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BORDERLINE REGULARITY IN SINGULAR
FREE BOUNDARY PROBLEMS

DAMIAO J. ARAUJO, AELSON SOBRAL, EDUARDO V. TEIXEIRA,
AND JOSE MIGUEL URBANO

ABSTRACT. In this paper, we investigate the borderline regularity of
local minimizers of energy functionals of the form

1
[ 31Dl + ota),

under minimal assumptions on the potential term . When o is merely
bounded and measurable, we show that sign-changing minimizers are
Log-Lipschitz continuous, which represents the optimal regularity in this
general setting. In the one-phase case, however, we establish gradient
bounds for minimizers along their free boundaries, revealing a structural
gain in regularity. Most notably, we prove that if o is continuous, then
minimizers are of class C' along the free boundary, thereby identifying
a sharp threshold for differentiability in terms of the regularity of the
potential.

1. INTRODUCTION

In this paper, we address borderline regularity issues for local minimizers
of energy functionals of the form

J(u, Q) ::/Q;|Du|2+a(u) dz, (1.1)

where  C R™ is a bounded domain, u: 2 — R, and o: R — R is a bounded
measurable function. Functionals of this type arise in a variety of contexts,
including flame propagation, image segmentation, and biological modeling.
A critical aspect of such models relies on the non-differentiability of o at a
collection of points . C R, leading to the formation of free boundaries

I=0[u ' (R\.2)] N
When o is differentiable on a region D C R, it is well known that local

minimizers satisfy the equation
Au = o' (u) in {xeQ:u(z)eD}, (1.2)
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in an appropriate weak sense. Some of the most prominent examples include
the obstacle problem [6], o(t) = ¢4, the Alt—Phillips (or quenching) problem
2], o(t) = t], for 0 < v < 1, the Alt-Caffarelli (or cavity) problem [1],
o(t) = X{>o0}, the theory of flame propagation [5, 14], o(t) = o.(t) =

fot/e ((s)ds, among several others.

For non-differentiable o, the minimization property of the functional J
does not yield an associated Euler—Lagrange equation. Nevertheless, a sig-
nificant part of the regularity theory can still be developed based solely
on the variational structure, which often carries more information than the
Euler-Lagrange equation (1.2) alone. The investigation of such functionals
has a long history, and many fundamental results extend to the setting of
almost-minimizers or quasi-minimizers; see, for instance, [12, 8, 10, 11, 16].

In [9], a comprehensive regularity theory was developed for local mini-
mizers of variational energies, including sharp gradient bounds, under the
assumption that the function ¢ is Holder continuous. When o is merely
bounded, one can still derive interior regularity estimates of class C%®, and
even CTo8 1P which are essentially optimal in such generality, see Section 3.
The main goal of this work, however, is to advance a borderline regularity
theory for one-phase local minimizers of (1.1), under minimal structural
assumptions on the potential o.

Our first main result shows that if ¢ is merely bounded and measur-
able, then nonnegative local minimizers are Lipschitz continuous at the free
boundary. We then go beyond this threshold: assuming o is continuous, we
prove that minimizers are C' at the free boundary, with a modulus of con-
tinuity that depends explicitly — through an intricate nonlinear process — on
that of 0. Crucially, no structural conditions are imposed on the continuity
of o: it need not be Holder or Dini continuous. For example, our framework
covers genuinely borderline moduli of continuity, such as o(t) ~ |logt| =5,
0 < B <1, suitably truncated away from the origin, which fail the Dini con-
dition, and are therefore substantially rougher than any Hoélder modulus,
placing them well beyond the scope of the classical C1® regularity theory.
In fact, our assumptions admit much weaker continuity profiles, including
w(t) = 1/1og®(1/t), where log®) denotes the k-fold iterated logarithm,
log(k) =logologo---olog (k times). Such moduli decay at the origin more
slowly than any negative power of | log ¢|, representing an extreme regime of
continuity. We construct the modulus directly, uncovering a precise mecha-
nism through which the continuity of o is transmitted to the free boundary.

These results identify the exact threshold where minimizers become more
regular, showing how the structure of ¢ influences the smoothness of solu-
tions along the free boundary. A central insight of this work is identifying
how this regularity arises. Near free boundary points, minimizers of (1.1)
must vanish. Leveraging the scale invariance of the functional, rescaled solu-
tions flatten in a controlled way. This flattening becomes more noticeable at
smaller scales, highlighting a subtle but strong regularizing effect built into



BORDERLINE REGULARITY IN SINGULAR FBP 3

the variational structure of the problem, which ultimately leads to gradient
bounds for minimizers when o is merely bounded.

To advance beyond Lipschitz regularity and reach C'' —smoothness, we in-
troduce a nonlinear renormalization scheme. This iterative approach rescales
the problem at dyadic levels, each time adjusting the normalization to pre-
serve a smallness condition essential for convergence. A key insight is that
the continuity of o — regardless of its modulus — ensures coherence across
scales, allowing the scheme to bridge the gap between geometric flatness and
true differentiability. This strategy not only establishes C'!'—regularity but
also reveals the critical role played by the continuity of ¢ in propagating
smoothness to the free boundary. This regularity phenomenon is, at least
heuristically, reminiscent of the effect observed in [18], which was achieved
through a clever application of the powerful Caffarelli-Jerison-Kenig almost
monotonicity formula [7].

The techniques developed in this paper are robust and could be extended
to a broader class of elliptic operators beyond the Laplacian. However,
for the sake of clarity and to streamline the exposition, we have chosen to
present our results in the context of the classical Laplace operator. This
choice allows us to focus on the core ideas without the additional technical
overhead that more general operators would entail.

The remainder of the paper is organized as follows. In Section 2, we
introduce the mathematical framework, discuss the relevant scaling proper-
ties, and review key results from the literature that will be used throughout
the paper. Section 3 is devoted to establishing regularity estimates for the
two-phase problem. Sections 4 and 5 focus on borderline regularity results
for nonnegative minimizers: in the former, we prove Lipschitz continuity at
the free boundary, while in the latter, we establish C! —regularity at the free
boundary under continuity assumptions on the potential o.

2. PRELIMINARY RESULTS

In this section, we collect some preliminary results needed for the remain-
der of the paper.

2.1. Mathematical setup. Let Q@ C R" be a bounded, smooth domain
and o: 2 x R — R be a bounded measurable function in both its variables.
Although our main interest lies in o —functions without explicit dependence
on z, as in functional (1.1), the proof of the Log-Lipschitz estimates given
in the next section requires considering such x—dependence as part of an
auxiliary problem. For this reason, we consider this slightly more general
setting.

For a nonnegative boundary datum 0 < ¢ € H(Q)N L>®(£), we consider
the problem of minimizing the functional

J(v,Q) = /Q % |Duf* + o(x,v) dx (2.1)
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among competing functions
veA={veH (Q): v—peH;(Q)}.
We say u € A is a minimizer of (2.1) if
J(u, ) < TJ(v,0), YveA
Note that minimizers as above are, in particular, local minimizers in the
sense that, for any open subset ' C Q,
T, ) < T, ), YoeHY(Y): v—uc H(Y).

The theory developed in this article applies to both notions, but the focus
of our results will, from now on, be on local minimizers.

Throughout the paper, we say that a constant C' is universal if it depends
only on the data, namely, the dimension n, the L>*°—norm of o, and the
boundary data ¢. Any additional dependencies will be mentioned explicitly
in the results’ statements.

2.2. Scaling. Most of the arguments recurrently used in this paper rely
on a scaling feature of the functional (2.1) that we detail in the sequel for
future reference. Let z¢ € 2 and consider two parameters a,b € (0,1]. If
u € HY(Q) is a minimizer of J (v, By(w0)), then

w(z) = u(:pobJrcw:)? x € By (2.2)

is a minimizer of the functional

1
J (v, By) = / - |Dv|2 +o(x,v)dz,
B 2
with

g(x,t) = (%)2 o(xo + ax, bt).

Indeed, by changing variables,

/B - % |Du(x)* + o(z, u(x)) de

1
— an/ 2 | Du(o + ay)|* + o(wo + ay, u(zo + ay)) dy
By

e f oo

1
a”2b2/ 3 |Dw(z)|? + b~2a%0(xg + ax, bw(z))dx
B1

2
+ o(xo + azx,bw(zx)) dx

1
= a”_2b2/ ~ | Dw(2)|* + 6 (@, w(z))dz.
By 2
In particular, choosing a = r, b = 7P, for any § € [0,1], 0 <7 < 1, we have

|o(x,t)| < ‘o (930 + Tl’,TBt)) .
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Recall that no sign restrictions are imposed on o.
We also need the following simple result regarding translation by affine
functions.

Lemma 2.1. Let xg € By and a,b be two positive constants, and define

o (u—0)(xo + ax)
v(z) = bo ,

where £ is an affine function. Then, u is a local minimizer of (2.1) in
Ba(xo), if and only if, v is a local minimizer of

1
/ ~|Dw|? + 0. (x, w) dz,
By 2

where o, (x,t) = b"2a%0 (xg + ax, bt + L(ax)).
Proof. By the scaling feature of the functional, it is enough to consider

a=0b=1and zop = 0. We show that if w is such that (v —w) € H(By),
then

1 1
/ L Do + o (@, 0) da g/ LDwP + ou(mw)de. (2.3)
By 2 By 2

Observe that the function w = w+/ is a valid competitor in the minimization
problem for u, and so

1 1
/ —|Dul?* + o(z,u) dz < / ~|D(w+ ) + o(z,w + £) dz.
By 2 By 2
In terms of v, this reads

1
/ D+ 0))? + ou(z,v) dx < /
By 2

1
7|D(w +€)|2 —{—O'*(.CL',’U)) dma
By 2

which implies (2.3). Indeed, the extra term

D(v —w) - Dldz

By
vanishes, which follows from integrating by parts and using that v — w €
H{(By1), and that A¢ = 0 because / is affine. O

2.3. Useful estimates. We gather here some useful estimates, which can
be found in [15, Lemma 2.4 and Lemma 4.1, respectively]. We adjust the
statements of the lemmata to fit the setup treated here.

Given a ball Br(xzg) € 2, we denote the harmonic replacement of u in
Bpgr(xg) by h, i.e., h is the solution of the boundary value problem

Ah =0 in Bp(zo) and h—u¢c H(Bgr(xo)).
By the maximum principle, we have

2]l Lo (Br(zo)) < Uil Lo (B (20))- (2.4)
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Lemma 2.2. Let 1) € H'(Bg) and h be the harmonic replacement of ¥ in
Bpr. There exists ¢, depending only on n, such that

c/ |Dtp — Dh|? dx < / |Dy|* — |Dh|? d. (2.5)
BR BR

Lemma 2.3. Let ¢y € H'(BR) and h be the harmonic replacement of ¥ in
Bpgr. Given B € (0,1), there exists C, depending only on n and 3, such that

[ipe-wopa < c(5)"™ [106- )P

B, Br

+C/ |Dtp — Dh|? dz,
Br

for each 0 <r < R.

We conclude this subsection with the L? to L estimates. We refer to
[13, Theorem 7.2] for a proof.

Lemma 2.4. Assume u is a local minimizer to (1.1) in By with o bounded.
Then, there exists a universal constant C > 0 such that

lull Lo (B, ) < CllullL2(s,)-

3. REGULARITY FOR TWO-PHASE MINIMIZERS

In this intermediary section, we first establish, with ¢ merely bounded,
the interior C%® and C1o8 1P _regularity of two-phase local minimizers of
(1.1). While similar results may be found in the literature, we include them
here for two main reasons: first, to emphasize that the regularity estimates
rely only on the boundedness of ¢; and second, to provide a simplified and
self-contained proof of the Log-Lipschitz estimate. For an Holder continuous
o, we revisit the known C®—regularity result for local minimizers at the
end of the section.

Proposition 3.1. Let u be a local minimizer of (1.1) in By. Given a €
(0,1), there exists a constant C > 0, depending only on o and the data, such
that

lullcoa(s, ) < Cllullrzs,)-
Proof. First, after rescaling, we may assume that ||ul;2(p,) <1 and
||UHL°°(R) <9,

for some small § > 0. Let A be the harmonic replacement of « in B;. Using
it as a competitor for u yields

/Bl |Dul? — |DhJ? < 2/ o(h) — o(u).

B1
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By Lemma 2.2, and since both v and h are bounded (by the boundary data,
via the maximum principle), we have

/ ID(u— ) < C6.
By

Since u — h € H&(Bl), we can use Poincaré inequality in balls to obtain

/ lu — h|? < C6.
By

Now, for r < 1 small, we observe that

/ () — h(O)? < 2 / () — h(z)[? +2 / Ih(z) — h(O)]?

T T T

< 206 420" || b7 oo g,y
< T2a+n

— )

for  and ¢ small enough depending also on «.
Now we iterate this reasoning. We will build a sequence (ay)ren such
that, for every k € N,

][ lu — ag|? dx < r2oF and lag — ap_y| < Crot—1), (3.1)
B &

We proceed by induction. The case k = 1 follows by considering a; = h(0)

and ag = 0. Now, assuming we have found ay, we define the rescaled function
k

u(rfz) — ay

We point out that wy is a local minimizer of the functional
1
/ —|Dw|? + oy (w) dz,
B 2

where o, (t) = 2= g (r*t + a;). By the induction assumption, it follows
that
lwg|*dx < 1,
B
and so, by Lemma 2.4, it follows that wy is uniformly bounded. Repeating
the argument at the beginning of the induction, we find @ = h(0), where h
is the corresponding harmonic replacement for wy. It then follows that

/ |wk —6|2 < Tk(Zoa-‘rn),
By

which in turn means

/ |u B Gk+1|2 < T(k+1)(2a+n)7
B, k+1

where a1 = a + r**a@. By (3.1), the sequence (a)pen is a Cauchy se-
quence, and thus converges. From here, the argument is standard. O
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A refinement of the previous argument suggests the possibility of obtain-
ing a Log-Lipschitz estimate. This is typically achieved by showing that Du
belongs to BMO, which is the energetic analog of Log-Lipschitz continuity.
Here, we present a simpler proof of the Log-Lipschitz estimate. To this end,
we consider functionals of the form (2.1), allowing for z—dependence in the
coefficient function o. The key observation is that, despite this additional
dependence, ¢ remains bounded.

We begin with the following approximation lemma.

Lemma 3.1. Let u be a local minimizer of (2.1) in By. There exist uni-
versal parameters r,0 € (0,1) and an affine function ¢(x) = a +b- x, with
universally bounded coefficients such that if

lulloo(By <1 and |0 L) <6,

/ lu — €2 < r"t2,
B

Proof. Let r > 0 be a small parameter to be chosen later, and let h be the
harmonic replacement of » in By. Using h as a competitor for u yields

/ |Du|? — |DhJ? < 2/ o(x,h) —o(z,u).
By

By

then

By Lemma 2.2, and since both v and h are bounded, we have
| 1D < Cllol ey,
By
which, combined with the Poincaré inequality in balls, gives

/'m—m2smwhwm.

B
Since h is harmonic in By, we obtain

[h(x) = (A(0) + Dh(0) - x)| < C1[hl| e (pyylo* i By,
and so, if we consider ¢(x) := h(0) + Dh(0) - z, we obtain

/ [t — 42 < 206 + 205 b2, ™.
By assumption, ||u|ge(p,) < 1, which also implies ||A|[z~(p,) < 1. We can
then pick r universally small so that

2 +4 2
202”hHLoo(Bl)7"n < 9
and then ¢ small so that .
n
2046 <
— 2 b

from which the result follows. O

r
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A careful iteration of the approximation lemma gives the Log-Lipschitz
estimate.

Proposition 3.2. Let u be a local minimizer of (1.1) in By. Then, there
exists a universal constant C' > 0 such that

u(z) —u(y)| < Cllullr2p,le —yln (o —yl™"), 2,y € By

Proof. By scaling, we may assume o is in a smallness regime and that u is
normalized in L?. The proof consists in finding a sequence of affine functions
li(z) = aj + by - © such that

/ ’u - gk‘Z < Tk(n+2)7
B,y

and

lags1 —ax] < Cr*  and  |bgyy — bi| < C, (3.2)
for some r» > 0, C > 0 universal and for every k& € N. This is proved
by induction. The first case is trivial by the normalization assumption.
Assuming this holds up to k, we define

— rkx
o) = (17 0D

k )
which satisfies, by the induction assumption,

][ lugl® < 1.
By

Lemma 2.4 then implies that v is uniformly bounded. We observe that vy
minimizes a functional of a similar type by Lemma 2.1. We can then apply
Lemma 3.1 to obtain

e — € <72,

which is equivalent to
2
/B ‘U(y) = (fk(y) + r’%(r—’fy))‘ < plb+1)E4n).
k41

Defining ;11 = £ +7r50(r=%—), it is standard to verify condition (3.2). We
observe now that for every k € N, the function vy, previously defined, is a
minimizer to a functional with a similar structure and normalized L?—norm.
We apply Lemma 2.4 to obtain

vkl oo () < C,
for some constant C, depending on universal parameters. But this is equiv-
alent to
llu — Ek”Loo(Brk) <Crk, for keN.
This condition, together with (3.2), implies the Log-Lipschitz estimate (see
[19]). O
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Remark 3.1. The fact that the regularity estimates depend solely on the
boundedness of o is relevant for the compactness of minimizers across free
boundary models. For instance, let 0 < v < 1 and u, be a local minimizer
of the two-phase Alt—Phillips functional

1
/ ~|Dv* + Av) + Apv] da,
By 2

for positive constants A1 and As. A consequence of Proposition 3.2 is that
the family (uy)~>o0 is pre-compact in the uniform convergence topology. This
gives enough compactness to obtain, by passing to the limit as v — 0, a Log-
Lipschitz solution of the celebrated two-phase cavity problem investigated in
[7], via the Alt—Phillips problem.

When o is Holder continuous, the regularity theory reaches the CL®
threshold. The heart of the matter is that the functional (1.1) behaves
as that of the Alt-Phillips problem. We refer to [9] for a complete descrip-
tion and extension of such regularity results. The proof we include below is
a simplified version of [4, Theorem 2.1], and we include it here just for the
sake of completeness as a courtesy to the reader.

Proposition 3.3. Assume u is a local minimizer to (1.1) in By. If o is
Holder, then there is an exponent «, depending on data and the Hélder
continuity of o, such that

HUHCM(BI/Q) < CH“”LOO(Bl)a

for some universal constant C' > 0.

Proof. We prove the result for the case of balls Br(xg) € By/,. Without
loss of generality, assume zy = 0 and denote Br := Bg(0). Since u is a local
minimizer, by testing (1.1) against its harmonic replacement, we obtain the
inequality

/ \Dul? — | Dh[2dz < 2 / (b)) — o(u(z)) da. (3.3)
Br Br
By the Holder assumption on o we get

/o(h(x)) —o(u(z))de < C/ lu(x) — h(x)|" dx,
Br

Br
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for some v > 0. In addition, by combining Holder and Sobolev inequalities,
we obtain

s
2*
/ lu—h|Ydz < C|Bg|'* 7 / lu— h|? da
BR BR
X
2
< C|Ba/" % / \Du—Dhf2dz | ,  (34)
Br
2
for 2% = 1
n—2
Therefore, using Lemma 2.2, together with (3.3) and (3.4), we get
2(2% —v) v
/ |Du — Dh|*dz < C|Bp|=E = CR" 75 (3.5)
Br
Finally, by taking
~y
=——¢c (0,1
€=5— 5 € (0,1)

in Lemma 2.3, we conclude

/|Du — (Du), 2 da

B,
n+251- q
<C (%) a / |Du — (Du)g|* dz + CR"**77,
Br
for each 0 < r < R. Campanato’s embedding theorem completes the proof.

O

4. LIPSCHITZ REGULARITY

In this section, under a mere boundedness assumption on o, we prove
Lipschitz regularity along free boundary points of one-phase local minimizers
of (1.1). The main idea is that local minimizers are universally flat near free
boundary points.

Lemma 4.1. Given € > 0, there is 6 > 0, depending only on €, such that
for any u nonnegative local minimizer of (1.1) in By, with
u(0) =0, 0<u<1, and [|o]Lem) <6,

there holds

supu < €.

By
Proof. The proof is by compactness and is fairly classical, so we only outline
it here. Assume the lemma is false. Then, there would be ¢y > 0 and a
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sequence (ug, 0 )keN, where ug is a minimizer of the functional
Jk(v, B) =/

By

with uz(0) =0, 0 < wugp < 1in By, and [|og| o) < k71, but

1
§\Dv|2+ak(v) dz,

sup ug > €. (4.1)
By

It then follows that (ug),cy is equicontinuous by Proposition 3.2, and con-
verges to some function us, that minimizes

Joo(v, B1) :/

1
~|Dv|*dz,
By 2

with te > 0 and us(0) = 0. By the strong maximum principle, this can
only happen if uy, = 0, which contradicts (4.1). O

Remark 4.1. When o is a modulus of continuity, we can replace the flatness
assumption by the condition o(1) < §. It is enough to prove that u is a local
minimizer in By of the functional

1
v /2|Dv|2 + (0o T)(v)du,

where T is the truncation defined by
T'(t) == max {0, min{¢, 1}}.

Consider B @ By and let v € H*(B) be such that v —u € H}(B). Since T
is Lipschitz and T(u) = u, we have T(v) —u € H}(B), and so w == T(v) is
an admissible competitor for u in the original functional. Therefore, by the
minimality of u,

/B;\Duy? (0o T)(w)dz = /

1
~|Dul? + o(u) dz
B2

1
S/ ~|Dw|* + o(w) dz
B2

1
< [ S + (oo D)) do.
B2
where we used w = T'(v) and |Dw| < |Dv|, a.e in B. In particular, since o
is a modulus of continuity, we have
oo T pee(r) = o(1).

A careful iteration of the flatness lemma gives the Lipschitz continuity at
the free boundary.

Theorem 4.1. Let u be a nonnegative local minimizer of (1.1) in By and
xo € 0{u > 0} N By Then,

(@) < C (Il oy + /o le@ ) l# = zol, @ € Bija(ao),

for some universal constant C' > 0.
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Proof. Fix xg € 0{u > 0} N By 3. Let € = 2~ ! and take the corresponding
0 > 0 given by Lemma 4.1. Up to replacing u by

2—1
v(x) = u(wo +27 7) x € By,

[ull Lo (By,4) + /0ol Lo m)

we may assume g = 0, and

w(0)=0, 0<u<1, and ||o|fm) < 0.

We claim
sup u<27%  forall ke No.
B,
It is clear that once the claim holds, u is Lipschitz regular at x = 0.
To prove the claim, we proceed by induction. The case k = 0 is trivial
since u is normalized. We then assume it holds for £ and prove the same is
true for k + 1. Define

vp(z) = 2"u(27%2), =€ By.

By the scaling feature of the functional (see Section 2.2), vx minimizes a
functional of the same type, with its corresponding o factor still in a small-
ness regime. Moreover, v; is normalized by the induction assumption and
vg(0) = 0. We can then use Lemma 4.1 to obtain

Sup v < 2717
Byja
from which the induction step follows. The claim is then proven. ([

Remark 4.2. We comment that once gradient bounds are established along
the free boundary, one can often obtain local Lipschitz reqularity, provided
the governing PDE, Au = o'(u) in {u > 0}, allows for such smoothness.
This is the case of the classical Alt—Caffarelli functional; see the details in
[17].

Remark 4.3. We emphasize that, given the generality of our results, the
free boundary
I=0[u 'R\ 7)) N

does not necessarily coincide with the set 0{u > 0}. Such an identification
can only be guaranteed in special cases, namely when o(-) is differentiable
fort > 0 and has a singularity at the origin. This scenario includes classical
models such as the obstacle problem and the quenching and cavity problems
in a one-phase setting.

5. Cl—REGULARITY

In this section, we show that if the function o in the functional (1.1) is
continuous, then local minimizers exhibit C!'—regularity at free boundary
points. Moreover, we construct a C'—modulus of continuity for « depending
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only on the modulus of continuity of ¢. Our approach employs a nonlin-
ear renormalization algorithm for solutions, inspired by the methodology
developed in [3], albeit applied in a substantially different context.

Theorem 5.1. Let u be a nonnegative local minimizer of (1.1) in By, with
o being a modulus of continuity. Then, there exists a modulus of continuity
w: [0,1] — [0,+00), depending on universal parameters and o, such that,
for any xo € 0{u > 0} N By 9,

lu(z)| < C (HUHL°<’(33/4) + 4/ HUHLOO(R)) |z —zo|w(|z —m0]), = € Byj(o),

for some universal constant C > 0.

Proof. Let xo € 0{u > 0} N By/p be an arbitrary point. Let ¢ = 272 in
Lemma 4.1, and consider the corresponding § > 0. Up to replacing u by

271
v(z) = wwo +27 @) x € By,

[ull oo (B5,,) + /0 ol oo r)

we may assume u satisfies the assumption of Lemma 4.1 for this specific e.
We will prove that there is a sequence (uy)ren C (0, 1) such that

k
sup u < 27F (H Mi) , for every k € N.
By—k i=1

This sequence will be built via an induction process. The first step, as we
already are in a normalized setting, is to apply Lemma 4.1 to obtain

sup u < 272 <27y, (5.1)

By_1
for some 271 < j1 < 1 to be chosen. To fix it, define the function

U (2*1x)
vi () = R € By,

which is normalized due to (5.1). Moreover, vy is a local minimizer to

J1(w, By) 22/

1
; §\Dw|2 +oy(w)dz, with oy(t) = p 2o (u12_1t) :
1

At this point, we desire to apply Lemma 4.1 to v;. As v1(0) = 0, the only
missing assumption is the smallness condition for 1. As o1 is a modulus
of continuity, the smallness condition translates to ensuring o1(1) < § (see
Remark 4.1). This, in turn, is equivalent to
pilo (m27!) <4
To make this selection in a proper way, we build the following algorithm: if
2%0 (272) < g,
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we pick gy = 271 If this does not happen, then we pick 1 > 1 > 27! so
that

py o (u27h) = 6.

Indeed, define

ft)=t"20(271), for te[271].
This is a continuous function, such that

f) =02 ) <o) <o < f27h),
and so, by the Intermediate Value Theorem, there should be 1 > pq > 27!
such that

f(u) =6

Now, we can apply Lemma 4.1 to v; to obtain

sup v1 <272 = sup u < 2 2o,
By 1 B,_2
for 1 < po < 1 to be chosen. Next, define
U1 (2_136)

o2~ 1
Again, it follows that vo is normalized, v2(0) = 0 and it is a local minimizer
of

va(x) = , x € Bjy.

1
i\DwIZ +oa(w)dz, with oo(t) = py 2oy (227't).

J2(w, By) ::/

By
We then follow the same routine: if

%oy (27! <,
then we pick po = py. If not, then we pick 1 > po > p1 so that

(5201 (e27) = 4.
We can repeat this process inductively: we assume we have built up to k,

that is, we have already found the parameter uj and the functions o and vy,
are already defined. For a parameter 1 > g1 > pg, we define the function
-1
g1 () = M, x € By,
Hk+12
which is normalized, vi+1(0) = 0 and minimizes a functional with 41 (t) ==
u;ﬁlak(ukHQ_lt). The choice of p;41 is as follows: if

pg o2 <6,
then we pick pg4+1 = pgi. If not, then we pick pg11 such that

M;;ilak (r1271) = 6.
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This concludes the construction of the sequence of parameters ux, and so
we have proven that

k
sup u < 27F (H ui) , for every k € N.
By—k i=1

Define

k
Qaj — H i
i=1

By construction, (ag)ren C (0,1) and is decreasing. As a consequence,
ar — a, for some a, € [0,1). We prove that a, = 0. Indeed, if after some
point, the sequence stabilizes, meaning that

HE = Hkg» for all % > kO)
then it readily follows that a, = 0. Otherwise, we would have, for some
subsequence (k;);en, that
a,;jza(aij_kj) = 4.

Since ar, — ax, it also follows that ag; — a., and so, passing to the limit in
the equation above, gives

o(ay - 0) = da2.
But since o(0) = 0, it follows that a, = 0.

From here, we can build the modulus of continuity as follows: pick = €
By—2 and let p = |z|. There exists k& € N such that o-(h+1) < p < 27k,
Therefore,

|u(z)| < supu < sup u < 2 Fay, < 2pay,
B, B,

since 2% < 2p. Taking into account that

n (p~")
P @)

Tw*ﬁ

In(2)

wp)=2 [ m-
i=1

Observe that w is an increasing function and

<k+1,

we may then define

lim w(p) =2 lim a; = 0.
p—0 k—o00

Remark 5.1. We observe that if the o—function is Holder continuous, the
modulus of continuity w that we obtain in the previous theorem is

w(t) ~ tﬁ,
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which is precisely the same modulus of continuity expected for the Alt—
Phillips problem, see Proposition 3.3. Indeed, say o(t) = §t7 for simplicity,
with the same § of the previous proof. The first step of the algorithm is to
select uy € [271,1) such that

pi o (u27h) <6,
which is equivalent to

pr (27t <1
Isolating py leads to

p 20
In particular,
P = (2_1)ﬁ

1s a valid choice. This is the case where the sequence stabilizes and gives
i = w1, for every k € N. As a consequence,

k 0
Hui = (2_1’“) 7 for every k €N,
i=1

from which follows that w(t) ~ 177, We point out that this goes beyond the
CY? threshold. Indeed, if v > 1, then
g
— > 1,
2—y
which, in particular, implies that the Hessian should also vanish at free
boundary points.

As pointed out in Remark 5.1, the regularity regime of the minimizers at
the free boundary varies according to the amount of smoothness o possesses.
A corollary of the analysis carried out in Theorem 5.1 gives that whenever
the modulus of continuity o is of order o(tF), for ¢ > 0 and k € N, then
solutions will be of class C**!, with a modulus of continuity, at the free
boundary. Below, we consider the case k =1 to convey the idea.

Proposition 5.1. Let u be a nonnegative local minimizer of (1.1) in By,
with o being a modulus of continuity and satisfying o(t) = o(t), as t — 0.
Then, there exists a modulus of continuity w: [0,1] — [0,4+00), depending
on universal parameters and the modulus of continuity of o, such that, for
any wo € O{u > 0} N B9,

ju@)] < € (Jull ) + /lo ey ) e =20 w(lz — zol), = € Bya(eo),

for some universal constant C > 0.

Proof. The proof follows along the lines of that of Theorem 5.1, the only
significant change being the choice of

ft) =t722%0(27%), for t e [2711].
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To ensure f(1) < d, we use the fact that ¢ = o(t). The rest of the proof goes
through with the obvious modifications, taking into account that we are in
a C?—regularity regime. O
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