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✇♦r❦s ✭P❍◆◆s✮ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s t♦ ❜❡t✲
t❡r ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✳ ❇② ✐♥❝♦r♣♦✲
r❛t✐♥❣ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ P❍◆◆s ❝❛♥ ❧❡❛r♥ ❛ ✇✐❞❡r
r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❜❡②♦♥❞ tr❛❞✐t✐♦♥❛❧ s②♠♣❧❡❝t✐❝ ♠♦❞❡❧s✳ ❲❡
❡①♣❧♦r❡❞ ❞✐✛❡r❡♥t tr❛✐♥✐♥❣ str❛t❡❣✐❡s✱ ❝♦♠♣❛r✐♥❣ ❊①♣❧✐❝✐t ❊✉❧❡r ✭❊❊✮ ❛♥❞
P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭P❍■✮✳ ❖✉r r❡s✉❧ts s❤♦✇❡❞ t❤❛t✱ ✇❤✐❧❡
❊✉❧❡r✲tr❛✐♥❡❞ ♠♦❞❡❧s ♦✛❡r ❜❡tt❡r s❤♦rt✲t❡r♠ ❛❝❝✉r❛❝②✱ P❍■✲tr❛✐♥❡❞ ♠♦❞✲
❡❧s st❛♥❞ ♦✉t ❢♦r t❤❡✐r ❧♦♥❣✲t❡r♠ st❛❜✐❧✐t② ❛♥❞ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝
str✉❝t✉r❡s✳ ❆ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ ✕ tr❛✐♥✐♥❣ ✇✐t❤ ❊❊ ❛♥❞ t❡st✐♥❣ ✇✐t❤ P❍■
✕ ♣r♦✈❡❞ t♦ ❜❡ t❤❡ ❜❡st ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t②✳ ❚❤❡s❡
r❡s✉❧ts ❤✐❣❤❧✐❣❤t t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ❝♦♠❜✐♥✐♥❣ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ✇✐t❤ ❣❡♦✲
♠❡tr✐❝ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ ♠♦❞❡❧ ❝♦♠♣❧❡① ❞②♥❛♠✐❝ s②st❡♠s ✇✐t❤♦✉t
t❤❡ ♥❡❡❞ ❢♦r ❡①♣❧✐❝✐t ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳
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■♥t❡❣r❛t♦rs✳
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▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❤❛s ❜❡❝♦♠❡ ❛ ♣♦✇❡r❢✉❧ t♦♦❧ ❢♦r ♠♦❞❡❧❧✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♥❣ ❝♦♠✲
♣❧❡① ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❆♠♦♥❣ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s✱ ❆rt✐✜❝✐❛❧ ◆❡✉r❛❧ ◆❡t✇♦r❦s
❤❛✈❡ ❞❡♠♦♥str❛t❡❞ s✉❝❝❡ss ✐♥ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ✐♠❛❣❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❬✶✵❪✱ ❢❛❝✐❛❧
❡①♣r❡ss✐♦♥ r❡❝♦❣♥✐t✐♦♥ ❬✽❪ ❛♥❞ ♠❡❞✐❝❛❧ ❞✐❛❣♥♦s✐s ❬✾❪✳ ◆❡✉r❛❧ ♥❡t✇♦r❦s ❤❛✈❡ ❛❧s♦
❢♦✉♥❞ ❛♥ ❡①t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♥❣ t❤❡ ♦✉t❝♦♠❡s ♦❢
❞②♥❛♠✐❝ s②st❡♠s s✉❝❤ ❛s ✢✉✐❞ ❞②♥❛♠✐❝s ❬✶✺❪✱ ✇❡❛t❤❡r ♣❛tt❡r♥s ❬✶❪✱ ❛♥❞ s♣❛❝❡
✇❡❛t❤❡r ❬✻❪✳

❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭❍◆◆s✮ ❬✶✶❪ ❤❛✈❡ ❡♠❡r❣❡❞ ❛s ❛ ♠❡t❤♦❞ t♦ ❧❡❛r♥
♣❤②s✐❝❛❧ s②st❡♠s ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥
s②st❡♠s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡ ❍❛♠✐❧t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s✱ ♦✛❡r ❛ ❜r♦❛❞❡r ❢r❛♠❡✇♦r❦ ❢♦r
st✉❞②✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❜❡②♦♥❞ tr❛❞✐t✐♦♥❛❧ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡s✳ ■♥ t❤✐s
♣❛♣❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭P❍◆◆s✮✱ ❛♥ ❡①t❡♥✲
s✐♦♥ ♦❢ ❍◆◆s t❤❛t ❡♥❛❜❧❡s t❤❡ ❧❡❛r♥✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♦♥ ♦❢ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥
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s②st❡♠s ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡✐r ✉♥❞❡r❧②✐♥❣ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡✳ ❯♥❧✐❦❡ st❛♥❞❛r❞
♥❡✉r❛❧ ♥❡t✇♦r❦ ❛♣♣r♦❛❝❤❡s t❤❛t ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❞✐r❡❝t❧②✱ P❍◆◆s
❧❡✈❡r❛❣❡ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ t♦ ❡♥s✉r❡ ♣❤②s✐❝❛❧❧② ❝♦♥s✐st❡♥t ❞②♥❛♠✐❝s✳ ❋✉r✲
t❤❡r♠♦r❡✱ ✇❡ ✐♥t❡❣r❛t❡ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭P❍■s✮ ✐♥t♦ t❤❡ ❧❡❛r♥✐♥❣
♣r♦❝❡ss✱ s❤♦✇✐♥❣ t❤❡✐r ❡✛❡❝t✐✈❡♥❡ss ✐♥ ✐♠♣r♦✈✐♥❣ ❧♦♥❣✲t❡r♠ st❛❜✐❧✐t② ❛♥❞ ❡♥❡r❣②
❝♦♥s❡r✈❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❡①♣❧✐❝✐t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❚❤r♦✉❣❤ ❡①t❡♥s✐✈❡ ❡①♣❡r✲
✐♠❡♥ts ♦♥ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠s ❬✺❪ ❛♥❞ ❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥ ❬✶✹❪✱ ✇❡ s❤♦✇
t❤❛t P❍◆◆s ♦✉t♣❡r❢♦r♠ ❜❛s❡❧✐♥❡ ♠❡t❤♦❞s ✐♥ ♣r❡s❡r✈✐♥❣ ❦❡② ✐♥✈❛r✐❛♥ts ♦❢ t❤❡
s②st❡♠✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ♣❛✈❡s t❤❡ ✇❛② ❢♦r ♠♦r❡ r♦❜✉st ❛♥❞ ✐♥t❡r♣r❡t❛❜❧❡ ♠❛✲
❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠♦❞❡❧s ❢♦r ❝♦♠♣❧❡① ❞②♥❛♠✐❝❛❧ s②st❡♠s✳
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❚❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♣❤②s✐❝❛❧ s②st❡♠s t❤r♦✉❣❤ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❤❛s ❛ttr❛❝t❡❞ ❝♦♥✲
s✐❞❡r❛❜❧❡ ❛tt❡♥t✐♦♥ ✐♥ r❡❝❡♥t ②❡❛rs✱ ♣❛rt✐❝✉❧❛r❧② ✇✐t❤ t❤❡ ❛❞✈❡♥t ♦❢ ♠❡t❤♦❞s t❤❛t
✐♥❝♦r♣♦r❛t❡ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ s②st❡♠✬s str✉❝t✉r❡ ✐♥t♦ ❧❡❛r♥✐♥❣ ❢r❛♠❡✇♦r❦s✳
❚❤✐s ✐♥❝❧✉❞❡s ❛ ❝❧❛ss ♦❢ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❦♥♦✇♥ ❛s ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s
✭❍◆◆s✮✱ ✐♥tr♦❞✉❝❡❞ ❜② ●r❡②❞❛♥✉s ❡t ❛❧✳ ❬✶✶❪✱ ✇❤✐❝❤ ❧❡❛r♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❛
s②st❡♠ ❞✐r❡❝t❧② ❢r♦♠ ❞❛t❛✱ t❤❡r❡❜② ♣r❡s❡r✈✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ s②♠♣❧❡❝✲
t✐❝ str✉❝t✉r❡✳

❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ❛r❡ ❝❧❛ss✐❝❛❧❧② ❢♦r♠✉❧❛t❡❞ ♦♥ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤
❛r❡ ❡✈❡♥✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡✱ ❝❧♦s❡❞ ✷✲❢♦r♠✳ ❍♦✇✲
❡✈❡r✱ ♠❛♥② r❡❛❧✲✇♦r❧❞ s②st❡♠s ♣♦ss❡ss ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ✕ P♦✐s✲
s♦♥ ♠❛♥✐❢♦❧❞s ✕ ✇❤❡r❡ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ❝♦♥❞✐t✐♦♥ ✐s r❡❧❛①❡❞✳ P♦✐ss♦♥ ❣❡♦♠❡tr②
♣r♦✈✐❞❡s ❛ ❜r♦❛❞❡r ❢r❛♠❡✇♦r❦ t♦ ❞❡s❝r✐❜❡ ❞②♥❛♠✐❝s✱ ✐♥❝❧✉❞✐♥❣ s②st❡♠s ❧✐❦❡ t❤❡
▲♦t❦❛✲❱♦❧t❡rr❛ ❡q✉❛t✐♦♥s ❛♥❞ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥s✱ ✇❤✐❝❤ ❞♦ ♥♦t ♥❛t✉r❛❧❧② ✜t
✐♥t♦ s②♠♣❧❡❝t✐❝ ❣❡♦♠❡tr②✳

❆ P♦✐ss♦♥ str✉❝t✉r❡ ❬✺❪ ♦♥ R
n ✐s ❛ ❜✐❧✐♥❡❛r ♦♣❡r❛t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞ ❛ P♦✐ss♦♥

❜r❛❝❦❡t✮ {·, ·} : C∞(Rn) × C∞(Rn) → C∞(Rn) ✇❤✐❝❤ s❛t✐s✜❡s✱ ❢♦r ❛❧❧ f, g, h ∈
C∞(Rn)✿

✭✐✮ {f, g} = −{g, f} ✭s❦❡✇✲s②♠♠❡tr②✮❀
✭✐✐✮ {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 ✭❏❛❝♦❜✐ ✐❞❡♥t✐t②✮❀
✭✐✐✐✮ {f, gh} = g{f, h}+ h{f, g} ✭▲❡✐❜♥✐③ ✐❞❡♥t✐t②✮✳

❚❤❡ ✜rst t✇♦ ❝♦♥❞✐t✐♦♥s ♠❡❛♥ t❤❛t {·, ·} ✐s ❛ ▲✐❡ ❜r❛❝❦❡t ♦♥ C∞(Rn)✱ t❤❡ s♣❛❝❡ ♦❢
❛❧❧ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❢r♦♠ R

n t♦ R✱ ❞❡✜♥✐♥❣ ❛ ▲✐❡ ❛❧❣❡❜r❛ (C∞(Rn), {·, ·})✳❚❤✐s
❣❡♥❡r❛❧✐③❡s t❤❡ ❢❛♠✐❧✐❛r s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❛♥❞ ❛♣♣❡❛rs ✐♥ ❛ ✈❛r✐❡t② ♦❢ ✐♠♣♦r✲
t❛♥t ❡①❛♠♣❧❡s✿

✭✐✮ ❙②♠♣❧❡❝t✐❝ str✉❝t✉r❡s✿ ❚❤❡ ❝❛♥♦♥✐❝❛❧ str✉❝t✉r❡ ♦❢ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s✱
{pi, q

j} = δij ❛♥❞ {pi, pj} = {qj , qj} = 0, i, j = 1, . . . , n❀
✭✐✐✮ ❈♦♥st❛♥t P♦✐ss♦♥ str✉❝t✉r❡s✿ {xi, xj} = cij , cij ∈ R❀
✭✐✐✐✮ ▲✐♥❡❛r P♦✐ss♦♥ str✉❝t✉r❡✿ {xi, xj} =

∑n

k=1 c
ij
k x

k, ✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts cijk ❛r❡
str✉❝t✉r❡ ❝♦♥st❛♥ts ♦❢ ❛ ▲✐❡ ❛❧❣❡❜r❛❀

✭✐✈✮ ◗✉❛❞r❛t✐❝ P♦✐ss♦♥ str✉❝t✉r❡s ✭▲♦t❦❛✲❱♦❧t❡rr❛ t②♣❡✮✿ {xi, xj} = aijxixj ✱ ✇❤❡r❡
(aij) ✐s ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①✳



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✸

●✐✈❡♥ ❝♦♦r❞✐♥❛t❡s x = (x1, . . . , xn) ♦♥ R
n✱ ❛ P♦✐ss♦♥ str✉❝t✉r❡ ❝❛♥ ❜❡ ❡①✲

♣r❡ss❡❞ ❛s

{f, g}(x) =

n
∑

i,j=1

πij(x)
∂f

∂xi

∂g

∂xj
, ✭✶✮

✇✐t❤ πij(x) ∈ C∞(Rn) ❣✐✈❡♥ ❜② πij(x) = {xi, xj}(x)✳ ❯s✐♥❣ t❤❡ s❦❡✇✲s②♠♠❡tr✐❝
♠❛tr✐① Π(x) =

(

πij(x)
)

i,j
✇❡ ❝❛♥ tr❛♥s❧❛t❡ (1) ✐♥t♦ ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥

{f, g}(x) = ∇f(x)Π(x)∇g(x). ✭✷✮

❇② ❞❡✜♥✐t✐♦♥✱ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s f, g ∈ C∞(Rn)✱ {f, g} ✐s ❛♥♦t❤❡r ❢✉♥❝t✐♦♥✳
❉❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ✈❡❝t♦r ✜❡❧❞s✱ s♦ t❤❡ ▲❡✐❜♥✐③
✐❞❡♥t✐t② ❡♥s✉r❡s t❤❛t✱ ❣✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ H ∈ C∞(Rn)✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ✈❡❝t♦r ✜❡❧❞
XH : C∞(Rn) → C∞(Rn)✱ ❜② XHf = {f,H}✳ ❲❡ ❝❛❧❧ H ❛ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥
✭♣❧❛②✐♥❣ t❤❡ r♦❧❡ ♦❢ ❡♥❡r❣② ♦❢ ❛ s②st❡♠✮ ❛♥❞XH ✐ts ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✈❡❝t♦r
✜❡❧❞✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✐s

ẋ = Π(x)∇H(x). ✭✸✮

❆♥② s②♠♣❧❡❝t✐❝ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✐s✱ ✐♥ ❢❛❝t✱ ❛❧s♦ ❛ P♦✐ss♦♥ s②st❡♠✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ x = (q, p) ∈ R

2n✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ẋ = J∇H(x), J =

[

0 In
−In 0

]

, ✭✹✮

✇✐t❤ H ❛s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ In t❤❡ n × n ✐❞❡♥t✐t② ♠❛tr✐①✳ ◆♦t❡ t❤❛t✱ s②♠✲
♣❧❡❝t✐❝ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ♦♥ s♣❛❝❡s ♦❢ ❡✈❡♥ ❞✐♠❡♥s✐♦♥✱ ✉♥❧✐❦❡
P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥✳

◆✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦rs t❤❛t ♣r❡s❡r✈❡ t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❛r❡ ❡ss❡♥t✐❛❧ ❢♦r ❧♦♥❣✲t❡r♠ s✐♠✉❧❛t✐♦♥s ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❈❧❛ss✐❝❛❧
❡①♣❧✐❝✐t ✐♥t❡❣r❛t♦rs ❧✐❦❡ ❊✉❧❡r✬s ♠❡t❤♦❞ ❝❛♥ ✐♥tr♦❞✉❝❡ ♥✉♠❡r✐❝❛❧ ❞✐ss✐♣❛t✐♦♥ ♦r
✐♥st❛❜✐❧✐t②✱ ❡s♣❡❝✐❛❧❧② ♦✈❡r ❧♦♥❣ t✐♠❡s✳ ■♥ ❝♦♥tr❛st✱ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✱ s✉❝❤ ❛s
s②♠♣❧❡❝t✐❝ ❛♥❞ P♦✐ss♦♥ ✐♥t❡❣r❛t♦rs✱ ♠❛✐♥t❛✐♥ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ s②st❡♠✱ s✉❝❤ ❛s
✈♦❧✉♠❡ ♦r ❡♥❡r❣②✱ ❧❡❛❞✐♥❣ t♦ ♠♦r❡ ♣❤②s✐❝❛❧❧② ❝♦♥s✐st❡♥t s✐♠✉❧❛t✐♦♥s ❬✶✷❪✳

❋♦r P♦✐ss♦♥ s②st❡♠s✱ ♣r❡s❡r✈✐♥❣ ❜♦t❤ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ ❛♥❞ t❤❡ ❍❛♠✐❧t♦✲
♥✐❛♥ ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞ ❞✉❡ t♦ ♣♦ss✐❜❧❡ ❞❡❣❡♥❡r❛❝✐❡s ✐♥ t❤❡ str✉❝t✉r❡✳ ❚❤❡ P♦✐ss♦♥✲
❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ✭P❍■✮✱ ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ s②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞s ❛♥❞
❜✐✲r❡❛❧✐③❛t✐♦♥s✱ ❛❞❞r❡ss❡s t❤✐s ✐ss✉❡ ❜② ♣❡r❢♦r♠✐♥❣ ✐♥t❡❣r❛t✐♦♥ ✐♥ ❛♥ ❡①t❡♥❞❡❞
s②♠♣❧❡❝t✐❝ s♣❛❝❡ ❛♥❞ ♣r♦❥❡❝t✐♥❣ r❡s✉❧ts ❜❛❝❦ ♦♥t♦ t❤❡ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ ❬✹❪✳

❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ✇✐t❤ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡s ❧❡❞ t♦ t❤❡
❡♠❡r❣❡♥❝❡ ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭❍◆◆s✮✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡ t❤❡
❍❛♠✐❧t♦♥✐❛♥ H r❛t❤❡r t❤❛♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ ẋ ❞✐r❡❝t❧②✳ ❚❤✐s ❣✉❛r❛♥t❡❡s t❤❛t t❤❡
❧❡❛r♥❡❞ ❞②♥❛♠✐❝s r❡s♣❡❝t ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✐♥❤❡r❡♥t t♦ ♣❤②s✐❝❛❧ s②st❡♠s ❬✶✶❪✳

❊①t❡♥❞✐♥❣ t❤✐s ✐❞❡❛✱ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭P❍◆◆s✮ ❛r❡ ❞❡✲
s✐❣♥❡❞ t♦ ♦♣❡r❛t❡ ♦♥ s②st❡♠s ✇✐t❤ P♦✐ss♦♥ str✉❝t✉r❡✳ P❍◆◆s ❧❡✈❡r❛❣❡ t❤❡ ♠❛t❤✲
❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ P♦✐ss♦♥ ❜r❛❝❦❡ts ❛♥❞ ❝❛♥ ❜❡ tr❛✐♥❡❞ ✉s✐♥❣ str✉❝t✉r❡✲
♣r❡s❡r✈✐♥❣ ✐♥t❡❣r❛t♦rs s✉❝❤ ❛s P❍■✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s ❢♦r t❤❡ ❛❝❝✉r❛t❡ ♠♦❞✲
❡❧✐♥❣ ♦❢ ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ❢♦r ❡①♣❧✐❝✐t❧② ❦♥♦✇♥
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳



✹ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

❖t❤❡r ♥♦t❛❜❧❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥❝❧✉❞❡ ❙②♠♣❧❡❝t✐❝ ❘❡❝✉rr❡♥t ◆❡✉r❛❧ ◆❡t✇♦r❦s ❬✷❪✱
✇❤✐❝❤ ❢✉rt❤❡r ❞❡✈❡❧♦♣ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ❧❡❛r♥✐♥❣✱ ❛♥❞ ▲✐❡✲P♦✐ss♦♥ ◆❡✉r❛❧ ◆❡t✲
✇♦r❦s ✭▲P◆❡ts✮ ❬✼❪✱ ✇❤✐❝❤ ❡①t❡♥❞ t❤❡s❡ ✐❞❡❛s t♦ s②st❡♠s ✇✐t❤ s②♠♠❡tr② ❛♥❞ ▲✐❡
❣r♦✉♣ str✉❝t✉r❡✳

❚❤❡s❡ ❛❞✈❛♥❝❡♠❡♥ts ❤❛✈❡ ❡♥❛❜❧❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ♠❛❝❤✐♥❡ ❧❡❛r♥✲
✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ ❞✐✈❡rs❡ ❛r❡❛s s✉❝❤ ❛s ✢✉✐❞ ❞②♥❛♠✐❝s ❬✶✺❪✱ ✐♦♥♦s♣❤❡r✐❝ s♣❛❝❡
✇❡❛t❤❡r ♣r❡❞✐❝t✐♦♥ ❬✻❪✱ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❬✾❪✱ ❛♥❞ r❡♠♦t❡ s❡♥s✐♥❣ ❬✶✵❪✳ ❚❤❡② ❛❧s♦
♦♣❡♥ ✉♣ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r ❞❛t❛✲❞r✐✈❡♥ ❞✐s❝♦✈❡r② ✐♥ ❝♦♥tr♦❧ s②st❡♠s✱ q✉❛♥t✉♠ ♠❡✲
❝❤❛♥✐❝s✱ ❛♥❞ ♣❧❛s♠❛ ♣❤②s✐❝s✱ ✇❤❡r❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♠❛② ❜❡ ♣❛rt✐❛❧❧② ❦♥♦✇♥
♦r ❡♥t✐r❡❧② ✉♥❛✈❛✐❧❛❜❧❡✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ❜✉✐❧❞s ✉♣♦♥ t❤✐s ❢♦✉♥❞❛t✐♦♥ ❜② ♣r♦♣♦s✐♥❣ P❍◆◆s✱ ❡✈❛❧✉✲
❛t✐♥❣ ❞✐✛❡r❡♥t tr❛✐♥✐♥❣ ❛♥❞ t❡st✐♥❣ str❛t❡❣✐❡s t❤❛t ❝♦♠❜✐♥❡ ❡①♣❧✐❝✐t ✐♥t❡❣r❛t♦rs✱
s✉❝❤ ❛s t❤❡ ❊✉❧❡r ♠❡t❤♦❞✱ ✇✐t❤ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ s❝❤❡♠❡s ❦♥♦✇♥ ❛s P♦✐ss♦♥✲
❍❛♠✐❧t♦♥✐❛♥ ✐♥t❡❣r❛t♦rs✳ ❲❡ ✈❛❧✐❞❛t❡ t❤❡ ❛♣♣r♦❛❝❤ ♦♥ ❜❡♥❝❤♠❛r❦ s②st❡♠s✱ ✐♥✲
❝❧✉❞✐♥❣ t❤❡ ♣❡♥❞✉❧✉♠✱ ▲♦t❦❛✲❱♦❧t❡rr❛ ♠♦❞❡❧s✱ ❛♥❞ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥✳

✸ ▼❡t❤♦❞♦❧♦❣②

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ❜♦t❤ ❝❧❛ss✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs✱
t❤❛t ❝❛♥ s♦❧✈❡ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♥✉♠❡r✐❝❛❧❧②✳ ❍♦✇❡✈❡r✱ t❤❡② ♥❡❡❞ t♦
❡①♣❧✐❝✐t❧② ❦♥♦✇ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛❝t ♦♥ ✐t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❞❡❡♣ ❧❡❛r♥✐♥❣ t♦♦❧s ❝❛♥ ♦♣❡r❛t❡ ✉s✐♥❣ ♦♥❧② ❞❛t❛ ❢r♦♠ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ✐s ❛♥
❛❞✈❛♥t❛❣❡ ✐❢ ✇❡ ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❜❡❤✐♥❞ t❤❡ ❞❛t❛ ❣❡♥❡r❛✲
t✐♦♥ ♣r♦❝❡ss✳ ❘❡❝❡♥t ❛❞✈❛♥❝❡s ❤❛✈❡ ✐♥t❡❣r❛t❡❞ ❞❡❡♣ ❧❡❛r♥✐♥❣ ✇✐t❤ ❍❛♠✐❧t♦♥✐❛♥
♠❡❝❤❛♥✐❝s✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭❍◆◆s✮
❬✶✶❪✳ ■♥st❡❛❞ ♦❢ ❞✐r❡❝t❧② ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✈❡❝t♦r ✜❡❧❞✱ ❍◆◆s ❛♣♣r♦①✐♠❛t❡ t❤❡
❍❛♠✐❧t♦♥✐❛♥ ✐ts❡❧❢✱ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❧❡❛r♥❡❞ ❞②♥❛♠✐❝s r❡s♣❡❝t t❤❡ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s✳

❲❡ ♣r♦♣♦s❡ P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭P❍◆◆s✮✱ ✇❤✐❝❤ ❡①t❡♥❞
t❤❡ ❝♦♥❝❡♣t ♦❢ ❍◆◆s t♦ s②st❡♠s ❞❡s❝r✐❜❡❞ ❜② P♦✐ss♦♥ ❣❡♦♠❡tr②✳ ●✐✈❡♥ ❛ P♦✐ss♦♥✲
❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ❞❡✜♥❡❞ ❜② ✭✸✮ ✐s ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡
P♦✐ss♦♥ str✉❝t✉r❡✱ P❍◆◆s ❧❡❛r♥ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ Hθ(x) t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳
❚❤❡ tr❛✐♥✐♥❣ ♣r♦❝❡ss ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

✶✳ ●❡♥❡r❛t✐♥❣ ❚r❛❥❡❝t♦r✐❡s✿ ■♥✐t✐❛❧ ♣♦✐♥ts x0,k ❛r❡ r❛♥❞♦♠❧② s❛♠♣❧❡❞✱ ❛♥❞ ❝♦r✲
r❡s♣♦♥❞✐♥❣ tr❛❥❡❝t♦r✐❡s {xk} ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳

✷✳ ❈♦♥str✉❝t✐♥❣ t❤❡ ❚r❛✐♥✐♥❣ ❙❡t✿ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❛t s❛♠♣❧❡❞
♣♦✐♥ts ❛r❡ ✉s❡❞ t♦ ❢♦r♠ t❤❡ ❞❛t❛s❡t D = {(xk, ẋk) | ẋk = Π(xk)∇H(xk)}✳

✸✳ ◆❡✉r❛❧ ◆❡t✇♦r❦ ❚r❛✐♥✐♥❣✿ ❆ ❢✉❧❧② ❝♦♥♥❡❝t❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦ ✐s ✉s❡❞ t♦ ❛♣✲
♣r♦①✐♠❛t❡ Hθ(x)✳ ❚❤❡ ❧♦ss ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s✿

L(x, ẋ) =
1

N

N
∑

k=1

∥ẋk −Π(xk)∇Hθ(xk)∥
2
.

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡s❡ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❍❛♠✐❧✲
t♦♥✐❛♥ ❜❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞✳ ❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❝❛s❡s✱ t❤❡ ✈❡❝t♦r



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✺

✜❡❧❞ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❛✈❛✐❧❛❜❧❡✱ ♠❛❦✐♥❣ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♥❡❝❡ss❛r②✳ ■♥ ❬✷❪✱
❛ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦r ✐s ❡♠♣❧♦②❡❞ ❞✉r✐♥❣ t❤❡ tr❛✐♥✐♥❣ ♣❤❛s❡ t♦ ❝♦♠♣✉t❡ t❤❡
♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r② ❛♥❞ ❝♦♠♣❛r❡ ✐t ✇✐t❤ t❤❡ tr✉❡ s♦❧✉t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡ ✇❡
♦♥❧② ❤❛✈❡ ❛❝❝❡ss t♦ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❡❝t♦r ✜❡❧❞ ❛t ❡❛❝❤ ❧❡❛r♥✐♥❣ ✐t❡r❛t✐♦♥✱ ✇❡
❝❛♥ ✉t✐❧✐③❡ ❛ ✭P♦✐ss♦♥✮ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦r t♦ ❝♦♠♣❛r❡ t❤❡ ♣r❡❞✐❝t❡❞ ❛♥❞ ❛❝t✉❛❧
tr❛❥❡❝t♦r✐❡s✳

❲❡ ✇✐❧❧ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ ❝♦♠❜✐♥❡ P❍◆◆ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦rs✳ ❲❡ ❞❡✲
♥♦t❡ Hθ ❛s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ♥❡✉r❛❧ ♥❡t✇♦r❦✱ t❤✉s ❣❛✐♥✐♥❣ ❛❝❝❡ss t♦ t❤❡ ❛♣♣r♦①✲
✐♠❛t❡ ✈❡❝t♦r ✜❡❧❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ Π(xi)∇Hθ(xi)✳ ◆♦✇✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ♥✉♠❡r✐❝❛❧
✐♥t❡❣r❛t♦r t♦ ❝♦♠♣✉t❡ t❤❡ tr❛❥❡❝t♦r② ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧
♦♥❧② t❛❦❡ ♦♥❡ st❡♣ ♦❢ t❤✐s ✐♥t❡❣r❛t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s x∗

k = integrator(xk−1, ∆t)✳
❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ✇❤❛t ✐s ❝❛❧❧❡❞ t❤❡ s✐♥❣❧❡ ❍✲◆❊❚ ✐♥ ❬✷❪✳ ❚❤❡ ❧♦ss ❢✉♥❝t✐♦♥ ✐♥
t❤✐s ❝♦♥t❡①t ❜❡❝♦♠❡s

L(x, x∗) =
1

N

N
∑

i=k

∥xk − x∗

k∥
2
,

✇❤❡r❡ x∗

k ✐s t❤❡ r❡s✉❧t ♦❢ ❛ s✐♥❣❧❡ ✐♥t❡❣r❛t✐♦♥ st❡♣ ✉s✐♥❣ t❤❡ ❝❤♦s❡♥ ♠❡t❤♦❞✳ ❚❤✐s
❢♦r♠✉❧❛t✐♦♥ ❛❧❧♦✇s ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❜♦t❤ s❤♦rt✲t❡r♠ ❛❝❝✉r❛❝② ❛♥❞ ❧♦♥❣✲t❡r♠
st❛❜✐❧✐t② ♦❢ P❍◆◆s ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥t❡❣r❛t✐♦♥ str❛t❡❣✐❡s✳ ❙❡❧❡❝t✐♥❣ ❛♥ ❛♣♣r♦✲
♣r✐❛t❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r ✐s ❝r✐t✐❝❛❧ ❢♦r ❛❝❝✉r❛t❡❧② s✐♠✉❧❛t✐♥❣ ❛♥❞ ❛♥❛❧②s✐♥❣
❝♦♠♣❧❡① ❞②♥❛♠✐❝❛❧ s②st❡♠s ✇✐t❤ ✉♥❞❡r❧②✐♥❣ P♦✐ss♦♥ str✉❝t✉r❡✳

❚❤❡ t❤❡♦r② ♦❢ ❣❡♦♠❡tr✐❝ ✐♥t❡❣r❛t♦rs ✐s ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ❢♦r ♥♦♥✲❞❡❣❡♥❡r❛t❡
P♦✐ss♦♥ str✉❝t✉r❡s✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r s②♠♣❧❡❝t✐❝ s②st❡♠s ❬✶✷❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱
♣r❡s❡r✈✐♥❣ t❤❡ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡ ❛❧♦♥❡ ❡♥s✉r❡s t❤❛t t❤❡ s②st❡♠ r❡♠❛✐♥s ♦♥ t❤❡
❧❡✈❡❧ s❡ts ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ t❤❡r❡❜② ❝♦♥s❡r✈✐♥❣ ❡♥❡r❣②✳ ❍♦✇❡✈❡r✱ ❢♦r ❣❡♥❡r❛❧
P♦✐ss♦♥ s②st❡♠s✱ ✇❤✐❝❤ ♠❛② ❜❡ ❞❡❣❡♥❡r❛t❡✱ ♣r❡s❡r✈✐♥❣ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡
✐s ♥♦t s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥✳ ■♥ s✉❝❤ ❝❛s❡s✱ ✐t ❜❡❝♦♠❡s
♥❡❝❡ss❛r② t♦ ✉s❡ ❛♥ ✐♥t❡❣r❛t♦r t❤❛t ♣r❡s❡r✈❡s ❜♦t❤ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ ❛♥❞ t❤❡
❍❛♠✐❧t♦♥✐❛♥✱ ❛t ❧❡❛st t♦ ❛ ❝❡rt❛✐♥ ♦r❞❡r ♦❢ ❛❝❝✉r❛❝②✳ ❆ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t❤❛t
❢✉❧✜❧❧s t❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ✕ t❤❡ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ✭P❍■✮ ✕ ✇❛s
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹❪✳ ❚❤✐s ✐♥t❡❣r❛t♦r ✐s ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ s②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞s
❛♥❞ t❤❡✐r r♦❧❡ ✐♥ ✐♥t❡❣r❛t✐♥❣ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞s✳

P♦✐ss♦♥ str✉❝t✉r❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ♦♥ ❛♥② s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❬✺❪ ❛♥❞✱ ✐♥ ❧♦❝❛❧
❝♦♦r❞✐♥❛t❡s✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐① ♦❢ ❢✉♥❝t✐♦♥s Π✳ ❆ ♣❛✐r
(M,Π)✱ ✇❤❡r❡ M ✐s ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ Π ❛ P♦✐ss♦♥ str✉❝t✉r❡✱ ❞❡✜♥❡s ✇❤❛t
✐s ❦♥♦✇♥ ❛s ❛ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞✳

❚❤❡ P❍■ ♠❡t❤♦❞ ❡①♣❧♦✐ts ❛ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ✐♥ P♦✐ss♦♥ ❣❡♦♠❡tr②✿ ❛♥②
P♦✐ss♦♥ ♠❛♥✐❢♦❧❞ ✕ ❞❡s♣✐t❡ ♣♦t❡♥t✐❛❧ ❞❡❣❡♥❡r❛❝✐❡s ✕ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛
❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ s②♠♣❧❡❝t✐❝ ♠❛♥✐❢♦❧❞ t❤❛t r❡t❛✐♥s ❛❧❧ t❤❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s ♦❢
t❤❡ ♦r✐❣✐♥❛❧ str✉❝t✉r❡✱ s✉❝❤ ❛s ✐ts s②♠♣❧❡❝t✐❝ ❢♦❧✐❛t✐♦♥✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❦♥♦✇♥
❛s ❛ s②♠♣❧❡❝t✐❝ r❡❛❧✐③❛t✐♦♥ ✭s❡❡ ❬✺✱ ❈❤❛♣t❡r ✻❪✮✳

❙✉❝❤ r❡❛❧✐③❛t✐♦♥s ❛❧✇❛②s ❡①✐st ❛♥❞ ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❧♦❝❛❧ s②♠♣❧❡❝t✐❝
❣r♦✉♣♦✐❞ str✉❝t✉r❡✳ ❆ s②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞ ✐♥❝❧✉❞❡s t✇♦ ♣r♦❥❡❝t✐♦♥ ♠❛♣s ♦♥t♦
t❤❡ ♦r✐❣✐♥❛❧ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞✿ t❤❡ s♦✉r❝❡ ♠❛♣ α ❛♥❞ t❤❡ t❛r❣❡t ♠❛♣ β✳ ❚♦❣❡t❤❡r✱
t❤❡s❡ ❢♦r♠ ❛ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ♠❛♥✐❢♦❧❞✳ ■♠♣♦rt❛♥t❧②✱ α ✐s ❛ P♦✐ss♦♥



✻ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

♠❛♣✱ β ✐s ❛♥ ❛♥t✐✲P♦✐ss♦♥ ♠❛♣✱ ❛♥❞ t❤❡✐r ❝♦♠♣♦s✐t✐♦♥ β ◦ α−1 ❞❡✜♥❡s ❛ P♦✐ss♦♥
❞✐✛❡♦♠♦r♣❤✐s♠✳

❲✐t❤✐♥ t❤✐s ❣r♦✉♣♦✐❞ ❢r❛♠❡✇♦r❦✱ ❢♦r ❛♥② ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥ H ∈ C∞(M)✱
♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ❢❛♠✐❧② ♦❢ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥s (Lt)t✱ ✇❤✐❝❤ ❛r❡ s✉❜♠❛♥✐❢♦❧❞s
✇❤❡r❡ ❜♦t❤ α ❛♥❞ β r❡str✐❝t t♦ ❧♦❝❛❧ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦♥t♦ M ✳ ❚❤❡s❡ ❜✐s❡❝t✐♦♥s
❛r❡ ❣❡♥❡r❛t❡❞ ❜② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥✳

●✐✈❡♥ ❛ t✐♠❡ st❡♣ ∆t✱ t❤❡ P❍■ ♠❡t❤♦❞ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✿

✶✳ ❈❤♦♦s❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❜✐s❡❝t✐♦♥ L∆t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❛t t✐♠❡ st❡♣❀
✷✳ ❋♦r ❛ ❝✉rr❡♥t st❛t❡ xk✱ ✜♥❞ ❛ ♣♦✐♥t yk ∈ L∆t s✉❝❤ t❤❛t α(yk) = xk❀
✸✳ ❈♦♠♣✉t❡ t❤❡ ♥❡①t st❛t❡ ❛s xk+1 = β(yk)✳

❚❤✐s ♣r♦❝❡ss ✐s ✈✐s✉❛❧❧② ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳

(M,Π)

L∆t

xk

yk

xk+1

αβ

❋✐❣✳ ✶✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❤♦✇ t❤❡ P❍■ ♠❡t❤♦❞ ✐t❡r❛t❡s✳

❚❤✐s ❛♣♣r♦❛❝❤ ❣✉❛r❛♥t❡❡s t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ ❛♥❞ ❝♦♥✲
tr♦❧❧❡❞ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✇❤✐❧❡ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ✢♦✇
r❡♠❛✐♥s ✇✐t❤✐♥ t❤❡ s②♠♣❧❡❝t✐❝ ❧❡❛❢ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ❬✹❪✳ ❋♦r ❛ ♠♦r❡
❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞✱ s❡❡ ❬✸❪✳

✹ ❘❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡ s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❦ ❞②♥❛♠✐❝❛❧ s②st❡♠s t♦ ✐❧❧✉str❛t❡ ❤♦✇ P♦✐s✲
s♦♥ str✉❝t✉r❡s ❣♦✈❡r♥ ♣❤②s✐❝❛❧ ❜❡❤❛✈✐♦✉r✳ ❚❤❡s❡ ❡①❛♠♣❧❡s s❡r✈❡ t♦ ❞❡♠♦♥str❛t❡
t❤❡ ✈❡rs❛t✐❧✐t② ❛♥❞ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s ✐♥ ❧❡❛r♥✐♥❣ ❞②♥❛♠✐❝s
t❤❛t ♣r❡s❡r✈❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡✳

❆ s✐♠♣❧❡ ❜✉t ✐❧❧✉str❛t✐✈❡ ❝❛s❡ ♦❢ ❛ s②♠♣❧❡❝t✐❝ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✭✹✮ ✐s t❤❡
♣❡♥❞✉❧✉♠✱ ✇✐t❤ (q, p) ∈ R

2 ❛♥❞ ❍❛♠✐❧t♦♥✐❛♥

H(q, p) =
p2

2ml2
+mgl(1− cos(q)), ✭✺✮

✇❤❡r❡ m ✐s t❤❡ ♠❛ss✱ l t❤❡ ❧❡♥❣t❤✱ ❛♥❞ g t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✳
❚❤❡ ▲♦t❦❛✲❱♦❧t❡rr❛ s②st❡♠✱ ✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ♣♦♣✉❧❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ✐♥✲

t❡r❛❝t✐♥❣ s♣❡❝✐❡s✱ ♣r♦✈✐❞❡s ❛ ♠♦r❡ ❝♦♠♣❧❡① ❡①❛♠♣❧❡ ✇✐t❤ ❛ q✉❛❞r❛t✐❝ P♦✐ss♦♥



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✼

str✉❝t✉r❡

{xi, xj} =

{

xixj , i < j,

−xixj , i > j,
H(x) =

n
∑

i=1

xi − λi log(x
i), ✭✻✮

✇❤❡r❡ t❤❡ λi ❛r❡ s②st❡♠ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❞②♥❛♠✐❝s ❛r❡ ♥♦ ❧♦♥❣❡r s②♠♣❧❡❝t✐❝ ❜✉t
st✐❧❧ ❢♦❧❧♦✇ ❛ ❝♦♥s❡r✈❛t✐✈❡✱ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ❡✈♦❧✉t✐♦♥✳

❆ ❝❧❛ss✐❝❛❧ s②st❡♠ ✇✐t❤ ❛ ❧✐♥❡❛r P♦✐ss♦♥ str✉❝t✉r❡ ✐s t❤❡ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥✱
✇❤❡r❡ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①✿

Π(x) =





0 −x3 x2

x3 0 −x1

−x2 x1 0



 , H(x) =
1

2

[

(I2 + I3)x
2
1 + (I1 + I3)x

2
2 + (I1 + I2)x

2
3

]

,

✭✼✮
✇✐t❤ I1, I2, I3 r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛✳

❲❡ ✇✐❧❧ ❝r❡❛t❡ ❛ P❍◆◆ ❢♦r ✹ ❡①❛♠♣❧❡s✿ ✭✐✮ t❤❡ s②♠♣❧❡❝t✐❝ ♣❡♥❞✉❧✉♠ ✭✹✮✕
✭✺✮❀ ✭✐✐✮ t❤❡ q✉❛❞r❛t✐❝ ▲♦t❦❛✲❱♦❧t❡rr❛ ✭✻✮ ✐♥ ✷ ❞✐♠❡♥s✐♦♥s❀ ✭✐✐✐✮ t❤❡ q✉❛❞r❛t✐❝
▲♦t❦❛✲❱♦❧t❡rr❛ ✭✻✮ ✐♥ ✸ ❞✐♠❡♥s✐♦♥s❀ ✭✐✈✮ t❤❡ ❧✐♥❡❛r r✐❣✐❞✲❜♦❞② ♣r♦❜❧❡♠ ✭✼✮✳

✹✳✶ ❚r❛✐♥✐♥❣ ✇✐t❤ ✈❡❝t♦r ✜❡❧❞

❋♦r tr❛✐♥✐♥❣ ✇❡ ✉s❡ ❛ P❍◆◆ ✇✐t❤ ❢♦✉r ❧❛②❡rs✱ ❜♦t❤ ❤✐❞❞❡♥ ❧❛②❡rs ✇✐❧❧ ❤❛✈❡ ✷✵✵
♥❡✉r♦♥s ❡❛❝❤✱ ❛♥❞ t❤❡ ❛❝t✐✈❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ tanh(x)✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡♣♦❝❤s
✇✐❧❧ ❜❡ 2000✱ ❛♥❞ ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥ t❤❡ tr❛✐♥✐♥❣ s❡t ✇✐❧❧ ❤❛✈❡ N = 2250 ♣♦✐♥ts✱
❛❞❞❡❞ ●❛✉ss✐❛♥ ♥♦✐s❡ ✇✐t❤ σ2 = 0.1 t♦ s✐♠✉❧❛t❡ r❡❛❧ ❞❛t❛✳ ❚❤❡ ♦♣t✐♠✐③❡r ✉s❡❞
✐s ❆❞❛♠ ✉♣❞❛t❡r ❬✶✸❪ ✇✐t❤ ❛ ❧❡❛r♥✐♥❣ r❛t❡ ♦❢ 10−3✳

■❞❡❛❧ P❡♥❞✉❧✉♠✳ ❈♦♥s✐❞❡r t❤❡ ✐❞❡❛❧ ♣❡♥❞✉❧✉♠✱ m = l = g = 1 ✐♥ t❤❡ s②st❡♠
✭✹✮✕✭✺✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ P❍◆◆ ✇✐❧❧ ❜❡ ❛♥ ❍◆◆ ♦r✐❣✐♥❛❧❧②✳ ■♥ ❋✐❣✉r❡ ✷ ✇❡ ❝❛♥
s❡❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❛❧ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ♦♥❡ ♣r❡❞✐❝t❡❞ ❜② ❍◆◆✱
❜♦t❤ ❡ss❡♥t✐❛❧❧② ❝♦✐♥❝✐❞❡✱ ✇✐t❤ ✐♥✐t✐❛❧ ♣♦✐♥ts (1, 1) ❛♥❞ (0.5, 0.5)✳

▲♦t❦❛✲❱♦❧t❡rr❛ ✷❉✳ ❈♦♥s✐❞❡r t❤❡ P♦✐ss♦♥ str✉❝t✉r❡ ✭✻✮ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✇✐t❤
λ1 = 1 ❛♥❞ λ2 = 2✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣♦✐♥ts ✐♥ R

2
+ ❛♥❞

t❤❡ ❞②♥❛♠✐❝s ♦❝❝✉rs ❛r♦✉♥❞ t❤❡ st❛t✐♦♥❛r② ♣♦✐♥t (1, 2)✳ ❙♦✱ ✇❡ ✇✐❧❧ r❛♥❞♦♠❧②
❣❡♥❡r❛t❡ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts ✐♥ t❤❡ sq✉❛r❡ [0, 2]×[1, 3] ❛♥❞ ❝♦♠♣✉t❡ t❤❡✐r tr❛❥❡❝t♦r②✳
❆❢t❡r tr❛✐♥✐♥❣✱ t❤❡ r❡s✉❧ts ♦❢ ♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ r❡❛❧ ♦♥❡ ❢♦r t❤❡ ♣♦✐♥t
x0 = (1, 1) ❛♥❞ x0 = (0.8, 0.8) ❢♦r t✐♠❡ t ∈ [0, 2π] ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❲❡
❝❛♥ s❡❡ t❤❛t t❤❡ ♣r❡❞✐❝t❡❞ s♦❧✉t✐♦♥ st✐❧❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ r❡❛❧ s♦❧✉t✐♦♥✱ ❛s ✐♥
t❤❡ s②♠♣❧❡❝t✐❝ ❝❛s❡✱ ❡✈❡♥ ❢♦r ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦✉ts✐❞❡ ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ sq✉❛r❡✳

▲♦t❦❛✲❱♦❧t❡rr❛ ✸❉✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ q✉❛❞r❛t✐❝ P♦✐ss♦♥ str✉❝t✉r❡ ✭✻✮ ✐♥ t❤r❡❡
❞✐♠❡♥s✐♦♥s ✇✐t❤ λ1 = 1✱ λ2 = 2 ❛♥❞ λ3 = 1✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts ✇✐❧❧ t❛❦❡ ♣❧❛❝❡ ✐♥
[0, 2] × [1, 3] × [0, 2]✳ ❆❢t❡r tr❛✐♥✐♥❣✱ ❧❡t ✉s ❝♦♠♣✉t❡ t❤❡ tr❛❥❡❝t♦r② ♣r❡❞✐❝t❡❞ ❜②
t❤❡ P❍◆◆ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t (2, 3, 2) ❛♥❞ t✐♠❡ s♣❛♥ [0, 2π]✳ ■♥ ❋✐❣✉r❡ ✷ ✇❡ ❝❛♥
s❡❡ t❤❛t t❤❡ P❍◆◆ st✐❧❧ ✇♦r❦s ✐♥ ♦❞❞ ❞✐♠❡♥s✐♦♥s ✇✐t❤ ❛❝❝✉r❛t❡ ♣r❡❞✐❝t✐♦♥s ✐♥ ❛
♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ tr❛✐♥✐♥❣ s❡t✳ ❚❤❡ ♣r❡❞✐❝t❡❞ s♦❧✉t✐♦♥ st❛②s ✈❡r② ❝❧♦s❡ t♦ t❤❡
r❡❛❧ s♦❧✉t✐♦♥✱ ❡✈❡♥ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ tr❛✐♥✐♥❣ s❡t✳



✽ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ r✐❣✐❞✲❜♦❞② r♦t❛t✐♦♥ ✐♥ ✭✼✮ ✇✐t❤ ✐♥❡rt✐❛ ✈❛❧✉❡s
♦❢ I1 = 1✱ I2 = π ❛♥❞ I3 = 100✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❛✐♥✐♥❣ s❡t ✇✐❧❧ ❤❛✈❡ N =
2500 ♣♦✐♥ts✱ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝✉❜❡ [0, 1]3 ✇✐t❤ t✐♠❡ st❡♣
∆t = 1

1386 ❛♥❞ ●❛✉ss✐❛♥ ♥♦✐s❡ σ2 = 0.1✳ ❆❢t❡r tr❛✐♥✐♥❣ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣r❡❞✐❝t❡❞
tr❛❥❡❝t♦r② ❢♦r t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t (1, 1, 1) ❛♥❞ ❢♦r t✐♠❡ s♣❛♥ [0, 1/14] t❤❛t ❝❛♥ ❜❡
s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❆❣❛✐♥✱ t❤❡ ♣r❡❞✐❝t❡❞ s♦❧✉t✐♦♥ ❜② P❍◆◆ ✐s st✐❧❧ ❝❧♦s❡ t♦ t❤❡ r❡❛❧
s♦❧✉t✐♦♥ ❢♦r ❛ ♣♦✐♥t ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥ts✳

✭❛✮ ■❞❡❛❧ P❡♥❞✉❧✉♠ ✭❜✮ ▲♦t❦❛✲❱♦❧t❡rr❛ ✷❉

✭❝✮ ▲♦t❦❛✲❱♦❧t❡rr❛ ✸❉ ✭❞✮ ❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥

❋✐❣✳ ✷✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛❧ tr❛❥❡❝t♦r② ❛♥❞ t❤❡ ♣r❡❞✐❝t❡❞ ♦♥❡ ❜② P❍◆◆✳

❲❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✷ t❤❛t t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❍◆◆ t♦ P❍◆◆ ✇♦r❦s ✇✐t❤ ❤✐❣❤
❛❝❝✉r❛❝② ✐♥ t❤❡ ♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r✐❡s✳ ■♥ t❤❡ ❢♦✉r ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♣r❡❞✐❝t❡❞
tr❛❥❡❝t♦r✐❡s ♦✈❡r❧❛♣s ✇✐t❤ t❤❡ r❡❛❧ s♦❧✉t✐♦♥s✳

✹✳✷ ❚r❛✐♥✐♥❣ ✇✐t❤ ✐♥t❡❣r❛t♦rs

❲❡ ✇✐❧❧ ♥♦✇ ❝♦♠❜✐♥❡ P❍◆◆ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦rs ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❡✛❡❝✲
t✐✈❡♥❡ss ♦❢ t✇♦ ✐♥t❡❣r❛t♦rs ♦❢ ♦r❞❡r 1✿ ✭✐✮ ❊①♣❧✐❝✐t ❊✉❧❡r ✭❊❊✮✿ xk+1 = xk +
∆tΠ(x)∇H(xk)❀ ✭✐✐✮ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦r ✭P❍■✮✿

{

❋✐♥❞ yk s✉❝❤ t❤❛t α(yk, ∆t∇H(yk)) = xk,

❈♦♠♣✉t❡ xk+1 = β(yk, ∆t∇H(yk))✳
✭✽✮

❙✐♠✐❧❛r❧② t♦ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ ❬✷❪✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡✲
❣r❛t✐♦♥ ♦♥ tr❛✐♥✐♥❣ ❜② ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s✿ ❊❊✲❊❊✱ ❊❊ ♠❡t❤♦❞



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✾

❢♦r ❜♦t❤ tr❛✐♥✐♥❣ ❛♥❞ t❡st✐♥❣❀ ❊❊✲P❍■✱ ❊❊ ❢♦r tr❛✐♥✐♥❣✱ P❍■ ❢♦r t❡st✐♥❣❀ P❍■✲❊❊✱
P❍■ ❢♦r tr❛✐♥✐♥❣✱ ❊❊ ❢♦r t❡st✐♥❣❀ P❍■✲P❍■✱ P❍■ ❢♦r ❜♦t❤ tr❛✐♥✐♥❣ ❛♥❞ t❡st✐♥❣✳
❊❛❝❤ ♠♦❞❡❧ ✐s tr❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t P♦✐ss♦♥ s②st❡♠s✿ P❡♥❞✉❧✉♠❀ ▲♦t❦❛✲❱♦❧t❡rr❛
s②st❡♠ ✭✷❉ ❛♥❞ ✸❉✮❀ ❘✐❣✐❞✲❇♦❞② ❘♦t❛t✐♦♥✳

❲❡ ✇✐❧❧ ❡♠♣❧♦② ❛ ♥❡✉r❛❧ ♥❡t✇♦r❦ ✇✐t❤ ✹ ❧❛②❡rs✱ ❜♦t❤ ❤✐❞❞❡♥ ❝♦♥t❛✐♥✐♥❣ ✷✺✻
♥❡✉r♦♥s✱ ❛♥❞ ♦✉t♣✉t s✐③❡ s❡t t♦ ✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡♣♦❝❤s ✇✐❧❧ ❜❡ ✷✵✵✵✱ ❛♥❞ ❢♦r
❡❛❝❤ ✐t❡r❛t✐♦♥✱ t❤❡ tr❛✐♥✐♥❣ s❡t ✇✐❧❧ ❝♦♥s✐st ♦❢ ✷✷✺✵ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ♣♦✐♥ts
❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✱ ✇✐t❤ ●❛✉ss✐❛♥ ♥♦✐s❡ ❛❞❞❡❞ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2 = 0.1✳ ❚❤❡
♦♣t✐♠✐③❡r ✇✐❧❧ ❜❡ ❆❞❛♠ ✉♣❞❛t❡r ❬✶✸❪ ✇✐t❤ ❛ ❧❡❛r♥✐♥❣ r❛t❡ ♦❢ 10−3✳

■❞❡❛❧ P❡♥❞✉❧✉♠✳ ❋♦r ❛ s②♠♣❧❡❝t✐❝ str✉❝t✉r❡✱ ♦♥❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠

{

α(q, p, ξq, ξp) = (q − 1
2ξp, p+

1
2ξq),

β(q, p, ξq, ξp) = (q + 1
2ξp, p−

1
2ξq).

✭❛✮ ❊❊✲❊❊ ♠♦❞❡❧ ✭❜✮ ❊❊✲P❍■ ♠♦❞❡❧

✭❝✮ P❍■✲❊❊ ♠♦❞❡❧ ✭❞✮ P❍■✲P❍■ ♠♦❞❡❧

❋✐❣✳ ✸✿ ❚❤❡ P❍■◆◆ ❢♦r ■❞❡❛❧ P❡♥❞✉❧✉♠ ✇✐t❤ ✐♥✐t✐❛❧ ♣♦✐♥ts [1, 1] ❛♥❞ [0.5, 0.5]✳

❲❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✸ t❤❛t ✇❤❡♥ ✇❡ tr❛✐♥ ✇✐t❤ ❊✉❧❡r ♠❡t❤♦❞ t❤❡ ♥❡✉r❛❧
♥❡t✇♦r❦ s❡❡♠s t♦ ♣r❡❞✐❝t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✇✐t❤ ♠♦r❡ ❛❝❝✉r❛❝②✳ ❚❤✐s ❝♦✉❧❞ ❜❡
❞✉❡ t♦ t❤❡ P❍■ ♠❡t❤♦❞ ❤❛✈✐♥❣ ❛♥ ✐♠♣❧✐❝✐t st❡♣✱ s♦ t❤❡ ♥❡✉r❛❧ ♥❡t✇♦r❦ ❝❛♥♥♦t
❧❡❛r♥ ✇✐t❤ ♣r❡❝✐s✐♦♥✱ ❜✉t ✇❤❡♥ ✇❡ ✉s❡ P❍■ ✐♥ t❤❡ t❡st ♣❤❛s❡✱ t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡
st❛❜❧❡✳



✶✵ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

▲♦t❦❛✲❱♦❧t❡rr❛ ✷❉✳ ❋♦r ▲♦t❦❛✲❱♦❧t❡rr❛ ✐♥ ✷ ❞✐♠❡♥s✐♦♥s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❜✐✲r❡❛❧✐③❛t✐♦♥

{

α(x, ξ) = (x1e
1

2
x2ξ2 , x2e

−
1

2
x1ξ1),

β(x, ξ) = (x1e
−

1

2
x2ξ2 , x2e

1

2
x1ξ1).

✭❛✮ ❊❊✲❊❊ ♠♦❞❡❧ ✭❜✮ ❊❊✲P❍■ ♠♦❞❡❧

✭❝✮ P❍■✲❊❊ ♠♦❞❡❧ ✭❞✮ P❍■✲P❍■ ♠♦❞❡❧

❋✐❣✳ ✹✿ ❚❤❡ P❍■◆◆ ❢♦r ▲♦t❦❛✲❱♦❧t❡rr❛ ✷❉ ✇✐t❤ ✐♥✐t✐❛❧ ♣♦✐♥ts [1, 1] ❛♥❞ [0.8, 0.8]✳

■♥ ❋✐❣✉r❡ ✹ ✇❡ ❝❛♥ s❡❡ t❤❛t tr❛✐♥✐♥❣ ✇✐t❤ ❊✉❧❡r ❛♥❞ ✉s✐♥❣ P❍■ ✐♥ t❤❡ t❡st
♣❤❛s❡ ❤❛s ❜❡tt❡r r❡s✉❧ts ✇❤✐❧❡ ✐♥t❡❣r❛t✐♥❣ ✇✐t❤ ❊✉❧❡r ✭✐♥ tr❛✐♥❡❞ ✇✐t❤ ❊✉❧❡r ♦r
P❍■✮ t❤❡ ❡♥❡r❣② ✐s♥✬t ♣r❡s❡r✈❡❞✳

▲♦t❦❛✲❱♦❧t❡rr❛ ✸❉✳ ❋♦r ▲♦t❦❛✲❱♦❧t❡rr❛ ✐♥ ✸ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s

{

α(x, ξ) = (x1e
1

2
(x2ξ2+x3ξ3), x2e

1

2
(x3ξ3−x1ξ1), x3e

−
1

2
(x1ξ1+x2ξ2)),

β(x, ξ) = (x1e
−

1

2
(x2ξ2+x3ξ3), x2e

1

2
(x1ξ1−x3ξ3), x3e

1

2
(x1ξ1+x2ξ2)).

❲❡ ❝❛♥ s❡❡ ✐♥ ❋✐❣✉r❡ ✺ t❤❛t ✇❤❡♥ ✇❡ tr❛✐♥ ✇✐t❤ ❊✉❧❡r✱ t❤❡ ♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r②
✐s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ✇❤❡♥ ✇❡ ✉s❡ t❤❡ P❍■ ♠❡t❤♦❞✱ ❛❧t❤♦✉❣❤ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥♦t
✈❡r② ❧❛r❣❡✳ ❚❤✐s ♠❛② s✉❣❣❡st t❤❛t ♠❛②❜❡ ✉s✐♥❣ ❛ s✐♠♣❧❡ ♦r ❡①♣❧✐❝✐t ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞ ✐♥ t❤❡ tr❛✐♥✐♥❣ ♣❤❛s❡ ❤❛s ♠♦r❡ ❜❡♥❡✜ts ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛♥ ✐♠♣❧✐❝✐t
♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ✉s✐♥❣ P❍■ ✐♥ t❤❡ t❡st✐♥❣ ♣❤❛s❡ ❤❛s ♠♦r❡ st❛❜✐❧✐t②✳



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✶✶

✭❛✮ ❊❊✲❊❊ ♠♦❞❡❧ ✭❜✮ ❊❊✲P❍■ ♠♦❞❡❧

✭❝✮ P❍■✲❊❊ ♠♦❞❡❧ ✭❞✮ P❍■✲P❍■ ♠♦❞❡❧

❋✐❣✳ ✺✿ ❚❤❡ P❍■◆◆ ❢♦r ▲♦t❦❛✲❱♦❧t❡rr❛ ✸❉ ✇✐t❤ x0 = [1, 1, 1]✳

❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇✐❧❧ ♥♦t ❞✐r❡❝t❧② ❝♦♥s✐❞❡r ❛ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♦❢
t❤❡ P♦✐ss♦♥ str✉❝t✉r❡✱ ❜✉t ✜rst ✇❡ ✇✐❧❧ ♠♦✈❡ ❢r♦♠ R

3 t♦ so(3)✱ ✈✐❛ ✐s♦♠♦r♣❤✐s♠✱
❛♥❞ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ❧❛tt❡r s♣❛❝❡✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ ✐s

j : R3 ∼

−→ so(3)✱ j(x) =





0 −x3 x2

x3 0 x1

−x2 −x1 0



 ❛♥❞ t❤❡ ❜✐✲r❡❛❧✐③❛t✐♦♥ ✐s

{

α : so(3)× so(3) → so(3) : (A,X) → (I + A
4 ).X.(I − A

4 ),

β : so(3)× so(3) → so(3) : (A,X) → (I − A
4 ).X.(I + A

4 ).

❋✐❣✳ ✻✿ ❚❤❡ P❍■◆◆ ❢♦r ❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥ ✇✐t❤ x0 = [0.5, 0.5, 0.5]✳



✶✷ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

❍❡r❡ t❤❡ ♠♦❞❡❧ ✇❛s tr❛✐♥❡❞ ✇✐t❤ 3000 ❡♣♦❝❤s ❛♥❞ ✇✐t❤♦✉t ♥♦✐s❡✱ t❤❛t ❝❛♥ ❜❡
s❡❡♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❚❤❡ ♠♦❞❡❧ ❞♦❡s ♥♦t ✇♦r❦ ✇✐t❤ t❤❡ P♦✐ss♦♥ ✐♥t❡❣r❛t♦r ❜❡❝❛✉s❡ ✐♥
t❤❡ ✐♠♣❧✐❝✐t st❡♣✱ t❤❡ ♠❡t❤♦❞ ❝❛♥♥♦t ✜♥❞ yk s✉❝❤ t❤❛t α(yk, ∆t∇Hθ(yk)) = xk✱
❛♥❞ s♦ ✇❡ ❝❛♥♥♦t ✐t❡r❛t❡ t❤❡ ♠♦❞❡❧✳ ❍❡r❡ ✇❡ ♥❡❡❞ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✱ ♠❛②❜❡
✉s✐♥❣ ❛ ♥❡✉r❛❧ ♥❡t✇♦r❦ s♣❡❝✐❛❧✐③❡❞ ✐♥ ▲✐❡✲P♦✐ss♦♥ s②st❡♠s ❛s ❬✼❪✳

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡✈♦❧✉t✐♦♥ ❛❧♦♥❣ ♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r✐❡s ✇❛s ❛♥❛❧②s❡❞ ❢♦r
❡❛❝❤ s②st❡♠ ✭❋✐❣✉r❡ ✼✮✳ ❚❤❡ P❍■✲P❍■ ♠♦❞❡❧ ❛❝❤✐❡✈❡❞ t❤❡ ❜❡st ❡♥❡r❣② ❝♦♥✲
s❡r✈❛t✐♦♥ ♣r♦♣❡rt②✱ ✇❤❡r❡❛s t❤❡ ❊❊✲❊❊ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❛❝❝✉♠✉❧❛t✐♥❣ ❡♥❡r❣②
❡rr♦rs✳ ❊✉❧❡r✲tr❛✐♥❡❞ ♠♦❞❡❧s s❤♦✇❡❞ s♠❛❧❧ ❜✉t ❣r♦✇✐♥❣ ❞❡✈✐❛t✐♦♥s ♦✈❡r t✐♠❡✳
P❍■✲tr❛✐♥❡❞ ♠♦❞❡❧s ♣r♦✈✐❞❡❞ ❜❡tt❡r ❧♦♥❣✲t❡r♠ st❛❜✐❧✐t②✱ ❜✉t ✐♥tr♦❞✉❝❡❞ ✐♠♣❧✐❝✐t
❡rr♦rs ❛✛❡❝t❡❞ ♣r❡❝✐s✐♦♥✳ ❍②❜r✐❞ tr❛✐♥✐♥❣ ✭❊❊✲P❍■✮ ❛❝❤✐❡✈❡❞ t❤❡ ❜❡st ❜❛❧❛♥❝❡
❜❡t✇❡❡♥ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t②✳

❚❤❡ ❝❤♦✐❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t♦r s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡s ❧❡❛r♥✐♥❣ ❛♥❞ ❣❡♥✲
❡r❛❧✐③❛t✐♦♥ ✐♥ P❍◆◆s✳ ❊✉❧❡r✲❜❛s❡❞ tr❛✐♥✐♥❣ ②✐❡❧❞s ❜❡tt❡r s❤♦rt✲t❡r♠ ❛❝❝✉r❛❝②✱
✇❤✐❧❡ P❍■✲❜❛s❡❞ t❡st✐♥❣ ❡♥s✉r❡s ❧♦♥❣✲t❡r♠ st❛❜✐❧✐t②✳ ❋✉t✉r❡ r❡s❡❛r❝❤ ✇✐❧❧ ❢♦❝✉s
♦♥ ❛❞❛♣t✐✈❡ ✐♥t❡❣r❛t♦rs ❛♥❞ ❤②❜r✐❞ ❛r❝❤✐t❡❝t✉r❡s t♦ ❡♥❤❛♥❝❡ ♣❡r❢♦r♠❛♥❝❡✳

✭❛✮ ■❞❡❛❧ P❡♥❞✉❧✉♠ ✭❜✮ ▲♦t❦❛✲❱♦❧t❡rr❛ ✷❉

✭❝✮ ▲♦t❦❛✲❱♦❧t❡rr❛ ✸❉ ✭❞✮ ❘✐❣✐❞ ❇♦❞② ❘♦t❛t✐♦♥

❋✐❣✳ ✼✿ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ r❡❛❧ ❍❛♠✐❧t♦♥✐❛♥ ✐♥ ❡❛❝❤ tr❛❥❡❝t♦r② ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠✳



P♦✐ss♦♥ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✶✸

✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ✐♥tr♦❞✉❝❡❞ P❍◆◆s ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❍◆◆s ❢♦r P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②s✲
t❡♠s✳ ❯s✐♥❣ ❛ str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ t❤❛t ♣r❡s❡r✈❡s t❤❡ str✉❝t✉r❡
❛♥❞ ❡♥s✉r❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡ P♦✐ss♦♥ ❛♥❞ ❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡s✱
P❍◆◆s ♠♦❞❡❧ ❛ ❜r♦❛❞❡r r❛♥❣❡ ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❜❡②♦♥❞ tr❛❞✐t✐♦♥❛❧ s②♠✲
♣❧❡❝t✐❝ ❢♦r♠✉❧❛t✐♦♥s✳

❖✉r st✉❞② ❝♦♠♣❛r❡❞ ❞✐✛❡r❡♥t ♠❡t❤♦❞♦❧♦❣✐❡s ❜② ✐♥t❡❣r❛t✐♥❣ P❍◆◆s ✇✐t❤ ❊①✲
♣❧✐❝✐t ❊✉❧❡r ✭❊❊✮ ❛♥❞ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ ■♥t❡❣r❛t♦rs ✭P❍■✮✳ ❚❤r♦✉❣❤ ❡①♣❡r✲
✐♠❡♥ts ♦♥ s♦♠❡ P♦✐ss♦♥✲❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s✱ ✇❡ s❤♦✇❡❞ t❤❛t P❍◆◆s t❡st❡❞
✇✐t❤ P❍■ ❡♥s✉r❡ ❜❡tt❡r ❧♦♥❣✲t❡r♠ st❛❜✐❧✐t② ❛♥❞ str✉❝t✉r❡ ♣r❡s❡r✈❛t✐♦♥✱ ✇❤✐❧❡
❊✉❧❡r✲tr❛✐♥❡❞ ♠♦❞❡❧s ❡①❝❡❧ ✐♥ s❤♦rt✲t❡r♠ ❛❝❝✉r❛❝②✳ ❆ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ ✕ ❊✉❧❡r
tr❛✐♥✐♥❣ ❛♥❞ P❍■ t❡st✐♥❣ ✕ ❛❝❤✐❡✈❡s t❤❡ ❜❡st ❜❛❧❛♥❝❡ ♦❢ ❛❝❝✉r❛❝② ❛♥❞ st❛❜✐❧✐t②✳

❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t P♦✐ss♦♥ str✉❝t✉r❡s ❛❧❧♦✇ ♥❡✉r❛❧ ♥❡t✇♦r❦s t♦
❧❡❛r♥ ❣❡♥❡r❛❧✐③❡❞ ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✱ ✐♠♣r♦✈✐♥❣ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✇❤❡♥
P❍■ ✐s ✉s❡❞ ❢♦r t❡st✐♥❣✳ ❆❧t❤♦✉❣❤ ✐♠♣❧✐❝✐t ✐♥t❡❣r❛t♦rs ✭s✉❝❤ ❛s P❍■✮ ♣r❡s❡r✈❡
str✉❝t✉r❡✱ t❤❡② ✐♥tr♦❞✉❝❡ s♠❛❧❧ ❡rr♦rs t❤❛t ❛✛❡❝t ❧❡❛r♥✐♥❣ ❛❝❝✉r❛❝②✳ ❊✉❧❡r✲tr❛✐♥❡❞
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❡①♣❧♦r❛t✐♦♥ ♦❢ ▲✐❡✲P♦✐ss♦♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❬✼❪ ❝❛♥ ♣r♦✈✐❞❡ ❢✉rt❤❡r ✐♥s✐❣❤t ✐♥t♦
❣❡♦♠❡tr✐❝ ❞❡❡♣ ❧❡❛r♥✐♥❣ ❛♣♣r♦❛❝❤❡s ❢♦r str✉❝t✉r❡✲♣r❡s❡r✈✐♥❣ ♠♦❞❡❧s✳ ❋✐♥❛❧❧②✱ ❛♣✲
♣❧✐❝❛t✐♦♥s t♦ ❝♦♥tr♦❧ s②st❡♠s✱ ♣❧❛s♠❛ ♣❤②s✐❝s✱ ❛♥❞ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s r❡♣r❡s❡♥t
♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥s ❢♦r ❡①♣❛♥❞✐♥❣ t❤❡ s❝♦♣❡ ♦❢ P❍◆◆s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ✇❡r❡ ✜♥❛♥❝✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❋✉♥❞❛çã♦
♣❛r❛ ❛ ❈✐ê♥❝✐❛ ❡ ❛ ❚❡❝♥♦❧♦❣✐❛ ✭❋❈❚✮ ✉♥❞❡r t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣r♦❥❡❝t ❯■❉✴✵✵✸✷✹
✕ ❈❡♥t❡r ❢♦r ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈♦✐♠❜r❛✳ ●♦♥ç❛❧♦ ❖❧✐✈❡✐r❛ ❛❝✲
❦♥♦✇❧❡❞❣❡s ❋❈❚ ❢♦r s✉♣♣♦rt ✉♥❞❡r t❤❡ P❤✳❉✳ ❙❝❤♦❧❛rs❤✐♣ ❯■❉P✴✵✵✸✷✹✴✷✵✷✵✳
❲❡ ❛❧s♦ t❤❛♥❦ ❊❞✉❛r❞♦ ❉✐❛s ❢♦r ❤✐s ❤❡❧♣ ✐♥ r❡✈✐❡✇✐♥❣ ❛♥ ❡❛r❧✐❡r ✈❡rs✐♦♥✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆✳ ❈❤❛tt♦♣❛❞❤②❛②✱ P✳ ❍❛ss❛♥③❛❞❡❤✱ ❛♥❞ ❙✳ P❛s❤❛✳ Pr❡❞✐❝t✐♥❣ ❝❧✉st❡r❡❞ ✇❡❛t❤❡r
♣❛tt❡r♥s✿ ❆ t❡st ❝❛s❡ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥✈♦❧✉t✐♦♥❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s t♦ s♣❛t✐♦✲
t❡♠♣♦r❛❧ ❝❧✐♠❛t❡ ❞❛t❛✳ ❙❝✐❡♥t✐✜❝ ❘❡♣♦rts✱ ✶✵✱ ✵✶ ✷✵✷✵✳

✷✳ ❩✳ ❈❤❡♥✱ ❏✳ ❩❤❛♥❣✱ ▼✳ ❆r❥♦✈s❦②✱ ❛♥❞ ▲✳ ❇♦tt♦✉✳ ❙②♠♣❧❡❝t✐❝ ❘❡❝✉rr❡♥t ◆❡✉r❛❧
◆❡t✇♦r❦s✳ ■♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▲❡❛r♥✐♥❣ ❘❡♣r❡s❡♥t❛t✐♦♥s✱ ✷✵✷✵✳

✸✳ ❖✳ ❈♦ss❡r❛t✳ ❙②♠♣❧❡❝t✐❝ ❣r♦✉♣♦✐❞s ❢♦r P♦✐ss♦♥ ✐♥t❡❣r❛t♦rs✳ ❏♦✉r♥❛❧ ♦❢ ●❡♦♠❡tr②

❛♥❞ P❤②s✐❝s✱ ✶✽✻✿✶✵✹✼✺✶✱ ❆♣r✐❧ ✷✵✷✸✳
✹✳ ❖✳ ❈♦ss❡r❛t✱ ❈✳ ▲❛✉r❡♥t✲●❡♥❣♦✉①✱ ❛♥❞ ❱✳ ❙❛❧♥✐❦♦✈✳ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ P♦✐ss♦♥

●❡♦♠❡tr② ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥ t♦ ▼❡❝❤❛♥✐❝s✳ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s ♦❢

❙♦❧✐❞s✱ ✷✾✭✺✮✿✾✵✹✕✾✷✸✱ ✷✵✷✹✳



✶✹ ❆✳ ❆r❛ú❥♦ ❡t ❛❧✳

✺✳ ▼✳ ❈r❛✐♥✐❝✱ ❘✳▲✳ ❋❡r♥❛♥❞❡s✱ ❛♥❞ ■✳ ▼➔r❝✉➭✳ ▲❡❝t✉r❡s ♦♥ P♦✐ss♦♥ ●❡♦♠❡tr②✳ ●r❛❞✲
✉❛t❡ ❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✷✶✳

✻✳ ❏✳ ❘✳ ❑✳ ❑✳ ❉❛❜❜❛❦✉t✐ ❛♥❞ ❇✳ ▲✳ ●✉♥❞❛♣❛♥❡♥✐✳ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❙✐♥❣✉❧❛r ❙♣❡❝✲
tr✉♠ ❆♥❛❧②s✐s ❯s✐♥❣ ❆rt✐✜❝✐❛❧ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✐♥ ❚❊❈ Pr❡❞✐❝t✐♦♥s ❢♦r ■♦♥♦s♣❤❡r✐❝
❙♣❛❝❡ ❲❡❛t❤❡r✳ ■❊❊❊ ❏♦✉r♥❛❧ ♦❢ ❙❡❧❡❝t❡❞ ❚♦♣✐❝s ✐♥ ❆♣♣❧✐❡❞ ❊❛rt❤ ❖❜s❡r✈❛t✐♦♥s

❛♥❞ ❘❡♠♦t❡ ❙❡♥s✐♥❣✱ ✶✷✭✶✷✮✿✺✶✵✶✕✺✶✵✼✱ ✷✵✶✾✳
✼✳ ❈✳ ❊❧❞r❡❞✱ ❋✳ ●❛②✲❇❛❧♠❛③✱ ❙✳ ❍✉r❛❦❛✱ ❛♥❞ ❱✳ P✉t❦❛r❛❞③❡✳ ▲✐❡✲P♦✐ss♦♥ ♥❡✉r❛❧ ♥❡t✲

✇♦r❦s ✭▲P◆❡ts✮✿ ❞❛t❛✲❜❛s❡❞ ❝♦♠♣✉t✐♥❣ ♦❢ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠s ✇✐t❤ s②♠♠❡tr✐❡s✳
◆❡✉r❛❧ ◆❡t✇✳✱ ✶✼✸✿✷✵✱ ✷✵✷✹✳ ■❞✴◆♦ ✶✵✻✶✻✷✳

✽✳ ❋✳ ●❛②❛✲▼♦r❡②✱ ❏✳ ▼✳ ❇✉❛❞❡s✲❘✉❜✐♦✱ P✳ P❛❧❛♥q✉❡✱ ❘✳ ▲❛❝✉st❛✱ ❛♥❞ ❈✳ ▼❛♥r❡s❛✲❨❡❡✳
❉❡❡♣ ▲❡❛r♥✐♥❣✲❇❛s❡❞ ❋❛❝✐❛❧ ❊①♣r❡ss✐♦♥ ❘❡❝♦❣♥✐t✐♦♥ ❢♦r t❤❡ ❊❧❞❡r❧②✿ ❆ s②st❡♠❛t✐❝
r❡✈✐❡✇✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✷✺✵✷✳✵✷✻✶✽✱ ✷✵✷✺✳

✾✳ ❇✳ ●❤❡✢❛t✐ ❛♥❞ ❍✳ ❘✐✈❛③✳ ❱✐s✐♦♥ ❚r❛♥s❢♦r♠❡r ❢♦r ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❇r❡❛st ❯❧tr❛✲
s♦✉♥❞ ■♠❛❣❡s✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✷✶✶✵✳✶✹✼✸✶✱ ✷✵✷✺✳

✶✵✳ ▼✳ ●♦s✇❛♠✐✱ ❙✳ ❉❡②✱ ❆✳ ▼✉❦❤❡r❥❡❡✱ ❙✳ ▼♦❤❛♥t②✱ ❛♥❞ P✳❑✳ P❛tt♥❛✐❦✳ ❈♦♥✈♦❧✉t✐♦♥❛❧
◆❡✉r❛❧ ◆❡t✇♦r❦ ❙❡❣♠❡♥t❛t✐♦♥ ❢♦r ❙❛t❡❧❧✐t❡ ■♠❛❣❡r② ❉❛t❛ t♦ ■❞❡♥t✐❢② ▲❛♥❞❢♦r♠s
❯s✐♥❣ ❯✲◆❡t ❆r❝❤✐t❡❝t✉r❡✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✷✺✵✷✳✵✺✹✼✻✱ ✷✵✷✺✳

✶✶✳ ❙✳ ●r❡②❞❛♥✉s✱ ▼✳ ❉③❛♠❜❛✱ ❛♥❞ ❏✳ ❨♦s✐♥s❦✐✳ ❍❛♠✐❧t♦♥✐❛♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✳ ❛r❳✐✈
♣r❡♣r✐♥t ❛r❳✐✈✿✶✾✵✻✳✵✶✺✻✸✱ ✷✵✶✾✳

✶✷✳ ❊✳ ❍❛✐r❡r✱ ❈✳ ▲ü❜✐❝❤✱ ❛♥❞ ●✳ ❲❛♥♥❡r✳ ●❡♦♠❡tr✐❝ ◆✉♠❡r✐❝❛❧ ■♥t❡❣r❛t✐♦♥✿ ❙tr✉❝t✉r❡✲

Pr❡s❡r✈✐♥❣ ❆❧❣♦r✐t❤♠s ❢♦r ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✈♦❧✉♠❡ ✸✶ ♦❢ ❙♣r✐♥❣❡r
❙❡r✐❡s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✷♥❞ ❡❞✐t✐♦♥✱ ✷✵✵✻✳

✶✸✳ ❉✳P✳ ❑✐♥❣♠❛ ❛♥❞ ❏✳ ❇❛✳ ❆❞❛♠✿ ❆ ▼❡t❤♦❞ ❢♦r ❙t♦❝❤❛st✐❝ ❖♣t✐♠✐③❛t✐♦♥✳ ❛r❳✐✈

♣r❡♣r✐♥t ❛r❳✐✈✿✶✹✶✷✳✻✾✽✵✱ ✷✵✶✼✳
✶✹✳ P✳ ▲✐❜❡r♠❛♥♥ ❛♥❞ ❈✳▼✳ ▼❛r❧❡✳ ❙②♠♣❧❡❝t✐❝ ●❡♦♠❡tr② ❛♥❞ ❆♥❛❧②t✐❝❛❧ ▼❡❝❤❛♥✐❝s✳

▼❛t❤❡♠❛t✐❝s ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✳ ❙♣r✐♥❣❡r ◆❡t❤❡r❧❛♥❞s✱ ✶✾✽✼✳
✶✺✳ ❏✳ ❙♦♥❣✱ ❲✳ ❈❛♦✱ ❛♥❞ ❲✳ ❩❤❛♥❣✳ ❋❡♥♥✿ ❋❡❛t✉r❡✲❡♥❤❛♥❝❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦ ❢♦r

s♦❧✈✐♥❣ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ❛r❳✐✈ ♣r❡♣r✐♥t

❛r❳✐✈✿✷✺✵✶✳✶✶✾✺✼✱ ✷✵✷✺✳


