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TAXICAB AND EUCLIDEAN METRICS ON PERMUTATIONS WITH
PRESCRIBED PEAK SET

GONCALO GUTIERRES AND RICARDO MAMEDE

ABSTRACT. We study the behavior of the taxicab and Fuclidean metrics on permuta-
tions with a prescribed peak set. Given a set S C {1,...,n}, we compute the diameter
of the set P(S;n) of permutations having peak set S with respect to these metrics. For
the taxicab metric, we determine the pairs of permutations attaining the diameter and
provide a characterization of those peak sets S for which the diameter of P(S;n) is
maximal or minimal, in terms of suitable partitions of [n]. For the Euclidean metric,
the diameter of &,, is attained by complementary permutations. We analyze how the
peak set restriction affects this phenomenon and show that the diameter of P(S;n) de-
pends on both the number of peaks and their relative positions. As a consequence, we
obtain an explicit formula for the Euclidean diameter of P(S;n). Finally, we show that
these results admit natural extensions to signed permutations of type B, yielding explicit
formulas for the diameters of the corresponding peak classes.

1. INTRODUCTION

Permutations are fundamental combinatorial objects with a rich structure that has been
studied from many perspectives. In this work, we focus on permutations as elements of
the symmetric group, viewing it as a metric subspace of R” under the taxicab and the
Euclidean metric.

Let &,, denote the symmetric group on 1,2, ..., n, consisting of all permutations of n
elements. Given a permutation ¢ = 01050, € &, an index i € {2,3,...,n — 1} is
called a peak of o if 0,1 < 0; > 0;41. The peak set of o is defined as

Peak(o)={i€{2,...,n—1} :0,_1 < 0; > 0411},

and for a fixed set S C {2,...,n — 1}, we denote by P(S;n) the collection of all permu-
tations in &,, whose peak set is exactly S. A set S is called admissible if P(S;n) # 0.
For example, if 0 = 58324176 € S, then Peak(c) = {2,5,7}.

The sets P(S;n) were first studied by Nyman [12|, who showed that sums of permu-
tations sharing the same peak set form a subalgebra of the group algebra of &,, over Q.
This algebraic perspective was subsequently enriched by Billey, Burdzy, and Sagan [3],
who established the remarkable enumerative formula

|P(S;n)| = 2"’|S|’1pg(n),

where pg(n) is a polynomial in n, now known as the peak polynomial of S. The study of
peak polynomials has since generated a substantial body of work, addressing questions
of positivity, interlacing of roots, and combinatorial interpretations |2, 5, 8, 13]. Related
problems have also been investigated in the setting of signed permutations and other
Coxeter groups |1, 6].
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Independently, permutations have long served as a natural model for ranking ordered
collections of objects, and the notion of distance between permutations has been exten-
sively investigated [4, 7]. Different metrics provide distinct ways of quantifying how far
two permutations are from one another, often revealing important structural properties
of the symmetric group. Classical metrics on &,, include the Hamming distance, which
counts the number of different coordinates; the Kendall-Tau distance, which measures the
number of different pairwise inversions; and the ¢, (Chebyshev) metric, which records the
largest absolute coordinate discrepancy between two permutations. More recently, these
metrics have been studied in the context of permutations and signed permutations with
a prescribed peak set, partly motivated by applications to data representation and infor-
mation encoding problems [9, 10, 11]|. In particular, a natural problem is to determine
the minimum and maximum possible values that these metrics can attain on subsets of
S, consisting of permutations with a prescribed peak set [1, 7.

In this article, we study two further metrics on sets of permutations with prescribed
peak sets: the Euclidean metric and the taxicab (or Manhattan) metric. Recall that for
o, 7 € G, the taxicab distance is defined by

n
di(o,7) = Z loi — 7,
i=1

while the Euclidean distance is given by

n 1/2
dy(o, 1) = (Z(O‘i - Ti)2> :

i=1
These metrics on &,, have proved useful in the study of extremal distance problems,
permutation statistics, and the geometry of permutation classes.

Both metrics belong to the family of ¢, distances on R" restricted to the finite set &,,.
They capture complementary aspects of the discrepancy between two permutations: the
taxicab metric measures the total absolute entrywise deviation, whereas the Euclidean
metric penalizes large individual deviations more strongly through quadratic aggregation.

In this work, we investigate the metric structure of the sets P(S;n) under the taxicab
and Euclidean metrics. More precisely, we study the extremal values of these distances
on the set P(S;n) of permutations with prescribed peak set S. For the taxicab metric,
we characterize the admissible peak sets for which the diameter is maximal and relate
this problem to suitable balanced decompositions of the peak set. For the Euclidean
metric, we obtain an explicit formula for the diameter in terms of the number of peaks
and the number of blocks in the decomposition of S. Surprisingly, the two metrics exhibit
markedly different behaviour: while the taxicab diameter depends on the existence of
certain balanced compositions of n, the Euclidean diameter is determined solely by the
parameters S and b, where b denotes the number of blocks in the decomposition of S.

Finally, in the last section, we extend our analysis to signed permutations of the Coxeter
group of type B. Exploiting the close relationship between peak sets in &,, and G2, we
derive explicit formulas for the diameters of the corresponding peak classes Pg(S;n) under
the taxicab and Euclidean metrics.

2. PRELIMINARIES

In this section, we introduce the notation and concepts used throughout the paper.
Given a positive integer n > 1, let [n] = {1,2,...,n}. A partition of [n] is a collection of



non-empty disjoint subsets of [n|, whose union is [n]. A composition of n is an ordered
sequence of positive integers (A1,...,\,;,) such that
n=MAN+-+A\n.
To each composition of n, we can naturally associate a partition of [n] into blocks of
consecutive integers.
Let &,, denote the symmetric group on [n]. A permutation o € &,, is written in one-line
notation as
0 = 0102 0p,
where (i) = o; for each i € [n]. Anindex i € {2,...,n — 1} is called a peak of o if
Oi—1 < 03 > Oi41.
The set of all peaks of o is denoted by Peak(o).
Definition 2.1. Given an integer n > 3 and a set S C {2,3,...,n — 1}, we denote the
collection of all permutations in &,, that possess the same peak set S by
P(S;n) ={0c € &, | Peak(c) = S} C G,.
The set S is said to be an admissible peak set whenever P(S;n) # 0.
Note that if S C {2,...,n—1} has no consecutive elements, we can construct a permu-
tation with peak set S by assigning the largest available values to the positions indexed
by S, and filling the remaining positions with the smallest values in increasing order. It

follows that a set of peaks S is admissible if and only if S C {2,...,n — 1} and there are
no consecutive integers in S.

For permutations ¢ = o105---0, and 7 = 7727, in &, the d; metric (or f4-
distance) is defined by

n 1/k
di(o,7) = (Z oy — Ti|’€> :
=1

In this paper, we will only be interested in metrics d;, the taxicab distance, and ds, the
Euclidean distance.
Given a subset A C &, its diameter with respect to the metric dj, is

diamy(A) = max{dy(o,7) : 0,7 € A}.

The following lemma shows that the metrics d; and ds are invariant under right multi-
plication in &,,.

Lemma 2.2. Let 0,7 € G,,. Then, for any m € &,
dp(o,7) = di(om, 7m)
and consequently dy(o,7) = dp(e, 7o), where e is the identity.

Proof. Since 7 is a permutation of [n], right multiplication by 7 simply relabels the values
of 0 and 7. Consequently, the multiset

{lo(j) = 7(4)l,j € In]}
coincides with
{(om)(4) = (rm)(4)|, 5 € [n]}.

Since dj, depends only on the sum of the k-powers of these quantities, it follows that
dk(o-’ T) = dk(o-ﬂ-a T7T>a

from which the second identity follows. O
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If 7 € P(S;n) then the permutation 7" obtained by swapping the integers 1 and 2 is still
a permutation in P(S;n) with dy(7,7') = 2'/*. Since the distance between two permuta-
tions cannot be 1, because they differ in at least two positions, then for any admissible
peak set S, the minimum value for the distance between two different permutations is

min {dy(0,7) : 0,7 € P(S;n) and o # 7} = 2/,

To obtain a formula for the maximum values, i.e. for the diameter of P(S;n) under
the metrics d; and ds, we need to study both cases separately and look into the structure
of an admissible peak set, which will be done in the next two sections.

Since an admissible peak set S has no consecutive integers, it can be uniquely written
as a partition whose blocks are maximal subsets of S consisting of consecutive admissible
peaks. That is

(2.1) S=5USU---US,,
where each block \S; is written as

with t; + 2u; < t;41 — 2 for all i. We call (2.1) the decomposition of S with b blocks.
Example 2.1 below illustrates this concept.

Proposition 2.3. The number of admissible peak sets of &,, is equal to the number of
compositions of n into odd parts. In particular, if a(n) denotes the number of admissible
peak sets in S, then (a(n)),>1 is the Fibonacci sequence.

Proof. We construct a bijection between admissible peak sets S C [n| and compositions
of n into odd parts.
Let S =S1US,U---US, be the decomposition of an admissible peak set S, where

for all 4. To each such block S;, we associate the subset of [n],

which has odd cardinality 2u; + 3. Since ¢; + 2u; < t;47 — 2 for all i, these subsets
are pairwise disjoint and are labelled in increasing order of their smallest element. The
remaining elements, namely
b
I\
i=1

will be considered as one-element sets. Thus we obtain a partition of [n] into disjoint
subsets, each of odd cardinality. Recording the sizes of these subsets (I;’s and one-element
sets) in increasing order of their smallest element yields a composition of n into odd parts.

Conversely, given a composition of n into odd parts,
n=>A+A+---+A\,, with each )\; odd,

we construct an admissible peak set as follows. Partition [n] into consecutive blocks of
sizes A1, ..., \,. For each block of size at least three place peaks at positions

{a+1,a+3,...,a+2r—1},

where a is the smallest element of the block and 2r + 1 > 1 is the number of elements of
the block. This produces a set with no consecutive integers and avoiding 1 and n, hence
an admissible peak set.



It is straightforward to verify that these two constructions are inverse to each other,
yielding a bijection between admissible peak sets and compositions of n into odd parts.

Finally, it is well known that the number of compositions of n into odd parts is the
n-th Fibonacci number F),, which completes the proof. O]

The proof of the previous proposition shows that a decomposition S = S;US;U---US,
of an admissible set of peaks of [n] corresponds to a composition of n into odd parts. We
denote this composition by comp(S5).

Ezample 2.1. Let n = 20, and let S = {2,4,6,11,14,16,18}. Then, S = {2,4,6} U{11} U
{14,16, 18} is the decomposition of S with 3 blocks. This decomposition corresponds to
the partition

[20] = {1,2,3,4,5,6, 7} U {8} U {9} U {10,11,12} U {13, 14, 15,16, 17, 18,19} U {20}

and consequently to the following composition 20 =7+ 1+ 1+ 3+ 7+ 1 = comp(S) of
20 into odd parts.

Given an admissible peak set S, we next define two permutations e[S] and wy[S] in
P(S;n) which will be useful in computing the diameter of this set. Note that when S is
the empty set, e[l] = e =12 --- n — 1n is the identity and wg[}] = wg =nn—1---21
is the longest element of the symmetric group.

Definition 2.4. 7] For an admissible peak set S C {2,3,...,n — 1}, we define permuta-
tions e[S] and wy[S] as follows:

e ¢[S] is obtained by swapping the entries at positions k and k + 1 in e for each
kelsS.

e wy[S] is obtained by swapping the entries at positions k — 1 and & in wy for each
kelS.

Since any admissible set S contains no consecutive entries, these permutations are well-
defined as the order of the swaps does not matter. More explicitly, we have that for
ief{1,2,...,n},

i+1 ifiels, (n+1—i)+1 ifiebs,
e[Si=qi—1 ifi—1€8, and w[Sli=¢(n+1—4)—1 ifi+1eS,
i otherwise, n+1—1 otherwise.

Example 2.2. Let n = 7, and let S = {2,5}. Then, ¢[S] = 1324657 and w[S] =
6753421.

3. THE TAXICAB METRIC ON PERMUTATIONS

The main goal of this section is to compute the diameter of P(S;n) with respect to
the taxicab metric d;. We also characterize the peak sets S for which diam;(P(S;n)) =
dlaml(Gn)

Given a permutation o € G,,, define

N(o)={r €6, :di(7,0) <di(r,0), forall 7’ € &,}

to be the set of farthest neighbors of . The distance between ¢ and any of this permu-
tations is the eccentricity of 0. By Lemma 2.2 all the permutations in &,, have the same
eccentricity, and that value is diam;(&,,).
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Proposition 3.1. Let n > 1 be a positive integer and o € &,,.
(1) Forn even, T € N(o) if and only if for all i, 0; < § < 7, > 7.
(2) Forn odd, T € N(o) if and only if for all i, o; < ™ & 7, > 2 or for all i,
o <l o g > o

Proof. We consider n even. The other case is analogous.

(=) Suppose that there exists an index ¢ such that o;,7; < §. Then there also exists
an index j such that o;, 7; > 5. Define the permutation 7" by 7/ = 7;, 7} = 7; and 7, = 7%
otherwise. We conclude that dy(o,7) < di(o,7'), contradicting the fact that 7 € N (o).

(<) If 7 € &, satisfies 0; < § < 7; > § for all 4, then

Z|UZ—TJ—2<ZJ—Z ) (3n4—|—2) (n4+2) :%7

JjEB €A

where A = {1,...,5} and B = {§ +1,...,n}. From the first implication we know
that every permutation in N (o) fulfills the condition, and then this value is exactly the
eccentricity of o, which implies that 7 € N(o). O

In the proof of the previous proposition we have obtained the diameter for &,, for the
taxicab metric. In particular, we have diam,(&,,) = max{di(e,7) |7 € &,,} = di(e, wy).

Proposition 3.2. The diameter of G,, for the taxicab metric is

2

diam,(6,,) = {nzg )

2

if n is even

if nis odd
The next proposition identifies the possible values of the diameter of P(S;n).

Proposition 3.3. Let S be an admissible peak set of [n|. Then either
diam; (P(S;n)) = diam; (S,,) or  diam;(P(S;n)) = diam;(&,,) — 2.

Proof. Since P(S;n) C &,,, we have diam;(P(S;n)) < diam;(S,,). It remains to prove
that diam;(P(S;n)) is even and

diam; (P(S;n)) > diam; (S&,,) — 2.
Consider the permutations e[S], wo[S] € P(S;n). By definition of diameter, we have

diam; (P(S;n)) > d(e[S], wolS]) = Z le[S]; — wo[ S]]

We compare this value with
diam; (&,,) = d(e, wy) Z|z— n—z+1|—2|22—n—1|
Write f(i) :=2i —n — 1.
Let S=51US U---US, be the decomposition of S with b blocks, where for each 1,
For each such block S;, one checks directly from the definitions of e[S] and wy[S] that
elS]; —wolS]; = f(j) forall j & {t; —1,t; + 2u; + 1}.



Write a = t; and ¢ = t; 4+ 2u;, the first and the last peak of S;. Thus only the indices a — 1
and ¢+ 1 may contribute differently. A direct computation yields
E[S]Q_l - wo[S]a_l = f((l — 1) +1 and 6[5]04_1 - wO[S]C+1 = f(C + 1) — 1.

Hence the contribution of the block S; differs from the maximal one by

31)  AB)=(Ifla=1)+1=[fla=1)]) + (Ifc+1) =1 = [fle+1)]).
Since f is strictly increasing, we distinguish two situations:

(1) If a — 1 and ¢+ 1 lie on the same side of the midpoint of [n], then A(B) = 0.
(2) If a — 1 and ¢ + 1 lie on opposite sides of the midpoint, then A(B) = —2.

Because the intervals [a — 1, ¢+ 1] corresponding to distinct blocks are disjoint, at most
one block interval can cross the midpoint. Therefore

dy (e[S], wo[S]) = diam;(&,) + > A(B) > diam;(&,,) — 2.

Finally, for any 0,7 € &,,, the value d;(o, T) is even, since

Z lo; — | = Z(O’i —7;)=0 (mod 2).
i=1 i=1
Hence diam; (P(S;n)) is even, and the only possible values in the interval
[diam,; (&,,) — 2, diam;(&,,)]
are precisely diam;(&,,) and diam,(&,,) — 2. O

Corollary 3.4. Let S be an admissible peak set of [n).
(1) If n =2k +1 is odd and (k+1¢ S or {k,k+2} € 5) then
diam; (P(S;n)) = diam; (S,,).
(2) If n =2k is even and k,k +1 ¢ S then diam, (P(S;n)) = diam; (&,,).

Proof. In both cases, we have d;(e[S], wy[S]) = diam;(&,,) since A(B) = 0, for all blocks
of the decomposition of S, with A(B) as defined in equation (3.1) of Proposition 3.3. [

Note that d;(e[S], wp[S]) is not necessarily the diameter of P(S;n). The diameter of
P(S;n) is attained in one of two possible cases, and we shall derive conditions on the
peak set S that determine which case occurs.

Theorem 3.5. Let S be an admissible peak set of [n]. The diameter diam,(P(S;n)) =
diam; (&,,) if and only if there exist two disjoint subsets A, B C [n| such that AU B = [n]
and:

() 0 < [B|—|A] < 1;

(ii) for every s € S, one has

sEA <= s—1€A <= s+1€A

(which implies that the same condition is true for the set B.)
(i) if s € SN A, i € A, and there is no element of S between s and i, then every
integer between s and i belongs to A.
(The same condition must hold for the set B.)

Before writing the proof of this theorem, we provide some intuition for condition (iii).
The condition requires that every maximal sequence of consecutive integers between 2
and n — 1 in A contains at least one peak.



8 GONGALO GUTIERRES AND RICARDO MAMEDE

Proof. (=) Assume first that diam;(P(S;n)) = diam;(&,,). Then there exist permuta-
tions 0,7 € P(S;n) such that

dl (O', T) = diam1 (Gn)

By Proposition 3.1, this is equivalent to the condition that, for all i € [n],

n n
Uz§§ <:>Ti>§.

Define
A={ich]:<5y={ieh]:n>3}and B={ic[n]:0:> 5} ={icn:n <3}
Clearly, AU B = [n] and AN B = (), and condition (i) follows immediately.
Next we show that condition (ii) holds. Let s € S. Since ¢ has a peak at s, we have
Os—1 < 05 > Og41-

If s € A, then o, < 7, hence

051,011 < 05 < 5,
which implies s — 1,s +1 € A. The converse implication follows symmetrically by ex-
changing A and B and using permutation 7 instead of o.

Finally, we prove condition (iii). Let s € SN A and i € A, and suppose there exists j
between s and ¢ such that j € B. Then

n
0j > 5 2 05,05

Thus, the maximum value of ¢ on the interval between s and 7 is attained at some £ in
that interval, implying that ¢ is a peak of . This contradicts the assumption that no
element of S lies between s and ¢. Hence all intermediate indices belong to A. Replacing
o by 7 yields the corresponding statement for B.

(<) Conversely, assume there exist disjoint subsets A, B C [n] such that AU B = [n]
satisfying conditions (i)—(iii). We construct permutations a,b € &,, such that
a,b € P(S;n) and di(a,b) = diam;(S,,).
Condition (i) implies
Al= 3], 1BI=[5]
SNA={s; < - <sp}, A\S={u; < - <up},
SNB={t;<---<t;}, B\S={vi<---<u,}.

Write

Define the permutation a = ajas - - - a,, as follows:

(1) assign to s; € SN A the values
as, = [5] =i+ 1;

(3

(2) assign to u; € A\ S the values
Ay; = J;
(3) assign to t; € SN B the values
a, =n—1+1;
(4) assign to v; € B\ S the values
Ay, = L%J +p—J+1

J



The permutation a just defined may have a peak outside S, namely in transitions from
indices in A to indices in B. To avoid this problem, we perform local adjustments:

G)Ifd—1e€Aydd+1,...,d+q € B; ag = c¢,a441 = c—1,...,a444 = ¢ — q and
(d+qg+1€Sord+q=n), thenset ag:=c—q,a441 :=c—q+1,..., 0044 = c
[This ensures that by reversing decreasing segments in B, when necessary, we do not
have new peaks outside S.]

See Algorithm 1 and Example 3.1 for details on this construction.
Define b analogously by interchanging the roles of the sets A and B.
By construction,

a; <5 = b >4,

and hence, by Proposition 3.1,

di(a,b) = diam; (S,,).

It remains to show that a,b € P(S;n) and, since the proof for both cases is the same,
we consider only permutation a.

We start by showing that S C Peak(a). If s € SN A, then by (ii), s —1,s+1 € A, and
the assignments ensure

(s 1 < Qg > Qg1
The same argument applies for s € SN B.

Next, we show that Peak(a) C S. If s € A\ S, then values assigned on A\ S are strictly
increasing, and all transitions involving A preserve monotonicity, so s cannot be a peak.

If s € B\ S, then values on B\ S are strictly decreasing, and comparisons with
neighboring elements prevent the peak condition.

The local adjustment step ensures that when transitioning from A to B the permutation
is increasing until the next peak, and thus no unintended peaks are introduced.

Therefore, Peak(a) = S, and similarly Peak(b) = S. This completes the proof. O

Ezample 3.1. Let n = 20 and consider the set of peaks S = {2,4,10,12,14,19}. Consider
the partition of [20] given by

A={1,2,3,4,516,17,18,19,20} and B ={6,7,8,9,10,11,12,13,14,15}.

We construct permutations a,b € P(S;20) following the procedure described in the
proof of Theorem 3.5 (see also Algorithm 1).

Construction of a:
Step 1: Assign values to SN A = {2,4,19}.

ar =10, a4 =9, ag=28.
Step 2: Assign values to A\ S ={1,3,5,16,17,18,20}.
ar=1,a3=2, a5 =3, a6 =4, a1y =95, a1 =06, asg = 7.
Step 3: Assign values to SN B = {10, 12, 14}.

a1 = 20, 19 = 19, 14 = 18.
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Algorithm 1: Construction of the permutation a € &,, with peak set .S

// Initial Assignment
1 fori=1to k do

2 Lasl.(—Ln/QJ—i—l—l;

3 for j =1 tom do

4 | ay <7
fori=1to ¢ do
Latz<—n—z—|—1,

for j =1 topdo
Lavj<—Ln/2J+p—j+1;

(=2 I

o

// Step 2: Local adjustment in set B
9ifd—1€Aand{d,d+1,...,d+q} C B then

// Check if values are decreasing
10 if ag =c,aq41 =c—1,...,a414 = c—q then
// Adjustment condition: next is a peak or end of string
11 ifd+q+1€S ord+ q=n then
12 Lad<—c—q,ad+1%c—q+1,...,ad+q<—c;

Step 4: Assign values to B\ S = {6,7,8,9,11,13,15}.
ag = 17, a7 = 16, ag = 15, ag = 14, a;; = 13, a13 = 12, a5 = 11.
So far, the permutation a is
a=(1,10,2,9,3,17,16,15,14,20,13,19,12,18,11,4,5,6,8, 7).

Note that an unintended peak was created at position 6.

Step 5: Local adjustment. The block {6,7,8,9} C B initially receives a decreasing
assignment

(17,16, 15,14),
which is reversed to avoid creating an unintended peak at position 6, yielding

(14, 15,16, 17).

Thus, the permutation a is
a=(1,10,2,9,3,14,15,16,17,20,13,19,12,18,11,4,5,6,8,7).

The permutation b is obtained by interchanging the roles of A and B (see Figure 1),
yielding
b=(17,20,16,19,15,1,2,3,4,10,5,9,6,8,7,12,13,14,18,11).

A A A A A
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
9 3 14 15 16 17 20 13 19 12 18 11 4 5 6 8 7
b 17 20 16 19 15 1 2 3 4 10 5 9 6 8 7T 12 13 14 18 11

FIGURE 1. Partition [20] = AU B and permutations a,b. Construction: assign
descending values in SN A and SN B, increasing values in A\ S, decreasing values
in B\ S, and apply local reversal on consecutive blocks to avoid unintended peaks.
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By construction,
a; <5 = b >3,
hence by Proposition 3.1, d;(a,b) = diam; (&), with Peak(a) = Peak(b) = S.

The previous theorem characterizes the peak sets S for which P(S;n) attains the max-
imal diameter in terms of the existence of a certain partition of [n]. We next relate the
existence of such a partition to the existence of a particular composition of n.

Definition 3.6. A composition of n,
n:)\1+)\2+---+)\m

is called balanced if it is possible to split its parts into two disjoint subsets A" and B’ of

[m] such that:
0<Y M= A<

i€B’ JEA

For instance, the composition 14 =5+ 1+ 3+ 3+ 2 is balanced, since 5+2 =143 +3
with the sets A" = {1,5} and B’ = {2,3,4} giving the balance. On the other hand, the
composition 14 = 6 + 2 + 4 + 2 is not balanced.

Corollary 3.7. Let S be an admissible peak set of [n]. If diam;(P(S;n)) = diam;(S,,),
then the corresponding composition comp(S) is balanced.

Proof. By Theorem 3.5, there are sets A and B which split [n] into two sets. Let [n] =
I Ul U---UI, be the partition of [n] into consecutive blocks of odd size Ai,..., A,
with n = A\; +- - -+ A\, the composition comp(S), as seen in the proof of Proposition 2.3.
Condition (ii) of Theorem 3.5 ensures that for all j, either I; C A or I; C B. Define

A={jem]: [ CA} and B ={ie[m]: I, C B}.

It is clear that |[A| = 3", A; and that |B] = >, 5 Ai, and condition (i) of Theorem 3.5
ensures that comp(.S) is balanced. O

Corollary 3.8. Let S be an admissible peak set of [n] such that for alli € {2,...,n—1},
{i —1,4,i+ 1} NS # 0, i.e. the distance between two consecutive peaks is at most three,
the first peak is 2 or 3 and the last peak isn —2 orn — 1.

The corresponding composition comp(S) is balanced if and only if diam,(P(S;n)) =
diamy (S,,).

Proof. The fact that diam;(P(S;n)) = diam(&,,) implies that comp(S) is balanced is
the previous corollary.

To prove the reverse implication, suppose that comp(S), n = Ay + Ay + -+ + A, is
balanced with sets A’ and B’ giving the balance. Moreover, since there are no three
consecutive elements in [n| \ S, for all j # 1,m, A; > 1. Let [n] = L ULU---UI,
be the partition of [n] into consecutive blocks of odd sizes Aq,. .., A\, associated with S.
None of the sets I; is a singleton, except, possibly, the first or the last one.

The sets:
A=JI and B=JI
Y jeB’
fulfill conditions (i)—(iii) from Theorem 3.5.
The first condition is a direct consequence of the fact that the composition is balanced.
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For every i, I; = {t; — 1,t;,...,t; +2u;, t; +2u; + 1} and ;NS = {t;,t;+2. .., t; +2u;},
which implies that for every s € S, s € [; if and only if s — 1 € [; if and only if s+ 1 € [,.
Since the sets A and B are unions of I;’s the second condition of Theorem3.5 follows.

Finally, the fact that the only singleton blocks are the ones at the endpoints trivializes
condition (iii). O

Notice that the cardinal of a peak S is at most [n/2 — 1]. We will show that, in most
cases, peak sets S of maximum cardinality do not yield a maximal diameter for P(S;n).

Proposition 3.9. Let S be an admissible peak set of [n] such that |S| = [n/2 —1].
(1) If n # 2 (mod 4), then diam;(P(S;n)) = diam,(S,,) — 2.
(2) If n = 4k+2, then diam; (P(S;n)) = diam; (&,,) if and only if S = {2,4, ..., 2k, 2k+
3,2k +5,...4k + 1}.

Proof. (1) For odd n and |S| = 251, the set of peaks is the set of even numbers smaller
than n. Consequently, [n] cannot be partitioned into two sets satisfying the conditions
of Proposition 3.5, since those conditions force all elements of [n] to lie in the same set
(either A or B), yielding ||A| — |B]|| > 1.

(2) For even n, the maximality of |S| implies that the composition of n, comp(S), must
have exactly two parts, n = Ay + As.

If n = 4k, then |S| = 2k — 1, and since Aj, Ay are odd numbers, we have either
A1 > 2k + 1 or Ay > 2k + 1. This means that comp(S) is not balanced and, by Corollary
3.7, diam; (P(S;n)) is not maximal.

If n = 4k+2, then comp(S) is balanced if and only if \; = Ay = 2k+1. Again by Corol-
lary 3.7, this implies that the diameter is maximal if and only if S = {2,4,...,2k, 2k +
3,2k +5,...4k + 1}, O

Remark. Define the sequence (a(n)),>3 of the number of admissible peak sets whose
diameter is maximal,

a(n) :=|{S : diam; (P(S;n)) = diam,(S,,) }|.

An implementation of Algorithm 1 allows us to obtain the first terms of this sequence:

1,1,4,6,9,13,29,43,74,114, 213, 325, 556, 871, 1517, 2376, 4003, 6387, 10673, 16993,
28067, 45050, 74140, 119087, 194617, 313907, 511562, . . .

To the best of our knowledge, this sequence is not currently listed in the On-Line
Encyclopedia of Integer Sequences [14].

4. EUCLIDEAN DISTANCE

We now turn our attention to the Euclidean metric dy. As we did for the metric dy,
our objective is to determine the diameter of P(S;n) which will be computed using the
decomposition of .S into blocks.

The next lemma shows that maximizing the distance between o and 7 is equivalent to
making the sums o; + 7; as close as possible to n + 1, for every ¢. This relationship will
be useful in deriving of a formula for the diameter of P(S;n).

Lemma 4.1. Let 0,7 € &,,. Then

b7+ 3 (n+ 1) = (54 7)) = n(n® —1)

3
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Proof. We will prove that

n

2 n(n?-1)
)= (o, +m) =20 2
; >+ Z ((n+ (0:+ 7)) 3
Using the identity (a —b)? + ((n+1) — (a + b)) =2(a®>+b0*)+ (n+1)?2—-2(n+1)(a+0),
we may write

n n

Z o;—Ti) —I—Z (n+1)— JZ+71)) :2(2(03+¢i2)+(n+1)2—2(n+1)(0i+n)>.

=1 i=1

Since o and 7 are permutations of &,,,

i=1 =1

and
ZU_ZT _Zz n+1(2n—|—1).
Hence
d(o, 7)*+ i((n +1)— (o +7)° = 4iz2 +n(n+1)2 —4(n+1) iz
=1 i=1 i=1
= gn(n +1)2n+1) = (n+1)’n = w,
which is equal to diamy(&,,)%. O

This lemma shoes that the maximum distance in &,, with respect to the metric d, is
attained by complementary permutations. That is, 0,7 € &,, satisfy

dy(o,7) = diamy(S,,),
if and only if 7; + 0; = n + 1 for all .. The diameter of &,, follows directly.
Theorem 4.2. The diameter of G,, is

n(n? — 1)'

diamg (Gn) = 3

Corollary 4.3. Let S be an admissible peak set of [n]. Then, diamy(P(S;n)) = diamy(S,,)
if and only if S = ().

Proof. Since e,wy € P(0;n) are complementary permutations, it follows that
diamy(P(0; n)) = diamy(S,,).

On the other hand, if o, 7 are complementary, then o; < ;1 if and only if 7, > 7,41,
which makes it impossible for both permutations to be in P(S;n) unless S is the empty
set. 0

In contrast with the taxicab metric dy, the last result shows that the diameter of P(S;n)
with respect to dy is maximal only when S = (). We will show that in general, the d
diameter of P(S;n) depends on the number of peaks and on their relative positions.

If o has a peak in position 4, then it is clear that 20; — (0;-1 + 0441) > 3. The next
lemma shows that for consecutive peaks, this difference must on average be closer to 4.
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Lemma 4.4. Let S be an admissible peak set of [n] and B C S a block of consecutive
peaks. Let o € P(S;n). Then,

2 (Z o,,> - (Z Opi +a,,+1> > 4|B| -1

peB peB

Proof. Let p € B. Since p is a peak of o, we have

Op > Op_1, Op > Opt1.
Because o is a permutation, all entries are distinct. Therefore the two neighbors of a peak
cannot both equal o, — 1. Consequently, for every peak p € B,

p-1+ 0pt1 < (0, — 1)+ (0, — 2) = 20, — 3.

That is,

20, — (0p—1 + 0pt1) > 3.

Note that if for all peaks p € B the difference 20, — (0,-1 + 0,41) is at least 4, the
result follows.

Suppose that there exists a peak p € B such that 20, — (6,1 + 0+1) = 3. Then this
difference must be at least 4 for the adjacent peaks. Indeed, if equality held for consecutive
peaks

p and p+2,
then the shared intermediate position p 4+ 1 would satisfy both
opt1 =0, —1 and 0,41 = 0pp2 —2 (or vice-versa).

But then, 0,13 = 0p42 — 1 = 0, which is impossible in a permutation.

Thus, whenever a peak p satisfies 20, — (6,_1 + 0p41) = 3 then the adjacent peak p + 2
must satisfy 20,0 — (0p+1 + 0p+3) > 4. Moreover, using a similar argument we can show
that, if ¢ € B is another peak whose difference is 3, then there is a peak ¢’ € B between
p and ¢ whose difference is 20, — (01 + 0y+1) > 5. Thus, except for the peak p, the
difference for the other peaks is on average at least 4. Therefore,

2 (Z ap> - (Z Op1 + ap+1) > 4|B| - 1. O

pEB pEB

Lemma 4.5. Let m > 1 and let a1, ...,an,b1,...,bph_1,c,d € R satisfy

m m—1
c+d
— i b + —— > 4m — 1.
Z a; + Z + 5 2 m
=1 =1
Then
m m—1
@i+ > vt (P +d) =8m -2
i=1 i=1
Proof. Define the integer N = 2m + 1 and consider the vectors
x=(a1,...,Qm,b1,...,by_1,¢,d) and v=(—1,...,—1,1,...,1,1/2,1/2)
in RV so that the hypothesis is equivalent to the inner product inequality

(x,v) >4m — 1.
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Note also that [[v]|* = 2m — 5. By the Cauchy-Schwarz inequality applied to  and v, we

get
(z,0)* < lff* - o).
Therefore,

HxHQ <IE,U>2 > (4m — 1)2
vl T 2m—1/2
Expanding ||x||? gives precisely

Za +Zb2 —I—d2 > 8m — 2.

=1

=8m — 2.

Theorem 4.6. Let S be an admissible peak set of [n]. Then
diamy(P(S;n))? = diamy(&,,)* — 8|S| + 2b,

where b is the number of blocks.

Proof. We first prove that for every o,7 € P(S;n), dy(0,7)? < diamy(&,,)? — 8|S| + 20.
We start by assuming that S has only one block B = {p,p+ 2,...,q}, where ¢ = p + 2k

for some k£ > 0. In this case, we need to prove that
(4.1) da(0,7)? < diamy(&,,)* — 8|B| + 2.

Since by Lemma 4.1 we have

n

do(0,7)° = diamy(&,)° = > (n+1— (01 +7))%,

=1

the inequality (4.1) is equivalent to Z (n+1—(0;+7))°>8Bl—2.
i=1
Note that by Lemma 4.4, with y; := o; + 7;, we have

2) yi— D (Y1 +yin) > 2(4]B] - 1).

jEB jEB

Equivalently, since the terms in positions p — 1 and ¢ + 1 are the only ones not counted

twice, we may write this last equation as

223/3‘ -2 Z Yir1 — (Yp-1 + Yg1) > 8| B[ — 2.

JjEB jeB\{qa}
Dividing both sides by 2, we get
Yp—1 + Yg+1
(4.2) dui— > yj+1—% > 4|B| - 1.
JjE€B jeB\{d}

Now, putting z; := (n + 1) — y; and replacing in (4.2), we get

Snrt—a)— Y (nt1—ayey)— 20HD = @ FZar) Sy

, , 2
JEB j€B\{q}

From here we get

i +x
(4.3) = wit Y mia+ o 12 o> 4Bl - 1.

jeB jeB\{q}
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Applying Lemma 4.5 to the inequality (4.3), we obtain
doai+ Y ata (g ag) > 8B -2
JjeB jeB\{q¢}

Since the indices B, {j+1:j € B\ {¢}} and {p — 1,¢q + 1} are pairwise disjoint, we

have
Zx =D LR D DR R C-RE AR
jeB jeB\{q}
Therefore,
Z(njtl—az—{—ﬂ Zx > 8|B| — 2.
i=1
For the general case, where S = By U---U B, has b blocks, we have that

Z (n+1— (o +7))° > (8Bi| —2)

=8| S| — 2b.

We then conclude that dy(o,7)* < diamy(S,,)% — 8|S| + 2b.

To show that the diameter diam, (P(S;n))* = diam,(S,)% — 8|S| + 2b, we must find
two permutations o, 7 € P(S;n) such that dy(o,7)? = diamy(&,,)* — 8|S| + 2b. Indeed,
for every admissible peak set S, the dy distance of the permutations e[S] and w[S] is
precisely diamy(S,,)* — 8|S| + 2b as we will see:

(e[S]i +wo[S]i=(G+1)+(n+1—i)+1=n+3, ifieS
elSi+wo[Sli=(—-1)+(n+1—i)—1=n—-1, ifi—1i+1€S

se[Sli+w[Sli=(G—1)+(n+1—1) =n, ifi—leSandi+1¢S5
e[Sl +wo[Sli=i+(n+1—1i)—1=mn, ifi+leSandi—1¢ 95
e[Sl +wolSli =i+ (n+1—1i)=n+1, otherwise

Note that in the third equation, the index ¢ — 1 is the last index of a block, and in the
fourth equation ¢ + 1 is the first index of a block. It follows that

n

S (41— (e[S)s + wolS):))? = 4[S] + 4(1S| — b) + 26 = 85| — 20,

=1

proving that diam, (P(S;n))? = diam,(6,,)? — 8|S| + 2b. O

Ezample 4.1. Let n = 20 and consider the peak set S = {2,4} U {10,12,14} U {19} with
b = 3 blocks, used in Example 3.1. Then,

20(20% — 1)
3

Notice that for some admissible peak sets S, it is possible to find a pair of permu-
tations {o,7} # {e[S],wo[S]} such that dy(o,7) = diamy(P(S;n)). For instance, for
S = {4} C [7], the permutations ¢ = (3,4,6,7,5,2,1) and 7 = (5,4,1,3,2,6,7) have
distance dy(o,7)? = 106 = diamy(P(S5;7))%.

diam, (P(S;n))* = —8-6+2-3=2618.

Corollary 4.7. Let S be an admissible peak set of [n| of maximum cardinality.
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313 18
(1) If n is odd, then diamy(P(S;n))?* = %
(2) If n is even, then
3 -13 30 3513 36
diamy(P(S;n))? = % or diamy(P(S;n))? = %
Proof. The result follows from the previous theorem, noticing that when n is odd an
admissible peak set of maximum cardinality S has cardinal |S| = (n — 1)/2 and only
one block, and for n even, the peak set S has cardinal |S| = n/2 — 1 with one or two
blocks. ]

5. DIAMETERS FOR SETS OF SIGN PERMUTATIONS

In this section, we extend our results to signed permutations, that is, to the Coxeter
group of type B. Let G2 denote the Coxeter group of type B, consisting of all bijections

o:{£1,+2,...,+n} — {£1,4+2,... £tn}

satisfying o(—i) = —o(7) for every ¢ € [n]. As usual, we write signed permutations in
one-line notation as ¢ = 0,05 - - - 0, where o; = o(i). A signed permutation o € &7 is
said to have a peak at position i € {2,...,n — 1} whenever o;_; < 0; > 0441. The set of
all peaks of o is denoted by Peak(c).

For a set S C {2,...,n — 1}, we define PP(S;n) = {o € &2 : Peak(c) = S}. Asin
the case of ordinary permutations, the set S is called an admissible peak set whenever
PB(S;n) # 0. The notions of admissible peak set and peak classes PZ(S;n) are therefore
completely analogous to those introduced for the symmetric group &,. In particular,
every admissible peak set for G, is also admissible for &Z.

The one-line representation gives a natural injection from &2 into R™. Viewing &,, and
G5 as subspaces of R", we can see &,, as a subset of G2, and consequently P(S;n) as a
subset of PB(S;n).

Given two sign permutations ¢ and 7 in &2 they are at maximal distance in respect
to the dy metric if for all i € [n], o; > 0 if and only if 7; < 0. Using the same reasoning
as in Lemma 3.1 and the fact that o; and 7; have opposite signs, we conclude that the
diameter of &2 with respect to d; is

;|0i—n!:;\m|+;\mZQ”(”T*”DIHQJFW

For an admissible peak set S, there is always a permutation o € P(S;n) C P5(S;n).
Similarly, there is a permutation 7 € PZ(S;n) such that 7; < 0 for all i € [n]. From these
facts we can conclude the following result.

Theorem 5.1. Let S be an admissible peak set of [n]. Then, diam;(P?(S;n)) = diam, (&7).
We turn now our attention to the dy metric. To compute the diameter of G2, we first

state a lemma similar to Lemma 4.1. Using the identity (a — b)? + (a + b)* = 2a* + 2b?,
it is straightforward to conclude the next result.

Lemma 5.2. Let 0,7 € &B. Then

do(o,7)? + Z(O’i +7,) = gn(n +1)(2n+1).

i=1
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It follows that the square of diameter of 65 with respect to ds is attained when 7; = —o;
for every i € [n], that is:
n n 2
Z(Oi —7)’ = Z(Zai)Z =-nn+1)2n+1).
i=1 i=1 3

Using the again the Lemmas 5.2, 4.4 and 4.5, we obtain a explicitly formula for the
diameter of PB(S;n).

Theorem 5.3. Let S be an admissible peak set of [n]. Then
diamy (P?(S;n))? = diamy(&5)? — 8|S| + 20,
where b is the number of blocks.

The proof that diam,(P?(S;n))? < diamy(&5)? —8|S| +2b, follows closely the proof of
Theorem 4.6. Given an admissible peak set S, there are always at least two pairs of sign
permutations at maximal distance relatively to the d; metric, showing that the remaining
inequality is true. One such pair is e[S] and €[S], where ¢[S] is define as in &,, and €[95]
is obtained from € =1 2-- -7 as follows:

e ¢[5] is obtained by swapping the entries at positions £ — 1 and k in € for each
kelS.

The other pair is constructed similarly using the longest element wg of G2 instead of the
identity permutation (see [1]).
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