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Abstract. In this paper, we investigate the borderline regularity of
local minimizers of energy functionals of the form∫

1

2
|Du|2 + σ(u),

under minimal assumptions on the potential term σ. When σ is merely
bounded and measurable, we show that sign-changing minimizers are
Log-Lipschitz continuous, which represents the optimal regularity in this
general setting. In the one-phase case, however, we establish gradient
bounds for minimizers along their free boundaries, revealing a structural
gain in regularity. Most notably, we prove that if σ is continuous, then
minimizers are of class C1 along the free boundary, thereby identifying
a sharp threshold for differentiability in terms of the regularity of the
potential.

1. Introduction

In this paper, we address borderline regularity issues for local minimizers
of energy functionals of the form

J (u,Ω) :=

∫

Ω

1

2
|Du|2 + σ(u) dx, (1.1)

where Ω ⊂ R
n is a bounded domain, u : Ω → R, and σ : R → R is a bounded

measurable function. Functionals of this type arise in a variety of contexts,
including flame propagation, image segmentation, and biological modeling.
A critical aspect of such models relies on the non-differentiability of σ at a
collection of points S ⊂ R, leading to the formation of free boundaries

Γ := ∂
[

u−1(R \ S )
]

∩ Ω.

When σ is differentiable on a region D ⊂ R, it is well known that local
minimizers satisfy the equation

∆u = σ′(u) in {x ∈ Ω: u(x) ∈ D} , (1.2)
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in an appropriate weak sense. Some of the most prominent examples include
the obstacle problem [6], σ(t) = t+, the Alt–Phillips (or quenching) problem
[2], σ(t) = tγ+, for 0 < γ < 1, the Alt–Caffarelli (or cavity) problem [1],
σ(t) = χ{t>0}, the theory of flame propagation [5, 14], σ(t) = σϵ(t) =
∫ t/ϵ
0 β(s)ds, among several others.
For non-differentiable σ, the minimization property of the functional J

does not yield an associated Euler–Lagrange equation. Nevertheless, a sig-
nificant part of the regularity theory can still be developed based solely
on the variational structure, which often carries more information than the
Euler–Lagrange equation (1.2) alone. The investigation of such functionals
has a long history, and many fundamental results extend to the setting of
almost-minimizers or quasi-minimizers; see, for instance, [12, 8, 10, 11, 16].

In [9], a comprehensive regularity theory was developed for local mini-
mizers of variational energies, including sharp gradient bounds, under the
assumption that the function σ is Hölder continuous. When σ is merely
bounded, one can still derive interior regularity estimates of class C0,α, and
even CLog-Lip, which are essentially optimal in such generality, see Section 3.
The main goal of this work, however, is to advance a borderline regularity
theory for one-phase local minimizers of (1.1), under minimal structural
assumptions on the potential σ.

Our first main result shows that if σ is merely bounded and measur-
able, then nonnegative local minimizers are Lipschitz continuous at the free
boundary. We then go beyond this threshold: assuming σ is continuous, we
prove that minimizers are C1 at the free boundary, with a modulus of con-
tinuity that depends explicitly – through an intricate nonlinear process – on
that of σ. Crucially, no structural conditions are imposed on the continuity
of σ: it need not be Hölder or Dini continuous. For example, our framework
covers genuinely borderline moduli of continuity, such as σ(t) ∼ | log t|−β ,
0 < β ≤ 1, suitably truncated away from the origin, which fail the Dini con-
dition, and are therefore substantially rougher than any Hölder modulus,
placing them well beyond the scope of the classical C1,α regularity theory.
In fact, our assumptions admit much weaker continuity profiles, including
ω(t) = 1/ log(k)(1/t), where log(k) denotes the k-fold iterated logarithm,

log(k) = log ◦ log ◦ · · · ◦ log (k times). Such moduli decay at the origin more
slowly than any negative power of | log t|, representing an extreme regime of
continuity. We construct the modulus directly, uncovering a precise mecha-
nism through which the continuity of σ is transmitted to the free boundary.

These results identify the exact threshold where minimizers become more
regular, showing how the structure of σ influences the smoothness of solu-
tions along the free boundary. A central insight of this work is identifying
how this regularity arises. Near free boundary points, minimizers of (1.1)
must vanish. Leveraging the scale invariance of the functional, rescaled solu-
tions flatten in a controlled way. This flattening becomes more noticeable at
smaller scales, highlighting a subtle but strong regularizing effect built into
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the variational structure of the problem, which ultimately leads to gradient
bounds for minimizers when σ is merely bounded.

To advance beyond Lipschitz regularity and reach C1−smoothness, we in-
troduce a nonlinear renormalization scheme. This iterative approach rescales
the problem at dyadic levels, each time adjusting the normalization to pre-
serve a smallness condition essential for convergence. A key insight is that
the continuity of σ – regardless of its modulus – ensures coherence across
scales, allowing the scheme to bridge the gap between geometric flatness and
true differentiability. This strategy not only establishes C1−regularity but
also reveals the critical role played by the continuity of σ in propagating
smoothness to the free boundary. This regularity phenomenon is, at least
heuristically, reminiscent of the effect observed in [18], which was achieved
through a clever application of the powerful Caffarelli-Jerison-Kenig almost
monotonicity formula [7].

The techniques developed in this paper are robust and could be extended
to a broader class of elliptic operators beyond the Laplacian. However,
for the sake of clarity and to streamline the exposition, we have chosen to
present our results in the context of the classical Laplace operator. This
choice allows us to focus on the core ideas without the additional technical
overhead that more general operators would entail.

The remainder of the paper is organized as follows. In Section 2, we
introduce the mathematical framework, discuss the relevant scaling proper-
ties, and review key results from the literature that will be used throughout
the paper. Section 3 is devoted to establishing regularity estimates for the
two-phase problem. Sections 4 and 5 focus on borderline regularity results
for nonnegative minimizers: in the former, we prove Lipschitz continuity at
the free boundary, while in the latter, we establish C1−regularity at the free
boundary under continuity assumptions on the potential σ.

2. Preliminary results

In this section, we collect some preliminary results needed for the remain-
der of the paper.

2.1. Mathematical setup. Let Ω ⊂ R
n be a bounded, smooth domain

and σ : Ω×R → R be a bounded measurable function in both its variables.
Although our main interest lies in σ−functions without explicit dependence
on x, as in functional (1.1), the proof of the Log-Lipschitz estimates given
in the next section requires considering such x−dependence as part of an
auxiliary problem. For this reason, we consider this slightly more general
setting.

For a nonnegative boundary datum 0 ≤ φ ∈ H1(Ω)∩L∞(Ω), we consider
the problem of minimizing the functional

J (v,Ω) :=

∫

Ω

1

2
|Dv|2 + σ(x, v) dx (2.1)
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among competing functions

v ∈ A :=
{

v ∈ H1(Ω) : v − φ ∈ H1
0 (Ω)

}

.

We say u ∈ A is a minimizer of (2.1) if

J (u,Ω) ≤ J (v,Ω), ∀v ∈ A.

Note that minimizers as above are, in particular, local minimizers in the
sense that, for any open subset Ω′ ⊂ Ω,

J (u,Ω′) ≤ J (v,Ω′), ∀v ∈ H1(Ω′) : v − u ∈ H1
0 (Ω

′).

The theory developed in this article applies to both notions, but the focus
of our results will, from now on, be on local minimizers.

Throughout the paper, we say that a constant C is universal if it depends
only on the data, namely, the dimension n, the L∞−norm of σ, and the
boundary data φ. Any additional dependencies will be mentioned explicitly
in the results’ statements.

2.2. Scaling. Most of the arguments recurrently used in this paper rely
on a scaling feature of the functional (2.1) that we detail in the sequel for
future reference. Let x0 ∈ Ω and consider two parameters a, b ∈ (0, 1]. If
u ∈ H1(Ω) is a minimizer of J (v,Ba(x0)), then

w(x) :=
u(x0 + ax)

b
, x ∈ B1 (2.2)

is a minimizer of the functional

J̃ (v,B1) :=

∫

B1

1

2
|Dv|2 + σ̃(x, v)dx,

with

σ̃(x, t) :=
(a

b

)2
σ(x0 + ax, bt).

Indeed, by changing variables,
∫

Ba(x0)

1

2
|Du(x)|2 + σ(x, u(x)) dx

= an
∫

B1

1

2
|Du(x0 + ay)|2 + σ(x0 + ay, u(x0 + ay)) dy

= an
∫

B1

1

2

∣

∣

∣

∣

(

b

a

)

Dw(x)

∣

∣

∣

∣

2

+ σ(x0 + ax, bw(x)) dx

= an−2b2
∫

B1

1

2
|Dw(x)|2 + b−2a2σ(x0 + ax, bw(x))dx

= an−2b2
∫

B1

1

2
|Dw(x)|2 + σ̃(x,w(x))dx.

In particular, choosing a = r, b = rβ , for any β ∈ [0, 1], 0 < r ≤ 1, we have

|σ̃(x, t)| ≤
∣

∣

∣
σ
(

x0 + rx, rβt
)∣

∣

∣
.
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Recall that no sign restrictions are imposed on σ.
We also need the following simple result regarding translation by affine

functions.

Lemma 2.1. Let x0 ∈ B1 and a, b be two positive constants, and define

v(x) :=
(u− ℓ)(x0 + ax)

b
,

where ℓ is an affine function. Then, u is a local minimizer of (2.1) in

Ba(x0), if and only if, v is a local minimizer of
∫

B1

1

2
|Dw|2 + σ∗(x,w) dx,

where σ∗(x, t) := b−2a2σ (x0 + ax, bt+ ℓ(ax)).

Proof. By the scaling feature of the functional, it is enough to consider
a = b = 1 and x0 = 0. We show that if w is such that (v − w) ∈ H1

0 (B1),
then

∫

B1

1

2
|Dv|2 + σ∗(x, v) dx ≤

∫

B1

1

2
|Dw|2 + σ∗(x,w) dx. (2.3)

Observe that the function w = w+ℓ is a valid competitor in the minimization
problem for u, and so

∫

B1

1

2
|Du|2 + σ(x, u) dx ≤

∫

B1

1

2
|D(w + ℓ)|2 + σ(x,w + ℓ) dx.

In terms of v, this reads
∫

B1

1

2
|D(v + ℓ)|2 + σ∗(x, v) dx ≤

∫

B1

1

2
|D(w + ℓ)|2 + σ∗(x,w) dx,

which implies (2.3). Indeed, the extra term
∫

B1

D(v − w) ·Dℓdx

vanishes, which follows from integrating by parts and using that v − w ∈
H1

0 (B1), and that ∆ℓ = 0 because ℓ is affine. □

2.3. Useful estimates. We gather here some useful estimates, which can
be found in [15, Lemma 2.4 and Lemma 4.1, respectively]. We adjust the
statements of the lemmata to fit the setup treated here.

Given a ball BR(x0) ⋐ Ω, we denote the harmonic replacement of u in
BR(x0) by h, i.e., h is the solution of the boundary value problem

∆h = 0 in BR(x0) and h− u ∈ H1
0 (BR(x0)).

By the maximum principle, we have

∥h∥L∞(BR(x0)) ≤ ∥u∥L∞(BR(x0)). (2.4)
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Lemma 2.2. Let ψ ∈ H1(BR) and h be the harmonic replacement of ψ in

BR. There exists c, depending only on n, such that

c

∫

BR

|Dψ −Dh|2 dx ≤

∫

BR

|Dψ|2 − |Dh|2 dx. (2.5)

Lemma 2.3. Let ψ ∈ H1(BR) and h be the harmonic replacement of ψ in

BR. Given β ∈ (0, 1), there exists C, depending only on n and β, such that
∫

Br

|Dψ − (Dψ)r|
2 dx ≤ C

( r

R

)n+2β
∫

BR

|Dψ − (Dψ)R|
2 dx

+C

∫

BR

|Dψ −Dh|2 dx,

for each 0 < r ≤ R.

We conclude this subsection with the L2 to L∞ estimates. We refer to
[13, Theorem 7.2] for a proof.

Lemma 2.4. Assume u is a local minimizer to (1.1) in B1 with σ bounded.

Then, there exists a universal constant C > 0 such that

∥u∥L∞(B1/2) ≤ C∥u∥L2(B1).

3. Regularity for two-phase minimizers

In this intermediary section, we first establish, with σ merely bounded,
the interior C0,α and C0,Log-Lip−regularity of two-phase local minimizers of
(1.1). While similar results may be found in the literature, we include them
here for two main reasons: first, to emphasize that the regularity estimates
rely only on the boundedness of σ; and second, to provide a simplified and
self-contained proof of the Log-Lipschitz estimate. For an Hölder continuous
σ, we revisit the known C1,α−regularity result for local minimizers at the
end of the section.

Proposition 3.1. Let u be a local minimizer of (1.1) in B1. Given α ∈
(0, 1), there exists a constant C > 0, depending only on α and the data, such

that

∥u∥C0,α(B1/2)
≤ C∥u∥L2(B1).

Proof. First, after rescaling, we may assume that ∥u∥L2(B1) ≤ 1 and

∥σ∥L∞(R) ≤ δ,

for some small δ > 0. Let h be the harmonic replacement of u in B1. Using
it as a competitor for u yields

∫

B1

|Du|2 − |Dh|2 ≤ 2

∫

B1

σ(h)− σ(u).
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By Lemma 2.2, and since both u and h are bounded (by the boundary data,
via the maximum principle), we have

∫

B1

|D(u− h)|2 ≤ Cδ.

Since u− h ∈ H1
0 (B1), we can use Poincaré inequality in balls to obtain

∫

B1

|u− h|2 ≤ Cδ.

Now, for r < 1 small, we observe that
∫

Br

|u(x)− h(0)|2 ≤ 2

∫

Br

|u(x)− h(x)|2 + 2

∫

Br

|h(x)− h(0)|2

≤ 2Cδ + 2C ′∥h∥2L∞(B1)
rn+2

≤ r2α+n,

for r and δ small enough depending also on α.
Now we iterate this reasoning. We will build a sequence (ak)k∈N such

that, for every k ∈ N,
∫

B
rk

|u− ak|
2 dx ≤ r2αk and |ak − ak−1| ≤ Crα(k−1). (3.1)

We proceed by induction. The case k = 1 follows by considering a1 = h(0)
and a0 = 0. Now, assuming we have found ak, we define the rescaled function

wk(x) :=
u(rkx)− ak

rkα
.

We point out that wk is a local minimizer of the functional
∫

B1

1

2
|Dw|2 + σk(w) dx,

where σk(t) = r2k(1−α)σ(rkαt+ak). By the induction assumption, it follows
that

∫

B1

|wk|
2 dx ≤ 1,

and so, by Lemma 2.4, it follows that wk is uniformly bounded. Repeating
the argument at the beginning of the induction, we find a = h(0), where h
is the corresponding harmonic replacement for wk. It then follows that

∫

Br

|wk − a|2 ≤ rk(2α+n),

which in turn means
∫

B
rk+1

|u− ak+1|
2 ≤ r(k+1)(2α+n),

where ak+1 = ak + rkαa. By (3.1), the sequence (ak)k∈N is a Cauchy se-
quence, and thus converges. From here, the argument is standard. □
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A refinement of the previous argument suggests the possibility of obtain-
ing a Log-Lipschitz estimate. This is typically achieved by showing that Du
belongs to BMO, which is the energetic analog of Log-Lipschitz continuity.
Here, we present a simpler proof of the Log-Lipschitz estimate. To this end,
we consider functionals of the form (2.1), allowing for x−dependence in the
coefficient function σ. The key observation is that, despite this additional
dependence, σ remains bounded.

We begin with the following approximation lemma.

Lemma 3.1. Let u be a local minimizer of (2.1) in B1. There exist uni-

versal parameters r, δ ∈ (0, 1) and an affine function ℓ(x) := a + b · x, with
universally bounded coefficients such that if

∥u∥L∞(B1) ≤ 1 and ∥σ∥L∞(R) ≤ δ,

then
∫

Br

|u− ℓ|2 ≤ rn+2.

Proof. Let r > 0 be a small parameter to be chosen later, and let h be the
harmonic replacement of u in B1. Using h as a competitor for u yields

∫

B1

|Du|2 − |Dh|2 ≤ 2

∫

B1

σ(x, h)− σ(x, u).

By Lemma 2.2, and since both u and h are bounded, we have
∫

B1

|D(u− h)|2 ≤ C∥σ∥L∞(R),

which, combined with the Poincaré inequality in balls, gives
∫

B1

|u− h|2 ≤ C∥σ∥L∞(R).

Since h is harmonic in B1, we obtain

|h(x)− (h(0) +Dh(0) · x)| ≤ C1∥h∥L∞(B1)|x|
2 in B1/2,

and so, if we consider ℓ(x) := h(0) +Dh(0) · x, we obtain
∫

Br

|u− ℓ|2 ≤ 2Cδ + 2C2∥h∥
2
L∞(B1)

rn+4.

By assumption, ∥u∥L∞(B1) ≤ 1, which also implies ∥h∥L∞(B1) ≤ 1. We can
then pick r universally small so that

2C2∥h∥
2
L∞(B1)

rn+4 ≤
rn+2

2
,

and then δ small so that

2Cδ ≤
rn+2

2
,

from which the result follows. □
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A careful iteration of the approximation lemma gives the Log-Lipschitz
estimate.

Proposition 3.2. Let u be a local minimizer of (1.1) in B1. Then, there

exists a universal constant C > 0 such that

|u(x)− u(y)| ≤ C∥u∥L2(B1)|x− y| ln
(

|x− y|−1
)

, x, y ∈ B1/2.

Proof. By scaling, we may assume σ is in a smallness regime and that u is
normalized in L2. The proof consists in finding a sequence of affine functions
ℓk(x) := ak + bk · x such that

∫

B
rk

|u− ℓk|
2 ≤ rk(n+2),

and
|ak+1 − ak| ≤ Crk and |bk+1 − bk| ≤ C, (3.2)

for some r > 0, C > 0 universal and for every k ∈ N. This is proved
by induction. The first case is trivial by the normalization assumption.
Assuming this holds up to k, we define

vk(x) :=
(u− ℓk)(r

kx)

rk
,

which satisfies, by the induction assumption,
∫

B1

|vk|
2 ≤ 1.

Lemma 2.4 then implies that vk is uniformly bounded. We observe that vk
minimizes a functional of a similar type by Lemma 2.1. We can then apply
Lemma 3.1 to obtain

∫

Br

|vk − ℓ|2 ≤ rn+2,

which is equivalent to
∫

B
rk+1

∣

∣

∣
u(y)−

(

ℓk(y) + rkℓ(r−ky)
)∣

∣

∣

2
≤ r(k+1)(2+n).

Defining ℓk+1 := ℓk+ r
kℓ(r−k−), it is standard to verify condition (3.2). We

observe now that for every k ∈ N, the function vk, previously defined, is a
minimizer to a functional with a similar structure and normalized L2−norm.
We apply Lemma 2.4 to obtain

∥vk∥L∞(B1) ≤ C,

for some constant C, depending on universal parameters. But this is equiv-
alent to

∥u− ℓk∥L∞(B
rk

) ≤ Crk, for k ∈ N.

This condition, together with (3.2), implies the Log-Lipschitz estimate (see
[19]). □
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Remark 3.1. The fact that the regularity estimates depend solely on the

boundedness of σ is relevant for the compactness of minimizers across free

boundary models. For instance, let 0 < γ < 1 and uγ be a local minimizer

of the two-phase Alt–Phillips functional
∫

B1

1

2
|Dv|2 + Λ1v

γ
− + Λ2v

γ
+ dx,

for positive constants Λ1 and Λ2. A consequence of Proposition 3.2 is that

the family (uγ)γ>0 is pre-compact in the uniform convergence topology. This

gives enough compactness to obtain, by passing to the limit as γ → 0, a Log-

Lipschitz solution of the celebrated two-phase cavity problem investigated in

[7], via the Alt–Phillips problem.

When σ is Hölder continuous, the regularity theory reaches the C1,α

threshold. The heart of the matter is that the functional (1.1) behaves
as that of the Alt–Phillips problem. We refer to [9] for a complete descrip-
tion and extension of such regularity results. The proof we include below is
a simplified version of [4, Theorem 2.1], and we include it here just for the
sake of completeness as a courtesy to the reader.

Proposition 3.3. Assume u is a local minimizer to (1.1) in B1. If σ is

Hölder, then there is an exponent α, depending on data and the Hölder

continuity of σ, such that

∥u∥C1,α(B1/2)
≤ C∥u∥L∞(B1),

for some universal constant C > 0.

Proof. We prove the result for the case of balls BR(x0) ⋐ B1/2. Without
loss of generality, assume x0 = 0 and denote BR := BR(0). Since u is a local
minimizer, by testing (1.1) against its harmonic replacement, we obtain the
inequality

∫

BR

|Du|2 − |Dh|2 dx ≤ 2

∫

BR

σ(h(x))− σ(u(x)) dx. (3.3)

By the Hölder assumption on σ we get
∫

BR

σ(h(x))− σ(u(x)) dx ≤ C

∫

BR

|u(x)− h(x)|γ dx,
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for some γ > 0. In addition, by combining Hölder and Sobolev inequalities,
we obtain

∫

BR

|u− h|γ dx ≤ C|BR|
1− γ

2∗







∫

BR

|u− h|2
∗

dx







γ
2∗

≤ C|BR|
1− γ

2∗







∫

BR

|Du−Dh|2 dx







γ
2

, (3.4)

for 2∗ =
2n

n− 2
.

Therefore, using Lemma 2.2, together with (3.3) and (3.4), we get
∫

BR

|Du−Dh|2 dx ≤ C|BR|
2(2∗−γ)
2∗(2−γ) = CR

n+2 γ
2−γ . (3.5)

Finally, by taking

ϵ =
γ

2− γ
∈ (0, 1)

in Lemma 2.3, we conclude
∫

Br

|Du− (Du)r|
2 dx

≤ C
( r

R

)n+2 γ
2−γ

∫

BR

|Du− (Du)R|
2 dx+ CR

n+2 γ
2−γ ,

for each 0 < r ≤ R. Campanato’s embedding theorem completes the proof.
□

4. Lipschitz regularity

In this section, under a mere boundedness assumption on σ, we prove
Lipschitz regularity along free boundary points of one-phase local minimizers
of (1.1). The main idea is that local minimizers are universally flat near free
boundary points.

Lemma 4.1. Given ϵ > 0, there is δ > 0, depending only on ϵ, such that

for any u nonnegative local minimizer of (1.1) in B1, with

u(0) = 0, 0 ≤ u ≤ 1, and ∥σ∥L∞(R) ≤ δ,

there holds

sup
B1/2

u ≤ ϵ.

Proof. The proof is by compactness and is fairly classical, so we only outline
it here. Assume the lemma is false. Then, there would be ϵ0 > 0 and a
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sequence (uk, σk)k∈N, where uk is a minimizer of the functional

Jk(v,B1) =

∫

B1

1

2
|Dv|2 + σk(v) dx,

with uk(0) = 0, 0 ≤ uk ≤ 1 in B1, and ∥σk∥L∞(R) ≤ k−1, but

sup
B1/2

uk > ϵ0. (4.1)

It then follows that (uk)k∈N is equicontinuous by Proposition 3.2, and con-
verges to some function u∞ that minimizes

J∞(v,B1) :=

∫

B1

1

2
|Dv|2 dx,

with u∞ ≥ 0 and u∞(0) = 0. By the strong maximum principle, this can
only happen if u∞ ≡ 0, which contradicts (4.1). □

Remark 4.1. When σ is a modulus of continuity, we can replace the flatness

assumption by the condition σ(1) ≤ δ. It is enough to prove that u is a local

minimizer in B1 of the functional

v 7→

∫

1

2
|Dv|2 + (σ ◦ T )(v) dx,

where T is the truncation defined by

T (t) := max {0,min{t, 1}} .

Consider B ⋐ B1 and let v ∈ H1(B) be such that v − u ∈ H1
0 (B). Since T

is Lipschitz and T (u) = u, we have T (v)− u ∈ H1
0 (B), and so w := T (v) is

an admissible competitor for u in the original functional. Therefore, by the

minimality of u,
∫

B

1

2
|Du|2 + (σ ◦ T )(u) dx =

∫

B

1

2
|Du|2 + σ(u) dx

≤

∫

B

1

2
|Dw|2 + σ(w) dx

≤

∫

B

1

2
|Dv|2 + (σ ◦ T )(v) dx,

where we used w = T (v) and |Dw| ≤ |Dv|, a.e in B. In particular, since σ
is a modulus of continuity, we have

∥σ ◦ T∥L∞(R) = σ(1).

A careful iteration of the flatness lemma gives the Lipschitz continuity at
the free boundary.

Theorem 4.1. Let u be a nonnegative local minimizer of (1.1) in B1 and

x0 ∈ ∂{u > 0} ∩B1/2. Then,

|u(x)| ≤ C
(

∥u∥L∞(B3/4) +
√

∥σ∥L∞(R)

)

|x− x0|, x ∈ B1/4(x0),

for some universal constant C > 0.
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Proof. Fix x0 ∈ ∂{u > 0} ∩ B1/2. Let ϵ = 2−1 and take the corresponding
δ > 0 given by Lemma 4.1. Up to replacing u by

v(x) :=
u(x0 + 2−1x)

∥u∥L∞(B3/4) +
√

δ−1∥σ∥L∞(R)

, x ∈ B1,

we may assume x0 = 0, and

u(0) = 0, 0 ≤ u ≤ 1, and ∥σ∥L∞(R) ≤ δ.

We claim
sup
B

2−k

u ≤ 2−k, for all k ∈ N0.

It is clear that once the claim holds, u is Lipschitz regular at x = 0.
To prove the claim, we proceed by induction. The case k = 0 is trivial

since u is normalized. We then assume it holds for k and prove the same is
true for k + 1. Define

vk(x) := 2ku(2−kx), x ∈ B1.

By the scaling feature of the functional (see Section 2.2), vk minimizes a
functional of the same type, with its corresponding σ factor still in a small-
ness regime. Moreover, vk is normalized by the induction assumption and
vk(0) = 0. We can then use Lemma 4.1 to obtain

sup
B1/2

vk ≤ 2−1,

from which the induction step follows. The claim is then proven. □

Remark 4.2. We comment that once gradient bounds are established along

the free boundary, one can often obtain local Lipschitz regularity, provided

the governing PDE, ∆u = σ′(u) in {u > 0}, allows for such smoothness.

This is the case of the classical Alt–Caffarelli functional; see the details in

[17].

Remark 4.3. We emphasize that, given the generality of our results, the

free boundary

Γ := ∂
[

u−1(R \ S )
]

∩ Ω

does not necessarily coincide with the set ∂{u > 0}. Such an identification

can only be guaranteed in special cases, namely when σ(·) is differentiable

for t > 0 and has a singularity at the origin. This scenario includes classical

models such as the obstacle problem and the quenching and cavity problems

in a one-phase setting.

5. C1−regularity

In this section, we show that if the function σ in the functional (1.1) is
continuous, then local minimizers exhibit C1−regularity at free boundary
points. Moreover, we construct a C1−modulus of continuity for u depending
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only on the modulus of continuity of σ. Our approach employs a nonlin-
ear renormalization algorithm for solutions, inspired by the methodology
developed in [3], albeit applied in a substantially different context.

Theorem 5.1. Let u be a nonnegative local minimizer of (1.1) in B1, with

σ being a modulus of continuity. Then, there exists a modulus of continuity

ω : [0, 1] → [0,+∞), depending on universal parameters and σ, such that,

for any x0 ∈ ∂{u > 0} ∩B1/2,

|u(x)| ≤ C
(

∥u∥L∞(B3/4) +
√

∥σ∥L∞(R)

)

|x−x0|ω(|x−x0|), x ∈ B1/4(x0),

for some universal constant C > 0.

Proof. Let x0 ∈ ∂{u > 0} ∩ B1/2 be an arbitrary point. Let ϵ = 2−2 in
Lemma 4.1, and consider the corresponding δ > 0. Up to replacing u by

v(x) :=
u(x0 + 2−1x)

∥u∥L∞(B3/4) +
√

δ−1∥σ∥L∞(R)

, x ∈ B1,

we may assume u satisfies the assumption of Lemma 4.1 for this specific ϵ.
We will prove that there is a sequence (µk)k∈N ⊂ (0, 1) such that

sup
B

2−k

u ≤ 2−k

(

k
∏

i=1

µi

)

, for every k ∈ N.

This sequence will be built via an induction process. The first step, as we
already are in a normalized setting, is to apply Lemma 4.1 to obtain

sup
B2−1

u ≤ 2−2 ≤ 2−1µ1, (5.1)

for some 2−1 ≤ µ1 < 1 to be chosen. To fix it, define the function

v1(x) :=
u
(

2−1x
)

µ12−1
, x ∈ B1,

which is normalized due to (5.1). Moreover, v1 is a local minimizer to

J1(w,B1) :=

∫

B1

1

2
|Dw|2 + σ1(w) dx, with σ1(t) := µ−2

1 σ
(

µ12
−1t
)

.

At this point, we desire to apply Lemma 4.1 to v1. As v1(0) = 0, the only
missing assumption is the smallness condition for σ1. As σ1 is a modulus
of continuity, the smallness condition translates to ensuring σ1(1) ≤ δ (see
Remark 4.1). This, in turn, is equivalent to

µ−2
1 σ

(

µ12
−1
)

≤ δ.

To make this selection in a proper way, we build the following algorithm: if

22σ
(

2−2
)

≤ δ,
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we pick µ1 = 2−1. If this does not happen, then we pick 1 > µ1 > 2−1 so
that

µ−2
1 σ(µ12

−1) = δ.

Indeed, define
f(t) := t−2σ(2−1t), for t ∈ [2−1, 1].

This is a continuous function, such that

f(1) = σ(2−1) < σ(1) ≤ δ < f(2−1),

and so, by the Intermediate Value Theorem, there should be 1 > µ1 > 2−1

such that
f(µ1) = δ.

Now, we can apply Lemma 4.1 to v1 to obtain

sup
B2−1

v1 ≤ 2−2 =⇒ sup
B2−2

u ≤ 2−2µ1µ2,

for µ1 ≤ µ2 < 1 to be chosen. Next, define

v2(x) :=
v1
(

2−1x
)

µ22−1
, x ∈ B1.

Again, it follows that v2 is normalized, v2(0) = 0 and it is a local minimizer
of

J2(w,B1) :=

∫

B1

1

2
|Dw|2 + σ2(w)dx, with σ2(t) := µ−2

2 σ1
(

µ22
−1t
)

.

We then follow the same routine: if

µ−2
1 σ1

(

µ12
−1
)

≤ δ,

then we pick µ2 = µ1. If not, then we pick 1 > µ2 > µ1 so that

µ−2
2 σ1

(

µ22
−1
)

= δ.

We can repeat this process inductively: we assume we have built up to k,
that is, we have already found the parameter µk and the functions σk and vk
are already defined. For a parameter 1 > µk+1 ≥ µk, we define the function

vk+1(x) :=
vk(2

−1x)

µk+12−1
, x ∈ B1,

which is normalized, vk+1(0) = 0 and minimizes a functional with σk+1(t) :=
µ−2
k+1σk(µk+12

−1t). The choice of µk+1 is as follows: if

µ−2
k σk(µk2

−1) ≤ δ,

then we pick µk+1 = µk. If not, then we pick µk+1 such that

µ−2
k+1σk

(

µk+12
−1
)

= δ.
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This concludes the construction of the sequence of parameters µk, and so
we have proven that

sup
B

2−k

u ≤ 2−k

(

k
∏

i=1

µi

)

, for every k ∈ N.

Define

ak :=
k
∏

i=1

µi.

By construction, (ak)k∈N ⊂ (0, 1) and is decreasing. As a consequence,
ak → a∗ for some a∗ ∈ [0, 1). We prove that a∗ = 0. Indeed, if after some
point, the sequence stabilizes, meaning that

µk = µk0 , for all k ≥ k0,

then it readily follows that a∗ = 0. Otherwise, we would have, for some
subsequence (kj)j∈N, that

a−2
kj
σ(akj2

−kj ) = δ.

Since ak → a∗, it also follows that akj → a∗, and so, passing to the limit in
the equation above, gives

σ(a∗ · 0) = δa2∗.

But since σ(0) = 0, it follows that a∗ = 0.
From here, we can build the modulus of continuity as follows: pick x ∈

B2−2 and let ρ = |x|. There exists k ∈ N such that 2−(k+1) < ρ ≤ 2−k.
Therefore,

|u(x)| ≤ sup
Bρ

u ≤ sup
B

2−k

u ≤ 2−kak ≤ 2ρak,

since 2−k ≤ 2ρ. Taking into account that

k ≤
ln
(

ρ−1
)

ln(2)
< k + 1,

we may then define

ω(ρ) := 2

⌊

ln(ρ−1)
ln(2)

⌋

∏

i=1

µi.

Observe that ω is an increasing function and

lim
ρ→0

ω(ρ) = 2 lim
k→∞

ak = 0.

□

Remark 5.1. We observe that if the σ−function is Hölder continuous, the

modulus of continuity ω that we obtain in the previous theorem is

ω(t) ≈ t
γ

2−γ ,
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which is precisely the same modulus of continuity expected for the Alt–

Phillips problem, see Proposition 3.3. Indeed, say σ(t) = δtγ for simplicity,

with the same δ of the previous proof. The first step of the algorithm is to

select µ1 ∈ [2−1, 1) such that

µ−2
1 σ(µ12

−1) ≤ δ,

which is equivalent to

µ−2
1 (µ12

−1)γ ≤ 1.

Isolating µ1 leads to

µ−2+γ
1 ≤ 2γ .

In particular,

µ1 =
(

2−1
)

γ
2−γ

is a valid choice. This is the case where the sequence stabilizes and gives

µk = µ1, for every k ∈ N. As a consequence,

k
∏

i=1

µi =
(

2−k
)

γ
2−γ

, for every k ∈ N,

from which follows that ω(t) ≈ t
γ

2−γ . We point out that this goes beyond the

C1,α threshold. Indeed, if γ > 1, then
γ

2− γ
> 1,

which, in particular, implies that the Hessian should also vanish at free

boundary points.

As pointed out in Remark 5.1, the regularity regime of the minimizers at
the free boundary varies according to the amount of smoothness σ possesses.
A corollary of the analysis carried out in Theorem 5.1 gives that whenever
the modulus of continuity σ is of order o(tk), for t > 0 and k ∈ N, then
solutions will be of class Ck+1, with a modulus of continuity, at the free
boundary. Below, we consider the case k = 1 to convey the idea.

Proposition 5.1. Let u be a nonnegative local minimizer of (1.1) in B1,

with σ being a modulus of continuity and satisfying σ(t) = o(t), as t → 0.
Then, there exists a modulus of continuity ω : [0, 1] → [0,+∞), depending
on universal parameters and the modulus of continuity of σ, such that, for

any x0 ∈ ∂{u > 0} ∩B1/2,

|u(x)| ≤ C
(

∥u∥L∞(B1) +
√

∥σ∥L∞(R)

)

|x− x0|
2 ω(|x− x0|), x ∈ B1/4(x0),

for some universal constant C > 0.

Proof. The proof follows along the lines of that of Theorem 5.1, the only
significant change being the choice of

f(t) := t−222σ(2−2t), for t ∈ [2−1, 1].
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To ensure f(1) < δ, we use the fact that σ = o(t). The rest of the proof goes
through with the obvious modifications, taking into account that we are in
a C2−regularity regime. □
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[4] D.J. Araújo, A. Sobral, E. Teixeira and J.M. Urbano, On free boundary problems

shaped by varying singularities, arXiv:2401.08071.
[5] H. Berestycki, L. Caffarelli and L. Nirenberg, Uniform estimates for regularization of

free boundary problems, Analysis and partial differential equations, 567–619, Lecture
Notes in Pure and Appl. Math., 122, Dekker, New York, 1990.

[6] L. Caffarelli, The regularity of free boundaries in higher dimensions, Acta Math. 139
(1977), no. 3-4, 155–184.

[7] L. Caffarelli, D. Jerison and C. Kenig, Some new monotonicity theorems with appli-

cations to free boundary problems, Ann. of Math. (2) 155 (2002), no. 2, 369–404.
[8] G. David and T. Toro, Regularity of almost minimizers with free boundary, Calc. Var.

Partial Differential Equations 54 (2015), no. 1, 455–524.
[9] C. De Filippis and G. Mingione, Nonuniformly elliptic Schauder theory, Invent. Math.

234 (2023), no. 3, 1109–1196.
[10] D. De Silva and O. Savin, Almost minimizers of the one-phase free boundary problem,

Comm. Partial Differential Equations 45 (2020), no. 8, 913–930.
[11] S. Dipierro, F. Ferrari, N. Forcillo and E. Valdinoci, Lipschitz regularity of almost

minimizers in one-phase problems driven by the p-Laplace operator, Indiana Univ.
Math. J. 73 (2024), no. 3, 813–854.

[12] M. Giaquinta and E. Giusti, Differentiability of minima of non-differentiable func-

tionals, Invent. Math. 72 (1983), 285–298.
[13] E. Giusti, Direct methods in the Calculus of Variations, World Sci. Publ., River Edge,

NJ, 2003.
[14] C. Lederman and N. Wolanski, Viscosity solutions and regularity of the free boundary

for the limit of an elliptic two phase singular perturbation problem, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 27 (1998), no. 2, 253–288.

[15] R. Leitão, O. de Queiroz and E. Teixeira, Regularity for degenerate two-phase free

boundary problems, Ann. Inst. H. Poincaré Anal. Non Linéaire 32 (2015), 741–762.
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