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Abstract. We study the parabolic fractional p−Laplace equation

∂tu+ (−∆p)
su = 0

in the degenerate range 2 < p < 2/(1−s). We show that weak solutions

are Lipschitz continuous in space and, if p > 1/(1− s), also in time. We

also prove a comparison principle for both weak and viscosity solutions,

and establish the equivalence between the two notions of solution.

1. Introduction

In this paper, we study solutions to the parabolic fractional p−Laplace
equation

∂tu+ (−∆p)
su = 0, (1.1)

for s ∈ (0, 1) and 2 < p < 2/(1− s), where

(−∆p)
su(x, t) := P.V.

ˆ

Rd

|u(x, t)− u(y, t)|p−2

|x− y|d+sp
(u(x, t)− u(y, t)) dy.

The interest in this problem stems not only from its rich mathematical
structure, but also from its relevance in applications, particularly in models
describing the rate at which individuals arrive at a given position x from
all other locations, when both nonlinearity and long-range interactions are
important. Moreover, equation (1.1) arises naturally as the gradient flow
associated with the Gagliardo W s,p−seminorm, defined for s ∈ (0, 1) and
p ∈ [1,∞) by

[u]W s,p(Rd) :=

(
¨

Rd×Rd

|u(x)− u(y)|p
|x− y|d+sp

dx dy

)1/p

.

A substantial regularity theory has been developed for nonlocal equations
driven by the fractional p−Laplacian, an operator first introduced in [1, 18].
In the stationary setting, both weak and viscosity solutions are known to
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satisfy a Harnack inequality and to enjoy Hölder continuity and higher in-
tegrability properties; see [5, 6, 7, 8, 12]. More recently, Lipschitz estimates
were obtained in [3, 4], and C1,α−regularity was established in [14]. By
contrast, in the evolutionary setting, the regularity theory remains fairly
limited, with the currently available results concerning only the Hölder reg-
ularity of weak solutions; see [9, 13, 23].

The main contribution of this work is the following regularity result stated
in the parabolic cylinders Qr := Br(0) × (−r2, 0]. For the definition of the

tail space Lp−1
sp (Rd), see subsection 2.1.

Theorem 1.1. Let p > 2 and s ∈ (0, 1) be such that

qc := −1 + p(1− s) < 1.

Let u be a weak solution to (1.1) in Q1, and assume that

u ∈ Cloc(−1, 0;Lp−1
sp (Rd)). (1.2)

Set
M := ∥u∥L∞(Q3/4) + sup

t∈(−(3/4)2,0]

∥u(·, t)∥
Lp−1
sp (Rd)

.

Then, the following assertions hold:

(1) If qc ≤ 0, then for every α < 1
1−qc

, there exists a constant C > 0,

depending only on d, p, s, and α, such that

|u(x, t)− u(y, τ)| ≤ CM
(
|x− y|+M(p−2)α|t− τ |α

)

for all (x, t), (y, τ) ∈ Q1/2.

(2) If qc > 0, then there exists a constant C > 0, depending only on d,
p, and s, such that

|u(x, t)− u(y, τ)| ≤ CM
(
|x− y|+Mp−2|t− τ |

)

for all (x, t), (y, τ) ∈ Q1/2.

The constant qc appearing in the theorem plays an important role in our
analysis. In particular, we prove Lipschitz regularity, and the condition qc >
0 is precisely the one that ensures that the local contribution to (−∆p)

s|x|
is finite.

Let us briefly highlight the main novelties and difficulties. Our result
brings two main improvements to the existing parabolic literature. First,
it establishes spatial Lipschitz regularity across the full degenerate range
2 < p < 2/(1 − s). In the elliptic case, the proof of the C1,α−regularity
in [14] relies crucially on these Lipschitz estimates, and here we carry out
the corresponding step in the parabolic setting. Second, in the range 0 <
qc < 1, we prove that solutions are also Lipschitz continuous in time, which
is optimal in view of the counterexample given in [9, Remark 1.3]. For the



FRACTIONAL p−CALORIC FUNCTIONS ARE LIPSCHITZ 3

case qc ≤ 0, we obtain Hölder regularity in time for the same exponents as
in [9], but our proof consists of a simple barrier argument.

The proof of Theorem 1.1 proceeds in two steps. We first establish the
spatial Lipschitz estimate by adapting the Ishii–Lions doubling-of-variables
method, introduced in [17] for local equations, to the parabolic nonlocal
setting. The argument starts with a spatially doubled functional at a fixed
final time t0, but in order to obtain legitimate viscosity inequalities, one
must also double the time variable. More precisely, after considering

u(x, t)− u(y, t)− Lω(|x− y|)− L2ψ(x)− L2(t0 − t)1+β∗ ,

we double the time variable and introduce the additional penalization K(t−
τ)2. At a maximum point (xK , yK , tK , τK), the viscosity inequalities are then
applied to two patched test functions touching u from above at (xK , tK) and
from below at (yK , τK). Subtracting these inequalities reduces the estimate
to a lower bound for the difference of two fractional p-Laplacians evaluated
at two nearby, but not identical, times.

This is the main point where the parabolic argument differs from the ellip-
tic one. In the elliptic setting, the usual spatial doubling immediately gives
the required comparison of increments. Here, the time-doubling procedure
produces two time levels tK and τK . The interior part can be controlled
using the already available Hölder continuity in space-time, while the ex-
terior part involves the tail of u(·, tK) and u(·, τK), where no regularity is
available. We overcome this by first fixing the spatial Lipschitz parameter
L and only afterward choosing K sufficiently large so that tK − τK is small,
thereby controlling the tail terms. This use of the continuity of u with val-
ues in Lp−1

sp (Rd) is essential for closing the parabolic Ishii–Lions estimate;
however, since L is chosen before K, the final Lipschitz constant remains
independent of the modulus of continuity of the tail. Once this estimate is
established for a given modulus ω, the elliptic bootstrapping mechanism can
be recovered, leading first to improved Hölder exponents and ultimately to
the spatial Lipschitz bound.

To obtain regularity in the time variable, we exploit the spatial Lipschitz
regularity to construct suitable barriers, following a fairly standard strategy
in the local setting. In our case, however, the nonlocal part of the equation
allows us to use barrier functions with substantially lower spatial regularity,
which, in turn, enables us to transfer additional regularity to the time vari-
able. This yields the same regularity regime as in [9] for qc ≤ 0. Somewhat
surprisingly, for 0 < qc < 1, the argument also gives Lipschitz regularity
in time, since in this range, the kernel is only mildly singular. One might
even hope to derive higher regularity estimates by regarding ∂tu ∈ L∞ as a
bounded right-hand side, but this approach fails since solutions to the cor-
responding inhomogeneous equation are only expected to be of class C1,α in
precisely the disjoint range qc < 0.
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A subtle but important point is that both arguments leading to the space-
time estimates are based entirely on viscosity methods. Consequently, one
needs a weak-implies-viscosity result, which is precisely why the assumption

u ∈ Cloc(−1, 0;Lp−1
sp (Rd))

is imposed in (1.2), ensuring that the tail quantity of u depends continu-
ously on time. This requirement is quite natural: without it, the nonlocal
part of (−∆p)

su(x, ·), which should be regarded as part of the data, would
not be continuous in time. For example, if a test function touches u at a
point (x0, t0), we need to guarantee that the tail of u at t0 is well defined.
We could weaken this assumption in the definition of viscosity solution to
∥u(·, t)∥

Lp−1
sp (Rd)

being well-defined and finite for every time. However, we

use in a crucial way that the tail is continuous in time in many instances
of this paper. Nevertheless, the regularity estimates established in Theo-
rem 1.1 do not depend on the modulus of continuity of the tail. A similar
condition already appears in [11], for p = 2.

In fact, our results go beyond showing that weak solutions are viscos-
ity solutions. We also establish several key results, including a comparison
principle for both notions of solution, which can be regarded as the par-
abolic counterparts of those obtained in [20] and [22]. We further discuss
the converse implication, namely, whether viscosity solutions are also weak
solutions, thereby providing a fairly comprehensive understanding of the vis-
cosity framework. The overall strategy is inspired by the ideas developed in
[22], as well as by [19] in the local case. We obtain this implication assuming
the solution at the tail is continuous and bounded, which is stronger than
the assumptions for the other implication. However, these assumptions are
natural and were also considered in [10, 15]. The implication with full gen-
erality would follow from a parabolic obstacle argument as in [22, Lemma
9]. However, we would need the parabolic counterpart of [21].

To streamline the presentation of the main ideas, we restrict ourselves to
the homogeneous setting. However, with no substantial additional difficulty,
it should be possible to obtain spatial Lipschitz regularity also in the pres-
ence of a bounded source term, at least in the range 2 < p < 1/(1− s). The
barrier argument would likewise extend seamlessly whenever the right-hand
side is bounded. We also believe that the same strategy could be applied to
solutions of the doubly nonlinear equation

|∂tu|p−2∂tu+ (−∆p)
su = 0,

see [15] and the references therein for further details.
The paper is organized as follows. We dedicate Section 2 to the math-

ematical setup and to recalling known results. In Section 3, we prove the
comparison principle for both weak and viscosity solutions, as well as the
equivalence between weak and viscosity solutions. In Section 4, we prove
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the Lipschitz regularity in space. The time regularity is proved in Section
5, which also contains the proof of Theorem 1.1.

2. Mathematical setup and preliminaries

In this section, we collect some preliminary results needed for the remain-
der of the paper.

2.1. Notation. Throughout the paper, Ω ⊂ R
d denotes a bounded smooth

domain. We define the parabolic cylinders

Qr(x0, t0) := Br(x0)× (t0 − r2, t0] and Qr := Br(0)× (−r2, 0].
We define C2(Ω × (t1, t2]) as the space of functions v : Ω × (t1, t2] → R

that are C2 in the spatial variables and C1 in time. Similarly, we define
C1,1(Ω×(t1, t2]) as the space of functions that are C

1,1 in the spatial variables

and C0,1 in time. We also define the tail spaces Lp−1
sp (Rd) consisting of all

functions w : Rd → R satisfying

∥w∥
Lp−1
sp (Rd)

:=

(
ˆ

Rd

|w(x)|p−1

1 + |x|d+sp
dx

) 1
p−1

<∞.

We use the notation γ− to denote an arbitrary number strictly smaller
than γ. Throughout the paper, we say that a constant is universal if it
depends only on d, p, and s. We usually denote small universal constants by
c and large ones by C, which may vary from line to line. We may enumerate
them when necessary.

2.2. Weak/viscosity solutions. We introduce the notions of weak and
viscosity solution to equation (1.1).

Definition 2.1. We say that u : Rd × (t1, t2] → R is a weak subsolution to
(1.1) in Ω× (t1, t2], if

u ∈ Cloc

(
t1, t2;L

2
loc(Ω)

)
∩ Lp

loc

(
t1, t2;W

s,p
loc (Ω)

)
∩ L∞

loc(t1, t2;L
p−1
sp (Rd))

and for any compact set K ⊂ Ω and any sub-interval [τ1, τ2] ⊂ (t1, t2]
ˆ

K
u(x, t)φ(x, t) dx

∣∣∣∣
τ2

τ1

−
ˆ τ2

τ1

ˆ

K
u(x, t) ∂tφ(x, t) dx dt

+

ˆ τ2

τ1

E(u(·, t), φ(·, t)) dt ≤ 0,

for any nonnegative φ, such that

φ ∈ Lp(τ1, τ2;W
s,p
0 (K)) ∩H1(τ1, τ2;L

2(K)),

where the quantity E(u(·, t), φ(·, t)) is defined as
¨

Rd×Rd

|u(x, t)− u(y, t)|p−2(u(x, t)− u(y, t))(φ(x, t)− φ(y, t))

|x− y|d+sp
dy dx.
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A weak supersolution is defined in a similar way. Furthermore, a weak
solution is both a weak subsolution and a supersolution.

Now we define the notion of viscosity solution.

Definition 2.2. We say that u is a viscosity subsolution to (1.1) in Ω ×
(t1, t2] if

u ∈ USC(Ω× (t1, t2]) ∩ Cloc(t1, t2;L
p−1
sp (Rd))

and whenever there is a function ϕ ∈ C2(Qr(x0, t0)) for some Qr(x0, t0) ⊂
Ω× (t1, t2], with ϕ touching u from above at (x0, t0) in Qr(x0, t0), we have

∂tϕ(x0, t0) + (−∆p)
sϕr(x0, t0) ≤ 0,

where

ϕr(x, t) =

{
ϕ(x, t) for (x, t) ∈ Qr(x0, t0),

u(x, t) otherwise.

A viscosity supersolution is defined in a similar way. Furthermore, a viscos-
ity solution is both a viscosity subsolution and a supersolution.

2.3. Known results and useful estimates. We begin by recalling the
Hölder regularity result from [23, Theorem 1.1] for weak solutions of (1.1),
adapted to our setting.

Theorem 2.1. Let u be a locally bounded weak solution to

∂tu+ (−∆p)
su = 0 in Q1.

Set
M := ∥u∥L∞(Q3/4) + sup

t∈(−(3/4)2,0]

∥u(·, t)∥
Lp−1
sp (Rd)

.

Then there exists a small κ0 ∈ (0, 1) such that u is locally κ0−Hölder con-
tinuous and

|u(x, t)− u(y, τ)| ≤ CM
(
|x− y|κ0 +Mp−2|t− τ |κ0

)
,

for (x, t), (y, τ) ∈ Q1/2.

Now, we state a useful estimate for the function Jp : R → R defined as
Jp(τ) = |τ |p−2τ .

Lemma 2.1. Suppose p > 1 and a, b ∈ R. Then

Jp(a)− Jp(b) = (p− 1)

ˆ 1

0
|b+ τ(a− b)|p−2(a− b) dτ,

and

1

Cp
(|b|+ |a− b|)p−2 ≤

ˆ 1

0
|b+ τ(a− b)|p−2 dτ ≤ Cp(|b|+ |a− b|)p−2,

for some constant Cp, depending only on p.

Finally, we recall the following result from [20, Lemma 3.6].
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Lemma 2.2. Let Bε(x) ⊂ D ⋐ Ω, p ≥ 2 and w ∈ C2(D). Then
∣∣∣∣∣P.V.

ˆ

Bε(x)

Jp(w(x)− w(y))

|x− y|d+sp
dy

∣∣∣∣∣ ≤ cε,

where cε is independent of x and cε → 0 as ε→ 0.

3. Properties of weak and viscosity solutions

In this section, we establish comparison principles for both weak and
viscosity solutions and use them to prove the equivalence between these two
notions of solution.

3.1. Comparison principles. We start with the comparison principle for
weak solutions.

Theorem 3.1. Let u be a weak supersolution and v be weak subsolution of
(1.1) in Ω× (t1, t2]. Let K ⋐ Ω and [τ1, τ2] ⊂ (t1, t2]. Assume that

u ≥ v, a.e. in
(
R
d \ K

)
× (τ1, τ2] and on K × {τ1}.

Then
u ≥ v, a.e. in K × (τ1, τ2].

Proof. Let φ(x, t) := max{v(x, t) − u(x, t), 0}. Let t̄ ∈ (τ1, τ2). Since u ≥ v
in
(
R
d \ K

)
× (τ1, τ2], we have φ ∈ Lp(τ1, t̄;W

s,p
0 (K)). Showing that φ ∈

H1(τ1, t̄;L
2(K)) is more delicate, but a rigorous justification of this step

can be obtained using Steklov averages; see [23, Appendix B]. Testing the
equations for u and v with φ, we obtain

ˆ

K
u(x, t)φ(x, t) dx

∣∣∣∣
t̄

τ1

−
ˆ t̄

τ1

ˆ

K
u(x, t) ∂tφ(x, t) dx dt

+

ˆ t̄

τ1

E(u(·, t), φ(·, t)) dt ≥ 0.

and
ˆ

K
v(x, t)φ(x, t) dx

∣∣∣∣
t̄

τ1

−
ˆ t̄

τ1

ˆ

K
v(x, t) ∂tφ(x, t) dx dt

+

ˆ t̄

τ1

E(v(·, t), φ(·, t)) dt ≤ 0,

where the quantity E(·, ·) is as in Definition 2.1.
We first show that, for a.e. t ∈ [τ1, t̄], we have

E(u(·, t), φ(·, t))− E(v(·, t), φ(·, t)) ≤ 0. (3.1)

Define

U+
t := {x ∈ R

d : v(x, t) > u(x, t)} and U−
t := {x ∈ R

d : v(x, t) ≤ u(x, t)},
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and notice that φ = v − u in U+
t , and φ = 0 in U−

t . We can then write the
LHS of (3.1) as
ˆ

U+
t

ˆ

U+
t

(
Jp(u(x, t)− u(y, t))− Jp(v(x, t)− v(y, t))

)(
φ(x, t)− φ(y, t)

)
dµ

+ 2

ˆ

U−
t

ˆ

U+
t

(
Jp(u(x, t)− u(y, t))− Jp(v(x, t)− v(y, t))

)
φ(x, t) dµ

where dµ = |x− y|−d−sp dx dy. Each of the terms above is nonpositive. To
see this, recall first that, for every a, b ∈ R, we have

(Jp(a)− Jp(b))(a− b) ≥ 0.

Therefore, for x, y ∈ U+
t , we have

ˆ

U+
t

ˆ

U+
t

(
Jp(u(x, t)−u(y, t))−Jp(v(x, t)−v(y, t))

)(
φ(x, t)−φ(y, t)

)
dµ ≤ 0.

Now, if x ∈ U+
t and y ∈ U−

t , Jp(u(x, t) − u(y, t)) ≤ Jp(v(x, t) − v(y, t)),
which gives

ˆ

U−
t

ˆ

U+
t

(
Jp(u(x, t)− u(y, t))− Jp(v(x, t)− v(y, t))

)
φ(x, t) dµ ≤ 0.

and thus (3.1) holds. Subtracting the super and subsolution inequalities and
using (3.1), we obtain

0 ≤
ˆ

K
u(x, t)φ(x, t) dx

∣∣∣∣
t̄

τ1

−
ˆ t̄

τ1

ˆ

K
u(x, t)∂tφ(x, t) dx dt

−
ˆ

K
v(x, t)φ(x, t) dx

∣∣∣∣
t̄

τ1

+

ˆ t̄

τ1

ˆ

K
v(x, t)∂tφ(x, t) dx dt

=

ˆ

K
(u(x, t)− v(x, t))φ(x, t) dx

∣∣∣∣
t̄

τ1

+

ˆ t̄

τ1

ˆ

K
(v(x, t)− u(x, t))∂tφ(x, t) dx dt

= −
ˆ

K
φ2(x, t) dx

∣∣∣∣
t̄

τ1

+
1

2

ˆ t̄

τ1

ˆ

K
∂t(φ

2(x, t)) dx dt,

which gives
∥φ(·, t̄)∥L2(K) ≤ ∥φ(·, τ1)∥L2(K).

Since at τ1 we have φ(x, τ1) = 0 for all x ∈ K, we get φ(·, t̄) ≡ 0 in K. Since
t̄ is arbitrary, this implies φ ≡ 0 in K × (τ1, τ2], from which follows u ≥ v
a.e. in K × (τ1, τ2]. □

Next, we obtain the comparison principle for viscosity solutions. First, we
prove a lemma stating that if we can touch the solution with a sufficiently
smooth test function, then (−∆p)

su is well-defined at the touching point
and can be used in the equation satisfied by the test function.
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Lemma 3.1. Let u be a viscosity subsolution (respectively, supersolution)
of (1.1) in Ω× (t1, t2]. Assume that φ ∈ C2(Qr(x0, t0)), where

Qr(x0, t0) ⊂ Ω× (t1, t2],

and that φ touches u from above (respectively, below) at (x0, t0) in Qr(x0, t0).
Then

∂tφ(x0, t0) + (−∆p)
su(x0, t0) ≤ (≥) 0.

Proof. We prove the result for subsolutions since the other case is identical.
For each 0 < ρ < r, consider

φρ(x, t) =




φ(x, t) if (x, t) ∈ Qρ(x0, t0),

u(x, t) otherwise.

Since u is a viscosity subsolution of (1.1), we have

∂tφ(x0, t0) + (−∆p)
sφρ(x0, t0) ≤ 0.

We decompose (−∆p)
sφρ(x0, t0) as the P.V. of the integral over Bρ(x0) and

outside. By Lemma 2.2, the integral over Bρ(x0) goes to zero as ρ → 0.
Therefore, in the limit, we obtain

∂tφ(x0, t0) + P.V.

ˆ

Rd

Jp
(
u(x0, t0)− u(y, t0)

)

|x0 − y |d+sp
dy ≤ 0.

This completes the proof. □

We next establish the comparison principle for viscosity supersolutions
and subsolutions to (1.1).

Theorem 3.2. Let u and v be a viscosity supersolution and a viscosity
subsolution, respectively, of (1.1) in Ω× (t1, t2]. Assume, in addition, that

−u, v ∈ USC(Ω× [t1, t2]).

If

u ≥ v on ∂Ω× (t1, t2] and on Ω× {t1}
and

u ≥ v, a.e. in
(
R
d \ Ω

)
× (t1, t2],

then
u ≥ v in Ω× (t1, t2].

Proof. The argument to obtain this result is the parabolic analog of [20,
Theorem 4.1]. The subtle difference is in the treatment of the limits with
respect to the time variable when we are outside Ω. However, we overcome
this difficulty by assuming u, v ∈ Cloc

(
t1, t2;L

p−1
sp (Rd)

)
in the Definition 2.2.

Set
M := sup

Ω×(t1,t2]
(v − u).
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Assume, seeking a contradiction, that M > 0. By the parabolic boundary
ordering, there exists

(x̄, t̄) ∈ Ω× (t1, t2]

such that
M = v(x̄, t̄)− u(x̄, t̄) > 0.

For ε > 0, define

Mε := sup
x,y∈Ω

t,τ∈[t1,t2]

[
v(x, t)− u(y, τ)− |x− y|2

2ε
− |t− τ |2

2ε

]
.

Let (xε, yε, tε, τε) be a point at which Mε is attained. It then follows that
Mε ≥M > 0. After passing to a subsequence,

xε, yε → x∗, tε, τε → t∗,

and
v(xε, tε)− u(yε, τε) →M.

In particular, for ε small enough,

xε, yε ∈ Ω, tε, τε > t1.

Define

ϕε(x, t) := u(yε, τε) +Mε +
|x− yε|2

2ε
+

|t− τε|2
2ε

,

and

ψε(y, τ) := v(xε, tε)−Mε −
|y − xε|2

2ε
− |τ − tε|2

2ε
.

Then ϕε touches v from above at (xε, tε), and ψε touches u from below at
(yε, τε). Therefore, by Lemma 3.1, we have

∂tϕε(xε, tε) + (−∆p)
sv(xε, tε) ≤ 0,

and
∂τψε(yε, τε) + (−∆p)

su(yε, τε) ≥ 0.

Subtracting and using the equality of the time derivatives, we obtain

0 ≥ (−∆p)
sv(xε, tε)− (−∆p)

su(yε, τε) =

ˆ

Rd

Θε(z)|z|−d−sp dz, (3.2)

where

Θε(z) := Jp
(
v(xε, tε)− v(xε + z, tε)

)
− Jp

(
u(yε, τε)− u(yε + z, τε)

)
.

For a ∈ Ω, set
Ea := {z ∈ R

d : a+ z ∈ Ω}.
We decompose

R
d = (Exε ∩ Eyε) ∪

(
R
d \ (Exε ∩ Eyε)

)
=: Fε ∪ F ε.
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If z ∈ Fε, then both xε+z and yε+z belong to Ω. Comparing the maximum
point with (xε + z, yε + z, tε, τε), we get Wε(z) ≥ 0, where

Wε(z) := v(xε, tε)− v(xε + z, tε)− u(yε, τε) + u(yε + z, τε).

By Lemma 2.1,

Θε(z) ≥ c (|u(yε, τε)− u(yε + z, τε)|+Wε(z))
p−2Wε(z) ≥ 0 for z ∈ Fε.

Hence
ˆ

Fε

Θε(z)|z|−d−sp dz ≥ 0.

It remains to estimate the exterior part F ε. Choose

ρ :=
1

4
dist(x∗, ∂Ω) > 0.

For ε sufficiently small, xε, yε ∈ Bρ(x
∗), and therefore F ε ⊂ Bc

2ρ. Thus, the
kernel is nonsingular on F ε. We split

ˆ

F ε

Θε(z)|z|−d−sp dz =

ˆ

F ε

Θε(z)X{Wε<0}|z|−d−sp dz

+

ˆ

F ε

Θε(z)X{Wε≥0}|z|−d−sp dz.

On {Wε ≥ 0}, monotonicity of Jp gives Θε(z) ≥ 0. Therefore

lim inf
ε→0

ˆ

F ε

Θε(z)X{Wε≥0}|z|−d−sp dz ≥ 0.

We now prove that the negative part vanishes. Passing to a subsequence if
necessary, we may assume

XF ε → XRd\Ex∗
a.e. in R

d.

The assumption that u−, v+ ∈ Cloc

(
t1, t2;L

p−1
sp (Rd)

)
, see [20, Lemma 4.1],

gives
lim inf
ε→0

u(yε + z, τε) ≥ u(x∗ + z, t∗),

and
lim sup

ε→0
v(xε + z, tε) ≤ v(x∗ + z, t∗),

for a.e. z ∈ Bc
2ρ. Since v(xε, tε)− u(yε, τε) →M , we obtain

lim inf
ε→0

Wε(z) ≥M + u(x∗ + z, t∗)− v(x∗ + z, t∗)

for a.e. z ∈ Bc
2ρ. On R

d \Ex∗ , we have x∗ + z ∈ R
d \Ω. Hence, the exterior

ordering at time t∗ gives

u(x∗ + z, t∗) ≥ v(x∗ + z, t∗) for a.e. z ∈ R
d \ Ex∗ .

Consequently,

lim inf
ε→0

Wε(z)XF ε(z) ≥MXRd\Ex∗
(z) ≥ 0 for a.e. z ∈ R

d.
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In particular, X{Wε<0}XF ε → 0 a.e. in R
d. We next dominate the negative

part of Θε. Since
v(xε, tε)− u(yε, τε) →M,

and v is upper semicontinuous, and u is lower semicontinuous near (x∗, t∗),
the quantities v(xε, tε) and u(yε, τε) are uniformly bounded. Elementary
bounds for Jp therefore imply

Θε(z) ≥ −C
(
1 + vp−1

+ (xε + z, tε) + up−1
− (yε + z, τε)

)

for a.e. z ∈ F ε. By the assumption u−, v+ ∈ Cloc

(
t1, t2;L

p−1
sp (Rd)

)
we have

v+(xε + ·, tε) → v+(x
∗ + ·, t∗) u−(yε + ·, τε) → u−(x

∗ + ·, t∗)
in Lp−1

sp

(
Bc

2ρ

)
. Since X{Wε<0}XF ε → 0 a.e. in R

d, the Dominated conver-
gence theorem yields
ˆ

F ε

(
1 + vp−1

+ (xε + z, tε) + up−1
− (yε + z, τε)

)
X{Wε<0}|z|−d−sp dz → 0.

Using the lower bound for Θε, we conclude
ˆ

F ε

Θε(z)X{Wε<0}|z|−d−sp dz → 0.

Thus

lim inf
ε→0

ˆ

F ε

Θε(z)|z|−d−sp dz ≥ 0.

Combining (3.2) with the estimate on Fε, we obtain

lim inf
ε→0

ˆ

Fε

Θε(z)|z|−d−sp dz ≤ 0.

But this can only happen if

lim inf
ε→0

Wε(z) = 0 for a.e. z ∈ Ex∗ .

For such z ∈ Ex∗ , we have x∗ + z ∈ Ω. By the upper semicontinuity of v
and the lower semicontinuity of u,

lim inf
ε→0

Wε(z) ≥M −
(
v(x∗ + z, t∗)− u(x∗ + z, t∗)

)
.

Therefore

v(x∗ + z, t∗)− u(x∗ + z, t∗) ≥M for a.e. z ∈ Ex∗ .

Equivalently,

v(ξ, t∗)− u(ξ, t∗) ≥M for a.e. ξ ∈ Ω.

Since v − u is upper semicontinuous, this inequality holds for every ξ ∈ Ω.
Letting ξ → ∂Ω from inside and using the lateral boundary ordering, we

obtain
0 ≥ lim sup

Ω∋ξ→ξ0

(
v(ξ, t∗)− u(ξ, t∗)

)
≥M > 0,
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a contradiction. Hence M ≤ 0, and the claim follows. □

3.2. Weak implies viscosity. We aim at proving that weak solutions to
(1.1) are also viscosity solutions. We will need the following result.

Lemma 3.2. Let w ∈ C1,1(Qr(x0, t0)) ∩ Lp−1(t0 − r2, t0;L
p−1
sp (Rd)). If

∂tw + (−∆p)
sw ≥ 0 in the pointwise sense in Qr(x0, t0), then w is also

a supersolution in the weak sense in Qr(x0, t0).

Proof. The proof of this lemma follows the same lines as [20, Lemma 3.10]
and we skip it. □

The following lemma establishes the continuity of the fractional Laplacian
at smooth solutions.

Lemma 3.3. Let Qr(x0, t0) ⊂ Ω×(t1, t2]. Suppose ϕ ∈ Cloc(t1, t2;L
p−1
sp (Rd))

and for (x, t) ∈ Qr(x0, t0),

ϕ(x, t) = ϕ(x0, t0) + b(t− t0) + ξ · (x− x0) +
1

2
(x− x0) ·M(x− x0).

Then the function
(x, t) → (−∆p)

sϕ(x, t),

is continuous at (x0, t0).

Proof. The continuity in space is exactly [20, Lemma 3.8]. We only prove
the continuity in time. Regarding the local term, since

ϕ(x0, t)− ϕ(y, t) = ϕ(x0, t0)− ϕ(y, t0),

we directly get
ˆ

Br(x0)

Jp(ϕ(x0, t)− ϕ(y, t))− Jp(ϕ(x0, t0)− ϕ(y, t0))

|x0 − y|d+sp
dy = 0.

Regarding the nonlocal term, we use the continuity of the tail. In fact,
ˆ

Bc
r(x0)

|Jp(ϕ(x0, t)− ϕ(y, t))− Jp(ϕ(x0, t0)− ϕ(y, t0))|
|x0 − y|d+sp

dy

≤ C

ˆ

Bc
r(x0)

(1 + |ϕ(y, t)|+ |ϕ(y, t0)|)p−2 |ϕ(x0, t0)− ϕ(x0, t)|
|x0 − y|d+sp

dy

+ C

ˆ

Bc
r(x0)

(
1 + |ϕ(y, t)|p−2

)
|ϕ(y, t0)− ϕ(y, t)|

|x0 − y|d+sp
dy

+ C

ˆ

Bc
r(x0)

|ϕ(y, t0)− ϕ(y, t)|p−1

|x0 − y|d+sp
dy

≤ C1


|ϕ(x0, t0)− ϕ(x0, t)|+

(
ˆ

Bc
r(x0)

|ϕ(y, t0)− ϕ(y, t)|p−1

|x0 − y|d+sp
dy

) 1
p−1


 ,
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where C1 depends further on supt∈[t0−r̄,t0] ∥ϕ(·, t)∥Lp−1
sp (Rd)

. These two terms

clearly go to zero as t→ t0. □

Now we prove that weak solutions are viscosity solutions.

Theorem 3.3. Let u be a weak subsolution to (1.1) in Ω × (t1, t2]. If u
satisfies

u ∈ Cloc(Ω× (t1, t2]) ∩ Cloc(t1, t2;L
p−1
sp (Rd)),

then it is also a viscosity subsolution in Ω × (t1, t2]. A similar statement
holds for supersolutions.

Proof. We prove only the subsolution part. Let ϕ ∈ C2(Qr(x0, t0)), for some
cylinder Qr(x0, t0) ⊂ Ω × (t1, t2], and assume that ϕ touches u from above
at (x0, t0) in Qr(x0, t0). We must show that

∂tϕ(x0, t0) + (−∆p)
sϕr(x0, t0) ≤ 0,

where

ϕr(x, t) :=




ϕ(x, t) if (x, t) ∈ Qr(x0, t0),

u(x, t) otherwise.

Suppose, seeking a contradiction, that

∂tϕ(x0, t0) + (−∆p)
sϕr(x0, t0) ≥ ε > 0,

for some ε > 0.
Up to taking r smaller, we can suppose that ϕ is a quadratic polynomial

ϕ(x, t) = u(x0, t0) + b(t− t0) + ξ · (x− x0) +
1

2
(x− x0) ·M(x− x0).

Note that ∂tϕ(x, t)− ∂tϕ(x0, t0) = 0.
Using Lemma 3.3, we can find a small 0 < r̄ < r such that

∂tϕ+ (−∆p)
sϕr > ε/2 in Qr̄(x0, t0).

In this step we use assumption u ∈ Cloc(t1, t2;L
p−1
sp (Rd)).

We now develop the parabolic analog of [20, Lemma 3.9]. We can choose
functions

η ∈ C2
0 (Br̄/2(x0)), 0 ≤ η ≤ 1, η(x0) = 1,

and

ψ ∈ C1([t0 − r̄2, t0]), 0 ≤ ψ ≤ 1, ψ(t0 − r̄2) = 0, ψ(t0) = 1,

such that the function φδ(x, t), defined by

φδ(x, t) =




ϕ(x, t)− δ η(x)ψ(t) if (x, t) ∈ Qr(x0, t0),

u(x, t) otherwise,
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satisfies

sup
Qr̄(x0,t0)

∣∣(∂tϕ+ (−∆p)
sϕr
)
−
(
∂tφδ + (−∆p)

sφδ

)∣∣ < ε

4
, (3.3)

provided that δ > 0 is sufficiently small. Indeed, by the regularity assump-
tion on ψ, we have

sup
Qr̄(x0,t0)

|∂tϕ− ∂tφδ| ≤ δ∥∂tψ∥L∞([t0−r̄2,t0]) ≤ ε/8,

for δ small enough. Now, given any (x, t) ∈ Qr̄(x0, t0), we compute

I(x, t) := |(−∆p)
sϕr(x, t)− (−∆p)

sφδ(x, t)|.
By Lemma 2.1, we have that I(x, t) can be estimated by
ˆ

Br(x0)

|Jp(ϕ(x, t)− ϕ(y, t))− Jp(ϕ(x, t)− ϕ(y, t) + δψ(t)(η(y)− η(x)))|
|y − x|d+sp

dy

+

ˆ

Rd\Br(x0)

|Jp(ϕ(x, t)− u(y, t))− Jp(ϕ(x, t)− δψ(t)η(x)− u(y, t))|
|y − x|d+sp

dy

≤Cp

ˆ

Br(x0)

(|ϕ(x, t)− ϕ(y, t)|+ δψ(t)|η(x)− η(y)|)p−2δψ(t)|η(x)− η(y)|
|y − x|d+sp

dy

+ Cp

ˆ

Rd\Br(x0)

(|ϕ(x, t)− u(y, t)|+ δψ(t)η(x))p−2δψ(t)η(x)

|y − x|d+sp
dy

≤Cp

ˆ

Br(x0)

(|ϕ(x, t)− ϕ(y, t)|+ δ|η(x)− η(y)|)p−2δ|η(x)− η(y)|
|y − x|d+sp

dy

+ Cp

ˆ

Rd\Br(x0)

(|ϕ(x, t)− u(y, t)|+ δη(x))p−2δη(x)

|y − x|d+sp
dy,

where we used that 0 ≤ ψ ≤ 1 in the last inequality.
Now we split Br(x0) into Br̄(x0) and Br(x0) \ Br̄(x0). We can bound

the integral over the annulus as follows. Taking x ∈ supp η ⊂ Br̄/2(x0) and
using the boundedness of ϕ, we get

ˆ

Br(x0)\Br̄(x0)

(|ϕ(x, t)− ϕ(y, t)|+ δη(x))p−2δη(x)

|y − x|d+sp
dy ≤ C(ϕ, r̄)δ,

which is small for small δ.
From here, following the same steps as in the proof of [20, Lemma 3.9],

we can choose δ small enough such that

I(x, t) < ε/8, for all (x, t) ∈ Qr̄(x0, t0).

This proves (3.3), which further gives

∂tφδ + (−∆p)
sφδ > ε/4 in Qr̄(x0, t0).

We can then apply Lemma 3.2 to obtain that φδ is also a weak supersolution
in Qr̄(x0, t0). We observe that since φδ ≥ u outside Qr̄(x0, t0), we can use
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Theorem 3.1 to obtain φδ ≥ u in Qr̄(x0, t0), but

u(x0, t0)− δ = ϕ(x0, t0)− δ = φδ(x0, t0) ≥ u(x0, t0),

which is a contradiction. □

3.3. Viscosity implies weak. We now prove that viscosity solutions are
also weak solutions.

We define the notion of inf-convolution. Let u ∈ LSC(Ω × (t1, t2]) ∩
L∞(Rd × (t1, t2]). Given a parameter ε > 0, we define

uε(x, t) := inf
(y,τ)∈Rd×(t1,t2]

{
u(y, τ) +

|y − x|2 + |t− τ |
ε

}
.

Note that uε is well-defined because u ∈ L∞(Rd × (t1, t2]), and it is C1,1 in
space from above and C0,1 in time. A useful property of uε is that if u is a
supersolution in Ω× (t1, t2], then uε is a supersolution in

Pε := Ωε × (t1 + 2ε∥u∥∞, t2], where Ωε := {x ∈ Ω: B√
2ε∥u∥L∞

(x) ⊂ Ω}.
(3.4)

Lemma 3.4. Let u be a viscosity supersolution to (1.1) in Ω× (t1, t2] such
that u ∈ L∞(Rd × (t1, t2]). Then, uε is a viscosity supersolution in Pε. In
particular, uε solves the equation almost everywhere in Pε.

Proof. Let φ ∈ C2(Qr(x0, t0)) touch uε from below in Qr(x0, t0) at (x0, t0).
We want to prove that

ψ(x, t) :=




φ(x, t) if (x, t) ∈ Qr(x0, t0),

uε(x, t) otherwise,

satisfies
∂tψ(x0, t0) + (−∆p)

sψ(x0, t0) ≥ 0. (3.5)

Let (xε, tε) be the point satisfying

uε(x0, t0) = u(xε, tε) +
|x0 − xε|2 + |t0 − tε|

ε︸ ︷︷ ︸
:=cε

,

and define
φ(x, t) := φ(x+ x0 − xε, t+ t0 − tε)− cε.

It then follows that φ touches u from below in Qr(xε, tε) at (xε, tε). Since
u is a viscosity supersolution to (1.1), we obtain that

ψ(x, t) :=




φ̄(x, t) if (x, t) ∈ Qr(xε, tε),

u(x, t) otherwise,

satisfies
∂tψ(xε, tε) + (−∆p)

sψ(xε, tε) ≥ 0.
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To obtain (3.5), it is enough to prove (−∆p)
sψ(xε, tε) ≤ (−∆p)

sψ(x0, t0),

since ∂tψ(xε, tε) = ∂tψ(x0, t0).
We note that for x ∈ Br(xε), we have

ψ(xε, tε)− ψ(x, tε) = φ(x0, t0)− φ(x+ x0 − xε, t0).

Moreover, by definition of uε and φ̄, we obtain

φ̄(xε, tε)− uε(x, t0) ≤ uε(x0, t0)− uε(x+ x0 − xε, t0), for x ∈ R
d.

Therefore, by monotonicity of Jp, we obtain after changing variables in the
integral,

(−∆p)
sψ(xε, tε) ≤ (−∆p)

sψ(x0, t0).

This concludes the first part of the proof. The fact that the inf-convolution
solves the equation almost everywhere is a standard property of these mol-
lifiers; see, for example, [10, Lemmas 4.3 and 5.7]. □

We now have the following Caccioppoli-type estimate, which follows as a
consequence of [23, Corollary 2.1].

Lemma 3.5. Let u be a weak supersolution to (1.1) in Ω× (t1, t2] satisfying

∥u∥L∞(Rd×(t1,t2]) ≤M,

for some M > 0. Then for all K × (τ1, τ2] ⋐ Ω× (t1, t2] we have
ˆ τ2

τ1

¨

K×K

|u(x, t)− u(y, t)|p
|x− y|d+sp

dx dy dt ≤ C, (3.6)

where C > 0 depends on K× (τ1, τ2],Ω× (t1, t2],M and universal constants.

Proof. By [23, Corollary 2.1], we obtain, for any Q := Q2r(x0, t0) ⊂ Ω ×
(t1, t2],

ˆ t0

t0−r2

ˆ

Br(x0)

ˆ

Br(x0)

|u(x, t)− u(y, t)|p
|x− y|d+sp

dx dy dt

≤ γr−sp

¨

Q
up(x, t) dx dt+ γr−spMp−1

¨

Q
|u(x, t)| dx dt

+ γr−2

¨

Q
u2(x, t) dx dt

≤ C(r,M).

Now, for any arbitrary set K×(τ1, τ2] ⋐ Ω×(t1, t2], we can use a standard
covering argument (see, for example, [22, Lemma 5]) to obtain (3.6). □

The next result states that if u can be approximated by a sequence of
weak supersolutions, then it must be itself a weak supersolution.

Proposition 3.1. Let (uj)j∈N be a sequence of weak supersolutions to (1.1)
such that

∥uj∥L∞(Rd×(t1,t2]) ≤M, for all j ∈ N.
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Suppose that uj converges to a function u almost everywhere in R
d × (t1, t2]

as j → ∞. Then, u is a weak supersolution in Ω× (t1, t2] as well.

Proof. Let K × [τ1, τ2] ⋐ Ω × (t1, t2] and φ be a nonnegative function such
that

φ ∈ Lp(τ1, τ2;W
s,p
0 (K)) ∩H1(τ1, τ2;L

2(K)).

By the definition of weak supersolution, we have

−
ˆ

K
uj(x, t)φ(x, t) dx

∣∣∣∣
τ2

τ1

+

ˆ τ2

τ1

ˆ

K
uj(x, t)∂tφ(x, t) dx dt

≤
ˆ τ2

τ1

E(uj(·, t), φ(·, t)) dt

=

ˆ τ2

τ1

E(u(·, t), φ(·, t)) dt+
ˆ τ2

τ1

[
E(uj(·, t), φ(·, t))− E(u(·, t), φ(·, t))

]
dt,

(3.7)
where the quantity E(v(·, t), φ(·, t)) is defined as

¨

Rd×Rd

Jp(v(x, t)− v(y, t))(φ(x, t)− φ(y, t))

|x− y|d+sp
dy dx.

Now, we split E(uj(·, t), φ(·, t))− E(u(·, t), φ(·, t)) as follows
¨

K×K

[
Jp(uj(x, t)− uj(y, t))− Jp(u(x, t)− u(y, t))

]
(φ(x, t)− φ(y, t))

|x− y|d+sp
dy dx

+ 2

ˆ

K

ˆ

Kc

[
Jp(uj(x, t)− uj(y, t))− Jp(u(x, t)− u(y, t))

]
φ(x, t)

|x− y|d+sp
dy dx

= A1,j(t) + 2A2,j(t).

We wish to take the limit as j → ∞ in equation (3.7). By the dominated
convergence theorem, we obtain that the LHS converges to

−
ˆ

K
u(x, t)φ(x, t) dx

∣∣∣∣
τ2

τ1

+

ˆ τ2

τ1

ˆ

K
u(x, t)∂tφ(x, t) dx dt.

The proof follows by showing that

lim
j→∞

ˆ τ2

τ1

(A1,j(t) + 2A2,j(t)) = 0,

and this can be done by reasoning as in the proof of [22, Theorem 10], using
the bound from Lemma 3.5. □

We conclude this section with the implication that viscosity solutions are
also weak solutions.

Theorem 3.4. Let u be a viscosity supersolution to (1.1) in Ω× (t1, t2]. If

u ∈ L∞(Rd × (t1, t2]) ∩ LSC(Rd × (t1, t2]),
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then u is a weak supersolution as well. A similar statement holds for subso-
lutions.

Proof. To prove the supersolution property, let Q ⋐ Ω × (t1, t2], and ε > 0
be small enough such that Q ⊂ Pε, where Pε is given by (3.4).

Let uε be the inf-convolution of u, which solves the same equation almost
everywhere in Q ⊂ Pε by Lemma 3.4. Now, we use Lemma 3.2 to obtain
that uε is a weak supersolution to (1.1) in Q for every ε small enough. By
standard properties of the inf-convolution, we obtain that uε → u almost
everywhere in R

d × (t1, t2] as ε→ 0. We then use Proposition 3.1 to obtain
that u is a weak supersolution to (1.1) in Q. The proof is done once we
recall that Q is arbitrary.

Regarding the subsolution property, we need to consider sup-convolutions,
which are defined as uε := −(−u)ε. They satisfy properties similar to those
of the inf-convolution and approximate u from above. The very same rea-
soning applies to obtain that u is a weak subsolution. □

4. Parabolic Lipschitz regularity

In this section, we establish a Lipschitz estimate in the spatial variables
for solutions of (1.1), thereby extending to the parabolic setting the corre-
sponding results in [4] and [3].

For a viscosity solution u to (1.1), we crucially assume that

u ∈ Cloc(−1, 0;Lp−1
sp (Rd)),

and work in the normalized setting

∥u∥L∞(Q1) + sup
t∈(−1,0]

∥u(·, t)∥
Lp−1
sp (Rd)

≤ 1. (4.1)

Moreover, we shall use the following bootstrap hypothesis. For some
κ ∈ (0, 1), assume that there exist constants C1(κ) and C2 such that, for
every x, y ∈ B1 and t, τ ∈ (−1, 0],

|u(x, t)− u(y, τ)| ≤ C1(κ)|x− y|κ + C2|t− τ |κ0 . (4.2)

The initial exponent κ = κ0 is provided by Theorem 2.1 for weak solutions,
which, using the implication in Theorem 3.3, are also viscosity solutions,
and therefore the viscosity argument below applies to them. The Ishii–Lions
method will be used to improve the spatial exponent in (4.2); iterating this
improvement yields the desired spatial Lipschitz estimate.

4.1. The setup. Our aim is to prove that if u is a viscosity solution to (1.1)
in Q1, then there exists a universal constant L such that

∥∇u∥L∞(Q1/2) ≤ L.

For that purpose, we set up a parabolic Ishii-Lions type argument.
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For constants L,L2, β
∗ to be fixed, and t0 ∈ (−1, 0], define the function

with doubled spatial variables

Φ(x, y, t) := u(x, t)− u(y, t)− Lω(|x− y|)− L2 ψ(x)− L2(t0 − t)1+β∗
,

for x, y ∈ B1 and t ∈ (−1, t0], where ω is either a Hölder or Lipschitz
modulus of continuity, to be defined later, and ψ(x) := ψ0(x)

m, m > 2, for
a smooth nonnegative ψ0 that vanishes on B1/2 and is strictly positive on

B1 \B1/2. This choice implies that there exists a constant C > 0 such that

|∇ψ(x)| ≤ Cψ(x)
m−1
m , for all x ∈ B1. (4.3)

We will prove that, for a choice of L2, m, and β∗ large and universal, there
exists L large enough such that the function Φ is nonpositive, which implies
that u has modulus of continuity ω in space at t = t0. For the sake of
simplicity, we assume t0 = 0.

Seeking a contradiction, we assume there exists a triplet (x̄, ȳ, t̄) such that

Φ(x̄, ȳ, t̄) = sup
x,y∈B1 and t∈[−1,0]

Φ(x, y, t) =ML > 0.

Now we double the time variable as well. Define

ΨK(x, y, t, τ) := u(x, t)− u(y, τ)− Lω(|x− y|)− L2ψ(x)

− L2(t0 − t)1+β∗ −K(t− τ)2.

Then the following must hold

MK := sup
x,y∈B1 and t,τ∈[−1,0]

ΨK(x, y, t, τ) ≥ML > 0. (4.4)

We moreover define

aK = xK − yK , bK := tK − τK .

From the above considerations, we immediately get

Lω(|aK |) + L2ψ(xK) + L2(−tK)1+β∗
+K(tK − τK)2 < 2.

By making L2 large, we force xK ∈ B5/8 and |tK | < 1/4. From ω(|aK |) <
2/L, we see that |aK | → 0 as L → ∞ and therefore yK ∈ B6/8 by taking L

large. Finally, from K(tK − τK)2 < 2, we get |bK | → 0 as K → ∞ and so
we can take K large so that |τK | < 1/2.

Since MK ≥ ML > 0 we also know that, up to subsequence aK → ã as
K → ∞ for some ã satisfying |ã| > 0.

In the argument of this section, we will consider L to be a constant fixed
large enough to satisfy some conditions which will appear throughout the
section, but which is independent of K. Then, we take K large enough so
that |aK | > |ã|/2. Note that ã depends implicitly on L, which is fixed. We
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can now take K possibly even larger to ensure the following

|bK |κ0+



ˆ

Bc
1
16

|u(yK + z, tK)− u(yK + z, τK)|p−1 dz

|z|d+sp




1
p−1

(4.5)

≤ |ã|
2

≤ |aK |. (4.6)

Therefore, K depends on L, but this dependence is harmless. Moreover, K
depends on the modulus of continuity of the Tail of u. But since L does not
depend on K, this dependence is harmless as well.

Define the auxiliary function

ϕ(x, y) := Lω(|x− y|) + L2ψ(x). (4.7)

In order to obtain viscosity inequalities, we define the following test func-
tions

w1(x, t) =

{
Λ1 + ϕ(x, yK) + L2|t|1+β∗

+K(t− τK)2 for x ∈ Bδ1 |aK |(xK),

u(x, t) otherwise,

w2(y, τ) =

{
Λ2 − ϕ(xK , y)−K(tK − τ)2 for y ∈ Bδ1 |aK |(yK),

u(y, τ) otherwise,

where Λ1 = u(yK , τK) +MK and Λ2 = u(xK , tK)−MK − L2|tK |1+β∗
. The

constant δ1 will be chosen to be small, possibly depending on |aK |. The time
variables t and τ are defined in a neighborhood of tK and τK , respectively.

Note that w1 touches u from above at (xK , tK) and w2 touches u from be-
low at (yK , τK). Therefore, by the viscosity condition, we have the following
inequalities

∂tw1(xK , tK) + (−∆p)
sw1(xK , tK) ≤ 0,

∂tw2(yK , τK) + (−∆p)
sw2(yK , τK) ≥ 0.

Subtracting the inequalities, we obtain

I := (−∆p)
sw1(xK , tK)− (−∆p)

sw2(yK , τK)

≤ ∂tw2(yK , τK)− ∂tw1(xK , tK) = L2(1 + β∗)(−tK)β
∗
.

(4.8)

For the sake of organization, we will split the analysis of the term I and
the time derivative part into several lemmas, and put all of them together
in Section 4.4 to get a contradiction in the different scenarios, with the fact
that we are assuming (4.4).

The next lemma gives a bound for ∂tw2(yK , τK)−∂tw1(xK , tK), using the
already known regularity.

Lemma 4.1. Let u be a viscosity solution to (1.1), and assume (4.1) and
(4.2). Let K be large enough so that (4.5) holds. Then, the quantity I
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defined in (4.8) satisfies

I ≤ C(κ)|aK |
κβ∗

1+β∗ , (4.9)

where C > 0 depends on L2, β
∗, κ, and universal constants.

Proof. From the previous discussion, we know that the point where the
supremum (4.4) is attained is interior. Since the supremum in (4.4) is posi-
tive, we have

L2(−tK)1+β∗
< u(xK , tK)− u(yK , τK).

Combining it with assumption (4.2), we obtain

L2(−tK)1+β∗
< C(κ)|aK |κ + C1|bK |κ0 .

In view of (4.8), we obtain

I ≤ L2(1 + β∗)|tK |β∗

= (1 + β∗)L
1

1+β∗

2 C
β∗

1+β∗ (C(κ)|aK |κ + C1|bK |κ0)
β∗

1+β∗ .

Using that |bK |κ0 ≤ |ã|/2 ≤ |aK | ≤ |aK |κ, we conclude. □

4.2. The cone of concavity. Take a ∈ B1/2, and let δ0 be a very small
number, to be fixed later, possibly depending on a. We define the cone C(a)
as

C(a) :=
{
z ∈ B|a|/2 : |⟨a, z⟩| ≥

√
1− δ20 |a| |z|

}
. (4.10)

We will consider two different moduli of continuity, the first one of Hölder
type and then one of Lipschitz type, modified by a lower order term to make
it strictly concave. We denote them respectively by

ωγ(r) := rγ , (4.11)

and

ω̃(r) := r +
r

20 log(r/4)
. (4.12)

We use the notation δ2f to denote the second increment of a generic
function f as

δ2f(x, z) := f(x) +∇f(x) · z − f(x+ z).

In particular, when we write δ2ω(| · |)(a, z), we mean

δ2ω(| · |)(a, z) = ω(|a|) + ω′(|a|) a

|a| · z − ω(|a+ z|).

We start by bounding the second incremental quotient of the moduli of
continuity.

Lemma 4.2. Let a ∈ B1/2 and z ∈ C(a). Assume that δ0 ≤ c̄0 for some
small universal constant c̄0. Then the following estimates hold

c|a|γ−2|z|2 ≤ δ2ωγ(| · |)(a, z) ≤ C|a|γ−2|z|2 (4.13)



FRACTIONAL p−CALORIC FUNCTIONS ARE LIPSCHITZ 23

and
c

|a| log2 |a|
|z|2 ≤ δ2ω̃(| · |)(a, z) ≤ C

|a| log2 |a|
|z|2, (4.14)

where c and C are universal constants.

Proof. Since (4.14) is exactly [14, Lemma 6.4], we only prove (4.13). When
a and z are colinear, we can use a Taylor expansion for ωγ to write

δ2ωγ(| · |)(a, z) = −1

2
ω′′
γ(ξ) |z|2,

for some ξ in the line segment [a, a + z] ⊂ [a/2, 3a/2], where we have the
estimate ω′′

γ(ξ) ≈ |a|γ−2, by which we mean that there exist two constants

0 < c ≤ C such that −C|a|γ−2 ≤ ω′′
γ(ξ) ≤ −c|a|γ−2. This concludes the first

case.
When a and z are not colinear, we write z = z1 + z2, where z1 points in

the direction of a and z2 is perpendicular to a. By Taylor expansion in z2,

0 ≤ωγ(|a+ z1 + z2|)− ωγ(|a+ z1|)

=∇zωγ(|a+ z1|) · z2 +
1

2
z2 ·D2

zωγ(|ξ|)z2,

where now ξ is some point belonging to the line segment [a+z1, a+ z1+z2].
We can compute the Hessian to get

D2
zωγ(|ξ|) = ω′′

γ(|ξ|)
ξ ⊗ ξ

|ξ|2 +
ω′
γ(|ξ|)
|ξ|

(
I − ξ ⊗ ξ

|ξ|2
)
,

and hence
|D2

zωγ(|ξ|)| ≤ C|ξ|γ−2 ≤ C|a|γ−2.

Moreover, by radial symmetry, ∇zωγ(|a+z|) is perpendicular to z2 at z = z1.
Thus, we proved

0 ≤ ωγ(|a+ z1 + z2|)− ωγ(|a+ z1|) ≤ C|a|γ−2|z2|2.
By the first part of this proof,

ωγ(|a|) + ω′
γ(|a|)

a

|a| · z1 − ω(|a+ z1|) ≈ |a|γ−2|z1|2.

Therefore,

δ2ωγ(| · |)(a, z) =ωγ(|a|) + ω′
γ(|a|)

a

|a| · (z1 + z2)− ωγ(|a+ z1 + z2|)

=

[
ωγ(|a|) + ω′

γ(|a|)
a

|a| · z1 − ωγ(|a+ z1|)
]

−
[
ωγ(|a+ z1 + z2|)− ωγ(|a+ z1|)

]

≤C|a|γ−2|z1|2.
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We can also bound it from below by

δ2ωγ(| · |)(a, z) ≥ c1|a|γ−2|z1|2 − c2|a|γ−2|z2|2

≥ c1|a|γ−2|z|2,
where we used the condition z ∈ C(a) in the last estimate. This concludes
the proof. □

Once we have estimated the second increment of the modulus of continuity
ω, the next result follows easily.

Lemma 4.3. Let ϕ be as in (4.7). Let x, y ∈ B3/4 and assume that |a| :=
|x− y| is sufficiently small. Then, the following estimates hold for z ∈ C(a).

(i) For ω(r) = ωγ(r), we have

cL|a|γ−2|z|2 ≤ δ2ϕ(·, y)(x, z) ≤ CL|a|γ−2|z|2.
(ii) For ω(r) = ω̃(r), we have

cL
|z|2

|a| log2(|a|)
≤ δ2ϕ(·, y)(x, z) ≤ CL

|z|2
|a| log2(|a|)

.

(iii) The same estimates hold for δ2ϕ(x, ·)(y, z) in both cases above.

The constants c and C above are positive and universal.

Proof. The estimate for the case ω = ω̃ is exactly the same as [14, Corollary
6.5]. We only prove the estimate for ω = ωγ .

The second increment of ωγ is given by Lemma 4.2. The function ψ
is smooth, hence its second increment is bounded by the maximum of its
Hessian. So we get

|δ2ψ(x, z)| ≤ C|z|2 ≤ c̄|a|γ−2|z|2,
where we can make c̄ small by taking |a| smaller. Therefore, we make it so
small that we can absorb this term into the first one. This concludes the
proof. □

In the above lemma, we obtain a positive growth for δ2ϕ for directions in
C(a). For the remaining directions z ∈ B|a|/2, the best estimate we can hope

for is |D2ϕ(x, y)| ≤ CLω′(|a|)/|a|. Thus, for both cases of ω, if |z| < |a|/2,
then we have the useful bound

|δ2ϕ(x, ·)(y, z)| ≤ CL
|ω′(|a|)|

|a| |z|2. (4.15)

4.3. Decomposition of the domain. In this section, we estimate the
left-hand side of (4.8), which we denoted by I, using ideas from [3] (see also
[14]), by splitting the domain of integration into four parts and estimating
each of them separately.
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Recall that we denoted aK = xK − yK . Let C = C(aK) be the cone of
directions defined in (4.10), with parameter δ0. Let also

D1 = Bδ1 |aK | ∩ Cc, D2 = B1/16 \ (D1 ∪ C).
Here δ1 is a small quantity to be chosen later, depending possibly on |aK |.
We will assume that δ1 ≪ δ0.

Given D ⊂ R
d, we introduce the useful notation

L[D]w(x) :=

ˆ

D
Jp
(
w(x)− w(x+ z)

)
|z|−d−sp dz

=

ˆ

D

∣∣w(x)− w(x+ z)
∣∣p−2(

w(x)− w(x+ z)
)
|z|−d−sp dz.

We then write the quantity I from (4.8) as

I = L[C]w1(xK , tK)− L[C]w2(yK , τK)

+L[D1]w1(xK , tK)− L[D1]w2(yK , τK)

+L[D2]w1(xK , tK)− L[D2]w2(yK , τK)

+L[Bc
1/16]w1(xK , tK)− L[Bc

1/16]w2(yK , τK)

=: I1 + I2 + I3 + I4.
We start with the estimate in the concavity cone.

Lemma 4.4 (Estimate in C). For L sufficiently large, we have

I1 ≥ c(Lω′(|aK |))p−2

ˆ

C
|z|p−2−d−spδ2ϕ(·, yK)(xK , z) dz. (4.16)

The constants L and c are universal.

Proof. Recall that

I1 = L[C]w1(xK , tK)− L[C]w2(yK , τK).

We estimate only the term with xK , since the other term can be bound
identically.

Denote ℓ(z) := ∇xϕ(xK , yK) · z, and note that since C is symmetric, we
get

L[C](ℓ) = 0.

From (4.4), we obtain

ΨK(xK + z, yK , tK , τK) ≤ ΨK(xK , yK , tK , τK), z ∈ C.
We note that the terms depending on time cancel perfectly, and we obtain

w1(xK + z, tK)− w1(xK , tK) ≤ ϕ(xK + z, yK)− ϕ(xK , yK), z ∈ C.
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From the monotonicity of Jp and applying Lemma 2.1, we get

L[C]w1(xK , tK) ≥ L[C]ϕ(·, yK)(xK)

= L[C]ϕ(·, yK)(xK)− L[C]ℓ(xK)

= (p− 1)

ˆ

C

ˆ 1

0

∣∣ℓ(z) + ηδ2ϕ(·, yK)(xK , z)
∣∣p−2

× δ2ϕ(·, yK)(xK , z) dη |z|−d−sp dz.

To further bound this integral, we start by noting that Lemma 4.3 implies
that δ2ϕ(·, yK)(xK , z) is strictly positive for z ∈ C. Note also that

∇xϕ(x, y) = Lω′(|x− y|) x− y

|x− y| + L2∇ψ(x)

and that, for both cases ω = ωγ and ω = ω̃, we have that ω′(|xK − yK |) is
away from 0. Hence, by taking L large, depending only on L2, we get

|ℓ(z)| ≥ L

2
ω′(|aK |)|z|, z ∈ C.

Thus, we can further estimate

L[C]w1(xK , tK) ≥ c
(
Lω′(|aK |)

)p−2
ˆ

C
|z|p−2−d−spδ2ϕ(·, yK)(xK , z) dz,

as intended. Similarly, we get

L[C]w2(yK , τK) ≤ −c
(
Lω′(|aK |)

)p−2
ˆ

C
|z|p−2−d−spδ2ϕ(xK , ·)(z, yK) dz.

This concludes the proof. □

Next, we write the estimate on D1. Recall that δ1 is the parameter ap-
pearing in the definition of D1.

Lemma 4.5 (Estimate in D1). Let (xK , yK , tK , τK) satisfy (4.4). Then for
L sufficiently large, we have

I2 ≥ −C(Lω′(|aK |))p−1δ
p(1−s)
1 |aK |p(1−s)−1. (4.17)

The constants L and C are universal.

Proof. As before, from (4.4) and the monotonicity of Jp, we have

L[D1]w1(xK , tK)

≥ (p− 1)

ˆ

D1

ˆ 1

0
|ℓ(z) + ηδ2ϕ(·, yK)(xK , z)|p−2δ2ϕ(·, yK)(xK , z) dη|z|−d−sp dz.
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We estimate δ2ϕ(·, yK)(xK , z) using (4.15). Moreover, by taking L larger,
depending on L2 and universal constants, we obtain, for every η ∈ [0, 1],

|ℓ(z) + ηδ2ϕ(·, yK)(xK , z)| ≤CL|ω′(|aK |)| |z|+ CL
|ω′(|aK |)
|aK | |z|2

≤CL|ω′(|aK |)| |z|.
Therefore, we get

L[D1]w1(xK , tK) ≥ − C(Lω′(|aK |))p−1|aK |−1

ˆ

D1

|z|p−d−sp dz

= − C(Lω′(|aK |))p−1δ
p(1−s)
1 |aK |p(1−s)−1.

An identical bound holds for −L[D1]w2(yK , τK). □

We now bound the term in D2.

Lemma 4.6 (Estimate in D2). Suppose that u satisfies (4.2) for some

κ ∈ (0,min{sp/(p− 2), 1}).
Let K be large enough to satisfy (4.5). Then, for any θ ∈ (0, 1) and for any
L large enough universal, we have

I3 ≥ −C
[
ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr + |aK |m−1

m
κ

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr

+ |aK |κ+θ(κ(p−2)−sp)

]
.

(4.18)

Here, C depends on κ, [u]
C0,κ

x
and universal constants.

Proof. Let δ̂ := |aK |θ for some θ ∈ (0, 1) fixed. Since |aK | is small, we have

δ1|aK | < δ̂ < 1
16 . We divide I3 in two parts as follows

I3 = L[D2 ∩Bδ̂]u(xK , tK)− L[D2 ∩Bδ̂]u(yK , τK)
︸ ︷︷ ︸

I3,1

+ L[D2 ∩Bc
δ̂
]u(xK , tK)− L[D2 ∩Bc

δ̂
]u(yK , τK)

︸ ︷︷ ︸
I3,2

.

Define δ1f(x, z) := f(x)− f(x+ z). As before, we write I3,1 as

I3,1 = (p− 1)

ˆ

Eδ̂

ˆ 1

0

∣∣∣δ1u(·, τK)(yK , z)+

+ η(δ1u(·, tK)(xK , z)− δ1u(·, τK)(yK , z))
∣∣∣
p−2

×

×
(
δ1u(·, tK)(xK , z)− δ1u(·, τK)(yK , z)

)
dη|z|−d−sp dz,

where Eδ̂
:= D2 ∩ Bδ̂. Recalling that (xK , tK) and (yK , τK) are the points

where the maximum in (4.4) is attained, we see that ΨK(xK , yK , tK , τK) ≥
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ΨK(xK + z, yK + z, tK , τK) and

δ1u(·, tK)(xK , z)− δ1u(·, τK)(yK , z) ≥ CL2δ
1ψ(xK , z),

which implies

I3,1 ≥ CL2

ˆ

Eδ̂

ˆ 1

0

∣∣∣δ1u(·, τK)(yK , z)+

+ η(δ1u(·, tK)(xK , z)− δ1u(·, τK)(yK , z))
∣∣∣
p−2

×

× δ1ψ(xK , z) dη|z|−d−sp dz.

Since u ∈ C0,κ(Q5/6) in space, we get

|δ1(·, τK)(yK , z) + η(δ1u(·, tK)(xK , z)− δ1u(·, τK)(yK , z))|
≤ 3[u]C0,κ(Q5/6)

|z|κ.
Using Taylor’s expansion of ψ, we get

|δ1ψ(xK , z)| ≤ C
(
|z|2 + |∇ψ(xK)| |z|

)
.

We can further bound I3,1 by

I3,1 ≥ −CL2

[
ˆ

D2∩Bδ̂

|z|κ(p−2)+2−d−sp dz

+ |∇ψ(xK)|
ˆ

D2∩Bδ̂

|z|κ(p−2)+1−d−sp dz

]

≥ −CL2

[
ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr + |∇ψ(xK)|

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr

]
.

From (4.4) and (4.5), we also have

ψ(xK) <
1

L2
(u(xK , tK)− u(yK , τK))

≤ 1

L2
(C1(κ)|aK |κ + C2|bK |κ0) ≤ C(κ)

L2
|aK |κ.

Recalling (4.3), we get

|∇ψ(xK)| ≤
(
C(κ)

|aK |κ
L2

)m−1
m

=: C1|aK |m−1
m

κ.

We use this to conclude the estimate for I3,1

I3,1 ≥ −CL2

[
ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr + C1|aK |m−1

m
κ

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr

]
.

For the term I3,2, we can proceed in a similar way to get
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I3,2 ≥ −C(|aK |κ + |bK |κ0)

ˆ

D2∩Bc
δ̂

|z|κ(p−2)−d−sp dz

≥ −C|aK |κ
ˆ

1
16

δ̂
rκ(p−2)−sp−1 dr

≥ −C|aK |κ+θ(κ(p−2)−sp).

The proof follows by combining both estimates. □

Finally, we control the term involving the tail. Here, we use Assumption
(4.5) in a crucial way.

Lemma 4.7 (Estimate on Bc
1/16). Suppose u satisfies Assumption (4.2) for

some κ ∈ (0, 1] and let K be large enough to satisfy (4.5). For L large
enough, we have

I4 ≥ −C|aK |κ, (4.19)

where C depends on universal constants and [u]Cκ
x
.

Proof. Recall that

|I4| =
∣∣∣∣∣

ˆ

Bc
1
16

(xK)
Jp(u(xK , tK)− u(z, tK))|xK − z|−d−sp dz

−
ˆ

Bc
1
16

(yK)
Jp(u(yK , τK)− u(z, τK))|yK − z|−d−sp dz

∣∣∣∣∣.

We break I4 into three terms |I4| ≤ J1 + J2 + J3, where

J1 :=

∣∣∣∣∣∣

ˆ

Bc
1
16

(xK)
Jp(u(xK , tK)− u(z, tK))

(
|xK − z|−d−sp− |yK − z|−d−sp

)
dz

∣∣∣∣∣∣
,

J2 :=

∣∣∣∣∣

ˆ

Bc
1
16

(xK)
Jp(u(xK , tK)− u(z, tK))|yK − z|−d−sp dz

−
ˆ

Bc
1
16

(yK)
Jp(u(xK , tK)− u(z, tK))|yK − z|−d−sp dz

∣∣∣∣∣

and

J3 :=

∣∣∣∣∣∣

ˆ

Bc
1
16

(yK)

Jp(u(xK , tK)− u(z, tK))− Jp(u(yK , τK)− u(z, τK))

|yK − z|d+sp
dz

∣∣∣∣∣∣

When |xK − z| > 1
16 and |aK | is small, for some constant C, we have

∣∣∣|xK − z|−d−sp − |yK − z|−d−sp
∣∣∣ ≤ C|xK − z|−d−sp−1|aK |.
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We bound the first term as

J1 ≤ C|aK |.
To bound J2, we can assume that |xK − yK | < 1/32 up to taking K large.
Note that we need only to integrate in the symmetric difference of the balls
B 1

16
(xK) and B 1

16
(yK), which we denote by B 1

16
(xK)∆B 1

16
(yK). Since

|B 1
16
(xK)∆B 1

16
(yK)| ≤ C|xK − yK | and for z ∈ B 1

16
(xK)∆B 1

16
(yK), we

have |yK − z| ≥ 1
16 − |aK | ≥ 1

32 , we estimate J2 as

J2 ≤ C|aK |.
To estimate J3 we use Lemma 2.1 to bound Jp(u(xK , tK) − u(z, tK)) −
Jp(u(yK , τK)−u(z, τK)). More precisely, by Hölder continuity of u in space
and time, we obtain

|u(xK , tK)− u(z, tK)− (u(yK , τK)− u(z, τK))|
≤C|aK |κ + |u(z, tK)− u(z, τK)|+ C|bK |κ0 ,

which, using that |bK |κ0 ≤ |aK |κ, allows us to get

J3 ≤ C|aK |κ + C

ˆ

Bc
1
16

(
∥u∥L∞(Q1) + |u(yK + z, tK)|+ |u(yK + z, τK)|

)p−2×

× |u(yK + z, tK)− u(yK + z, τK)||z|−d−sp dz.

Using Hölder inequality with exponents p− 1 and p−1
p−2 , we obtain

J3 ≤ C


|aK |κ +



ˆ

Bc
1
16

|u(yK + z, tK)− u(yK + z, τK)|p−1|z|−d−sp dz




1
p−1


 .

By Assumption (4.5), we conclude that

J3 ≤ C|aK |κ.
The proof is complete. □

4.4. Proof of the Lipschitz regularity in space. We gather the previous
results and prove the Lipschitz regularity in the spatial variable.

Theorem 4.1 (Lipschitz in space). Let u be a viscosity solution to (1.1) in

Q1. Suppose further that u ∈ Cloc(−1, 0;Lp−1
sp (Rd)) and (4.1) and (4.2) are

in force. Then, u is Lipschitz in space at t0 and satisfies

|u(x, t0)− u(y, t0)| ≤ C|x− y|, for all x, y ∈ B1/2.

The constant C is universal.

Proof. Denote γ̄ := min{1, sp/(p − 1)}. For each fixed L, we take K large
enough to satisfy (4.5).
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We split the proof into the following five steps, assuming that t0 = 0 in
each step.

(1) We show that u ∈ C0,γ̄−

x locally,

(2) We show that u ∈ C0,γ̄
x locally when γ̄ < 1,

(3) We show that u ∈ C0,1
x locally when γ̄ = 1,

(4) We show that u ∈ C0,1−
x locally when γ̄ < 1,

(5) We show that u ∈ C0,1
x locally when γ̄ < 1.

Step 1: We use a bootstrapping argument to prove that u ∈ C0,γ
x locally

for every γ < γ̄. Suppose that u ∈ C0,κ
x locally for some κ ∈ (0, γ). Set

κ1 = min

{
γ, κ+

1

2(p− 1)
, κ+

sp− (p− 2)γ

2(p− 1)

}
.

Since
γ <

sp

p− 1
<

sp

p− 2
,

we have sp− (p− 2)γ > 0. Moreover, κ1 < κ+ 1/(p− 1), and therefore we
can choose m ≥ 3 large enough so that

κ(p− 2) + 1 ≥ κ1(p− 1)− m− 1

m
κ. (4.20)

In this step, we take δ0 equal to the universal constant c̄0 in Lemma 4.2,
and we choose ω to be the Hölder profile ωκ1 . Define

E := κ1(p− 1)− sp.

Since κ1 < sp/(p− 1), we have

E < 0.

By Lemma 4.1, we have

I1 + I2 + I3 + I4 ≤ C|aK |
κβ∗

1+β∗ ≤ C1. (4.21)

We estimate each of these four terms. By Lemma 4.4, we have

I1 ≥ cLp−1|aK |E .
For I2, Lemma 4.5 gives

I2 ≥ −CLp−1|aK |Eδp(1−s)
1 .

We take δ1 universally small, depending on δ0, so that

I1 + I2 ≥ c1L
p−1|aK |E . (4.22)

We now choose θ. Since

κ1 < κ+
sp− (p− 2)γ

p− 1
< κ+

sp− (p− 2)κ

p− 1
=
sp+ κ

p− 1
,

we obtain
E = κ1(p− 1)− sp < κ.
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Also,
sp− κ(p− 2) > 0,

because κ < γ < sp/(p− 2). Hence we can choose θ ∈ (0, 1) so small that

κ+ θ(κ(p− 2)− sp) > E . (4.23)

We next estimate I3 by applying Lemma 4.6 with this value of θ. The
third term is directly controlled by (4.23):

|aK |κ+θ(κ(p−2)−sp) ≤ |aK |E ,
for |aK | < 1. For the second term, using (4.20), we have

κ(p− 2)− sp ≥ E − m− 1

m
κ− 1.

Therefore, since 0 < r < 1,

|aK |m−1
m

κ

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr ≤ |aK |m−1

m
κ

ˆ 1

δ1|aK |
rE−

m−1
m

κ−1 dr

≤ Cδ1 |aK |E .
Recall δ1 was chosen universally small. For the first term, we use the choice

κ1 ≤ κ+
1

2(p− 1)
.

This gives

E = κ1(p− 1)− sp ≤ κ(p− 1) +
1

2
− sp.

Hence

E − 1 ≤ κ(p− 1)− sp− 1

2
< κ(p− 2) + 1− sp.

Thus, again because 0 < r < 1,
ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr ≤

ˆ 1

δ1|aK |
rE−1 dr

≤ Cδ1 |aK |E .
Combining the previous three estimates, we obtain

I3 ≥ −C2|aK |E ,
where C2 may depend on the fixed universal parameter δ1.

Finally, Lemma 4.7 gives

I4 ≥ −C|aK |κ ≥ −C3.

Combining these estimates with (4.21), we reach

|aK |E
(
c1L

p−1 − C2

)
≤ C1 + C3.
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For L sufficiently large, the factor c1L
p−1 − C2 is positive and tends to

infinity. Since E < 0 and |aK | < 1, we have |aK |E ≥ 1. Therefore, the left-
hand side becomes arbitrarily large as L → ∞, contradicting the previous
inequality. This proves that u ∈ C0,κ1

x locally.
If κ1 = γ, we are done. Otherwise, we repeat the argument with κ

replaced by κ1. Since, until the last step,

κj+1 − κj ≥ min

{
1

2(p− 1)
,
sp− (p− 2)γ

2(p− 1)

}
> 0,

the iteration reaches γ after finitely many steps. Hence u ∈ C0,γ
x locally.

Since γ < γ̄ was arbitrary, we conclude that u ∈ C0,γ̄−

x locally.

Step 2: We show that u ∈ C0,γ̄
x locally, when

γ̄ =
sp

p− 1
< 1.

From Step 1, we know that u ∈ C0,κ
x (Q1) for all κ < γ̄.

In this step, we take δ0 equal to the universal constant c̄0 in Lemma 4.2
and ω to be the Hölder profile ωγ̄ . We use Lemma 4.1 to get

I1 + I2 + I3 + I4 ≤ C|aK |
κβ∗

1+β∗ ≤ C0. (4.24)

We estimate each of these four terms. By Lemmas 4.4 and 4.3, we have,
since γ̄(p− 1)− sp = 0,

I1 ≥ cLp−1|aK |γ̄(p−1)−spδd−1
0 = cLp−1δd−1

0 .

For I2, we use Lemma 4.5 to get

I2 ≥ −CLp−1|aK |γ̄(p−1)−spδ
p(1−s)
1 = −CLp−1δ

p(1−s)
1 .

We can take δ1 to be universally small, depending also on δ0, so that

I1 + I2 ≥ c1L
p−1.

Now we deal with the term I3. We choose κ < γ̄ large so that

κ(p− 2)− sp > −1.

Then we take θ ∈ (0, 1) in Lemma 4.6 small enough to satisfy

κ+ θ[κ(p− 2)− sp] > 0.

Since u ∈ C0,κ
x locally, we get from (4.18) that

I3 ≥ −C1,

since all the exponents of |aK | in the three terms obtained are positive.
From Lemma 4.7, we get

I4 ≥ −C|aK |κ ≥ −C2.
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Combining these estimates in (4.24),

c1L
p−1 ≤ C1 + C2 + C3.

Hence, the contradiction follows easily by taking L large enough.

Step 3: We now consider the case

γ̄ = 1 ≤ sp

p− 1
.

In this case, we take δ0 = c̄0| log(|aK |)|−1 and δ1 = c̄1| log(|aK |)|−q, where
c̄0 is given by Lemma 4.2, c̄1 is a small number and q is a large number to
be fixed universally. We also take ω = ω̃ to be the Lipschitz profile.

Then, from Lemma 4.4 combined with the bounds from Lemma 4.2, we
get

I1 ≥ cLp−2

ˆ

C
|z|p−2−d−sp

(
L(|aK | log2(|aK |))−1|z|2

)
dz

≥ cLp−1(|aK | log2(|aK |))−1δd−1
0

ˆ |aK |/2

0
rp(1−s)−1 dr

= cLp−1(|aK | log2(|aK |))−1δd−1
0 |aK |p(1−s)

= cLp−1δd+1
0 |aK |p(1−s)−1.

For I2, we get from Lemma 4.5 that

I2 ≥ −CLp−1δ
p(1−s)
1 |aK |p(1−s)−1.

Since |aK | is small, we can take q large, universal, so that

cδd+1
0 − Cδ

p(1−s)
1 >

c

2
δd+1
0 ,

thus getting

I1 + I2 ≥ c1L
p−1δd+1

0 |aK |p(1−s)−1.

Before bounding I3, we choose the parameters κ,m, θ as follows. From Step
1, we can suppose u ∈ C0,κ

x (Q1), for κ ∈ (0, 1) chosen large enough so that

κ(p− 1) + 1− sp > 0.

We then take m large enough to satisfy

m− 1

m
κ+ κ(p− 2) + 1− sp > 0.

Finally, we pick θ ∈ (0, 1) small to satisfy

κ+ θ[κ(p− 2)− sp] > 0.

With these choices, we bound each of the terms in (4.18). By the choice of
κ,

ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr ≤ C|aK |θ[κ(p−2)+2−sp].
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Since p− 1 ≤ sp, we have κ(p− 2)− sp < −1. Thus

|aK |m−1
m

κ

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr ≤C|aK |m−1

m
κδ

κ(p−2)−sp+1
1 |aK |κ(p−2)−sp+1

=Cδ
κ(p−2)−sp+1
1 |aK |m−1

m
κ+κ(p−2)−sp+1.

Hence, we get

I3 ≥ − C
[
|aK |θ[κ(p−2)+2−sp] + δ

κ(p−2)−sp+1
1 |aK |m−1

m
κ+κ(p−2)−sp+1

+ |aK |κ+θ[κ(p−2)−sp]
]

≥ − C1δ
κ(p−2)−sp+1
1 |aK |θκ ,

for some θκ > 0.
Finally, we use Lemma 4.7 to get

I4 ≥ −C2|aK |κ.
Using the estimates above for each term and (4.24), we obtain

c1L
p−1δd+1

0 |aK |p(1−s)−1 ≤ C1δ
κ(p−2)−sp+1
1 |aK |θκ + C2|aK |κ + C|aK |

κβ∗

1+β∗ .

Since p(1−s)−1 ≤ 0, this inequality can not hold for L large enough (which
implies |aK | small).

Step 4: We prove that u ∈ C0,γ
x locally for every γ < 1, when sp < p − 1.

Let δ0 be equal to c̄0 given by Lemma 4.2. We can also assume, from Step
2, that u ∈ C0,κ

x locally for

κ =
sp

p− 1
< 1.

We choose

κ1 = min

{
γ, κ+

κ(2− κ)

4(p− 1)

}
.

Equivalently, since κ = sp/(p− 1),

κ1 = min

{
γ, κ+

sp [2(p− 1)− sp]

4(p− 1)3

}
.

Set
E := κ1(p− 1)− sp = (p− 1)(κ1 − κ).

By our choice of κ1, we have

0 < E ≤ κ(2− κ)

4
.

We take m ≥ 3 so large that

E < m− 1

m
κ.
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We start by proving that u ∈ C0,κ1
x locally and then conclude using a boot-

strapping argument. Here, we choose ω to be the Hölder modulus of conti-
nuity ωκ1 .

Using Lemmas 4.2, 4.4 and 4.5, by taking δ1 universally small, we get

I1 + I2 ≥
c

2
Lp−1|aK |E .

Since sp < p− 1, from Lemma 4.6 we obtain

I3 ≥ −C
[
|aK |θ(2−κ) + |aK |m−1

m
κ+θ(1−κ) + |aK |κ(1−θ)

]
,

for every θ ∈ (0, 1). We now choose

θ =
E

2− κ
=
κ1(p− 1)− sp

2− κ
.

By the choice of κ1, we have

θ ≤ κ

4
< 1.

The third exponent is also strictly larger than E . Indeed,

κ(1− θ) ≥ κ
(
1− κ

4

)
,

while

E ≤ κ(2− κ)

4
.

Hence

κ(1− θ)− E ≥ κ
(
1− κ

4

)
− κ(2− κ)

4
=
κ

2
> 0.

Finally, for the middle exponent, our choice of m gives

m− 1

m
κ+ θ(1− κ) >

m− 1

m
κ > E .

Consequently,
I3 ≥ −C1|aK |E .

Finally, Lemma 4.7 gives
I4 ≥ −C2|aK |κ,

and Lemma 4.1 gives

I1 + I2 + I3 + I4 ≤ C3|aK |
κβ∗

1+β∗ .

Combining the estimates above, we arrive at

c1
2
Lp−1|aK |E − C1|aK |E − C2|aK |κ ≤ C3|aK |

κβ∗

1+β∗ . (4.25)

Since

E ≤ κ(2− κ)

4
< κ,
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we can choose β∗ large enough so that

κ
β∗

1 + β∗
> E .

Dividing (4.25) by |aK |E , we obtain

c1
2
Lp−1 − C1 − C2|aK |κ−E ≤ C3|aK |

κβ∗

1+β∗
−E
.

Since Lωκ1(|aK |) ≤ 2, we have |aK | → 0 as L → ∞. Therefore, taking L

sufficiently large yields a contradiction. This proves that u ∈ C0,κ1
x locally.

If κ1 = γ, we are done. Otherwise, since the increment

κ(2− κ)

4(p− 1)

is strictly positive, we can repeat the argument finitely many times to reach
any prescribed exponent γ < 1. Hence u ∈ C0,γ

x locally for every γ < 1.

Step 5: We finally prove that u ∈ C0,1
x when sp < p− 1. We take ω as the

Lipschitz profile ω̃.
From Step 4, we know that u ∈ C0,κ

x locally for all κ < 1. We take κ < 1
satisfying

κ > max

{
sp

p− 1
, p(1− s)− 1

}
, (4.26)

and m so large that

p(1− s)− 1 <
m− 1

m
κ.

As in Step 3, we take

δ0 = c̄0| log(|aK |)|−1 and δ1 = c̄1| log(|aK |)|−q,

where c̄0 is given by Lemma 4.2, c̄1 is small, and q is large, to be chosen.
Then, from Lemmas 4.4 and 4.2, we obtain

I1 ≥ cLp−1
(
|aK | log2(|aK |)

)−1
δd−1
0

ˆ

|aK |

2

0
rp(1−s)−1 dr

= cLp−1δd+1
0 |aK |p(1−s)−1.

For I2, we get from Lemma 4.5 that

I2 ≥ −CLp−1δ
p(1−s)
1 |aK |p(1−s)−1.

Since |aK | is small, we can take q satisfying d+1 < qp(1− s), which implies

cδd+1
0 − Cδ

p(1−s)
1 >

c

2
δd+1
0 .

We arrive at
I1 + I2 ≥ c1L

p−1δd+1
0 |aK |p(1−s)−1.
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Now we bound I3, taking

θ =
p(1− s)− 1 + ε1
κ(p− 2) + 2− sp

.

By our choice of κ, we have θ ∈ (0, 1), for ε1 small enough. Indeed, we
notice that, since p < 2/(1− s) and sp/(p− 1) < κ < 1, we obtain

p(1− s)− 1 < 1,

and
κ(p− 2) + 2− sp ≥ 2− κ > 1.

Using this θ in Lemma 4.6, we get
ˆ |aK |θ

δ1|aK |
rκ(p−2)+1−sp dr ≤ |aK |p(1−s)−1+ε1 ,

using that κ(p− 2) + 2− sp > 1. Up to taking m even larger, satisfying in
addition that κ/m < θ, we obtain

κ
m− 1

m
+ θ(κ(p− 2)− sp+ 1) > κ+ θ(κ(p− 2)− sp).

Therefore, we can write the second term in I3 as

|aK |κm−1
m

ˆ |aK |θ

δ1|aK |
rκ(p−2)−sp dr ≤ C|aK |κm−1

m
+θ(κ(p−2)−sp+1)

≤ C|aK |κ+θ(κ(p−2)−sp).

We finally analyze the term |aK |κ+θ(κ(p−2)−sp). We want to fix κ < 1 large
enough so that

κ+ θ(κ(p− 2)− sp) ≥ p− 1− sp+ ε2, (4.27)

for some ε2 > 0. Since θ depends on κ, we define the auxiliary function

f(κ) = κ+ θ(κ)(κ(p− 2)− sp)− (p− 1− sp).

We start by checking that f(1) > 0. In fact, in this case,

θ(1) =
p− 1− sp+ ε1

p(1− s)
,

and so we have

f(1) = 1 + (p− 1− sp+ ε1)
p− 2− sp

p(1− s)
− (p− 1− sp)

= (p− 2− sp)
−1 + ε1
p(1− s)

> 0.

Therefore, by continuity of f , there exists a small enough ε2 > 0 and a large
enough κ < 1 so that (4.27) holds. We assume this condition in addition to
(4.26). Combining the estimates above, we obtain

I3 ≥ −C1|aK |p(1−s)−1+ε,
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for ε = min{ε1, ε2}. By Lemma 4.7,

I4 ≥ −C2|aK |κ,
and so, by Lemma 4.1,

I1 + I2 + I3 + I4 ≤ C3|aK |
κβ∗

1+β∗ .

Combining all the estimates, we get

c1L
p−1δd+1

0 |aK |p(1−s)−1 ≤ C1|aK |p(1−s)−1+ε + C2|aK |κ + C3|aK |
κβ∗

1+β∗ .

As in the final part of Step 4, we choose β∗ large enough so that

κ
β∗

1 + β∗
> p(1− s)− 1,

which is possible since κ > p(1 − s) − 1. As before, this leads to a contra-
diction. The proof is complete. □

5. Time regularity and proof of Theorem 1.1

In this section, we prove the regularity result with respect to time and
conclude with the proof of the main theorem. The proof of the time reg-
ularity uses the spatial regularity to construct a suitable barrier. This is,
by now, a standard argument in the local case, see [2, Lemma 9.1] or, more
recently, [16, Lemma 3.1]. We start from the assumption that u is Lipschitz
in space, as proven in the previous section.

Proposition 5.1. Assume u is a viscosity solution to (1.1) in Q1 satisfying
(4.1). In addition, suppose that (4.2) holds with κ = 1. Then, there exists a
constant C > 0 such that

sup
x∈B1/2

|u(x, t1)− u(x, t2)| ≤ C|t1 − t2|α,

for every t1, t2 ∈ (−1/4, 0]. The exponent α is given by

α = min

{(
1

1− qc

)−

, 1

}
,

where qc := −1 + p(1− s).
In particular, u is Lipschitz in time when qc > 0.

Proof. Fix t0 ∈ (−1/4, 0), consider the cylinder B1 × (t0, 0], and define

Ψη(x, t) := η + L0(t− t0) + L1|x|γ ,
for η > 0 and universal parameters L0 and L1 that depend further on η, and

γ = max

{(
1− qc

p− 1

)+

, 1

}
.
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This choice ensures that the local part of (−∆p)
sΨη is finite. To streamline

the discussion, we delay this computation to the end of the proof.
Let us compare the values of the difference u(x, t) − u(0, t0) with Ψη on

the region (B1 \B1/2)× (t0, 0] and B1 × {t0}. For x ∈ B1\B1/2, we have

u(x, t)− u(0, t0) ≤ 2∥u∥L∞(Q1) ≤ 2,

and so for L1 ≥ 21+γ , we have

u(x, t)− u(0, t0) ≤ Ψη(x, t).

For x ∈ B1 and t = t0, we prove that by making L1 large enough, we have

u(x, t0)− u(0, t0) ≤ Ψη(x, t0) = η + L1|x|γ .
Indeed, since u is Lipschitz in space, we know that there is a constant C > 0
such that

|u(x, t0)− u(0, t0)| ≤ C|x|, for x ∈ B1/2,

and thus we only need to pick L1 such that

C|x| ≤ η + L1|x|γ , for x ∈ B1/2.

If we choose

L1 ≥ C
( η
C

)1−γ
,

then we have, for |x| > η/C, that

C|x| = C|x|1−γ |x|γ < C
( η
C

)1−γ
|x|γ .

On the other hand, for |x| ≤ η/C, we directly have

C|x| ≤ η ≤ η + L1|x|γ .
Therefore, the constant L1 has to satisfy

L1 ≥ max

{
21+γ , C

( η
C

)1−γ
}
,

and so we choose L1 = Cη1−γ , for C large enough. Note that the above
computations simplify considerably when γ = 1, but the same conclusions
still hold. We have shown that

u− u(0, t0) ≤ Ψη on
(
B1\B1/2

)
× (t0, 0] and B1 × {t0}. (5.1)

Defining

v(x, t) :=

{
Ψη(x, t) for (x, t) ∈ B1 × (t0, 0],

u(x, t)− u(0, t0) otherwise,

it follows from (5.1) that

u− u(0, t0) ≤ v on
(
R
d\B1/2

)
× (t0, 0] and B1 × {t0}.
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We wish to use the comparison principle to prove that this inequality prop-
agates to the interior cylinder B1/2 × (t0, 0]. We start with the following
claim, which we justify at the end of the proof.

Claim: There exists a large constant C such that, if L0 = CLp−1
1 , then

∂tΨη + (−∆p)
sv > 0 in B1/2 × (t0, 0].

If the claim holds, then we would get, by the comparison principle, that

u(x, t)− u(0, t0) ≤ Ψη(x, t) on B1/2 × (t0, 0].

In particular, we have for any t ∈ (t0, 0]

u(0, t)− u(0, t0) ≤ η + CLp−1
1 (t− t0),

for any given η > 0. By the choice of L1, we have

u(0, t)− u(0, t0) ≤ η + Cη(1−γ)(p−1)(t− t0),

for any t ∈ (t0, 0] and any η ∈ (0, 1). Since, for each fixed t, this estimate
holds for all η, we can optimize in the parameter η in the following way. If
γ = 1, then we can just take η = 0. Otherwise, call

f(η) = η + cη(1−γ)(p−1),

with c = C(t− t0). We see that f ′(η) = 0 when

η = (c(γ − 1)(p− 1))
1

(γ−1)(p−1)+1 ,

and so, we reach, as intended,

u(0, t)− u(0, t0) ≤ C(t− t0)
1

1+(p−1)(γ−1) .

To prove the claim, we calculate explicitly the value of (−∆p)
sv(x̄, t̄) for

any (x̄, t̄) ∈ B1/2 × (t0, 0], which we split into the local and nonlocal parts

L1 :=

ˆ

B1

Jp(v(x̄, t̄)− v(x, t̄))

|x− x̄|d+sp
dx, L2 :=

ˆ

Rd\B1

Jp(v(x̄, t̄)− v(x, t̄))

|x− x̄|d+sp
dx.

For the quantity L1, we have

L1 =

ˆ

B1

Jp(Ψη(x̄, t̄)−Ψη(x, t̄))

|x− x̄|d+sp
dx = Lp−1

1

ˆ

B1

Jp(ϕ(x̄)− ϕ(x))

|x− x̄|d+sp
dx,

where ϕ(x) := |x|γ .
When γ = 1, corresponding to the case qc > 0, we simply use that

|ϕ(x)− ϕ(x̄)|p−1 ≤ |x− x̄|p−1,

and then it readily follows that |L1| ≤ C. In the case qc ≤ 0, we proceed as
follows: since γ > 1, by the C1,γ−1 regularity of ϕ, we have

|ϕ(x)− ϕ(x̄)| ≤ γ|x̄|γ−1|x− x̄|+ C|x− x̄|γ ,
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where C := ∥ϕ∥C1,γ−1(B3). If x̄ = 0, we can compute the integral directly,
and so we assume otherwise. In this case,

|ϕ(x)− ϕ(x̄)|p−1 ≤ C
(
|x̄|(p−1)(γ−1)|x− x̄|p−1 + |x− x̄|(p−1)γ

)
, (5.2)

for x ∈ B2(x̄) ⊂ B3. For r = |x̄|/2, we split

L
−(p−1)
1 L1 = P.V.

ˆ

Br(x̄)

Jp(ϕ(x̄)− ϕ(x))

|x− x̄|d+sp
dx+

ˆ

B1\Br(x̄)

Jp(ϕ(x̄)− ϕ(x))

|x− x̄|d+sp
dx

=M1 +M2.

In the ball Br(x̄) ⊂ B1, the function ϕ is smooth. By Taylor’s expansion,
we have

ϕ(x̄+ h) = ϕ(x̄) +Dϕ(x̄) · h+R(|h|), where R(h) ≈ rγ−2|h|2.
Then, by symmetry of the domain and the kernel, we have

M1 = P.V.

ˆ

Br

Jp(−Dϕ(x̄) · h−R(|h|))
|h|d+sp

dh

= P.V.

ˆ

Br

Jp(−Dϕ(x̄) · h−R(|h|))− Jp(−Dϕ(x̄) · h)
|h|d+sp

dh.

By Lemma 2.1, we obtain

|M1| ≤ C

ˆ

Br

(rγ−1|h|+ rγ−2|h|2)p−2rγ−2|h|2
|h|d+sp

dh

≤ C

ˆ

Br

r(γ−1)(p−2)+γ−2|h|p
|h|d+sp

dh

= Crγ(p−1)−sp.

Thus, since γ(p − 1) − sp > 0, we obtain that |M1| ≤ C. To estimate the
term M2 we use (5.2) to obtain

|M2| ≤
ˆ

B1\Br(x̄)
|x̄|(γ−1)(p−1)|x− x̄|p−1−d−sp dx

+

ˆ

B1

|x− x̄|(p−1)γ−d−sp dx

)

=: I1 + I2.

Regarding I1,

I1 ≤ C

ˆ

B2(x̄)\Br(x̄)
|x̄|(γ−1)(p−1)|x− x̄|p−1−d−sp dx

≤ Cr(γ−1)(p−1)

ˆ 2

r
τp−2−sp dτ

≤ Cr(γ−1)(p−1)+p−1−sp

≤ C.
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Finally, the term I2 is bounded directly using polar coordinates

I2 ≤
ˆ

B2(x̄)
|x− x̄|(p−1)γ−d−sp dx

= C

ˆ 2

0
τ (p−1)γ−sp−1 dτ

≤ C.

Therefore we obtain
|L1| ≤ CLp−1

1 .

For the quantity L2, we use the monotonicity of Jp to get

L2 =

ˆ

Bc
1

Jp
(
η + L0(t̄− t0) + L1|x̄|γ − u(x, t̄) + u(0, t0)

)

|x− x̄|d+sp
dx

≥
ˆ

Bc
1

Jp
(
u(0, t0)− u(x, t̄)

)

|x− x̄|d+sp
dx ≥ −C,

where we used Assumption (4.1). We combine these estimates to obtain

∂tΨη + (−∆p)
sv ≥ L0 − CLp−1

1 − C > 0

for L0 = CLp−1
1 where C is large, universal.

This concludes the claim and thus the proof. □

We now present the proof of Theorem 1.1.

Proof of Theorem 1.1. Fix (x0, t0) ∈ Q1/2 and set

M := ∥u∥L∞(Q3/4) + sup
t∈(−(3/4)2,0]

∥u(·, t)∥
Lp−1
sp (Rd)

.

Note that from [24], we know that ∥u∥L∞(Q3/4) is finite.

For λ > 0, define the rescaled function

v(x, t) := M−1u(λx+ x0, M2−pλspt+ t0).

For λ sufficiently small, v solves the same equation in the weak sense in Q4

and satisfies assumption (4.1). By Theorem 2.1, it also satisfies assumption
(4.2) for κ = κ0. Moreover, by Theorem 3.3, v is also a viscosity solution of
(1.1) in Q1. Hence, we are in a position to apply Theorem 4.1, yielding

|v(x, 0)− v(y, 0)| ≤ C|x− y|, for x, y ∈ B1/2.

We now invoke Proposition 5.1 to obtain

sup
x∈B1/4

|v(x, t)− v(x, 0)| ≤ C|t|α, for t ∈ (−1/4, 0],

where α is as in Proposition 5.1. Combining the previous estimates, we
conclude that

|v(x, t)− v(0, 0)| ≤ C(|x|+ |t|α), for x ∈ B1/2 and t ∈ (−1/4, 0].
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Rescaling back to u gives

|u(x, t)− u(x0, t0)| ≤ CM
(
|x− x0|+M(p−2)α|t− t0|α

)
,

for all
(x, t) ∈ Bλ(x0)×

(
t0 −M2−pλsp, t0

]
.

This proves the desired estimate in a (small) cylinder centered at (x0, t0).
By a covering argument, we obtain

|u(x, t)− u(y, τ)| ≤ CM
(
|x− y|+M(p−2)α|t− τ |α

)
,

for any (x, t), (y, τ) ∈ Q1/2. □
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nonlocal parabolic equation, J. Differential Equations 419 (2025), 253–290.



FRACTIONAL p−CALORIC FUNCTIONS ARE LIPSCHITZ 45

[14] D. Giovagnoli, D. Jesus, and L. Silvestre, C1+α
−regularity for fractional p−harmonic

equations, arXiv:2509.26565.
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