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Abstract

We study stochastic ordering of system lifetimes with dependent and heterogeneous com-
ponents whose marginal distributions are obtained through transformations of a common
baseline. The dependence structure is modeled via Archimedean copulas, allowing for a
unified treatment of several transformation-based models, including proportional hazard,
proportional reversed hazard rate and proportional odds families. For parallel, series and
(n − k)-out-of-n systems, we derive conditions for stochastic dominance based on mono-
tonicity of the transformation and structural properties of the copula generators, formulated
through super-additivity and Schur-type arguments.

The results provide tractable criteria that extend existing comparisons beyond inde-
pendence and illustrate the combined effect of dependence and parameter heterogeneity on
system reliability.
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1 Introduction

Comparing the behaviour of lifetime distributions between complex systems has attracted con-
siderable interest due to its applications in reliability and the overall performance of devices
constructed from multiple components. It is clear that the lifetime of each component reflects
on the collective behaviour of the system. Moreover, the way components interact with each
other—either due to the system’s physical properties or statistical dependence between compo-
nents—is crucial for characterising the system itself. Since lifetimes are random, any comparison
must capture the stochastic nature of the problem and be based on an appropriate version of a
stochastic order between the random variables representing the lifetimes of interest.

The basic notions and properties of stochastic orders may be found in the monograph by
Shaked and Shanthikumar (2007). Depending on the structure of a particular complex sys-
tem, its lifetime may be described using order statistics derived from the component lifetimes.
Consequently, one is often interested in the stochastic comparison of order statistics. A review
of relevant results can be found in Kochar (2012) and Kochar and Xu (2013), with the latter
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studying the effect of dependence between components on the overall lifetime and how to exert
some control over that dependence.

The physical properties of a system are typically reflected in how the lifetimes of its in-
dividual components determine the overall system lifetime. Among the most widely studied
configurations are parallel and series systems, where the system operates if at least one com-
ponent is functioning (parallel) or only if all components are functioning (series). Intermediate
configurations lead to the class of (n − k)-out-of-n systems, in which the system continues to
operate as long as at least n − k of the n components remain alive. There is an extensive lit-
erature on (n − k)-out-of-n systems, which is closely tied to the properties of (n − k)-th order
statistics. Most of this work assumes independent component lifetimes, due to the mathematical
challenges associated with deriving order statistic distributions in the presence of dependence.

Focusing on parallel or series systems, it is not surprising that the first results in the literature
compared such systems with respect to several stochastic orderings, assuming independent com-
ponents with specific lifetime distributions, as in Dykstra et al. (1997) or Khaledi and Kochar
(2000) for exponentially distributed components. More recently, Zhao et al. (2016) and Naqvi
et al. (2022) considered other distribution families for the component lifetimes. A different
type of result, characterising non-comparability for a specific criterion, may be found in Arab
et al. (2020), which provides results for the proportional hazard rates (PHR) and proportional
reversed hazard rates (PRHR) models that we will consider later.

The stochastic comparison of systems with dependent, possibly heterogeneous, components
has been addressed using characterisations of joint distributions described through specific cop-
ula functions, in particular Archimedean copulas. In this direction, Li and Fang (2015) proved
stochastic comparison results when component lifetimes follow a PHR model; Panja et al. (2021)
considered stochastic domination with components lifetime distributions from a proportional
odds model; and the PRHR model has been studied in Datta and Gupta (2024), among other
models for the individual distributions, with emphasis in comparing systems with respect to
dispersive or hazard rate orders. Further related results for distorted distributions and coher-
ent systems may be found in Navarro and del Águila (2017), while Amiri et al. (2022) and
Amini-Seresht et al. (2024) provide results for more specific families of component lifetimes.

In this paper, we develop a general framework for stochastic comparison of system lifetimes
with dependent and heterogeneous components, whose marginal distributions arise from trans-
formations of a common baseline and whose dependence structure is described by Archimedean
copulas. This setting includes several widely used models, such as the PHR and PRHR families,
within a unified formulation. For parallel and series systems, we establish stochastic ordering
results based on monotonicity properties of the transformation and structural conditions on the
copula generators. We further consider (n−k)-out-of-n systems, for which a different approach is
required, deriving explicit representations of the system lifetime distribution under Archimedean
dependence and obtaining stochastic ordering results when the joint distribution is described
through the same copula. The applicability of the proposed framework is illustrated through
several transformation models, highlighting the combined effect of dependence and parameter
heterogeneity on system reliability.

2 Notations and some preliminary results

We now introduce some general concepts and terminology to be used in the sequel. The set of
all cumulative distribution functions in R is denoted as P(R). Given a random variable X we
represent with FX(∈ P(R)) and FX its cumulative distribution function and survival function,
respectively, and may denote this asX ∼ FX . Analogously, given a n-dimensional random vector
X = (X1, . . . , Xn) the distribution function is represented by F(X1,...,Xn), while the marginals are

denoted as FXi , i = 1, . . . , n. Further, we shall represent as F (X1,...,Xn)(x1, . . . , xn) = P(X1 >
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x1, . . . , Xn > xn). Recall that a real valued function g is super-additive if, for every x, y ≥ 0,
g(x + y) ≥ g(x) + g(y). It is well known that if g(0) ≤ 0, then the convexity of g implies its
super-additivity.

We recall the definition of stochastic dominance, the key comparison notion between random
variables that will be studied.

Definition 2.1 Consider two random variables X1 ∼ FX1 and X2 ∼ FX2. We say that X1 is
smaller than X2 in the usual stochastic order, denoted by X1 ≤st X2, if FX1(x) ≤ FX2(x) for
every x ∈ R.

2.1 Joint distributions and copula representations

To study systems with dependent components, we introduce a copula-based representation of
joint distribution functions. It is well known, from the Sklar’s Theorem (see Sklar (2010)), that,
given a random vector X = (X1, . . . , Xn), there exist n-dimensional distribution functions, C
and Ĉ, with uniform marginals such that

F(X1,...,Xn) (x1, . . . , xn) = C (FX1(x1), . . . , FXn(xn)) ,

F (X1,...,Xn) (x1, . . . , xn) = Ĉ
(
FX1(x1), . . . , FXn(xn)

)
.

(1)

The functions C and Ĉ are the copula and survival copula, respectively, of the vector X. A
particular class of copulas, introduced next, is of special interest. We need to recall a preparatory
notion, before the actual definition of the class of interest.

Definition 2.2 A real function f is called d-monotone in (a, b), where a, b ∈ R and d ≥ 2,
if it is differentiable there up to the order d − 2 and the derivatives satisfy (−1)if (i)(x) ≥ 0,
i = 0, 1, . . . , d− 2 and (−1)d−2f (d−2)(x) is nonincreasing and convex in (a, b).

Definition 2.3 Suppose ψ : [0,∞) → [0, 1] is a continuous d-monotone function with ψ(0) = 1
and limx→∞ ψ(x) = 0. Then, a copula Cψ is called an Archimedean copula with generator ψ
if it can be written as Cψ (v1, . . . , vn) = ψ (ϕ (v1) + · · ·+ ϕ (vn)) for all vi ∈ [0, 1], i = 1, . . . , n,
where ϕ = ψ−1 = sup{x ∈ R : ψ(x) > v} is the right continuous inverse of the generator ψ.

In the sequel, we focus on several well–known Archimedean copula families that are widely
used in dependence modelling and reliability analysis. For convenience, we summarise their
generators, inverse generators and parameter ranges in Table 1.

Table 1: Generators, inverse generators and parameter ranges of selected Archimedean copulas.

Copula Generator ψ(t) Inverse ϕ(u) = ψ−1(u) Parameter range

Independence e−t − log u none

Clayton (1 + γt)−1/γ 1

γ
(u−γ − 1) γ ≥ −1, γ ̸= 0

Frank − 1
γ log

(
e−t(e−γ − 1) + 1

)
− log

(
e−γu−1
e−γ−1

)
γ ̸= 0

Gumbel exp(−t1/γ) (− log u)γ γ ≥ 1

Ali–Mikhail–Haq
(AMH)

1− γ

et − γ
log

(
1− γ(1− u)

u

)
γ ∈ (−1, 1)

The following ordering result for copulas is of interest.
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Lemma 2.4 (Li and Fang (2015), Lemma A.1) For two n-dimensional Archimedean cop-
ulas Cψ1 and Cψ2, if ϕ2 ◦ ψ1 is super-additive, then Cψ1(u) ≤ Cψ2(u), for u ∈ [0, 1]n.

We show a few examples illustrating the scope of applicability of Lemma 2.4.

Example 2.5 Assume that ψ1(t) = e−t, the generator of the independence copula. For gener-
ators ψ2 within the above-mentioned families, the super-additivity assumption holds for a wide
range of parameter values.

1. The Clayton case with γ2 ≥ 0. We have that ϕ2 ◦ ψ1(t) = 1
γ2

(
eγ2t − 1

)
, which is easily

seen to be convex. As ϕ2 ◦ ψ1(0) = 0, the super-additivity follows.

2. The Frank case with γ2 > 0. For this copula we find

ϕ2 ◦ ψ1(t) = − log

(
e−γ2e

−t
− 1

e−γ2 − 1

)
,

that is easily seen to be convex for t ≥ 0, hence, as ϕ2 ◦ ψ1(0) = 0, the super-additivity
follows.

3. The Gumbel case with γ2 ≥ 1. Then ϕ2◦ψ1(t) = (− log e−t)γ2 = tγ2, which is super-additive
on [0,∞).

4. The AMH case with γ2 ∈ (0, 1). Then

ϕ2 ◦ ψ1(t) = log

(
1− γ2(1− e−t)

e−t

)
= log

(
(1− γ2)e

t + γ2
)
.

Again, we find a convex function such that ϕ2◦ψ1(0) = 0, thus the super-additivity follows.

Example 2.6 Consider now two generators ψ1 and ψ2 from the same family of copulas, with
parameters γ1 and γ2. With the appropriate range of variability for the parameters, the compo-
sition ϕ2 ◦ ψ1 is still super-additive.

1. The Clayton family with γ2 ≥ γ1 > 0. In this case, we have ϕ2◦ψ1(t) =
1
γ2

(
(1 + γ1t)

γ2/γ1 − 1
)
.

For the given choice of parameters, ϕ2 ◦ ψ1 is convex so, as ϕ2 ◦ ψ1(0) = 0, this function
is super-additive.

2. The Frank copulas with γ2 ≥ γ1. A direct calculation gives

ϕ2 ◦ ψ1(t) = − log

((
e−t(e−γ1 − 1) + 1

)γ2/γ1 − 1

e−γ2 − 1

)
,

which is easily seen to be convex when γ2 ≥ γ1, hence, again as ϕ2 ◦ ψ1(0) = 0, it follows
that ϕ2 ◦ ψ1 is super-additive.

3. The Gumbel family with γ2 ≥ γ1 ≥ 1. We find that ϕ2 ◦ψ1(t) = tγ2/γ1 which, being convex
and null at the origin, is super-additive.

4. The AMH copulas with 1 ≥ γ2 ≥ γ1 ≥ 0. Some simple algebra shows that

ϕ2 ◦ ψ1(t) = log

(
1− γ2

1− γ1
et +

γ2 − γ1

1− γ1

)
= log

(
aet + b

)
,
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where a = 1−γ2
1−γ1

and b = γ2−γ1
1−γ1

, so a + b = 1. As γ2 ≥ γ1, it follows that a ∈ (0, 1] and
b ∈ [0, 1). Therefore, for x, y ≥ 0 we have

log(aex+y + b) ≥ log(aex + b) + log(aey + b) ⇔ aex+y + b ≥ (aex + b)(aey + b).

Expanding and rearranging the terms,

aex+y+ b− (aex+ b)(aey+ b) = a(1−a)
(
ex+y− ex− ey+1

)
= a(1−a)(ex−1)(ey−1) ≥ 0,

which proves super-additivity in this case as well.

2.2 Schur-convexity

Finally, we recall the main tool to derive the stochastic dominance between different distributions
depending on a family of parameters.

Definition 2.7 Let α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ R
n.

1. (Marshall et al. (2011), Definition 1.A.1) The vector α is said to be majorized by another

vector β, denoted by α
m
⪯ β, if for each ℓ = 1, . . . , n − 1, we have

∑ℓ
i=1 αi:n ≥

∑ℓ
i=1 βi:n

and
∑n

i=1 αi:n =
∑n

i=1 βi:n, where αi:n and βi:n represent the coordinates of α and β,
respectively, ordered increasingly.

2. (Marshall et al. (2011), Definition 3.A.1) A function h : A ⊆ R
n → R is said to be

Schur-convex (Schur-concave) on A if

α
m
⪰ β ⇒ h(α) ≥ (≤) h(β), for all α, β ∈ A.

The result below provides a connection between majorization and Schur-convexity.

Theorem 2.8 (Marshall et al. (2011), Theorem 3.A.4) Suppose J ⊂ R is an open inter-
val and h : Jn → R is continuously differentiable. Then, h is Schur-convex (Schur-concave) on
Jn if and only if

1. h is symmetric on Jn, and

2. for all i ̸= j and all α ∈ Jn,

(αi − αj)

(
∂h(α)

∂αi
−
∂h(α)

∂αj

)
≥ (≤) 0, (2)

where ∂h(α)
∂αi

represents the partial derivative of h with respect to its i-th argument.

For a thorough discussion on the theory of majorization and Schur functions, one may refer to
Marshall et al. (2011).

3 Stochastic dominance for complex systems

We shall prove some general stochastic dominance results comparing systems built on different
collections of components, whose lifetimes are given by a semiparametric model. Let us start
by defining the framework. Let T : A × P(R) −→ P(R), where A ⊂ R, be some functional
and consider collections of random variables Xi and Yi, for i = 1, 2, . . . , n, with distributions
FXi = T (αi, F ) and FYi = T (βi, F ), where αi, βi ∈ A such that X = (X1, . . . , Xn) and Y =
(Y1, . . . , Yn) have joint distributions described by Archimedean copulas with generators ψ1 and
ψ2, respectively.
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3.1 Stochastic dominance between parallel systems

The lifetime of the parallel system with components Xi, for i = 1, . . . , n, is given by Xn:n(α) =
max{X1, . . . , Xn}, where α = (α1, . . . , αn), whose distribution function is of the form

h(α;ψ1)(x) = F (α)
n:n (x) = ψ1

(
n∑

i=1

ϕ1(T (αi, F (x)))

)
, (3)

where ϕ1 is the inverse of ψ1. Analogous expressions characterise the parallel system with
components Yi, for i = 1, . . . , n, with lifetime Yn:n(β), that has distribution function h(β;ψ2),
where β = (β1, . . . , βn).

We prove a first stochastic domination result for parallel systems assuming a strict order
relation between the parameters characterising each distribution.

Theorem 3.1 Assume the parameter vectors α and β are such that αi ≤ βi, for i = 1, . . . , n.

1. If T is increasing in its first argument that is, α ≤ β implies that, for every x ∈ R,
T (α, F )(x) ≤ T (β, F )(x) and the generators are such that ϕ2 ◦ ψ1 is super-additive, then
Xn:n(α) ≥st Yn:n(β).

2. If T is decreasing in its first argument that is, α ≤ β implies that, for every x ∈ R,
T (α, F )(x) ≥ T (β, F )(x) and the generators are such that ϕ1 ◦ ψ2 is super-additive, then
Xn:n(α) ≤st Yn:n(β).

Proof. Regarding assertion 1., according to Lemma 2.4, as ϕ2 ◦ ψ1 is super-additive, it follows
that

F
(α)
Xn:n

= Cψ1(T (α1, F ), . . . , T (αn, F )) ≤ Cψ2(T (α1, F ), . . . , T (αn, F ))

≤ Cψ2(T (β1, F ), . . . , T (βn, F )) = F
(β)
Yn:n

,

using the increasingness of T (·, F ) and the fact that Cψ2 , being a copula, is a multivariate distri-
bution function, hence increasing in each coordinate. The second assertion is proved analogously
taking into account the reversal of the direction of the super-additivity assumption.

Remark 3.2 Note that the monotonicity assumptions in Theorem 3.1 may be restated in terms
of the usual stochastic order. Indeed, for example, as what regards assertion 1., one may rewrite
it as α ≤ β implies that T (α, F ) ≥st T (β, F ). Of course, assertion 2. reverses the direction of
this stochastic dominance.

The requirement of coordinatewise increasing parameter vectors may be relaxed, using the

majorization
m
⪯ relation introduced in Definition 2.7, as proved next.

Theorem 3.3 Assume the functional T is differentiable with respect to its first argument, the

generators are such that ϕ2 ◦ ψ1 is super-additive, ψ2 is d-monotone with d ≥ 3, α
m
⪰ β and

V (β) =
1

ψ′
2 ◦ ϕ2(T (β, F ))

∂T

∂β
(β, F ), β ∈ A, (4)

is increasing, then Xn:n(α) ≥st Yn:n(β).
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Proof. According to Lemma 2.4, as ϕ2◦ψ1 is super-additive, it follows that h(α;ψ1) ≤ h(α;ψ2).

As we are assuming that α
m
⪰ β, taking into account Definition 2.7, the conclusion follows if

we prove the Schur-concavity of h(β;ψ2) with respect to β, for what we shall verify that the
assumptions of Theorem 2.8 are satisfied. As h(β;ψ2) is obviously symmetric with respect to
β, it remains to show that (2) holds. Differentiating, we have

∂h

∂βi
= ψ′

2

(
n∑

i=1

ϕ2(T (βi, F ))

)
V (βi),

hence

(βi − βj)

(
∂h

∂βi
−

∂h

∂βj

)
= ψ′

2

(
n∑

i=1

ϕ2(T (βi, F ))

)
(βi − βj)

(
V (βi)− V (βj)

)
≤ 0,

as V is increasing and ψ2, being the generator of an Archimedean copula, is decreasing.

For many Archimedean copula generators, namely, for the families of copulas mentioned
above, a convenient representation of ψ′ is available, allowing for a simplification of the function
V defined in (4).

Corollary 3.4 Assume the same conditions as in Theorem 3.3. With K2(x) = −ψ2(x)
ψ′
2(x)

, the

same conclusion holds if (4) is replaced by

V ∗(β) =
−K2 ◦ ϕ2(T (β, F ))

T (β, F )

∂T

∂β
(β, F ), β ∈ A, (5)

Proof. This is a straightforward consequence of ϕ2 being the inverse of ψ2.

Example 3.5 As an application of the previous results, choose as baseline the standard exponen-
tial distribution E(x) = 1−e−x, for x ≥ 0, and, for β > 0, T (β, E)(x) = 1−(1−E(x))β = 1−e−βx,
the exponential distribution with hazard rate β. Then, with the notation of Theorems 3.1 and 3.3,
X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn) are random vectors with dependent components whose
marginal distributions are heterogeneous exponentials. Assume the distributions of X and Y are
described using a Clayton copula with parameters γ1 and γ2, respectively, such that γ2 ≥ γ1 > 0.
Then, as referred in Example 2.6, ϕ2◦ψ1 is super-additive. Hence, from Theorem 3.1, if αi ≤ βi,
i = 1, . . . , n, it follows that Xn:n(α) ≥st Yn:n(β). In case we do not have increasing coordinates

for the parameter vectors, but they still satisfy α
m
⪰ β, we get a conclusion using Theorem 3.3.

Moreover, for the Clayton generator ψ′
2 ◦ ϕ2(T (β, E))(x) = −(1− e−x)1+γ2, so

V (β) = −x(1− e−βx)−(1+γ2)e−βx,

which is increasing with respect to β > 0, so again we conclude that Xn:n(α) ≥st Yn:n(β).

The characterisation established in Theorem 3.3 provides a tool for identifying extremal
configurations of parallel systems under stochastic ordering of their lifetimes. Under rectangular
constraints on the parameter space, it shows that the extremal behaviour is achieved by specific
boundary configurations, thus yielding an explicit and tractable description of optimal parameter
allocations.
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Corollary 3.6 Assume the functional T and the generator of the Archimedean copula describing
the distribution of X are such that the function V defined in (4) (with ψ2 = ψ1) is increasing.
Fix numbers a < b and c ∈ [na, nb), and define

Aa,b,c =

{
α = (α1, . . . , αn) ∈ [a, b]n :

n∑

i=1

αi = c

}
,

α =
( c
n
, . . . ,

c

n

)
, q =

⌊
c− na

b− a

⌋
, and η = c− qb− (n− q − 1)a.

Then η ∈ [a, b) and
α∗ = (a, . . . , a︸ ︷︷ ︸

n−q−1 times

, η, b, . . . , b︸ ︷︷ ︸
q times

) ∈ Aa,b,c.

Moreover, for every α ∈ Aa,b,c, Xn:n(α
∗) ≥st Xn:n(α) ≥st Xn:n(α).

Proof. First, note that α ∈ Aa,b,c implies a ≤ c
n < b, as c ∈ [na, nb). Moreover, we may write

c − na = q(b − a) + r, where 0 ≤ r < b − a, which leads to η = c − qb − (n − q − 1)a = a + r,
proving that η ∈ [a, b). Therefore α∗ ∈ Aa,b,c. Now, taking into account Theorem 3.3, it is

enough to prove that α∗
m
⪰ α

m
⪰ α. The latter majorization is obvious, as among vectors with

coordinates with a fixed sum, the constant vector is well known to be majorised by any other
vector. Hence, we need to verify that, for every ℓ = 1, . . . , n− 1,

∑ℓ
i=1 αi:n ≥

∑ℓ
i=1 α

∗
i:n, where

αi:n and α∗
i:n represent the coordinates of α and α∗, respectively, ordered increasingly.

(i) If 1 ≤ ℓ ≤ n−q−1, then the ℓ smallest coordinates of α∗ are all equal to a, so
∑ℓ

i=1 α
∗
i:n =

ℓa. Since every coordinate of α belongs to [a, b], we also have αi:n ≥ a, for every i = 1, . . . , ℓ,
and therefore

∑ℓ
i=1 αi:n ≥ ℓa =

∑ℓ
i=1 α

∗
i:n.

(ii) Assume now that n−q ≤ ℓ ≤ n−1. Since the total sums of the coordinates of α and α∗ are
both equal to c,

∑ℓ
i=1 αi:n = c−

∑n
i=ℓ+1 αi:n and

∑ℓ
i=1 α

∗
i:n = c−

∑n
i=ℓ+1 α

∗
i:n. The number

of terms in both complementary sums is n− ℓ ≤ q. Since each coordinate of α is bounded
above by b, we have

∑n
i=ℓ+1 αi:n ≤ (n− ℓ)b. On the other hand, because the n− ℓ largest

coordinates of α∗ are all equal to b in this range of ℓ, we obtain
∑n

i=ℓ+1 α
∗
i:n = (n − ℓ)b.

Hence
n∑

i=ℓ+1

αi:n ≤
n∑

i=ℓ+1

α∗
i:n ⇒

ℓ∑

i=1

αi:n ≥
ℓ∑

i=1

α∗
i:n,

which completes the proof.

3.2 Stochastic dominance between series systems

Complex systems with components connected in series are treated similarly, after adapting
appropriately the notation. The series system with components Xi, for i = 1, . . . , n, whose dis-

tributions are as described above, has lifetime X1:n(α) = min{X1, . . . , Xn}, with tail F
(α)
1:n (x) =

P(X1 > x, . . . , Xn > x). As above, assuming that X is associated with an Archimedean copula
with generator ψ1 is given by

h̃(α;ψ)(x) = F
(α)
1:n (x) = ψ1

(
n∑

i=1

ϕ1 (1− T (αi, F (x)))

)
= ψ1

(
n∑

i=1

ϕ1
(
T (αi, F (x))

)
)
, (6)

8



by defining T (α, F ) = 1 − T (α, F ). Analogous adaptations should be made to describe the
lifetime Y1:n(β) of the series system with components Yi, for i = 1, . . . , n. We now obtain
sufficient conditions for stochastic dominance between series system lifetimes by adapting the
above results obtained in the previous subsection for parallel systems.

Theorem 3.7 Assume the parameter vectors α and β are such that αi ≤ βi, for i = 1, . . . , n.

1. If T is decreasing in its first argument that is, α ≤ β implies that, for very x ∈ R,
T (α, F )(x) ≥ T (β, F )(x) and the generators are such that ϕ2 ◦ ψ1 is super-additive, then
X1:n(α) ≤st Y1:n(β).

2. If T is increasing in its first argument that is, α ≤ β implies that, for every x ∈ R,
T (α, F )(x) ≤ T (β, F )(x) and the generators are such that ϕ1 ◦ ψ2 is super-additive, then
X1:n(α) ≥st Y1:n(β).

Proof. The proof follows the arguments used to prove Theorem 3.1 using the survival copula
representation for the tails of the distributions (see (1)).

Theorem 3.8 Assume T is differentiable with respect to its first argument, the generators are

such that ϕ2 ◦ ψ1 is super-additive, ψ1 is d-monotone with d ≥ 3, β
m
⪰ α and

V (β) =
1

ψ′
1 ◦ ϕ1(T (β, F ))

∂T

∂β
(β, F ), β ∈ A, (7)

is decreasing, then, X1:n(α) ≤st Y1:n(β).

Proof. According to Lemma 2.4, as ϕ2◦ψ1 is super-additive, it follows that h̃(β;ψ2) ≥ h̃(β;ψ1).
Differentiating, we have

∂h̃

∂βi
= ψ′

1

(
n∑

i=1

ϕ1(T (βi, F ))

)
V (βi),

hence

(βi − βj)

(
∂h̃

∂βi
−

∂h̃

∂βj

)
= ψ′

1

(
n∑

i=1

ϕ1(T (βi, F ))

)
(βi − βj)

(
V (βi)− V (βj)

)
≥ 0,

as ψ1 is decreasing, thus h̃ is Schur-convex, so h̃(β;ψ1) ≥ h̃(α;ψ1), concluding the proof.

A statement similar to Corollary 3.4 is immediate.

Corollary 3.9 Assume the same conditions as in Theorem 3.8. With K1(x) = −ψ1(x)
ψ′
1(x)

, the

same conclusion holds if (7) is replaced by

V
∗
(β) =

−K1 ◦ ϕ1(T (β, F ))

T (β, F )

∂T

∂β
(β, F ), β ∈ A, (8)

Corollary 3.6 admits a direct counterpart for series systems. Under identical parameter
constraints, the extremal configurations with respect to stochastic ordering of the system lifetime
can be characterized in a completely analogous way. The proof is omitted, as it follows the same
line of reasoning as Corollary 3.6.

Corollary 3.10 Assume the functional T and the generator of the Archimedean copula de-
scribing the distribution of X are such that the function V ∗ defined in (8) (with ψ2 = ψ1) is
decreasing. With the notations of Corollary 3.6, for every α ∈ Aa,b,c, we have that X1:n(α

∗) ≤st

X1:n(α) ≤st X1:n(α).
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3.3 Stochastic dominance between (n− k)-out-of-n systems

We now consider the (n − k)-out-of-n system with dependent and heterogeneous components,
which remains functional whenever at least n− k components are still alive. With the notation
introduced at the beginning of Section 3, assuming the components lifetime distributions are
FXi = T (αi, F ), the lifetime of such a system is given by Xn−k:n(α), where α = (α1, . . . , αn).
The derivation of a stochastic dominance result between (n − k)-out-of-n systems, stated in
Theorem 3.16 below, requires a number of preparatory results, characterising the distribution
of Xn−k:n and some of its relevant properties, which we present first. We start by an auxiliary
result, helping with the representation of the relevant transformations.

Lemma 3.11 Let m ≥ 1, let g : R −→ R be m times differentiable, and h1, . . . , hm > 0. Define
the iterated forward difference operator by

∆h1,...,hmg(a) := (∆hm ◦ · · · ◦∆h1)g(a), ∆hg(a) := g(a+ h)− g(a).

Then the following identities hold:

∆h1,...,hmg(a) =
∑

L⊆{1,...,m}

(−1)m−|L| g

(
a+

∑

r∈L

hr

)
, (9)

∆h1,...,hmg(a) =

∫ h1

0
· · ·

∫ hm

0
g(m)(a+ u1 + · · ·+ um) du1 · · · dum. (10)

Proof. We prove both identities by induction on m.

(i) For (9). Whenm = 1, we have ∆hg(a) = g(a+h)−g(a), which coincides with (9). Assume
the result holds for m− 1. Then

∆h1,...,hmg(a) = ∆hm

(
∆h1,...,hm−1g

)
(a) = ∆h1,...,hm−1g(a+ hm)−∆h1,...,hm−1g(a).

Applying the induction hypothesis to both terms, we obtain

∑

L⊆{1,...,m−1}

(−1)(m−1)−|L|g

(
a+ hm +

∑

r∈L

hr

)
−

∑

L⊆{1,...,m−1}

(−1)(m−1)−|L|g

(
a+

∑

r∈L

hr

)
.

Grouping terms according to whether the index m belongs to the subset or not, we recover
exactly the expansion (9) for m, with coefficients (−1)m−|L|.

(ii) For (10). The representation is obvious for m = 1. Assume now that (10) is true for m−1.
Then

∆h1,...,hmg(a) = ∆hm

[∫ h1

0
· · ·

∫ hm−1

0
g(m−1)(a+ u1 + · · ·+ um−1) du1 · · · dum−1

]
.

Applying ∆hm inside the integral and using the fundamental theorem of calculus, we obtain

∫ h1

0
· · ·

∫ hm−1

0

∫ hm

0
g(m)(a+ u1 + · · ·+ um) dum du1 · · · dum−1,

concluding the proof.

We now proceed to the characterisation of the distribution function F
(α)
n−k:n of Xn−k:n(α).
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Proposition 3.12 Let 1 ≤ k ≤ n − 1 and let X1, . . . , Xn whose joint distribution is described
by an Archimedean copula with generator ψ. For x ∈ R such that 0 < T (αi, F )(x) < 1 for all i,
define

ui(x) := T (αi, F )(x), ti(x) := ϕ
(
ui(x)

)
, i = 1, . . . , n, (11)

Then, with α = (α1, . . . , αn),

F
(α)
n−k:n(x) =

n∑

j=n−k

(−1)j−(n−k)

(
j − 1

n− k − 1

) ∑

I⊆{1,...,n}
|I|=j

ψ

(
∑

i∈I

ti(x)

)
. (12)

Proof. Set Bi(x) := {Xi ≤ x}, i = 1, . . . , n. Then {Xn−k:n ≤ x} =
{∑n

i=1 1Bi(x) ≥ n− k
}
. By

inclusion-exclusion for the probability that at least n − k among the events B1(x), . . . , Bn(x)
occur, we get

P

(
n∑

i=1

1Bi(x) ≥ n− k

)
=

n∑

j=n−k

(−1)j−(n−k)

(
j − 1

n− k − 1

) ∑

I⊆{1,...,n}
|I|=j

P

(
⋂

i∈I

Bi(x)

)
.

Since the joint distribution is described by the Archimedean copula Cψ, if follows that

P

(
⋂

i∈I

Bi(x)

)
= Cψ

(
(ui(x))i∈I

)
= ψ

(
∑

i∈I

ϕ(ui(x))

)
= ψ

(
∑

i∈I

ti(x)

)
.

Substituting this in the previous identity yields (12).

Proposition 3.13 Assume the same conditions as in Proposition 3.12. Moreover, assume that
T is differentiable with respect to its first argument, that ψ is d-monotone with d ≥ 3, and that its
inverse generator ϕ = ψ−1 is differentiable on the relevant interval. Then, with α = (α1, . . . , αn),
for each ℓ = 1, . . . , n,

∂

∂αℓ
F

(α)
n−k:n(x) = ϕ′

(
uℓ(x)

) ∂T
∂α

(αℓ, F )(x)

n∑

j=n−k

(−1)j−(n−k)

(
j − 1

n− k − 1

) ∑

I⊆{1,...,n}
|I|=j, ℓ∈I

ψ′

(
∑

i∈I

ti(x)

)
.

(13)

Proof. First note that, when differentiating (12) with respect to αℓ, only the subsets I such
that ℓ ∈ I contribute. For each such subset,

∂

∂αℓ
ψ

(
∑

i∈I

ti(x)

)
= ψ′

(
∑

i∈I

ti(x)

)
∂tℓ(x)

∂αℓ
.

Now, using (11) and differentiating concludes the proof.

To be able to prove some convenient monotonicity results, that will imply the stochastic
dominance relations between different (n−k)-out-of-n systems, we need a different representation
of the derivative (13). This is proved in the next result.
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Proposition 3.14 Assume the same conditions as in Proposition 3.13. Fix ℓ ∈ {1, . . . , n} and
write Nℓ := {1, . . . , n} \ {ℓ}. Then

n∑

j=n−k

(−1)j−(n−k)

(
j − 1

n− k − 1

) ∑

I⊆{1,...,n}
|I|=j, ℓ∈I

ψ′

(
∑

i∈I

ti(x)

)

= (−1)k
∑

J⊆Nℓ
|J |=n−k−1

∆(ti(x))i∈Nℓ\J
ψ′


tℓ(x) +

∑

j∈J

tj(x)


 , (14)

where ∆(ti(x))i∈Nℓ\J
denotes the iterated forward difference with increments (ti(x))i∈Nℓ\J . Con-

sequently,

∂

∂αℓ
F

(α)
n−k:n(x) = (−1)kϕ′(uℓ(x))

∂T

∂α
(αℓ, F )(x)

∑

J⊆Nℓ
|J |=n−k−1

∆(ti(x))i∈Nℓ\J
ψ′


tℓ(x) +

∑

j∈J

tj(x)


 .

(15)

Proof. We only need to prove (14), as (15) is then an immediate from Proposition 3.13. Fix
J ⊆ Nℓ with |J | = n− k− 1. Then |Nℓ \ J | = k, and by Lemma 3.11 and multiplying by (−1)k,
we find

(−1)k∆(ti(x))i∈Nℓ\J
ψ′


tℓ(x) +

∑

j∈J

tj(x)


 =

∑

L⊆Nℓ\J

(−1)|L|ψ′


tℓ(x) +

∑

j∈J

tj(x) +
∑

i∈L

ti(x)


 .

We now determine the coefficient of a fixed term

ψ′

(
∑

i∈I

ti(x)

)
, ℓ ∈ I, |I| = m,

in the right-hand side of (14). Denote I = {ℓ}∪A, A ⊆ Nℓ, |A| = m−1. A term ψ′
(∑

i∈I ti(x)
)

appears in the above expansion if and only if

tℓ(x) +
∑

j∈J

tj(x) +
∑

i∈L

ti(x) = tℓ(x) +
∑

a∈A

ta(x),

which is equivalent to J∪L = A and J∩L = ∅. Hence such a term appears precisely when J ⊆ A

and L = A\J . In addition, we must have |J | = n−k−1. Thus the number of occurrences of the
term is exactly the number of subsets J ⊆ A with |J | = n−k−1, namely

(
m−1
n−k−1

)
. For each such

occurrence, the coefficient is (−1)|L|. Since |L| = |A|−|J | = (m−1)−(n−k−1) = m−(n−k), the
sign of this coefficient is (−1)|L| = (−1)m−(n−k). Therefore, the total coefficient of ψ′

(∑
i∈I ti(x)

)

in the right-hand side is

(−1)m−(n−k)

(
m− 1

n− k − 1

)
,

which coincides exactly with the coefficient of the same term in the left-hand side of (14). Since
this holds for every subset I such that ℓ ∈ I, the identity (14) follows. This completes the proof.

Corollary 3.15 Assume the conditions of Proposition 3.14. Moreover, assume that the copula
generator ψ is d-monotone with d ≥ k + 3. Then, for each ℓ = 1, . . . , n,

sgn

(
∂

∂αℓ
F

(α)
n−k:n(x)

)
= sgn

(
∂T

∂α
(αℓ, F )(x)

)
. (16)
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Proof. We apply the integral representation in Lemma 3.11 to each forward difference in (15).
Since |Nℓ \ J | = k, every such term has the form

∫ ti1 (x)

0
· · ·

∫ tik (x)

0
ψ(k+1)


tℓ(x) +

∑

j∈J

tj(x) + u1 + · · ·+ uk


 du1 · · · duk.

By assumption, as ψ is d-monotone, each of these integrals has sign (−1)k+1. Therefore the
whole sum over J has sign (−1)k+1, and multiplication by the factor (−1)k makes the bracket
negative. Finally, since ϕ is decreasing, we have ϕ′(uℓ(x)) < 0. Hence

sgn

(
∂

∂αℓ
F

(α)
n−k:n(x)

)
= sgn

(
∂T

∂α
(αℓ, F )(x)

)
.

We may finally prove that the monotonicity of the functional T implies stochastic dominance
relations between the (n− k)-out-of-n systems.

Theorem 3.16 Assume the conditions of Corollary 3.15.

1. If T is increasing in its first argument, that is, α ≤ β implies that T (α, F )(x) ≤ T (β, F )(x),

for every x ∈ R, then, for each fixed x ∈ R, the map α = (α1, . . . , αn) 7−→ F
(α)
n−k:n(x) is

increasing in each coordinate.

2. If T is decreasing in its first argument, that is, α ≤ β implies that T (α, F )(x) ≥ T (β, F )(x),
for every x ∈ R, then, for each fixed x ∈ R, the same map is decreasing in each coordinate.

Consequently, if α = (α1, . . . , αn) and β = (β1, . . . , βn) are such that αi ≤ βi, for every i =
1, . . . , n, then

1. If T is increasing in its first argument, then Xn−k:n(α) ≥st Xn−k:n(β),

2. If T is decreasing in its first argument, then Xn−k:n(α) ≤st Xn−k:n(β).

Proof. We only prove assertion 1., as the decreasing case is handled analogously, reversing
inequalities. Therefore, T being increasing in its first argument means that ∂T

∂α ≥ 0 whenever

the derivative exists, so Corollary 3.15 yields ∂
∂αℓ

F
(α)
n−k:n(x) ≥ 0, for every ℓ = 1, . . . , n. Hence

the map α 7→ F
(α)
n−k:n(x) is increasing in each coordinate.

Now suppose that αi ≤ βi for all i = 1, . . . , n, define the intermediate vectors γ(0) :=
(α1, . . . , αn) = α,

γ(m) := (β1, . . . , βm, αm+1, . . . , αn), m = 1, . . . , n− 1,

and γ(n) = (β1, . . . , βn) = β. By coordinatewise monotonicity, when T is increasing we obtain

F
(α)
n−k:n(x) = F

(γ(0))
n−k:n(x) ≤ F

(γ(1))
n−k:n(x) ≤ · · · ≤ F

(γ(n))
n−k:n(x) = F

(β)
n−k:n(x),

for every x ∈ R, equivalently Xn−k:n(α) ≥st Xn−k:n(β).

The following example shows that an extension of the previous result replacing the coordi-
natewise monotonicity of the parameters by a majorization relationship is not achievable.
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Example 3.17 Take E(x) = 1 − e−x, for x ≥ 0, the standard exponential, and the functional
T (α, E)(x) = 1−(1−E(x))α = 1−e−αx, where α > 0. Consider a system with n = 3 components
with lifetimes T (αi, E), for i = 1, 2, 3, whose joint distribution is described by an Archimedean
copula with Clayton generator ψ(t) = (1 + t)−1, for t ≥ 0. With α = (α1, α2, α3), the lifetime
of a 2-out-of-3 system is X2:3(α), whose distribution function is obtained by using (12):

F
(α)
2:3 (x) = ψ(t1 + t2) + ψ(t1 + t3) + ψ(t2 + t3)− 2ψ(t1 + t2 + t3),

where ti = (eαix − 1)−1. A direct differentiation with respect to αℓ gives

∂F
(α)
2:3

∂αℓ
(x) = t′ℓ


∑

j ̸=ℓ

ψ′(tℓ + tj)− 2ψ′(t1 + t2 + t3)


 ,

where t′ℓ = −xeαℓx(eαℓx−1)−2. Choosing now α = (1, 2.5, 4), the plots for (αℓ−αm)

(
∂F

(α)
2:3

∂αℓ
−

∂F
(α)
2:3

∂αm

)

are shown in Figure 1. Although when taking (ℓ,m) = (1, 3) or (2, 3) the curve has a constant

Figure 1: Plots for (αℓ − αm)

(
∂F

(α)
2:3

∂αℓ
−

∂F
(α)
2:3

∂αm

)
: (ℓ,m) = (1, 2) (solid), (ℓ,m) = (1, 3) (dashed),

(ℓ,m) = (2, 3) (dotted).

sign, the case (ℓ,m) = (1, 2) changes sign as x ranges (0,+∞). Hence, the map α 7−→ F
(α)
2:3 (x)

is neither Schur-convex nor Schur-concave.

4 Stochastic Comparisons for specific transformation models

We now demonstrate how the proposed framework can be applied to standard system structures.
In many practical settings, systems consist of dependent and heterogeneous components whose
distributions can be viewed as transformations of a common baseline model. In this context,
the marginal distributions are expressed as FXi = T (αi, F ), where F denotes the baseline
distribution and the transformation T reflects deviations across components. The parameters
αi therefore regulate the relative behaviour of individual components within a unified modelling
scheme, while dependence among them is described through Archimedean copulas.

Within this setting, the maximum and minimum order statistics naturally represent system
performance, corresponding to best- and worst-case scenarios, respectively. The results estab-
lished in Section 3 provide general conditions under which such systems can be compared in
terms of stochastic ordering. In particular, monotonicity of the transformation T leads to or-
dering results for parallel systems, whereas additional conditions involving the function V allow
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majorization of the parameter vector to determine the ordering of extrema. In this way, the
analysis makes explicit how heterogeneity in component characteristics influences overall system
behaviour. From a methodological standpoint, the results highlight that stochastic ordering of
system performance is driven by the interplay between three key elements: the monotonicity
properties of the transformation, the dispersion of the parameter vector as described by ma-
jorization, and the dependence structure induced by the copula. This perspective provides a
general mechanism that both extends and consolidates existing results, which are often confined
to specific models or independence assumptions.

The properties of parallel systems will depend on the particular V or V ∗ function introduced
in Theorem 3.3 and Corollary 3.4, or their counterparts corresponding to series systems. Hence
it is useful to have a description of the composition ψ′ ◦ ϕ, or of the quotient − ψ

ψ′ , where ψ is
the generator of each of the Archimedean copulas of interest and ϕ the corresponding inverse.
These functions are given in Table 2.

Table 2: Auxiliary functions for selected Archimedean copulas.

Copula ψ′(t) ψ′ ◦ ϕ(t) K(t) = − ψ(t)
ψ′(t)

Independence e−t −t 1

Clayton −(1 + γt)−(γ+1)/γ −tγ+1 1 + γt

Frank − 1
γ

e−t(e−γ−1)
e−t(e−γ−1)+1

1
γ (1− eγt) − e−t(e−γ−1)

e−t(e−γ−1)+1
log
(
e−t(e−γ − 1) + 1

)

Gumbel − 1
γ t

(1−γ)/γ exp(−t1/γ) − t
γ (− log t)1−γ γt(γ−1)/γ

AMH − (1−γ)et

(et−γ)2
− t(1−γ+γt)

1−γ 1− γe−t

4.1 The PHR model

As mentioned above, in Example 3.5 we considered a specific choice for the operator T leading
to exponential distributions with different hazard rates. More generally, this construction gives
rise to a parametric family of distributions that includes several widely used models. Let us
define, for β > 0 and F ∈ P(R),

Te(β, F ) = 1− (1− F )β . (17)

This transformation corresponds to the PHR models with baseline distribution F , as the tail

1−Te(β, F ) = F
β
. It also includes the general K-G family introduced in Cordeiro and de Castro

(2011), which considers distribution functions of the form 1− (1−Gα)β , where G is some given
distribution function, and α, β > 0. Thus, this framework includes the PHR model based on
exponentiated distributions, while requiring weaker assumptions on the generators than those
in Panja et al. (2021) and Datta and Gupta (2024). It is worth noting that the stochastic
dominance result in Datta and Gupta (2024) is derived through a combination of hazard rate
and reversed hazard rate orderings.

We now apply the general results proved in Section 3 to obtain stochastic dominance between
different parallel or series systems with dependent heterogeneous components whose lifetimes
are described through the operator Te and have joint distribution described by a convenient
Archimedean copula. Note that, for each fixed F ∈ P(R), ∂Te

∂β = −(1 − F )β log(1 − F ) =
−(1− Te) log(1− F ) > 0, hence Te is increasing with respect to β.
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Proposition 4.1 With marginal distributions based on the functional Te, assume the parame-
ters α and β satisfy αi ≤ βi, for i = 1, . . . , n, and the copula generators are such that ϕ2 ◦ψ1 is
super-additive. Then Xn:n(α) ≥st Yn:n(β).

Proof. This is an immediate consequence of assertion 1. in Theorem 3.1.

If the parameter vectors satisfy the more relaxed majorization relation, we need to be more
specific about the copulas describing the joint distributions.

Proposition 4.2 With marginal distributions based on the functional Te and copula generators
are such that ϕ2 ◦ψ1 is super-additive and ψ2 is d-monotone with d ≥ 3, assume the parameters

satisfy α
m
⪰ β. If any of the following conditions is fulfilled:

1. (Clayton copula) ψ2 is the Clayton generator with γ2 ≥ −1,

2. (Gumbel copula) ψ2 is the Gumbel generator with γ2 ≥ 1,

3. (AMH copula) ψ2 is the AMH generator with γ2 ∈ (−1, 1),

then Xn:n(α) ≥st Yn:n(β).

Proof. Replacing the expression for the derivative of Te in (4), means that we need to prove
the increasingness with respect to β > 0 of

V (β) =
−(1− Te) log(1− F )

ψ′
2 ◦ ϕ2(Te)

.

Given the monotonicity of Te with respect to β, the increasingness of V (β) follows if we prove
that Se(x) =

1−x
ψ′
2◦ϕ2(x)

is increasing for x ∈ (0, 1].

1. (Clayton copula) Replacing the expression for ψ′
2◦ϕ2(x) from Table 2, we find that Se(x) =

x−γ2 − x−(γ2+1), which is easily seen to be increasing whenever γ2 ≥ −1 and x ∈ (0, 1].

2. (Gumbel copula) We now have Se(x) = γ2
(
1− 1

x

)
(− log x)γ2−1. Differentiating shows

that S′
e has the same sign as − log x − (γ2 − 1)(x − 1) that, for γ2 ≥ 1 and x ∈ (0, 1], is

nonnegative, thus Se is increasing.

3. (AMH copula) In this case, we have Se(x) =
(
1− 1

x

) 1−γ2
1−γ2(1−x)

. It easy verify that S′
e has

the same sign as 1−γ2+2γ2x−γ2x
2. This quadratic has constant sign when x ∈ (0, 1] and

γ2 ∈ (−1, 1), the range for the variation of the parameter, and the sign of this polynomial
is positive. Hence, Se is indeed increasing when x ∈ (0, 1].

We now describe conditions for stochastic dominance between series systems, whose lifetime
is given by X1:n(α) = min{X1, . . . , Xn} and Y1:n(β) = min{Y1, . . . , Yn}, respectively. The
following result is an immediate consequence of assertion 2. in Theorem 3.7.

Proposition 4.3 With marginal distributions based on the functional Te, copula generators
such that ϕ1 ◦ ψ2 is super-additive and parameters α and β satisfying αi ≤ βi, for i = 1, . . . , n,
we have that X1:n(α) ≥st Y1:n(β).

Proposition 4.4 With marginal distributions based on the functional Te and copula generators
are such that ϕ2 ◦ψ1 is super-additive and ψ2 is d-monotone with d ≥ 3, assume the parameters

satisfy β
m
⪰ α. If any of the following conditions is fulfilled:
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1. (Clayton copula) ψ1 is the Clayton generator with γ1 > 0,

2. (Frank copula) ψ1 is the Frank generator with γ1 ∈ R,

3. (Gumbel copula) ψ1 is the Gumbel generator with γ1 ≥ 1,

4. (AMH copula) ψ1 is the AMH generator with γ1 > 0,

then X1:n(α) ≤st Y1:n(β).

Proof. We have T e = (1 − F )β , so ∂T e
∂β = (1 − F )β log(1 − F ) = T e log(1 − F ) < 0, implying

that T e is decreasing with respect to β. Hence, according to Theorem 3.8, we need to prove that

V (β) =
T e log(1− F )

ψ′
1 ◦ ϕ1(T e)

is decreasing. Now, this follows by proving that Se =
1−x

ψ′
1◦ϕ1(1−x)

is decreasing for x ∈ [0, 1].

1. (Clayton copula) As Se(x) = −(1 − x)−γ1 , it is clear that Se is decreasing when γ1 > 0
and x ∈ [0, 1].

2. (Frank copula) We now have Se(x) = γ1(1−x)

1−eγ1(1−x) , therefore S
′
e has the opposite sign as

eγ1(1−x)(1 − γ1(1 − x)) − 1 that can be seen to be nonnegative when x ∈ [0, 1], hence Se
decreasing.

3. (Gumbel copula) For this copula we have Se(x) = −γ1(− log(1− x))γ1−1 so,

S
′
e(x) = −γ1(γ1 − 1)(− log(1− x))γ1−2 1

1− x
< 0

when x ∈ [0, 1] and γ1 > 1.

4. (AMH copula) In this case Se(x) =
γ1−1
1−γ1x

, whose derivative has the same sign as γ1(γ1−1),
hence is negative for γ1 > 0 given the range of variability of the parameter for the AMH
copula.

Stochastic dominance between (n−k)-out-of-n systems with joint distributions based on the
same Archimedean copula is an immediate consequence of Theorem 3.16. Indeed, according to
latter result, all we need to verify is the monotonicity, with respect to the first parameter of Te,
that we already mentioned to be increasing. Hence the following statement holds.

Proposition 4.5 Let 1 ≤ k ≤ n − 1, α = (α1, . . . , αn) and β = (β1, . . . , βn), where αi ≤ βi,
for every i = 1, . . . , n. With marginal distributions based on the functional Te, if the copula
generator ψ1 is d-monotone with d ≥ k + 3 then Xn−k:n(α) ≥st Xn−k:n(β).

4.2 The PRHR model

A slight modification of the previous model considers

Tc(β, F ) = F β , (18)

where β > 0 and F ∈ P(R). This transformation defines the PRHR models that includes every
exponentiated distribution function. Note that we now have ∂Tc

∂β = Tc logF < 0, hence Tc is
decreasing with respect to β. The following result is immediate taking into account assertion 2.
in Theorem 3.1.
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Proposition 4.6 With marginal distributions based on the functional Tc, copula generators such
that ϕ1 ◦ ψ2 is super-additive and parameters α and β satisfying αi ≤ βi, for i = 1, . . . , n, we
have that Xn:n(α) ≤st Yn:n(β).

Proposition 4.7 With marginal distributions based on the functional Tc and copula generators
are such that ϕ2 ◦ψ1 is super-additive and ψ2 is d-monotone with d ≥ 3, assume the parameters

satisfy α
m
⪰ β. Assume any of the following conditions is fulfilled:

1. (Clayton copula) ψ2 is the Clayton generator with γ2 ≥ 0,

2. (AMH copula) ψ2 is the AMH generator with γ2 ∈ [0, 1].

Then, Xn:n(α) ≥st Yn:n(β).

Proof. Replacing the derivative of Tc in (4), we need to prove the increasingness with respect
to β > 0 of

V (β) =
Tc logF

ψ′
2 ◦ ϕ2(Tc)

,

which follows if we prove that Sc(x) =
x

ψ′
2◦ϕ2(x)

is increasing for x ∈ [0, 1], taking into account

that logF < 0.

1. (Clayton copula) We find that Sc(x) = −x−γ2 , which is easily seen to be increasing when-
ever γ2 ≥ 0 and x ∈ [0, 1].

2. (AMH copula) In this case we have Sc(x) =
−(1−γ2)
1−γ2+γ2x

that is increasing when γ2 ≥ 0 and
x ∈ [0, 1].

As an immediate consequence of assertion 1. in Theorem 3.7, we have the following result.

Proposition 4.8 With marginal distributions based on the functional Tc, copula generators such
that ϕ2 ◦ ψ1 is super-additive and parameters α and β satisfying αi ≤ βi, for i = 1, . . . , n, we
have that X1:n(α) ≤st Y1:n(β).

For the copulas considered, the series systems based on distributions issued from the PRHR
model are not comparable with respect to stochastic domination when the parameter vectors
only satisfy a majorization relation.

As for the PHR model we may prove the stochastic dominance between (n − k)-out-of-
n systems when the joint distribution is described by the same Archimedean copula, as an
immediate consequence of Theorem 3.16. Taking into account that Tc is decreasing with respect
to its first argument, the following statement is immediate.

Proposition 4.9 Let 1 ≤ k ≤ n − 1, α = (α1, . . . , αn) and β = (β1, . . . , βn), where αi ≤ βi,
for every i = 1, . . . , n. With marginal distributions based on the functional Tc, if the copula
generator ψ1 is d-monotone with d ≥ k + 3 then Xn−k:n(α) ≤st Xn−k:n(β).

4.3 The odds-Marshall-Olkin model

The odds-Marshall-Olkin (oMO) model, introduced in Arab et al. (2025), defines a flexible
class of distributions obtained by combining the proportionality of the odds function with the
proportionality of the log-odds function, defining a parametric class of distributions constructed
from a baseline distribution. Recall that the odds function of the distribution function F is
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ΛF (x) =
F (x)

F (x)
. The distributions in the oMO class, denoted in Arab et al. (2025) as Gβ,θ, where

β, θ > 0 are defined by ΛGβ,θ
= βΛθF , which allows for the explicit representation

Gβ,θ(x) = To(β, F ) =
βF θ(x)

βF θ(x) + F
θ
(x)

. (19)

This construction extends the classical Marshall-Olkin proportional odds model (θ = 1) and also
includes proportional log-odds models (β = 1). The two parameters allow separate control over
scale and curvature of the odds function, thereby offering flexibility in skewness, tail behaviour
and growth rate of the hazard.

In what follows, we derive conditions for stochastic dominance between parallel or series sys-
tems with heterogeneous components whose lifetimes follow some oMO distribution. Note that,
as the odds function ranges from 0 to +∞, distributions within the oMO class are comparable
only when they share the same value for the parameter θ. For this reason, we shall concentrate
on the variation with respect to the parameter β.

We will characterise the stochastic dominance between parallel systems when the joint dis-
tribution of the components lifetimes is described by each of the copula families, identifying

the range of parameters for which it holds. Note that ∂To
∂β = T 2

o
β2

(
F
F

)θ
, so To is increasing with

respect to β > 0. Therefore, the following dominance result is a straightforward consequence of
Theorem 3.1.

Proposition 4.10 With marginal distributions based on the functional To, copula generators
such that ϕ2 ◦ ψ1 is super-additive and parameters α and β satisfying αi ≤ βi, for i = 1, . . . , n,
we have that Xn:n(α) ≥st Yn:n(β).

Proposition 4.11 With marginal distributions based on the functional To and copula generators
are such that ϕ2◦ψ1 is super-additive and ψ2 is d-monotone with d ≥ 3, and parameters satisfying

α
m
⪰ β, assume any of the following conditions is fulfilled:

1. (Clayton copula) ψ2 is the Clayton generator with γ2 ≥ 1,

2. (Frank copula) ψ2 is the Frank generator with γ2 ≥ 0,

3. (Gumbel copula) ψ2 is the Gumbel generator with γ2 ≥ 1,

4. (AMH copula) ψ2 is the AMH generator with γ2 ∈ (−1, 1),

then Xn:n(α) ≥st Yn:n(β).

Proof. For each considered copula we will apply Corollary 3.4, verifying that in every case V ∗

is increasing with respect to β > 0.

1. (Clayton copula) In this case we have K2(x) = −ψ2(x)
ψ′
2(x)

= 1 + γ2x, hence, V ∗(β) =

− 1
β2T

1−γ2
o (β, F ) = − 1

β2G
1−γ2
β,θ . A simple differentiation shows that V ∗ is increasing with

respect to β, concluding the proof.

2. (Frank copula) We now have

K2(x) =
1 + e−x(e−γ2 − 1)

e−x(e−γ2 − 1)
log
(
1 + e−x(e−γ2 − 1)

)
,

hence, using (5) and replacing (19), we find that

V ∗(β) = −
1

(
1− e−γ2To(β,F )

) (
βF θ + F

θ
)2
F 3θ

F
θ
.
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As we are assuming that γ2 > 0 and To is increasing with respect to β > 0, the denominator
is clearly increasing, so the same monotonicity holds for V ∗.

3. (Gumbel copula) For this copula choice, we have K2(x) = −ψ2(x)
ψ′
2(x)

= x1−a

a , where a = 1
γ2
,

so

V ∗(β) = −
To(β, F )

β2

(
− log To(β, F )

) 1−a
a F

θ

aF θ
.

Set Q(β) = u(− log u)
1−a
a

β2 = −V ∗(β), where u = To(β, F ) = Gβ,θ. Noting that logQ(β) =

log u+ 1−a
a log(− log u)− 2 log β, it follows, with k = 1−a

a = γ2 − 1 ≥ 0,

d logQ(β)

dβ
=
u′

u
+

1− a

a

(
u′

u

)(
1

log u

)
−

2

β
=
u′

u

(
1 +

k

log u

)
−

2

β
≤
u′

u
−

2

β
.

Notice that

0 ≤
u′

u
=

1

Gβ,θ

dGβ,θ

dβ
=

F
θ

β
(
βF θ + F

θ
) ≤

1

β

and therefore,
Q′(β)

Q(β)
≤
u′

u
−

2

β
≤ −

1

β
< 0.

Since Q(β) > 0 we conclude that Q(β) is decreasing in β, hence V ∗(β) = −Q(β) is
increasing.

4. (AMH copula) We have K2(x) = 1 − γ2e
−x so, after simplification, and replacing with

(19),

V ∗(β) =
−(1− γ2)

1− γ2(1− To(β, F ))
To(β,F )
β2 =

−(1− γ2)F
θ

β
(
βF θ + (1− γ2)F

θ
) ,

which is clearly increasing with respect to β > 0.

Example 4.12 We showed in Example 2.6 that the super-additivity assumption is fulfilled com-
posing two different copulas within the same family. We now show that the Gumbel family allows
for some more flexibility on the choice of the copula ψ1. Choose ψ1(t) = exp

(
−t− ct2

)
, for some

c > 0. Clearly, ψ1 is decreasing, ψ1(0) = 1 and ψ1(t) → 0 as t→ ∞. Moreover, it is completely
monotone and therefore defines a valid Archimedean copula. Then,

ϕ2 ◦ ψ1(t) =
(
− logψ1(t)

)γ2 = (t+ ct2)γ2 .

Taking γ2 > 1, this is an increasing and convex transformation of a super-additive function,
hence it is super-additive.

Example 4.13 Concerning the super-additivity assumption in Proposition 4.11 when using a
AMH generator, we have already verified that we may choose for ψ1 the independent copula or
another copula within the AMH family. We show next that we may also take ψ1 within the
Gumbel class. Let ψ1(t) = exp

(
− t1/α

)
, α ≥ 1, be the generator function of the Gumbel family

of copulas, and assume γ2 > 0. Then

ϕ2 ◦ ψ1(t) = log

(
1− γ2(1− e−t

1/α
)

e−t
1/α

)
= log

(
(1− γ2)e

t1/α + γ2

)
=: gα(t).
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For x, y ≥ 0 we again reduce super-additivity to an inequality without logarithms:

gα(x+y) ≥ gα(x)+gα(y) ⇔ (1−γ2)e
(x+y)1/α +γ2 ≥

(
(1−γ2)e

x1/α +γ2
)(
(1−γ2)e

y1/α +γ2
)
.

Expanding the product and rearranging, it suffices to show

(1− γ2)e
(x+y)1/α − (1− γ2)

2ex
1/α+y1/α ≥ γ2(1− γ2)

(
ex

1/α
+ ey

1/α
− 1
)
.

Since α ≥ 1, the map t 7→ t1/α is subadditive, hence

(x+ y)1/α ≤ x1/α + y1/α ⇒ e(x+y)
1/α

≤ ex
1/α+y1/α .

Therefore,

(1− γ2)e
(x+y)1/α + γ2 −

(
(1− γ2)e

x1/α + γ2
)(
(1− γ2)e

y1/α + γ2
)

≥ γ2(1− γ2)
(
ex

1/α+y1/α − ex
1/α

− ey
1/α

+ 1
)
= γ2(1− γ2)

(
ex

1/α
− 1
)(
ey

1/α
− 1
)
≥ 0,

which proves that gα is super-additive.

We now derive conditions and the range of variability of the copula parameters that allow
for stochastic domination between the lifetime of series systems with dependent components.
Recall that we obtained the representation for the tail of the distribution of the system lifetime
X1:n(α) = min{X1, . . . , Xn} given in (6). Given the increasingness of To with respect to β > 0,
we immediately have the following result.

Proposition 4.14 With marginal distributions based on the functional To, copula generators
such that ϕ2 ◦ ψ1 is super-additive and parameters α and β satisfying αi ≤ βi, for i = 1, . . . , n,
we have that X1:n(α) ≥st Y1:n(β).

Proposition 4.15 With marginal distributions based on the functional To, ψ1 the Clayton gen-
erator with γ1 ≤ 1, ψ2 a copula generator such that ϕ2◦ψ1 is super-additive and ψ2 is d-monotone

with d ≥ 3, and parameters satisfying β
m
⪰ α, then X1:n(α) ≤st Y1:n(β).

Proof. Similarly to the previous result, according to Theorem 3.8, we shall verify that in each

case V is decreasing with respect to β > 0. We now have ∂T o
∂β = −T

2
o
F θ

F
θ , hence, T o is decreasing

with β > 0. Therefore,

V (β) =
−T

2
o

ψ′
1 ◦ ϕ1(T o)

(
F

F

)θ
,

which is decreasing if So = x2

ψ′
1◦ϕ1(x)

is proven to be decreasing for x ∈ [0, 1]. For the Clayton

generator, according to Table 2, we have So(x) = −x1−γ1 , which is decreasing when x ∈ [0, 1]
and γ1 ≤ 1.

The stochastic dominance between (n−k)-out-of-n systems with joint distribution described
by the same Archimedean copula is again an immediate consequence of Theorem 3.16. Taking
into account that To is increasing with respect to its first argument, the following statement is
immediate.

Proposition 4.16 Let 1 ≤ k ≤ n − 1, α = (α1, . . . , αn) and β = (β1, . . . , βn), where αi ≤ βi,
for every i = 1, . . . , n. With marginal distributions based on the functional To, if the copula
generator ψ1 is d-monotone with d ≥ k + 3 then Xn−k:n(α) ≥st Xn−k:n(β).

21



References

E. Amini-Seresht, B.-E. Khaledi, and S. Izadkhah. Stochastic comparison of parallel systems
with heterogeneous dependent exponential components. Statist. Probab. Lett., 215:Paper No.
110242, 9, 2024. doi: 10.1016/j.spl.2024.110242.

M. Amiri, N. Balakrishnan, and A. Jamalizadeh. Stochastic ordering of lifetimes of par-
allel and series systems comprising heterogeneous dependent components with generalized
Birnbaum-Saunders distributions. Probab. Engrg. Inform. Sci., 36(1):49–65, 2022. doi:
10.1017/s0269964820000418.

I. Arab, M. Hadjikyriakou, and P. E. Oliveira. Non comparability with respect to the
convex transform order with applications. J. Appl. Probab., 57:1339–1348, 2020. doi:
10.1017/jpr.2020.67.

I. Arab, M. Hadjikyriakou, and P. E. Oliveira. Stochastic orders and shape properties for a
new distorted proportional odds model. Statist. Papers, 66(5):Paper No. 107, 22, 2025. doi:
10.1007/s00362-025-01730-w.

G. M. Cordeiro and M. de Castro. A new family of generalized distributions. J. Stat. Comput.
Simul., 81(7):883–898, 2011. doi: 10.1080/00949650903530745.

M. Datta and N. Gupta. Stochastic comparison for extreme order statistics arising from
phr, prhr or location model. REVSTAT-Statistical Journal, 22(3):387–410, Sep. 2024. doi:
10.57805/revstat.v22i3.528.

R. Dykstra, S. Kochar, and J. Rojo. Stochastic comparisons of parallel systems of hetero-
geneous exponential components. J. Statist. Plann. Inference, 65(2):203–211, 1997. doi:
10.1016/S0378-3758(97)00058-X.

B.-E. Khaledi and S. Kochar. Some new results on stochastic comparisons of parallel systems.
J. Appl. Probab., 37(4):1123–1128, 2000. doi: 10.1239/jap/1014843091.

S. Kochar. Stochastic comparisons of order statistics and spacings: a review. ISRN Probability
and Statistics, 2012, 2012.

S. Kochar and M. Xu. Dependence among order statistics—a review and some recent results.
J. Indian Statist. Assoc., 51(1):113–135, 2013.

X. Li and R. Fang. Ordering properties of order statistics from random variables of
Archimedean copulas with applications. J. Multivariate Anal., 133:304–320, 2015. doi:
10.1016/j.jmva.2014.09.016.

A. W. Marshall, I. Olkin, and B. C. Arnold. Inequalities: theory of majorization and its appli-
cations. Elsevier, 2011.

S. Naqvi, W. Ding, and P. Zhao. Stochastic comparison of parallel systems with Pareto compo-
nents. Probab. Engrg. Inform. Sci., 36(4):950–962, 2022. doi: 10.1017/S0269964821000176.
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