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❆❜str❛❝t

❲❡ ♣r♦♣♦s❡ ❛ s②st❡♠❛t✐❝ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥str✉❝t✐♥❣ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs ❢♦r

❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ♦♥ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞s✳ ❇② ❝♦♠❜✐♥✐♥❣ P♦✐ss♦♥✐③❛t✐♦♥ ♦❢ ❏❛❝♦❜✐

str✉❝t✉r❡s ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥s✱ ❏❛❝♦❜✐ ❞②♥❛♠✐❝s ❛r❡ ❧✐❢t❡❞ t♦

❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✱ ❡♥❛❜❧✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ str✉❝t✉r❡✲

♣r❡s❡r✈✐♥❣ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs✳ ❚❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡s ❛r❡ ❝♦♥str✉❝t❡❞

❡①♣❧✐❝✐t❧② ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❛ r❛♥❣❡ ♦❢ ❡①❛♠♣❧❡s✱ ✐♥❝❧✉❞✐♥❣ ❝♦♥t❛❝t ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s

❛♥❞ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❤✐❣❤❧✐❣❤t t❤❡✐r q✉❛❧✐t❛t✐✈❡ ❛❞✈❛♥t❛❣❡s

♦✈❡r st❛♥❞❛r❞ ✐♥t❡❣r❛t♦rs✱ ✐♥❝❧✉❞✐♥❣ ❜❡tt❡r ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❛♥❞

✐♠♣r♦✈❡❞ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r✳

✶ ■♥tr♦❞✉❝t✐♦♥

❈❧❛ss✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ❛r❡ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t ♠♦❞❡❧
❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦rs ❛♥❞ ❛r✐s❡ ❢r♦♠ ❛ ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ❜❛s❡❞ ♦♥ ❛
s♠♦♦t❤ ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❞❡✜♥❡❞ ♦♥ ❛ ♠❛♥✐❢♦❧❞ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ s✉✐t❛❜❧❡
❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❬✶✻✱ ✶✾❪✳ ■♥ ❝❧❛ss✐❝❛❧ ❍❛♠✐❧t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s✱ t❤✐s ♠❛♥✐❢♦❧❞ ✐s t❤❡ ♣❤❛s❡
s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡✳ ❙②♠♣❧❡❝t✐❝ ❣❡♦♠❡tr② ❛❧❧♦✇s ♦♥❡ t♦ ❛ss♦❝✐❛t❡ t♦
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥ ❛♥ ✐♥tr✐♥s✐❝❛❧❧② ❞❡✜♥❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✱ ✇❤♦s❡ ✐♥t❡❣r❛❧
❝✉r✈❡s ❞❡s❝r✐❜❡ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ❢r♦♠ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡s❡
tr❛❥❡❝t♦r✐❡s ❞❡✜♥❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣②✳

❊①❝❡♣t ✐♥ s♣❡❝✐❛❧ ❝❛s❡s✱ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❍♦✇❡✈❡r✱
t❤❡✐r ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ t♦ ❝♦♥str✉❝t ❛❝❝✉r❛t❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s
✉s✐♥❣ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✱ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡s✐❣♥❡❞ t♦ ♣r❡s❡r✈❡ q✉❛❧✐t❛t✐✈❡ ❣❡♦♠❡tr✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①❛❝t ✢♦✇ ❬✶✼❪✳ ❆ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ✐s ♣r♦✈✐❞❡❞ ❜② s②♠♣❧❡❝t✐❝ ✐♥t❡❣r❛✲
t♦rs✱ ✇❤✐❝❤ ♣r❡s❡r✈❡ t❤❡ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❡①❤✐❜✐t ❡①❝❡❧❧❡♥t ❧♦♥❣✲t✐♠❡
❜❡❤❛✈✐♦r ❬✷✺❪✳ ❆❧t❤♦✉❣❤ s✉❝❤ ♠❡t❤♦❞s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ♣r❡s❡r✈❡ t❤❡ ♦r✐❣✐♥❛❧ ❍❛♠✐❧t♦♥✐❛♥
❡①❛❝t❧②✱ t❤❡② t②♣✐❝❛❧❧② ❝♦♥s❡r✈❡ ❛ ♥❡❛r❜② ♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥✱ ❧❡❛❞✐♥❣ t♦ ❜♦✉♥❞❡❞ ❡♥❡r❣②
❡rr♦rs ♦✈❡r ❧♦♥❣ t✐♠❡ ✐♥t❡r✈❛❧s✳
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❚❤❡ s❝♦♣❡ ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ♠❡t❤♦❞s ❤❛s ❡①♣❛♥❞❡❞ ❝♦♥s✐❞❡r❛❜❧② t❤r♦✉❣❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥
♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❣❡♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦s✳ P♦✐ss♦♥ ❣❡♦♠❡tr② ❬✶✶✱ ✷✽❪ ❣❡♥❡r❛❧✐③❡s s②♠♣❧❡❝t✐❝
❣❡♦♠❡tr② ❜② ❛❧❧♦✇✐♥❣ ❞❡❣❡♥❡r❛❝✐❡s ❛♥❞ ♥❛t✉r❛❧❧② ❛r✐s❡s ✐♥ ❝♦♥s❡r✈❛t✐✈❡ s②st❡♠s ✇✐t❤ s②♠✲
♠❡tr✐❡s ♦r s✐♥❣✉❧❛r✐t✐❡s✳ ❈♦♥t❛❝t ❣❡♦♠❡tr② ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧ s❡tt✐♥❣ ❢♦r ♠♦❞❡❧✐♥❣ ❞✐ss✐♣❛t✐✈❡
❛♥❞ t✐♠❡✲❞❡♣❡♥❞❡♥t s②st❡♠s✱ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s r❛♥❣✐♥❣ ❢r♦♠ ♠❡❝❤❛♥✐❝s t♦ t❤❡r♠♦❞②♥❛♠✐❝s
❬✹✱ ✺✱ ✶✺✱ ✷✸❪✳ ❏❛❝♦❜✐ ❣❡♦♠❡tr② ❬✻✱ ✶✽✱ ✷✵❪✱ ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s ❜♦t❤ P♦✐ss♦♥ ❛♥❞ ❝♦♥t❛❝t
str✉❝t✉r❡s✱ ♦✛❡rs ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❝♦♥s❡r✈❛t✐✈❡ ❛♥❞ ❞✐ss✐♣❛t✐✈❡
❞②♥❛♠✐❝s✱ ❛s ✇❡❧❧ ❛s s②st❡♠s ✇✐t❤ s②♠♠❡tr✐❡s ❛♥❞ s✐♥❣✉❧❛r✐t✐❡s ❬✶✹✱ ✷✶✱ ✷✻✱ ✷✾✱ ✸✵❪✳ ■♥
t❤❡s❡ s❡tt✐♥❣s✱ t❤❡ ❣❡♦♠❡tr② ❛❣❛✐♥ ❞❡t❡r♠✐♥❡s ❤♦✇ ❛ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥ ✐♥❞✉❝❡s ❛ s②s✲
t❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤r♦✉❣❤ ❛♥ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✳ ■♥ ❝♦♥tr❛st
t♦ t❤❡ s②♠♣❧❡❝t✐❝ ❝❛s❡✱ ❏❛❝♦❜✐ ❛♥❞ ❝♦♥t❛❝t ❣❡♦♠❡tr✐❡s ❡♥❝♦❞❡ ❛ ❝♦♥tr♦❧❧❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
❍❛♠✐❧t♦♥✐❛♥ ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s✱ r❡✢❡❝t✐♥❣ ❞✐ss✐♣❛t✐♦♥ ♦r ❡①t❡r♥❛❧ ❢♦r❝✐♥❣✳

■♥ t❤❡ P♦✐ss♦♥ ❝❛s❡✱ ❤♦✇❡✈❡r✱ t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ ❜② ❣❡♦♠❡tr✐❝
✐♥t❡❣r❛t♦rs ❛❧♦♥❡ ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳ ❚♦ ❛❞❞r❡ss t❤✐s
❧✐♠✐t❛t✐♦♥✱ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs ✭P❍■s✮ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✾❪✱ ❣❡♥❡r❛t✐♥❣ ❞✐s✲
❝r❡t❡ tr❛❥❡❝t♦r✐❡s t❤❛t ❝♦✐♥❝✐❞❡ ❡①❛❝t❧② ✇✐t❤ t❤❡ ✢♦✇ ♦❢ ❛ s✉✐t❛❜❧② ❝❤♦s❡♥ t✐♠❡✲❞❡♣❡♥❞❡♥t
❍❛♠✐❧t♦♥✐❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✳ ❇✉✐❧❞✐♥❣ ♦♥ t❤❡s❡ ✐❞❡❛s✱ ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❬✶❪
❛ ❝❧❛ss ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs ✭❏❍■s✮ ❢♦r ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✳ ❚❤❡s❡
♠❡t❤♦❞s ♣r❡s❡r✈❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❏❛❝♦❜✐ str✉❝t✉r❡ ❛♥❞ ♣r♦❞✉❝❡ ❞✐s❝r❡t❡ tr❛❥❡❝t♦r✐❡s t❤❛t
❛r❡ ❡①❛❝t s♦❧✉t✐♦♥s ♦❢ ❛ ♠♦❞✐✜❡❞ t✐♠❡✲❞❡♣❡♥❞❡♥t ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✳ ❆s ✐s t②♣✐❝❛❧
♦❢ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ s❝❤❡♠❡s✱ ❏❍■s ❡①❤✐❜✐t ❢❛✈♦r❛❜❧❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ❛♥❞ ❛✈♦✐❞ t❤❡
❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❧❛r❣❡ ❣❧♦❜❛❧ ❡rr♦rs✳

❚❤❡ ❦❡② ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ❞❡✈❡❧♦♣ ❛ s②st❡♠❛t✐❝ ❢r❛♠❡✲
✇♦r❦ ❢♦r ❝♦♥str✉❝t✐♥❣ ❏❍■s ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❏❛❝♦❜✐ ♠❛♥✐✲
❢♦❧❞s ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞s✱ ✉s✐♥❣ P♦✐ss♦♥✐③❛t✐♦♥ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝✲
t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥s ❬✷✱ ✽✱ ✶✷✱ ✶✸❪✳ ❙❡❝♦♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❡①♣❧✐❝✐t r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r
❣❡♥❡r❛t✐♥❣ ❏❍■s ♦❢ ❛r❜✐tr❛r② ♦r❞❡r✱ ❜❛s❡❞ ♦♥ t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❛♥❞ ❡①❛❝t ❤♦♠♦❣❡✲
♥❡♦✉s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ✢♦✇s ♣r♦❞✉❝❡ ✇❡❧❧✲❞❡✜♥❡❞ ❏❛❝♦❜✐ ♠❛♣s✱ ♣r❡✲
s❡r✈❡ ✐♥tr✐♥s✐❝ ❤♦♠♦❣❡♥❡✐t②✱ ❛♥❞✱ ❛s ❝♦♥✜r♠❡❞ ❜② ❜❛❝❦✇❛r❞ ❡rr♦r ❛♥❛❧②s✐s✱ ❝♦✐♥❝✐❞❡ ✉♣ t♦
t❤❡ ♣r❡❞✐❝t❡❞ ♦r❞❡r ✇✐t❤ t❤❡ ❡①❛❝t ✢♦✇ ♦❢ ❛ ♠♦❞✐✜❡❞ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✱ ❡♥s✉r✲
✐♥❣ ❧♦♥❣✲t✐♠❡ q✉❛❧✐t❛t✐✈❡ ✜❞❡❧✐t②✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦✉r ❛♣♣r♦❛❝❤
t❤r♦✉❣❤ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ♦♥ ❜♦t❤ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s ❛♥❞ ❝❧❛ss✐❝❛❧
♠♦❞❡❧s✱ ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ ❛❝❝✉r❛❝② ❛♥❞ str♦♥❣ ❣❡♦♠❡tr✐❝ ❝♦♥s✐st❡♥❝② ♦❢ ❏❍■s ❝♦♠♣❛r❡❞ ✇✐t❤
st❛♥❞❛r❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❛❝♦❜✐
❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ P♦✐ss♦♥✐③❛t✐♦♥
♦❢ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞s ❛♥❞ ♦♥ ❛ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇✱
❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❙❡❝t✐♦♥ ✷ ♣r♦✲
✈✐❞❡s ❛ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡s✱ ❡st❛❜❧✐s❤✐♥❣ t❤❡✐r str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣
♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❛r❜✐tr❛r②✲♦r❞❡r ❛❝❝✉r❛❝②✱ ❜❛❝❦✇❛r❞ ❡rr♦r ❜❡❤❛✈✐♦r t❤r♦✉❣❤ ❛ ♠♦❞✐✲
✜❡❞ ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ ❡①❛❝t ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡✐t② ❛♥❞ ❏❛❝♦❜✐ ✐♥✈❛r✐❛♥ts✳ ❙❡❝t✐♦♥ ✸
s✉♠♠❛r✐③❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ ❛❧❣♦r✐t❤♠✐❝ ❢♦r♠ ❛♥❞ ❛♣♣❧✐❡s t❤❡ ♣r♦♣♦s❡❞ ✐♥t❡❣r❛t♦rs t♦
s❡✈❡r❛❧ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s✱ ✐♥❝❧✉❞✐♥❣ ❝♦♥t❛❝t ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✱ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ t❡st
♣r♦❜❧❡♠s✱ ❛♥❞ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛♥❞ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ st❛♥❞❛r❞ ✐♥✲
t❡❣r❛t♦rs ❛r❡ ❞✐s❝✉ss❡❞ t❤r♦✉❣❤♦✉t✱ ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ q✉❛❧✐t❛t✐✈❡ ❛♥❞ q✉❛♥t✐t❛t✐✈❡ ❛❞✈❛♥t❛❣❡s
♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤✳

✷



✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs

❏❛❝♦❜✐ ❣❡♦♠❡tr② ❣❡♥❡r❛❧✐③❡s ❜♦t❤ P♦✐ss♦♥ ❛♥❞ ❝♦♥t❛❝t ❣❡♦♠❡tr②✱ ♣r♦✈✐❞✐♥❣ ❛ ♥❛t✉r❛❧
❢r❛♠❡✇♦r❦ ❢♦r ♠♦❞❡❧✐♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ❞✐ss✐♣❛t✐✈❡✱ ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝ s②st❡♠s ❬✹✱ ✺✱ ✶✹✱
✷✶✱ ✷✻✱ ✷✾✱ ✸✵❪✳ ❙t❛♥❞❛r❞ s②♠♣❧❡❝t✐❝ ♦r P♦✐ss♦♥ ✐♥t❡❣r❛t♦rs ❞♦ ♥♦t ❞✐r❡❝t❧② ❛♣♣❧② ✐♥ t❤✐s
♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❡❝✐❛❧✐③❡❞ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs
❢♦r ❏❛❝♦❜✐ s②st❡♠s✳

✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭❏❍■✮ ❜❡❣✐♥s ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❤♦✲
♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥✐③❡❞ ♠❛♥✐❢♦❧❞✱ ♣r♦✈✐❞✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝
s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳

❆ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♦♥ ❛ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞ ✐s ❧✐❢t❡❞✱ ✈✐❛ P♦✐ss♦♥✐③❛t✐♦♥✱ t♦ ❛ ❤♦♠♦❣❡✲
♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♦♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♥❝✐♣❛❧ R×✲❜✉♥❞❧❡✳ ❖♥ t❤✐s ♠❛♥✐❢♦❧❞✱
❛ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ s♣r❛②✱ ②✐❡❧❞✐♥❣
❛ ❧♦❝❛❧ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞ ❬✷✱ ✶✷✱ ✶✸❪✳ ❲✐t❤✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❍❛♠✐❧t♦♥✐❛♥
❞②♥❛♠✐❝s ❛r❡ ❝♦♥❝❡♣t✉❛❧❧② ❡♥❝♦❞❡❞ ❜② s♠♦♦t❤ ❢❛♠✐❧✐❡s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝✲
t✐♦♥s ❣♦✈❡r♥❡❞ ❜② ❛ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✕❏❛❝♦❜✐ ❡q✉❛t✐♦♥✳ ❚❤❡ ♠❛♣s α ❛♥❞ β ♦❢ t❤❡
❜✐✲r❡❛❧✐③❛t✐♦♥✱ ♦♥❝❡ ❞❡✜♥❡❞✱ ✇✐❧❧ ❝♦♥♥❡❝t t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡ ✇✐t❤ t❤❡ ♠❛♥✐❢♦❧❞ ❛♥❞ ❡♥s✉r❡
t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡✐t②✳

❇✉✐❧❞✐♥❣ ♦♥ t❤✐s ❣❡♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r ✐s ❝♦♥str✉❝t❡❞ ✐t❡r❛✲
t✐✈❡❧② ❜② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ t❤❡s❡ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳ ❋♦r t✐♠❡✲
❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥s✱ t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ♣r♦✈✐❞❡s ❛ s②st❡♠❛t✐❝ t♦♦❧ ❢♦r ❣❡♥❡r❛t✲
✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ ❡①♣r❡ss✐♥❣ t❤❡ ✢♦✇ ❛s ❛ s✐♥❣❧❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛
❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✳ ❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ♥❛t✉r❛❧❧② r❡s♣❡❝ts t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ▲✐❡ ❛❧❣❡✲
❜r❛ str✉❝t✉r❡ ❛♥❞ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ❜❛❝❦✇❛r❞ ❡rr♦r ❛♥❛❧②s✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱
✇❤✐❝❤ ❡st❛❜❧✐s❤❡s t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❦❡② ❣❡♦♠❡tr✐❝ ❢❡❛t✉r❡s ♦❢ ❏❛❝♦❜✐ ❞②♥❛♠✐❝s✳

✷✳✶✳✶ P♦✐ss♦♥✐③❛t✐♦♥ ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s

❆ ❏❛❝♦❜✐ str✉❝t✉r❡ ♦♥ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ J ✐s ❣✐✈❡♥ ❜② ❛ ❜✐✈❡❝t♦r ✜❡❧❞ Λ ❛♥❞ ❛ ✈❡❝t♦r
✜❡❧❞ E ♦♥ J s✉❝❤ t❤❛t [Λ,Λ] = 2E ∧Λ ❛♥❞ [E,Λ] = 0✳ ❲❡ ❝❛❧❧ (J,Λ, E) ❛ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞✳
●✐✈❡♥ ❛ ❍❛♠✐t♦♥✐❛♥✱ ✐✳❡✳✱ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ H ♦♥ J ✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥
✈❡❝t♦r ✜❡❧❞✱ ❞❡t❡r♠✐♥✐♥❣ ❛ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✱ ✐s

XH = Λ(·, dH)−HE(·). ✭✶✮

▲❡t (J,Λ, E) ❜❡ ❛ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s x✳ ❚❤❡ P♦✐ss♦♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❬✷✵❪
❛ss♦❝✐❛t❡s t♦ J ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ (P,Π, hz)✱ ✇❤❡r❡ Π ✐s ❛ −1✲❤♦♠♦❣❡♥❡♦✉s
P♦✐ss♦♥ str✉❝t✉r❡

Π =
1

t
Λ +

∂

∂t
∧ E, ✭✷✮

❛♥❞ hz ❞❡✜♥❡s t❤❡ ❤♦♠♦❣❡♥❡✐t② ❛❝t✐♦♥ ❢♦r z ∈ R
×

hz(x, t) = (x, zt), T ∗hz(x, t, ξx, ξt) = (x, zt, zξx, ξt).

❯♥❞❡r t❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡✱ ❛ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♦♥ J ❧✐❢ts t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥
s②st❡♠ ♦♥ P ✇✐t❤ ❛ ✶✲❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥ Ĥ✱ ✐✳❡✳✱ h∗

zĤ = zĤ✳

✸



✷✳✶✳✷ ❍♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥

❆ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❣❡♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤
❍❛♠✐❧t♦♥✐❛♥ ✢♦✇s ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳ ❚❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❞❡✜♥❡s t❤❡
♠❛♣s

α, β : U ⊂ T ∗P → P

t❤❛t ❝♦♥♥❡❝t t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡ ✇✐t❤ t❤❡ ♠❛♥✐❢♦❧❞ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❜♦t❤ t❤❡ P♦✐ss♦♥
str✉❝t✉r❡ ❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡✐t②✿

hz ◦ α = α ◦ T ∗hz, hz ◦ β = β ◦ T ∗hz.

✷✳✶✳✸ ■t❡r❛t✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞

❖♥❝❡ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❞❡✜♥❡❞✱ t❤❡ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ❛ ❞✐s❝r❡t❡ ✢♦✇ t❤❛t
❛♣♣r♦①✐♠❛t❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s ♦♥ t❤❡ P♦✐ss♦♥✐③❡❞ ♠❛♥✐❢♦❧❞✳ ▲❡t Ĥ ❜❡ t❤❡ ❤♦✲
♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ ❧❡t Si ❞❡♥♦t❡ t❤❡ i✲t❤ t❡r♠ ✐♥ t❤❡ ✐t❡r❛t✐✈❡ ❝♦♥str✉❝t✐♦♥✳ ❚❤❡
❛❧❣♦r✐t❤♠ ♦❢ ♦r❞❡r k ♣r♦❝❡❡❞s r❡❝✉rs✐✈❡❧②✿

✶✳ ❙❡t S1(x) = Ĥ(x)❀

✷✳ ❈♦♠♣✉t❡

Si+1(x) =
1

(i+ 1)!

di

dsi

∣

∣

∣

∣

s=0

Ĥ
(

α
(

dxS
(i)
s

))

, S(i)
s =

i
∑

j=1

sjSj;

✸✳ ❋♦r ❛ t✐♠❡ st❡♣ ∆s✱ ✜♥❞ yn s✉❝❤ t❤❛t

α

(

yn,

k
∑

i=1

∆si∇xSi(yn)

)

= xn;

✹✳ ❯♣❞❛t❡

xn+1 := β

(

yn,

k
∑

i=1

∆si∇xSi(yn)

)

.

❍❡r❡✱ ❡❛❝❤ Si ✐s t❤❡ i✲t❤ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ Ss✱ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛
❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♥✐❢♦❧❞ ✉s✐♥❣ α−1 ❛♥❞ β✳

❚❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❏❍■ ❢♦❧❧♦✇s t❤❛t ♦❢ t❤❡ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r
❬✶✵❪❀ t❤❡ ❦❡② ♣♦✐♥t ✐s t♦ ✈❡r✐❢② t❤❛t st❡♣ ✷ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡✳

❚❤❡♦r❡♠ ✷✳✶✳ ❚❤❡ r❡❝✉rs✐♦♥ ❞❡✜♥❡❞ ✐♥ st❡♣s ✶ ❛♥❞ ✷ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡❀
t❤❛t ✐s✱ ❛❧❧ ❣❡♥❡r❛t❡❞ Si ❛r❡ ✶✲❤♦♠♦❣❡♥❡♦✉s✳

Pr♦♦❢✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❋♦r k = 1✱ ✇❡ ❤❛✈❡ S1(x, t) = H(x, t)✱ ✇❤✐❝❤
✐s ❝❧❡❛r❧② ✶✲❤♦♠♦❣❡♥❡♦✉s✳ ❆ss✉♠❡ ♥♦✇ t❤❛t S1, . . . , Sk ❛r❡ ❛❧❧ ✶✲❤♦♠♦❣❡♥❡♦✉s✳ ❈♦♥s✐❞❡r
S
(k)
s =

∑k
j=1 s

jSj❀ ❜② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ S
(k)
s ✐s ❛❧s♦ ✶✲❤♦♠♦❣❡♥❡♦✉s✳

✹



❲❡ ❝❧❛✐♠ t❤❛t d(S
(k)
s ◦ hz) = T ∗hz ◦ dS

(k)
s ✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ x✲❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ❤❛s

∂S
(k)
s

∂x
(x, zt) = z

∂S
(k)
s

∂x
(x, t),

❛♥❞ ❢♦r t❤❡ t✲❝♦♠♣♦♥❡♥t✱ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡✱

d

dt
S(k)
s (x, zt) = z

∂S
(k)
s

∂t
(x, zt).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ d
dt
S
(k)
s (x, zt) = d

dt

(

zS
(k)
s (x, t)

)

= z ∂S
(k)
s

∂t
(x, t)✳ ❙♦✱

∂S
(k)
s

∂t
(x, zt) =

∂S
(k)
s

∂t
(x, t).

❋✐♥❛❧❧②✱ Sk+1 ✐s ✶✲❤♦♠♦❣❡♥❡♦✉s ❜❡❝❛✉s❡ ❜♦t❤ α ❛♥❞ dS
(k)
s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✿

h∗
zSk+1(x, t) =

1

(k + 1)!

dk

dsk

∣

∣

∣

s=0
Ĥ
(

α(dxS
(k)
s ◦ hz)

)

=
1

(k + 1)!

dk

dsk

∣

∣

∣

s=0
Ĥ
(

α(T ∗hz ◦ dxS
(k)
s )
)

=
1

(k + 1)!

dk

dsk

∣

∣

∣

s=0
Ĥ
(

hz ◦ α(dxS
(k)
s )
)

= z
1

(k + 1)!

dk

dsk

∣

∣

∣

s=0
Ĥ
(

α(dxS
(k)
s )
)

= zSk+1(x, t),

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤✐s s❤♦✇s t❤❛t t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝t❡❞ ✐♥ ❬✶✵❪ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ ✐♥ t❤❡
❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ❢r❛♠❡✇♦r❦ t♦ ❜✉✐❧❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✳

✷✳✷ ❙tr✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt✐❡s

❍❛✈✐♥❣ ❝♦♥str✉❝t❡❞ t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r✱ ✇❡ ♥♦✇ ❛♥❛❧②③❡ ✐ts q✉❛❧✐t❛t✐✈❡
❛♥❞ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❤✐❣❤✲♦r❞❡r ❛❝❝✉r❛❝②✱ ❜❛❝❦✇❛r❞ ❡rr♦r ❜❡❤❛✈✐♦r✱
❛♥❞ ❤♦♠♦❣❡♥❡✐t②✳ ❆ ❝❡♥tr❛❧ r♦❧❡ ✐s ♣❧❛②❡❞ ❜② t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛
s②st❡♠❛t✐❝ ❢r❛♠❡✇♦r❦ ❢♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ✢♦✇ ❛s ❛ s✐♥❣❧❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛ ❍❛♠✐❧t♦♥✐❛♥
✈❡❝t♦r ✜❡❧❞ ❛♥❞ ❢♦r ❝♦♥str✉❝t✐♥❣ ❤✐❣❤❡r✲♦r❞❡r ✐♥t❡❣r❛t♦rs✳

✷✳✷✳✶ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥

❋♦r t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥s✱ ✐t ✐s ♦❢t❡♥ ❛❞✈❛♥t❛❣❡♦✉s t♦ r❡♣r❡s❡♥t t❤❡ ✢♦✇ ♠❛♣
❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛ s✐♥❣❧❡ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✳ ❚❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❬✸✱ ✷✷✱ ✷✹❪
♣r♦✈✐❞❡s s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥✱ ❝❛♣t✉r✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❞②♥❛♠✐❝s t❤r♦✉❣❤
♥❡st❡❞ P♦✐ss♦♥ ❜r❛❝❦❡ts✳

✺



▲❡t (M,ωcan) ❜❡ ❛ ❝❛♥♦♥✐❝❛❧ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s x = (qi, pi)✱ ❛♥❞ ❧❡t
t❤❡ P♦✐ss♦♥ ❜r❛❝❦❡t ♦❢ t✇♦ s♠♦♦t❤ ❢✉♥❝t✐♦♥s f, g ∈ C∞(M) ❜❡ ❞❡✜♥❡❞ ❜②

{f, g} =
∂f

∂qi
∂g

∂pi
−

∂f

∂pi

∂g

∂qi
.

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ f ❛❝ts ♦♥ ❢✉♥❝t✐♦♥s ❛s Xfg = {f, g}✳ ◆❡st❡❞
P♦✐ss♦♥ ❜r❛❝❦❡ts ❛r❡ ❞❡♥♦t❡❞ ❜②

ad0
fg = g, adn

fg = {f, adn−1
f g}, n ≥ 1,

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲✐❡ s❡r✐❡s

Adfg = exp(adf )g =
∞
∑

n=0

1

n!
adn

fg.

❋♦r ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥ H(x, t) ✇✐t❤ ✢♦✇ ξ(t) s❛t✐s❢②✐♥❣ ξ̇(t) = XH(ξ(t), t)✱
t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ s❡❡❦s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♦♣❡r❛t♦r M(t) ❛s

M(t) = AdΩ(t) = exp(adΩ(t)),

✇❤❡r❡ Ω(t) ✐s ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥ ❞❡t❡r♠✐♥❡❞ r❡❝✉rs✐✈❡❧② ❢r♦♠ t❤❡ ♥❡st❡❞
P♦✐ss♦♥ ❜r❛❝❦❡ts ♦❢ H✳ ❚r✉♥❝❛t✐♥❣ t❤❡ s❡r✐❡s ❛t ❛♥② ♦r❞❡r ♣r♦✈✐❞❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
✢♦✇ ❛s ❛ s✐♥❣❧❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ❛ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✱ ❡♥s✉r✐♥❣ t❤❛t ❡❛❝❤ tr✉♥❝❛t❡❞
▼❛❣♥✉s ✐♥t❡❣r❛t♦r ❞❡✜♥❡s ❛ s②♠♣❧❡❝t✐❝ ♠❛♣✳ ❚❤✐s ♠❛❦❡s t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❛ ♥❛t✉r❛❧
t♦♦❧ ❢♦r ❝♦♥str✉❝t✐♥❣ ❤✐❣❤✲♦r❞❡r ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✳

❘❡♠❛r❦ ✷✳✷✳ ❋♦r ❛ ❣✐✈❡♥ st❡♣ s✐③❡ ϵ✱ t❤❡ ♦♣❡r❛t♦r Mϵ(H) = Ω(ϵ) ✐s ❝❛❧❧❡❞ t❤❡ ▼❛❣♥✉s
s❡r✐❡s ♦❢ H ❛♥❞ ❡♥❝♦❞❡s ❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ❝♦rr❡❝t✐♦♥s ❞✉❡ t♦ t❤❡ ♥♦♥✲❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡
t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥✳

❚❤❡♦r❡♠ ✷✳✸ ✭▼❛❣♥✉s ❬✷✷❪✮✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢

Ṁ = MXH0 , M(0) = I,

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
M(t) = AdΩ(t),

✇❤❡r❡

Ω̇ =
adΩ

AdΩ − 1
H0 =

∞
∑

n=0

Bn

n!
adn

ΩH0, Ω(0) = 0,

❛♥❞ Bn ❛r❡ t❤❡ ❇❡r♥♦✉❧❧✐ ♥✉♠❜❡rs✳

❚❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ♣r♦✈✐❞❡s ❛ ❤✐❡r❛r❝❤② ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s✿ ❡❛❝❤ s✉❝❝❡ss✐✈❡ t❡r♠
❛❝❝♦✉♥ts ❢♦r t❤❡ ♥♦♥✲❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥✳ ❚r✉♥❝❛t✐♦♥ ❛t
♦r❞❡r k ❞✐r❡❝t❧② ❝♦♥tr♦❧s t❤❡ ❧♦❝❛❧ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♥t❡❣r❛t♦r ❛♥❞ ❡♥s✉r❡s t❤❡ ♣r❡s❡r✈❛t✐♦♥
♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s②♠♣❧❡❝t✐❝ ♦r ❏❛❝♦❜✐ str✉❝t✉r❡✳

✻



✷✳✷✳✷ ❇❛❝❦✇❛r❞ ❡rr♦r ❛♥❛❧②s✐s

❇❛❝❦✇❛r❞ ❡rr♦r ❛♥❛❧②s✐s ♣r♦✈✐❞❡s ❛ r✐❣♦r♦✉s ❢r❛♠❡✇♦r❦ t♦ st✉❞② t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r
♦❢ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✳ ❘❛t❤❡r t❤❛♥ ❡st✐♠❛t✐♥❣ t❤❡ ❣❧♦❜❛❧ ❡rr♦r ❞✐r❡❝t❧②✱ ♦♥❡ ❝♦♥str✉❝ts ❛
♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✇❤♦s❡ ❡①❛❝t ✢♦✇ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❝❧❛r✐✜❡s ❤♦✇ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡s ❛r❡ ♣r❡s❡r✈❡❞ ❜② t❤❡ ✐♥t❡❣r❛t♦r ❬✶✼❪✳

❋♦r ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❤♦♠♦❣❡✲
♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭P❍■✮ ❬✶❪✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ❜❛❝❦✇❛r❞ ❡rr♦r ❛♥❛❧②s✐s
t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ s❡tt✐♥❣✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❆ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r ♦♥ ❛ ♠❛♥✐❢♦❧❞ P ✐s ❛ s♠♦♦t❤ ❢❛♠✐❧② ♦❢ ❞✐✛❡♦♠♦r✲
♣❤✐s♠s

φ = (φϵ)ϵ∈I ,

✇❤❡r❡ I ⊂ R ✐s ❛♥ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ 0✱ s✉❝❤ t❤❛t t❤❡ ♠❛♣ ϵ 7→ φϵ(x) ✐s s♠♦♦t❤ ❢♦r ❛❧❧
x ∈ P ✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❚❤❡ ✐♥t❡❣r❛t♦r φ ✐s s❛✐❞ t♦ ❤❛✈❡ ♦r❞❡r k ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✈❡❝t♦r ✜❡❧❞
X ∈ X(P ) ✐❢

φϵ(x) = ϕϵ
X(x) + o(ϵk),

✇❤❡r❡ ϕϵ
X ❞❡♥♦t❡s t❤❡ ❡①❛❝t ✢♦✇ ♦❢ X✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ●✐✈❡♥ ❛ P♦✐ss♦♥ ✭r❡s♣✳ ❏❛❝♦❜✐✮ ♠❛♥✐❢♦❧❞ ❛♥❞ ❛ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞
XH ✱ ❛♥ ✐♥t❡❣r❛t♦r φϵ ♦❢ ♦r❞❡r k ❢♦r XH ✐s s❛✐❞ t♦ ❜❡ ❛ P♦✐ss♦♥ ✭r❡s♣✳ ❏❛❝♦❜✐✮ ✐♥t❡❣r❛t♦r ✐❢
φϵ ✐s ❛ P♦✐ss♦♥ ✭❏❛❝♦❜✐✮ ❞✐✛❡♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✷✳✼✳ ▲❡t XH ❜❡ ❛ P♦✐ss♦♥ ✭r❡s♣✳ ❏❛❝♦❜✐✮ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✳ ❆♥ ✐♥t❡❣r❛t♦r
♦❢ ♦r❞❡r k✱ φϵ✱ ✐s s❛✐❞ t♦ ❜❡ ❛ P♦✐ss♦♥ ✭r❡s♣✳ ❏❛❝♦❜✐✮ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦r ❢♦r H ✐❢✿

✶✳ φϵ ✐s ❛ P♦✐ss♦♥ ✭r❡s♣✳ ❏❛❝♦❜✐✮ ❞✐✛❡♦♠♦r♣❤✐s♠❀

✷✳ t❤❡r❡ ❡①✐sts ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥ (Hs)s s✉❝❤ t❤❛t✿

✭❛✮ Hs −H = o(ϵk)❀

✭❜✮ φϵ = ϕϵ
H + o(ϵk).

❘❡♠❛r❦ ✷✳✽✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦r ✐❢ ✐t ✐s ❛
P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦r ❛♥❞ ❛❧s♦ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡✳

▲❡t (P,Π, hz) ❜❡ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ ❛♥❞ Ĥ t❤❡ P♦✐ss♦♥✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥✳
■ts ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ XĤ ❣❡♥❡r❛t❡s t❤❡ ✢♦✇ ϕs

Ĥ
✳ ●✐✈❡♥ ❛ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲

r❡❛❧✐③❛t✐♦♥ (α, β) ❛♥❞ t❤❡ ✉♥✐t ♠❛♣ σ ♦❢ t❤❡ ❧♦❝❛❧ s②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞ ✐♥t❡❣r❛t✐♥❣ P ✭❤❛✈✐♥❣
α ❛♥❞ β ❛s s♦✉r❝❡ ❛♥❞ t❛r❣❡t✮✱ ❛♥ ❡①❛❝t ❢❛♠✐❧② ♦❢ ❤♦♠♦❣❡♥❡♦✉s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s Ls

✐♥❞✉❝❡s t❤❡ P♦✐ss♦♥ ❞✐✛❡♦♠♦r♣❤✐s♠

φLs
= β ◦ α−1

|Ls
.

❈❤♦♦s✐♥❣ t❤❡ ❡①❛❝t ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s

Ls = ϕs
α∗Ĥ

(σ(P ))

✼



❡♥s✉r❡s t❤❛t
φLs

= ϕs
Ĥ
.

❆♣♣r♦①✐♠❛t✐♥❣ t❤❡s❡ ❜✐s❡❝t✐♦♥s t❤❡r❡❢♦r❡ ✐♥❞✉❝❡s ❛♥ ❛♣♣r♦①✐♠❛t❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇✳
❚❤❡ ❦❡② r❡s✉❧t ♦❢ ❬✾❪ s❤♦✇s t❤❛t ✐❢ t❤❡ ▼❛❣♥✉s s❡r✐❡s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡s

✇✐t❤ ϵĤ ✉♣ t♦ ♦r❞❡r k✱ t❤❡♥ t❤❡ ✐♥❞✉❝❡❞ ❞✐✛❡♦♠♦r♣❤✐s♠s ❞❡✜♥❡ ❛ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥
✐♥t❡❣r❛t♦r ♦❢ ♦r❞❡r k✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❡①♣❧✐❝✐t❧②✳

❚❤❡♦r❡♠ ✷✳✾ ✭❬✾❪✮✳ ❈♦♥s✐❞❡r ❛ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ (U , α, β) ♦❢ ❛ ❤♦♠♦✲
❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ (P,Π, hz) ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥ Ĥ✳ ▲❡t (Si)i∈N ❜❡ t❤❡
❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✳ ❚❤❡♥ t❤❡ P♦✐ss♦♥ ❛✉t♦♠♦r♣❤✐s♠s ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s d(S

(k)
s ) ❞❡✜♥❡ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦r

♦❢ ♦r❞❡r k ❢♦r Ĥ✱ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ Ĥs s❛t✐s❢②✐♥❣

Mϵ(Ĥs) = ϵĤ + o(ϵk).

❚❤✐s r❡s✉❧t ❞❡♠♦♥str❛t❡s t❤❛t ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs r❡t❛✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♥❛t✉r❡ ♦❢ ❝❧❛ss✐❝❛❧ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✿ r❛t❤❡r t❤❛♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
♦r✐❣✐♥❛❧ s②st❡♠✱ t❤❡② ♣r♦✈✐❞❡ t❤❡ ❡①❛❝t ✢♦✇ ♦❢ ❛ ♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✭❝❢✳ ❚❤❡✲
♦r❡♠ ✷✳✾✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐♥❤❡r✐ts t❤❡ ❦❡② str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢
❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♥t❡❣r❛t♦r ♣r❡s❡r✈❡s t❤❡ ❏❛❝♦❜✐ str✉❝t✉r❡✱ t❤❡ ❧❡✈❡❧ s❡ts ♦❢ t❤❡ P♦✐s✲
s♦♥✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✭❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦rr❡❝t ❞✐ss✐♣❛t✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥✱ s❡❡
t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✮✱ ❛♥❞ t❤❡ ❏❛❝♦❜✐ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s ✉♣ t♦ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❡t❤♦❞✿

❚❤❡♦r❡♠ ✷✳✶✵ ✭❙tr✉❝t✉r❡ Pr❡s❡r✈❛t✐♦♥✮✳ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ♦❢ ♦r❞❡r k ♣r❡✲
s❡r✈❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡✱ t❤❡ P♦✐ss♦♥✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ ❧❡✈❡❧ s❡ts✱ ❛♥❞ t❤❡
❏❛❝♦❜✐ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s ✉♣ t♦ ♦r❞❡r k✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♠♦❞✐✜❡❞ ❍❛♠✐❧t♦♥✐❛♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ Ĥ ✉♣ t♦ ♦r❞❡r k✱ ✐ts ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇
♣r❡s❡r✈❡s ❛❧❧ ❛ss♦❝✐❛t❡❞ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥ts t♦ t❤❡ s❛♠❡ ♦r❞❡r✳

✷✳✷✳✸ ❉✐ss✐♣❛t✐♦♥ ♦❢ ❡♥❡r❣② ✐♥ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s

❚❤❡ P♦✐ss♦♥✐③❛t✐♦♥ ♦❢ ❛ ❏❛❝♦❜✐ str✉❝t✉r❡ (Λ, E) ❣✐✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡
✭✷✮ ❞❡✜♥❡❞ ♦♥ t❤❡ ❡①t❡♥❞❡❞ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♦r❞✐♥❛t❡ t ∈ R

×✳ ❚❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥
✈❡❝t♦r ✜❡❧❞ ❢♦r ❛ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ✭✶✮✱ ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥ ❢♦r Π ✐♥❞✉❝✐♥❣ t❤❡
❏❛❝♦❜✐ ❞②♥❛♠✐❝s ✐s Ĥ = tH✳

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ ♦❢ Ĥ ✐s

XĤ = Π(·, dĤ)

=
1

t
Λ(·, dĤ) +

∂

∂t
∧ E(·, dĤ)

= Λ(·, dH)−HE(·) + tE(H)
∂

∂t

= XH + tE(H)
∂

∂t
.

✽



❍❡♥❝❡✱ t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s ♦♥ (Λ, E) ✐s ♣r❡❝✐s❡❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❤♦♠♦✲
❣❡♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Ĥ✳

■♥ ❣❡♥❡r❛❧✱ H ✐s ♥♦t ♣r❡s❡r✈❡❞ ❛❧♦♥❣ ❏❛❝♦❜✐ tr❛❥❡❝t♦r✐❡s✱ s✐♥❝❡ XH(H) = −HE(H)✳
❈♦♥s❡r✈❛t✐♦♥ ♦❝❝✉rs ♦♥❧② ✐❢ E(H) = 0✱ ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ✐♥ t❤❡ P♦✐ss♦♥ ❝❛s❡✳ ▲✐❢t✐♥❣
t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ s②st❡♠ ♣r♦✈✐❞❡s ❛ ❣❡♦♠❡tr✐❝ ❡①♣❧❛♥❛t✐♦♥

XĤ(Ĥ) = XH(tH) + tE(H)
∂

∂t
(tH) = −tHE(H) + tHE(H) = 0.

❚❤✐s s❤♦✇s t❤❛t t❤❡ ❡♥❡r❣② ✈❛r✐❛t✐♦♥ ♦❜s❡r✈❡❞ ❛❧♦♥❣ ❏❛❝♦❜✐ tr❛❥❡❝t♦r✐❡s ❝♦rr❡s♣♦♥❞s t♦
❛♥ ❡①❝❤❛♥❣❡ ✇✐t❤ t❤❡ s❝❛❧❡ ✈❛r✐❛❜❧❡ t ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❞②♥❛♠✐❝s✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ❛♣♣❛r❡♥t ❞✐ss✐♣❛t✐♦♥ ♦❢ H ❛r✐s❡s ❢r♦♠ ♣r♦❥❡❝t✐♥❣ ❛ ❝♦♥s❡r✈❛t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ ♦♥t♦ ❛
✜①❡❞ s❧✐❝❡ ♦❢ t❤❡ ❞✐❧❛t✐♦♥ ✈❛r✐❛❜❧❡ t✳ ❋r♦♠ t❤✐s ✈✐❡✇♣♦✐♥t✱ ❏❛❝♦❜✐ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❝♦♥s❡r✈❛t✐✈❡ ❍❛♠✐❧t♦♥✐❛♥ ♠♦t✐♦♥ ♠♦❞✉❧♦ ❞✐❧❛t✐♦♥s✱ ✇✐t❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ H ♠❡❛s✉r✐♥❣
t❤❡ r❡❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥❡r❣② ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❛♥❞ t❤❡ s❝❛❧❡ ❞✐r❡❝t✐♦♥ ❣❡♥❡r❛t❡❞
❜② t❤❡ ❘❡❡❜ ✈❡❝t♦r ✜❡❧❞ E✳

❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ ❏❍■s ♣r❡s❡r✈❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥ Ĥ✱ t❤❡② r❡♣r♦❞✉❝❡ t❤❡
❝♦rr❡❝t ❞✐ss✐♣❛t✐♦♥ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇✳

✷✳✷✳✹ ❍♦♠♦❣❡♥❡✐t② ♦❢ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s

❲❡ ♥♦✇ ❡①❛♠✐♥❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s t❤❛t ❛r✐s❡ ✐♥
t❤❡ ✐t❡r❛t✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t♦r✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✶✱ t❤❡ ▲❛❣r❛♥❣✐❛♥
❜✐s❡❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❡①❛❝t ❤♦♠♦❣❡♥❡♦✉s ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥ t♦ ♦r❞❡r k ✐s ❣✐✈❡♥ ❜②
t❤❡ ❡♠❜❡❞❞✐♥❣

L̃k : y 7→
(

y,
k
∑

i=1

∆si∇Si(y)
)

,

❛♥❞ ✐s ❤♦♠♦❣❡♥❡♦✉s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✱ t❤❡ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥
s❛t✐s✜❡s

∂S
(k)
s

∂x
(x, zt) = z

∂S
(k)
s

∂x
(x, t),

∂S
(k)
s

∂t
(x, zt) =

∂S
(k)
s

∂t
(x, t),

❢♦r ❛❧❧ z ∈ R
×✳

❊①♣r❡ss❡❞ ✐♥ ❝♦♦r❞✐♥❛t❡s (x, t)✱ t❤❡ ❡♠❜❡❞❞✐♥❣ r❡❛❞s

L̃k(x, t) =
(

x, t,
k
∑

i=1

∆si∇xSi(x, t),
k
∑

i=1

∆si∇tSi(x, t)
)

,

❛♥❞ s❛t✐s✜❡s t❤❡ ❤♦♠♦❣❡♥❡✐t② ❝♦♥❞✐t✐♦♥

(L̃k ◦ hz)(x, t) =
(

x, t,

k
∑

i=1

∆si∇xSi(x, zt),
k
∑

i=1

∆si∇tSi(x, zt)
)

=
(

x, zt, z
k
∑

i=1

∆si∇xSi(x, t),
k
∑

i=1

∆si∇tSi(x, t)
)

= (T ∗hz ◦ L̃k)(x, t),

✾



s❤♦✇✐♥❣ t❤❛t L̃k ✐♥❞❡❡❞ ♣r❡s❡r✈❡s t❤❡ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❣❡♥❡r❛t❡❞ ❜② L̃k ❛♣♣r♦①✐♠❛t❡s t❤❡ ❡①❛❝t ✢♦✇ ✉♣ t♦

♦r❞❡r k✿
φL̃k

= ϕs
Ĥ
+ o(∆sk).

❚❤✐s r❡s✉❧t ❝♦♥✜r♠s t❤❛t t❤❡ ✐♥t❡❣r❛t♦r ✐♥❤❡r✐ts t❤❡ ❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❍❛♠✐❧t♦✲
♥✐❛♥ s②st❡♠ ❛♥❞ t❤❛t t❤❡ ❡rr♦r ✐♥ t❤❡ ✢♦✇ ✈❛♥✐s❤❡s ❢❛st❡r t❤❛♥ (∆s)k ❛s t❤❡ st❡♣ s✐③❡ t❡♥❞s
t♦ ③❡r♦✳

✸ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ❢♦r ✈❛r✲
✐♦✉s ❡①❛♠♣❧❡s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦❧❧♦✇s t❤❡ ✇♦r❦✢♦✇ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❤✐❝❤ ✇❡ ♥♦✇
❡①♣❧❛✐♥ ✐♥ ❞❡t❛✐❧✳

●✐✈❡♥ (Λ, E) ❛♥❞ ❍❛♠✐❧t♦♥✐❛♥ H

P♦✐ss♦♥✐③❛t✐♦♥✿ Π = 1
t
Λ +

∂

∂t
∧ E✱ Ĥ = tH

■s t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝
❜✐✲r❡❛❧✐③❛t✐♦♥ ❦♥♦✇♥❄

❈♦♠♣✉t❡ Si ✉♥t✐❧ t❤❡ ❞❡s✐r❡❞ ♦r❞❡r

❈♦♠♣✉t❡ t❤❡ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥

❙♦❧✈❡✿ α
(

yn,
∑k

i=1 ∆si∇Si(yn)
)

= xn

❯♣❞❛t❡✿ xn+1 = β
(

yn,
∑k

i=1 ∆si∇Si(yn)
)

②❡s

♥♦

❋✐❣✉r❡ ✶✿ ❋❧♦✇❝❤❛rt ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭❏❍■✮✳

❙t❡♣ ✶✿ P♦✐ss♦♥✐③❛t✐♦♥✳ ●✐✈❡♥ ❛ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞ (Λ, E) ❛♥❞ ❛ ❍❛♠✐❧t♦♥✐❛♥ H✱ ✇❡ ✜rst
tr❛♥s❢♦r♠ t❤❡ s②st❡♠ ✐♥t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ s②st❡♠ ❜② ❞❡✜♥✐♥❣

Π =
1

t
Λ +

∂

∂t
∧ E, Ĥ = tH,

✇❤❡r❡ t ✐s ❛♥ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ ✐♥tr♦❞✉❝✐♥❣ ❤♦♠♦❣❡♥❡✐t②✳ ❚❤✐s st❡♣ ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢ ♠❡t❤♦❞s
❞❡✈❡❧♦♣❡❞ ❢♦r ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ s②st❡♠s✳

✶✵



❙t❡♣ ✷✿ ❙②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥✳ ◆❡①t✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r ❛ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝
❜✐✲r❡❛❧✐③❛t✐♦♥ (α, β) ♦❢ t❤❡ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ ✐s ❛❧r❡❛❞② ❦♥♦✇♥✳ ■❢ ✐t ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✱ ✐t
♠✉st ❜❡ ❝♦♠♣✉t❡❞ ✜rst✳ ❚❤✐s ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ ❢♦r ❧✐❢t✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ t♦ ❛
s②♠♣❧❡❝t✐❝ s♣❛❝❡✱ ✇❤❡r❡ t❤❡ ❏❍■ ✐s ❝♦♥str✉❝t❡❞✳

❙t❡♣ ✸✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ Si✳ ❖♥❝❡ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❢✉♥❝✲
t✐♦♥s Si r❡❝✉rs✐✈❡❧② ✉♣ t♦ t❤❡ ❞❡s✐r❡❞ ♦r❞❡r k✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳✸✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s
❡♥❝♦❞❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇ ✐♥ t❤❡ s②♠♣❧❡❝t✐❝ s♣❛❝❡ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
✐♥t❡❣r❛t♦r✳

❙t❡♣ ✹✿ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t♦r✳ ❋✐♥❛❧❧②✱ t❤❡ n✲t❤ st❡♣ ♦❢ t❤❡ ♠❡t❤♦❞ ❝♦♥s✐sts
♦❢ s♦❧✈✐♥❣

α
(

yn,
k
∑

i=1

∆si∇Si(yn)
)

= xn,

❢♦r yn✱ ❛♥❞ t❤❡♥ ✉♣❞❛t✐♥❣

xn+1 = β
(

yn,

k
∑

i=1

∆si∇Si(yn)
)

,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ♥❡①t ♣♦✐♥t ♦❢ t❤❡ tr❛❥❡❝t♦r②✳ ❚❤✐s st❡♣ ❝♦♠♣❧❡t❡s ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❏❍■✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥t♦ t❤r❡❡ ❣r♦✉♣s✳ ❚❤❡ ✜rst ❡①❛♠♣❧❡ ✭❙❡❝✲

t✐♦♥ ✸✳✶✮ ✐s ❞❡✈♦t❡❞ t♦ ❝♦♠♣❛r✐♥❣ t❤❡ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ ❏❍■ ✇✐t❤ t❤❛t ♦❢ ❛ s❡❝♦♥❞✲
♦r❞❡r ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞✳ ❚❤❡ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥s ✸✳✷✱ ✸✳✸✱ ❛♥❞ ✸✳✹ ❛r❡ ✐❧❧✉str❛t✐✈❡
❝❛s❡s✱ ❞❡s✐❣♥❡❞ t♦ ✐❧❧✉str❛t❡ t❤❡ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♥str✉❝t❡❞ ✐♥t❡❣r❛t♦rs✱ ✐♥❝❧✉❞✐♥❣
t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t❡ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❛✈❛✐❧❛❜❧❡✳ ❋✐♥❛❧❧②✱
t❤❡ ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥s ✸✳✺✱ ✸✳✻ ❛♥❞ ✸✳✼ ❝♦rr❡s♣♦♥❞ t♦ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s ✇✐❞❡❧② st✉❞✐❡❞ ✐♥
t❤❡ ❧✐t❡r❛t✉r❡✱ ❛❧❧♦✇✐♥❣ ❢♦r ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❡①✐st✐♥❣ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤❡s✳

❆♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ❛r✐s❡s ✐♥ ❙❡❝t✐♦♥ ✸✳✷✿ ❢♦r t❤❡ ❝❤♦s❡♥ ❍❛♠✐❧t♦♥✐❛♥✱ t❤❡ ❛ss♦❝✐❛t❡❞
❏❍■ r❡♣r♦❞✉❝❡s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐s❝r❡t❡ ✢♦✇ ❣❡♥❡r❛t❡❞
❜② t❤❡ ✐♥t❡❣r❛t♦r ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❍❛♠✐❧t♦♥✐❛♥ ✢♦✇✱ ❛♥❞ ♥♦ ♥✉♠❡r✐❝❛❧ ❡rr♦r ✐s
✐♥tr♦❞✉❝❡❞

✸✳✶ ❈♦♥t❛❝t ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠

❈♦♥s✐❞❡r ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s (q, p, z)✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥t❛❝t
str✉❝t✉r❡ ❬✷✼❪ ✐s ❞❡✜♥❡❞ ❜②

Λ =
∂

∂p
∧

∂

∂q
+ p

∂

∂p
∧

∂

∂z
, E = −

∂

∂z
. ✭✸✮

❋♦r ❛ ❍❛♠✐❧t♦♥✐❛♥ H✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ ✐s

XH = −
∂H

∂p

∂

∂q
+

(

∂H

∂q
+ p

∂H

∂z

)

∂

∂p
+

(

H − p
∂H

∂p

)

∂

∂z
.

❚❤❡ ❛ss♦❝✐❛t❡❞ P♦✐ss♦♥ ✭s②♠♣❧❡❝t✐❝✮ str✉❝t✉r❡ ✐s

Π =
1

t

∂

∂p
∧

∂

∂q
+

p

t

∂

∂p
∧

∂

∂z
−

∂

∂t
∧

∂

∂z
. ✭✹✮

✶✶



❈♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜rst✲♦r❞❡r ❏❍■✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✢♦✇❝❤❛rt ✐♥ ❋✐❣✉r❡ ✶✱ t❤❡ ✜rst st❡♣
✐s t♦ P♦✐ss♦♥✐③❡ t❤❡ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞✳ ❍❡r❡✱ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥t❛❝t ♠❛♥✐❢♦❧❞ (Λ, E) ❛♥❞ ❍❛♠✐❧✲
t♦♥✐❛♥ H ❛r❡ ❧✐❢t❡❞ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ (Π, Ĥ) ✇✐t❤

Π =
1

t
Λ +

∂

∂t
∧ E, Ĥ = tH.

◆❡①t✱ t❤❡ ❞✐❛❣r❛♠ ❛s❦s ✇❤❡t❤❡r ❛ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ (α, β) ✐s ❦♥♦✇♥✳
■♥ t❤✐s ❡①❛♠♣❧❡✱ ❝♦♥str✉❝t✐♥❣ ✐t ❞✐r❡❝t❧② t❤r♦✉❣❤ P♦✐ss♦♥ s♣r❛② ✐s ❞✐✣❝✉❧t ❞✉❡ t♦ t❤❡ p✲
❞❡♣❡♥❞❡♥❝❡ ✐♥ ✭✹✮✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s②♠♣❧❡❝t♦♠♦r♣❤✐s♠

F (q, p, z, t) = (Q,P, Z, T ) = (q, pt,−z, t),

✇❤✐❝❤ tr❛♥s❢♦r♠s Π ✐♥t♦ t❤❡ ❝❛♥♦♥✐❝❛❧ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡

F∗Π =
∂

∂P
∧

∂

∂Q
+

∂

∂T
∧

∂

∂Z
.

❯s✐♥❣ t❤❡ ❦♥♦✇♥ ❝❛♥♦♥✐❝❛❧ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❬✶✵❪✱ ✇❡ tr❛♥s♣♦rt ✐t ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♦r✲
❞✐♥❛t❡s ✈✐❛ F ✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ❞✐❛❣r❛♠✿

(M1,Π)

T ∗M1

(M2, ω
−1
❝❛♥

)

T ∗M2

α

F

α❝❛♥

(F−1)∗

❚❤✐s ②✐❡❧❞s t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s✿

α(x, ξx) = F−1 ◦ αcan ◦ (F
−1)∗(x, ξx) =

(

q −
ξp
2t
,
tp+ ξq

2

t− ξz
2

, z +
ξt
2
−

pξp
2t

, t−
ξz
2

)

,

β(x, ξx) = α(x,−ξx).

✭✺✮

❋♦❧❧♦✇✐♥❣ t❤❡ ♥❡①t st❡♣s ♦❢ t❤❡ ✢♦✇❝❤❛rt✱ ♦♥❝❡ (α, β) ✐s ❦♥♦✇♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ✜rst
❚❛②❧♦r ❝♦❡✣❝✐❡♥t S1(x) = Ĥ(x)✳ ❚❤❡♥ t❤❡ ✜rst✲♦r❞❡r ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ✐s

✶✳ ❙♦❧✈❡ ❢♦r yn✿
α
(

yn,∆s∇S1(yn)
)

= xn,

✷✳ ❯♣❞❛t❡ t❤❡ s♦❧✉t✐♦♥✿
xn+1 = β

(

yn,∆s∇S1(yn)
)

,

✇❤❡r❡ ∆s ✐s t❤❡ t✐♠❡ st❡♣✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✳ ❈♦♥s✐❞❡r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H(q, p, z) = q + z ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
x0 = (0.1,−1.1, 0.09)✳ ❖✈❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 20]✱ t❤❡ p ❛♥❞ z ❝♦♦r❞✐♥❛t❡s ❣r♦✇ r❛♣✐❞❧②✳
❋✐❣✉r❡ ✷ ❝♦♠♣❛r❡s t❤❡ ✜rst✲♦r❞❡r ❏❍■ ✭✉s✐♥❣ ❜♦t❤ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ❜✐✲r❡❛❧✐③❛t✐♦♥s✮
✇✐t❤ ❛ ❝❧❛ss✐❝❛❧ s❡❝♦♥❞✲♦r❞❡r ❘✉♥❣❡✕❑✉tt❛ ♠❡t❤♦❞ ✭∆s = 0.1✮✳ ❉❡s♣✐t❡ ❜❡✐♥❣ ✜rst✲♦r❞❡r✱
t❤❡ ❏❍■ ❞❡❧❛②s t❤❡ ❜❧♦✇✲✉♣ ❝♦♠♣❛r❡❞ t♦ ❘❑✲✷✱ ✐❧❧✉str❛t✐♥❣ t❤❡ ❜❡♥❡✜t ♦❢ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡
♣r❡s❡r✈❛t✐♦♥✳

✶✷
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❋✐❣✉r❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❏❍■ ❛♥❞ ❘❑✲✷ ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝♦♥t❛❝t ❍❛♠✐❧✲
t♦♥✐❛♥ s②st❡♠✳

✸✳✷ ❆ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠

❲❡ ❝♦♥s✐❞❡r ❛ ✷❉ ❏❛❝♦❜✐ str✉❝t✉r❡ ♦♥ R
2

Λ = (x2 + y2)
∂

∂x
∧

∂

∂y
, E = 2x

∂

∂y
− 2y

∂

∂x
.

❚❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ ❢♦r ❛ ❍❛♠✐❧t♦♥✐❛♥ H(x, y) ✐s

XH =

(

(x2 + y2)
∂H

∂y
+ 2yH

)

∂

∂x
−

(

(x2 + y2)
∂H

∂x
+ 2xH

)

∂

∂y
.

❘❡♠❛r❦ ✸✳✶✳ ■♥ ❞✐♠❡♥s✐♦♥ ✷ ❛♥② ❜✐✈❡❝t♦r Λ ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡s [Λ,Λ] = 0 = 2E ∧ Λ
❛♥❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ [E,Λ] = 0✱ t❤✐s ♠❡❛♥s t❤❛t ❛♥② ✷❉ ❏❛❝♦❜✐ str✉❝t✉r❡ (Λ, E)
❛♠♦✉♥ts t♦ ❛ P♦✐ss♦♥ str✉❝t✉r❡ Λ t♦❣❡t❤❡r ✇✐t❤ ❛ P♦✐ss♦♥ ✈❡❝t♦r ✜❡❧❞ E✳

❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❏❍■✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✢♦✇❝❤❛rt ✐♥ ❋✐❣✉r❡ ✶✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥
str✉❝t✉r❡ ✐s

Π =
x2 + y2

t

∂

∂x
∧

∂

∂y
+ 2x

∂

∂t
∧

∂

∂y
− 2y

∂

∂t
∧

∂

∂x
, Ĥ = tH(x, y).

❆ ❞✐r❡❝t ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✉s✐♥❣ ❛ P♦✐ss♦♥ s♣r❛② ❬✶✷❪ ✐s t❡❝❤♥✐✲
❝❛❧❧② ❝✉♠❜❡rs♦♠❡ ✐♥ t❤✐s ❝❛s❡✱ ❞✉❡ t♦ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✳
■♥st❡❛❞✱ ✇❡ ❡①♣❧♦✐t t❤❡ ❧♦❝❛❧ ♥♦r♠❛❧ ❢♦r♠ ♣r♦✈✐❞❡❞ ❜② ❲❡✐♥st❡✐♥✬s s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❬✷✽❪✱
✇❤✐❝❤ ♦✛❡rs ❛ ♠♦r❡ tr❛♥s♣❛r❡♥t ❛♥❞ ❣❡♦♠❡tr✐❝❛❧❧② ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤✳

❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s

x = r cos θ, y = r sin θ,

s♦ t❤❛t r2 = x2 + y2✳ ■♥ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ t❛❦❡s t❤❡ ❢♦r♠

Π =
r2

t
∂r ∧ ∂θ + 2r ∂t ∧ ∂θ.

✶✸



❆ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t c = r2/t ✐s ❛ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥ ♦❢ Π✳ ❉❡✜♥✐♥❣ t❤❡
❝❤❛♥❣❡ ♦❢ ❝♦♦r❞✐♥❛t❡s

F (x, y, t) = (q, p, c) =
(

θ,− t
2
, r

2

t

)

✇❡ ♦❜t❛✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ P♦✐ss♦♥ str✉❝t✉r❡

F∗Π = Πcan = ∂q ∧ ∂p,

✇✐t❤ c ❛s ❛ tr❛♥s✈❡rs❡ ✭❈❛s✐♠✐r✮ ✈❛r✐❛❜❧❡✳
❋♦r Πcan✱ ❛ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

αcan(q, p, c, ξq, ξp, ξc) =

(

q −
1

2
ξp, p+

1

2
ξq, c

)

, βcan(q, p, c, ξq, ξp, ξc) =

(

q +
1

2
ξp, p−

1

2
ξq, c

)

.

❚r❛♥s♣♦rt✐♥❣ ✐t ❜❛❝❦ ②✐❡❧❞s t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥

α(X, ξ) = (F−1 ◦ αcan ◦ (F
−1)∗)(X, ξ), β(X, ξ) = α(X,−ξ),

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ P♦✐ss♦♥ str✉❝t✉r❡ Π✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ✜rst ❝♦♠♣✉t❡ tr❛❥❡❝t♦r✐❡s ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(x, y) = x2 + y2

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 = (1, 1)✱ t✐♠❡ st❡♣ ∆s = 0.03✱ ❛♥❞ t✐♠❡ ✐♥t❡r✈❛❧ [0, π]✳ ❆s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✸✱ t❤❡ ❏❍■ tr❛❥❡❝t♦r② ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❛♥❞ ❡①❤✐❜✐ts ❜❡tt❡r q✉❛❧✐t❛t✐✈❡
❜❡❤❛✈✐♦r t❤❛♥ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❘✉♥❣❡✕❑✉tt❛ ✭❘❑✲✷✮ ♠❡t❤♦❞✳

■♥ ❢❛❝t✱ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ❧❡❛❞s t♦ ❛♥ ❡①❛❝t ❏❍■ s❝❤❡♠❡✳ ■♥❞❡❡❞✱ s✐♥❝❡

Ĥ(α(dS(1))) = t(x2 + y2)

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❛r❛♠❡t❡r s✱ ✇❡ ❤❛✈❡

S2 =
1

2

d

ds

∣

∣

∣

∣

s=0

Ĥ(α(dS(1))) = 0,

❛♥❞ r❡❝✉rs✐✈❡❧② Sk = 0 ❢♦r ❛❧❧ k ≥ 2✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❏❍■ r❡♣r♦❞✉❝❡s t❤❡ ❡①❛❝t ✢♦✇ ♦❢
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ♥♦♥✲q✉❛❞r❛t✐❝ ❍❛♠✐❧t♦♥✐❛♥✱

H(x, y) = cos(x) sin(y),

❛♥❞ ❝♦♠♣✉t❡ tr❛❥❡❝t♦r✐❡s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, π] ✇✐t❤ t✐♠❡ st❡♣ ∆s = 0.1 ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
x0 = (1, 1)✳ ❋✐❣✉r❡ ✹ s❤♦✇s t❤❛t t❤❡ ✜rst✲♦r❞❡r ❏❍■ st✐❧❧ ♣r♦✈✐❞❡s ❛ ♠♦r❡ ❛❝❝✉r❛t❡ q✉❛❧✐t❛t✐✈❡
❛♣♣r♦①✐♠❛t✐♦♥ t❤❛♥ ❘❑✲✷✳

❚♦ ❡st✐♠❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ t❤❡ ✜rst✲♦r❞❡r ❏❍■ ❢♦r t❤✐s ❍❛♠✐❧t♦♥✐❛♥✱ ✇❡ ❝♦♠♣✉t❡
s♦❧✉t✐♦♥s ♦♥ [0, 1] ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 = (1, 1) ✉s✐♥❣ t✐♠❡ ❣r✐❞s ✇✐t❤

n = 2k+1 + 1, k = 1, . . . , 9.

✶✹
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❋✐❣✉r❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t tr❛❥❡❝t♦r② ❛♥❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❏❍■ ❛♥❞
❘❑✲✷ ♠❡t❤♦❞s ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H = x2 + y2✳
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❋✐❣✉r❡ ✹✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t tr❛❥❡❝t♦r② ❛♥❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❏❍■ ❛♥❞
❘❑✲✷ ♠❡t❤♦❞s ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H = cos(x) sin(y)✳

❚❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ ❤✐❣❤✲♦r❞❡r ♠❡t❤♦❞ ✇✐t❤ 211 + 1 t✐♠❡ st❡♣s✳
❊rr♦rs ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❝♦♠♣❛r✐♥❣

x(k)(i)− x∗
(

210−k(i− 1) + 1
)

.

❚❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✶ ✐♥❞✐❝❛t❡ ❛ ♥✉♠❡r✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❝❧♦s❡ t♦ s❡❝♦♥❞ ♦r❞❡r✳

✶✺



∆s ∥ · ∥2 ❡rr♦r ❖r❞❡r
2−2 1.61× 10−2 ✕
2−3 4.80× 10−3 1.74
2−4 1.30× 10−3 1.89
2−5 3.30× 10−4 1.95
2−6 8.50× 10−5 1.97
2−7 2.10× 10−5 1.99
2−8 5.40× 10−6 1.99
2−9 1.30× 10−6 2.00

❚❛❜❧❡ ✶✿ ❊rr♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ t❤❡ ✜rst✲♦r❞❡r ❏❍■ ❢♦r t❤❡ ✷❉ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥
♣r♦❜❧❡♠✳

■♥ t❤❡ ♣r❡s❡♥t s②st❡♠✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛❧♦♥❣ t❤❡ ✢♦✇ ✐s ♥♦t 0✱

E(H) = 2x cos(x) cos(y) + 2y sin(x) sin(y) ̸= 0,

s♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t ♣r❡s❡r✈❡❞ ❜② t❤❡ ❏❛❝♦❜✐ ✢♦✇✳ ❚❤✐s ♣r❡❝❧✉❞❡s ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥
♦❢ H ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s ✇✐t❤ ❝♦♥t♦✉r ✈❛❧✉❡s ✇✐t❤♦✉t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳

❚♦ ❛❞❞r❡ss t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐❢t❡❞ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥

Ĥ(x, t) = tH(x),

✇❤✐❝❤ ✐s ❝♦♥s❡r✈❡❞✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ❛❧♦♥❣ ❛ tr❛❥❡❝t♦r② ❝❛♥ t❤❡♥ ❜❡ ♠❡❛s✉r❡❞ ❜②

Ĥ(x0, t0)− Ĥ(x, t)

t
.

❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✱ t❤❡ ✜rst✲♦r❞❡r ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦r ✭❏❍■✮ ❡①❤✐❜✐ts ❛♥
❡rr♦r ♦❢ ♦r❞❡r 10−5✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞✲♦r❞❡r ❘✉♥❣❡✕❑✉tt❛ ♠❡t❤♦❞ ✭❘❑✲✷✮ s❤♦✇s ❛♥ ❡rr♦r
♦❢ ♦r❞❡r 10−3✳

✸✳✸ ❆ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❏❛❝♦❜✐ str✉❝t✉r❡

Λ = 2x2
∂

∂x1

∧
∂

∂x2

+ 2x3
∂

∂x1

∧
∂

∂x3

, E =
∂

∂x1

,

❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H(x) = x2
1 + x2

2 + x2
3✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ XH ✐s

XH = Λ(·, dH)−HE(·)

= (2x2∂x2H + 2x3∂x3H −H)
∂

∂x1

− 2x2∂x1H
∂

∂x2

− 2x3∂x1H
∂

∂x3

.

❚❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡ ❛ss♦❝✐❛t❡❞ ✐s

Π =
2x2

t

∂

∂x1

∧
∂

∂x2

+
2x3

t

∂

∂x1

∧
∂

∂x3

+
∂

∂t
∧

∂

∂x1

. ✭✻✮

✶✻
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-3 Difference of the Hamiltonian

JHI

RK-2

❋✐❣✉r❡ ✺✿ ❍❛♠✐❧t♦♥✐❛♥ ❡rr♦r ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ❏❍■ ❛♥❞ ❘❑✲✷✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ✉s❡ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ❝♦♠♣✉t❡ t❤❡ s②♠✲
♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥✳ ❋r♦♠ ✭✻✮✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t C2 = t2x2 ❛♥❞ C3 = t2x3 ❛r❡ ❈❛s✐♠✐r
❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❣✐✈❡♥ P♦✐ss♦♥ str✉❝t✉r❡✳ ❈♦♥s✐❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ F (x1, x2, x3, t) =
(x1, t

2x2, t
2x3, t) = (X1, X2, X3, X4)✳ ■❢ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣✉s❤❢♦r✇❛r❞ ♦❢ Π t❤r♦✉❣❤ F ✇❡ ❣❡t

F∗Π =
∂

∂X4

∧
∂

∂X1

✱ ❛♥❞ ♥♦✇ ✐t ✐s ❡❛s② t♦ ❝♦♠♣✉t❡ t❤❡ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐♥ t❤✐s ❝❛s❡✱

✇❤✐❝❤ ✐s

α❝❛♥(X, η) = (X1 +
1

2
η4, X2, X3, X4 −

1

2
η1)

❛♥❞ β❝❛♥(X, η) = α(X,−η)✳ ❙♦✱ t❤❡ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♥✐❢♦❧❞ ✐s
❝♦♠♣✉t❡❞ ❛s α = F−1 ◦ α❝❛♥ ◦ (F

−1)∗ ✇❤✐❝❤ ✐s

α(x, t, ξx, ξt) =

(

x1 +
1

2
ξt −

x2ξ2 + x3ξ3
t

,
t2x2

(t− 1
2
ξ1)2

,
t2x3

(t− 1
2
ξ1)2

, t−
1

2
ξ1

)

❛♥❞ β(x, t, ξx, ξt) = α(x, t,−ξx,−ξt)✳
❈♦♠♣✉t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ♦❢ ❤✐❣❤❡r ♦r❞❡r✱ ✇❡ ❣❡t S2 = 0 ❛♥❞

S3(x) = t
3x4

3 − x4
1 + 10x2

1x
2
2 + 10x2

1x
2
3 + 3x4

2 + 6x2
2x

2
3

4
.

❚❤❡ ✜rst✲♦r❞❡r ❏❍■ ✭❏❍■✲✶✮ ✐s ❞❡✜♥❡❞ ❜② t❛❦✐♥❣ ♦♥❧② S1 ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✱ ✇❤✐❧❡ t❤❡ t❤✐r❞✲
♦r❞❡r ❏❍■ ✭❏❍■✲✸✮ ✐♥❝❧✉❞❡s ❜♦t❤ S1 ❛♥❞ S3✱ ♣r♦❞✉❝✐♥❣ ❛ ❤✐❣❤❡r✲♦r❞❡r ❛❝❝✉r❛t❡ ♠❡t❤♦❞✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ tr❛❥❡❝t♦r✐❡s ❢♦r H(x) = x2
1 + x2

2 + x2
3 ✇✐t❤ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ x0 = [−1, 1, 1]✱ t✐♠❡ t✐♠❡ st❡♣ ∆s = 0.1✱ ❛♥❞ t✐♠❡ s♣❛♥ [0, 2]✳ ❋✐❣✉r❡ ✻ s❤♦✇s

✶✼



❋✐❣✉r❡ ✻✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛❧ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❏❍■ ✭✜rst ❛♥❞ t❤✐r❞ ♦r❞❡r✮ ❛♥❞
❘❑✲✷ ♠❡t❤♦❞s ❢♦r ❛ ✸❉ ♣r♦❜❧❡♠✳

t❤❛t ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■ tr❛❥❡❝t♦r✐❡s ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡①❛❝t ✢♦✇ ♠✉❝❤ ❜❡tt❡r t❤❛♥ t❤❡
❘❑✲✷✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ✐s ❡st✐♠❛t❡❞ ♦♥ [0, 0.9] ❜② ✈❛r②✐♥❣ ∆s✳ ❚❛❜❧❡ ✷ s❤♦✇s t❤❛t✱ ❢♦r t❤✐s
❡①❛♠♣❧❡✱ ✜rst✲♦r❞❡r ❏❍■✲✶ ❤❛s ♦r❞❡r 2 ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■✲✸ ❤❛s ♦r❞❡r 4✳

∆s ∥ · ∥2 ❏❍■✲✶ ❡rr♦r ❖r❞❡r ❏❍■✲✶ ∥ · ∥2 ❏❍■✲✸ ❡rr♦r ❖r❞❡r ❏❍■✲✸
✵✳✷✷✺ 1.99× 10−1 ✕ 6.58× 10−2 ✕
✵✳✶✶✷✺ 6.25× 10−2 ✶✳✻✽ 8.70× 10−3 ✷✳✾✶
✵✳✵✺✻✸ 1.68× 10−2 ✶✳✽✾ 6.50× 10−4 ✸✳✼✺
✵✳✵✷✽✶ 4.30× 10−3 ✶✳✾✼ 4.20× 10−5 ✸✳✾✸
✵✳✵✶✹✶ 1.10× 10−3 ✶✳✾✾ 2.70× 10−6 ✸✳✾✽
✵✳✵✵✼✵ 2.70× 10−4 ✶✳✾✾ 1.60× 10−7 ✸✳✾✾
✵✳✵✵✸✺ 6.70× 10−5 ✷✳✵✵ 1.00× 10−8 ✸✳✾✾
✵✳✵✵✶✽ 1.60× 10−5 ✷✳✵✵ 6.60× 10−10 ✹✳✵✵

❚❛❜❧❡ ✷✿ ❊rr♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■ ❢♦r t❤❡ ✸❉ ❏❛❝♦❜✐ ❍❛♠✐❧✲
t♦♥✐❛♥ ♣r♦❜❧❡♠✳

❆❧t❤♦✉❣❤ H ✐s ♥♦t ❝♦♥s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ❏❛❝♦❜✐ ✢♦✇ ✭XH(H) = −2x1H✮✱ t❤❡ ❧✐❢t❡❞ ❍❛♠✐❧✲
t♦♥✐❛♥ Hp = tH ✐s ♣r❡s❡r✈❡❞✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦✈❡r [0, 10] ✇✐t❤ st❡♣
s✐③❡ ∆s = 0.01✱ t❤❡ ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■ ♠❡t❤♦❞s ❡①❤✐❜✐t s✉♣❡r✐♦r ❍❛♠✐❧t♦♥✐❛♥ ♣r❡s❡r✲
✈❛t✐♦♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❘❑✲✷✳

❋✐❣✉r❡ ✽ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s C2 = t2x2 ❛♥❞ C3 = t2x3 ❛r❡ ♣r❡s❡r✈❡❞
❜② ❜♦t❤ ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■ s❝❤❡♠❡s ✉♣ t♦ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥✱ ✇✐t❤ ❡rr♦rs ♦♥ t❤❡ ♦r❞❡r
♦❢ 10−14✳

✶✽
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❋✐❣✉r❡ ✼✿ ❍❛♠✐❧t♦♥✐❛♥ ❞✐✛❡r❡♥❝❡ ❛❧♦♥❣ ✸❉ tr❛❥❡❝t♦r✐❡s✿ ❏❍■ ✭✶st ❛♥❞ ✸r❞ ♦r❞❡r✮ ✈s✳ ❘❑✲✷✳
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-14 Error of Casimir C

3

JHI-1

JHI-3

❋✐❣✉r❡ ✽✿ ❈❛s✐♠✐r ♣r❡s❡r✈❛t✐♦♥ ❛❧♦♥❣ ✸❉ tr❛❥❡❝t♦r✐❡s✿ ❏❍■ ✭✶st ❛♥❞ ✸r❞ ♦r❞❡r✮✳

✸✳✹ ❆ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠

❲❡ ❝♦♥s✐❞❡r ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐ str✉❝t✉r❡ ❞❡✜♥❡❞ ❜②

Λ = cos(x2)
∂

∂x1

∧
∂

∂y1
, E = ey2

(

y1
∂

∂x1

+ x1
∂

∂y1

)

,

✇✐t❤ (x1, y1, x2, y2) ∈ R
4✳ ●✐✈❡♥ ❛ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥H(x, y)✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥

✈❡❝t♦r ✜❡❧❞ ✐s

XH =
(

cos(x2)∂y1H − ey2y1H
) ∂

∂x1

−
(

cos(x2)∂x1H + ey2x1H
) ∂

∂y1
.

✶✾



❚♦ ❝♦♥str✉❝t ❛ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r✱ ✇❡ ✜rst ❧✐❢t t❤✐s ❏❛❝♦❜✐ str✉❝t✉r❡ t♦ ❛
❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡✿

Π =
cos(x2)

t

∂

∂x1

∧
∂

∂y1
+ ey2

∂

∂t
∧

(

y1
∂

∂x1

+ x1
∂

∂y1

)

.

❚❤❡ ♥✉❧❧✲s♣❛❝❡ ♦❢ Π ✐s ❡❛s✐❧② ❝♦♠♣✉t❡❞✿

N (Π) =



































0
0
1
0
0













,













0
0
0
1
0













,













−tx1e
y2/ cos(x2)

ty1e
y2/ cos(x2)

0
0
1



































.

❋r♦♠ t❤✐s✱ ✇❡ s❡❡ t❤❛t ❛ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥ C ♠✉st ❤❛✈❡ ❛ ❣r❛❞✐❡♥t ❝♦❧❧✐♥❡❛r ✇✐t❤ t❤❡s❡
✈❡❝t♦rs✳ ❙❝❛❧✐♥❣ t❤❡ t❤✐r❞ ✈❡❝t♦r ❜② cos(x2)/t ❛♥❞ ❛❞❞✐♥❣ ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ✜rst t✇♦ ✈❡❝t♦rs
❧❡❛❞s t♦

∇C = (−x1e
y2 , y1e

y2 , f, g, cos(x2)/t),

✇❤❡r❡ f ❛♥❞ g ❝❛♥ ❜❡ ❝❤♦s❡♥ ❢r❡❡❧②✳ ❆ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ✐s

C(x, t) = cos(x2) log t−
ey2

2
(x2

1 − y21), f = ∂x2C, g = ∂y2C.

❇❡❝❛✉s❡ ✜♥❞✐♥❣ ❛ ❝❛♥♦♥✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r t❤✐s s②st❡♠ ✐s ❞✐✣❝✉❧t✱ ✇❡ ❝♦♥str✉❝t ❛♥
❛♣♣r♦①✐♠❛t❡ ✜rst✲♦r❞❡r ❤♦♠♦❣❡♥❡♦✉s ❜✐✲r❡❛❧✐③❛t✐♦♥ ✭❛s ✐♥ ❬✼❪✮✳ ❚❤✐s ♣r♦✈✐❞❡s t❤❡ ❜❛s✐s ❢♦r
t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ♦❢ ♦r❞❡r ✶ ✭❏❍■✲✶✮✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

αx1(x, t, ξx, ξt) = x1 +
1

2

(

−
cos(x2)

t
ξy1 + y1e

y2ξt

)

,

αy1(x, t, ξx, ξt) = y1 +
1

2

(cos(x2)

t
ξx1 + x1e

y2ξt

)

,

αx2(x, t, ξx, ξt) = x2, αy2 = y2,

αt(x, t, ξx, ξt) = t−
(

y1e
y2ξx1 + x1e

y2ξy1
)

,

✇✐t❤ β(x, t, ξx, ξt) = α(x, t,−ξx,−ξt)✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ♥❛t✉r❛❧❧② ❞❡✜♥❡s t❤❡ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞✿ ❏❍■✲✶ ✉s❡s t❤✐s ✜rst✲♦r❞❡r ❜✐✲r❡❛❧✐③❛t✐♦♥✱ ✇❤✐❧❡ ❤✐❣❤❡r✲♦r❞❡r ❏❍■ ♠❡t❤♦❞s ✭❡✳❣✳✱
❏❍■✲✸✮ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ✐♥ t❤❡ r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛ Sk ❛s ✐♥ t❤❡ ✸❉
❝❛s❡✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ t❛❦❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(x, y) = cos(x1) + sin(y1) + x2 + y2,

❛♥❞ ❝♦♠♣✉t❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ❡①❛❝t ❛♥❞ ♥✉♠❡r✐❝❛❧ ✢♦✇s✳ ❚❤❡ ❏❍■ tr❛❥❡❝t♦r② ✐s ❝♦♠♣✉t❡❞
♦♥ [0, 4π] ✇✐t❤ t✐♠❡ st❡♣ ∆s = 0.001 ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 = [1, 1, π/4,−0.2]✳ ❋✐❣✉r❡ ✾
s❤♦✇s ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❏❍■ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳

❚♦ ❡st✐♠❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ t❤❡ ✜rst✲♦r❞❡r ❏❍■✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ✐♥t❡r✈❛❧
[0, π] ✇✐t❤ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ❚❛❜❧❡ ✸ s❤♦✇s t❤❛t t❤❡ ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s ✇✐t❤ ♦r❞❡r
❛♣♣r♦①✐♠❛t❡❧② 2✱ ❞❡s♣✐t❡ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❜❡✐♥❣ ♦♥❧② ✜rst✲♦r❞❡r ❛❝❝✉r❛t❡✳

❆❧t❤♦✉❣❤ H ✐s ♥♦t ♣r❡s❡r✈❡❞ ❛❧♦♥❣ t❤❡ ✢♦✇ ✭E(H) = x1e
y2 cos(y1)− y1e

y2 sin(x1) ̸= 0✮✱
t❤❡ ❏❍■ tr❛❥❡❝t♦r② s❤♦✇s s♠❛❧❧ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❈❛s✐♠✐r ❡rr♦rs ✭♦❢ ♦r❞❡r 10−8 ❛♥❞ 10−6✱
r❡s♣❡❝t✐✈❡❧②✱ ❢♦r [0, 3π] ✇✐t❤ ∆s = 0.001✮✱ s❡❡ ❋✐❣✉r❡ ✶✵✳

✷✵
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❋✐❣✉r❡ ✾✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ❏❍■ ❛♥❞ ❘❑✲✷ ♠❡t❤♦❞s ❢♦r t❤❡
✹❉ ❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠✳

∆s ∥ · ∥2 ❡rr♦r ❖r❞❡r
✵✳✶✾✻✸ 1.49× 10−1 ✕
✵✳✵✾✽✷ 3.71× 10−3 ✷✳✵✵
✵✳✵✹✾✶ 9.40× 10−4 ✶✳✾✽
✵✳✵✷✹✺ 2.40× 10−4 ✶✳✾✾
✵✳✵✶✷✸ 5.90× 10−5 ✶✳✾✾
✵✳✵✵✻✶ 1.40× 10−5 ✷✳✵✵
✵✳✵✵✸✶ 3.70× 10−6 ✷✳✵✵
✵✳✵✵✶✺ 9.30× 10−7 ✷✳✵✵

❚❛❜❧❡ ✸✿ ❊rr♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ ✜rst✲♦r❞❡r ❏❍■ ❢♦r t❤❡ ✹❉ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠✳

✸✳✺ ❉❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r

❚❤❡ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✐s ❛ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ ❝♦♥t❛❝t ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✳
■t ❛❧❧♦✇s ✉s t♦ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❍■ ❢♦r s②st❡♠s ✇✐t❤ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❞②♥❛♠✐❝s✱
✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t ♣r❡s❡r✈❡❞✳

❈♦♥s✐❞❡r t❤❡ ❝♦♥t❛❝t str✉❝t✉r❡ ✐♥ ✭✸✮ ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(q, p, z) =
p2

2
+

q2

2
+ γz, γ ∈ R,

✇❤✐❝❤ ♠♦❞❡❧s ❛ ❞❛♠♣❡❞ ♣❛r❛♠❡tr✐❝ ♦s❝✐❧❧❛t♦r✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❍❛♠✐❧t♦♥✐❛♥ ✐s

Ĥ(q, p, z, t) = tH(q, p, z),

✉s✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❛s ✐♥ ✭✹✮ ❛♥❞ t❤❡ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❢r♦♠
✭✺✮✳

✷✶



0 2 4 6 8 10

time

-5

-4

-3

-2

-1

0

1

E
rr

o
r

10
-8 Error of Hamiltonian

0 2 4 6 8 10

time

-6

-5

-4

-3

-2

-1

0

1

E
rr

o
r

10
-6 Error of Casimir

❋✐❣✉r❡ ✶✵✿ ❉✐✛❡r❡♥❝❡s ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥s ❛❧♦♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ tr❛❥❡❝t♦r✐❡s
❝♦♠♣✉t❡❞ ✇✐t❤ ❏❍■✳

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ✐♥ s❡❝t✐♦♥ ✷✳✶✳✸✱ ✇❡ ❣❡t

Ĥ(α(dS(1))) = t
(

1−
sγ

2

)

(

1

2
(q − 0.5sp)2 +

1

2

(

p+ 0.5sq

1− 0.5sγ

)2

+ γ(z + 0.25sq2 + 0.5sγz − 0.25sp2)

)

❋♦r ❤✐❣❤❡r✲♦r❞❡r ♠❡t❤♦❞s✱ S2 = 0 ❛♥❞

S3 =
1

3!

[

q2t

4
(1− γ2)−

γ3tz

2
+ p2t

(

γ2

2
+

1

4

)

+ γqpt

]

.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❏❍■ s❝❤❡♠❡ ✐s✿

✶✳ ✜♥❞ yn s✉❝❤ t❤❛t

α(yn,∆s∇Ĥ(yn) + ∆s3∇S3(yn)) = xn

✷✳ ❝❛❧❝✉❧❛t❡

xn+1 = β(yn,∆s∇Ĥ(yn) + ∆s3∇S3(yn)).

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❯s✐♥❣ t✐♠❡ s♣❛♥ [0, 10]✱ st❡♣ ∆s = 0.5✱ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 =
(1, 0, 0)✱ ❛♥❞ γ = 0.01✱ ❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❛t ❏❍■✲✶ ♦✉t♣❡r❢♦r♠s t❤❡ s❡♠✐✲✐♠♣❧✐❝✐t s②♠♣❧❡❝t✐❝
❊✉❧❡r ♠❡t❤♦❞✱ ✇❤✐❧❡ ❏❍■✲✸ ♥❡❛r❧② ♦✈❡r❧❛♣s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ✐s r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹✳ ❆s ❡①♣❡❝t❡❞✱ ❏❍■✲✶ ❛♥❞ ❏❍■✲✸ ❡①❤✐❜✐t
❝♦♥✈❡r❣❡♥❝❡ ♥❡❛r ♦r❞❡r ✷ ❛♥❞ ✹✱ r❡s♣❡❝t✐✈❡❧②✳

❙✐♥❝❡ E(H) = −γ✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t ♣r❡s❡r✈❡❞✳ ❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥
♦s❝✐❧❧❛t❡s ❛r♦✉♥❞ ③❡r♦ ✇✐t❤ ♠❛❣♥✐t✉❞❡ O(10−4) ❢♦r ❏❍■✲✶ ❛♥❞ O(10−5) ❢♦r ❏❍■✲✸✳

✷✷
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❋✐❣✉r❡ ✶✶✿ ❚r❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ❞❛♠♣❡❞ ♣❛r❛♠❡tr✐❝ ♦s❝✐❧❧❛t♦r ✉s✐♥❣ ❏❍■ ✭✜rst ❛♥❞ t❤✐r❞ ♦r❞❡r✮
❛♥❞ s②♠♣❧❡❝t✐❝ ❊✉❧❡r ♠❡t❤♦❞s✳

∆s ∥ · ∥2 ❏❍■✲✶ ❡rr♦r ❖r❞❡r ❏❍■✲✶ ∥ · ∥2 ❏❍■✲✸ ❡rr♦r ❖r❞❡r ❏❍■✲✸
2−1 3.45× 10−2 ✕ 9.30× 10−4 ✕
2−2 9.90× 10−3 ✶✳✽✵ 6.60× 10−5 ✸✳✽✶
2−3 2.60× 10−3 ✶✳✾✷ 4.40× 10−6 ✸✳✾✷
2−4 6.60× 10−4 ✶✳✾✼ 2.80× 10−7 ✸✳✾✼
2−5 1.60× 10−4 ✶✳✾✽ 1.80× 10−8 ✸✳✾✽
2−6 4.20× 10−5 ✶✳✾✾ 1.10× 10−9 ✸✳✾✾
2−7 1.00× 10−5 ✷✳✵✵ 7.00× 10−11 ✹✳✵✵

❚❛❜❧❡ ✹✿ ❊rr♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■ ❢♦r t❤❡ ❞❛♠♣❡❞ ❝♦♥t❛❝t
❍❛♠✐❧t♦♥✐❛♥ ♣r♦❜❧❡♠✳

✸✳✻ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠

❚❤❡ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠ ✐s ❛ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ❛ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♠♦❞✲
❡❧✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ n s♣❡❝✐❡s✳ ■♥ ✐ts st❛♥❞❛r❞ ❢♦r♠✱ t❤❡ s②st❡♠ ✐s ✐s♦❧❛t❡❞✱ ♠❡❛♥✐♥❣
E = 0✳ ❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝❧♦s❡❞ s②st❡♠ ❜② ♣r♦♠♦t✐♥❣ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ t♦ ❛ ❏❛❝♦❜✐
str✉❝t✉r❡✳

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ q✉❛❞r❛t✐❝ ❜✐✈❡❝t♦r ✜❡❧❞

Λ = −axy
∂

∂x
∧

∂

∂y
.

❲❡ s❡❡❦ ❛ ✈❡❝t♦r ✜❡❧❞ E = e1
∂
∂x

+ e2
∂
∂y

s✉❝❤ t❤❛t t❤❡ ❏❛❝♦❜✐ ❝♦♥❞✐t✐♦♥s

[Λ,Λ] = 2E ∧ Λ, [E,Λ] = 0

❛r❡ s❛t✐s✜❡❞✳
❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✱ s✐♥❝❡ [Λ,Λ] = 0 = 2E ∧ Λ ❢♦r ❛♥② e1 ❛♥❞ e2❀ ✐♥

✷✸
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10
-4 Hamiltonian difference

JHI-1

JHI-3

❋✐❣✉r❡ ✶✷✿ ❉✐✛❡r❡♥❝❡ ✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ✜rst✲ ❛♥❞ t❤✐r❞✲♦r❞❡r ❏❍■
♠❡t❤♦❞s✳

♣❛rt✐❝✉❧❛r✱ Λ ✐s P♦✐ss♦♥✳ ❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ②✐❡❧❞s

[E,Λ] =

[

e1
∂

∂x
,Λ

]

+

[

e2
∂

∂y
,Λ

]

= a
(

− ye1 − xe2 + xy
∂e1
∂x

+ xy
∂e2
∂y

) ∂

∂x
∧

∂

∂y
.

❆ s♦❧✉t✐♦♥ ✐s

e1 = cxy + dx+ fx, e2 = cxy + dy − fx, c, d, f ∈ R.

❈♦♥s✐❞❡r t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(x, y) = x− λ1 log x+ y − λ2 log y,

❢♦r ✇❤✐❝❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞ ✐s

XH = Λ(·, dH)−HE(·)

= [−axy + aλ2x−H(cxy + dx+ fx)]
∂

∂x
+ [axy − aλ1y −H(cxy + dx− fx)]

∂

∂y
.

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡ ✐s

Π = −
axy

t

∂

∂x
∧

∂

∂y
+ (cxy + dx+ fx)

∂

∂t
∧

∂

∂x
+ (cxy + dy − fy)

∂

∂t
∧

∂

∂y
.

❚♦ ❝♦♠♣✉t❡ ❛ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥✱ ✇❡ ❛ss✉♠❡ x, y > 0 s♦ t❤❛t t❤❡ r❛♥❦ ♦❢ Π ✐s
❝♦♥st❛♥t✳ ❆ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡ ✐s

Z(x, y, t) = log t+
c

a
(x− y) + β log x− γ log y, β =

d− f

a
, γ =

d+ f

a
.

✷✹



❙❡tt✐♥❣ u = log x✱ v = log y✱ ✇❡ ❤❛✈❡

{u, v} = −
axy

t

1

x

1

y
= −

a

t
̸= 1,

s♦ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝❛♥♦♥✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥ (u, v) 7→ (U, V ) s❛t✐s❢②✐♥❣

(UuVv − UvVu){u, v} = 1.

❙❡tt✐♥❣ U = u = log x✱ ✇❡ ♦❜t❛✐♥ Vv = −t/a✳ ❯s✐♥❣ Z✱ ✇❡ ❤❛✈❡

t = exp
(

Z −
c

a
(eu − ev)− βu+ γv

)

=: ϕ(Z, u, v),

❛♥❞

V (U, v, Z) = −
1

a

∫ v

0

ϕ(Z, u, s) ds.

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ s❡t c = 0 ❛♥❞ β = 0 ✭✐✳❡✳✱ d = f✮✱ ❣✐✈✐♥❣

V =
t

aγ
(y−γ − 1).

❚❤✉s✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ F (x, y, t) = (U, V, Z) s❛t✐s✜❡s {U, V } = 1✱ ❛♥❞ ❛ s②♠♣❧❡❝t✐❝
❜✐✲r❡❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❝❛♥♦♥✐❝❛❧ P♦✐ss♦♥ str✉❝t✉r❡ ✐s

α❝❛♥(U, V, Z, ηU , ηV , ηZ) =
(

U − 1
2
ηV , V + 1

2
ηU , Z

)

,

s♦ t❤❛t ❢♦r t❤❡ ♦r✐❣✐♥❛❧ P♦✐ss♦♥ str✉❝t✉r❡✱ α = F−1 ◦ α❝❛♥ ◦ (F−1)∗✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦t❛♥❣❡♥t tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ JTη = ξ✱ ✇✐t❤

J =







1
x

0 0

0 − t
a
y−γ−1 y−γ−1

aγ

0 −γ
y

1
t






, η = J−T ξ.

❊①♣❧✐❝✐t❧②✱

ηU = xξx, ηV = −aγξt −
ay

t
ξy, ηZ = ty−γξt +

y

γ
(y−γ − 1)ξy,

❛♥❞

α❝❛♥ ◦ (F
−1)∗ =

(

log x+ 1
2
(aγξt +

ay

t
ξy), t

y−γ − 1

aγ
+ 1

2
xξx, log t− γ log y

)

.

❋✐♥❛❧❧②✱ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ❝♦♦r❞✐♥❛t❡s ✐s

x′ = eU
′

= x e
1
2
(d+f)ξt+

ayξy
t ,

y′ = (1− C)1/γ,

t′ = eZ
′

(1− C), C = aγV ′e−Z′

.

✷✺
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Vector field of Lotka-Volterra example

❋✐❣✉r❡ ✶✸✿ ❱❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ♠♦❞✐✜❡❞ ▲♦t❦❛✲❱♦❧t❡rr❛ ♣r♦❜❧❡♠ ✐♥ ✷ ❞✐♠❡♥s✐♦♥s✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ ❝♦♥s✐❞❡r t❤❡ ♣❛r❛♠❡t❡rs λ1 = 3✱
λ2 = 4 ❢♦r t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ a = 1✱ c = 0✱ d = f = 1 ❢♦r t❤❡ ❏❛❝♦❜✐ str✉❝t✉r❡✳ ❚❤❡
✈❡❝t♦r ✜❡❧❞ ✐♥ t❤❡ ❞♦♠❛✐♥ (x, y) ∈ [0, 12]× [0, 12] ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸✳ ❯♥❧✐❦❡ t❤❡ ❝❧❛ss✐❝❛❧
▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠ ✇❤❡r❡ ❛❧❧ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝❧♦s❡❞ ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❤❡r❡ t❤❡
♦r❜✐ts ❛r❡ ♦♥❧② ❝❧♦s❡❞ ♥❡❛r t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❧❡ tr❛❥❡❝t♦r✐❡s ❢✉rt❤❡r ❛✇❛② t❡♥❞ t♦✇❛r❞
③❡r♦✳

❚♦ ❝♦♠♣✉t❡ tr❛❥❡❝t♦r✐❡s✱ ✇❡ ✉s❡ ❛ t✐♠❡ s♣❛♥ [0, 5] ✇✐t❤ st❡♣ s✐③❡ ∆s = 0.05 ❛♥❞ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ x0 = (4, 2)✳ ❋✐❣✉r❡ ✶✹ ❝♦♠♣❛r❡s t❤❡ tr❛❥❡❝t♦r✐❡s ♦❜t❛✐♥❡❞ ❜② t❤❡ ✜rst✲♦r❞❡r ❏❛❝♦❜✐
❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ✭❏❍■✲✶✮ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ❘❑✲✷ ♠❡t❤♦❞✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❏❍■✲✶
♠❡t❤♦❞ ♣r❡s❡r✈❡s t❤❡ ❝❧♦s❡❞ tr❛❥❡❝t♦r②✱ ✇❤✐❧❡ ❘❑✲✷ ❞♦❡s ♥♦t✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ ❏❍■✲✶ ✐s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✺✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ♠❡t❤♦❞ ❞❡♠♦♥str❛t❡s
s❡❝♦♥❞✲♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡✳

∆s ∥ · ∥2 ❡rr♦r ❖r❞❡r
2−2 4.60× 10−1 ✕
2−3 1.48× 10−1 ✶✳✻✹
2−4 3.83× 10−2 ✶✳✾✺
2−5 9.70× 10−3 ✶✳✾✾
2−6 2.40× 10−3 ✷✳✵✵
2−7 6.00× 10−4 ✷✳✵✵
2−8 1.50× 10−4 ✷✳✵✵
2−9 3.70× 10−5 ✷✳✵✵

❚❛❜❧❡ ✺✿ ❊rr♦r ❛♥❞ ♥✉♠❡r✐❝❛❧ ♦r❞❡r ♦❢ ❏❍■✲✶ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ▲♦t❦❛✕❱♦❧t❡rr❛ ♣r♦❜❧❡♠✳

❚❤❡ s②st❡♠ ✐s ♥♦t str✐❝t❧② ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ Λ✱ ❜✉t ✐t ✐s ✐♥st❡❛❞ ❢♦r

✷✻
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Trajectory of Lotka-Volterra type

Real

JHI

RK-2

❋✐❣✉r❡ ✶✹✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ tr✉❡ tr❛❥❡❝t♦r② ❛♥❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❏❍■✲✶ ❛♥❞ ❘❑✲✷
♠❡t❤♦❞s ❢♦r t❤❡ ♠♦❞✐✜❡❞ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠✳

t❤❡ ❏❛❝♦❜✐ str✉❝t✉r❡ (Λ, E)✱ ❛♥❞ s♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t ♣r❡s❡r✈❡❞ ❡①❛❝t❧②✳ ■♥ t❤✐s ❝❛s❡✱

E(H) = 2cxy + d(x+ y) + f(x− y)− λ1(cy + d+ f)− λ2(cx+ d− f) = 2(x− 3),

s♦ ✐t ✈❛r✐❡s ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s✳ ❋✐❣✉r❡ ✶✺ s❤♦✇s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡rr♦r ♦✈❡r ❛ t✐♠❡ s♣❛♥ [0, 10]
✇✐t❤ st❡♣ ∆s = 0.01✳ ❚❤❡ ❡rr♦r ✐s ♣❡r✐♦❞✐❝ ❞✉❡ t♦ t❤❡ ❝❧♦s❡❞ tr❛❥❡❝t♦r② ❛♥❞ r❡♠❛✐♥s ♦♥ t❤❡
♦r❞❡r ♦❢ 10−4✱ ❞❡♠♦♥str❛t✐♥❣ t❤❡ ❣♦♦❞ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ❏❍■✲✶✳

✸✳✼ ❘✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐ s②st❡♠ ♠♦❞❡❧✐♥❣ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥
✇✐t❤ ❛ ❧✐♥❡❛r ❜✐✈❡❝t♦r✳ ❚❤✐s ❡①❛♠♣❧❡ ❤✐❣❤❧✐❣❤ts t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❏❍■ t♦ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧
s②st❡♠s ✇✐t❤ ♣♦❧②♥♦♠✐❛❧ ❏❛❝♦❜✐ ✈❡❝t♦r ✜❡❧❞s ❛♥❞ ✐❧❧✉str❛t❡s t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t❡❞
❜✐✲r❡❛❧✐③❛t✐♦♥s✳

❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❜✐✲✈❡❝t♦r ✜❡❧❞

Λ = x3
∂

∂x2

∧
∂

∂x1

+ x2
∂

∂x1

∧
∂

∂x3

+ x1
∂

∂x3

∧
∂

∂x2

,

❛♥❞ ❧❡t E = f1
∂

∂x1
+ f2

∂
∂x2

+ f3
∂

∂x3
✳

❚♦ ❞❡✜♥❡ ❛ ❏❛❝♦❜✐ str✉❝t✉r❡ (Λ, E)✱ t❤❡ ❏❛❝♦❜✐ ❝♦♥❞✐t✐♦♥s

[Λ,Λ] = 2E ∧ Λ, [E,Λ] = 0

♠✉st ❤♦❧❞✳ ❙✐♥❝❡ Λ ✐s P♦✐ss♦♥✱ [Λ,Λ] = 0✱ s♦ 2E ∧ Λ = 0 ✐♠♣❧✐❡s

f1x1 + f2x2 + f3x3 = 0.

✷✼
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-4 Difference of the Hamiltonian

JHI

❋✐❣✉r❡ ✶✺✿ ❉✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛❧♦♥❣ t❤❡ ❏❍■✲✶ tr❛❥❡❝t♦r② ❢♦r t❤❡ ♠♦❞✐✜❡❞ ▲♦t❦❛✲
❱♦❧t❡rr❛ s②st❡♠✳

❆ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❜②

f1 = a1x2x3 + d3x2 + d1x3,

f2 = a2x1x3 − d3x1 + d2x3,

f3 = a3x1x2 − d1x1 − d2x2,

✇✐t❤ a1 + a2 + a3 = 0✱ ✇❤✐❝❤ s❛t✐s✜❡s ❜♦t❤ ❏❛❝♦❜✐ ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥ ✐s

H(x) =
I2 + I3

2
x2
1 +

I1 + I3
2

x2
2 +

I1 + I2
2

x2
3,

✇✐t❤ I1, I2, I3 ∈ R✱ t❤❡ ✐♥❡rt✐❛ ✈❛❧✉❡s✱ ❣✐✈✐♥❣ t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r ✜❡❧❞

XH = Λ(·, dH)−HE(·)

= [(I2 − I3)x2x3 −Hf1]
∂

∂x1

+ [(I3 − I1)x1x3 −Hf2]
∂

∂x2

+ [(I1 − I2)x1x2 −Hf3]
∂

∂x3

.

❚❤❡ ❛ss♦❝✐❛t❡❞ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ str✉❝t✉r❡ ✐s

Π =
x3

t

∂

∂x2

∧
∂

∂x1

+
x2

t

∂

∂x1

∧
∂

∂x3

+
x1

t

∂

∂x3

∧
∂

∂x2

+
∂

∂t
∧ (f1

∂

∂x1

+ f2
∂

∂x2

+ f3
∂

∂x3

).

❙✐♥❝❡ t❤❡ r❛♥❦ ♦❢ Π ✐s ✷✱ t❤❡r❡ ✐s ♦♥❡ ❈❛s✐♠✐r ❢✉♥❝t✐♦♥

C1 = x2
1 + x2

2 + x2
3.

❋♦r t❤✐s s②st❡♠✱ ❛♥ ❡①❛❝t s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❞✐✣❝✉❧t t♦ ♦❜t❛✐♥ ❛♥❛❧②t✐❝❛❧❧② ❞✉❡
t♦ t❤❡ q✉❛❞r❛t✐❝ ❞❡♣❡♥❞❡♥❝❡ ♦❢ fi ♦♥ t❤❡ ❝♦♦r❞✐♥❛t❡s✳ ❚♦ ❛♣♣❧② t❤❡ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥

✷✽



✐♥t❡❣r❛t♦r✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❜② ❧✐♥❡❛r✐③✐♥❣ t❤❡
❝♦t❛♥❣❡♥t ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ξ✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s t❤❡ ❝❛♥♦♥✐❝❛❧ P♦✐ss♦♥ ❜r❛❝❦❡ts ✉♣ t♦ ✜rst ♦r❞❡r
✐♥ ξ✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❡♥s✉r❡s t❤❛t t❤❡ r❡s✉❧t✐♥❣ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r r❡t❛✐♥s t❤❡ ❣❡♦♠❡t✲
r✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❏❛❝♦❜✐ s②st❡♠ ❧♦❝❛❧❧② ❛♥❞ ♣r♦✈✐❞❡s ❛❝❝✉r❛t❡ tr❛❥❡❝t♦r✐❡s ❢♦r s❤♦rt✲ t♦
♠❡❞✐✉♠✲t❡r♠ s✐♠✉❧❛t✐♦♥s✱ ❡✈❡♥ ✐❢ ❣❧♦❜❛❧ ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt✐❡s ❛r❡ ♦♥❧② ❛♣♣r♦①✐♠❛t❡✳

❚❤❡ ❛♣♣r♦①✐♠❛t❡❞ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

α1(x, t, ξx, ξt) = x1 +
1

2

(x3

t
ξ2 + f1ξt −

x2

t
ξ3

)

, β1(x, t, ξx, ξt) = x1 −
1

2

(x3

t
ξ2 + f1ξt −

x2

t
ξ3

)

,

α2(x, t, ξx, ξt) = x2 +
1

2

(x1

t
ξ3 + f2ξt −

x3

t
ξ1

)

, β2(x, t, ξx, ξt) = x2 −
1

2

(x1

t
ξ3 + f2ξt −

x3

t
ξ1

)

,

α3(x, t, ξx, ξt) = x3 +
1

2

(x2

t
ξ1 + f3ξt −

x1

t
ξ2

)

, β3(x, t, ξx, ξt) = x3 −
1

2

(x2

t
ξ1 + f3ξt −

x1

t
ξ2

)

,

α4(x, t, ξx, ξt) = t−
1

2
(f1ξ1 + f2ξ2 + f3ξ3), β4(x, t, ξx, ξt) = t+

1

2
(f1ξ1 + f2ξ2 + f3ξ3).

❘❡♠❛r❦ ✸✳✷✳ ❚❤❡ ❝❧❛ss✐❝❛❧ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ▲✐❡✲P♦✐ss♦♥ ❢♦r✲
♠✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇✐t❤ q✉❛❞r❛t✐❝ fi✱ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❣❡♥❡r❛❧❧② ♥♦t ♣♦ss✐❜❧❡❀ ✐t ♦♥❧②
r❡❞✉❝❡s t♦ ▲✐❡✲P♦✐ss♦♥ ✐❢ a1 = a2 = a3 = 0✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❜✐✲r❡❛❧✐③❛t✐♦♥ ❛❧❧♦✇s t❤❡ ❏❍■
♠❡t❤♦❞ t♦ ❜❡ ❛♣♣❧✐❡❞ ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❧♦❝❛❧ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❏❛❝♦❜✐ s②st❡♠✳

◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ♣❛r❛♠❡t❡rs I1 = 5✱ I2 = I3 = 10✱ a1 = a2 =
0.2✱ a3 = −0.4✱ d1 = d2 = d3 = 0.1✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✉s❡s ❛ t✐♠❡ s♣❛♥ [0, 2]✱ st❡♣ ∆s = 0.005✱
❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x0 = (1, 1, 1)✳ ❋✐❣✉r❡ ✶✻ s❤♦✇s t❤❛t t❤❡ ❏❍■ ♠❡t❤♦❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
tr✉❡ tr❛❥❡❝t♦r②✳

❋✐❣✉r❡ ✶✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ tr✉❡ tr❛❥❡❝t♦r② ✇✐t❤ ❏❍■ ❛♥❞ ❘❑✲✷ ❢♦r t❤❡ ♠♦❞✐✜❡❞ r✐❣✐❞✲❜♦❞②
r♦t❛t✐♦♥ ✇✐t❤ I1 = 5✱ I2 = I3 = 10✳

◆❡①t✱ ✇❡ t❡st ❛ ♠♦r❡ ✉♥st❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥✿ I1 = 1✱ I2 = π✱ I3 = 10✱ ✇✐t❤ t❤❡ s❛♠❡
❏❛❝♦❜✐ ♣❛r❛♠❡t❡rs✳ ❋✐❣✉r❡ ✶✼ s❤♦✇s t❤❛t ❏❍■ tr❛❥❡❝t♦r✐❡s r❡♠❛✐♥ ❝❧♦s❡❞ ❜✉t ❞♦ ♥♦t ❡①❛❝t❧②

✷✾



❋✐❣✉r❡ ✶✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ tr✉❡ tr❛❥❡❝t♦r② ✇✐t❤ ❏❍■ ❛♥❞ ❘❑✲✷ ❢♦r t❤❡ ♠♦❞✐✜❡❞ r✐❣✐❞✲❜♦❞②
r♦t❛t✐♦♥ ✇✐t❤ I1 = 1✱ I2 = π✱ I3 = 10✳

❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ tr✉❡ s♦❧✉t✐♦♥ ❞✉❡ t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❜✐✲r❡❛❧✐③❛t✐♦♥✱ ✇❤✐❧❡ ❘❑✲✷ ❡①❤✐❜✐ts
❜❡tt❡r ❧♦❝❛❧ ❛❝❝✉r❛❝②✳

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t ❝♦♥s❡r✈❡❞ ❡①❛❝t❧②✱ s✐♥❝❡

E(H) =x1x2x3 (a1(I2 + I3) + a2(I1 + I3) + a3(I1 + I2))

+ d3x1x2(I2 − I1) + d1x1x3(I3 − I1) + d2x2x3(I3 − I2).

❋♦r t❤❡ ✜rst ❝♦♥✜❣✉r❛t✐♦♥ ✭I1 = 5✱ I2 = I3 = 10✮✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡rr♦r ♦✈❡r t❤❡
tr❛❥❡❝t♦r② r❡♠❛✐♥s ❜♦✉♥❞❡❞✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✽✳
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Difference of the Hamiltonian

JHI

❋✐❣✉r❡ ✶✽✿ ❉✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛❧♦♥❣ t❤❡ ❏❍■ tr❛❥❡❝t♦r② ❢♦r t❤❡ ♠♦❞✐✜❡❞ r✐❣✐❞✲
❜♦❞② r♦t❛t✐♦♥ ✇✐t❤ I1 = 5✱ I2 = I3 = 10✳

✸✵



✹ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ s②st❡♠❛t✐❝ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❛✲
❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs ✭❏❍■s✮✱ ❡①♣❧♦✐t✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❏❛❝♦❜✐
♠❛♥✐❢♦❧❞s ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♠❛♥✐❢♦❧❞s✳ ❇② ❛♣♣❧②✐♥❣ P♦✐ss♦♥✐③❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞
❝♦♥str✉❝t✐♥❣ ❤♦♠♦❣❡♥❡♦✉s s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥s✱ ✇❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❏❍■ ❝♦♥✲
str✉❝t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❛❧❧♦✇s ❡st❛❜❧✐s❤❡❞ ❣❡♦♠❡tr✐❝ t❡❝❤♥✐q✉❡s ❢r♦♠ t❤❡ P♦✐ss♦♥ ❛♥❞ s②♠♣❧❡❝t✐❝ ❝♦♥t❡①ts
t♦ ❜❡ ❛❞❛♣t❡❞ t♦ ❏❛❝♦❜✐ s②st❡♠s ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ❤♦♠♦❣❡♥❡♦✉s str✉❝t✉r❡s✳

❆ ❝❡♥tr❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✐s t❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ ❏❍■s ♦❢ ❛r❜✐tr❛r②
♦r❞❡r ✉s✐♥❣ ❛ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❛♥❞ ❡①❛❝t ❤♦♠♦❣❡♥❡♦✉s
▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♠❡t❤♦❞s ♣r❡s❡r✈❡ ✐♥tr✐♥s✐❝ ❤♦♠♦❣❡♥❡✐t②✱ ❡♥s✉r✐♥❣ t❤❛t
t❤❡ ✐♥t❡❣r❛t♦rs ❣❡♥❡r❛t❡ ✇❡❧❧✲❞❡✜♥❡❞ ❏❛❝♦❜✐ ♠❛♣s ♦♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♥✐❢♦❧❞✳ ❇❛❝❦✇❛r❞ ❡rr♦r
❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ✢♦✇ ♣r♦❞✉❝❡❞ ❜② ❛ ❏❍■ ❝♦✐♥❝✐❞❡s✱ ✉♣ t♦ t❤❡ ❡①♣❡❝t❡❞
♦r❞❡r✱ ✇✐t❤ t❤❡ ❡①❛❝t ✢♦✇ ♦❢ ❛ ♠♦❞✐✜❡❞ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✱ ❣✉❛r❛♥t❡❡✐♥❣ ❧♦♥❣✲t✐♠❡
q✉❛❧✐t❛t✐✈❡ ✜❞❡❧✐t②✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✐❧❧✉str❛t❡ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❏❍■s ♦✈❡r ❝❧❛ss✐❝❛❧ t✐♠❡ ✐♥t❡❣r❛✲
t✐♦♥ ♠❡t❤♦❞s✳ ▲♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❡①❛♠♣❧❡s ❝♦♥✜r♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝②✱ ❤✐❣❤❧✐❣❤t
t❤❡ r♦❧❡ ♦❢ s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥s✱ ❛♥❞ ❞❡♠♦♥str❛t❡ t❤❡ ♠❡t❤♦❞✬s r♦❜✉st♥❡ss ✇❤❡♥ ❛♣✲
♣r♦①✐♠❛t❡ r❡❛❧✐③❛t✐♦♥s ❛r❡ ❡♠♣❧♦②❡❞✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧s ❢✉rt❤❡r ✈❛❧✐❞❛t❡ t❤❡
❣❡♦♠❡tr✐❝ ❝♦♥s✐st❡♥❝② ❛♥❞ ❝♦♠♣❡t✐t✐✈❡♥❡ss ♦❢ ❏❍■s✱ ✇✐t❤ ❝❡rt❛✐♥ ❡①❛♠♣❧❡s r❡♣r♦❞✉❝✐♥❣ t❤❡
❝♦♥t✐♥✉♦✉s ✢♦✇ ❡①❛❝t❧② ❛♥❞ ♣r❡s❡r✈✐♥❣ ❣❡♦♠❡tr✐❝ ❢❡❛t✉r❡s s✉❝❤ ❛s ❍❛♠✐❧t♦♥✐❛♥ ♦r ❈❛s✐♠✐r
❢✉♥❝t✐♦♥s✳

❖✈❡r❛❧❧✱ t❤✐s ✇♦r❦ ❡st❛❜❧✐s❤❡s ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs ❛s ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥
♦❢ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t✐♦♥ t❡❝❤♥✐q✉❡s t♦ ❏❛❝♦❜✐ ♠❛♥✐❢♦❧❞s✳ ❚❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ♦♣❡♥s
s❡✈❡r❛❧ ❛✈❡♥✉❡s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s②st❡♠❛t✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♣♣r♦①✐♠❛t❡
s②♠♣❧❡❝t✐❝ ❜✐✲r❡❛❧✐③❛t✐♦♥s✱ ❛❞❛♣t✐✈❡ t✐♠❡✲st❡♣♣✐♥❣ str❛t❡❣✐❡s✱ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❧❛r❣❡r ❛♥❞
❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s✳ ❚❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ❛r❡ ❡①♣❡❝t❡❞ t♦ ❢✉rt❤❡r str❡♥❣t❤❡♥ t❤❡
r♦❧❡ ♦❢ ❣❡♦♠❡tr✐❝ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐♥ t❤❡ st✉❞② ♦❢ ♥♦♥❝♦♥s❡r✈❛t✐✈❡ ❛♥❞ ❝♦♥t❛❝t✲t②♣❡
❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦rs ❛❝❦♥♦✇❧❡❞❣❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❜② t❤❡ ❈❡♥tr❡ ❢♦r ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ❯♥✐✲
✈❡rs✐t② ♦❢ ❈♦✐♠❜r❛ ✭❈▼❯❈✱ ❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✺✹✹✾✾✴❯■❉✴✵✵✸✷✹✴✷✵✷✺✮ ✉♥❞❡r t❤❡ P♦r✲
t✉❣✉❡s❡ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙❝✐❡♥❝❡ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ✭❋❈❚✮✱ t❤r♦✉❣❤ ●r❛♥ts ❯■❉✴✵✵✸✷✹✴✷✵✷✺✱
❛♥❞ ❯■❉✴P❘❘✴✵✵✸✷✹✴✷✵✷✺✳ ●♦♥ç❛❧♦ ■♥♦❝ê♥❝✐♦ ❖❧✐✈❡✐r❛ ❛❝❦♥♦✇❧❡❞❣❡s ❋❈❚ ❢♦r s✉♣♣♦rt
✉♥❞❡r t❤❡ P❤✳❉✳ ❙❝❤♦❧❛rs❤✐♣ ✷✵✷✹✳✵✵✸✷✽✳❇❉✳

✸✶



❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❆r❛ú❥♦✱ ●✳ ■✳ ❖❧✐✈❡✐r❛✱ ❛♥❞ ❏✳ ◆✳ ▼❡str❡✳ ❏❛❝♦❜✐ ❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs✳ Pr❡♣r✐♥t✱
❛r❳✐✈✿✷✺✵✼✳✶✽✺✼✸ ❬♠❛t❤✳❉●❪✱ ✷✵✷✺✳

❬✷❪ ❆✳ ▼✳ ❇❧❛❣❛✱ ▼✳ ❆✳ ❙❛❧❛③❛r✱ ❆✳ ●✳ ❚♦rt♦r❡❧❧❛✱ ❛♥❞ ❈✳ ❱✐③♠❛♥✳ ❈♦♥t❛❝t ❉✉❛❧ P❛✐rs✳
■♥t❡r♥❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s ❘❡s❡❛r❝❤ ◆♦t✐❝❡s✱ ◆♦✈❡♠❜❡r ✷✵✷✵✳

❬✸❪ ❙✳ ❇❧❛♥❡s✱ ❋✳ ❈❛s❛s✱ ❏✳ ❆✳ ❖t❡♦✱ ❛♥❞ ❏✳ ❘♦s✳ ❚❤❡ ▼❛❣♥✉s ❡①♣❛♥s✐♦♥ ❛♥❞ s♦♠❡ ♦❢ ✐ts
❛♣♣❧✐❝❛t✐♦♥s✳ P❤②s✐❝s ❘❡♣♦rts✱ ✹✼✵✭✺✮✿✶✺✶✕✷✸✽✱ ✷✵✵✾✳

❬✹❪ ❆✳ ❇r❛✈❡tt✐✳ ❈♦♥t❛❝t ❣❡♦♠❡tr② ❛♥❞ t❤❡r♠♦❞②♥❛♠✐❝s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ●❡♦✲
♠❡tr✐❝ ▼❡t❤♦❞s ✐♥ ▼♦❞❡r♥ P❤②s✐❝s✱ ✶✻✭s✉♣♣✵✶✮✿✶✾✹✵✵✵✸✱ ✷✵✶✾✳

❬✺❪ ❆✳ ❇r❛✈❡tt✐✱ ❍✳ ❈r✉③✱ ❛♥❞ ❉✳ ❚❛♣✐❛s✳ ❈♦♥t❛❝t ❍❛♠✐❧t♦♥✐❛♥ ▼❡❝❤❛♥✐❝s✳ ❆♥♥❛❧s ♦❢
P❤②s✐❝s✱ ✸✼✻✿✶✼✕✸✾✱ ❏❛♥✉❛r② ✷✵✶✼✳

❬✻❪ ❆✳ ❏✳ ❇r✉❝❡✱ ❑✳ ●r❛❜♦✇s❦❛✱ ❛♥❞ ❏✳ ●r❛❜♦✇s❦✐✳ ❘❡♠❛r❦s ♦♥ ❈♦♥t❛❝t ❛♥❞ ❏❛❝♦❜✐ ●❡✲
♦♠❡tr②✳ ❙②♠♠❡tr②✱ ■♥t❡❣r❛❜✐❧✐t② ❛♥❞ ●❡♦♠❡tr②✿ ▼❡t❤♦❞s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ❏✉❧② ✷✵✶✼✳

❬✼❪ ❆✳ ❈❛❜r❡r❛✱ ❉✳ ▼✳ ❞❡ ❉✐❡❣♦✱ ❛♥❞ ▼✳ ❱❛q✉❡r♦✳ ❆♣♣r♦①✐♠❛t✐♥❣ ❙②♠♣❧❡❝t✐❝ ❘❡❛❧✐③❛✲
t✐♦♥s✿ ❆ ●❡♥❡r❛❧ ❋r❛♠❡✇♦r❦ ❢♦r t❤❡ ❈♦♥str✉❝t✐♦♥ ♦❢ P♦✐ss♦♥ ■♥t❡❣r❛t♦rs✳ Pr❡♣r✐♥t✱
❛r❳✐✈✿✷✹✵✾✳✵✹✸✹✷ ❬♠❛t❤✳◆❆❪✱ ✷✵✷✹✳

❬✽❪ ❆✳ ❈❛❜r❡r❛✱ ■✳ ▼➔r❝✉➭✱ ❛♥❞ ▼✳ ❆✳ ❙❛❧❛③❛r✳ ▲♦❝❛❧ ❢♦r♠✉❧❛s ❢♦r ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢♦r♠s✳
❚r❛♥s❢♦r♠✳ ●r♦✉♣s✱ ✷✼✭✷✮✿✸✼✶✕✹✵✶✱ ✷✵✷✷✳

❬✾❪ ❖✳ ❈♦ss❡r❛t✳ ❙②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞s ❢♦r P♦✐ss♦♥ ✐♥t❡❣r❛t♦rs✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♠❡tr② ❛♥❞
P❤②s✐❝s✱ ✶✽✻✿✶✵✹✼✺✶✱ ✷✵✷✸✳
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