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FRACTIONAL p—CALORIC FUNCTIONS ARE LIPSCHITZ

DAVID JESUS, AELSON SOBRAL, AND JOSE MIGUEL URBANO'

ABSTRACT. We study the parabolic fractional p—Laplace equation
Ou+ (—Ap)°u=0

in the degenerate range 2 < p < 2/(1—s). We show that weak solutions

are Lipschitz continuous in space and, if p > 1/(1 — s), also in time. We

also prove a comparison principle for both weak and viscosity solutions,
and establish the equivalence between the two notions of solution.

1. INTRODUCTION

In this paper, we study solutions to the parabolic fractional p—Laplace
equation
O+ (—Ap)°u =0, (1.1)
for s € (0,1) and 2 < p < 2/(1 — s), where

u(z,t) —u p=2
(—Ap)°u(x,t) =P.V. y fut ’|;)_ yéﬁ’jl (u(z,t) —u(y,t)) dy.

The interest in this problem stems not only from its rich mathematical
structure, but also from its relevance in applications, particularly in models
describing the rate at which individuals arrive at a given position x from
all other locations, when both nonlinearity and long-range interactions are
important. Moreover, equation (1.1) arises naturally as the gradient flow
associated with the Gagliardo W*P—seminorm, defined for s € (0,1) and
p € [1,00) by

s = [[, MBI gy "
) Ré x R4 ‘x_y‘d+8p

A substantial regularity theory has been developed for nonlocal equations
driven by the fractional p—Laplacian, an operator first introduced in [1, 18].
In the stationary setting, both weak and viscosity solutions are known to

Date: June 13, 2026.

2020 Mathematics Subject Classification. Primary 35B65, 35R11. Secondary 35B51,
35D40, 35K92.

Key words and phrases. Fractional p—caloric, Lipschitz regularity, Comparison princi-
ples, Weak and viscosity solutions.

fCorresponding author.


https://www.mat.uc.pt/preprints/eng_2026.html

2 D. JESUS, A. SOBRAL, AND J.M. URBANO

satisfy a Harnack inequality and to enjoy Holder continuity and higher in-
tegrability properties; see [5, 6, 7, 8, 12]. More recently, Lipschitz estimates
were obtained in [3, 4], and Ch®—regularity was established in [14]. By
contrast, in the evolutionary setting, the regularity theory remains fairly
limited, with the currently available results concerning only the Holder reg-
ularity of weak solutions; see [9, 13, 23].

The main contribution of this work is the following regularity result stated
in the parabolic cylinders Q, = B,.(0) x (—r%,0]. For the definition of the
tail space L2 ' (R?), see subsection 2.1.

Theorem 1.1. Let p > 2 and s € (0,1) be such that

¢ =—-14+p(l—s) <1
Let u be a weak solution to (1.1) in Q1, and assume that

0 € Cioe(—1,0; 12, (RY)). (1.2)
Set

M = ||u|| +  sup w( )| o-1may -
ol + e Dl

Then, the following assertions hold:

(1) If g < 0, then for every a < ﬁ, there exists a constant C' > 0,
depending only on d, p, s, and «, such that

[u(z, ) = u(y, 7)| < CM(Jo =yl + MPD2)t — 7|
fO’f’ all (xﬂf): (yﬂ—) € Q1/2-

(2) If g. > 0, then there exists a constant C' > 0, depending only on d,
p, and s, such that

fua, 1) = u(y, 7)| < CM(Jo = y| + MP2t — 7))
fOT all (:1:7t)7 (y77-) € Q1/2'

The constant g. appearing in the theorem plays an important role in our
analysis. In particular, we prove Lipschitz regularity, and the condition ¢. >
0 is precisely the one that ensures that the local contribution to (—A,)®|z|
is finite.

Let us briefly highlight the main novelties and difficulties. Our result
brings two main improvements to the existing parabolic literature. First,
it establishes spatial Lipschitz regularity across the full degenerate range
2 < p < 2/(1—s). In the elliptic case, the proof of the Ct*—regularity
in [14] relies crucially on these Lipschitz estimates, and here we carry out
the corresponding step in the parabolic setting. Second, in the range 0 <
ge < 1, we prove that solutions are also Lipschitz continuous in time, which
is optimal in view of the counterexample given in [9, Remark 1.3]. For the
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case ¢. < 0, we obtain Holder regularity in time for the same exponents as
in [9], but our proof consists of a simple barrier argument.

The proof of Theorem 1.1 proceeds in two steps. We first establish the
spatial Lipschitz estimate by adapting the Ishii-Lions doubling-of-variables
method, introduced in [17] for local equations, to the parabolic nonlocal
setting. The argument starts with a spatially doubled functional at a fixed
final time tg, but in order to obtain legitimate viscosity inequalities, one
must also double the time variable. More precisely, after considering

w(z,t) —u(y,t) — Lw(|z — y|) — Layp(z) — La(to — t)' 5,

we double the time variable and introduce the additional penalization K (t —
7)2. At a maximum point (zg, yr, tx, i), the viscosity inequalities are then
applied to two patched test functions touching u from above at (x g, tx) and
from below at (yx, Tk ). Subtracting these inequalities reduces the estimate
to a lower bound for the difference of two fractional p-Laplacians evaluated
at two nearby, but not identical, times.

This is the main point where the parabolic argument differs from the ellip-
tic one. In the elliptic setting, the usual spatial doubling immediately gives
the required comparison of increments. Here, the time-doubling procedure
produces two time levels tx and 7. The interior part can be controlled
using the already available Holder continuity in space-time, while the ex-
terior part involves the tail of u(-,tx) and u(-, 7x), where no regularity is
available. We overcome this by first fixing the spatial Lipschitz parameter
L and only afterward choosing K sufficiently large so that ¢t — 7 is small,
thereby controlling the tail terms. This use of the continuity of v with val-
ues in L%, 1(]Rd) is essential for closing the parabolic Ishii-Lions estimate;
however, since L is chosen before K, the final Lipschitz constant remains
independent of the modulus of continuity of the tail. Once this estimate is
established for a given modulus w, the elliptic bootstrapping mechanism can
be recovered, leading first to improved Holder exponents and ultimately to
the spatial Lipschitz bound.

To obtain regularity in the time variable, we exploit the spatial Lipschitz
regularity to construct suitable barriers, following a fairly standard strategy
in the local setting. In our case, however, the nonlocal part of the equation
allows us to use barrier functions with substantially lower spatial regularity,
which, in turn, enables us to transfer additional regularity to the time vari-
able. This yields the same regularity regime as in [9] for ¢. < 0. Somewhat
surprisingly, for 0 < ¢. < 1, the argument also gives Lipschitz regularity
in time, since in this range, the kernel is only mildly singular. One might
even hope to derive higher regularity estimates by regarding d;u € L™ as a
bounded right-hand side, but this approach fails since solutions to the cor-
responding inhomogeneous equation are only expected to be of class C1® in
precisely the disjoint range g. < 0.
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A subtle but important point is that both arguments leading to the space-
time estimates are based entirely on viscosity methods. Consequently, one
needs a weak-implies-viscosity result, which is precisely why the assumption

u € Cloc(—1,0; L1 (RY))

is imposed in (1.2), ensuring that the tail quantity of u depends continu-
ously on time. This requirement is quite natural: without it, the nonlocal
part of (—Ay)%u(z,-), which should be regarded as part of the data, would
not be continuous in time. For example, if a test function touches u at a
point (x,ty), we need to guarantee that the tail of u at ty is well defined.
We could weaken this assumption in the definition of viscosity solution to
(-, t)]] 125 (Re) being well-defined and finite for every time. However, we
use in a crucial way that the tail is continuous in time in many instances
of this paper. Nevertheless, the regularity estimates established in Theo-
rem 1.1 do not depend on the modulus of continuity of the tail. A similar
condition already appears in [11], for p = 2.

In fact, our results go beyond showing that weak solutions are viscos-
ity solutions. We also establish several key results, including a comparison
principle for both notions of solution, which can be regarded as the par-
abolic counterparts of those obtained in [20] and [22]. We further discuss
the converse implication, namely, whether viscosity solutions are also weak
solutions, thereby providing a fairly comprehensive understanding of the vis-
cosity framework. The overall strategy is inspired by the ideas developed in
[22], as well as by [19] in the local case. We obtain this implication assuming
the solution at the tail is continuous and bounded, which is stronger than
the assumptions for the other implication. However, these assumptions are
natural and were also considered in [10, 15]. The implication with full gen-
erality would follow from a parabolic obstacle argument as in [22, Lemma
9]. However, we would need the parabolic counterpart of [21].

To streamline the presentation of the main ideas, we restrict ourselves to
the homogeneous setting. However, with no substantial additional difficulty,
it should be possible to obtain spatial Lipschitz regularity also in the pres-
ence of a bounded source term, at least in the range 2 < p < 1/(1 —s). The
barrier argument would likewise extend seamlessly whenever the right-hand
side is bounded. We also believe that the same strategy could be applied to
solutions of the doubly nonlinear equation

|OpulP~200u + (—Ap)u = 0,

see [15] and the references therein for further details.

The paper is organized as follows. We dedicate Section 2 to the math-
ematical setup and to recalling known results. In Section 3, we prove the
comparison principle for both weak and viscosity solutions, as well as the
equivalence between weak and viscosity solutions. In Section 4, we prove
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the Lipschitz regularity in space. The time regularity is proved in Section
5, which also contains the proof of Theorem 1.1.

2. MATHEMATICAL SETUP AND PRELIMINARIES

In this section, we collect some preliminary results needed for the remain-
der of the paper.

2.1. Notation. Throughout the paper, Q C R% denotes a bounded smooth
domain. We define the parabolic cylinders

Qr(zo,t0) == By(x0) X (to — %, tg] and Q, := B,(0) x (—r2,0].

We define C?(2 x (t1,ts]) as the space of functions v: Q x (t1,t2] — R
that are C? in the spatial variables and C! in time. Similarly, we define
CLY(Qx (t1,t2]) as the space of functions that are O in the spatial variables
and C%! in time. We also define the tail spaces Lk, Y(R%) consisting of all
functions w: R? — R satisfying

1
. jw (@)~ vt

We use the notation v~ to denote an arbitrary number strictly smaller
than «. Throughout the paper, we say that a constant is universal if it
depends only on d, p, and s. We usually denote small universal constants by
c and large ones by C, which may vary from line to line. We may enumerate
them when necessary.

2.2. Weak/viscosity solutions. We introduce the notions of weak and
viscosity solution to equation (1.1).

Definition 2.1. We say that u: R? x (t1,t5] — R is a weak subsolution to
(1.1) mn ) X (tl,tg], if

u € Cloe (t1,t2; LY () N LY

loc

(t1, t2; W P(Q)) N LS. (t1, to; L2, 1 (RY))

loc

and for any compact set I C Q and any sub-interval [11, 2] C (t1, t2]

/K(:vt) // (z,t) Byp(x, t) dadt

N /” Eu(, 1), (1)) dt <0,

1

for any nonnegative p, such that
¢ € LP(11, 7, WP (K)) N HY (11, 725 LA(K)),
where the quantity £(u(-,t), p(-,t)) is defined as
— p—2 — —
[, )= D) s 00 = 00 g
R xR4

|z — y|dtsp
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A weak supersolution is defined in a similar way. Furthermore, a weak
solution is both a weak subsolution and a supersolution.

Now we define the notion of viscosity solution.

Definition 2.2. We say that u is a viscosity subsolution to (1.1) in £ x

(tht?] Z'f
u € USC(Q x (t1, t2]) N Cloc(t1, t2; L5, ' (RT))

and whenever there is a function ¢ € C%(Q,(xo,t0)) for some Q.(xq,ts) C
Q x (t1,t2], with ¢ touching u from above at (xo,to) in Qr(xo,to), we have

Orp(z0,t0) + (—Ap)°¢r(z0,t0) <0,

where
¢’r(«737t) _ { ¢<I’,t) fOT (x,t) S QT’(mOytO)7
u(z,t) otherwise.

A wviscosity supersolution is defined in a similar way. Furthermore, a viscos-
ity solution is both a viscosity subsolution and a supersolution.

2.3. Known results and useful estimates. We begin by recalling the
Holder regularity result from [23, Theorem 1.1] for weak solutions of (1.1),
adapted to our setting.

Theorem 2.1. Let u be a locally bounded weak solution to
Oru+ (—Ap)°u=0 in Q1.

Set

M= ullpoe@yy + sup luC )]l o1 gay-
@) T S 12, (R)

Then there exists a small ko € (0,1) such that u is locally ko—Hélder con-
tinuous and

[u(e, t) — uly, 7)| < OM (Jz - y|™ + MP2|t — 7]"),
for (LU,t), (ya T) € Q1/2'

Now, we state a useful estimate for the function J,: R — R defined as
Ip(7) = |T[P~2T.

Lemma 2.1. Suppose p > 1 and a,b € R. Then

Jp(a) = Jp(b) = (p— 1) /0 b+ 7(a— b)P"2(a — b) dr,

and

1 _ ! _ _
g+l =e2 < [ o rta b2 < G+ la— bl
for some constant C,, depending only on p.

Finally, we recall the following result from [20, Lemma 3.6].
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Lemma 2.2. Let B.(x) CD €Q, p>2 and w € C%(D). Then

B:(z) |$ - y|

where c¢. is independent of x and cc — 0 as e — 0.

3. PROPERTIES OF WEAK AND VISCOSITY SOLUTIONS

In this section, we establish comparison principles for both weak and
viscosity solutions and use them to prove the equivalence between these two
notions of solution.

3.1. Comparison principles. We start with the comparison principle for
weak solutions.

Theorem 3.1. Let u be a weak supersolution and v be weak subsolution of
(1.1) in Q X (t1,t2]. Let K € Q and [11, 7] C (t1,t2]. Assume that

u>v, a.e. in (]Rd\IC) X (11,72 and on KC x {1 }.

Then
u>wv, ae inkK x(r,mn.

Proof. Let p(z,t) = max{v(z,t) — u(z,t),0}. Let t € (11, 72). Since u > v
in (R?\ K) x (11, 7], we have ¢ € LP(1,t; Wy P (K)). Showing that ¢ €
H'(1,t; L?(K)) is more delicate, but a rigorous justification of this step
can be obtained using Steklov averages; see [23, Appendix B]. Testing the
equations for v and v with ¢, we obtain

/ u(z, t)o( // (x,t) Orp(x,t) dedt

/8 1) dt > 0.

/’C(wt) // (2,t) Opp(x, t) dadt

t
5(’0(', t)a 90('7 t)) dt < O>
T1
where the quantity £(-,-) is as in Definition 2.1.
We first show that, for a.e. ¢ € [, 1], we have

g(u('vt)’ gp(',t)) - E(U(-,t), 90(" t)) < 0. (31)

and

Define
Ti={z e R vz, t) > u(z,t)} and U; = {z e R v(z,t) < u(z,t)},
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and notice that ¢ =v—uin U, and p = 0 in U;. We can then write the
LHS of (3.1) as

/U+ /U 1)) — Jy(v( t) — o(y, 1)) (9l 1) — 9y 1)) dps
1o / / —u(y,1)) — Jp(o(a. 1) — v(y, 1)) (. 1) dp

where dy = |2 — y|~?*P da dy. Each of the terms above is nonpositive. To
see this, recall first that, for every a,b € R, we have

(Jp(a) = Jp(b))(a —b) = 0

Therefore, for z,y € Ut+, we have

o 0,0 = ) o0 1) )~ 0) e <O

Now, if € U;" and y € U;, Jp(u(z,t) — u(y,t)) < Jp(v(z,t) — v(y, b)),
which gives

/ / —uly, ) — Jy(u(a,t) — 0(y,£)) () dp < 0.

and thus (3.1) holds. Subtracting the super and subsolution inequalities and

using (3.1), we obtain
// (x,t)0p(x,t) dedt

/ / (z,t)0pp(x,t) de dt

/ / z,t) — u(z,t))0ip(z,t) dedt

//@ (x,t)) dx dt,

G Dllzzic) < el )l e2go)-
Since at 71 we have p(z, ) =0 for all x € IC, we get p(-,t) =0 in K. Since
t is arbitrary, this implies ¢ = 0 in K x (71, 2], from which follows u > v
a.e. in IC x (71, 72]. O

0§/u(:ﬂ,t) (z,t) dx
K

—/v(w,t) x,t) d:l:
K

- / (ulz, 1) — v(z, £))ol
Ic

:—/ap(xtdx
K

which gives

Next, we obtain the comparison principle for viscosity solutions. First, we
prove a lemma stating that if we can touch the solution with a sufficiently
smooth test function, then (—Ap)*u is well-defined at the touching point
and can be used in the equation satisfied by the test function.
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Lemma 3.1. Let u be a viscosity subsolution (respectively, supersolution)
of (1.1) in Q x (t1,t2]. Assume that ¢ € C*(Q.(x0,t0)), where

Qr(xo,to) C Q x (t1,t2],

and that ¢ touches u from above (respectively, below) at (xo,to) in Qr(xo, o).
Then
dep(xo,to) + (—Ap)°u(@o, to) < (2)0.

Proof. We prove the result for subsolutions since the other case is identical.
For each 0 < p < r, consider

SO(:L‘at) if (IL‘,t) € Qp(x07t0)7

Sop(‘% t) =
u(x,t) otherwise.

Since u is a viscosity subsolution of (1.1), we have
Orp(To,to) + (=Ap)°pp(z0,t0) < 0.

We decompose (—Ap)°¢,(x0,t0) as the P.V. of the integral over B,(x¢) and
outside. By Lemma 2.2, the integral over B,(xg) goes to zero as p — 0.
Therefore, in the limit, we obtain

Jp(u(:po, to) — u(y, to))
R4 | g — y |dHsp

Op(x0,t9) + P.V. dy <0.

This completes the proof. O

We next establish the comparison principle for viscosity supersolutions
and subsolutions to (1.1).

Theorem 3.2. Let u and v be a wviscosity supersolution and a viscosity
subsolution, respectively, of (1.1) in Q x (t1,t2]. Assume, in addition, that

—Uu,v € USC(Q X [tl,tg]).

If

u>v on OQ X (t1,t2] and on Q2 x {t1}
and

u>v, a.e in (Rd\ﬂ) X (t1,1a],
then

u>v in X (t1,ta)].

Proof. The argument to obtain this result is the parabolic analog of [20,
Theorem 4.1]. The subtle difference is in the treatment of the limits with
respect to the time variable when we are outside (2. However, we overcome
this difficulty by assuming u,v € Clec (tl, to; LE, 1(]Rd)) in the Definition 2.2.
Set
M:= sup (v—u).
QX (t1,t2]
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Assume, seeking a contradiction, that M > 0. By the parabolic boundary
ordering, there exists
(.T,E) €0 x (tl,tg]
such that
M =v(z,t) — u(z,t) > 0.
For € > 0, define
z—yl* -7
2 2

M= sup |v(e,) - u(y,7)
m,yeﬁ
t,’TG[tl,tQ}

Let (xc,ye,te,7-) be a point at which M. is attained. It then follows that
M. > M > 0. After passing to a subsequence,

xs,ye—me*, t€77—€_>t*7

and
v(xe, te) — u(ye, 72) — M.

In particular, for £ small enough,

Tey Ye EQ, te,7e > 11.
Define ) )
-y t— T,
¢5(.7},t) = u(ysaTe) + M. + ’ 256’ + ’ 266‘ ;
and

¢€(y> T) = 'U(xa ts) - M. — % - %
Then ¢. touches v from above at (z.,t.), and ¥, touches u from below at
(Ye, 7e). Therefore, by Lemma 3.1, we have

61;¢5(x5,t5) + (_Ap)sv($67ts) <0,
and

Ortpe(Ye, 7o) + (—Ap) u(ye, 7c) > 0.
Subtracting and using the equality of the time derivatives, we obtain

02(_Ap)sv(xsvts)_(_Ap)su(ysaTE):/ O(2)|2|" " dz,  (3.2)
Rd
where

@a(z) = Jp(v(xaa ta) - U(ﬂja + Zata)) - Jp(u(yaa 7'&) - u(ya + 277'5))'

For a € Q, set
E,={zeR% a+2€Q}.

We decompose

RY = (E,, N By, ) U (RI\ (B, NE,,)) = F.UF".
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If z € F_, then both z.+ z and y.+ z belong to 2. Comparing the maximum
point with (z. + z,y. + 2,te, 7c), we get W.(z) > 0, where
We(z) = v(ae, te) — v(xe + 2,t2) — u(ye, 72) + u(ye + 2, 72).
By Lemma 2.1,
Oc(2) = c(Julye, 7e) — ulye + 2,7)| + We(2))"* We(2) 20 for z € F.
Hence

/ O.(2)|z|7*P dz > 0.
Fe

It remains to estimate the exterior part F¢. Choose
1
pi= 7 dist(z*, 02) > 0.

For ¢ sufficiently small, z.,y. € B,(z*), and therefore F* C B5,. Thus, the
kernel is nonsingular on F*¢. We split

egmadsmu:/QQA@&WK@p\dW@
FE F€

+/F QE(Z)X{W520}|Z|_d_Sp dz.
On {W. > 0}, monotonicity of J, gives ©.(z) > 0. Therefore
liminf [ ©.(2)X —=sP gy > 0.
im in /F e(2)Xw.>03 2] zz
We now prove that the negative part vanishes. Passing to a subsequence if
necessary, we may assume
Xpe — XRd\EI* a.e. in Rd.
The assumption that u_,vy € Cloe (tl,tQ;Lé’;l(Rd)), see [20, Lemma 4.1],
gives
liminf u(y: + 2z, 7:) > u(z™ + z,t%),
e—0
and

limsup v(ze + z,te) < v(z™ + z,t7),
e—0

for a.e. z € BS,. Since v(ze,tc) — u(ye, 7:) — M, we obtain
11212(1]1f We(z) > M + u(z* + z,t%) —v(z”™ + z,t%)
for a.e. z € B3,. On RY\ E,+, we have z* + z € R?\ Q. Hence, the exterior
ordering at time t* gives
u(x™ + 2z, t%) > v(a™ + 2,t%) for a.e. z € RY\ Fye.
Consequently,
lim inf We(2)Xp=(2) > MXpa\g . (2) > 0 for a.e. z € R%

e—0 -
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In particular, Xy, <oy Xpe — 0 a.e. in R?. We next dominate the negative
part of ©.. Since

v(xe, te) — u(ye, 72) = M,
and v is upper semicontinuous, and wu is lower semicontinuous near (z*,t*),
the quantities v(x.,t:) and u(ye, 7.) are uniformly bounded. Elementary
bounds for J, therefore imply

0:(2) 2 ~C (1405 (e + 2,t) + w2 (e + 2,7))

for a.e. z € F*°. By the assumption u_,v4+ € Cioc (tl, to; Lg;l(Rd)) we have
Up(2e 5 te) 2o (@ +517) u(ye 4 7) = u (T 4 1)

in Lf’;p_l (ng). Since Xy, <oy Xre — 0 a.e. in R4, the Dominated conver-

gence theorem yields

/ (1 + ol (e 4 2, te) + P (e + 2, Te)) Xow.<op|2| = dz — 0.

Using the lower bound for ©., we conclude

/F @E(z)X{WE<0}\z|*d*5p dz — 0.

Thus
lim inf/ O.(2)|z| 74" dz > 0.
Fe

e—0

Combining (3.2) with the estimate on F_, we obtain

lim inf/ 0.(2)|z| 74" dz < 0.
Fe

e—0
But this can only happen if
liminf W.(z) =0 for a.e. z € Ey-.
e—0
For such z € E,«, we have x* 4+ z € . By the upper semicontinuity of v
and the lower semicontinuity of u,
liminf W.(z) > M — (U(:U* +2,t") —u(z" + z,t*)).
e—0
Therefore
v(z" + 2, t") —u(z* + 2, t") > M for a.e. z € Eg-.
Equivalently,
v(& ) —u(&, ) > M for a.e. £ € Q.

Since v — u is upper semicontinuous, this inequality holds for every & € Q.
Letting £ — 0f) from inside and using the lateral boundary ordering, we
obtain

0> limsup(v(ﬁ,t*) - u(ﬁ,t*)) > M >0,
QB&*}&O
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a contradiction. Hence M < 0, and the claim follows. O

3.2. Weak implies viscosity. We aim at proving that weak solutions to
(1.1) are also viscosity solutions. We will need the following result.

Lemma 3.2. Let w € CYY(Q,(xo,t0)) N LP~ (tg — r2, to; L2 ' (RD)). If
Ow + (—Ap)°w > 0 in the pointwise sense in Q,(xo,to), then w is also
a supersolution in the weak sense in Q. (xo,tp).

Proof. The proof of this lemma follows the same lines as [20, Lemma 3.10]
and we skip it. O

The following lemma establishes the continuity of the fractional Laplacian
at smooth solutions.
Lemma 3.3. Let Q,(zo,to) C Qx (t1,t2]. Suppose ¢ € Cloc(t1, to; L2 ' (RY))
and for (z,t) € Qr(zo,t0),

1
oz, t) = Pp(xo,t0) +b(t —to) + & - (z — o) + §(x —x9) - M(z — o).
Then the function
(ZL‘, t) - (_Ap)s(b(x’ t)a

is continuous at (xg,tp).

Proof. The continuity in space is exactly [20, Lemma 3.8]. We only prove
the continuity in time. Regarding the local term, since

P(x0,t) — d(y,t) = d(o,t0) — ¢(y, o),
we directly get
/ Ip(9(20,t) — ¢y, t)) — Jp(¢(wo, to) — #(y; o)) d
By (z0)

|zg — y|d+sp

y=0.

Regarding the nonlocal term, we use the continuity of the tail. In fact,

/ |Jp(d(20,t) — ¢(y,t) — Jp(P(@o, to) — ¢(y: o)) dy
Bt (o)

|z — y|d+sp

(14 |y, )] + oy, to) )P [d(@o, to) — p(x0,1)] dy

<C
= JBe(ao) |lzg — y|d+sp
Lo (14 6y, )P~2) [6(y, to) — d(y, )] dy
B¢&(zo) ’370 - y‘d—&-sp
lo(y, to) — ¢y, t)[P~!
+C d
Be(x0) 2o — y|dtep Y

1

[6(y.t0) = B(y, 1)~ dy> "

|zg — y|d+sp

< C1 | ¢(xo,t0) — P(wo,t)| + </Bc(

z0)
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where C} depends further on supcpy, 740 [|#(-, t)||Lp71(Rd). These two terms
) sp
clearly go to zero as t — tg. ([l

Now we prove that weak solutions are viscosity solutions.

Theorem 3.3. Let u be a weak subsolution to (1.1) in Q x (t1,t2]. If u
satisfies

u € Cloe(2 X (t1, ta]) N Cloc(t1, to; Lgp_l(Rd)),
then it is also a viscosity subsolution in X (t1,te]. A similar statement
holds for supersolutions.

Proof. We prove only the subsolution part. Let ¢ € C?(Q,(wo,t)), for some
cylinder Q,(xo,t0) C 2 X (t1,t2], and assume that ¢ touches u from above
at (zo,to) in Qr(xo,to). We must show that

Orp(wo, o) + (—Ap)°Pr(z0,t0) <0,
where

z if (z (0, t0),
¢r($,t) = (b( 7t) ( ’t) GQ ( 0 to)

u(z,t) otherwise.

Suppose, seeking a contradiction, that
8t¢($07t0) + (_Ap)sgb?“(‘/n(]at()) 2 € > Oa

for some ¢ > 0.
Up to taking r smaller, we can suppose that ¢ is a quadratic polynomial

P(z,t) = u(zo,t0) + b(t —to) + & - (z — w0) + %(90 —x9) - M(x — x0).

Note that 0,¢(x,t) — Orp(zo,to) = 0.
Using Lemma 3.3, we can find a small 0 < 7 < r such that

8t¢ + (—Ap)s¢r > 8/2 n Qf(mo,to).

In this step we use assumption u € Cloc(t1, to; L5, L(RDY).
We now develop the parabolic analog of [20, Lemma 3.9]. We can choose
functions

n € C3(Brpa(x0)),  0<n<1,  nlw)=1,
and
¢€Cl([t0_F2at0])v 0§¢§ 17 ¢(tO_F2) :Oa ¢(t0) :]-a
such that the function ¢s(x,t), defined by
¢z, ) = dn(z)p(t) if (2,t) € Qr(xo, to),

u(x,t) otherwise,

‘:05($7t) =
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satisfies
€
Sup ‘(8t¢ + (_Ap)s(z)r) - (875()06 + <_Ap)8()06)‘ < 1, (33)
Qr(zo,to)
provided that § > 0 is sufficiently small. Indeed, by the regularity assump-
tion on v, we have

sup [0 — Opps| < 6|04 || oo (tg—72,t0)) < €/8,
Qr(zo,to)

for § small enough. Now, given any (z,t) € Q7(zo,t0), we compute
I(z,t) = [(—Ap)’pr(z,t) — (—Ap)°ps(x, t)].
By Lemma 2.1, we have that Z(z,t) can be estimated by
/ |p(@(z,t) — ¢(y,t) — Jp(d(x,t) — @y, t) + 3v(t)(n(y) — n(x)))]
BT(Z'O)

|y — |dtep

n / |[Jp(@(z,t) — uly,t)) — Jp(d(x,t) — 0y ()n(x) — u(y,t))| dy
R\ B, (x0)

|y — |dtsp

(I6(z, 1) — ¢y, )] + 0 (&) In(x) — n(y))P~ 200 () In(x) — n(y)|

C d
=G By (z0) |y_x‘d+8p Y
_ 2
Lo (Jo(z,t) — u(y,t)] +_5¢Eli)z)($))p 5Y(t)n(x) dy
R\ B, (z0) ly — x|
<c, [ (Ip(a,t) — d(y, )| + T\nﬁxa);‘;iiy)!)p‘%!n(w) —n(y)| dy
'r(xO) y
(|p(2,t) — uly, t)| + on(x))P~2on(x)
c dy,
O R\ B, (z0) |y — a|d+sp Y

where we used that 0 <1 <1 in the last inequality.

Now we split By(xg) into Br(xo) and B, (xo) \ Br(xo). We can bound
the integral over the annulus as follows. Taking = € supp n C B;; (o) and
using the boundedness of ¢, we get

(|p(x,t) — o(y, )| + on(x))P~26n(x) i
d C )
~/Br(x0)\Br(g30) ly — x|dtsp y < C(o,7)9,

which is small for small é.
From here, following the same steps as in the proof of [20, Lemma 3.9],
we can choose 0 small enough such that

Z(x,t) <e/8, forall (z,t)€ Qr(xo,to).
This proves (3.3), which further gives
Orps + (—Ap)°ps >e/4 in Qp(wo,to).

We can then apply Lemma 3.2 to obtain that ¢; is also a weak supersolution
in Q7(xo,t9). We observe that since ¢s > u outside Qr(zg,to), we can use



16 D. JESUS, A. SOBRAL, AND J.M. URBANO

Theorem 3.1 to obtain 5 > u in Q7(xo,ty), but
u(xg,t0) — 0 = ¢(xo,t0) — § = ps(x0,t0) > u(xo, o),

which is a contradiction. O

3.3. Viscosity implies weak. We now prove that viscosity solutions are
also weak solutions.

We define the notion of inf-convolution. Let u € LSC(Q x (t1,t2]) N
L®(R? x (t1,ts]). Given a parameter ¢ > 0, we define

: \y—l‘\QHt—T!}
,t) = f ,T) + .
Us(ff ) (y,T)EI}&%X(tl,tQ] {U(y T) 13

Note that u. is well-defined because u € L®(R? x (t1,t3]), and it is Cb! in

space from above and C%! in time. A useful property of u. is that if u is a

supersolution in € X (t1,t2], then w. is a supersolution in

P. = Qe X (t1 + 2¢||t]|o, t2], where Q.:={zreQ:B o lalis (x) C Q}.
(3.4)

Lemma 3.4. Let u be a viscosity supersolution to (1.1) in Q x (t1,t9] such

that u € LR x (t1,t]). Then, u. is a viscosity supersolution in P-. In
particular, u. solves the equation almost everywhere in P-.

Proof. Let ¢ € C%(Q,(x0,t0)) touch u. from below in Q,(zo,%o) at (xq, o).
We want to prove that

o(x,t) if (z,t) € Qr(zo, to),

ue(x,t) otherwise,

P(x,t) =

satisfies

Oyip(wo, o) + (—Ap)*Y (w0, to) > 0. (3.5)
Let (z¢,t.) be the point satisfying
‘330 - $5’2 + ‘t[) - ts’

Ua(xo, tO) = U(mavta) + c

=ce¢
and define
D(x,t) = p(x 4+ x0 — Tyt + tg — te) — Ce.
It then follows that @ touches u from below in Q,(z.,t:) at (zc,tc). Since
u is a viscosity supersolution to (1.1), we obtain that

o(z,t) if (z,t) € Qr(ze, te),

u(z,t) otherwise,

E(xv t) =

satisfies

O (e, te) + (—Ap)*(xe, t) > 0.
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To obtain (3.5), it is enough to prove (—Ap)*(zc,t:) < (=Ap)%(wo, to),
since Opp(@e, te) = Onp(@o, to).
We note that for € B, (z.), we have
E(xeate) - @(l’,ts) = <P(960,t0) - 90(1' +xo — xs,to)-
Moreover, by definition of u. and @, we obtain
B, te) — ue(z, to) < ue(z0,t0) — ue( + To — 2, 19), for z e R™L

Therefore, by monotonicity of .J,, we obtain after changing variables in the
integral,

(=) (e, 1) < (=)t 0, o).
This concludes the first part of the proof. The fact that the inf-convolution
solves the equation almost everywhere is a standard property of these mol-
lifiers; see, for example, [10, Lemmas 4.3 and 5.7]. O

We now have the following Caccioppoli-type estimate, which follows as a
consequence of [23, Corollary 2.1].

Lemma 3.5. Let u be a weak supersolution to (1.1) in Q x (t1,te] satisfying

Jwll oo (e (t1,1]) < M
for some M > 0. Then for all KK x (11, 72] € Q X (t1,t2] we have

u(z, t) —u(y, t)[”
dxdydt < C, 3.6
/ //ICXIC |:B - |d+5p ( )

where C' > 0 depends on K x (11, 72], Q X (t1, t2], M and universal constants.

Proof. By [23, Corollary 2.1], we obtain, for any Q = Qa(z0,ty) C Q X

(tly t2]7
—u(y, t)”
drdydt
/to 72 /r (z0) /T(zg |$ - |d+sp
< yr—*P // uP (,t) do dt 4 yr~ P P // |u(z,t)| dz dt
Q
+ yr- // (z,t)dxdt
<C(r,M).
Now, for any arbitrary set ICx (71, 2] € £ x (1, t2], we can use a standard

covering argument (see, for example, [22, Lemma 5]) to obtain (3.6). O

The next result states that if © can be approximated by a sequence of
weak supersolutions, then it must be itself a weak supersolution.

Proposition 3.1. Let (u;)jen be a sequence of weak supersolutions to (1.1)
such that
”uj”Loo(Rdx(tl,tQ]) <M, foraljeN.
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Suppose that u; converges to a function u almost everywhere in R? x (tq,19]
as j — 00. Then, u is a weak supersolution in X (t1,t2] as well.

Proof. Let K x [11, 2] @ Q X (t1,t2] and ¢ be a nonnegative function such
that

© € LP (71, To; Wos’p(lC)) N Hl(Tl,TQ;L2(,C)).

By the definition of weak supersolution we have

/uj(x,t) (z,t) dx / /u] x,t)Opp(x,t) dr dt
K

T2
T2

< g(uj('at)>30('vt)) dt

= 8(u(-,t),<p(-,t))dt+/

T1 1

i, 8), 0 ) = EQul-, 1), o )| dt,

(3.7)
where the quantity E(v(-,t), p(+,t)) is defined as
)

// Tp(v(@,1) — vy, ))e@,t) = e 1) 4 g,
R xRY v — yldtep .
Now, we spht E(uj(-,t), (-, 1)) — E(ul-,t), (-, 1)) as follows

p(uj(@,t) — ui(y, 1)) — Jp(u(z,t) —U(y,t))] (p(z,t) — ¢(y, 1))
//IC . dy dz

|z — y|dtep

+2/ / p(uj(z,t) —u;(y,t)) — Jp(u(z, ) —u(y,t))}cp(:v,t)

|z — y|d+sp dy dz

= Ay (t) + 242;(t).

We wish to take the limit as j — oo in equation (3.7). By the dominated
convergence theorem, we obtain that the LHS converges to

—/u(x,t) x,t) dx / / u(x, t)opp(x,t) do dt.
K

The proof follows by showing that
lim (Aq;(t) +2A42,(t)) =0,

T2
J—=oo J oy

and this can be done by reasoning as in the proof of [22, Theorem 10], using
the bound from Lemma 3.5. U

We conclude this section with the implication that viscosity solutions are
also weak solutions.

Theorem 3.4. Let u be a viscosity supersolution to (1.1) in Q x (t1,t2]. If
u € L(RY x (t1,t9]) NLSC(RY x (ty,ts]),
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then u is a weak supersolution as well. A similar statement holds for subso-
lutions.

Proof. To prove the supersolution property, let @ € Q x (t1,t2], and € > 0
be small enough such that Q C P-, where P; is given by (3.4).

Let ue be the inf-convolution of u, which solves the same equation almost
everywhere in ) C P- by Lemma 3.4. Now, we use Lemma 3.2 to obtain
that u. is a weak supersolution to (1.1) in @ for every £ small enough. By
standard properties of the inf-convolution, we obtain that u. — u almost
everywhere in R? x (t1,t] as € — 0. We then use Proposition 3.1 to obtain
that u is a weak supersolution to (1.1) in . The proof is done once we
recall that Q is arbitrary.

Regarding the subsolution property, we need to consider sup-convolutions,

which are defined as u® := —(—u).. They satisfy properties similar to those
of the inf-convolution and approximate u from above. The very same rea-
soning applies to obtain that u is a weak subsolution. [l

4. PARABOLIC LIPSCHITZ REGULARITY

In this section, we establish a Lipschitz estimate in the spatial variables
for solutions of (1.1), thereby extending to the parabolic setting the corre-
sponding results in [4] and [3].

For a viscosity solution u to (1.1), we crucially assume that

u € Cloe(—1,0; L (RY)),
and work in the normalized setting

l[ull oo (1) + s ]\IU('J)IIL@;(W) <L (4.1)
e(— )

Moreover, we shall use the following bootstrap hypothesis. For some

k € (0,1), assume that there exist constants C1(k) and Cy such that, for

every x,y € By and t,7 € (—1,0],

u(x,t) —uly, 7)| < Cr(k)|lz —y|” + Caft — [, (4.2)
The initial exponent k = kg is provided by Theorem 2.1 for weak solutions,
which, using the implication in Theorem 3.3, are also viscosity solutions,
and therefore the viscosity argument below applies to them. The Ishii-Lions

method will be used to improve the spatial exponent in (4.2); iterating this
improvement yields the desired spatial Lipschitz estimate.

4.1. The setup. Our aim is to prove that if u is a viscosity solution to (1.1)
in @1, then there exists a universal constant L such that

IVullLe(Q, 5 < L-

For that purpose, we set up a parabolic Ishii-Lions type argument.
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For constants L, Lo, 5* to be fixed, and tg € (—1,0], define the function
with doubled spatial variables

O(z,y, 1) = u(z,t) — u(y,t) — Lw(le - y|) = Lap(x) — La(to — )7,
for z,y € By and t € (—1,tp], where w is either a Holder or Lipschitz
modulus of continuity, to be defined later, and ¢ (z) := o (x)™, m > 2, for
a smooth nonnegative ¢y that vanishes on Bj/; and is strictly positive on
B1\ B, /2. This choice implies that there exists a constant C' > 0 such that

IV(z)| < Cp(z) ™, forall z € By. (4.3)

We will prove that, for a choice of Lo, m, and 8* large and universal, there
exists L large enough such that the function ® is nonpositive, which implies
that v has modulus of continuity w in space at t = t3. For the sake of
simplicity, we assume tg = 0.
Seeking a contradiction, we assume there exists a triplet (Z, 7, ) such that
(I)(jagaf) = sup (b(x)yvt) = ML > 0.
x,y€B1 and t€[—1,0]
Now we double the time variable as well. Define
Ui (@,y,t,7) =u(z,t) —u(y, 7) — Lw(lz —y|) — Latp(x)
— Ly(to — )" — K(t — )2
Then the following must hold
My = sup Uy (x,y,t,7) > Mg > 0. (4.4)
x,y€B and t,7€[—1,0]
We moreover define
aK =Tk — Yk, brx =1k —TkK.
From the above considerations, we immediately get
Lw(|aK|) + L2¢($K) + L2(7tK)1+6* + K(tK — TK)2 < 2.

By making Ly large, we force 5 € Bsg and [tx| < 1/4. From w(|ak]) <
2/L, we see that |ax| — 0 as L — oo and therefore yx € Bg/g by taking L
large. Finally, from K(tx — 75 )? < 2, we get |bgx| — 0 as K — oo and so
we can take K large so that |7x| < 1/2.

Since My > My > 0 we also know that, up to subsequence ax — a as
K — oo for some a satisfying |a| > 0.

In the argument of this section, we will consider L to be a constant fixed
large enough to satisfy some conditions which will appear throughout the
section, but which is independent of K. Then, we take K large enough so
that |ax| > |a|/2. Note that @ depends implicitly on L, which is fixed. We
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can now take K possibly even larger to ensure the following

., dz
sl | [t + 2.t =l + 270 (4.5)
1
16
a
<1 < jag. (4.6)

Therefore, K depends on L, but this dependence is harmless. Moreover, K
depends on the modulus of continuity of the Tail of u. But since L does not
depend on K, this dependence is harmless as well.

Define the auxiliary function

¢(z,y) = Lw(lz —y|) + Lavo(x). (4.7)
In order to obtain viscosity inequalities, we define the following test func-
tions

w (l' t) = A+ ¢($7yK) + L2lt|l+ﬁ* + K(t - TK)2 for z € B51 |aK|(:EK)a
e u(x,t) otherwise,

sy, 7) = Ay — p(xg,y) — K(tg —7)° for y € By, oy (UK),
’ u(y, ) otherwise,

where A1 = u(yr, 7)) + Mg and Ay = u(wg,tx) — My — Lo|tg|' T8, The
constant 01 will be chosen to be small, possibly depending on |ax|. The time
variables t and 7 are defined in a neighborhood of tx and 7k, respectively.

Note that w touches u from above at (zx, tx) and we touches u from be-
low at (yx, 7). Therefore, by the viscosity condition, we have the following
inequalities

Owi(xk,tk) + (—=Ap)°wi (2K, tk)
Owa(yx, i) + (= Ap) w2 Yk, Ti)
Subtracting the inequalities, we obtain
I = (=Ap)’wi(rk, tx) — (—Ap) w2 (yx, &)
< Qywa(yx, Tie) — Oywi (e, tre) = Lo(1 + B%)(—tg)”.

For the sake of organization, we will split the analysis of the term Z and
the time derivative part into several lemmas, and put all of them together
in Section 4.4 to get a contradiction in the different scenarios, with the fact
that we are assuming (4.4).

The next lemma gives a bound for d,ws(yx, T ) — Oyw1 (2K, tx ), using the
already known regularity.

<0
> 0.

(4.8)

Lemma 4.1. Let u be a viscosity solution to (1.1), and assume (4.1) and
(4.2). Let K be large enough so that (4.5) holds. Then, the quantity T
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defined in (4.8) satisfies

B
I < C(r)|ak|77, (4.9)
where C > 0 depends on Lo, 8%, k, and universal constants.

Proof. From the previous discussion, we know that the point where the
supremum (4.4) is attained is interior. Since the supremum in (4.4) is posi-
tive, we have

LQ(—tK)1+/6 < u(a;K, tK) — u(yK, TK).
Combining it with assumption (4.2), we obtain

Ly(—tx)"™"" < C(k)|ax|" + Cilbg|™.
In view of (4.8), we obtain

< L1+ )t

1 * *
= (14 8L OT (Clmlax]" + Crlbx ) 7

Using that |bx|"0 < |a|/2 < |ak]| < |ak|®, we conclude. O

4.2. The cone of concavity. Take a € By, and let 9 be a very small
number, to be fixed later, possibly depending on a. We define the cone C(a)
as

Cla) = {z€B|a/2: [(a, 2)| > 1/1— 62 al |z|} (4.10)

We will consider two different moduli of continuity, the first one of Holder
type and then one of Lipschitz type, modified by a lower order term to make
it strictly concave. We denote them respectively by

wy(r) =17, (4.11)

and
n r
r+ —.
201og(r/4)
We use the notation 62f to denote the second increment of a generic
function f as

w(r) =

(4.12)

62 f(x,2) = f(z) +Vf(z) 2 — flx + 2).

In particular, when we write 6%w(] - |)(a, z), we mean
a
*w(| - )(a, z) = w(lal) + w'(al) T

We start by bounding the second incremental quotient of the moduli of

—w(la+2)).

continuity.

Lemma 4.2. Let a € By and z € C(a). Assume that 69 < ¢o for some
small universal constant ¢o. Then the following estimates hold

cla"7*[z* < 6%w, (] - [)(a, 2) < Cla]" 2|2 (4.13)
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and

|22 < 0%6(] - D(a, ) 212, (4.14)

- S -
|l log? |al |l log? [al

where ¢ and C' are universal constants.

Proof. Since (4.14) is exactly [14, Lemma 6.4], we only prove (4.13). When
a and z are colinear, we can use a Taylor expansion for w, to write
1
2 2
07wy (| - )@, 2) = =Wy (©) |2,
for some ¢ in the line segment [a,a + z] C [a/2,3a/2], where we have the
estimate w/(§) =~ la|"=2, by which we mean that there exist two constants
0 < ¢ < C such that —Cla[""? < w!/(€£) < —c|a[?~2. This concludes the first
case.
When a and z are not colinear, we write z = z; + 22, where z; points in
the direction of a and 23 is perpendicular to a. By Taylor expansion in zs,

0 <wy(la+ 21+ 22|) — wy(|a + 21])
1
=Vwy(la+21]) - 22 + 572 DZw,([€])z2,

where now ¢ is some point belonging to the line segment [a + 21, a + 21 + 22].
We can compute the Hessian to get
I IA(S)) (I £®£>

2 T U R

D2wy(€]) = (1)
and hence
|D2w, (€])] < Cle[2 < Cla 2,

Moreover, by radial symmetry, V,w~(Ja+z2|) is perpendicular to 23 at z = 1.
Thus, we proved

0 <wy(la+ 21 + 22]) —wy(Ja+ z1]) < C’\aW*Q]zQ\Q.

By the first part of this proof,

)+ (lal) o 21 =l z1]) 2 a1
Therefore,
8w (|- 1)(a, 2) =wy(|al) +w;(\a|)% (21 + 22) —wy(la + 21 + 22])
= wv<|a|>+w;<\a|>‘%|-zl—w7<|a+zl|)

— [wy(Ja+ 21 + 22]) — wy(Ja + 21])]

< Cla|" %z %
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We can also bound it from below by
8wy (|- (@, 2) > erla [z ]? — el 72|z
> cilal" 2|2,

where we used the condition z € C(a) in the last estimate. This concludes
the proof. O

Once we have estimated the second increment of the modulus of continuity
w, the next result follows easily.

Lemma 4.3. Let ¢ be as in (4.7). Let v,y € By, and assume that |a| =
|z —y| is sufficiently small. Then, the following estimates hold for z € C(a).
(i) For w(r) = wy(r), we have
cLlaf 2|22 < 82(y)(w,2) < CLla]22f2

(ii) For w(r) = w(r), we have

\2‘2 2
Ly < ¢(.y)(x,2) < CL
|a|log?(|al)

(iii) The same estimates hold for 6%¢(z,-)(y, 2) in both cases above.

ki

|al log®(Jal)”

The constants ¢ and C above are positive and universal.

Proof. The estimate for the case w = W is exactly the same as [14, Corollary
6.5]. We only prove the estimate for w = w,.

The second increment of w, is given by Lemma 4.2. The function
is smooth, hence its second increment is bounded by the maximum of its
Hessian. So we get

|8%0(x, 2)| < Claf? < ela 2|2,

where we can make ¢ small by taking |a| smaller. Therefore, we make it so
small that we can absorb this term into the first one. This concludes the
proof. O

In the above lemma, we obtain a positive growth for §2¢ for directions in
C(a). For the remaining directions z € B4 /2, the best estimate we can hope
for is |D?¢(z,y)| < CLW'(|a])/]a|. Thus, for both cases of w, if |z| < |a|/2,
then we have the useful bound

W (la
Pote 9] < cr2 (4.15)
4.3. Decomposition of the domain. In this section, we estimate the
left-hand side of (4.8), which we denoted by Z, using ideas from [3] (see also
[14]), by splitting the domain of integration into four parts and estimating

each of them separately.
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Recall that we denoted ax = zx — yx. Let C = C(ag) be the cone of
directions defined in (4.10), with parameter dp. Let also
Dy 2351 |aK|ch’ D, :Bl/lﬁ\(Dl UC)

Here §; is a small quantity to be chosen later, depending possibly on |af]|.
We will assume that 1 < dp.
Given D C R?, we introduce the useful notation

L[D)w(z) = /D Jp(w(z) —w(z + 2)) [2| P dz
|

- / w(z) —w(z + )" (w(e) — w(z +2) [P d=.

We then write the quantity Z from (4.8) as
I = [L[Clun(rk,tk) — L[Clwa(yk, TK)
+L[D1|wi(zk, tx) — L[D1]wa(yx, Tk )
+L[Dolwni (2r, tr) — L[Dalw2(yx, )
+£[BT/16]“’1($K7 tk) — ﬁ[Bf/l(S]wQ(yK: TK)
= L+ +13+14.

We start with the estimate in the concavity cone.

Lemma 4.4 (Estimate in C). For L sufficiently large, we have

Iy > C(Lw'(!aK\))pz/C\Z|p2dsp52¢(',yK)($K72) dz. (4.16)

The constants L and ¢ are universal.

Proof. Recall that
T, = L[Clwi (zk, tr) — LIClwa(yk, TK)-

We estimate only the term with xg, since the other term can be bound
identically.

Denote 4(z) = V,0(xk,yK) - z, and note that since C is symmetric, we
get

L[C](¢) = 0.
From (4.4), we obtain
Vi(rk + 2,9k, tk, TK) < VK (7K, YK, tK,TK), 2 €C.

We note that the terms depending on time cancel perfectly, and we obtain

wi(zr + 2, tk) —wi(zK, tx) < d(rk + 2,yx) — d(7k,yx), =z €C.
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From the monotonicity of .J, and applying Lemma 2.1, we get
LClwi(zk,tx) > LIClo(-, yr) (k)
= L[Clo(-, yr ) (zr) — LICl(7K)
1
~0=1) [ [ 1)+ ot o)
0
X 62¢('7 yK)(‘TK’ Z) dﬁ |Z|_d_sp dz.

To further bound this integral, we start by noting that Lemma 4.3 implies
that 62¢(-, yx)(wk, 2) is strictly positive for z € C. Note also that

Ved(,y) = LW(Ix—yI)‘ ‘+L2V¢( x)

and that, for both cases w = w, and w = w, we have that w'(|zx — yk|) is
away from 0. Hence, by taking L large, depending only on Lo, we get

6:)] > 2l axcDlel, = ec
Thus, we can further estimate
cletun (o, t) = e (L (lal))*™? [ 227600 i) o, )
as intended. Similarly, we get ’
L[Clwa(yx, Tr) < —C(Lw'(!aK))pQ/c 2P P2 (e, ) (2, yx) .

This concludes the proof. O

Next, we write the estimate on D;. Recall that J; is the parameter ap-
pearing in the definition of D;.

Lemma 4.5 (Estimate in Dy). Let (vk,yx,tx,Ti) satisfy (4.4). Then for
L sufficiently large, we have

Ty > —C(Lw' (|ak )P~ 15” ag [PA=9)-1, (4.17)

The constants L and C are universal.

Proof. As before, from (4.4) and the monotonicity of .J,,, we have

ﬁ[Dl]wl(:EK, tK)

1
=(p-1) /D /0 [6(2) +n0* ¢, yw) (e, 2) P 2826 (- yro) (e, 2) dplz] =47 e
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We estimate §2¢(-, yx)(zx, z) using (4.15). Moreover, by taking L larger,
depending on L and universal constants, we obtain, for every n € [0, 1],

o (ax]) o

10(2) + 0% (-, yx ) (K, 2)| <OL|W (|lak])| |2 + CL ]

< CLIW (lax )] |2]-

Therefore, we get

L[D|wi(zk, tx) = —C(Lw/(|(1KD)p_1|CLK|_1/ |o[p—d-spdz

D1
= — C(Le! (laxc )87 age P71,
An identical bound holds for —L[D;|wa(yx, Tk )- O

‘We now bound the term in Ds.

Lemma 4.6 (Estimate in Dy). Suppose that u satisfies (4.2) for some

K€ (Oa min{sp/(p - 2)a 1})
Let K be large enough to satisfy (4.5). Then, for any 6 € (0,1) and for any
L large enough universal, we have

lar|® 1 |ax|?
Ty > —C[/ prP=2)+1=sp gy 4 aK\m“/ rrP=2=sp gy
0 0

tlax] tlax] (4.18)
N ‘QK‘me(n(pQ)sp)] .

Here, C' depends on k, [u] o and universal constants.

Proof. Let 6 := |ag|’ for some 6 € (0,1) fixed. Since |ag| is small, we have
dlag| <d < %. We divide Z3 in two parts as follows

I3 = LDz N Bslu(zk, tx) — L[D2 N Bslu(yr, Tk )
Tin
+ L[D2 N B§lu(zrk, tx) — L[D2 N B§lu(yk, 7k ) -
I3,2
Define 6* f(x, 2) = — f(z + 2). As before, we write 731 as

I31=( —1//‘516 TK) (YK, 2)+

+ (6 ul tx) (wk, 2) — 6 ul, Tie) (Y, 7))

x (51'&(',75[()(1;}(’ Z) - 61“(',TK)(yK7 Z)) d77|z‘_d_5p dZv

where Ej = Dy N By. Recalling that (vx,tx) and (yx,7x) are the points
where the maximum in (4.4) is attained, we see that ¥y (zx, yx,tx, TK) >

p—2
) x
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Ui(rrg + 2,9k + 2, ti, Tic) and
61u(-,tK)(xK,z) — 51u(-,TK)(yK,z) > CLgéll/J(xK,z),

which implies

1
T 2 Ot [ [ [phutmo e )+
E; Jo

p—2
+n(0tu( ti) (K, 2) = 8 u(, i) (Y, 2)) | X

x 0lip(xg, z) dn|z| """ dz.
Since u € CO’“(Q5/6) in space, we get
168 (o 7r0) (Y, 2) + n(0 (st ) (e, 2) = 8 ule, 7)) (Y, 2))|
S B[U]CO,K(Q5/6)|Z’H.
Using Taylor’s expansion of v, we get
0" (ax, 2)] < C (122 + [Vib(ar)] =)
We can further bound 73 ; by

I31 > —CLo [/ |2|F (P2 +2—d=sp 4,
'DQHBS
+ |vw($K)|/ |2’H’(p_2)+1—d—5p dZ:|
DQﬂBS

> —CLo

lak|? lak|?
/ pEP=2)F+l=sp gy 4 \Vi(zk)| pE®P=2)=sp qp |
)

tlak] d1lax]

From (4.4) and (4.5), we also have
1
Y(rk) < Iy
1 C(r)
S R KO <
L (Callaxcl + Calon) < S

(u(zk,tr) — w(yk, TK))

<

lax|".

Recalling (4.3), we get

m—1

voterl < (000 ) 7 = ciland

We use this to conclude the estimate for Zs 1

lax|? N
/ rm(p—2)+1—sp dr + Cl’aK‘ /4/
é 1)

1lax|

lax|?

131 > —CLy

tlax|

pr(P=2)=sp dr] .

For the term 732, we can proceed in a similar way to get
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o > —Cllagl® + bx|™) / oKD dep g

DQOBE
1

> —Clag]|” ﬁlﬁ peP=2)=sp=1 4.
)
> —Clag | H0p=2)=sp)
The proof follows by combining both estimates. O

Finally, we control the term involving the tail. Here, we use Assumption
(4.5) in a crucial way.

Lemma 4.7 (Estimate on Bi 16
some k € (0,1] and let K be large enough to satisfy (4.5). For L large

enough, we have

). Suppose u satisfies Assumption (4.2) for

Zs > —Clak]|®, (4.19)
where C' depends on universal constants and [u]cr .

Proof. Recall that

|Z4] =

/ Jp(u(zk, tr) —u(z, tk)) |k —z[ﬁd*‘gpdz
B¢ (vk)

- / Jy(ulyses i) — w7 )|y — 2P e
B% (yx)

We break Z, into three terms |Z4| < J1 + J2 + J3, where

Jim / ( )Jp<u<xK,tK>—u(z,tK>>(|xK—z\‘d‘”—\w«—z\‘d‘s”) dz|,
Cl xK

16

Jo = / Jp(u(rk,tr) —u(z, tr))|lyx — z|*d*5p dz
B”%G (zk)

— / Jp(u(zr,tr) —u(z, tx))|lyx — z]*d*‘gp dz
B%(Z/K)

— Jp(U(l'K, tK) - U(Z, tK)) — Jp(u(yK7 TK) - U(Z, TK))
J3 = i dz
B¢ (yK) ’yK - Z‘

1

When |zx — 2| > & and |ak| is small, for some constant C, we have

ok = 277y — 27| < Clage — 2|77 x|
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We bound the first term as
J1 < Clak|.

To bound 72, we can assume that |zx — yx| < 1/32 up to taking K large.
Note that we need only to integrate in the symmetric difference of the balls
B% (xk) and Bl% (yx), which we denote by B% (xK)AB% (yi). Since
|B%(a:K)ABT16(yK)| < Clzrx — yi| and for z € B%(a:K)AB%(yK), we

have |yx — 2| > & — lak| > 35

> 16 35, We estimate Jo as

J2 < Clak|.

To estimate J3 we use Lemma 2.1 to bound Jp(u(zk,tx) — u(z,tk)) —
Jp(u(yr, 7)) —u(z,7K)). More precisely, by Holder continuity of u in space
and time, we obtain

lu(zk,ti) — w(z ti) — (u(yr, 7)) — u(2, 7))
<Clag|” +|u(z, tx) —u(z, 75)| + C|bk |,

which, using that |bx|™ < |ax|®, allows us to get

T3 < Clag|" + C/ (lull oo (@u) + [wlyic + 2ot + [wlyie + 2, 7)) x
B

c
1
16

X [u(yr + 2, tr) — u(yx + 2, 7i)||2| 74P de.

Using Holder inequality with exponents p — 1 and =%, we obtain

p—2’

1
p—1

B <C [lanl + | [ Tl + 2 t0) = e+ 27 Pl

5
By Assumption (4.5), we conclude that
J3 < Clak]|".
The proof is complete. O

4.4. Proof of the Lipschitz regularity in space. We gather the previous
results and prove the Lipschitz regularity in the spatial variable.

Theorem 4.1 (Lipschitz in space). Let u be a viscosity solution to (1.1) in
Q1. Suppose further that u € Cloe(—1,0; L ' (RY)) and (4.1) and (4.2) are
in force. Then, u is Lipschitz in space at ty and satisfies

lu(z,to) — u(y,to)] < Clz —yl|, forall z,y € Byjs.
The constant C is universal.

Proof. Denote 4 := min{1, sp/(p — 1)}. For each fixed L, we take K large
enough to satisfy (4.5).
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We split the proof into the following five steps, assuming that tg = 0 in
each step.

(1) We show that u € 02’7_ locally,

(2) We show that u € C37 locally when 7 < 1,
(3) We show that u € Co" locally when 7 = 1,
(4) We show that u € C9' locally when 7 < 1,
(5) We show that u € C' locally when 5 < 1.

Step 1: We use a bootstrapping argument to prove that u € co locally
for every v < 4. Suppose that u € cor locally for some k € (0,7). Set
. 1 sp—(p— 2)7}
K1 =min< vy, K+ , K+ .
{ 2(p—1) 2(p—1)

Sp Sp
< )
p—1 p—2
we have sp — (p — 2)y > 0. Moreover, k1 < k+ 1/(p — 1), and therefore we
can choose m > 3 large enough so that

Since

m—1

kKp—2)+1>ki(p—1)— K. (4.20)

In this step, we take dy equal to the universal constant ¢y in Lemma 4.2,
and we choose w to be the Holder profile wy,. Define

E=ri(p—1)— sp.
Since k1 < sp/(p — 1), we have
£ <.

By Lemma 4.1, we have

Ty + Ty + Ts + Ty < Clax| 57 < €. (4.21)

We estimate each of these four terms. By Lemma 4.4, we have
T, > cLP Hagl®.
For Z,, Lemma 4.5 gives
Ty > —CLP ag €607,
We take §1 universally small, depending on dy, so that
T+ Ty > e LP a6 (4.22)
We now choose . Since
sp—(p—2)y sp—(pP—2)k _sptrk

< _— < = ,
K1 < K+ b1 K+ b1 b1

we obtain
E=kri(p—1)—sp <k.
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Also,
sp—k(p—2) >0,

because k < v < sp/(p — 2). Hence we can choose 6 € (0,1) so small that

k+0(k(p—2)—sp) >E. (4.23)

We next estimate Zs by applying Lemma 4.6 with this value of 8. The

third term is directly controlled by (4.23):

|aK’m+9(n(p72)fsp) < |aK’57
for |ax| < 1. For the second term, using (4.20), we have

m—1

kK(p—2)—sp>&E— k—1.

Therefore, since 0 < r < 1,

m=1 . Jaxc|? k(p—2)—s m=1 . ! g_m=1,. 1
lag| ™ rrP Pdr < lag| = r<Tm dr
0

1lak| d1lax|

< Cs,lakl®.

Recall §; was chosen universally small. For the first term, we use the choice

< _
/@1_/<c+2(p_1)

This gives
1
S:Fal(p—l)—spgm(p—1)+§—sp.
Hence

1
8—13/@(p—1)—3p—§</<o(p—2)+1—sp.
Thus, again because 0 < r < 1,

laz!|? 1
/ prP=2)+1=sp q;. < / rE1
d1]ax]| d1]ak]

< C’51 |aK ’5'
Combining the previous three estimates, we obtain
Iy > —Colak|®,

where Cs may depend on the fixed universal parameter ¢ .
Finally, Lemma 4.7 gives

Ty > —C|CLK|K > —C5.
Combining these estimates with (4.21), we reach

‘a;dg (Cle_l — CQ) < Cj + Cs.
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For L sufficiently large, the factor ¢;LP~! — Cy is positive and tends to
infinity. Since £ < 0 and |ax| < 1, we have |ax|¢ > 1. Therefore, the left-
hand side becomes arbitrarily large as L — oo, contradicting the previous
inequality. This proves that u € C2™ locally.

If k1 = v, we are done. Otherwise, we repeat the argument with &
replaced by k1. Since, until the last step,

1 sp—(p—2)y
2p—1)"  2(p—1) }>0’

the iteration reaches ~ after finitely many steps. Hence u € co locally.

Rj+1 — Ry > min{

Since v < 4 was arbitrary, we conclude that u € co7” locally.

Step 2: We show that u € co7 locally, when
Sp
p—1
From Step 1, we know that u € Co"(Q1) for all k < 7.

In this step, we take dg equal to the universal constant ¢y in Lemma 4.2
and w to be the Holder profile wy. We use Lemma 4.1 to get

5= <1

rB*
T+ 1o + 13 +I4§C’CLK’W < (Cp. (4.24)

We estimate each of these four terms. By Lemmas 4.4 and 4.3, we have,
since ¥(p — 1) — sp =0,

7 > ch71|aK|'7(p71)fsp(56l_l = cLP7lod
For Z,, we use Lemma 4.5 to get
T, > —CLP Vag [P~ D=spsP 0% — _cpp=160179),
We can take 61 to be universally small, depending also on dg, so that
Ti+Tr > o L
Now we deal with the term Zs. We choose k < 4 large so that
k(p—2) —sp>—1.
Then we take 6 € (0,1) in Lemma 4.6 small enough to satisfy
k+0[k(p —2) — sp] > 0.
Since u € C" locally, we get from (4.18) that
I3 > —Ch,

since all the exponents of |af| in the three terms obtained are positive.
From Lemma 4.7, we get

Ty > —Clag|" > —Co.
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Combining these estimates in (4.24),
aLP71 < Cy+ Oy + Cs.

Hence, the contradiction follows easily by taking L large enough.
Step 3: We now consider the case

Sp
p—1
In this case, we take dg = ¢|log(ak|)|~! and 6; = ¢1]log(|ak|)|~9, where
Co is given by Lemma 4.2, ¢; is a small number and ¢ is a large number to
be fixed universally. We also take w = @ to be the Lipschitz profile.

Then, from Lemma 4.4 combined with the bounds from Lemma 4.2, we
get

y=1<

Ty > eLr™? /C 2727 (L((aelog(Jax])) V2 P?) d

4 lak|/2
> ch—1(|aK|1og2(\aK|))—1501/ PP(1=5)=1 g
0

= L (Jax|log? (Jagc[) 7' 65 a7 )
— DP9
For 75, we get from Lemma 4.5 that
Ty > —CLP 5P | g g P91,
Since |ag| is small, we can take ¢ large, universal, so that
syt — oot > St
thus getting
T+ Ty > et LIP3 ag P97

Before bounding 73, we choose the parameters x, m, 0 as follows. From Step
1, we can suppose u € C’%“(Ql), for k € (0,1) chosen large enough so that

k(p—1)+1—sp>0.
We then take m large enough to satisfy

m—1

k+k(p—2)+1—sp>0.
Finally, we pick 6 € (0,1) small to satisfy
k+0[k(p—2) — sp] > 0.
With these choices, we bound each of the terms in (4.18). By the choice of

R,

anl
/| x| Tn(p72)+lfsp dr < C‘CLK‘G[N(pr)Jersp]_
§

1ak]
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Since p — 1 < sp, we have k(p — 2) — sp < —1. Thus

_ lax|® _
|aK|mTl’i /6 ,rn(p—2)—sp dr < C|aK|m7—n1/$51’4(P—2)—$P+1 |aK’n(p—2)—sp+1

1lak]

_ C(Sf(p72)75p+l ‘GK| m—1, 4 k(p—2)—sp+1

m

Hence, we get

Ty > — C[|GK’9[n(p72)+2fsp} + 5';(17—2)—813-1—1’aK‘mTfanrn(pr)fserl
+ |ag | HOlEP=2)=sp]

> 015?(1)—2)—5])""1 |GK

lax

9

for some 6,, > 0.
Finally, we use Lemma 4.7 to get

I4 Z —02|CLK|H.

Using the estimates above for each term and (4.24), we obtain

oy wB*
1 LIP3 a g [PO-9-1 < 0y 5P 70HY g fr 4 Chlag|® + Clag|T+77 .

Since p(1—s)—1 < 0, this inequality can not hold for L large enough (which
implies |ax | small).

Step 4: We prove that v € oo locally for every v < 1, when sp < p — 1.
Let dg be equal to ¢y given by Lemma 4.2. We can also assume, from Step
2, that u € oo locally for

Sp
= 1
p—1<
We choose
. { +/€(2—/{)}
Ki=min<vy, K+ ——>p.
4(p—1)

Equivalently, since k = sp/(p — 1),

. spl2(p—1) —s
m:mln{% K+ p[él(?p—l))3 p]}
Set

€:=rip—1) —sp=(p—1)(k1— k).
By our choice of k1, we have
4
We take m > 3 so large that
m—1

E<

K.
m
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We start by proving that u € com locally and then conclude using a boot-
strapping argument. Here, we choose w to be the Holder modulus of conti-
nuity wy; -

Using Lemmas 4.2, 4.4 and 4.5, by taking d; universally small, we get

T +T, > %Lp—l\amg.
Since sp < p — 1, from Lemma 4.6 we obtain
Ig > -C [|GK‘9(2—5) + |aK|mT_ln+0(1—n) + |aK‘n(1—0) ’
for every 6 € (0,1). We now choose

g — & :&1(p—1)—sp
2—kK 2—kK '
By the choice of 1, we have

K
< - <1.
!
The third exponent is also strictly larger than £. Indeed,
K
1-6)> (1 . f) ,
K ( ) > K 1

while 0 )
k(2 —kK
< —"
&€= 4
Hence

m(1—9)—52m(1—2)—“(2;“)=;>0.

Finally, for the middle exponent, our choice of m gives

m—1 m—1

k+0(1—k)> k> E.

Consequently,

I3 > —Cylakl®.
Finally, Lemma 4.7 gives

I, > —Colagl”,

and Lemma 4.1 gives
wB*
T+ Iy + I3 + Iy < C3lak | TFF7.
Combining the estimates above, we arrive at
c rwp*
3 L7 k| — Cilax|® — Colax|® < Cslaxe| 7. (4.25)

Since
k(2 — K)

<
£ 4

<K,
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we can choose 8* large enough so that
B*
1+ B*
Dividing (4.25) by |ak|¢, we obtain

> €£.

K

nﬁ* _
%Lp_l — C1 — Calag|"¢ < Csfag |77 %,

Since Lwy, (Jax|) < 2, we have |ax| — 0 as L — oo. Therefore, taking L
sufficiently large yields a contradiction. This proves that u € Ccor locally.
If k1 =y, we are done. Otherwise, since the increment
k(2 —K)
Alp—1)
is strictly positive, we can repeat the argument finitely many times to reach
any prescribed exponent v < 1. Hence u € oo locally for every v < 1.

Step 5: We finally prove that u € C%' when sp < p—1. We take w as the
Lipschitz profile w.
From Step 4, we know that v € cor locally for all kK < 1. We take k < 1
satisfying
/-ﬁ>max{8pl,p(1—s)—l}, (4.26)
p

and m so large that
m—1

p(l—s)—1< K.

m
As in Step 3, we take
S0 = collog(Jax|)|™" and 61 = é1|log(lax|)| 7Y,

where ¢y is given by Lemma 4.2, ¢; is small, and ¢ is large, to be chosen.
Then, from Lemmas 4.4 and 4.2, we obtain
lagl
— 2
Ty > clP! (|aK| logQ(\aKD) ! 551/ pP=5)=1 qp.
0
_ ch_lég+1|aK|p(1_5)_1.
For 75, we get from Lemma 4.5 that
Ty > ~CLP 0™ |ag P91,

Since |ag| is small, we can take ¢ satisfying d+ 1 < ¢gp(1 — s), which implies

edftt — oat Y > St

We arrive at
1 +71y > Cle_15g+1‘aK‘p(1_s)_l.
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Now we bound Z3, taking

B p(l—s)—14¢

Ck(p—2)+2—sp
By our choice of x, we have 6 € (0,1), for £; small enough. Indeed, we
notice that, since p < 2/(1 — s) and sp/(p — 1) < k < 1, we obtain

p(l—s)—1<1,

and
k(p—2)+2—sp>2—k>1.
Using this 6 in Lemma 4.6, we get

lax!?
/ Tn(p—?)—l—l—sp dr < ‘aK|p(1—s)—1+a1’
b1lax|

using that x(p — 2) +2 — sp > 1. Up to taking m even larger, satisfying in
addition that x/m < 6, we obtain

m—1
K

+0(k(p—2)—sp+1)>k+0(k(p—2) — sp).

Therefore, we can write the second term in 73 as
0

_ lak| _
|aK|nmm1 / rm(p—Q)—sp dr < C|aK|anl+9(/@(p—2)—sp+1)
d1lak|

< C|aK|n+9(/€(p72)fsp)'
We finally analyze the term |ag |ft0(#(P=2)=5P)  We want to fix x < 1 large
enough so that
k+60(k(p—2)—sp)>p—1—sp+ea, (4.27)
for some €2 > 0. Since 6 depends on k, we define the auxiliary function
f(&) =r+0(k)(k(p—2) —sp) — (p—1— sp).
We start by checking that f(1) > 0. In fact, in this case,

p—1—sp+e
(l)=—"—=,
W) p(1—s)
and so we have
p—2—sp
f)=1+{p-1—-sp+e))———(p—1—sp
—14&
=(p—2—-sp)———— > 0.
( %U—ﬁ

Therefore, by continuity of f, there exists a small enough €2 > 0 and a large
enough k < 1 so that (4.27) holds. We assume this condition in addition to
(4.26). Combining the estimates above, we obtain

Iy > —Ch|ag [PU—5) 1+,
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for e = min{eq,e2}. By Lemma 4.7,
Iy > —Colakl”,
and so, by Lemma 4.1,
kB*
Ty + Iy + I3 + Iy < C3lak | 7+F.
Combining all the estimates, we get
KkB*
clefl(s(c)l-H’aK’p(lfs)fl < CllaK’p(lfs)flJrs + CQ‘CLK‘H + Cg|CLK|71+3* )

As in the final part of Step 4, we choose 8* large enough so that

5*
K >p(l—s)—1,
T p(l—s)
which is possible since k > p(1 — s) — 1. As before, this leads to a contra-
diction. The proof is complete. ([

5. TIME REGULARITY AND PROOF OF THEOREM 1.1

In this section, we prove the regularity result with respect to time and
conclude with the proof of the main theorem. The proof of the time reg-
ularity uses the spatial regularity to construct a suitable barrier. This is,
by now, a standard argument in the local case, see [2, Lemma 9.1] or, more
recently, [16, Lemma 3.1]. We start from the assumption that u is Lipschitz
in space, as proven in the previous section.

Proposition 5.1. Assume u is a viscosity solution to (1.1) in Q1 satisfying
(4.1). In addition, suppose that (4.2) holds with k = 1. Then, there exists a
constant C > 0 such that

sup |u(z,t1) —u(z,ta)] < Clty — ta]®,
Z‘EBl/Q

for every ti,to € (—1/4,0]. The exponent a is given by

{0

where q. = —1+p(1 — s).
In particular, w is Lipschitz in time when q. > 0.

Proof. Fix ty € (—1/4,0), consider the cylinder B; x (to,0], and define
U, (x,t) =n+ Lo(t — to) + L1|z|",

for n > 0 and universal parameters Ly and L1 that depend further on 7, and

q +
v = max <1— < ) ;15
p—1
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This choice ensures that the local part of (—A,)*V,, is finite. To streamline
the discussion, we delay this computation to the end of the proof.

Let us compare the values of the difference u(z,t) — u(0,ty) with ¥, on
the region (By \ By2) X (to,0] and By x {to}. For x € B1\Bj 9, we have

u(z, t) —u(0,t) < 2HuHLoo(Q1) <2,
and so for L; > 2117, we have
u(z,t) —u(0,t9) < U, (x,1).
For x € B; and t = t, we prove that by making L, large enough, we have
u(x,to) —u(0,t9) < U, (z,to) =n+ Li|z|".

Indeed, since w is Lipschitz in space, we know that there is a constant C' > 0
such that

[u(,t0) —u(0,t0)| < Clz|, for z € By,
and thus we only need to pick L; such that

Clz| <n+ Ly|z|7, for x € Bys.

n=e ()

If we choose

then we have, for |z| > n/C, that
Clal = Ol e < 0 (Z)lal
On the other hand, for |z| < n/C, we directly have
Cla| <n <n+ Lilz|.

Therefore, the constant L has to satisfy

L > max {2”’*, C (g)l—v} )

and so we choose L1 = Cn'~7, for C large enough. Note that the above
computations simplify considerably when v = 1, but the same conclusions
still hold. We have shown that

u—u(0,t9) < ¥, on (B1\Bi) x (to,0] and By x {to}. (5.1)
Defining
i WA
it follows from (5.1) that
w—u(0,t)) <v on (Rd\B1 /2) % (to,0] and By x {to}.
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We wish to use the comparison principle to prove that this inequality prop-
agates to the interior cylinder By X (to,0]. We start with the following
claim, which we justify at the end of the proof.

Claim: There exists a large constant C' such that, if Ly = C’L{'il, then

HVy + (—Ap)*v >0 in By, x (to,0].
If the claim holds, then we would get, by the comparison principle, that
u(z,t) —u(0,t0) < Wy(z,t) on By x (to,0].
In particular, we have for any t € (¢, 0]
w(0,t) — u(0,t) < n+ CLE~ (t — tg),
for any given n > 0. By the choice of Ly, we have
w(0,t) — u(0,t) < n+ Cyt=NE=N (¢ — 1),

for any t € (t9,0] and any n € (0,1). Since, for each fixed ¢, this estimate
holds for all i, we can optimize in the parameter 7 in the following way. If
v =1, then we can just take n = 0. Otherwise, call

f(n) =n+ et =E=D,
with ¢ = C(t — tg). We see that f/(n) = 0 when
0= (ely —1)(p — 1)) T
and so, we reach, as intended,
w(0,) — u(0, o) < C(t — to) FE=IET,

To prove the claim, we calculate explicitly the value of (—A,)%v(z,t) for
any (Z,t) € By x (to, 0], which we split into the local and nonlocal parts

o Jp(”(f@—v(%ﬂ) T o Jp(v(j7{)_v(xaf)) T
L:l._/Bl dz, [,2._/Rd\Bl dz.

|:ij|d+sp |x7j|d+sp

For the quantity £, we have
»Cl — / ‘]p(\I’n(‘r7a - \Ijﬂ(x7t_)) dl‘ — L;lll—l/ Jp(gb(x) - ¢(I)) d.’E
Bl Bl

|z — z[*tsp |z — z|dtsp ’

where ¢(z) = |z|".
When v = 1, corresponding to the case g. > 0, we simply use that
[6(z) — p(@) P~ < o — 2P,
and then it readily follows that [£1] < C. In the case ¢. < 0, we proceed as
follows: since v > 1, by the C~! regularity of ¢, we have

|6(x) = &()| <Az e — 2| + Cla - 77,



42 D. JESUS, A. SOBRAL, AND J.M. URBANO

where C' = [|¢[|c1+-1(p,). If T = 0, we can compute the integral directly,
and so we assume otherwise. In this case,

(o) = (@)~ < O(|2|P VO Ve — 2Pt 4 e — 2|7V, (5.2)
for © € By(Z) C Bs. For r = |7|/2, we split
TS T L IC PR R T LV P
B.(z) |v—z|4teP B\B.(z) |z —Z[4FsP
= My + M.

In the ball B,(Z) C Bj, the function ¢ is smooth. By Taylor’s expansion,
we have

(T + h) = ¢(z) + DH(Z) - h+ R(|h|), where R(h)~r7"2|n|?.
Then, by symmetry of the domain and the kernel, we have

Jp(—D$(Z) - h — R(|h
M1=P.V./r ( ¢(|h)’d+sp 1) gy,

_ Jp(=Dé(@) -h = R(h])) = Jy(~D(@) - h)
= P.V./T (| dh.

By Lemma 2.1, we obtain

v—1 Y21 12\P—2,,7—2|} |2
wij<o [ TR TR,
By

‘h|d+sp
r(vfl)(pf2)+vf2’h’p
‘h|d+sp

<C
By

— o YP=1)=sp

Thus, since y(p — 1) — sp > 0, we obtain that |M;| < C. To estimate the
term My we use (5.2) to obtain

| M| < / |f’(7,1)(p,1)‘x _ j;‘pflfdfsp dz
B1 Br(f)

+ / & — z|®P-Dr—d-sp dx)
B
=11 + I5.

Regarding I,

Il S C |j|(’7_1)(p—1)|z _ :z,|p—1_d_$p d:E

2
< Cr-DE-1) / P25 g

< ort=Dp-D+p—1-sp

<C.
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Finally, the term Iy is bounded directly using polar coordinates

I < / |z — z|P~ a5 gy
Ba(z)

2

- C/ F=Dy=sp=1 4,
0

<C

Therefore we obtain
-1
L] < CLY .
For the quantity L2, we use the monotonicity of J, to get

£ Jp(n—l—Lo(f—to) + Lq|Z]Y — u(x, t) —l—u(O,to))
2= B |:E _ j|d+sp

dx

c
1

> / Jp(u(07t0)__ u(x,f)) dz > _07
5 |z — z|dtsp

i
where we used Assumption (4.1). We combine these estimates to obtain
8, + (=)0 > Lo—CLF' —C >0

for Ly = CLP~! where C is large, universal.
This concludes the claim and thus the proof. U

We now present the proof of Theorem 1.1.

Proof of Theorem 1.1. Fix (x0,t9) € Q1/2 and set

M= [|ul[ +  sup ([uC )| e ey
L>(Q3/4) te(—(3/0)2,0] L%, (R)

Note that from [24], we know that ||u[|p=(q, ,) is finite.
For A > 0, define the rescaled function

v(z,t) = M u(\x + 2o, M>TPAPE 4+ tg).

For A sufficiently small, v solves the same equation in the weak sense in (4
and satisfies assumption (4.1). By Theorem 2.1, it also satisfies assumption
(4.2) for kK = Kkg. Moreover, by Theorem 3.3, v is also a viscosity solution of
(1.1) in Q7. Hence, we are in a position to apply Theorem 4.1, yielding

|U(l‘,0)—7j(y,0)| §C|ZL‘—y|, for xayeBl/Q'
We now invoke Proposition 5.1 to obtain

sup |v(x,t) —v(x,0)] < Ct|¥, forte (—1/4,0],
12631/4

where « is as in Proposition 5.1. Combining the previous estimates, we
conclude that

[v(z,t) —v(0,0)] < C(|z] + [t|*), forx € By and t € (~1/4,0].
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Rescaling back to u gives

lu(z,t) — u(zo, to)] < CM(|z — zo| + MP=Deg to]®),

for all

(x,t) € B)\(xo) X (to — Mpr)\sp’ to] .

This proves the desired estimate in a (small) cylinder centered at (zo,tp).
By a covering argument, we obtain

[u(z, ) = u(y, 7)| < CM (Jo =yl + MED — 7|},

for any (,1), (y,7) € Qu)o. 0
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