rap(tuin), VD Byt )+ (Radp(tuan). D Ey3)

= (VHthp(th)’ VHthEg,;})_i_ + <§HAP/(tn+1), thEg’J&l)E
We will now estimate each term 7, ¢ = 0,1,2,3. In the following, all constants denoted by C; ; and
C}, are positive and independent of At, n and Hpax.

e Estimate for 7g:
Adding and subtracting suitable terms, 79 can be rewritten as

(Ds Ruap(tn) = Ruap"(t0), D_, Byt ) + (Rup(tn) = Rup(ts). D B3 )
70,1 70,2
+ (Rup(tasn) = Rup(tns1), D_ it )

70,3

(46)

We will now prove an upper bound for the first term in equation (46), 79,;. Defining the
functional £y : W31(0,1) — R as fo(v) = v”(1/2) — v(1) + 2v(1/2) — v(0), and considering
v(s) = p(tn, + (2s — 1)At), for s € [0, 1], the Bramble-Hilbert lemma [2] implies that

trg1 1/2
mal (& [ IRur 0l a) 1D By ()
The second term, 79 2, can be estimated as
trg1 1/2
0] < <At | R dt) 1D "4 (48)
tn

while the third term, 793, can be estimated using [6, Lemma 5.7], leading to

2 e 10" () g2y IV i D B (49)

Therefore, combining inequalities (47) to (49) and Proposition 2, we obtain

tn+1
170l S <H12nax Hpn(tn+1)HH2(Q) + At1/2 </
tTI

1/2
|Reap™ ()15 dt> ) IVuD_ By 4. (50)

e Estimate for 7q:
For m, writing

T = (thRHp(th) — Ryp'(tns1), D—tE;LA,Jlgll)H * (RHp/(t"H) N ﬁle(t"H)’ D*tE;L;IQH’

we can proceed as for inequalities (47)and (49) and estimate each term separately. This leads to

tn+1
|T1| S (HrQnax ||p/(tn+1)HH2(Q) + Atl/2 (/

tn—

1/2
[Rep” (8)|1 % dt) >|VHD D[ (51)

e Estimate for 7o:
Using [6, Lemma 5.1], we obtain the following estimate for 7o:

72| $ Hiva [0t 130y IV Doy gy 1+

e Estimate for 73:
We start by writing 73 as

T3 = (VHRHp/(tn-H) VHD—tEn+1)+ + (EHAp'(th)vD—tEg,El)H

+ (VHD—tRHp(tn-H) = VyuRup'(tnt1), VHD_tE;’,El)+
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The first two terms in inequality (52) can be estimated using again [6, Lemma 5.1], leading to
‘ (RHAP’(th), D—tEg;Il)H - (VHRHP’(th), VHD—tE;-Ll>+‘

S Has 10 (tn) | sy 1D B it -

The second term in inequality (52) can be rewritten as Ay + Ay, where

A1 = (D (Bup(tnsn) = D Rupltnsn)). DD By )
N M-1 o
= Z kg+1/2/ (p;($7yj,tn+1) - D_tpw(m Yj, n+1)) dz D_ D_tEn 1(371';3/]')7
i=1 j=1 Ti-1
and
(D y (Rap (tns1) — thRHp(th))?nythEﬁ,?)y N
N-1 M ;
= 1—0—1/2/ (P (@i Y, tnsr) = D_ypy (24, Y, 1)) dy nythEZ,El(xi,yj).
i=1 j=1 Yi-1
Defining

g(ll?, y7t) = p;:(xa yzt) - D—tpx(z7y7t)a

we can further write

N M-1 T; 1 Yj+1/2 1
Al = Z Z kj+1/2/ g(x7yj7tn+1) - L. / g(xaTat’anl) dr dewaftE;Lj»{ (%a%)
i=1 j=1 Ti—1 J+1/2 Jy;_1/2
A1
M-1 Zq Yj4+1/2 1
+ Z / / g(x, T, tpt1) drde D_QJD_tE;’;I (@i, y5) -
i=1 j=1 “%i Yj—1/2

A2

For the first term in inequality (53) we have

N M-1

Yj4+1/2
|A11|<Z Z/ / / gy (@, 7, tni1)| dy dr dz ‘D D_ E;LH(xZ,yj)‘
i=1 j=1 v %i Yj—1/2 T
N
<>

i=1 j=1

M-1 T Yj+1/2 1
bvrs [ [ oot ldrde [D D By} )|
Ti—1vY

j—=1/2

We will now use Bramble-Hilbert lemma to estimate |g,(z,y,tn11)]. Consider a functional ¢ :
W21(0,1) — R defined by £(v) = v'(1) —v(1) +v(0), v € W21(0,1). For 6(s) = pys(x,y, t, + sAt), we
have £(0) = Atgy(x,y, tn+1). Applying the Bramble-Hilbert lemma,

[€(0)] < ngAt/ |pyx AT |dt.

tn

Therefore, we can estimate A;; as

trg1 1/2
AL | S A Hipax (/t 1Pye ()20 dt) ID_D_ By |+

for all p > 0.

On the other hand, the last term in inequality (53), A12, can be estimated using the same tools,
leading to

L1 1/2
|A1,2|5At1/2Hmax(/t ||p;;<t>||%z<mdt) 1D DB s
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Applying the same reasoning to As, we obtain

tnit
A1+ Ag| S A2 Hppa (/ 121220y + oy 0172 () dt
tn
tnil 1/2
b [ I O + I O ) 9D B L

tn

giving the final estimate for 73,

tn+1
73] S HZ o 1P (b g0 |1 D Bt | + A2 Hpa ( / 1Oz + Iy (72 (q) dt

- 1/2 (54)
+ / 12y (122 () + 122, (D)1 Z2(q) dt) IVuD_ By |+
Finally, combining the inequalities (45), (50), (51)and (54), we conclude the proof. O

To provide a complete convergence result for the pressure, we just need estimates for the initial errors
_ g an 4. We summarize the previous analysis in the following resu
D_,E H d||VyE H W th 1 the foll It.

Proposition 16. Under the assumptions of Proposition 15, the error for the pressure satisfies

1/2
1D Ep gl + IVeEp g+ + <Atz 1D i,HII%JrIIVHDtE;,HlIi)) S Hipox + At (55)
=2

Proof. From the inequality of Proposition 15, we obtain

1D, H||H+||VH H||++At2||D Ez,HHH""HvHD ZH||i>

=2
2
SID_ B aillz + IV Ep |3 + Hobax 121182 10,1281 () (56)

T
2
+ At2/0 (”pHHS(O,tf;C(ﬁ)) + H, max ”pHH2 (0,ty; HZ(Q”) dt.

The bounds for the initial data ||D_,E} |z and |V E} ;|1 can be derived as in the proof of [7,
Theorem 3]:

Lo A
|D_E ,HHH < N ||p||cz([o,tf];c(§)) (57)
and
”VH H||+ S At2 (At2 Hp”QCz’([O’tf];Cl(ﬁ)) + Hrznax ||pH2Cl([O,tf];C2(ﬁ))>' (58)

Combining inequalities (56) to (58) we obtain
D_, H||H +IVyE H||+ + Atz I1D_, zH||§1r + ||VHD4E;,H||1)
1=2

4 2 2 2 2 2 2 2
i [P0 15000y + A8 (120,100 + A8 I8 0. 100y + Hao 1P 0.2

T
2 2
+/0 (||pHH3(O,tf;C(§)) + Hiax ||pHH2(O,tf;H2(Q))> dt) )

which leads to inequality (55). O
We finish this subsection proving an upper bound for the error associated with the heat source term.

Proposition 17. If p € C2([0,t]; C(Q)) and Q, € C([0,t4]; H*()) then, for all wy € Vi o,

)(Q?’H—l RHQp( n+1) wH) ‘ ~ ax HQpHc([o ts];H2(Q)) ”VHwH”-i-
+ (M(Ep,va) + M(D—tEp,H7p )) ||’LUH||H
2
+ At(1 + At) Hp”c'z([o,tf];c(ﬁ)) lwella,

where

M(up,q) = max JluyH 7 +2 max [Juf! s max IIRHq( M a0
=0,. H 1=0,...,n tel0,ty ’

forug € Vuo and g € C’([O,U]%C(ﬁ)).
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Proof. We start by decomposing Q;};l — EHQp(tn+1) as

" — RuQu(tas1) = RuQp(tat1) — RuQp(tnr1) + Qi — RpQp™ + RyQit' — RyQp(tat1) -
Sl S2 SS

We now estimate each term separately. For the first term, S7, applying the Bramble-Hilbert lemma,
we have

(51, w) | S Hipax |Qp (s )| 2 ) IV w4
For the second term, S5, proceeding similarly as in the proof of Proposition 9, we obtain
|(S2, wa)m| < 2Lo(M(Ep m,p) + M(D_,Ey 11, p")) | wr ]l

It remains to estimate the term containing S3. Using the Lipschitz continuity of @, we obtain for
(xia yj) S QH7

|S3(xiuyj)| < LQ ’(thp(xivyj7tn+1))2 - (pl(xivyjatn+1))2|

T1

2 n+1 et 2\n+1 1
2@y, ) —/O p<x7;,yj,t>dt’+\<<D_tp<xi,yj,->>> ‘/0 )2 (1,5, 1)

T2 T3

For 71, following the proof of Proposition 9 and using the Bramble-Hilbert lemma, we easily obtain

n< M((At /t " Ry () dt>

n

1/2

, RHp/(tn+1)> .

The bounds for 75 and 73 can be derived similarly and accounting for the time integration, leading to

1 n+l ¢y trea1 1/2
5 < Ej M| | At (Rup'(s))*ds , Rgp(t) | dt
tnt1 t
n k=1"Ytk—1 th

1 n+1l .t thi1 1/2
RS Z/ M((At/ (Rup'(s))? ds) ,RHp’(t)> dt.
k=1"te-1

tn+1 tr

and

Finally, we note that for u € C*([0,t]; C(Q)), we have

M < (At /t " R (1) dt)

n

1/2
2
?RHu(thrl)) S At(1+ At) ||u||cl([o7tf];c(§))

and

n+1

tr tei1 1/2
Z/ M((At/ (RHu'(S))2d5> ,RHu(t)> dt S AL+ A8 [ulZ 0 1o -
k—=1"Y k-1

tr
which leads to
|93 (@, )| < At(1+ At) ||pHZ'2([o,tf];c(ﬁ))

Combining the previous inequalities concludes the proof. O

Remark 15. Under the assumptions of Proposition 15, the term M (E, i, p) can be bounded by C(H2,. +
At)?, where C is a positive constant independent of Hyax and At, as well as the first part of M (D_,E, g,p').

Corollary 1. Ifp € X,, Q, € C([0,t¢]; H*(Q)), assumption Hj and At < Hyax then, for allwy € Vi,

(@ = RuQpltasn)wn ) | S BV wnlls + (Ha e+ At + A s |
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Proof. From Proposition 17, we only need to establish bounds for the terms M (E,, g, p) and M(D_,Ep, i, p").
Using the definition of M(E, g, p), Proposition 7 and Proposition 16, we have

< V2 max |E5lal|VaE il +2 max 1B ylln 8 || Rirp(t) 7
N Hélax + A + (anax + At) Hp”c([o,tf];c(ﬁ))
S HZ o+ At + A

On the other hand, using Proposition 16, we have

M(D_Eput,p) S max (1D B ol Do Byl ) + Hiue + At (59)

Applying Proposition 3 to the discrete infinity norm in inequality (59) and using the upper bound
from Proposition 16, we obtain

M(D_yEpm,p') < Ho. ergaxn”D—tE;ff}”%I + H?,
4 2
< Hmax + At 4 H2

~ max
Hmin

From assumption H4 and At < Hyp,ay, we conclude the proof. O

+ At

ax

+ At.

Remark 16. If the heat source term does not depend on the integral of p?, the result from Corollary 1
can be improved since we do not require the restriction on the time step size.

Let us now analyse the convergence of the temperature approximation. Let
Xr = C((0,t7]; H*(Q)) N H*(0,t5;C()).
We start by stating the following result.

Proposition 18. Letp € X, p}y € Vo, T € Xr and T}y € Vo denote the solutions of equations (8)
and (10), equations (24) and (38), equations (9) and (10) and equations (24) and (39) respectively. Let
Bt g (xiyyj) = RuT (i, yj5,tn) — T (xiyy;), fori=1,...,N,j=1,..., M andn=1,...,5. If p € X,
T € Xr, Qp € C([0,tf]; H*(Q)), under assumptions H1, H3 and Hj and At < Hypax then

5 D (IEFSIE) + O — ) [Br |+ (2 — @) [VaBRR |

< g4 2 4 2 / 2 b1 1112 (60)
~ Hmax + A"+ Hmax(||T(tn+1)HH3(Q) + HT (thrl)”H?(Q)) + At in ||RHT (t)”H dt,
for any €4, €, > 0.
Proof. We can write
(Dot Bt + e (VT VB )+ (T B
n 1 1
= (@it mpid) + (Ragltnn) B35
Proceeding as in the proof of Proposition 15, we can rewrite equation (61) as
2 2 —~
(DBt Bt )+ | Ea]| + 0| VB || = (O RaT(trs) = RuTiltus), EF5)
+m <RHT(tn+1) — RuT(tn+1), E;E)H + (RHQp(tn+1) —Qptt, E;J}})H (62)

+ 2 ((EH(AT(th)L i)+ (VaRaT (). vHE;f,;)J .
Following the proof of Proposition 15, from equation (62) we derive
1 T 2 i 2
Lo (iegn) o] ]

S (RaQptonrs) = QS BFH ) |+ B IT () sy IV B35+
2 el [

/
(BT i)y + 2072 ([

tn—

1/2
IRaT" (1) dt) ) IV D_ By |+
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Using Corollary 1 we obtain
104(||E;+;||%{)mHEnHH el VaEgs]
S B2V B (B ADER S 51+ B T () s sy [V s 252

tnit 1/2
+ <H§ﬂax 1T (tnt 1)l 2y + At'/? (/ ) IRuT" ()% dt) ) IVuD_ B |+
tn—

Applying Young’s inequality leads to inequality (60). O
We summarize the previous analysis in the following result.

Corollary 2. Under the assumptions of Proposition 18, the error for the temperature satisfies

n 1/2
Ul + (0Bl + 19 BEal)) 5 o+ 0 <63>
i=1
Proof. The proof follows the same steps as in Proposition 16. O

Remark 17. If the convective term is present, the convergence analysis remains valid under the additional
assumption that At < H2_ . Under the same assumptions of Proposition 18, and using the upper bound
from Proposition 10, we can prove that

3 D (1B ) + (0

ezl + o -l vurii],

tnt1
S it A8 & Bl (It i) + 17 i) i) + At [ |RaT 01t O

tn—1
+ (IR T (t)l| 1,00 (Hipa + A8) + 105 1,00 | B2 1 | ) IV 1 B |+

for any €4, €, > 0.

Since
(Fa2 <NEy 1m0 + 1RED(Eng1) 11,500,
using Proposition 3 and Proposition 16, we derive
HZ .. + At
+1
P ?ﬁ +lplleqo.scr @ -

Since At < H2,., from assumption H4 we conclude that |[p}™ |1, fr.00 is uniformly bounded. Thus,
proceeding as in the proof of Corollary 2 the error for the temperature approximation satisfies a bound
like inequality (63).

We finally state our main convergence result for the fully discrete scheme.

Theorem 3. Let p € X, pfy € Vuo, T € Xr and Tf; € Vi denote the solutions of equations (8)
and (10), equations (24) and (38), equations (9) and (10) and equations (24) and (39) respectively. If
€X,, T€Xr, Qe C([0,ts]; HX(Q)) and under assumptions H1, H3 and H/j then, forn=1,...,S,

I1D_ By gl + IVuEp gll+ + [1E7 gl

n 1/2
+ (AtZ(HE’T,HII?{ HIVuEr uli + 1D, By gl + IIVHD_tE;,HIIi)> S Hiax + AL,

i=1
5. NUMERICAL SIMULATION

This section aims at illustrating the robustness of the theoretical results previously proven for the fully
discrete scheme as well as a simulation of the ideas behind the numerical scheme presented, applied to
the linearized Westervelt—Pennes system of equations (5) and (6). We begin in Section 5.1 by validating
the convergence properties of our proposed scheme defined by equations (24), (25), (38) and (39), as
established in Theorem 3. Following this, in Section 5.2, we shift our focus to a more complex scenario:
the simulation of the coupled Westervelt—Pennes system under realistic parameters. This simulation,
although applied to a simplified Westervelt—Pennes problem, remains relevant as it showcases the ro-
bustness of our space discretization and illustrates the behavior of this system’s solutions. All simulations
presented in this section were obtained using the Bramble.jl library [25].
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5.1. Estimated convergence order. We start by illustrating the convergence results proven in Theo-
rem 3 and show that we have a convergence rate drop if we decrease the regularity of the exact solution
of the linearized Westervelt—Pennes problem defined by equations (5) and (6). Let Q = (0,1)? and

T(x,t) =p(x,t) =2(x — 1)(y — D2y — 1|*, z € Q,t € [0, 1],

where p > 0. Depending on the choice of the parameter i, we can control the regularity of p and 7. In
fact, if 4 = 2, both functions are in C*°([0, ¢ ¢]; H3(Q)), while if u = 1.6, they are in C*°([0, ¢£]; H*(Q2)) but
not C*°([0,t¢]; H3(2)). We choose all parameters a1, az, as,v1 and 2 to be equal to 1, Q(u1, uz, us, us) =
u1 +ug +u3z +ug and determine f, g such that p and T are the exact solutions of the differential problem.
To simplify the calculations, we purposely choose p and T' independent of ¢. This simplifies the calcu-
lation of f, g as well as the regularity requirements with respect to time. We stress that the numerical
method still maintains the discretization of the time dependent integrals in the source term of the heat
equation, which is a key aspect of our analysis and numerical scheme.

If p%, and T} are the numerical approximations for p(-,¢,) and T'(-,t,), respectively, determined by
equations (24), (25), (38) and (39), then we define the discrete errors:

N 1/2
Ep g =D By plleg + Ve Ey pll+ + <AtZ(HD—tEZ,H”%,H)>
i—2
and

. 1/2
TH = (E?’H%I + AtZ”ElTH”%H) )
=1

forn=20,...,N.

To initialize our simulations, we start with two grids of random points in [0, 1] and form a cartesian
grid suitable for 2. The cartesian grid is then refined by introducing, in each coordinate grid, the
midpoint in each subinterval. The first grid starts with 3 points in the x direction and 4 points in the y

direction.

T T 1071 W T T 7]
1071 Flep=2 P Flep =2 o]
Flep =16 1 I ]
= 1072 F . " 10~2 g £
sS4 B . S s ]
= N B = L ]
10-3 | . 1073 |
L | | | 1 | | | |
10710 107! 1079 1015 10! 1005
Hmax Hmax
(A) Pressure (B) Temperature

FIGURE 1. Log-log plots of the errors versus hpmq.. The lines represent least-squares
fittings to the data.

In Figure 1, we plot, using a log-log scale, the previous errors, E%H and Eé\ff - The average slope of
the solid lines, associated with p = 2, are roughly equal to 1.93, for pressure and temperature. Regarding
the average slope associated with the simulation for the less smooth solution (x = 1.6), it is roughly
1.19. This illustrates an estimated convergence rate close to 2 as shown in Theorem 3 as well as a drop
in estimated convergence rate if the solutions (with respect to space) are in H? but not H3.
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5.2. Simulation of HIFU propagation and heating using the Westervelt—Pennes model. This
section details the numerical simulation of HIFU propagation and the associated thermal effects on a
biological tissue. The simulation is based on a simplified version of the nonlinear coupled Westervelt—
Pennes system of equations (1) to (4) and is inspired on the one documented in [10]. We will use a finite
difference approach based on the one defined by equations (22) to (25).

5.2.1. Computational domain and setup. We define the 2D computational domain as the rectangle Q) =
[-4 cm, 8 cm] X [—6 cm, 6 cm]. The computational domain mainly represents water, except for the region
on the rectangle €, = [—2.5cm, 2.5 cm]| X [-2.25 cm, 2.25 cm] which models a biological tissue with the
properties of liver. The circular ultrasound transducer is positioned on the left boundary of the domain
(x = —4cm). Tt is focused towards the origin with a focal length of 5 cm and features an aperture angle of
30°. The computational domain, the biological tissue region and the transducer location are illustrated
in Figure 2.

yﬂ

TRANSDUCER

FIGURE 2. Schematic of the 2D computational domain €2 used for the simulation.

5.2.2. Simplified Westervelt—Pennes system. The underlying physical phenomena are modeled by cou-
pling a simplified Westervelt equation for acoustic pressure and the Pennes equation for temperature.
The governing Westervelt equation reads as

]_ ]_ 6m m .
o Dee = V- (pm Vp+ o VPt) + P?i‘fn (P2)tt, in © x (0,ty] (65)

where ¢, is the speed of sound, p,, is the ambient density, §,, is the diffusivity of sound, and f,, is the
coefficient of nonlinearity of the material. The sound diffusivity is calculated with the formula

3

_ 2ap,cy,

O, =

2
w
where w = 27 f( is the angular frequency and fy is the transducer’s emitting frequency.

Symbol Property Unit Water Liver Blood
pm  Density kg/m®  998.21 1078.75 1060
Cm, Speed of sound m/s 1482 1586 -
A Attenuation coefficient Np/m 0.025 6.915 -
Bm Nonlinear coefficient 3.6 4.4 -
km, Thermal conductivity W/(m°C) 0.6 0.52 -
C,,  Heat capacity J/(kg°C) 4180 3540 3770
wp Volumetric blood perfusion rate  kg/(m?s) 0 10 -

TABLE 1. Physical parameters.
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Symbol Property Unit Value
fo Frequency MHz 1.1
a Radius cm 2.5
d Focal length cm 5
0 Aperture angle ° 30
Do Source pressure magnitude MPa 0.5

TABLE 2. Parameters for the domain and transducer.

MPa
_9 -1 0 1 2
I 4 e
6
3
El
g T it
Z 0 AL I il
: pffcc@m
) I\I\\\ /
-3
6

-4 =2 0 2 4 6 8

x axis (cm)

FIGURE 3. Pressure plot on the whole computational domain (left) and a zoom on the
target tissue (right).

Remark 18. Note that (65) differs from the pressure equation in (1). Specifically, the speed of sound and
nonlinear coefficient are assumed constant, instead of dependent on 7'. This simplification was adopted
due to the lack of data regarding the dependence of the speed of sound with respect to the temperature.

The temperature evolution in the domain, T, is described by the Pennes equation
oT
ot
where C), is the specific heat capacity of the material, k,, is the thermal conductivity, w, represents
the blood perfusion rate term, Cj is specific heat capacity of blood, T,,+ = 37°C is the arterial blood
temperature, and Q(p) is the volumetric heat source generated by the absorption of ultrasound energy.
The heat source Q(p) is calculated from the acoustic intensity I(p) and absorption coefficient «,, by
Q(p) = 2a,;,I(p) where the time-averaged intensity is given by

I(p, (z,t)) = o /0 p*(z,s)ds, t > 0. (67)

The specific physical parameters used in the simulation are listed in Tables 1 and 2 and have been
compiled from [9,10]. These values represent the properties of the simulated biological tissue and water,
as well as the characteristics of the ultrasound transducer’s source. Throughout this section all param-

W W

eters with the subscript “,,” are relative to water, “;” are relative to the tissue and “,” are relative to
blood. Regarding initial and boundary conditions for the pressure field, we impose a Dirichlet boundary

PmCm =V (knVT) — wpCo(T — Tyre) + Q(p), in Q x (0,t¢] (66)

condition at I' = {(z,y) € R? : 2 = —4}, derived using planar pressure source approximation [11], given
by
Po - F<t—|—cd (\/1—1—52 —1)> , y <dtan(y)
p(=4y,t) = ¢ /1%

0, y > dtan(y)
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where v = arcsin(§) and F(t) = sin(wt), ¢ > 0. In the remaining boundary, we use a discretization of
the plane wave boundary condition

Pt = —Cy Vp -1, on OQ\T

to avoid spurious reflections on the pressure field. For the temperature field, we consider T' = 37°C in
0f). Finally, we take the initial data for the pressure and its velocity as zero and the initial temperature
is taken as 37 °C.

5.2.3. Numerical results. The fully discrete method used is equations (22) to (25) with the adaptations
to account for the coefficients in equations (65) and (66) and the heat source term Q. The plane wave
boundary condition is discretized with backward differences in time.

The Westervelt—Pennes system is very challenging to solve due to the nonlinearity present on the pres-
sure equation as well as the typical very oscillatory behavior of the pressure field, under high frequencies.
We start by illustrating the effect of the damping and nonlinearity of the Westervelt equation on the
acoustic pressure profile versus the standard wave equation. To this end, we plot in Figures 4 and 3
the numerical pressure and intensity at ¢y = 50 ps corresponding to both equations. The discretization
parameters for this simulation are N = 1000, M = 600, At = 10ns and the mesh is chosen uniform
in each direction. We note that this magnitude of the timestep is required to capture the oscillatory
behavior of the source term as well as the pressure profile.

| | T T T | | T T T
3 | — linear | 1 || — linear |
—— nonlinear ——nonlinear

Pressure (MPa)
Intensity (W/m?)

x (cm) z (cm)

(A) Acoustic pressure. (B) Intensity.

FIGURE 4. Plots for pressure and intensity at ¢ = 50 ps along the x axis at y = 0 in the
target tissue.

To illustrate the behavior of the coupled Westervelt—Pennes system, we now focus on simulating
both pressure and temperature for a longer time interval. Due to the oscillatory nature of the solution
of the Westervelt equation in the HIFU regime, as mentioned before, a small timestep needs to be
employed. However, in our numerical experiments, for the source magnitudes we considered, we noticed
that around T = 300 ps while the pressure still oscillates in time, the pressure intensity (and consequently,
the volumetric heat source term @) stabilizes its variation in time. We then solve the temperature
equation only from that point on with that heat source with a timestep At = 1ms. Regarding the space
discretization, to also illustrate that our method can employ nonuniform grids, we built a mesh that is
more refined in the target tissue. More specifically, if NV and M are the number of points to assign to
the x and y variables, we create a mesh that is a.e. uniform (in each direction), except for the transition
between water and tissue element. Table 3 details the number of points used in each interval, in each
direction.

We conducted some simulations with frequency equal to 1.1 MHz and different magnitudes for the
source pressure. In Figure 5 we present the plots for the temperature at T = 5s in Figure 5 for the full
computational domain as well as the target tissue. The results illustrate the clear benefits of using HIFU
in targeted tissue ablation. While most of the domain remains in an interval of “safe” temperatures,
at the focus of the ultrasound we observe a very localized increase in the temperature, in a small time



THE LINEARIZED WESTERVELT-PENNES BIOHEAT SYSTEM: NUMERICAL ANALYSIS AND SIMULATION

26
direction subinterval number of points
[—4 cm, —2.5 cm] %
T [~2.5cm, 2.5 cm] s
N
[3 cm, —8 cm] T
[—6 cm, —2.25 cm] M
y [—2.25 cm, 2.25 cm] 2
[2.25 cm, 6 cm] M

TABLE 3. Number of points to create the mesh for simulating the pressure and temper-
ature of the Westervelt—Pennes system.

window. Increasing the source’s magnitude we can have a faster increase in the temperature at the target
tissue.

38 40 42 44 46

48 50 52 54

FIGURE 5. Temperature plots in the full domain (top row) and in target tissue (bot-
tom row). The columns correspond to simulations with frequency 1.1 MHz and source
pressure magnitude (from left to right) equal to 0.2 MPa, 0.5 MPa and 0.7 MPa.

CONCLUSIONS

In this paper we have presented a numerical method, based on finite differences, to solve the the
nonlinear coupled Westervelt—Pennes system. The semidiscrete and fully discrete versions of the method
we presented and their stability and convergence properties were analyzed taking into account the lin-
earized version of the Westervelt equation. In particular, we showed second order convergence in space
and first order convergence in time for the pressure and temperature fields under standard assumptions
on Hp.x and At with and without convective effects acting on the temperature field. This lead to show
the stability of the scheme, since it implied that the numerical solution is uniformly bounded in the
appropriate norms. We further illustrated the convergence order of in space the fully discrete method,
as well as the convergence rate drop when less regular solutions are considered.
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We also presented some numerical simulations in a two-dimensional scenario, which show the expected
behavior of the pressure and temperature fields. Due to the timescale of the problem, we had to use a
very small timestep to capture the oscillatory behavior of the pressure field. A better approach might be
to combine the finite difference method proposed in space with a time-stepping method that is adaptative
and more suitable for oscillatory problems, such as certain classes of Runge-Kutta methods.

The results also illustrate the benefits of using HIFU for targeted tissue ablation. Future work includes
the study of the numerical method applied to the fully nonlinear problem.
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