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ABSTRACT

We design and analyse a new numerical method to solve ODE system based on the structural method.
We compute approximations of solutions together with its derivatives up to order K by solving
an entire block corresponding to R time steps. We build the physical relations that connect the
function and derivative approximations at each time step by using the ODE and its derivatives and
develop the structural equations that establish linear relations between the function and its derivative
over the whole block of R times steps. The non-linear system is solved and provide very accurate
approximations with nice spectral resolution properties.

Keywords structural method, very high-order, extreme-order, Compact scheme, EDO, stability, multi-derivatives

1 Introduction

First-order ordinary differential equations (ODEs), or systems of the form ϕ′(t) = f(ϕ(t), t), with t 7→ ϕ(t) ∈ R
I ,

arise in most non-stationary models to characterise the evolution of processes over time. The design of accurate and
stable numerical schemes for solving these ODEs is a fundamental challenge for improving computational efficiency
in critical settings, such as stiff problems or chaotic differential equations.

In the early 1970s, researchers began using the second derivative as an additional variable to improve solution accuracy
and reduce the number of substeps in numerical schemes. This approach is rooted in the methodology of compact
schemes, which exploit more local information to minimise stencil size [1, 2]. Early studies on multi-derivative
methods include works by Urabe [3], Shintani [4, 5], Kastlunger, Hairer and Wanner [6, 7, 8], and Cash [9] within
the Runge–Kutta (RK) framework. In the multistep setting, early contributors include Makinson [10], Reimer [11],
Liniger and Willoughby [12], Enright [13, 14], Genin [15], Makela et al. [16], Jeltsch [17, 18, 19, 20, 21], Brown [22],
Gupta [23], and Cash [24, 25]. Lambert’s book [26] discusses both approaches. References [27, 28], together with
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Butcher’s textbook [29], highlight Obrechkoff’s contribution [30], with particular emphasis on the two-derivative case,
as further explored in [31, 32, 33].

Following a productive decade in multi-derivative ODE integration, research activity declined between the 1980s
and the 2010s, with only a limited number of publications. For RK methods, the main difficulty lies in the complex
and highly nonlinear order conditions [27, 34, 28, 35], which complicate the construction of fourth- or higher-order
schemes with more than two or three substeps. Several papers address this issue by imposing additional conditions
to reduce complexity. These include explicit schemes [36, 37], methods with few substeps [38], and two-derivative
cases [39, 31, 40, 32].

Alternative approaches have also been proposed to achieve very high-order approximations, in which the algebraic
order conditions are replaced by a few simple linear constraints. The collocation method [41, 42] provides approxi-
mations of arbitrary order and has been identified as a particular case of a class of implicit RK methods [43]. Given
the collocation points in a time interval, the algebraic order conditions become linear conditions, as expressed by
relations (2.7) and (2.8) in [43]. The method is not compact in the sense considered here, since it involves implicit
linear combinations of the function and its derivatives at the collocation points. Nevertheless, we would like to
mention the recent works of [44] and [45], where the authors explore a novel approach by introducing second-order
derivatives to reduce the stencil size.
The spectral deferred correction method is another class of high-order schemes based on successive approximations of
the solution over a time interval [tn, tn+1], as shown in [46, 47]; see [48] for an extensive review of the SDC method.
This method also avoids the introduction of complicated nonlinear algebraic conditions [49]. A p-subdivision tn,m,
m = 0, . . . , p, together with local approximations ϕn,m, is introduced to design an iterative scheme that provides

a sequence ϕ
[k]
n of approximations of order k + 1. The upgrade operator ϕ

[k]
n → ϕ

[k+1]
n , defined on the interval

[tn, tn+1], makes it possible to increase the order of accuracy using very simple numerical tools, such as first-order
Euler schemes and quadrature formulae for integration. Very recently, a multi-derivative version was proposed by
introducing the second-order derivative [50].

The structural method is a general technique that provides very high-order approximations by introducing derivatives
up to degree K at each node tn. Moreover, it clearly separates the physical equations, which represent the underlying
mathematical model, from the structural equations, which are independent of the problem under consideration and
depend only on the grid/mesh structure. The combination of these two sets of equations then yields a global (non-
)linear system that provides highly accurate approximations of the function and its derivatives [51].

This method can be regarded as a generalisation of compact schemes in the sense of Lele [2], applied to the ODE
setting, where implicit relations between the function and its derivatives are introduced over a prescribed stencil. In
our case, the stencil is referred to as an R-block and consists of R successive time steps. As an example, the combined
compact difference scheme for elliptic equations in space proposed in [52, 53, 54] can be reformulated as a structural
method for ODEs in time; see [55]. It is worth noting that the same structural equations that yield a sixth-order accurate
scheme in time for ODEs coincide with the Chu and Fan relations within the compact finite difference framework [52].

The structural method proposed in the present work corresponds to a particular case in which, by taking advantage
of all the physical relations, as explained in Sections 2 and 3, the scheme is reinterpreted as a multi-derivative RK
(MDRK) scheme. The key point is that MDRK schemes are difficult to construct because of the large number of
nonlinear algebraic order conditions involved. In summary, handling the order conditions for K-derivative methods
of order p is challenging. For instance, reference [56] lists 33 strongly nonlinear order conditions for a two-derivative
RK method with s substeps to provide a sixth-order scheme (p = 6; see also [6, 57, 58]). These conditions involve
2s(s+1) coefficients, arising from combinations of first and second derivatives at the different substeps. For example,
incorporating third- or higher-order derivatives with s substeps in order to achieve very high accuracy appears to be
intractable, potentially involving thousands of nonlinear relations to be satisfied [6, 27, 59, 60, 61].

The main advantage of structural schemes is that there is no need to verify nonlinear algebraic order conditions in
order to achieve the prescribed order. Instead, the coefficients of the method are obtained from vectors belonging to the
kernel of a matrix, leading to a highly efficient computation of the structural equations. Recently, the MDRK literature
has focused on techniques to alleviate this major computational drawback. Explicit formulae for three-derivative and
higher-derivative RK schemes have been proposed in [62, 63], while the development of new multistep schemes has
been studied in [60, 64], with some improvements in accuracy reported in [65, 66, 67]. Applications include time
discretisation for non-stationary partial differential equations (PDEs) [68, 69, 70, 71] and the construction of strong
stability preserving (SSP) schemes of RK type [72, 73, 74, 75, 76] or multistage type [77, 78, 79] for conservation
laws. A recent review [56] discusses these developments. However, all these methods address only second- or
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third-derivative schemes with a small number of substeps, owing to the large number of nonlinear algebraic order
conditions involved, whereas the structural method efficiently produces K-derivative schemes over an R-block at any
order p by solving a simple linear problem.

This paper introduces a generalisation of the structural method for ODE systems using K derivatives, addressing key
challenges in existing RK methods. The main advantages are the following:

• The principal contributions are as follows: The method corresponds to a K-derivative implicit RK method
when all possible physical equations are used.

• The intermediate steps are not auxiliary variables, but genuine approximations that enjoy the optimal order
of accuracy of the method.

• Unconditional stability is proved together with a formal assessment of the consistency and a priori errors.

• The coefficients of the structural equations are computed from the kernel of a matrix, avoiding an intractable
non-linear system to solve.

• The method covers all possible meta-parametersK (number of derivatives),R (number of intermediate steps),
and p (order of the method) using the same algorithm.

• Excellent spectral resolution is obtained when K increases. In particular, only two or three grid points are
necessary to perfectly recover a full revolution; hence, the method is highly effective at capturing high-
frequency relative to the grid characteristic size.

The document is divided into two parts. The first is devoted to the design of the method, its implementation, com-
parisons with existing methods, and numerical simulations. The second part addresses the theoretical aspects of
convergence, stability, and spectral resolution, together with a detailed study and justification of our implementation
for solving the nonlinear global system.

Part I: Method design and benchmarks

The first part focuses on the general construction of the structural equations and on the coupling between the structural and physical

equations. In Section 2, we detail the technical aspects of the method, leading to different types of ODE solvers, while compar-

isons with classical high-order methods for ODEs are provided in Section 3. Section 4 is devoted to the presentation of a simple

algorithm for solving the nonlinear systems, whereas Sections 5 and 6 present numerical evidence concerning the convergence and

efficiency of the structural method for ODEs. Annexes A and B include analytical formulae for the implicit structural equations on

a uniform grid, together with explicit structural equations for post-processing. We note that a numerical study for the specific case

of Hamiltonian systems was carried out in [80]; however, our goal here is to generalize the approach to a generic ODE system.¡.

2 General design of the structural method

Consider the generic first-order scalar ODE problem

ϕ′(t) = f(ϕ(t), t), t ∈ [0, T ], (1)

together with the initial condition ϕ(0) = ϕ0, with T > 0 the final time and f ≡ f(z, t) a regular function in R×[0, T ].

Let N ∈ N, and define a uniform grid tn = n∆t for n∈ J0, NK, such that T = N∆t. Let ϕ(k) ≡ ϕ(k)(t) denote the

kth derivative of the solution, with ϕ(0)(t) ≡ ϕ(t) as in Eq. (1). The approximations ϕ
(k)
n represent ϕ(k)(tn) at each

time grid point.

The structural method divides the problem into two distinct subsystems. The first subsystem contains the physical
equations, which are derived directly from the generic ODE and its time derivatives. In contrast, the second subsystem
comprises structural equations, defined by linear relations that depend only on the time grid structure. Notably, these
structural equations do not involve the specific ODE being solved, emphasising their generality.
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2.1 Physical equations

The Eq. (1), which relates the first derivative ϕ(1)(t) with function ϕ(0)(t) and time t, reads

ϕ(1)(t) = f
(
ϕ(0)(t), t

)
≡ df(0)

[
ϕ(0), t

]
. (2)

The time derivative of Eq. (2) provides an additional physical equation, that reads

ϕ(2)(t) = ∂zf
(
ϕ(0)(t), t

)
ϕ(1)(t) + ∂tf

(
ϕ(0)(t), t

)
≡ df(1)

[
ϕ(0), ϕ(1), t

]
(3)

where ∂zf and ∂tf denote the derivatives with respect to the first and second arguments, respectively. Once again, the
time derivative of Eq. (3) provides a relation between the function ϕ(t) and all its derivatives up to the third order, that
is,

ϕ(3)(t) = ∂zf
(
ϕ(0)(t), t

)
ϕ(2)(t) + ∂zzf

(
ϕ(0)(t), t

) [
ϕ(1)(t)

]2

+ 2∂ztf
(
ϕ(0)(t), t

)
ϕ(1)(t) + ∂ttf

(
ϕ(0)(t), t

)
≡ df(2)

[
ϕ(0), ϕ(1), ϕ(2), t

]
. (4)

By systematically applying the chain rule K − 1 times, we obtain a sequence of K physical relations. These can be
represented in a generic form as

ϕ(k+1)(t) =
d

dt
df(k−1)

[
ϕ(0), ϕ(1), . . . , ϕ(k−1), t

]
≡ df(k)

[
ϕ(0), ϕ(1), . . . , ϕ(k), t

]
, k∈ J0,K − 1K.

Remark. Note that, by construction, the application

(z0, z1, . . . , zk, t) → df(k)
[
z0, z1, . . . , zk, t

]

is a polynomial function with respect to z1, . . . , zk with non-linear coefficients solely depending on z0 and t corre-
sponding to the partial derivatives in z and time. ■

We can now introduce the notion of physical equation, which just consists of substituting the exact values with the

approximations ϕ
(k)
n (t) in the previous equations. Therefore, the first physical equation, associated with time tn and

denoted as PE 1(n), derives from the relation (2) and reads

ϕ(1)n = f(ϕ(0)n , tn) ≡ df(0)
[
ϕ(0)n , tn

]
.

Similarly, the second physical equation PE 2(n) is deduced from relation (3), that is

ϕ(2)n = ∂zf(ϕ
(0)
n , tn)ϕ

(1)
n + ∂tf(ϕ

(0)
n , tn) ≡ df(1)

[
ϕ(0)n , ϕ(1)n , tn

]
,

and the third physical equation PE 3(n) from relation (4), that is

ϕ(3)n = ∂zf
(
ϕ(0)n , tn

)
ϕ(2)n + ∂zzf

(
ϕ(0)n , tn

) [
ϕ(1)n

]2
+ 2∂ztf

(
ϕ(0)n , tn

)
ϕ(1)n + ∂ttf

(
ϕ(0)n , tn

)

≡ df(2)
[
ϕ(0)n , ϕ(1)n , ϕ(2)n , tn

]
.

The physical equations associated with any derivative of order four or more are obtained in a similar way.

Remark. Each physical equation PE k(n) only involves numerical approximations of the solution and its derivatives
at the same time grid point, tn. However, to connect the values of the solution and its derivatives at different nearby
time points, we introduce a second set of equations. These are called structural equations and will be defined next. ■

2.2 Structural Equations

Given K as the maximum derivative order, we construct K physical equations, denoted PE 1 through PE K. Each

equation involves the numerical values ϕ
(k)
n , k∈ J0,KK, at each time tn. Once these values at tn are available, the

next task is to compute the solution and its derivatives over a group of R consecutive time steps, called a block. This
means assembling a (K + 1) × R matrix containing the values of the solution and its derivatives at each time point
within this block, that is

Φn =
(
ϕ
(k)
n+r

)
k,r
, k∈ J0,KK, r∈ J1, RK,

as depicted in Fig. 1.

By evaluating the K physical equations at each of the R time points tn+r, r∈ J1, RK, we obtain R ×K relations. To
uniquely determine all variables, we need R additional equations, which are drawn from the structure of the uniform
time grid used in the discretisation.
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φ(0)

φ(1)

φ(K)

tn tn+1 tn+R

φ
(0)
n

φ
(1)
n

φ
(K)
n

φ
(0)
n+1

φ
(1)
n+1

φ
(K)
n+1

φ
(0)

n+R

φ
(1)

n+R

φ
(K)

n+R

Figure 1: Grid of points for a structural scheme. The given values at time tn are represented is blue, while the unknown
values that constitute the block are marked in red.

2.2.1 General design

Structural equations are linear relations involving the approximations ϕ
(k)
n+r, where k denotes the derivative order for

k∈ J0,KK and r the time step for r∈ J0, RK. More specifically, structural equation takes the form

K∑

k=0

R∑

r=0

ak,r ∆t
k ϕ

(k)
n+r = 0,

where a = (ak,r)k,r, k∈ J0,KK, r∈ J0, RK, is the (K + 1) × (R + 1) matrix of coefficients, and ∆tk ≡ (∆t)k

denotes powers of the time increment.

In order to determine the coefficients ak,r of the structural equation, we introduce the functional

E(a;π) =

K∑

k=0

R∑

r=0

ak,r ∆t
k π(k)(tn+r)

for any function π = π(t), regular enough.

We represent the matrix a as a vector by mapping pairs (k, r) to a single index (k, r) → ℓ = 1 + k(R + 1) + r,
from J0,KK × J0, RK onto J1,MK, M = (K + 1)(R + 1). For simplicity, we still denote this vector as a. Using this
mapping, the above functional can be rewritten as

E(a;π) =

K∑

k=0

R∑

r=0

aℓ ∆t
k π(k)(tn+r), ℓ = ℓ(k, r).

To construct high-order accurate schemes, we require the functional to hold exactly for all polynomials up to a certain
degree. For this purpose, consider the following polynomial functions

πm(t; tn) =

(
t− tn
∆t

)m−1

, m∈ J1,MK.

Setting E(a;πm) = 0 for all m∈ J1,MK, a M ×M linear system Ma = 0 is obtained with entries

M[m, ℓ] = π(k)
m (tn+r; tn) = Cm

k r
m−1−k, ℓ = ℓ(k, r),

with

Cm
k =

{
(m−1)!

(m−1−k)! if m > k,

0 otherwise,

for k∈ J0,KK and r∈ J0, RK. Note that the matrix M does not depend on the mesh parameter ∆t or on the initial
time tn. This independence results from the use of a uniform mesh and the definition of the functions πm(·; tn).
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Remark. Illustrating for K = 2 and generic R, the matrix M is given as

M =





















1 1 · · · 1 0 0 · · · 0 0 0 · · · 0
0 1 · · · R1 1 1 · · · 1 0 0 · · · 0
0 1 · · · R2 0 2 · · · 2 × R1 2 2 · · · 2
0 1 · · · R3 0 3 · · · 3 × R2 0 3 × 2 · · · 3 × 2 × R1

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.
. . .

.

.

.

.

.

.

.

.

.
. . .

.

.

.

0 1 · · · RM−1 0 (M − 1) · · · (M − 1) × RM−2 0 (M − 1)(M − 2) · · · (M − 1)(M − 2)RM−3





















.

■

We now analyse the properties of the linear system Ma = 0.

Definition 2.1. A set of functions (νm(t))m=1,...,M is resolvent of E if, for any m∈ J1,MK, we have that, if

E(a; νm) = 0, then a = 0.

Proposition 2.1. The set of M polynomial functions of degree less than or equal to M − 1

τk,r(t) := τℓ(k,r)(t) =

(
t− tn+r

∆t

)k ∏

s∈J0,RK
s ̸=r

(
t− tn+s

∆t

)K+1

, k∈ J0,KK, r∈ J0, RK,

is resolvent.

Proof. First, observe that the degree of all these polynomial functions is strictly less than M . Second, these polyno-
mials are linearly independent and therefore form a basis for PM−1. Note that for any k′ ⩽ K and r′ ̸= r, we have

τ
(k′)
k,r (tn+r′) = 0, then

E(a; τk,r) =

K∑

k′=0

R∑

r′=0

ak′,r′ ∆t
k′

τ
(k′)
k,r (tn+r′) =

K∑

k′=0

ak′,r ∆t
k′

τ
(k′)
k,r (tn+r)

=

K∑

k′=k

ak′,r ∆t
k′

τ
(k′)
k,r (tn+r) =

K∑

k′=k

ak′,r ∆t
k′−k bk′−k,r,

where for k′ ⩾ k we have

bk′−k,r =


∏

s ̸=r

(
t− tn+s

∆t

)K+1


(k′−k)

∣∣
t=t

n+r

.

Notice that for k = k′, we obtain

b0,r =


∏

s ̸=r

(
t− tn+s

∆t

)K+1


∣∣
t=t

n+r

=
∏

s ̸=r

(r − s)
K+1

̸= 0.

The rest of the proof is achieved by induction. Let r∈ J0, RK. For k = K, we just have

0 = E(a; τK,r) = aK,rb0,r;

hence aK,r = 0. Now, take k = K − 1, then we have

0 = E(a; τK−1,r) = aK,r ∆t b1,r + aK−1,rb0,r = aK−1,rb0,r.

Therefore aK−1,r = 0. Similarly, we successively prove that aK−2,r = 0, aK−3,r = 0, . . ., a0,r = 0. In conclusion,
all the coefficients of a are null, so the set of polynomial functions is resolvent.

Corollary 2.2. The matrix M is non-singular.

Proof. The sets of polynomial functions τk,r and πm both define a basis for PM−1. Since the set τk,r is resolvent, the
set of functions πm is also resolvent. Thus, the matrix M is non-singular.

Definition 2.2. Let S be the number of structural equations we intend to produce. We denote by KS ⊂ R
M the kernel

of the rectangular (M − S)×M matrix M[1 :M − S, :], with the last S rows eliminated.

Since M is non-singular, the matrix M[1 : M − S, :] enjoys the maximum rank property, therefore the dimension of
KS is S and contains a basis of S linear independent vectors of RM we shall denote as, s∈ J1, SK.

Definition 2.3. Given K the number of derivatives, R the size of the block, and S the total number of structural

equations, we denote by SE K R
S (s), s∈ J1, SK, the structural equation number s corresponding to the vector as ∈ KS .

Definition 2.4. We denote by A the S ×M matrix composed of the line vectors (as)t, s∈ J1, SK.

6
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2.2.2 Choice of the structural equations

The first observation is that, although the kernel KS is unique as a vectorial subspace, we do not have the uniqueness
of the basis, that is, the uniqueness of the set of S structural equations. We list several methods to produce the S basis
vectors.

I. Analytical method. Analytical expressions of the coefficients of the system E(a;πm) = 0, m = ∈ J1,M − SK,
can be derived by symbolic computation assuming a uniform time subdivision. Such relations avoid the computation

of matrix M and are mandatory for stability analysis. In A we report several sets of structural equations SE K R
S (s) for

useful values of K and R.

Remark. The analytical expressions of vectors (as)Ss=1 given in A do not necessarily correspond to an orthogonal
basis of KS , that is, we do not necessarily have ⟨as,am⟩ = δsm. ■

II. Numerical method. For larger values of K and R or when dealing with a non-uniform grid, we compute an
orthogonal basis of the kernel KS using the complete SVD decomposition

M[1 :M − S, 1 :M ] = UΣV t

with U a rectangular (M − S) ×M matrix of orthogonal line vectors, Σ the diagonal M ×M matrix, and V t the
square orthogonal M ×M matrix. Since the S last diagonal entries of matrix Σ are null, we deduce that the S last
column vectors of matrix V define an orthogonal basis of KS .

III. Hierarchical basis. We want the first vector a1 to provide the largest order of consistency error. The second
vector a2 reduces the consistency order of one and so forth. To provide such a property, we propose an algorithm to
set a numerical hierarchical basis of the kernel KS .

1. Firstly compute the sole vector a1 of the kernel K1.

2. Then, determine a basis of the kernel K2. Noting that a1 automatically belongs to K2, we determine a nor-
malised vector a2 ∈ K2 orthogonal to K1 using an orthogonalisation procedure. Moreover, the consistency
error associated with a2 is one order lower than a1 as the number of constraints E(a, πm) = 0 has been
reduced.

3. For a given S′ < S, assume that the set of vectors (as)
s=S′

s=1 ∈ KS′

is orthogonal. Then, determine the kernel

KS′+1 and extract a new orthogonal vector aS′+1 ∈ KS′+1 orthogonal to KS′

. By construction, aS′+1

provides a reduced consistency of one order with respect to aS′

.

4. The construction ends when S′ = S is reached and {a1, . . . ,aS} is a hierarchical basis for KS .

2.2.3 Equivalent set of structural equations

As we pointed out in the previous section, one can determine different representations/bases of the kernel KS , that is,
different sets of structural equations. This question is important because of the impact of the basis choice. Indeed,
we can consider two different bases

(
as)Ss=1 and

(
ã
s)Ss=1 of KS from which we build two different sets of structural

equations. Consequently, there exists a change of basis given by a non-singular S × S matrix Ξ = [ξij ]S×S such as

Ã = ΞA, where

Ã =
[(
ã
s)t
]

and A =
[(
as
)t
]

(5)

are two S ×M matrices. Conversely, any non-singular matrix Ξ transforms a basis of KS into another basis of KS .

Remark. By construction, any set of structural equations provides the same global consistency error order M − S
since the equations are exact for any πm, m∈ J1,M − SK. ■

2.3 Design of the schemes

To build a complete numerical scheme to solve a first-order ODE, the set of physical and structural equations to be
used must be determined. Several (meta)parameters control the scheme’s complexity and accuracy, particularly the
number of physical equations per grid point (K) and the number of grid points per block (R).

7
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2.3.1 Notations

Given K and R, the data are arranged into two vectors.

• The approximations regarding the same derivation order k are gathered into vectors

Φ(k)
n =

(
ϕ
(k)
n+1, . . . , ϕ

(k)
n+R

)t

∈ R
R

while Tn = (tn+1, . . . , tn+R)
t stands for the time-step vector.

• The approximations for the same time step tn+r are gathered into vectors

Ψn+r =
(
ϕ
(0)
n+r, . . . , ϕ

(K)
n+r

)t

∈ R
K+1.

The generic formulation then is, given the initial vector Ψn at time tn, we seek the matrix Φn =
(
ϕ
(k)
n+r

)
k,r

=
[
Ψn+1, . . . ,Ψn+R

]
∈ R

(K+1)×R, solution of the following system:

• K ×R physical equations PE k(r), k∈ J1,KK, r∈ J1, RK, and

• R structural equations SE K R
R (s), s∈ J1, RK.

Remark. Note that, since we want to consider the maximum number of physical equations, we need R structural
equations. ■

Definition 2.5. Functions df(k−1)
[
z0, z1, . . . , zk−1, t

]
, defined for real value entries, are extended to their vectorial

form

Φ(k)
n = df(k−1)

[
Φ(0)

n ,Φ(1)
n , . . . ,Φ(k−1)

n , Tn
]

by applying the function component-wise, that is

ϕ
(k)
n+r = df(k−1)

[
ϕ
(0)
n+r, ϕ

(1)
n+r, . . . , ϕ

(k−1)
n+r , tn+r

]
, r∈ J1, RK.

2.3.2 Structural schemes

Structural scheme Skm[1,R]. The structural scheme Skm[1,R] involves 2R unknowns per block, namely ϕ
(0)
n+r and

ϕ
(1)
n+r, r∈ J1, RK, given ϕ

(0)
n and ϕ

(1)
n . Therefore, it requires R physical equations and R structural equations. The

scheme then reads 



{
ϕ
(1)
n+r = df(0)

[
ϕ
(0)
n+r, tn+r

]
, r∈ J1, RK,{

1∑

k=0

R∑

r=0

ask,r∆t
kϕ

(k)
n+r = 0, s∈ J1, RK.

The analytical expressions of the coefficients of the structural equations are given in A. We rewrite the system in a
more compact way {

Φ
(1)
n = df(0)

[
Φ

(0)
n , Tn

]
,

A(0)Φ
(0)
n +∆tA(1)Φ

(1)
n + ÂnΨn = 0,

where df(0)
[
Φ

(0)
n , Tn

]
applies the first physical equation all over the block, while the structural equations provide a

linear system with

A(0) =
(
as0,r

)R
r,s=1

∈ R
R×R, A(1) =

(
as1,r

)R
r,s=1

∈ R
R×R,

and

Ân =
(
ask,0 ∆t

k
)

s=1,...,R

k=0,1

∈ R
R×2, Ψn =

(
ϕ(0)n , ϕ(1)n

)t
.

Structural scheme Skm[2,R]. From the first and second physical equations, the Skm[2,R] scheme reads




{
ϕ
(1)
n+r = df(0)

[
ϕ
(0)
n+r, tn+r

]
, r∈ J1, RK,

ϕ
(2)
n+r = df(1)

[
ϕ
(0)
n+r, ϕ

(1)
n+r, tn+r

]
, r∈ J1, RK,{

2∑

k=0

R∑

r=0

ask,r ∆t
k ϕ

(k)
n+r = 0, s∈ J1, RK.

8
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We rewrite the equations in a more compact way




Φ
(1)
n = df(0)

[
Φ

(0)
n , Tn

]
,

Φ
(2)
n = df(1)

[
Φ

(0)
n ,Φ

(1)
n , Tn

]
,

A(0)Φ
(0)
n +∆tA(1)Φ

(1)
n +∆t2A(2)Φ

(2)
n + ÂnΨn = 0.

Remark. The structural method is easily extended to higher derivatives. For example, scheme Skm[R,3], using the
compact notation, reads





Φ
(1)
n = df(0)

[
Φ

(0)
n , Tn

]
,

Φ
(2)
n = df(1)

[
Φ

(0)
n ,Φ

(1)
n , Tn

]
,

Φ
(3)
n = df(2)

[
Φ

(0)
n ,Φ

(1)
n ,Φ

(2)
n , Tn,

]
,

A(0)Φ
(0)
n +∆tA(1)Φ

(1)
n +∆t2A(2)Φ

(2)
n +∆t3A(3)Φ

(3)
n + ÂnΨn.

Note that the matrices A(0),A(1), . . . ,A(K) and Â have to be recomputed with the kernel method for each scheme.
■

3 Relation with other methods and novelty

This section was initially motivated by a private communication from Professor Robert McLachlan concerning the
interpretation of the structural scheme as an MDRK scheme when the maximum number of physical equations is used.
We further extend the comparison to other traditional, well-established methods. Indeed, the R structural equations,
combined with the physical equations, correspond to particular cases of Multi-Derivative Runge–Kutta methods. We
prove this equivalence for K = 1 corresponding to the classical RK scheme, and for K = 2 corresponding to the
two-derivative RK scheme.).

3.1 Structural method with K = 1

3.1.1 An implicit RK reformulation

Let R be given, we just use the ODE as physical equations at point tn+r, r∈ J1, RK, and the structural equations read

R∑

r=0

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r = 0, s∈ J1, RK,

that are rewritten in the form

R∑

r=1

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r = −as0,0ϕ

(0)
n , s∈ J1, RK.

Noting that the constant function satisfies the structural equation, we deduce that −as0,0 =

R∑

r=1

as0,r; hence,

R∑

r=1

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r = ϕ(0)n

R∑

r=1

as0,r, s∈ J1, RK.

Let A0 = (as0,r)r,s be the R×R matrix for the function approximations, A1 = (as1,r)s,r the R× (R+ 1) matrix for
the derivative approximations, and e the vector of entries equal to 1. Then, we have

A0Φ
(0) +∆tA1Φ

(1) = A0eϕ
(0)
n .

Assuming that A0 is non-singular, then

Φ(0) +∆tA−1
0 A1Φ

(1) = eϕ(0)n

and the system becomes

Φ(0) = eϕ(0)n −∆tA−1
0 A1Φ

(1),

9
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which corresponds to the (R+ 1)-stage RK scheme, given as

ϕ(0)n = ϕ(0)n +∆t

R∑

r=0

0f
(
ϕ
(0)
n+r, tn+r

)
,

ϕ
(0)
n+s = ϕ(0)n +∆t

R∑

r=0

αs,rf
(
ϕ
(0)
n+r, tn+r

)
, s∈ J1, RK,

where the coefficients αs,r are the entries of the R× (R+1) matrix A−1
0 A1 and intermediate uniform sub-steps [81]

over the large time-step ∆T = R∆t. Using the RK formalism, we have cs = s/R, s∈ J0, RK, and

Ys = ϕ(0)n +∆T
R∑

r=0

as,rf
(
Yr, tn + cr∆T

)
,

ϕ
(0)
n+R = ϕ(0)n +∆T

R∑

r=0

brf
(
Yr, tn + cr∆T

)
,

with as,r = αs,r/R and br = αRr/R, s∈ J1, RK, r∈ J0, RK, and a0r = 0.

Remark. An important property of our construction is that the intermediate steps yield (R + 1) th-order accurate
approximations. Consequently, the intermediate approximations are no longer considered auxiliary calculus but are
effective approximations. ■

Example 1. For R = 2, the two structural equations read

0 =
ϕ
(0)
n+2 − ϕ

(0)
n

2
−∆t

ϕ
(1)
n+2 + 4ϕ

(1)
n+1 + ϕ

(1)
n

6
,

0 = ϕ
(0)
n+2 − 2ϕ

(0)
n+1 + ϕ(0)n −∆t

ϕ
(1)
n+2 − ϕ

(1)
n

2
,

which can be rewritten with ∆T = 2∆t as

ϕ
(0)
n+2 = ϕ(0)n +∆T

ϕ
(1)
n + 4ϕ

(1)
n+1 + ϕ

(1)
n+2

6
,

ϕ
(0)
n+1 = ϕ(0)n +∆T

5ϕ
(1)
n + 8ϕ

(1)
n+1 − ϕ

(1)
n+2

24
,

which corresponds to the fourth-order Lobatto IIIA method, given by the Butcher tableau

0 0 0 0
1
2

5
24

8
24 − 1

24

1 1
6

4
6

1
6

1
6

4
6

1
6

3.1.2 Collocation method

One advantage of the structural scheme approach is that we provide the Butcher tableau without using the Algebraic
Order Conditions [29], Sec. 23. Indeed, the number of conditions increases with the order, and the relations turn
more non-linear by involving a larger number of multiplications and summations [81] for p = 5, 6. The RK scheme
derived from the structural equations does not require any complex analytic calculation of the coefficients, since they
are determined by the kernel basis. Consequently, the structural method easily provides an RK scheme of arbitrary
order.
The collocation method [41, 42, 43] enjoys the same property and enables to easily design a subclass of high-order
implicit RK method with simple linear conditions (the collocation point being given [43]), to provide the expected
order. In short, the method consists in seeking a polynomial function π of degree m such that

π(tn) = ϕn

π′(tn + ci∆t) = f
(
π′(tn + ci∆t), tn + ci∆t

)
, i = 1, . . . ,m,

10
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with ci the collocation parameters. We then take ϕn+1 = π(tn + ∆t) as an approximation at time tn+1. Comparing
with the structural method, we do not introduce intermediate point between tn and tn+1. Nevertheless, we can artifi-
cially built similar conditions of a collocation method by taking ∆T = R∆t as a super time step and tn+r = tn+cr∆R
with cr = r

R as collocation coefficients uniformly distributed. The point is that the structural method uses the infor-

mation ϕ1n = f(ϕ0n, tn) and ϕ1n+1 = f(ϕ0n+1, tn+1) in the approximation whereas the collocation method does not.
Consequently, the equivalent Butcher tableau of the structural method will be different of the one associated to the
collocation method.

Remark. We have presented the Skm[1,R] with a uniform grid for the sake of simplicity to provide a (R + 1)th-
order approximations, but it is perfectly possible to consider a block of R times with a non-uniform distribution
(Gauss Lobatto collocation points for instance). Questions then arise about possible improvement of accuracy and
the stability of the method.

At last, the structural method enjoys the A-stability property whereas the stability of the Collocation method (A- or
L-stability) depends on the choice of the coefficients ci (Legendre, Gauss, Radeau, Lobatto) [43].
The multistep collocation method extension [82, 83] used additional log-data calculated from the past to improve
the accuracy. The structural method only considers the approximations after the last time step tn, therefore the two
methods clearly differ.

3.2 Structural equations with K = 2

3.2.1 A Two-Derivative RK (TDRK) reformulation

We proceed with the second derivative (K = 2) structural method, for which the structural equations read

R∑

r=0

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r +∆t2

R∑

r=0

as2,rϕ
(2)
n+r = 0, s∈ J1, RK,

that are rewritten in the form
R∑

r=1

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r +∆t2

R∑

r=0

as2,rϕ
(2)
n+r = −as0,0ϕ

(0)
n , s∈ J1, RK.

Once again, the constant function satisfies the structural equation, then

R∑

r=1

as0,rϕ
(0)
n+r +∆t

R∑

r=0

as1,rϕ
(1)
n+r +∆t2

R∑

r=0

as2,rϕ
(2)
n+r = ϕ(0)n

R∑

r=1

as0,r, s∈ J1, RK.

Assuming that A0 = (as0,r)r,s is a non-singular R×R matrix and defining the R× (R+ 1) matrices A1 = (as1,r)s,r
and A2 = (as2,r)s,r, the structural equations are reformulated in the compact form as

Φ(0) = eϕ(0)n −∆tA−1
0 A1Φ

(1) −∆t2 A−1
0 A2Φ

(2).

Denote α1
s,r and α2

s,r the entries of the R × (R + 1) matrices −A−1
0 A1 and −A−1

0 A2, respectively. The scheme is
written in the form

ϕ
(0)
n+s = ϕ(0)n +∆t

R∑

r=0

α1
s,r ϕ

(1)
n+r +∆t2

R∑

r=0

α2
s,r ϕ

(2)
n+r,

ϕ
(1)
n+s = f

(
ϕ
(0)
n+s, tn+s

)
,

ϕ
(2)
n+s = ∂zf

(
ϕ
(0)
n+s, tn+s

)
ϕ
(1)
n+s + ∂tf

(
ϕ
(0)
n+s, tn+s

)
,

with s∈ J1, RK. Reshaping the scheme in the RK framework yields

Y 0
s = ϕ(0)n +∆T

R∑

r=0

a1s,rY
1
r +∆T 2

R∑

r=0

a2s,rY
2
r ,

Y 1
s = f

(
Y 0
s , tn + cs∆T

)
,

Y 2
s = ∂zf

(
Y 0
s , tn + cs∆T

)
Y 1
s + ∂tf

(
Y 0
s , tn + cs∆T

)
,

ϕ
(0)
n+R = ϕ(0)n +∆T

R∑

r=0

b1rY
1
r +∆T 2

R∑

r=0

b2rY
2
r ,

11
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with aos,r = αo
s,r/R and bor = αo

R,r/R, s∈ J1, RK, r∈ J0, RK, and ao0,r = 0, o = 1, 2, which corresponds to the TDRK
scheme with R+ 1 stages [33].

Example 2. For R = 2, the two structural equations read

0 = + 24ϕ(0)n + 9∆tϕ(1)n +∆t2ϕ(2)n − 48ϕ
(0)
n+1 + 0∆tϕ

(1)
n+1 − 8∆t2ϕ

(2)
n+1

+ 24ϕ
(0)
n+2 − 9∆tϕ

(1)
n+2 +∆t2ϕ

(2)
n+2,

0 =− 15ϕ(0)n − 7∆tϕ(1)n −∆t2ϕ(2)n + 0ϕ
(0)
n+1 − 16∆tϕ

(1)
n+1 + 0∆t2ϕ

(2)
n+1

+ 15ϕ
(0)
n+2 − 7∆tϕ

(1)
n+2 +∆t2ϕ

(2)
n+2 = 0,

which can be rewritten with ∆T = 2∆t as

ϕ
(0)
n+2 = ϕ(0)n +∆T

7ϕ
(1)
n + 16ϕ

(1)
n+1 + 7ϕ

(1)
n+2

30
+ ∆T 2ϕ

(2)
n − ϕ

(2)
n+2

60
,

ϕ
(0)
n+1 = ϕ(0)n +∆T

303ϕ
(1)
n + 284ϕ

(1)
n+1 + 33ϕ

(1)
n+2

1440
+ ∆T 2 39ϕ

(2)
n − 120ϕ

(2)
n+1 − 3ϕ

(2)
n+2

2800
,

given by the extended Butcher tableau

0 0 0 0 0 0 0
1
2

303
1440

284
1440

33
1440

39
2880 − 120

2880 − 3
2880

1 7
30

16
30

7
30

1
60 0 − 1

60

7
30

16
30

7
30

1
60 0 − 1

60

3.2.2 A non-TDRK scheme

The structural equations provide an MDRK only when the maximum number of physical equations (K) is used. For
example, taking K = 2 and R = 1, the following scheme is composed of one physical equation and two structural
equations

0 = 12(ϕ
(0)
n+1 − ϕ(0)n )−∆t 6(ϕ

(1)
n+1 + ϕ(1)n ) + ∆t2 (ϕ

(2)
n+1 − ϕ(2)n ),

0 = 6(ϕ
(0)
n+1 − ϕ(0)n )−∆t (4ϕ

(1)
n+1 + 2Dn) + ∆t2 ϕ

(2)
n+1,

ϕ
(1)
n+1 = f(ϕ

(0)
n+1, tn+1),

has no equivalent formulation in the TDRK framework. The second physical equation has been replaced by a second
structural equation; therefore, the scheme does not require the analytical expression of the derivative of f(z, t).

The above scheme is third-order accurate for the function and derivative, whereas the approximation of the second
derivative is second-order accurate. Moreover, stability is no longer unconditional. A restrictive condition on the
time step ∆t is required to guarantee the convergence of the approximation, as shown in reference [55]. In general,
configurations involving fewer physical equations and more structural equations are possible. Nevertheless, a loss of
the unconditional stability property, together with lower accuracy, leads us to disregard such schemes in the present
work.

3.2.3 Multi-derivative collocation method

Recently, a two-derivative collocation method [44] has been proposed. In fact, the authors also introduce the additional
term ϕn−1, which gives the method a two-step character. The main idea consists of introducing a Hermite interpolation
polynomial π such that

π(tn) = ϕn

π′(tn + ci∆t) = df(0)
[
π(tn + ci∆t), tn + ci∆t

]
, i = 1, . . . ,m,

π′′(tn + ci∆t) = df(0)
[
π(tn + ci∆t), π

′(tn + ci∆t), tn + ci∆t
]
, i = 1, . . . ,m,

where ci are the collocation parameters. Once again, we take ϕn+1 = π(tn +∆t) as an approximation at time tn+1,
and the authors prove A-stability. To the best of our knowledge, and owing to the very limited literature on this
technique, we do not know whether the method is equivalent to a two-derivative RK scheme.
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3.3 Obrechkoff-type method

Obrechkoff methods [30] compute approximations of the function and its derivative at time tn+1 using information
from the function and its derivatives at time tn. An extension was proposed in [3, 9], using two time steps and two
derivatives; see also the Enright schemes [13, 14]. The two-derivative multistep Obrechkoff-type method was studied
in [84, 39, 40]. More generally, multistep multi-derivative methods compute the next time step using backlog data
from the previous R nodes [85, 86, 87, 88]; see also [89, 90, 91] for hybrid versions designed to enhance the stability
of the method.
Using our notations, the generalized Obrechkoff method reads

K∑

k=0

αkϕ
(k)
n+1 =

R∑

r=0

K∑

k=0

βkrϕ
(k)
n−r,

with
ϕ
(k)
n+1 = df(k−1)

[
Φ

(0)
n+1, · · · ,Φ

(k−1)
n+1 , tn+1

]
, k = 1, . . . ,K.

The scheme is implicit with respect to the current time step n + 1, but explicit in terms of the previous time steps.
The improvement in order is achieved by exploiting the information computed at the R earlier times. This class of
schemes differs from the structural method proposed in the present work, since the resulting system is fully implicit
with respect to all R time steps, except for the time tn. We would like to emphasise that the structural equations
technique can also be applied to determine the coefficients of Obrechkoff methods. Indeed, considering the functional

E(αβ;π) =

K∑

k=0

αkϕ
(k)
n+1 −

R∑

r=0

K∑

k=0

βr,k(∆t)
kϕ

(k)
n−r,

the conditions E(αβ;πℓ) = 0 with πℓ(t) =

(
t− tn
∆t

)ℓ

, ℓ = 0, . . . , p provide the p+ 1 linear system

A1α−

R∑

r=0

Brβr = 0, with βr = (βr,k)
k=K
k=0

with A1 a p × (K + 1) matrix while Br are p × (K + 1) matrices given by the polynomial derivative at tn−r. If
p < (R+ 1)(K + 1) and the system has maximal rank, then any vector in the kernel provides an Obrechkoff relation.
Since there are only K + 1 unknowns, namely the solution and its derivatives at time tn+1, and K physical equations
at time tn+1, a single vector from the kernel is sufficient to close the system.
We note that our approach avoids the need to determine explicit relations. One only has to construct the matrices and
extract a vector from the kernel. Moreover, the vector can be chosen so as to ensure the best stability properties.

4 Numerical solver

An efficient iterative algorithm is proposed in this section for solving the(non-)linear system of equations arising from
the structural schemes Skm[1,R], Skm[2,R], and Skm[3,R].

4.1 Algorithm for the structural schemes

Structural scheme Skm[1,R]. The compact matrix form of the structural scheme Skm[1,R] reads
{

Φ
(1)
n = df(0)

[
Φ

(0)
n , Tn

]
,

A(0)Φ
(0)
n +∆tA(1)Φ

(1)
n + ÂnΨn = 0,

for which a fixed-point iterative sequence of 2×R matrices is introduced, given as

Φn[ℓ] =
(
ϕ
(k)
n+r[ℓ]

)
k,r
, k = 0, 1, r∈ J1, RK,

where ℓ is the iteration number. The algorithm is as follows.

• Iterative procedure: Assume that approximations of the function and derivative in vector Φn[ℓ] at iteration
ℓ are known. The iterative process then proceeds in two main stages:

13
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➀ Compute approximations of the derivative in vector Φ(1)
n [ℓ+ 1] using the first physical equation PE 1(r)

at time steps tn+r, r∈ J1, RK, that is

Φ(1)
n [ℓ+ 1] = df(0)

[
Φ(0)

n [ℓ], Tn
]
.

➁ Compute approximations of the function in vector Φ(0)
n [ℓ + 1] by solving a R × R linear system in the

form
A(0)Φ(0)

n [ℓ+ 1] = −∆tA(1)Φ(1)
n [ℓ+ 1]− ÂnΨn

Note that matrix A(0) must be non-singular to determine vector Φ
(0)
n [ℓ+ 1].

The iterative procedure stops when the residual between successive approximations is below a specified
tolerance.

• Initialisation procedure: At the beginning of the iterative procedure, vector Ψn is known but an approxima-
tion to vectors Ψn+r[0], r∈ J1, RK, is desirable. To this end, a first-order accurate Taylor expansion can be
employed, yielding

ϕ
(0)
n+r[0] = ϕ

(0)
n+r−1[0] + ∆tϕ

(1)
n+r−1[0], ϕ

(1)
n+r[0] = df(1)

[
ϕ
(0)
n+r[0], tn+r

]
, r∈ J1, RK,

where ϕ
(0)
n [0] = ϕ

(0)
n and ϕ

(1)
n [0] = ϕ

(1)
n .

Remark. A good initialisation is essential for reducing the number of iterations and ensuring that the initial
point lies within the convergence basin of the fixed-point iteration. ■

Structural scheme Skm[2,R]. The procedure for the structural scheme Skm[2,R] is analogous, introducing a fixed-
point iterative sequence of 3×R matrices, given as

Φn[ℓ] =
(
ϕ
(k)
n+r[ℓ]

)
k,r
, k = 0, 1, 2, r∈ J1, RK.

The algorithm is as follows.

• Iterative procedure: Assume that approximations of the function and derivatives in vector Φn[ℓ] at iteration
ℓ are known. The iterative process then proceeds in two main stages:

➀ Compute approximations of the derivatives in vectors Φ
(1)
n [ℓ + 1] and Φ

(2)
n [ℓ + 1] using the first and

second physical equations, respectively, at time steps tn+r, r∈ J1, RK, that is

Φ(1)
n [ℓ+ 1] = df(0)

[
Φ(0)

n [ℓ], Tn
]
,

Φ(2)
n [ℓ+ 1] = df(1)

[
Φ(0)

n [ℓ],Φ(1)
n [ℓ+ 1], Tn

]
.

➁ Compute approximations of the function in vector Φ(0)
n [ℓ + 1] by solving a R × R linear system in the

form
A(0)Φ(0)

n [ℓ+ 1] = −∆tA(1)Φ(1)
n [ℓ+ 1]−∆t2A(2)Φ(2)

n [ℓ+ 1]− ÂnΨn

assuming that matrix A(0) is non-singular.

• Initialisation procedure: An approximation to vectors Ψn+r[0], r∈ J1, RK, is prescribed from a second-
order accurate Taylor expansion, given as

ϕ
(0)
n+r[0] = ϕ

(0)
n+r−1[0] + ∆tϕ

(1)
n+r−1[0] +

∆t2

2
ϕ
(2)
n+r−1[0],

ϕ
(1)
n+r[0] = df(0)

[
ϕ
(0)
n+r[0], tn+r

]
,

ϕ
(2)
n+r[0] = df(1)

[
ϕ
(0)
n+r[0], ϕ

(1)
n+r[0], tn+r

]
,

where ϕ
(0)
n [0] = ϕ

(0)
n , ϕ

(1)
n [0] = ϕ

(1)
n , ϕ

(2)
n [0] = ϕ

(2)
n .

Structural scheme Skm[3,R]. A fixed-point iterative sequence of 4 × R matrices is introduced for the structural
scheme Skm[3,R], given as

Φn[ℓ] =
(
ϕ
(k)
n+r[ℓ]

)
k,r
, k = 0, . . . , 3, r∈ J1, RK.

The algorithm is as follows.
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• Iterative procedure: Assume that approximations of the function and derivatives in vector Φn[ℓ] at iteration
ℓ are known. The iterative process then proceeds in two main stages:

➀ Compute approximations of the derivatives in vectors Φ
(1)
n [ℓ+1], Φ

(2)
n [ℓ+1], and Φ

(3)
n [ℓ+1] using the

first, second, and third physical equations, respectively, at time steps tn+r, r∈ J1, RK, that is

Φ(1)
n [ℓ+ 1] = df(0)

[
Φ(0)

n [ℓ], Tn
]
,

Φ(2)
n [ℓ+ 1] = df(1)

[
Φ(0)

n [ℓ],Φ(1)
n [ℓ+ 1], Tn

]
,

Φ(3)
n [ℓ+ 1] = df(2)

[
Φ(0)

n [ℓ],Φ(1)
n [ℓ+ 1],Φ(2)

n [ℓ+ 1], Tn
]
.

➁ Compute approximations of the function in vector Φ(0)
n [ℓ + 1] by solving a R × R linear system in the

form

A(0)Φ(0)
n [ℓ+ 1] = −∆tA(1)Φ(1)

n [ℓ+ 1]−∆t2A(2)Φ(2)
n [ℓ+ 1]−∆t3A(3)Φ(3)

n [ℓ+ 1]− ÂnΨn.

• Initialisation procedure: An approximation to vectors Ψn+r[0], r∈ J1, RK, is prescribed from a third-order
accurate Taylor expansion, given as

ϕ
(0)
n+r[0] = ϕ

(0)
n+r−1[0] + ∆tϕ

(1)
n+r−1[0] +

∆t2

2
ϕ
(2)
n+r−1[0] +

∆t3

6
ϕ
(3)
n+r−1[0],

ϕ
(1)
n+r[0] = df(0)

[
ϕ
(0)
n+r[0], tn+r

]
,

ϕ
(2)
n+r[0] = df(1)

[
ϕ
(0)
n+r[0], ϕ

(1)
n+r[0], tn+r

]
,

ϕ
(3)
n+r[0] = df(2)

[
ϕ
(0)
n+r[0], ϕ

(1)
n+r[0], ϕ

(2)
n+r[0], tn+r

]
,

where ϕ
(k)
n [0] = ϕ

(k)
n , k∈ J0, 3K.

4.2 Complexity

The Skm[K,R] method computes successiveR-point blocks of approximations, with a total number of pointsN = LR,
where L denotes the number of blocks. For each block, an iterative procedure is required to obtain satisfactory
approximations. Each step of the iterative procedure is decomposed into two parts: the derivatives’ update

Φ0
n[ℓ] → Φ1

n[ℓ+ 1] = df(0)
[
Φ(0)

n [ℓ]
]
→ · · · → ΦK

n [ℓ+ 1] = df(K−1)
[
Φ(0)

n [ℓ], · · · ,Φ(K−1)
n [ℓ]

]
,

and the solution update

Φ(0)
n [ℓ+ 1] = −

K∑

k=1

(∆t)kB(k)Φ(k)
n [ℓ+ 1]− B̂nΨn,

with B(k) =
[
A(0)

]−1

A(k) and B̂nΨn =
[
A(0)

]−1

ÂnΨn. Of course, the R × R matrices B(k) are precomputed

once and thus the system only involves matrix vector product.
To assess the complexity of the method, two major difficulties arise. First, the cost of evaluating Φ1

n[ℓ + 1], corre-
sponding to the first derivative, may differ substantially from the cost of evaluating ΦK

n [ℓ + 1], corresponding to the
highest derivative. Second, the number of iterations depends on the contraction properties of the fixed-point iteration
and on the user-prescribed tolerance used to stop the loop.

• The computation of higher derivatives involves processing more information. Nevertheless, the correspond-
ing routines are highly vectorised, since most arithmetic operations are not sequential. Consequently, we
assume that the running time of the calls used to compute each derivative is approximately Rτd, where τd
denotes the computational time associated with each point tn+r.

• The linear combination that provides Φ
(0)
n [ℓ + 1] is also highly parallelisable, or vectorisable, since it only

involves independent matrix-vector products and summations. Consequently, we assume that the running-
time complexity required to update the vector is RKτm, where τm denotes the time required to compute a
row-column product.

• The total time required for one cycle is therefore RKτm +R(K − 1)τd. For simple problems, τm and τd are
of the same order, leading to a complexity of O(2RKτd). When the nonlinear contribution is more complex,
for instance when it involves trigonometric or exponential functions, we have τd ≫ τm, and the complexity
becomes O(RKτd).
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5 Post-processing

Previously, we focused on fully implicit structural equations, where all derivatives up to order K are coupled with the
physical equations. However, using explicit structural equations may help compute higher derivatives beyond those
obtained directly from the structural scheme. For example, the scheme Skm[3,3] yields approximations up to the
third derivative, whereas post-processing could approximate fourth- or fifth-order derivatives. In general, the structural

scheme Skm[K,R] produces ϕ
(k)
N ≈ ϕ(k)(tN ) for k∈ J0,KK at the final time, with convergence order d = K(R+ 1).

Building on these approximations, we present a method to approximate higher derivatives ϕ
(p)
N for p > K.

One basic strategy is to derive additional physical equations, PE K+1 to PE p. However, this approach often becomes

impractical, particularly if the partial derivatives are complex or the physical equation uses tabulated functions. As a

practical alternative, our goal is to provide an approximation ϕ
(p)
N ≈ ϕ(p)(tN ) with the best precision using an explicit

structural equation (referred to as the post-processing structural equation) that uses the approximations ϕ
(k)
n computed

from the structural scheme. The explicit relation takes the form

ϕ
(p)
N =

Ip∑

i=0

K∑

k=0

apik ∆t
k ϕ

(k)
N−i,

where Ip is the number of backward time steps required to exactly approximate any polynomial up to degree d. To

determine the (Ip + 1)× (K + 1) matrix ap =
(
apik
)

i=0,...,Ip
k=0,...,K

, we introduce the functional

Ep(a
p;π) =

Ip∑

i=0

K∑

k=0

apik ∆t
k π(k)(tN−i)− π(p)(tN ),

for any function π = π(t), regular enough.

We reshape the matrix ap into a single-index entry vector ap (we use the same notation for simplicity) with one-to-one
mapping (i, k) → ℓ = ℓ(i, k) = k(Ip + 1) + i+ 1 from J0,KK × J0, IpK onto J1,MpK, with Mp = (K + 1)(Ip + 1)
the number of entries from ap, and the functional can be rewritten as

Ep(a
p;π) =

Ip∑

i=0

K∑

k=0

apℓ ∆t
k π(k)(tN−i)− π(p)(tN ), ℓ = ℓ(i, k).

To ensure accuracy, we require that the functional exactly satisfies E(a;πm) = 0 for polynomial functions up to a
chosen degree. For this, we consider the following set of polynomial functions

πm(t; tN ) =

(
t− tN
∆t

)m−1

, m∈ J1,MpK, Mp = p+ d.

Note that the number of coefficients is Mp and we need to impose the condition Mp ⩽Mp such that the linear system
has at least one non-trivial solution. We then deduce a sufficient condition for the number of backward time steps Ip
as

p+K(R+ 1)−K − 1 ⩽ Ip(K + 1) =⇒ Ip ⩾
KR+ p− 1

K + 1
.

Remark. For K = 1 and R = 2, we have Ip ⩾ (1 + p)/2, while K = 3 and R = 4 requires Ip ⩾ (11 + p)/4. ■

To compute the coefficients in ap, we solve an under-determined linear system Mpap = bp. Here, Mp is a Mp×Mp

matrix. The general solution consists of a particular solution together with any vector in the kernel of Mp. For
practical computation, the least-squares method is effective, since Mp has maximal rank.

The entries of matrix Mp given by the k-th derivative of the polynomial functions πm(t; tN ), m∈ J0,MpK, read

π(k)
m (t; tN ) =

(m− 1) · · · (m− k)

∆tk

(
t− tN
∆t

)m−1−k

, k < m,

and

π(k)
m (t; tN ) = 0, k ⩾ m.
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After calculations, for k < m and i∈ J0, IpK, yields

π(k)
m (tN−i; tN ) =

(m− 1) · · · (m− k)

∆tk
(−i)m−1−k.

Then, the entries of matrix Mp are given as

Mp[m, ℓ] = Cm
ℓ (−i)m−1−ℓ, Cm

ℓ =

{
m!

(m−ℓ)! if m > ℓ,

0 otherwise,
ℓ = ℓ(i, k),

for m∈ J1,MpK, ℓ∈ J1,MpK. Several cases of post-processing analytical formulas are given in B.

Remark. For larger values of K and p, or for non-uniform time grids, the matrix Mp and right-hand side vector bp

are still computed numerically. This involves enforcing the condition Ep(a
p;π) = 0 for m in ∈ J0,MpK. In such

cases, applying the least-squares method provides a solution and yields the post-processing structural equation.

We propose a simple benchmark to assess approximation errors, using the function ϕ(t) = exp(t) as an example. We

compute ϕ
(p)
N with the explicit structural equations, where ϕ

(k)
N−i are substituted with the exact values. The errors at

the final time ϕ(p)(T ) − ϕ
(p)
N , T = 1, together with the convergence orders are provided in Tables 1, 2, and 3. Sev-

eral examples of p-th derivative approximation using post-processing structural equations are assessed with different
parameter values K and R.

Table 1: Consistency errors with K = 1.

Ip N ϕ(2) ϕ(3) ϕ(4)

err ord err ord err ord

1
60 6.25E-05 — 2.25E-02 — 2.72E+00 —
120 1.57E-05 2.0 1.13E-02 1.0 2.72E+00 0.0
240 3.93E-06 2.0 5.66E-03 1.0 2.72E+00 0.0

2
60 2.30E-09 — 1.24E-06 — 3.23E-04 —
120 1.45E-10 4.0 1.56E-07 3.0 8.13E-05 2.0
240 9.07E-12 4.0 1.96E-08 3.0 2.04E-05 2.0

3
60 1.02E-13 — 6.72E-11 — 2.36E-08 —
120 1.61E-15 6.0 2.12E-12 5.0 1.49E-09 4.0
240 2.53E-17 6.0 6.67E-14 5.0 9.36E-11 4.0

4
60 4.98E-18 — 3.74E-15 — 1.56E-12 —
120 1.98E-20 8.0 2.97E-17 7.0 2.48E-14 6.0
240 7.78E-23 8.0 2.33E-19 7.0 3.90E-16 6.0

5
60 2.60E-22 — 2.14E-19 — 1.01E-16 —
120 2.59E-25 10.0 4.26E-22 9.0 4.01E-19 8.0
240 2.55E-28 10.0 8.40E-25 9.0 1.58E-21 8.0

Table 2: Consistency errors with K = 2.

Ip N ϕ(3) ϕ(4)

err ord err ord

1
60 1.04E-07 — 7.50E-05 —
120 1.31E-08 3.0 1.88E-05 2.0
240 1.64E-09 3.0 4.71E-06 2.0

2
60 7.59E-15 — 8.20E-12 —
120 1.20E-16 6.0 2.58E-13 5.0
240 1.87E-18 6.0 8.10E-15 5.0

3
60 7.13E-22 — 9.42E-19 —
120 1.41E-24 9.0 3.72E-21 8.0
240 2.77E-27 9.0 1.46E-23 8.0

4
60 7.68E-29 — 1.15E-25 —
120 1.90E-32 12.0 5.71E-29 11.0
240 4.68E-36 12.0 2.81E-32 11.0

5
60 9.00E-36 — 1.48E-32 —
120 2.80E-40 15.0 9.21E-37 14.0
240 8.63E-45 15.0 5.68E-41 14.0

Table 3: Consistency errors with K = 3.

Ip N ϕ(4)

err ord

1
60 1.24E-10 —
120 7.77E-12 4.0
240 4.87E-13 4.0

2
60 1.28E-20 —
120 5.03E-23 8.0
240 1.97E-25 8.0

3
60 1.81E-30 —
120 4.48E-34 12.0
240 1.10E-37 12.0

4
60 3.06E-40 —
120 4.74E-45 16.0
240 7.28E-50 16.0

5
60 5.73E-50 —
120 5.57E-56 20.0
240 5.37E-62 20.0
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The structural scheme Skm[K,R] has order d = K(R + 1), so ϕ
(K)
N approximates ϕ(K)(tN ) to convergence order

O(∆td). However, approximating higher derivatives results in a loss of convergence order. Specifically, ϕ
(K+1)
N has

order d− 1, while ϕ
(p)
N for p < d+K has order d− (p−K).

Remark. Convergence cannot be achieved for ϕ
(p)
N if d − (p −K) ⩽ 0. Therefore, the explicit structural equations

require p < K(R+ 1) +K = K(R+ 2), such that convergence is controlled by the two parameters K and R along
with the mandatory number of backward time steps Ip ⩾ Ip,min = |(KR+ p− 1)/(K + 1)|. ■

6 Benchmarks

A comprehensive benchmark is presented to assess the relevant properties of the structural schemes, namely, numerical
accuracy, linear stability, spectral resolution, computational efficiency, and the ability to handle stiff problems. To
assess the numerical accuracy of the structural schemes, the approximation error at time tN = N∆t = T is defined as

eN =
∣∣∣ϕ(k)N − ϕ(k)(T )

∣∣∣ ,

where ϕ
(k)
N is the numerical approximation of ϕ(k)(tN ). Then, the convergence order for the approximation error of

two numerical solutions ϕ
(k)
N1

and ϕ
(k)
N2

computed on two time grids of sizes N1 and N2, respectively, with N1 ̸= N2,
is given as

O(N1, N2) =
|log(eN1

/eN2
) |

| log(N1/N2)|
.

Remark. We would like to mention that the structural method has also been tested on Hamiltonian problems covering
a broad range of situations, including the pendulum, the Euler system, the three-body problem, and the motion of a
particle in a variable electromagnetic field [80].

Remark. A library dedicated to the numerical solution of ODEs using the structural method is available through an
open-access GitHub repository [92]. The codes were developed in Julia and C++, using the qd library to handle
quad- and octuple-precision arithmetic.

6.1 Linear scalar ODE

The first sanity check benchmark concerns the linear ODE ϕ′(t) = −λϕ(t) in (0, 1], with the initial condition ϕ(0) =
1, whose exact solution is ϕ(t) = exp(−λt), to assess several relevant issues that arise in the calculation of the
approximations:

1. Verify whether the optimal accuracy, as predicted from the previous analysis, is obtained for this simple
example. In particular, when dealing with an asymptotic convergence C∆tm, the magnitude of the mul-
tiplicative constant C for different structural schemes of the same convergence order is analysed. In that
regard, the convergence orders of the structural schemes Skm[K,R] for the approximation of the solution and

derivatives ϕ(k)(t), k ⩽ K, at the final time, are reported in black, whereas an approximation of the deriva-

tives ϕ(k)(t) with k > K, obtained from post-processing structural equations, are reported in blue. Several
possible combinations of the number of backward time steps Ip are analysed.

2. Assess the impact of the tolerance parameter ε for the fixed-point iterative process on the accuracy of the
structural schemes. Indeed, if ε is not sufficiently small, some accuracy loss is expected since the iterative
process stops before reaching the optimal approximation. On the contrary, if ε is too small, there is an unnec-
essary computational effort from the additional fixed-point iterations performed after the optimal accuracy
has already been reached.

3. Assess the influence of the number of variables and the convergence order through the parameters K and R
on the memory load. In particular, if the structural schemes are used for non-stationary PDE problems or
large differential systems, the computations might become mostly memory-bound.

4. Confirm whether intermediate time grid point approximations in the last block achieve the same optimal

convergence order as the final time point, for which the approximation errors |ϕ
(k)
N−r − ϕ(k)(T − r∆t)| for

r∈ J1, R− 1K, are computed.
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6.1.1 Convergence order

Considering λ = 1, we check the convergence order of the structural schemes Skm[1,R] with R∈ J1, 5K. The errors
and convergence orders are reported in Table 4, where the second, third, and fourth derivatives were obtained from the
post-processing structural equations using Ip = Ip,min. Super-convergence is observed for R = 2, 4 (where the third
and fifth orders were expected, respectively), although the post-calculated derivatives present the nominal convergence
order, which decreases as the derivative order increases, as expected.

Remark. Post-processing has been performed with higher values for Ip, namely Ip = Ip,min + 1, Ip = Ip,min + 2,
and Ip = Ip,min + 3, which are not reported since comparable convergence orders to the case with Ip = Ip,min were
obtained. Nevertheless, it is observed that the approximation errors increase with Ip due to larger stencils. Thus, the
optimal choice remains Ip = Ip,min. ■

Table 4: Errors and convergence orders for the linear scalar ODE benchmark withK = 1, Ip = Ip,min, and ε = 10−20.

R N ϕ ϕ(1) ϕ(2) ϕ(3) ϕ(4)

err ord err ord err ord err ord err ord

1

Ip=1 Ip=2 Ip=2
60 8.52E-06 — 8.52E-06 — 3.08E-03 — 2.33E+00 — 3.36E+02 —
120 2.13E-06 2.0 2.13E-06 2.0 1.54E-03 1.0 2.32E+00 0.0 6.67E+02 —
240 5.32E-07 2.0 5.32E-07 2.0 7.67E-04 1.0 2.31E+00 0.0 1.33E+03 —

2

Ip=2 Ip=3 Ip=3
60 6.31E-10 — 6.31E-10 — 3.46E-05 — 6.96E-03 — 3.47E+00 —
120 3.94E-11 4.0 3.94E-11 4.0 8.59E-06 2.0 3.50E-03 1.0 3.47E+00 —
240 2.46E-12 4.0 2.46E-12 4.0 2.14E-06 2.0 1.76E-03 1.0 3.47E+00 —

3

Ip=2 Ip=3 Ip=3
60 3.55E-10 — 3.55E-10 — 4.36E-07 — 9.56E-05 — 9.33E-03 —
120 2.22E-11 4.0 2.22E-11 4.0 5.39E-08 3.0 2.37E-05 2.0 4.63E-03 1.0
240 1.39E-12 4.0 1.39E-12 4.0 6.69E-09 3.0 5.88E-06 2.0 2.31E-03 1.0

4

Ip=3 Ip=4 Ip=4
60 1.00E-13 — 1.00E-13 — 5.87E-09 — 1.46E-06 — 1.83E-04 —
120 1.56E-15 6.0 1.56E-15 6.0 3.61E-10 4.0 1.80E-07 3.0 4.53E-05 2.0
240 2.44E-17 6.0 2.44E-17 6.0 2.24E-11 4.0 2.23E-08 3.0 1.12E-05 2.0

5

Ip=3 Ip=4 Ip=4
60 3.59E-14 — 3.59E-14 — 8.22E-11 — 2.24E-08 — 3.31E-06 —
120 5.60E-16 6.0 5.60E-16 6.0 2.52E-12 5.0 1.38E-09 4.0 4.06E-07 3.0
240 8.75E-18 6.0 8.75E-18 6.0 7.78E-14 5.0 8.52E-11 4.0 5.03E-08 3.0

6.1.2 Sensitivity to the tolerance ε

The solution of a block of size R is obtained from an iterative procedure described in Section 4 and controlled by
a tolerance ε. We denote by κ̄ the average number of iterations to solve an R-block. Therefore, for a structural
scheme Skm[K,R], the physical equations are evaluated KRκ̄ times to solve a block, thus KNκ̄ is the total number of
evaluations for N steps. We then denote by τ̄ = Kκ̄ the average number of evaluations per time step.

To assess the computational effort, the values of κ̄ and τ̄ for two values of ε are reported in Tables 5, 6, and 7. The first
table concerns structural schemes with convergence orders of 2, 4, and 6, where ε is chosen based on the approximation
errors. The second table concerns the convergence orders of 8, 10, and 12, for which smaller values of ε are used. The
last table concerns the highest convergence orders with a substantial reduction in the values of ε. As expected, the
number of iterations increases when ε decreases. Quantifying the additional iterations is not easy, as there is significant
variation between cases, ranging from half to twice the number of iterations, even when ε varies by 10 or 15 orders of
magnitude. In conclusion, the computational effort is not substantially affected by the strong reduction in the tolerance
criterion, and for the remainder of the section, we use, by default, ε = 10−20 for K = 1, ε = 10−40 for K = 2, and
ε = 10−60 for K = 3.
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Table 5: Average number of fixed-point iterations for the linear scalar ODE benchmark with N = 60 for structural
schemes with convergence orders of 2, 4, and 6.

K 1 2 3

R (order) 1 (2) 2 (4) 3 (4) 4 (6) 5 (6) 1 (4) 2 (6) 1 (6)

κ̄ with ε=1E-20 9.00 5.00 3.33 2.50 2.20 8.00 4.50 7.00
τ̄ with ε=1E-20 9.00 5.00 3.33 2.50 2.20 16.00 4.50 21.00

κ̄ with ε=1E-30 14.00 7.50 5.00 4.00 3.20 13.00 7.00 12.00
τ̄ with ε=1E-30 14.00 7.50 5.00 4.00 3.20 26.00 14.00 36.00

Table 6: Average number of fixed-point iterations for the linear scalar ODE benchmark with N = 60 for structural
schemes with convergence orders of 8, 10, and 12.

K 2 3 4

R (order) 3 (8) 4 (10) 5 (12) 2 (10) 3 (12) 1 (10) 2 (12)

κ̄ with ε=1E-25 4.17 3.47 3.00 4.97 3.33 8.00 4.50
τ̄ with ε=1E-25 8.34 6.94 6.00 14.91 9.99 32.00 18.00

κ̄ with ε=1E-40 7.00 5.75 5.00 8.50 6.00 15.00 8.45
τ̄ with ε=1E-40 14.00 11.50 10.00 25.50 18.00 60.00 33.80

Table 7: Average number of fixed-point iterations for the linear scalar ODE benchmark with N = 60 for structural
schemes with convergence orders of 16, 18, 20, and 24.

K 3 4

R (order) 4 (16) 5 (18) 3 (16) 4 (20) 5 (24)

κ̄ with ε=1E-40 4.93 4.40 6.12 5.35 5.40
τ̄ with ε=1E-40 14.79 13.20 24.48 21.40 21.60

κ̄ with ε=1E-60 7.75 6.83 10.00 8.75 8.98
τ̄ with ε=1E-60 23.25 20.49 40.00 35.00 35.92

6.1.3 Memory load

The number of variables to solve in a block of the structural scheme Skm[K,R] is M = (R + 1)(K + 1), while
the convergence order is O = (R + 1)K, from which we deduce the simple relation M = (K + 1)/K O between
the memory storage and the convergence order. Hence, for a vector system of dimension L, for instance, a finite
difference semi-discretisation in space with L nodes, the number of variables to compute is M = L(R + 1)(K + 1).
As an example, a sixth-order accurate method in time with K = 2 and R = 1 requires M = 6L variables.

6.1.4 Convergence order of the intermediate steps

An important property of the structural scheme is to guarantee the same convergence order at all time steps, including
the intermediate time grid points within a block, that is, at tn+1 up to tn+R−1. We check this property for the
simple ODE ϕ′(t) = −ϕ(t) for two representative situations. First, we consider the structural scheme Skm[2,2] and
check that the variables at the middle time step tn+1 have the same convergence order as at tn+2. To this end, the

approximation errors ϕ
(k)
N−1 − ϕ(k)(T − ∆t) and ϕ

(k)
N − ϕ(k)(T ) for k∈ J0, 2K, and the corresponding convergence

orders, are reported in Table 8. The results confirm that the approximations at the intermediate time grid points have
the same convergence order as those at the final time.
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Table 8: Errors and convergence orders for the linear scalar ODE benchmark at the last R time steps (last block) with
K = 2 and R = 2.

t N ϕ ϕ(1) ϕ(2)

err ord err ord err ord

T − 1∆t
60 8.34E-16 --- 8.34E-16 --- 8.34E-16 ---
120 1.30E-17 6.0 1.30E-17 6.0 1.30E-17 6.0
240 2.04E-19 6.0 2.04E-19 6.0 2.04E-19 6.0

T − 0∆t
60 8.34E-16 --- 8.34E-16 --- 8.34E-16 ---
120 1.30E-17 6.0 1.30E-17 6.0 1.30E-17 6.0
240 2.04E-19 6.0 2.04E-19 6.0 2.04E-19 6.0

We repeat the experience with a more challenging situation, considering a 24th-order of convergence with the structural
scheme Skm[4,5] and ε = 10−80, and check the approximation errors and convergence orders for all intermediate

time steps, that is, ϕ
(k)
N−r−ϕ

(k)(T−r∆t), r∈ J0, R− 1K, which are reported in Table 9. As observed, all intermediate

time steps present the same optimal convergence order. Thus, we conclude that ϕ
(k)
N−r are not auxiliary variables but

genuine approximations that can be used in complex models involving the coupling of differential equations, non-
linearity, or boundary conditions if the system derives from a semi-discretisation in space.

Table 9: Errors and convergence orders for the linear scalar ODE benchmark at the last R time steps (last block) with
K = 4 and R = 5.

t N ϕ ϕ(1) ϕ(2) ϕ(3) ϕ(4)

err ord err ord err ord err ord err ord

T − 4∆t
60 1.47E-63 --- 1.47E-63 --- 1.47E-63 --- 1.47E-63 --- 1.47E-63 ---

120 8.67E-71 24.0 8.67E-71 24.0 8.67E-71 24.0 8.67E-71 24.0 8.67E-71 24.0
240 5.14E-78 24.0 5.14E-78 24.0 5.14E-78 24.0 5.14E-78 24.0 5.14E-78 24.0

T − 3∆t
60 1.45E-63 --- 1.45E-63 --- 1.45E-63 --- 1.45E-63 --- 1.45E-63 ---

120 8.60E-71 24.0 8.60E-71 24.0 8.60E-71 24.0 8.60E-71 24.0 8.60E-71 24.0
240 5.12E-78 24.0 5.12E-78 24.0 5.12E-78 24.0 5.12E-78 24.0 5.12E-78 24.0

T − 2∆t
60 1.42E-63 --- 1.42E-63 --- 1.42E-63 --- 1.42E-63 --- 1.42E-63 ---

120 8.53E-71 24.0 8.53E-71 24.0 8.53E-71 24.0 8.53E-71 24.0 8.53E-71 24.0
240 5.10E-78 24.0 5.10E-78 24.0 5.10E-78 24.0 5.10E-78 24.0 5.10E-78 24.0

T − 1∆t
60 1.40E-63 --- 1.40E-63 --- 1.40E-63 --- 1.40E-63 --- 1.40E-63 ---

120 8.46E-71 24.0 8.46E-71 24.0 8.46E-71 24.0 8.46E-71 24.0 8.46E-71 24.0
240 5.08E-78 24.0 5.08E-78 24.0 5.08E-78 24.0 5.08E-78 24.0 5.08E-78 24.0

T − 0∆t
60 1.44E-63 --- 1.44E-63 --- 1.44E-63 --- 1.44E-63 --- 1.44E-63 ---

120 8.57E-71 24.0 8.57E-71 24.0 8.57E-71 24.0 8.57E-71 24.0 8.57E-71 24.0
240 5.11E-78 24.0 5.11E-78 24.0 5.11E-78 24.0 5.11E-78 24.0 5.11E-78 24.0

6.2 Non-linear scalar ODE

Non-linear scalar ODEs with stiff and sensitive solutions are addressed in this section to assess the ability of the
structural schemes to provide accurate numerical approximations. Non-linearity may also lead to blow-up in finite
time, and the performance of the scheme depends on its ability to capture the solution very close to the final time.

6.2.1 High sensitivity to the initial condition

Consider the non-linear scalar ODE ϕ′(t) = ϕ(t)(1 − ϕ(t)) in (−10, 0] with the initial condition ϕ(−10) = 1/(1 +
exp(10)). The solution is the sigmoid function ϕ(t) = σ(t) = 1/(1 + exp(−t)), which presents two horizontal
asymptotes at −∞ and +∞. The main issue is that small perturbations around the initial condition, for instance, a
low-accuracy scheme, can lead to large deviations in the numerical approximation at t = 0. To assess the ability of
the structural schemes to handle such a stiff initial condition, we run the benchmark for different values of K and R
and report in Table 10 the errors and convergence orders.
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Table 10: Errors and convergence orders for the non-linear scalar ODE benchmark with high sensitivity to the initial
condition.

R N K=1 K=2 K=3

ϕ ϕ(2) ϕ(3) ϕ ϕ(3) ϕ

err ord err ord err ord err ord err ord err ord

1

Ip=1 Ip=2 Ip=2
120 1.01E-03 — 4.69E-03 — 7.76E-01 — 8.38E-08 — 2.55E-04 — 2.50E-12 —
240 2.53E-04 2.0 2.48E-03 0.9 7.80E-01 — 5.23E-09 4.0 6.34E-05 2.0 3.90E-14 6.0
480 6.33E-05 2.0 1.27E-03 1.0 7.81E-01 — 3.27E-10 4.0 1.58E-05 2.0 6.10E-16 6.0
960 1.58E-05 2.0 6.43E-04 1.0 7.81E-01 — 2.04E-11 4.0 3.96E-06 2.0 9.52E-18 6.0

2

Ip=2 Ip=3 Ip=2
120 1.68E-06 — 3.68E-05 — 9.45E-04 — 2.67E-11 — 5.57E-07 — 2.18E-20 —
240 1.05E-07 4.0 4.57E-06 3.0 2.01E-04 2.2 4.16E-13 6.0 3.54E-08 4.0 2.13E-23 10.0
480 6.54E-09 4.0 5.68E-07 3.0 4.80E-05 2.1 6.50E-15 6.0 2.22E-09 4.0 2.08E-26 10.0
960 4.09E-10 4.0 7.08E-08 3.0 1.19E-05 2.0 1.02E-16 6.0 1.39E-10 4.0 2.04E-29 10.0

3

Ip=2 Ip=3 Ip=3
120 7.59E-07 — 3.56E-05 — 1.56E-03 — 5.71E-15 — 4.30E-09 — 3.94E-23 —
240 4.72E-08 4.0 4.52E-06 3.0 3.96E-04 2.0 2.23E-17 8.0 7.11E-11 5.9 9.59E-27 12.0
480 2.95E-09 4.0 5.66E-07 3.0 9.93E-05 2.0 8.69E-20 8.0 1.13E-12 6.0 2.34E-30 12.0
960 1.84E-10 4.0 7.07E-08 3.0 2.49E-05 2.0 3.39E-22 8.0 1.77E-14 6.0 5.71E-34 12.0

4

Ip=3 Ip=4 Ip=4
120 4.45E-09 — 1.37E-06 — 6.57E-05 — 3.76E-18 — 5.22E-11 — 5.08E-29 —
240 6.93E-11 6.0 4.41E-08 5.0 4.20E-06 4.0 3.65E-21 10.0 2.37E-13 7.8 7.72E-34 16.0
480 1.08E-12 6.0 1.39E-09 5.0 2.64E-07 4.0 3.56E-24 10.0 9.61E-16 7.9 1.18E-38 16.0
960 1.69E-14 6.0 4.34E-11 5.0 1.65E-08 4.0 3.47E-27 10.0 3.79E-18 8.0 1.80E-43 16.0

5

Ip=3 Ip=4 Ip=4
120 1.17E-09 — 6.24E-07 — 3.44E-05 — 9.40E-21 — 8.34E-13 — 5.54E-31 —
240 1.80E-11 6.0 2.15E-08 4.9 2.36E-06 3.9 2.27E-24 12.0 1.17E-15 9.5 5.70E-38 23.2
480 2.80E-13 6.0 6.89E-10 5.0 1.51E-07 4.0 5.52E-28 12.0 1.23E-18 9.9 2.17E-43 18.0
960 4.37E-15 6.0 2.17E-11 5.0 9.50E-09 4.0 1.35E-31 12.0 1.23E-21 10.0 8.28E-49 18.0

Following the same colour scheme as before, the errors and convergence orders in blue correspond to derivative
approximations obtained from post-processing structural equations. In black, only the errors and convergence orders
for the function are provided, since the derivatives associated with the physical equations have the same convergence
order by construction of the structural schemes. In that regard, the errors exhibit the expected convergence orders,
and the structural schemes with higher convergence orders prevent the numerical approximation from degrading at
the final time. Experiments with a steeper solution σ(λt) with λ = 10, 20, which are not provided for compactness,
further support the ability of the structural schemes to handle low-conditioning problems.

6.2.2 Finite time solution with blow-up

Another class of challenging problems concerns solutions that end at a finite time T with a blow-up, that is,
limt→T ϕ(t) = +∞. As an example, let us consider the ODE ϕ′ = ϕ2 in (0, 1) with the initial condition ϕ(0) = 1,
whose solution is ϕ(t) = 1/(1 − t). We compute the numerical solution up to t = 0.95, whose exact value
is ϕ(0.95) = 20. Table 11 reports the errors and convergence orders for different values of K and R, choosing
Ip = Ip,min to complete the table with the higher derivatives, determined from post-processing structural equations.
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Table 11: Errors and convergence orders for the non-linear scalar ODE benchmark with a blow-up solution at t = 0.95.

R N K=1 K=2 K=3

ϕ ϕ(2) ϕ(3) ϕ ϕ(3) ϕ

err ord err ord err ord err ord err ord err ord

1

Ip=1 Ip=2 Ip=2
120 2.45E-01 — 2.56E+03 — 4.04E+06 — 7.00E-04 — 5.65E+04 — 3.12E-06 —
240 6.00E-02 2.0 1.56E+03 0.7 4.78E+06 — 4.37E-05 4.0 1.62E+04 1.8 4.91E-08 6.0
480 1.49E-02 2.0 8.58E+02 0.9 5.31E+06 — 2.73E-06 4.0 4.26E+03 1.9 7.69E-10 6.0
960 3.72E-03 2.0 4.51E+02 0.9 5.63E+06 — 1.70E-07 4.0 1.08E+03 2.0 1.20E-11 6.0

2

Ip=2 Ip=3 Ip=2
120 2.75E-03 — 9.07E+02 — 3.64E+05 — 3.15E-05 — 2.09E+03 — 2.60E-09 —
240 1.74E-04 4.0 2.95E+02 1.6 2.76E+05 0.4 5.16E-07 5.9 2.08E+02 3.3 3.05E-12 9.7
480 1.09E-05 4.0 8.54E+01 1.8 1.62E+05 0.8 8.17E-09 6.0 1.67E+01 3.6 3.14E-15 9.9
960 6.82E-07 4.0 2.31E+01 1.9 8.55E+04 0.9 1.28E-10 6.0 1.20E+00 3.8 3.11E-18 10.0

3

Ip=2 Ip=3 Ip=3
120 6.09E-03 — 3.27E+02 — 1.81E+05 — 2.87E-06 — 2.62E+02 — 7.19E-10 —
240 3.89E-04 4.0 6.71E+01 2.3 6.78E+04 1.4 1.40E-08 7.7 9.50E+00 4.8 2.90E-13 11.3
480 2.45E-05 4.0 1.10E+01 2.6 2.14E+04 1.7 5.84E-11 7.9 2.38E-01 5.3 8.37E-17 11.8
960 1.53E-06 4.0 1.60E+00 2.8 6.05E+03 1.8 2.32E-13 8.0 4.79E-03 5.6 2.14E-20 11.9

4

Ip=3 Ip=4 Ip=4
120 5.12E-04 — 1.51E+02 — 8.97E+04 — 4.00E-07 — 4.57E+01 — 8.18E-12 —
240 9.68E-06 5.7 1.90E+01 3.0 2.14E+04 2.1 6.70E-10 9.2 6.50E-01 6.1 4.15E-16 14.3
480 1.61E-07 5.9 1.79E+00 3.4 3.89E+03 2.5 7.92E-13 9.7 5.34E-03 6.9 1.03E-20 15.3
960 2.55E-09 6.0 1.40E-01 3.7 5.98E+02 2.7 8.17E-16 9.9 3.12E-05 7.4 1.82E-25 15.8

5

Ip=3 Ip=4 Ip=4
120 9.94E-04 — 7.11E+01 — 4.75E+04 — 7.48E-08 — 1.00E+01 — 3.23E-12 —
240 2.00E-05 5.6 6.04E+00 3.6 7.47E+03 2.7 4.87E-11 10.6 5.99E-02 7.4 7.45E-17 15.4
480 3.41E-07 5.9 3.38E-01 4.2 8.06E+02 3.2 1.77E-14 11.4 1.69E-04 8.5 6.41E-22 16.8
960 5.46E-09 6.0 1.45E-02 4.5 6.81E+01 3.6 4.90E-18 11.8 2.96E-07 9.2 3.25E-27 17.6

The convergence orders are perfectly in line with the expected results for both the solution and derivative approxima-
tions. Experiments considering the numerical approximations at t = 0.995, whose exact solution is ϕ(0.995) = 200,
and which are not provided for compactness, provide the same convergence orders.

6.3 Linear vectorial ODE

Differential system involving several variables coupled via ODEs is a fundamental topic for several reasons: the
splitting of a second- or higher-order differential scalar equation into a first-order differential system, Hamiltonian
problems, which lead to a set of first-order differential equations combining the primal and dual variables, and semi-
discretisation in space of non-stationary PDEs, which provides large (non-)linear systems to numerically solve. We
explore the basic case of the linear wave propagation as a representative example, where we split the wave equation
into the first-order differential system

{
ϕ′(t) = αψ(t),
ψ′(t) = −αϕ(t),

in (0, 1] with the initial conditions ϕ(0) = 1 and ψ(0) = 0. The solutions are simply ϕ(t) = cos(αt) and ψ(t) =
− sin(αt), where α is the angular frequency.
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Table 12: Errors and convergence orders for ϕ the linear vectorial ODE benchmark.

R N K=1 K=2 K=3

err ord err ord err ord

1
60 2.03E-03 — 4.14E-07 — 3.57E-11 —
120 5.12E-04 2.0 2.59E-08 4.0 5.58E-13 6.0
240 1.28E-04 2.0 1.62E-09 4.0 8.73E-15 6.0

2
60 6.60E-06 — 3.80E-10 — 2.01E-17 —
120 4.14E-07 4.0 5.95E-12 6.0 1.96E-20 10.0
240 2.59E-08 4.0 9.31E-14 6.0 1.92E-23 10.0

3
60 3.68E-06 — 4.14E-13 — 3.36E-21 —
120 2.32E-07 4.0 1.62E-15 8.0 8.25E-25 12.0
240 1.45E-08 4.0 6.36E-18 8.0 2.02E-28 12.0

4
60 4.53E-08 — 5.28E-16 — 1.09E-26 —
120 7.13E-10 6.0 5.22E-19 10.0 1.66E-31 16.0
240 1.12E-11 6.0 5.11E-22 10.0 2.54E-36 16.0

5
60 1.58E-08 — 7.78E-19 — 1.28E-30 —
120 2.54E-10 6.0 1.94E-22 12.0 4.97E-36 18.0
240 3.99E-12 6.0 4.76E-26 12.0 1.91E-41 18.0

We consider α = 2.1π to avoid the situation where the solution at the final time does not correspond to an extremum,
which might produce super-convergence effects. The errors and convergence orders for different values of K and R
are reported in Table 12. As observed, the expected convergence orders are obtained, following the same behaviour
as in the scalar case, and the coupling between ϕ(t) and ψ(t) does not cause any additional difficulty. Experiments
considering larger values for α, which are not provided for compactness, reproduced the same convergence orders and
stability.

Another point concerns the invariant conservation. Indeed, the quantity m(t) = ϕ2(t) + ψ2(t) has to be preserved
throughout the simulation. Let us denote as mn+r the approximation at time tn+r and, for any structural scheme
Skm[K,R], for which the invariant error is given as

em = max
i=0,...,N/R

|miR+r − 1|, r∈ J1, RK.

In other words, r = 1, . . . , R − 1 are the intermediate time steps, whereas r = R is the final time step within each
block.

Table 13: Invariant errors for the linear vectorial ODE benchmark with K = 1, 2, 3 and R = 4.

K N r=1 r=2 r=3 r=4

1
60 6.51E-08 3.82E-08 6.51E-08 1.47E-61
120 1.03E-09 6.09E-10 1.03E-09 9.45E-62
240 1.62E-11 9.57E-12 1.62E-11 2.96E-62

2
60 1.73E-17 1.82E-17 1.73E-17 1.35E-60
120 4.25E-21 4.48E-21 4.25E-21 3.30E-61
240 1.04E-24 1.09E-24 1.04E-24 7.67E-61

3
60 1.34E-26 1.25E-26 1.34E-26 9.47E-61
120 2.07E-31 1.94E-31 2.07E-31 3.80E-61
240 3.17E-36 2.97E-36 3.17E-36 1.77E-61

The invariant errors for K = 1, 2, 3 and R = 4 are reported in Table 13 using octuple-precision in the Julia
framework. As observed, the invariant preservation is only achieved with full precision at the last step of each block
(R = 4, in blue), whereas the invariant errors of the intermediate steps are of the same convergence order as that of
the solution and derivatives. Indeed, for R = 4, the invariant errors observed correspond to the machine truncation for
octuple-precision numbers. Similar experiments have been carried out with different structural schemes, not provided
for compactness, which show the same behaviour.

6.4 The Van der Pol equation

The van der Pol equation enables the modelling of oscillatory non-linear systems in many scientific fields and is a
standard benchmark for assessing numerical schemes [93, 94]. Indeed, the solution exhibits several regimes (almost
constant in some intervals, with rapid changes) that are challenging from a computational perspective. We consider
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the original Van der Pol equation x′′(t) − µ(1 − x2(t))x′(t) + x(t) = 0 in (0, T ], where x is the position, with the
initial conditions x(0) = 0 and x′(0) = 0, which is rewritten as a first-order differential system, given as

{
x′(t) = y(t),
y′(t) = µ(1− x2(t))y(t)− x(t),

where the parameter µ controls the stiffness of the solution.

6.4.1 Convergence assessemnt

We consider two situations: a smooth transition with µ = 1 and a sharp transition with µ = 50. Following the refer-
ence [95], we choose the initial conditions corresponding to the maximum of the solution and evaluate the numerical
approximations after a complete cycle, for which the position, velocity, and period with 76 digits are retrieved from
the same reference, and read

• For µ = 1:

x(0)=2.008619860 8748431365 0964018836 2640366192 0261377207 1446112770 3247615558 726585,

y(0)=0,

T=6.663286859 3231301896 9968203048 2328706812 6463168838 7665511486 3182080925 864845.

• For µ = 50:

x(0)=2.002955933 7576484028 2610971894 5871764979 9147201460 6949163926 8919228280 941255,

y(0)=0,

T=82.50833389 3230782186 8333686974 9987459374 0590858618 6277867538 5441021240 035171.

The errors and convergence orders for the position are reported in Table 14 with µ = 1, while Figure 2 illustrates the
position and the velocity for a complete cycle for K = 1, R = 1, and N = 480. The velocity errors are not reported
because they exhibit the same behaviour as the position errors. We first observe that the expected convergence orders
are achieved, further supporting the excellent efficiency of the structural schemes. Table 14 also provides the average
number of times the physical equations are evaluated per time step, τ̄ , required to achieve the convergence of the
fixed-point.

Table 14: Position errors and convergence order for the van der Pol equations benchmark with µ = 1.

R N K=1 K=2 K=3

τ̄ err ord τ̄ err ord τ̄ err ord

1
480 20.85 2.88E-05 — 39.94 3.10E-09 — 88.74 8.37E-14 —
600 19.79 1.85E-05 2.0 37.80 1.27E-09 4.0 84.06 2.20E-14 6.0
720 19.04 1.28E-05 2.0 36.20 6.12E-10 4.0 80.25 7.35E-15 6.0

2
480 10.90 3.26E-08 — 22.00 8.93E-13 — 45.36 2.35E-20 —
600 10.33 1.34E-08 4.0 20.76 2.34E-13 6.0 42.72 2.52E-21 10.0
720 9.89 6.44E-09 4.0 19.84 7.84E-14 6.0 41.07 4.07E-22 10.0

3
480 7.67 2.79E-08 — 16.10 6.39E-16 — 31.80 1.60E-23 —
600 7.25 1.14E-08 4.0 15.08 1.07E-16 8.0 30.03 1.10E-24 12.0
720 6.95 5.51E-09 4.0 14.34 2.49E-17 8.0 28.62 1.23E-25 12.0

4
480 5.90 5.16E-11 — 13.30 1.66E-18 — 35.32 1.84E-28 —
600 5.59 1.36E-11 6.0 12.44 1.78E-19 10.0 33.20 4.91E-30 16.2
720 5.33 4.54E-12 6.0 11.76 2.87E-20 10.0 31.52 2.58E-31 16.2

5
480 4.87 3.84E-11 — 11.98 3.76E-21 — 24.21 9.41E-31 —
600 4.59 1.01E-11 6.0 11.04 2.59E-22 12.0 22.44 1.68E-32 18.0
720 4.38 3.37E-12 6.0 10.38 2.91E-23 12.0 21.24 6.30E-34 18.0
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Figure 2: Approximate solution for the van der Pol equations benchmark with µ = 1 for K = 1, R = 1, and N = 480
.

Table 15 reports the errors and convergence orders for the position with µ = 50 (again, velocity is not reported).
Due to the sharp transition, we used a larger number of time grid points to catch the velocity singularity, as shown
in Figure 3. We observe a drastic reduction in the parameter τ̄ compared to the previous case with µ = 1, since the
smaller ∆t provides better predictors and allows fixed-point convergence with fewer iterations per time step.

Table 15: Position errors and convergence orders for the van der Pol equations benchmark with µ = 50.

R N K=1 K=2 K=3

τ̄ err ord τ̄ err ord τ̄ err ord

1
840,000 4.47 1.57E-06 — 21.48 2.16E-12 — 50.73 3.10E-18 —
960,000 4.17 1.21E-06 2.0 20.94 1.26E-12 4.0 49.20 1.39E-18 6.0

1,080,000 4.09 9.55E-07 2.0 20.20 7.89E-13 4.0 48.21 6.87E-19 6.0

2
840,000 2.51 3.44E-11 — 11.62 3.31E-17 — 25.95 2.36E-27 —
960,000 2.51 2.02E-11 4.0 11.32 1.49E-17 6.0 25.32 6.20E-28 10.0

1,080,000 2.51 1.26E-11 4.0 10.90 7.33E-18 6.0 24.66 1.91E-28 10.0

3
840,000 1.68 1.94E-11 — 8.32 1.06E-21 — 18.03 2.64E-32 —
960,000 1.68 1.14E-11 4.0 8.06 3.64E-22 8.0 17.49 5.31E-33 12.0

1,080,000 1.67 7.10E-12 4.0 7.82 1.42E-22 8.0 17.04 1.29E-33 12.0

4
840,000 1.26 3.99E-15 — 6.68 6.27E-26 — 14.64 9.02E-40 —
960,000 1.26 1.79E-15 6.0 6.48 1.65E-26 10.0 14.16 1.07E-40 16.0

1,080,000 1.26 8.83E-16 6.0 6.28 5.08E-27 10.0 13.80 1.62E-41 16.0

5
840,000 1.20 1.42E-15 — 5.78 6.21E-30 — 12.84 1.61E-44 —
960,000 1.03 6.38E-16 6.0 5.58 1.25E-30 12.0 12.39 1.46E-45 18.0

1,080,000 1.01 3.15E-16 6.0 5.38 3.04E-31 12.0 12.06 1.75E-46 18.0
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Figure 3: Approximate solution for the van der Pol equations benchmark with µ = 50 for K = 1, R = 1, and
N = 840000

.

6.4.2 Variable time step

The present benchmark aims to demonstrate that a substantial reduction in computational cost can be achieved through
better control of the time step according to the smoothness of the solution. The van der Pol equation with large µ is an
interesting example, since the solution is almost linear over large portions of the time interval, while strong variations
occur over small intervals. We use a grid with two different time steps, referred to as a two-step grid: the smooth part
is given by the set Ωs = [0, 41]∪ [42, 79], while the peak regions correspond to the domain [41, 42]∪ [79, 80] Provide
the exact values of the intervals. We use ∆ts, corresponding to a subdivision with Ns points in the smooth region,
whereas ∆tp is controlled byNp in the peak regions. On the other hand, we also consider a uniform time discretisation
with time step ∆t and N points.

Table 16: Comparison of time (in ms) versus error for K = 1, K = 2, and K = 3.

R N K=1 K=2 K=3

Ns/Np time err time err time err

1

840k 878 4.6e-04 843 2.4e-06 1075 4.9e-09
960k 956 3.5e-04 939 1.6e-06 1274 2.9e-09

1,080k 1216 2.8e-04 1079 1.1e-06 1372 1.8e-09
35k/7,5k 73 1.8e-03 85 2.0e-05 112 8.2e-08
40k/10k 83 1.0e-03 98 8.4e-06 128 2.6e-08

45k/12,5k 91 6.8e-04 113 4.3e-06 153 1.1e-08

2

840k 3947 5.3e-09 2571 4.9e-15 2089 1.9e-23
960k 4300 3.1e-09 2825 2.2e-15 2271 2.2e-23

1,080k 3974 1.9e-09 3065 1.1e-15 2478 2.4e-23
35k/7,5k 537 9.0e-08 555 4.6e-13 538 6.7e-20
40k/10k 571 2.9e-08 607 1.1e-13 606 1.8e-20

45k/12,5k 623 1.2e-08 678 4.0e-14 599 5.5e-21

4

84k 3659 5.9e-13 3648 1.1e-23 2993 8.9e-23
960k 3878 2.6e-13 3986 4.0e-24 3372 1.0e-22

1,080k 4200 1.3e-13 4301 2.5e-24 3412 1.1e-22
35k/7,5k 690 4.0e-11 856 1.7e-17 826 7.9e-24
40k/10k 712 6.5e-12 922 4.5e-18 884 9.1e-24

45k/12,5k 767 1.5e-12 1066 1.4e-18 969 1.0e-23

We have selected several choices of R and Ns/Np that provide similar accuracy errors in order to draw some conclu-
sions. For a given error level, we are able to reduce the running time by a factor between 6 and 8. In the case R = 4
for the two-step grid, the method reaches the limits of quad-precision arithmetic, and the errors are therefore bounded
by the floating-point representation.
These preliminary results demonstrate the potential for substantial gains by dynamically adjusting the time step ac-
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Figure 4: Approximate solution to the Chen system.

cording to a smoothness parameter, such as the first and second derivatives, and by appropriately tuning ∆t so as to
preserve a prescribed accuracy while reducing the computational cost.

6.5 The Chen system

Chaotic differential equations are unstable in the sense that small perturbations of the initial conditions lead to entirely
alternative solutions. Therefore, achieving consistency and stability in numerical computation is challenging. Indeed,
chaotic differential equations are quite sensitive to the discretisation errors, which are amplified, leading to wrong
approximations.

6.5.1 General view

An important dynamical system is the Chen chaotic problem, first introduced by Chen and Ueta [96]. It is considered
as a traditional benchmark for assessing a numerical method’s ability to reproduce the correct solution up to a given
time since small variations lead to important deviations at the final time. We adopt the original formulation, given as

{
x′(t) = a(y(t)− x(t)),
y′(t) = (c− a)x(t)− x(t)z(t) + cy(t),
z′(t) = x(t)y(t)− bz(t),

with a, b, and c the parameters of the system. In the present simulation, we consider the usual values of a = 35, b = 3,
and c = 28 and T = 15, which provide a chaotic behaviour [97, 98].

6.5.2 Numerical simulations

In Figure 4, a three-dimensional view of the solution is illustrated using a second-order accurate approximation with
N = 8400000 and a 24th-order accurate approximation with N = 5000. The solution has two attractors, clearly
identified by two planes and two centres, which are captured in both approximations.

The same experience is reproduced with a structural scheme of an intermediate convergence order of 8 with K = 2
and R = 3, and N = 60000, whose approximate solution for the three coordinates as a function of time is illustrated
in Figure 5.

6.5.3 Sensitivity

The main issue in computing an approximate solution to a chaotic system is the high sensitivity of the structural
schemes to the parameters K and R, which determine the accuracy of the numerical approximations. Moreover,
the iterative fixed-point procedure depends on the tolerance ε, which determines the residual of the final converged
numerical solution. We study the impact of these parameters on the chaotic Chen system.

Since there is no exact solution to evaluate the approximate solution accuracy and stability, a reference solution is
taken from performing a simulation with the structural scheme Skm[4,8] with convergence of order of 36 using an
octuple-precision, a very restrict tolerance of ε = 10−60 for the fixed-point residual, and a very fine time grid with
N = 800000 points to guarantee an extreme accuracy of the approximate solution. On the other hand, we perform the
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Figure 5: The three coordinate curves as a function of time for the Chen system benchmark with K = 2, R = 3, and
N = 60000.

simulation with three different configurations: the structural scheme Skm[1,1] with N = 8400000, Skm[1,2] with
N = 4200000, and Skm[4,5] with N = 5000.

The three coordinates of the reference and approximate solutions are reported in Table 17. The correct digits corre-
sponding to the reference solution are reported in blue, whereas the digits that do not match the reference solution are
reported in black. The structural scheme Skm[1,1], with second-order convergence, does not provide an acceptable
approximate solution to the chaotic system, even with a large number of points, demonstrating the importance of using
higher-order accurate schemes. The structural scheme Skm[1,2], with fourth-order of convergence, provides a rough
approximation and is ineffective from a practical viewpoint. On the other side, the structural scheme Skm[4,5], with
24th-order of accuracy, manages to compute a reasonable approximation, even with a rather low number of time grid
points. Indeed, very high-order accurate structural schemes deliver excellent approximations with compact stencils.

Table 17: Reference and approximate solutions for the Chen system benchmark.

scheme position coordinates

Reference
Skm[4,8], N=800000

x=-0.1033913519761038851277830669958320E+02
y=-0.1110031188034702371431870391381926E+02
z=+0.2384877914088903906611669394788490E+02

Skm[1,1], N=8400000
x=+0.1303137147172269558345093394817314E+02
y=+0.1633314173284638979195080632679370E+02
z=+0.1990546738498253871112868554565699E+02

Skm[1,2], N=4200000
x=-0.1034310938749620698298379213201446E+02
y=-0.1109718401089064385254542611775984E+02
z=+0.2386294859230536471454733356240557E+02

Skm[4,5], N=5000
x=-0.1033913519761047665823283445056424E+02
y=-0.1110031188034695540840356160225629E+02
z=+0.2384877914088935167622294039641605E+02

The impact of the tolerance ε on the accuracy of the approximate solution of the Chen system is also assessed. The
error of the x-coordinate, in relation to the reference solution, is reported in Table 18 as a function of the tolerance ε
with the structural schemes Skm[3,R] with R = 1, . . . , 5. Due to the intricate nature of the chaotic system, ε = 10−8

is far from providing an acceptable approximate solution. For ε = 10−15, a rough approximation to the reference
solution is obtained, but the expected convergence order of the structural scheme is not achieved. On the other side,
ε = 10−25 enables recovery only of the sixth-order of convergence. In fact, we need to set ε = 10−30 to achieve the
tenth-order of convergence, and, finally, ε = 10−50 to get all the expected convergence orders. In conclusion, for this
challenging benchmark, the tolerance value is a critical parameter, together with quad- or octuple-precision, to achieve
extreme convergence orders.
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Table 18: x-coordinate errors and convergence orders for the Chen system benchmark with K = 3 and R = 1, . . . , 5.

R N ε=1E-8 ε=1E-15 ε=1E-25 ε=1E-30 ε=1E-50

err ord err ord err ord err ord err ord

1
60,000 1.33E+01 — 2.12E-02 — 1.33E-02 — 1.33E-02 — 1.33E-02 —

120,000 1.27E+01 0.1 7.46E-03 1.5 2.11E-04 6.0 2.11E-04 6.0 2.11E-04 6.0
180,000 1.41E+01 — 6.97E-03 0.2 1.85E-05 6.0 1.85E-05 6.0 1.85E-05 6.0

2
60,000 3.23E-01 — 4.02E-03 — 1.16E-11 — 1.18E-11 — 1.18E-11 —

120,000 2.09E+01 — 4.25E-03 — 1.40E-13 6.4 1.15E-14 10.0 1.15E-14 10.0
180,000 5.63E-02 14.6 1.91E-03 2.0 2.49E-13 — 1.99E-16 10.0 2.00E-16 10.0

3
60,000 1.78E+01 — 3.30E-03 — 1.28E-13 — 1.16E-16 — 1.15E-16 —

120,000 2.66E+01 — 3.45E-03 — 2.88E-13 — 5.95E-19 7.6 2.81E-20 12.0
180,000 2.62E+01 0.0 2.33E-03 1.0 2.75E-14 5.8 2.44E-19 2.2 2.16E-22 12.0

4
60,000 1.40E+01 — 1.23E-04 — 2.10E-13 — 1.92E-18 — 2.50E-24 —

120,000 1.57E+00 3.2 2.88E-03 — 2.15E-13 — 1.12E-18 0.8 3.82E-29 16.0
180,000 3.09E+00 — 2.48E-03 0.4 1.03E-13 1.8 4.26E-19 2.4 5.82E-32 16.0

5
60,000 3.76E+00 — 3.48E-03 — 1.39E-13 — 1.45E-18 — 3.43E-29 —

120,000 1.63E+01 — 2.53E-03 0.5 8.36E-15 4.1 5.57E-19 1.4 1.31E-34 18.0
180,000 4.32E+00 3.3 4.03E-03 — 1.80E-13 — 7.46E-19 — 8.34E-38 18.2

6.6 Numerical efficiency

Running time versus accuracy characterises the computational effort to achieve a given solution quality. In that regard,
higher-order accurate methods are highly effective at reducing the running time for a given solution quality, since
higher-order convergence allows the use of coarser grids. Indeed, for smooth solutions with low variation at the final
time, the computational savings are significant. On the other hand, when dealing with solutions involving abrupt
time changes, a physical constraint on the time step may arise. For instance, if the solution exhibits a high-frequency
phenomenon, a satisfactory spectral resolution can only be achieved with a sufficiently small time step. To assess the
numerical efficiency of the structural schemes, the Chen system is analysed at the final time T = 15 as a representative
case, where we found that N = 5000 is the minimum number of time grid points to guarantee an acceptable spectral
resolution.

6.6.1 Running time versus accuracy for the Skm[K,R] schemes

First-derivative structural schemes Skm[1,R] with convergence order of R + 1 involve only the function and the first
derivative, and no additional physical equation is required, which is convenient when dealing with problems that do
not support additional derivations. Note that one iteration of the fixed-point procedure evaluates R times the physical
equation and involves R unknowns. On the other hand, high-order accurate structural schemes, such as Skm[2,R]
and Skm[3,R], require additional physical equations and unknowns. Moreover, in these cases, one iteration of the
fixed-point procedure evaluates KR times the physical equations and involves RK unknowns, hence, a larger system
needs to be solved.
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Figure 6: Running time (RT ) versus error (E) for various structural schemes.

Figure 6(a) illustrates the accuracy (E, on the vertical axis) as a function of the running time (RT , on the horizontal
axis) for various structural schemes with convergence orders of 4, 6, 8, and 10. We clearly distinguish three clusters
for the fourth-order accurate schemes (right), the sixth-order accurate schemes (middle), and the eighth-/tenth-order
accurate schemes (left). For a target accuracy of E = 10−2, it takes around 200s for the fourth-order accurate struc-
tural schemes, 20s for the sixth-order accurate structural schemes, and only 2s for the tenth-order accurate structural
schemes.

Figure 6(b) illustrates the differences between the possible combinations of parameters K and R that achieve a 12th-
order of convergence. The lines are parallel, confirming that all the structural schemes have 12th-order convergence.
On the other hand, increasingK rather thanR to achieve the same convergence order is more computationally efficient,
since it results in a drastic reduction in the multiplicative constant associated with the asymptotic regime. We stress
that it would be difficult to take advantage of such a property if the analytical high-order derivatives of the physical
equations turn out to be difficult or even impossible.

Assuming that the approximate solution has reached the asymptotic regime of the relation running time versus accu-
racy, we provide some extrapolations of the running time in Table 19 to reach a given accuracy for several structural
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schemes. For example, to achieve an error above E = 10−8, the structural scheme Skm[1,2] with fourth-order
of convergence requires about 3000 more time than the structural scheme Skm[3,2]. Such a ratio corresponds to a
substantial difference between, for instance, 250s and one week of computation.

Table 19: Extrapolation time for various structural schemes.

ord scheme E=10-3 E=10-4 E=10-8

4
Skm[1,2] 357.11 749.16 1,4509.68
Skm[1,3] 287.83 454.52 2826.47
Skm[2,1] 197.40 294.63 1462.14

6

Skm[1,4] 26.44 35.99 123.63
Skm[1,5] 26.18 36.95 146.56
Skm[2,2] 16.11 22.19 79.80
Skm[3,1] 13.92 18.56 58.73

8 Skm[2,3] 5.36 7.16 22.67
Skm[4,1] 4.36 5.64 15.84

10 Skm[2,4] 3.51 4.09 7.50
Skm[3,2] 2.41 2.88 5.89

6.7 Comparison with the Collocation method

Among the many existing numerical techniques, we restrict our comparison to the collocation method for several
reasons. First, both the structural method and the collocation method can be interpreted as particular cases of RK
methods and can be constructed to achieve arbitrary order of accuracy. Second, we do not consider multistep methods,
which we regard as too different from the structural method, since our approach does not rely on backlog data. Finally,
techniques such as deferred correction methods are based on a very different paradigm, increasing the order through
successive improvements.

6.7.1 Algorithm

To provide a fair comparison between the structural and collocation methods, we use the same fixed-point technique
as that proposed in Section 4. We denote by A = (aij)i, j = 1s, b = (bi)i = 1s, and c = (ci)

s
i=1 the elements of the

Butcher tableau, and by Zn an approximation of the solution at time tn.

We construct a sequence (Z
[k]
n+1), k = 0, 1, . . ., according to the following three stages:

1. Initialization Z
[0]
n,i = Zn + ci∆tDn, D

[0]
n,i = f(tn + ci∆t, Z

[0]
n,i).

2. Loop Z
[k+1]
n,i = Zn +∆t

∑s
j=1 ai,jD

[k]
n,j , D

[k+1]
n,i = f(tn + ci∆t, Z

[k+1]
n,i ).

3. Test Z
[k+1]
n = Zn +∆t

∑s
i=1 biD

[k+1]
n,i , stop if |Z

[k+1]
n − Z

[k]
n | ≤ ε else goto 2.

4. Termination Zn+1 = Z
[k+1]
n .

where Z
[k]
n,i, D

[k]
n,j are, respectively, the values and derivatives at the intermediate stage tn,i = tn + ci∆t. We have

implemented the fourth-order CL4 up to the 12th-order method CL12 and report the Butcher tableau in D.

6.7.2 Running-time versus accuracy

We use the Chen dynamical system as a benchmark since small errors will quickly results into large deviations at
the final time. All the code were implemented in C++ using the qd library to enable the quad- and octa-precision.
Indeed, the approximations of a chaotic system require very high-precision. The qd library is quite efficient since a
quad-precision run lasts 3 times the double precision run and the octa-precision run lasts 14 times the quad-precision
run. For orders 4, 6 and 8, quad-precision is adequate but higher orders 10, 12 or more require the full octa-precision.
We plot in Figure 7 left panel the accuracy in function of the running time for the 4, 6 and 8 order using the quad-
precision, while we report the higher orders 10, 12 and 16 using the full octa-precision. Structural method of type
K = 1 (only one derivative) provides very similar results than the collocation method. By introducing the compact
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Figure 7: running time versus accuracy. Left panel: Order 4,6,8 using the quad-precision. Right panel: Order 10,12,14
using the octa-precision.

version using the second or the thid derivative as additional unknowns, we strongly improve the running-time for the
same accuracy regarding to the equivalent collocation methods.

Remark. Compact schemes usually provide better spectral resolution, i.e. the ability to preserve high frequency signal
than the non-compact method. We expect that the Skm[2,R] and Skm[3,R] enjoy such a property in comparison to
the collocation schemes. ■

Part II: Numerical analysis, accuracy, stability, spectral resolution

The second part is dedicated to the numerical analysis of the structural method, namely the convergence, the linear stability. We also

introduce a concept of spectral resolution adapted to the new method to quantify the ability to obtain sub-grid scale information.

We first prove the convergence of the iterative method for the non-linear problem in section 7 while the consistency errors and

convergence orders are established in Section 8, where we determine the convergence order p as a function of K and R. Section 9

is dedicated to stability, where our method is shown to be unconditionally stable across a wide range of configurations. Appendix

C gives the technical detail about the stability of the schemes we propose in the section. We address the spectral resolution issue in

Section 10 and focus on the ability of our schemes to provide very high resolution, enabling us to recover sub-scale information,

that is, variations between successive time steps.

7 Convergence of the numerical solver

The main result of this section establishes that, under a CFL-like condition linked to the Lipschitz constants of the
physical equations and the coefficients of the structural equations, the proposed iterative procedure for numerical
approximation converges.

Lemma 7.1. Let B(M0) = [−M0,M0] be the closed ball of radius M0 > 0 centred at the origin and assume that the
function (z, t) → f(z, t) is a CK+1(R× [0, T ]) function. Then, for any k∈ J1,KK, the functions (z0, . . . , zk−1, t) →
zk = df(k−1)

[
z0, . . . , zk−1, t

]
are bounded by a constant Mk. Moreover, we have a Lk-Lipschitz property uniform in

time t ∈ [0, T ] on the compact set B(M0)× · · · ×B(Mk−1) given by

|zk − z′k| ⩽ Lk

(
k−1∑

κ=0

|zκ − z′κ|

)
. (6)

Proof. We prove the property by induction. Since (z0, t) belongs to the compact set B(M0)× [0, T ], the continuity of

f means that z1 = df(0)
[
t, z0

]
is bounded and belongs to a compact set, which we include inside a closed ball B(M1)

centered at the origin for M1 large enough. On the other hand, for two values z0, z
′
0 ∈ B(M0), one has

df(0)
[
z0, t

]
− df(0)

[
z′0, t

]
= f(z0, t)− f(z′0, t) = ∂zf

(
θz0 + (1− θ)z′0, t

)
(z0 − z′0)
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with θ ∈ [0, 1]. Note that the intermediate point belongs to the ball B(M0). Denoting

L1 =
ζ∈B(M0)
max
t∈[0,T ]

∂zf(ζ, t),

we obtain the Lipschitz inequality, uniform in time

|z1 − z′1| =
∣∣df(0)

[
z0, t

]
− df(0)

[
z′0, t

]∣∣ ⩽ L1|z0 − z′0|.

Assuming that the properties hold for k < K, we now prove them for k + 1. First, we recall that zk+1 =
df(k)

[
z0, z1, . . . , zk, t

]
is made up of the sum of polynomial functions with respect to variables z1, . . . , zk multi-

plied with partial derivatives of f(z, t) in z0 and t of order lower than k. Since the partial derivatives depend only on
z0 and t, they are uniformly bounded in B(M0) × [0, T ], while the polynomials in z1, . . . , zk are also bounded from
the induction assumption. We then see that zk+1 is bounded and belongs to a closed ball B(Mk+1) with Mk+1 large

enough. On the other hand, the Lipschitz property derives from the fact that df(k)
[
z0, z1, . . . , zk, t

]
is polynomial

in z1, . . . , zk with bounded values, while the z-derivative of the partial derivatives of order k remains bounded in
B(M0) × [0, T ]. Therefore, we have a Lipschitz operator uniform in time, and the property holds with a Lipschitz
constant Lk+1.

From Lemma 7.1, we deduce a Lipschitz property regarding the sole variable z0.

Lemma 7.2. Under the assumptions of Lemma 7.1, let z0 ∈ B(M0) and t ∈ [0, T ], and define by induction

zk = df(k−1)
[
z0, . . . , zk−1, t

]
, k∈ J1,KK.

Then, for any k∈ J1,KK and z0, z
′
0 ∈ B(M0), we have the inequality

|zk − z′k| ⩽ L̂k|z0 − z′0|, (7)

with L̂k independent of z0, z′0, and time t ∈ [0, T ].

Proof. For k = 1 we take L̂1 = L1. For k = 2, we note

|z2 − z′2| ⩽ L2(|z0 − z′0|+ |z1 − z′1|) ⩽ L2(1 + L̂1)|z0 − z′0|,

and the inequality holds with L̂2 = L2(1 + L̂1).

The general case is proven by induction. From inequality (6) we have

|zk − z′k| ⩽ Lk

(
|z0 − z′0|+

k−1∑

κ=1

|zκ − z′κ|

)
⩽ Lk

(
|z0 − z′0|+

k−1∑

κ=1

L̂κ|z0 − z′0|

)
⩽ L̂k|z0 − z′0|

with

L̂k = Lk

(
1 +

k−1∑

κ=1

L̂κ

)
,

and inequality (7) holds.

Corollary 7.3. Let ∥ · ∥∞ be the maximum norm and

Φ(k)
n = df(k−1)

[
Φ(0)

n , . . . ,Φ(k−1)
n , Tn

]
, Φ′(k)

n = df(k−1)
[
Φ′(0)

n , . . . ,Φ′(k−1)
n , Tn

]
, k∈ J1,KK.

Then, under the assumptions of Lemma 7.1, we have for any k∈ J1,KK the estimate

∥∥Φ(k)
n − Φ′(k)

n

∥∥
∞ ⩽ L̂k

∥∥Φ(0)
n − Φ′(0)

n

∥∥
∞. (8)

Proof. There exists r0 such that
∥∥Φ(k)

n − Φ′(k)
n

∥∥
∞ =

∣∣ϕ(k)n+r0 − ϕ′
(k)
n+r0

∣∣. Then, applying inequality (7), we deduce

∥∥Φ(k)
n − Φ′(k)

n

∥∥
∞ =

∣∣ϕ(k)n+r0 − ϕ′
(k)
n+r0

∣∣ ⩽ L̂k

∣∣ϕ(0)n+r0 − ϕ′
(0)
n+r0

∣∣ ⩽ L̂k

∥∥Φ(0)
n − Φ′(0)

n

∥∥
∞.

Remark. Since we are dealing with finite-dimensional spaces, all norms are equivalent, and the inequality (8) holds

for any norm with an adapted coefficient L̂k depending on R. ■
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7.1 Convergence of the iterative procedure for structural scheme Skm[1,R]

Following Lemma 7.1, we assume that the approximations in vectors Φ
(0)
n [ℓ], ℓ ⩾ 0 remain bounded in the ballB(M0).

Hence, the vectors Φ
(1)
n [ℓ] are bounded and the Lipschitz inequality (8) holds between two successive approximations,

that is, ∥∥Φ(1)
n [ℓ+ 1]− Φ(1)

n [ℓ]
∥∥ ⩽ L̂1

∥∥Φ(0)
n [ℓ+ 1]− Φ(0)

n [ℓ]
∥∥.

Proposition 7.4. Let ∆t be small enough such that

∆tL̂1

∥∥∥B(1)
∥∥∥ < 1, B(1) =

(
A(0)

)−1

A(1). (9)

Then, the fixed-point is a contraction, and the successive numerical approximations converge to the solution of the
non-linear system derived from the structural scheme Skm[1,R].

Proof. We note that

A(0)
(
Φ(0)

n [ℓ+ 1]− Φ(0)
n [ℓ]

)
= −∆tA(1)

(
Φ(1)

n [ℓ+ 1]− Φ(1)
n [ℓ]

)
,

and thus, applying the Lipschitz condition (8), yields

∥∥Φ(0)
n [ℓ+ 1]− Φ(0)

n [ℓ]
∥∥ ⩽ ∆t

∥∥∥B(1)
∥∥∥
∥∥Φ(1)

n [ℓ+ 1]− Φ(1)
n [ℓ]

∥∥

⩽ ∆t
∥∥∥B(1)

∥∥∥
∥∥df(0)

[
Φ(0)

n [ℓ], Tn
]
− df(0)

[
Φ(0)

n [ℓ− 1], Tn
]∥∥

⩽ ∆t
∥∥∥B(1)

∥∥∥ L̂1

∥∥Φ(0)
n [ℓ]− Φ(0)

n [ℓ− 1]
∥∥,

which provides the amplification coefficient χ1 = ∆tL̂1

∥∥∥B(1)
∥∥∥. Under the CFL-like condition (9), we get a geomet-

ric series with coefficient χ1 < 1, hence the convergence of the fixed-point is guaranteed.

7.2 Convergence of the iterative procedure for structural scheme Skm[2,R]

Once again, we use Lemma 7.1. We assume that the approximations in vectors Φ
(0)
n [ℓ], ℓ ⩾ 0 remain bounded in

the ball B(M0). Hence, vectors Φ
(1)
n [ℓ] and Φ

(2)
n [ℓ] are bounded and the Lipschitz inequalities (8) hold between two

successive approximations, that is

∥Φ(1)
n [ℓ+ 1]− Φ(1)

n [ℓ]∥ ⩽ L̂1∥Φ
(0)
n [ℓ+ 1]− Φ(0)

n [ℓ]∥,

∥Φ(2)
n [ℓ+ 1]− Φ(2)

n [ℓ]∥ ⩽ L̂2∥Φ
(0)
n [ℓ+ 1]− Φ(0)

n [ℓ]∥.

Proposition 7.5. Let ∆t be small enough such that

∆tL̂1

∥∥∥B(1)
∥∥∥+∆t2L̂2

∥∥∥B(2)
∥∥∥ < 1, B(1) =

(
A(0)

)−1

A(1), B(2) =
(
A(0)

)−1

A(2). (10)

Then, the fixed-point is a contraction, and the successive numerical approximations converge to the solution of the
non-linear system derived from the structural scheme Skm[2,R].

Proof. The proof is very similar to the case of the structural scheme Skm[1,R]. We note that

A(0)
(
Φ(0)

n [ℓ+ 1]− Φ(0)
n [ℓ]

)
=−∆tA(1)

(
Φ(1)

n [ℓ+ 1]− Φ(1)
n [ℓ]

)

−∆tA(2)(Φ(2)
n [ℓ+ 1]− Φ(2)

n [ℓ]),

and thus, applying the Lipschitz condition (8), yields

∥∥Φ(0)
n [ℓ+ 1]− Φ(0)

n [ℓ]
∥∥ ⩽ ∆t

∥∥∥B(1)
∥∥∥
∥∥Φ(1)

n [ℓ+ 1]− Φ(1)
n [ℓ]

∥∥+

∆t2
∥∥∥B(2)

∥∥∥
∥∥Φ(2)

n [ℓ+ 1]− Φ(2)
n [ℓ]

∥∥

⩽ ∆t
∥∥∥B(1)

∥∥∥ L̂1

∥∥Φ(0)
n [ℓ]− Φ(0)

n [ℓ− 1]
∥∥+

∆t2
∥∥∥B(2)

∥∥∥ L̂2

∥∥Φ(0)
n [ℓ]− Φ(0)

n [ℓ− 1]
∥∥,
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which provides the amplification coefficient

χ2 = ∆tL̂1

∥∥∥B(1)
∥∥∥+∆t2L̂2

∥∥∥B(2)
∥∥∥ ,

and the convergence of the fixed-point is guaranteed under the CFL-like condition (10).

Remark. Notice that the amplification coefficient is composed of a linear term with respect to ∆t, corresponding
to k = 1, and a quadratic term with respect to ∆t2, corresponding to k = 2. Therefore, the restriction is mainly

attributed to the first derivative. In particular, if ∆tL̂2 ⩽ L̂1 and ∆tL̂1 ⩽ 1/2, we obtain the contraction of the
fixed-point. ■

Remark. The analysis of the convergence of successive iterations for K > 2 follows the same ideas as for the
structural schemes Skm[1,R] and Skm[2,R], and derives from the uniform boundness of the approximations and the
Lipschitz property for f(z, t) and its derivatives under a CFL-like condition. A generalisation of the condition for the
structural scheme Skm[K,R] then reads

χK =

K∑

k=1

∆tk L̂k

∥∥∥B(k)
∥∥∥ ⩽ 1, Bk =

(
A(0)

)−1

A(k)

assuming that matrix A(0) is non-singular. ■

Remark. Note that the CFL-like conditions come only from the stability of the fixed-point algorithm. As we shall see
in the sequel, the non-linear schemes are unconditionally stable, but the proposed iterative algorithms for computing
the approximate solution may require conditions to guarantee convergence. ■

8 Consistency error and convergence order

The approximations ϕ
(k)
n+r ≈ ϕ(k)(tn+r) are the solution of a non-linear system coupling structural and physical

equations. For the consistency error and convergence order analysis, let us denote

Φ(k)
n =

(
ϕ
(k)
n+1, . . . , ϕ

(k)
n+R

)t

∈ R
R, Φ

(k)

n =
(
ϕ
(k)

n+1, . . . , ϕ
(k)

n+R

)t

∈ R
R,

ΨK
n =

(
ϕ(0)n , . . . , ϕ(K)

n

)t

∈ R
K+1, Ψ

K

n =
(
ϕ
(0)

n , . . . , ϕ
(K)

n

)t

∈ R
K+1,

A(k) =
(
ask,r

)R
r,s=1

∈ R
R×R, Â

K

n =
(
ask,0 ∆t

k
)s∈J1,RK

k∈J0,KK
∈ R

R×(K+1),

with ϕ
(k)

n+r = ϕ(k)(tn+r), k∈ J0,KK, r∈ J1, RK, the exact solution.

Lemma 8.1. Adopting a column vector expression of the matrix Â
K

n = [â0,∆tâ1, . . . ,∆t
K âK ] with âk ∈ R

R,
k∈ J0,KK, we have the property (

A(0)
)−1

â0 = −e ∈ R
R, (11)

where e = [1, 1, . . . , 1]t.

Proof. The structural equations are exact for the constant polynomial function π1(t; tn) = 1. Therefore, taking

Φ
(0)
n = et ∈ R

R, then Φ
(k)
n = [0, 0, . . . , 0]t ∈ R

R, k∈ J1,KK, and ΨK
n = [1, 0, . . . , 0]t ∈ R

K+1. We deduce the
compatibility relation

A(0)Φ(0)
n + Â

K

n ΨK
n = 0 =⇒ A(0)e+ â0 = 0.

Assuming that the matrix A(0) is nonsingular, we obtain the relation (11).

8.1 Consistency error of the structural equations

For the structural scheme Skm[K,R], the R structural equations in compact form read

K∑

k=0

∆tk A(k)Φ(k)
n + Â

K

n ΨK
n = 0
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that is

0 =
K∑

k=0

R∑

r=0

ask,r ∆t
k ϕ

(k)
n+r. (12)

These equations are satisfied for any polynomial of degree K(R + 1). On the one hand, using the Taylor expansion,
for h > 0, we have

ϕ(tn + h) = πϕ(h; tn) +
hK(R+1)+1

(K(R+ 1) + 1)!
ϕ(K(R+1)+1)(tn + θ0h), θ0 ∈ [0, 1],

where πϕ(h; tn) is the Taylor polynomial of degree K(R+1). Moreover, the Taylor expansion for the k-th derivative
with respect to the variable h is

ϕ(k)(tn + h) = π
(k)
ϕ (h; tn) +

hK(R+1)+1−k

(K(R+ 1) + 1− k)!
ϕ(K(R+1)+1)(tn + θkh), θk ∈ [0, 1].

Consistency errors correspond to the error when the approximate solution is substituted with the exact solution in the
structural equations.

Proposition 8.2. Let εsn be the consistency error for the structural equation SE K R
R
(s), s∈ J1, RK, given by

εsn =

K∑

k=0

R∑

r=0

ask,r ∆t
k ϕ(k)(tn + r∆t) =

K∑

k=0

R∑

r=0

ask,r ∆t
k ϕ

(k)

n+r. (13)

Then

|εsn| ⩽ Cs
K,R ∆tK(R+1)+1 (14)

with Cs
K,R a real number depending on max

[0,T ]
|ϕ(K(R+1)+1| but independent of ∆t.

Proof. Using that the relation holds exactly for the Taylor polynomial π(h; tn) as a function of h, we deduce, with
h = ∆t, 2∆t, . . . , R∆t, that

εsn =

K∑

k=0

R∑

r=0

ask,r ∆t
k (r∆t)K(R+1)+1−k

(K(R+ 1) + 1− k)!
ϕ(K(R+1)+1)(tn + θr,k r∆t)

= ∆tK(R+1)+1
K∑

k=0

R∑

r=0

ask,r
rK(R+1)+1−k

(
K(R+ 1) + 1− k

)
!
ϕ(K(R+1)+1)(tn + θr,k r∆t).

Then

|εsn| ⩽ ∆tK(R+1)+1 LK,R

K∑

k=0

R∑

r=0

|ask,r|
rK(R+1)+1−k

(
K(R+ 1) + 1− k

)
!
,

with

LK,R = max
t∈[0,T ]

|ϕ(K(R+1)+1)(t)|.

Setting

Cs
K,R = LK,R

K∑

k=0

R∑

r=0

|ask,r|
rK(R+1)+1−k

(
K(R+ 1) + 1− k

)
!
,

provides the relation (14).

If En = (εsn)s∈J1,RK stands for the vector that gathers the consistency errors, then we have

∥En∥∞ = CK,R ∆tK(R+1)+1

with CK,R = max
s∈J1,RK

Cs
K,R.

37



The structural method for Ordinary Differential Equations ARTICLE

8.2 Convergence order of the structural scheme Skm[K,R]

We adapt the Grönwall lemma [99] for the structural scheme Skm[K,R].

Lemma 8.3. Let (en)
N
n=0 be a sequence of real numbers with N = J × R(J blocks of size R) and assume that, for

∆t ⩽ ∆t with ∆t to be fixed further, there exist non-negative real numbers b0, . . . , bK , independent of ∆t, such that
for j ∈ J0, J − 1K

|e(j+1)R| ⩽ |ejR|

(
1 +

K∑

k=1

∆tk bk

)
+ b0 ∆tP+1,

for a certain P ∈ N. Then for any j ∈ J1, JK, we have the estimate

|ejR| ⩽ C̃∆tP + Ĉ|e0|, (15)

where C̃ and Ĉ are constants independent of ∆t.

Proof. Given ∆t, which shall be fixed later, we define

C =

K∑

k=1

∆tk−1 bk.

From the assumption and noting that ∆t/∆t ⩽ 1, we obtain the inequality

|e(j+1)R| ⩽ |ejR|(1 + C∆t) + b0 ∆tP+1

for any j ∈ J0, J − 1K. By induction, it yields

|e(j+1)R| ⩽ (1 + C∆t)j |e0|+ b0 ∆tP+1

j∑

σ=0

(1 + C∆t)σ

⩽ exp(Cj∆t)|e0|+ b0 ∆tP
j∑

σ=0

∆t exp(Cσ∆t)

⩽ exp(CT )|e0|+ b0 ∆tP
∫ T

0

exp(Cξ) dξ

⩽ exp(CT )|e0|+ b0 ∆tP
exp(CT )− 1

C
.

Therefore, we deduce the inequality (15) with

C̃ = b0
exp(CT )− 1

C
, Ĉ = exp(CT ).

We define the a priori error (or convergence error) as the quantity e
(k)
n = ϕ

(k)

n − ϕ
(k)
n for n∈ J0, NK and k∈ J0,KK,

and E(k)
n = [e

(k)
n+1, . . . , e

(k)
n+R]

t.

Proposition 8.4. There exists ∆t such that, for ∆t ⩽ ∆t, we have the estimate

∣∣e(0)jR

∣∣ ⩽ C∆tK(R+1), (16)

for any j ∈ J1, JK, jR ⩽ N , where C is a real number independent of ∆t.

Proof. The difference between relations (13) and (12) give

εsn =

K∑

k=0

R∑

r=0

ask,r ∆t
k (ϕ

(k)

n+r − ϕ
(k)
n+r) =

K∑

k=0

R∑

r=0

ask,r ∆t
k e

(k)
n+r,
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which can be rewritten in the compact form as

En =

K∑

k=0

∆tk A(k)E(k)
n +

K∑

k=0

âk ∆t
k e(k)n .

Using Lemma 8.1, we rewrite the consistency error in the form

E(0)
n = e(0)n e−

K∑

k=1

∆tk BkE(k)
n −

K∑

k=1

∆tk bke(k)n +
(
A(0)

)−1

En

with Bk =
(
A(0)

)−1

A(k) and bk =
(
A(0)

)−1

âk.

Using the L∞-norm ∥ · ∥∞ and the inductive matrix norm (also denoted ∥ · ∥∞), we have

∥∥E(0)
n

∥∥
∞ ⩽

∣∣e(0)n

∣∣+
K∑

k=1

∆tk
∥∥∥Bk

∥∥∥
∞

∥∥E(k)
n

∥∥
∞

+
K∑

k=1

∆tk
∥∥∥bk
∥∥∥
∞

∣∣e(k)n

∣∣+
∥∥∥∥
(
A(0)

)−1
∥∥∥∥
∞

∥∥En
∥∥
∞.

From inequalities (8), we then deduce

∥∥E(k)
n

∥∥
∞ ⩽ L̂k

∥∥E(0)
n

∥∥
∞ and

∣∣e(k)n

∣∣ ⩽ L̂k

∣∣e(0)n

∣∣.
Using the consistency error estimate, we obtain

Cf ∆t
∥∥E(0)

n

∥∥
∞ ⩽ Cb ∆t

∣∣e(0)n

∣∣+
∥∥∥∥
(
A(0)

)−1
∥∥∥∥
∞
CK,R ∆tK(R+1)+1, (17)

where

Cf ∆t = 1−

K∑

k=1

∆tk L̂k

∥∥∥Bk
∥∥∥
∞
, Cb ∆t = 1 +

K∑

k=1

∆tk L̂k

∥∥∥bk
∥∥∥
∞
.

Due to the inequality
∣∣e(0)n+R

∣∣ ⩽
∥∥E(0)

n

∥∥
∞, we deduce

∣∣e(0)n+R

∣∣ ⩽ Cb ∆t

Cf ∆t

∣∣e(0)n

∣∣+
∥∥∥∥
(
A(0)

)−1
∥∥∥∥
∞

CK,R

Cf ∆t
∆tK(R+1)+1.

We now define ∆t > 0 such that Cf ∆t = 1/2. Consequently, for any ∆t < ∆t, we have Cf ∆t ⩾ 1/2, and, for

∆t ⩽ ∆t, we obtain the inequality

Cb ∆t

Cf ∆t
= 1 +

Cb ∆t− Cf ∆t

Cf ∆t
⩽ 1 + 2

K∑

k=1

∆tk L̂k

(∥∥∥Bk
∥∥∥
∞

+
∥∥∥bk
∥∥∥
∞

)

We finally conclude that, for ∆t ⩽ ∆t, we have

∣∣e(0)n+R

∣∣ ⩽
∣∣e(0)n

∣∣
(
1 +

K∑

k=1

∆tk bk

)
+ b0 ∆tK(R+1)+1,

with bk = 2L̂k

(∥∥∥Bk
∥∥∥
∞

+
∥∥∥bk
∥∥∥
∞

)
and b0 = 2CK,R, where the non-negative real numbers b0, . . . , bK do not depend

on ∆t.

Since we treat the differential equation using blocks of sizeR, we have n = jR and from Lemma 8.3, the relation (15)
holds with P = K(R+ 1), that is ∣∣e(0)jR

∣∣ ⩽ C̃∆tK(R+1) + Ĉ|e
(0)
0 |.

If we use the exact solution at time t = 0 for the initial condition, that is e
(0)
0 = 0, we deduce that C = C̃ and the

error is of order ∆tK(R+1).
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Theorem 8.5. Let n = jR, j ∈ J1, JK. Under the assumption of Proposition 8.4, there exists a real value C indepen-

dent of ∆t, r, j, and k such that, if ∆t ⩽ ∆t, then

∣∣e(k)n+r

∣∣ ⩽ C∆tK(R+1). (18)

The scheme is of order K(R+ 1) at any point and for any derivative.

Proof. From relation (17) and
∣∣e(0)n+r

∣∣ ⩽
∥∥E(0)

n

∥∥
∞, we deduce

∣∣e(0)n+r

∣∣ ⩽
∣∣e(0)n

∣∣
(
1 +

K∑

k=1

∆tk bk

)
+ b0 ∆tK(R+1)+1,

and, with the estimate (16), we deduce the zero-derivative convergence order

∣∣e(0)n+r

∣∣ ⩽ C̃∆tK(R+1)

(
1 +

K∑

k=1

∆tk bk

)
+ b0 ∆tK(R+1)+1

⩽ C0 ∆tK(R+1),

where C0 does not depend on ∆t. On the other hand, using the Lipschitz property of Lemma 7.2, we get
∣∣e(k)n+r

∣∣ ⩽
L̂k

∣∣e(0)n+r

∣∣ ⩽ Ck ∆tK(R+1), with Ck = L̂kC
0. Let C = maxCk over k∈ J0,KK, and we deduce the convergence

errors (18).

9 Linear stability

The linear stability of the structural schemes is provided by the von Neumann stability analysis. We compute the
growth factor of the Fourier modes and check the magnitude of the block approximations. The analysis is based on

the solution of the linear ODE ϕ(1) = λϕ(0) with λ ∈ C, that is, f(z, t) = λz.

9.1 Linear stability condition

The first physical equation PE 1(n+ r) reads ϕ
(1)
n+r = λϕ

(0)
n+r, r∈ J0, T K, and the k-th physical equation PE k(n+ r) is

given by ϕ
(k)
n+r = λkϕ

(0)
n+r. Substituting ϕ

(k)
n+r with λkϕ

(0)
n+r, r∈ J0, RK, into the R structural equations, provides the

system
K∑

k=0

R∑

r=0

ask,r(λ∆t)
kϕ

(0)
n+r = 0, s∈ J1, RK. (19)

The relation (19) is rewritten with the variable z = λ∆t, yielding

R∑

r=1

(
K∑

k=0

ask,rz
k

)
ϕ
(0)
n+r = −

(
K∑

k=0

ask,0z
k

)
ϕ(0)n .

Denoting

gs,r(z) =
K∑

k=0

ask,rz
k, G(z) =

(
gs,r(z)

)R
s,r=1

, b(z) =
(
gs0(z)

)R
s=1

,

the relation (19) can be expressed in the following compact matrix form

G(z)Φ(0)
n = −b(z)ϕ(0)n =⇒ Φ(0)

n = χ(z)ϕ(0)n , (20)

where χ(z) = −G−1(z)b(z) ∈ R
R is the vector whose entries are χr(z), r∈ J1, RK, representing the amplification

function. For stability, each entry must satisfy |χr(z)| ⩽ 1.

Because the computation of the next block only uses the vector Φn+R, our analysis focuses on the amplification
function χR(z) as a function of the parameter z, derived from system (20).

We introduce an adaptation of the A-stability for the block structural method.

Definition 9.1. The scheme is A-stable if |χR(z)| ⩽ 1.
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Since there are multiple ways to choose the set of R structural equations, we establish that the stability condition does
not depend on the particular basis chosen for the kernel.

Proposition 9.1. Let A = [as]R×M and Ã = [ãs]R×M be two basis of the Kernel KR given in Eq. (5). Then

G(z)Φ(0)
n = −b(z)ϕ(0)n and G̃(z)Φ(0)

n = −b̃(z)ϕ(0)n ,

where, G̃(z) and b̃(z) refer to the matrix and vector defined as in Eq. (20), but associated with the alternative basis
ãs. The amplification vector χ(z) therefore remains the same regardless of the basis chosen, showing that stability is
determined only by properties of the kernel subspace.

Proof. Let Ã and A be two different kernel bases, as in Eq. (5). We have Ã = ΞA where Ξ is a nonsingular R × R

matrix that changes the basis, that is, G̃(z) = ΞG(z) and b̃(z) = Ξb(z). From Eq. (20), we have Φ
(0)
n = χ(z)ϕ

(0)
n

and, using the alternative basis, G̃(z)Φ
(0)
n = −b̃(z)ϕ

(0)
n , hence

χ̃(z) = −G̃
−1

(z)b̃(z) = −
(
ΞG(z)

)−1

Ξb(z) = −G−1(z)
(
Ξ

−1
Ξ
)
b(z) = χ(z).

As a result, all amplification functions χr, r∈ J1, RK, are independent of the kernel basis chosen. Consequently, the
stability condition |χR(z)| ⩽ 1 for the approximation at time tn+R is unaffected by the choice of basis.

To assess stability, we propose a new expression for the amplification function.

Proposition 9.2. The amplification coefficient at time tn+R is given by

χR(z) =
det
[
G(z)

(
Id − eR et

R

)
− b(z)et

R

]

det
[
G(z)

] , (21)

where Id is the identity matrix of size R × R and eR is the last canonic column vector. In particular, χR(z) is a
rational function.

Proof. For simplicity, we suppress the explicit z dependence and apply Cramer’s rule to the system (20) to determine

the last unknown. Consider the upper triangular matrix Id − eR et
R + Φ

(0)
n et

R, which is the identity matrix with its

R-th column replaced by the vector Φ
(0)
n . Multiplying matrix G on the left side, yields

G
(
Id − eR et

R +Φ(0)
n et

R

)
= G

(
Id − eR et

R

)
− bϕ(0)n et

R.

On the one hand, det
[
Id − eR et

R +Φ(0)
n et

R

]
= ϕ

(0)
n+R, thus

det
[
G
(
Id − eR et

R +Φ(0)
n et

R

)]
= det[G]ϕ

(0)
n+R.

which, after some algebraic manipulations, provides the expression

det
[
G
(
Id − eR et

R +Φ(0)
n et

R

)]
= det

[
G
(
Id − eR et

R

)
− bϕ(0)n et

R

]
= det

[
G
(
Id − eR et

R

)
− bet

R

]
ϕ(0)n ,

and finally

ϕ
(0)
n+R(z) =

det
[
G(z)

(
Id − eR et

R

)
− b(z) et

R

]

det
[
G(z)

] ϕ(0)n ,

and the relation (21) holds. Since the entries of the matrix G and vector b are polynomials of z of degree K with real
coefficients, the amplification function χR is therefore a rational function with real coefficients.

9.2 Criteria for the unconditional stability

Next, we introduce several tools for analysing the stability of the structural scheme Skm[K,R]. This approach assumes
that the transfer function has the form χR(z) = p(z)/p(−z), where p(z) is a polynomial. With the Routh-Hurwitz
criterion [100], we thus demonstrate that if all roots of p(z) have negative real parts, the scheme is A-stable.

Lemma 9.3. Assume that the transfer function associated with the structural scheme Skm[K,R] is given by χR(z) =
p(z)/p(−z), where p(z) is a polynomial in C in which all roots have a negative real part. Then, the structural scheme
Skm[K,R] is A-stable.
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Proof. If all roots of p(z) are in the left-half of the complex plane, then all roots of p(−z) lie in the right-half. Thus,
χR(z) is analytic in the left-half plane. According to the Maximum Modulus Theorem, the maximum value of |χR|
occurs at the boundary of the semicircular region bounded by the imaginary axis from −ρ to ρ and the semicircle
z = ρ exp(iθ), θ ∈ [π/2, 3π/2]. Since χR(z) = p(z)/p(−z) then, for any θ ∈ [π/2, 3π/2], limρ→+∞ |χR(z)| = 1.
On the other hand, for imaginary numbers z = iy, for all y ∈ R, and taking advantage of the fact that the polynomial
coefficients are real numbers, we have

|χR(iy)| =

∣∣∣∣
p(iy)

p(−iy)

∣∣∣∣ =
∣∣∣∣∣
p(iy)

p(iy)

∣∣∣∣∣ = 1.

We then conclude that |χR(z)| ⩽ 1 for Re z ⩽ 0, that is, the structural scheme Skm[K,R] is A-stable.

In summary, Lemma (9.3) stipulates that unconditional stability requires: (1) χR(z) = p(z)/p(−z), and (2) all zeros
of p(z) are in the left-half of the complex plane. To check the second condition, we demonstrate that p(z) is Hurwitz
stable [101], which is verifiable via the Routh-Hurwitz criterion [101, 102] as detailed below.

Definition 9.2. Let
p(z) = aIz

I + aI−1z
I−1 + · · ·+ a1z + a0 (22)

be a polynomial with real coefficients. The I × I matrix

H =




aI−1 aI−3 aI−5 · · · · · · · · · 0 0 0
aI aI−2 aI−4 · · · · · · · · · 0 0 0
0 aI−1 aI−3 · · · · · · · · · 0 0 0
0 aI aI−2 · · · · · · · · · 0 0 0
0 0 aI−1 · · · · · · · · · a0 0 0
0 0 aI · · · · · · · · · a1 0 0
0 0 0 · · · · · · · · · a2 a0 0
...

...
...

...
...

... a3 a1 0
0 0 0 · · · · · · · · · a4 a2 a0




is termed the Hurwitz matrix associated with p(z).

Definition 9.3. The polynomial p(z) is called the Hurwitz polynomial if Re zi < 0 for all i∈ J1, IK, where zi are the
complex roots of p(z).

The Routh-Hurwitz criterion is given in the following theorem (see [100]).

Theorem 9.4. The polynomial p(z) given in Eq. (22) is a Hurwitz polynomial if and only if the principal minors of
the Hurwitz matrix H are strictly positive.

From Lemma 9.3 and the definition of a Hurwitz polynomial, we deduce the following theorem.

Theorem 9.5. Let χR(z) = p(z)/p(−z) be the transfer function at time tn+R associated with the structural scheme
Skm[K,R]. If p(z) is a Hurwitz polynomial in C, then the structural scheme Skm[K,R] is A-stable.

There is no generic result showing that all structural schemes Skm[K,R] are unconditionally stable; we must check
the A-stability of each scheme individually. To this end, the stability of several structural schemes Skm[K,R] has been
studied by computation of the χR(z) function given in Tables 30, 31, and 32 in C. The expressions χR(z) of all these
schemes have the form χR(z) = p(z)/p(−z), where p(z) is a polynomial of real positive coefficients. Verification of
the Routh-Hurwitz criterion is also given in C.

We summarise the results in the following corollary and provide, in the proof, the methodology for checking A-stability
using Hurwitz polynomials.

Corollary 9.6. The structural schemes Skm[K,R], K,R = 1, 2, 3 are A-stable.

Proof. The methodology for providing evidence of A-stability is illustrated with the following cases.

• Structural scheme Skm[1,3]. The Hurwitz polynomial p(z) = 3z3 + 11z2 + 18z + 12 is a third-degree
polynomial with all positive coefficients (see C), while the associated Hurwitz matrix reads

H13 =

[
11 12 0
3 18 0
0 11 12

]
.

Calculations show that all principal minors mi are strictly positive and, from Theorem 9.5, we conclude that
the structural scheme Skm[1,3] is A-stable.
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• Structural scheme Skm[2,2]. The Hurwitz polynomial p(z) = z4+9z3+39z2+90z+90 is a fourth-degree
polynomial with all positive coefficients (see C), while the associated Hurwitz matrix reads

H22 =



9 90 0 0
1 39 90 0
0 9 90 0
0 1 39 90


 .

Calculations show that all principal minors mi are strictly positive and, from Theorem 9.5, we conclude that
the structural scheme Skm[2,2] is A-stable.

Remark. Since increasing the values ofK andR yields Hurwitz polynomials with cumbersome expressions, the above
methodology is illustrated only for the structural schemes Skm[1,3] and Skm[2,2]. ■

9.3 About the stability of other classes of structural method

The Skm[K,R] schemes is a particular case of structural schemes. Indeed, Given a block of size R and considering
a scheme based on K derivatives, we have R(K + 1) unknowns that requires the same number of equations. The
schemes we propose use K physical equations per node, thus RK physical equations, we complete with R structural
equations. But other combinations are available. For instance we just useK−1 physical equations per nodes and then
we need 2R structural equations to close the system.
More generaly, any combination between a set of physical equations and a set of structural equation provides a potential
structural scheme but some combination are not consistant (not enough physical equations) and others are not very
efficient.
Our conjecture is that a scheme that does not employ all the possible physical equations suffers of a reduction of the
order and unconditional stability is lost. Several experiments (not presented here) show that we obtain a conditional
stability condition that restrict the size of the time step. Such ”weaker scheme” may be interesting if one does not want

(or cannot) to compute all the relations df(k)
[
., .
]
, k = 0, . . . ,K − 1.

10 Spectral resolution

Fourier analysis is the standard tool for assessing the spectral resolution of a compact method. The pioneer paper of
Lele [2] provides an explicit relation for the first and second derivative approximations with respect to the local wave
number, ω = 2πκ∆t. More precisely, the analysis is based on two linear relations (two structural equations, indeed)
that connect zero- and first-derivative approximations on one side and zero- and second-derivative approximations on
the other, as follows.

• The first relation for the zero and first derivative approximations is in the form

R∑

r=1

a0rϕ
(0)
n+r +

R∑

r=1

a1rϕ
(1)
n+r = 0.

By introducing the local modified wave number ω(1) for the first derivative, we obtain an algebraic expression
in terms of ω. In this context, we assume the modified wavenumber remains constant at each discrete time
tn+r.

• The second relation for the zero and second derivative approximations is in the form

R∑

r=1

b0rϕ
(0)
n+r +

R∑

r=1

b2rϕ
(2)
n+r = 0,

that provides an explicit algebraic relation of the modified wave number ω(2) as a function of ω, independent
of the discrete time tn+r.

• The extension to the k-th derivative is based on an implicit coupling of ϕ
(k)
r with ϕ

(0)
r [103] by introducing

the modified wave number ω(k). Once again, spectral analysis using von Neumann analysis is available, since
we connect the function solely to the k-th derivative.
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The Compact Combined Scheme (CCS) [52, 53, 54] uses the same approach but with a slight modification. More
specifically, it combines the zero, first, and second derivative approximations at the same time but with two linearly

independent equations, leading to a small 2× 2 system, which provides the modified wave numbers ω(1) and ω(2) for
the first and second derivatives as a function of ω, respectively.

10.1 A new notion of spectral resolution

Such an approach presents challenges for the structural equations. First, we want to assess the impact of the structural
scheme over the entire block, particularly at the last time step tn+R relative to the initial time step tn. Second, when

K ̸= R, there is no square, non-singular system to provide a direct solution for ω(1)(θ) up to ω(K)(θ). Finally, standard
Fourier analysis assumes stationarity, so the phase shifts of the first and second derivatives are invariant with respect
to tn, which is not the case when dealing with an initial condition problem where we prescribe all the derivatives at
t = 0.

We propose a new approach for assessing spectral resolution tailored to the structural scheme Skm[K,R], specifically
addressing the coupling between structural and physical equations. For this, we replace the fundamental solution
exp(i2πκt) with the equation ϕ′ = i2πκϕ. Then, we connect all the derivatives to the solution thanks to the physical
equations as

ϕ(k) =
(
i2πκ

)k
ϕ(0), k∈ J1,KK.

As a result, the R structural equations yield an R-dimensional linear system as previously defined in Eq. (20), for the
specific case z = λ∆t with λ = i2πκ. To analyse diffusion and dispersion in the structural schemes Skm[K,R], we

set the initial block condition at tn to the exact solution ϕ
(0)
n = exp(i2πκtn). The resulting transfer function, χr(iω),

describes the diffusion and dispersion at time tn+r. The exact solution at tn+r is ϕ(0)(tn+r) = exp(irω) exp(i2πκtn),
so the deviation from the exact solution is given by the ratio between the approximation and the exact value at tn+r:

ϕ
(0)
n+r

ϕ(0)(tn+r)
=

χr(iω)ϕ
(0)
n

exp(irω) exp(i2πκtn)
= χr(iω) exp(−irω).

Definition 10.1. The diffusion of the scheme is given by the modulus of ζr(ω) = χr(iω) exp(−irω) (amplification
factor), while the dispersion corresponds to its argument (phase deviation).

Remark. It is important to note that the function ζr also depends on the parameters R and K, thus we employ the
notation ζr(ω;K,R) when necessary (as in Section 10.4). ■

Noting that the solution at time tn+R will be used for the next block resolution, we focus our study on the case r = R.
Of course, all intermediate steps can be analysed in a similar way.

Proposition 10.1. If χR(z) is a rational function of the form p(z)/p(−z) then we have |χR(iω)| = 1 from which
|ζR(ω)| = 1 for all ω > 0. The schemes do not have diffusion at time tn+R.

Remark. For K,R = 1, 2, 3, we have explicitly determined the amplification factor χR(z), case by case, as the
quotient p(z)/p(−z). We make the conjecture that this is always the case for any K and R. ■

10.2 Phase error analysis

Thanks to the explicit expressions of the coefficients of the structural equations, we get an analytical expression of
the transfer functions χR(z) as rational functions for a set of situations given in Tables 30, 31, and 32 in C. We then
produce the polynomial expression as a function of ω, which we report in Table 20 and use to compute the ζR(ω)
function.

The phase deviation (in radians) as a function of the local wavelength ω is plotted in Figure 8 for R = 1, 2, 3 with
K = 1, 2, 3. As expected, spectral resolution improves drastically with increasing K, whereas the impact of R is less
obvious. We observe that large deviations occur for ω ⩾ π when R = 3. Particular attention is paid to the case with
R = 2 and K = 3, where the phase deviation remains very small until ω = 2π. Indeed, only three points approximate
a complete revolution with a tiny phase deviation, below π/20.

10.3 Spectral resolution analysis with respect to ∆t and K

Given N and ω, the impact of duplicating the number of points on the phase deviation is assessed. Indeed, taking 2N
points provides the time parameter ∆t/2 and, consequently, the local wavelength ω/2, but the number of blocks is

44



The structural method for Ordinary Differential Equations ARTICLE

Table 20: Spectral deviation – polynomial expressions with respect to the local wavelength ω as function of K and R.

scheme p(iω) = p(iω;K,R)

Skm[1,1] 2 + iω
Skm[1,2] −ω2 + 3iω + 3
Skm[1,3] −3iω3 − 11ω2 + 18iω + 12
Skm[2,1] −ω2 + 6iω + 12
Skm[2,2] ω4 − 9iω3 − 39ω2 + 90iω + 90
Skm[2,3] −3ω6 + 33iω5 + 193ω4 − 720iω3 − 1740ω2 + 2520iω + 1680
Skm[3,1] −iω3 − 12ω2 + 60iω + 120
Skm[3,2] −ω6 + 18iω5 + 165ω4 − 945iω3 − 3465ω2 + 7560iω + 7560
Skm[3,3] 9iω9 + 198ω8 − 2355iω7 − 19075ω6 + 112770iω5

+ 494760ω4 − 1587600iω3 − 3553200ω2 + 4989600iω + 3326400
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(a) Skm[K,1]. (b) Skm[K,2]. (c) Skm[K,3].

Figure 8: Dispersion curves arg(ζR) as function of ω with K = 1 ( ), K = 2 ( ), and K = 3 ( ).

duplicated. Hence, the reference phase deviation ζR(ω), corresponding to N points, must be compared with ζ2R(ω/2),
which involves 2N points. More generally, for ℓN points, the phase deviation ζR(ω) must be compared with ζℓR(ω/ℓ),
since ℓ blocks are necessary to reach the same final time.

The phase deviations ζR(ω), ζ
2
R(ω/2), and ζ3R(ω/3) using the reference time step ∆t = T/N as a function of K

(columns) and R (rows) are plotted in Figure 9. First, as expected, a smaller time step strongly improves the spectral
resolution by providing more time grid points. The trade-off between the argument reduction and the power increase
of the phase deviation ζℓR(ω/ℓ) favors a larger ℓ. Second, for fixed ℓ, the phase error is drastically reduced with larger
K. For example, with ℓ = 1, the phase error is almost contained in ω = π/4 (K = 1), ω = π/2 (K = 2), and ω = π
(K = 3). This last case indicates that we recovered subscale information, namely the presence of an extremum within
the cell.

10.4 Spectral resolution analysis with respect to K and R

Let T = 1 and κ ∈ N be given. We fix the value of N such that J = N/R ∈ N, with R = 1, . . . , 4. The aim
is to compare the deviation of the numerical approximation in the final time T for different choices of K and R,
while the time step ∆t = T/N is constant, independently of the two parameters. For R = 1, the final deviation

is dev(ω;K, 1) =
(
ζR(ω;K, 1)

)N
since N blocks of size R = 1 must be solved. For blocks of size R, the final

deviation at the final time is given by dev(ω;K,R) =
(
ζR(ω;K,R)

)J
. Consequently, numerical simulations can be

performed to assess the phase deviation relative to the analytic expression.

The deviation errors computed analytically and numerically for different values of κ are reported in Tables 21 and 22.
We observe a perfect match between theory and simulation. For κ = 1, the solution is a full revolution discretised
with 36 points. The deviation decreases as K and R increase, in accordance with the scheme’s convergence order. We
note that doubling the frequency to κ = 2, that is, 18 points per full revolution, strongly impacts accuracy, especially
for the highest-order-accurate schemes. For example, one order of magnitude is lost for K = 1 and R = 1, while
seven orders of magnitude are lost for K = 4 and R = 4.

To assess the spectral resolution in more challenging situations, we increase κ to 4, 8, and 12. The last case means that
we have 9 time grid points to compute two revolutions. The analytical errors of the phase deviation for these cases
are reported in Table 23. Clearly, when K = 1, we do not resolve the sub-scaled variations with κ = 8, 12, and the
solution is no longer admissible. The case K = 2 provides a better approximation of the solution but requires a larger

45



The structural method for Ordinary Differential Equations ARTICLE

π

4

π

2

3π

4 π
5π

4

3π

2

7π

4 2π

−π

−

3π

4

−

π

2

−

π

4

π

4

ω
ar
g
(ξ
(ω

))
π

4

π

2

3π

4 π
5π

4

3π

2

7π

4 2π

−π

−

3π

4

−

π

2

−

π

4

π

4

ω

ar
g
(ξ
(ω

))

π

4

π

2

3π

4 π
5π

4

3π

2

7π

4 2π

−π

−

3π

4

−

π

2

−

π

4

π

4

ω

ar
g
(ξ
(ω

))
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Figure 9: Dispersion curves arg(ζR(ω)) for ∆t ( ), arg(ζ2R(ω/2)) for ∆t/2 ( ), and arg(ζ3R(ω/3)) for ∆t/3 (
) as function of ω for schemes Skm[K,R], K,R = 1, 2, 3.

Table 21: Comparison between the analytical error calculated with arg(ζR(ω;K,R)) and the numerical error obtained
with the structural schemes Skm[K,R] for N = 36, T = 1, and κ = 1 (ω = 2π/36).

K err R=1 R=2 R=3 R=4

1 analytic -1.59E-02 -1.29E-04 7.07E-05 2.20E-06
numeric -1.59E-02 -1.29E-04 7.07E-05 2.20E-06

2 analytic -8.08E-06 1.87E-08 -5.08E-11 1.61E-13
numeric -8.08E-06 1.87E-08 -5.08E-11 1.61E-13

3 analytic -1.76E-09 6.27E-15 2.61E-18 -5.38E-23
numeric -1.76E-09 6.27E-15 2.61E-18 -5.38E-23

4 analytic -2.13E-13 -8.88E-20 -5.71E-26 -5.46E-32
numeric -2.13E-13 -8.88E-20 -5.71E-26 -5.46E-32

R. From K = 3 and above, we managed to solve the sub-scaled information (at least the one associated with the
highest frequency κ = 12).

An interesting point to highlight is the trade-off between the total number of unknowns and accuracy. With K deriva-
tives, we handle N(K+1) unknowns, and the number is invariant with respect to the parameter R. For example, with
κ = 2, comparable errors are obtained with the structural schemes Skm[2,4] and Skm[4,2], but with 5N unknowns
for the first case and 3N unknowns for the latter. For κ = 2, the structural schemes Skm[1,4] and Skm[2,1] have
an accuracy comparable with 3N and 2N unknowns, respectively. Nevertheless, when increasing the frequency, there
may be significant limitations on retrieving sub-scaled information if K is too small, regardless of R. For instance,
with κ = 12, the structural schemes Skm[2,4] and Skm[3,1] have the same phase deviation error, but a larger K (that
is, increasing local data) is preferred to provide better insights on the sub-scaled information.
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Table 22: Comparison between the analytical error calculated with arg(ζR(ω;K,R)) and the numerical error obtained
with the structural schemes Skm[K,R] for N = 36, T = 1, and κ = 2, (ω = 2π/18).

K err R=1 R=2 R=3 R=4

1 analytic -1.25E-01 -4.03E-03 2.05E-03 2.64E-04
numeric -1.25E-01 -4.03E-03 2.05E-03 2.64E-04

2 analytic -2.57E-04 2.34E-06 -2.46E-08 2.94E-10
numeric -2.57E-04 2.34E-06 -2.46E-08 2.94E-10

3 analytic -2.24E-07 1.27E-11 2.00E-14 -6.72E-18
numeric -2.24E-07 1.27E-11 2.00E-14 -6.72E-18

4 analytic -1.09E-10 -7.14E-16 -7.06E-21 -1.01E-25
numeric -1.09E-10 -7.14E-16 -7.06E-21 -1.01E-25

Table 23: Analytical error calculated as arg(ζR(ω;K,R)) for the structural schemes Skm[K,R] for N = 36, T = 1
and three values of κ.

κ K R=1 R=2 R=3 R=4

4

1 -9.52E-01 -1.17E-01 4.23E-02 2.54E-02
2 -8.05E-03 2.74E-04 -9.92E-06 3.38E-07
3 -2.83E-05 2.51E-08 1.21E-10 -7.21E-13
4 -5.50E-08 -5.44E-12 -7.19E-16 -1.07E-19

8

1 -1.00E-01 -2.56E-00 -3.75E-01 7.52E-01
2 -2.35E-01 2.41E-02 -1.14E-03 -4.72E-04
3 -3.42E-03 4.39E-05 -5.19E-08 -3.53E-08
4 -2.70E-05 -3.22E-08 -1.12E-11 2.78E-13

12

1 1.66E-00 1.54E-00 -2.61E-01 -2.89E-00
2 -1.52E-00 1.89E-01 6.68E-02 -5.55E-02
3 -5.30E-02 2.90E-03 -1.71E-04 7.06E-06
4 -9.65E-04 -3.10E-06 5.90E-08 1.87E-09

10.5 Phase convergence

To assess phase convergence, we solve the linear equation ϕ′(t) = −i2κπϕ(t) in (0, 1], and assess the deviation at the
final time T , given as

ζ(T ) =
ϕN
ϕ(T )

= ϕN exp(i2κπT ),

which represents the transfer function at the end of the simulation. |ζ(T )| is the amplitude variation while arg ζ(T )
is the phase shift of the numerical approximation at the final time. Note that if κ ∈ Z and T ∈ Z, we simply have
|ζ(T )| = |ϕN | and arg ζ(T ) = arg ϕN .
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(a) ε=1E-3. (b) ε=1E-5.

Figure 10: Smallest values for N to provide a phase error above the parameter ε.

The numerical test we propose aims to determine the smallest value ofN for which the scheme provides an error below
a prescribed accuracy ε as a function of the two parameters K and R. To this end, we take κ = 10, and by successive
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approximations, we determine the smallest N . The value of N as a function of R for the four curves (K = 1, . . . , 4)
with tolerances of ε = 10−3 and ε = 10−5 are plotted in Figure 10. Except for the case K = 1, a constant value
N is quickly reached depending on R. The parameter ∆t is mainly controlled by the spectral resolution, that is, the
minimum number of points to resolve a full revolution.

11 Conclusions

We proposed and analysed a novel class of numerical schemes for ODEs based on the structural method. These
schemes achieve extreme convergence orders and excellent spectral resolution while using compact stencils. We have
established their stability and convergence. Several numerical benchmarks demonstrate that the method successfully
balances running time and accuracy, resulting in superior numerical efficiency. The structural schemes analysed use
the maximum number of physical equations. This leads to a novel multi-derivative Runge-Kutta formulation. Standard
techniques often struggle to design and implement such methods, mainly because of the numerous non-linear order
conditions. In contrast, our structural schemes determine coefficients directly from the kernel basis. This approach
drastically reduces the design complexity and enables arbitrary convergence orders. An additional advantage is the
accuracy of the intermediate time steps. Traditional Runge-Kutta methods treat sub-steps as auxiliary calculations.
However, in the structural schemes, the values at tn+r, r∈ J1, RK, achieve the same convergence order and can be
used as genuine approximations. Finally, the structural method naturally connects with compact schemes commonly
used in space discretisation. This opens the potential to combine structural equations in both time and space.
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A Analytical structural equations

The structural schemes Skm[K,R] are based on the structural equations SE K R
S

(s), s∈ J1, SK, characterised by the basis

(as)Ss=1 of the kernel KS ⊂ R
M , with M = (K + 1)(R + 1) the size of the vectors. By construction, the structural
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equations are exact up to a polynomial degree d =M − S and read

K∑

k=0

R∑

r=0

ask,r ∆t
k ϕ

(k)
n+r = 0, s∈ J1,KK.

In practice, we use S = R to design the structural method, and the structural schemes Skm[K,R] provide R linearly
independent equations.

Tables 24, 25, and 26 present the analytical expressions of the coefficients ask,r for R = 1, 2, 3, each with K = 1, 2, 3.

Additionally, the kernel method can be used to compute these coefficients numerically for any choice of K, R, and S.

Table 24: Structural equations coefficients for R = 1.

K s as0,0 as1,0 as2,0 as3,0 as0,1 as1,1 as2,1 as3,1
1 1 -2 -1 2 -1

2 1 -12 -6 -1 12 -6 1

3 1 120 60 12 1 -120 60 -12 1

Table 25: Structural equations coefficients for R = 2.

K s as0,0 as1,0 as2,0 as3,0 as0,1 as1,1 as2,1 as3,1 as0,2 as1,2 as2,2 as3,2

1 1 -3 -1 0 -4 3 -1
2 2 1 -4 0 2 -1

2 1 24 9 1 -48 0 -8 24 -9 1
2 -15 -7 -1 0 -16 0 15 -7 1

3 1 315 123 18 1 0 384 0 16 -315 123 -18 1
2 -192 -87 -15 -1 384 0 48 0 -192 87 -15 1

Table 26: Structural equations coefficients for R = 3.

K s as0,0 as1,0 as2,0 as3,0 as0,1 as1,1 as2,1 as3,1 as0,2 as1,2 as2,2 as3,2 as0,3 as1,3 as2,3 as3,3

1
1 11 3 27 27 -27 27 -11 3
2 19 6 0 27 -27 0 8 -3
3 -13 -6 27 0 -27 0 13 -6

2
1 -103 -33 -3 729 243 81 -729 243 -81 103 -33 3
2 173 60 6 -486 -81 -81 243 -162 0 70 -27 3
3 -113 -48 -6 -81 -162 0 81 -162 0 113 -48 6

3
1 4711 1599 198 9 45927 28431 4374 729 -45927 28431 -4374 729 -4711 1599 -198 9
2 -7823 -2802 -369 -18 -17496 -19683 -2187 -729 28431 -8748 2187 0 -3112 1203 -171 9
3 5021 2064 315 18 -19683 -4374 -2187 0 19683 -4374 2187 0 -5021 2064 -315 18

B Post-processing structural equations

Assuming that we have performed the computation with a structural scheme Skm[K,R], post-processing structural
equations enable computing higher derivatives of order p with p > K at the final time step tN using the approximate

solution and derivatives from the backward time steps. We then propose an approximation for ϕ
(p)
N of convergence

order O using a relation in the form

ϕ
(p)
N =

Ip∑

i=0

K∑

k=0

apik ∆t
k ϕ

(k)
N−i,

where the convergence order of the method and the coefficients are given in the following tables.
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B.1 Case K = 1

We assume that the approximations ϕ
(k)
−i are available at any point T−i∆t, i∈ J0, IdK, and k = 0, 1. Table 27 provides

the formula and the corresponding convergence order for the approximation ϕ
(p)
N for p = 2, 3, 4.

Table 27: Coefficients of the post-processing structural equations with K = 1 for p = 2, 3, 4.

p Ip O ϕ
(p)
N

2 1 2 ϕ
(2)
N = 6ϕ

(0)
N−1 − 6ϕ

(0)
N

+∆t(2ϕ
(1)
N−1 + 4ϕ

(1)
N )

2 2 4 ϕ
(2)
N = 7

2ϕ
(0)
N−2 + 8ϕ

(0)
N−1 −

23
2 ϕ

(0)
N

+∆t(ϕ
(1)
N−2 + 8ϕ

(1)
N−1 + 6ϕ

(1)
N )

2 3 6 ϕ
(2)
N = 8

3ϕ
(0)
N−3 +

27
2 ϕ

(0)
N−2 −

97
6 ϕ

(0)
N

+∆t( 23ϕ
(1)
N−3 + 9ϕ

(1)
N−2 + 18ϕ

(1)
N−1 +

22
3 ϕ

(1)
N )

3 2 3 ϕ
(3)
N = 51

2 ϕ
(0)
N−2 + 24ϕ

(0)
N−1 −

99
2 ϕ

(0)
N

+∆t( 152 ϕ
(1)
N−2 + 48ϕ

(1)
N−1 +

39
2 ϕ

(1)
N )

3 3 5 ϕ
(3)
N = 238

9 ϕ
(0)
N−3 +

243
2 ϕ

(0)
N−2 − 54ϕ

(0)
N−1 −

1691
18 ϕ

(0)
N

+∆t( 203 ϕ
(1)
N−3 +

171
2 ϕ

(1)
N−2 + 144ϕ

(1)
N−1 +

193
6 ϕ

(1)
N )

3 4 7 ϕ
(3)
N = 1241

48 ϕ
(0)
N−4 +

2176
9 ϕ

(0)
N−3 + 171ϕ

(0)
N−2 −

896
3 ϕ

(0)
N−1 −

20155
144 ϕ

(0)
N

+∆t( 478 ϕ
(1)
N−4 +

368
3 ϕ

(1)
N−3 + 396ϕ

(1)
N−2 + 304ϕ

(1)
N−1 +

1045
24 ϕ

(1)
N )

4 2 2 ϕ
(4)
N = 78ϕ

(0)
N−2 + 24ϕ

(0)
N−1 − 102ϕ

(0)
N

+∆t(24ϕ
(1)
N−2 + 120ϕ

(1)
N−1 + 36ϕ

(1)
N )

4 3 4 ϕ
(4)
N = 400

3 ϕ
(0)
N−3 + 540ϕ

(0)
N−2 − 360ϕ

(0)
N−1 −

940
3 ϕ

(0)
N

+∆t(34ϕ
(1)
N−3 + 408ϕ

(1)
N−2 + 582ϕ

(1)
N−1 + 96ϕ

(1)
N )

4 4 6 ϕ
(4)
N = 11879

72 ϕ
(0)
N−4 +

13328
9 ϕ

(0)
N−3 +

1659
2 ϕ

(0)
N−2 −

16912
9 ϕ

(0)
N−1 −

42931
72 ϕ

(0)
N

+∆t( 1133 ϕ
(1)
N−4 +

2296
3 ϕ

(1)
N−3 + 2343ϕ

(1)
N−2 +

4712
3 ϕ

(1)
N−1 +

995
6 ϕ

(1)
N )

B.2 Case K = 2

We proceed withK = 2 and provide in Table 28 the post-processing structural equations that provide an approximation

of ϕ
(p)
N for p = 3, 4.
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Table 28: Coefficients of the post-processing structural equations with K = 2 for p = 3, 4.

p Ip O ϕ
(p)
N

3 2 6 ϕ
(3)
N = 87ϕ

(0)
N−2 − 384ϕ

(0)
N−1 + 297ϕ

(0)
N

+ 2∆t(15ϕ
(1)
N−2 − 48ϕ

(1)
N−1 − 72ϕ

(1)
N )

+ ∆t2(3ϕ
(2)
N−2 − 48ϕ

(2)
N−1 + 27ϕ

(2)
N )

3 3 9 ϕ
(3)
N = − 344

9 ϕ
(0)
N−3 +

891
2 ϕ

(0)
N−2 − 648ϕ

(0)
N−1 +

4333
18 ϕ

(0)
N

+∆t(− 35
3 ϕ

(1)
N−3 + 162ϕ

(1)
N−2 + 81ϕ

(1)
N−1 − 103ϕ

(1)
N )

+ ∆t2(−ϕ
(2)
N−3 +

81
2 ϕ

(2)
N−2 − 81ϕ

(2)
N−1 +

33
2 ϕ

(2)
N )

3 4 12 ϕ
(3)
N = 559

16 ϕ
(0)
N−4 −

8768
9 ϕ

(0)
N−3 + 2592ϕ

(0)
N−2 − 1984ϕ

(0)
N−1 +

47705
144 ϕ

(0)
N

+∆t( 394 ϕ
(1)
N−4 −

1088
3 ϕ

(1)
N−3 + 324ϕ

(1)
N−2 + 576ϕ

(1)
N−1 − 130ϕ

(1)
N )

+ ∆t2( 34ϕ
(2)
N−4 − 64ϕ

(2)
N−3 + 324ϕ

(2)
N−2 − 192ϕ

(2)
N−1 +

75
4 ϕ

(2)
N )

4 2 5 ϕ
(4)
N = 1359

2 ϕ
(0)
N−2 − 2304ϕ

(0)
N−1 +

3249
2 ϕ

(0)
N

+∆t(237ϕ
(1)
N−2 − 480ϕ

(1)
N−1 − 702ϕ

(1)
N )

+ ∆t2(24ϕ
(2)
N−2 − 336ϕ

(2)
N−1 + 99ϕ

(2)
N )

4 3 8 ϕ
(4)
N = − 7060

9 ϕ
(0)
N−3 +

17415
2 ϕ

(0)
N−2 − 11340ϕ

(0)
N−1 +

61505
18 ϕ

(0)
N

+∆t(− 2162
9 ϕ

(1)
N−3 + 3159ϕ

(1)
N−2 + 2106ϕ

(1)
N−1 −

11728
9 ϕ

(1)
N )

+ ∆t2(− 62
3 ϕ

(2)
N−3 + 810ϕ

(2)
N−2 − 1458ϕ

(2)
N−1 + 157ϕ

(2)
N )

4 4 11 ϕ
(4)
N = 26751

32 ϕ
(0)
N−4 −

205888
9 ϕ

(0)
N−3 + 58968ϕ

(0)
N−2 − 42432ϕ

(0)
N−1 +

1585289
288 ϕ

(0)
N

+∆t( 18698 ϕ
(1)
N−4 − 76736ϕ

(1)
N−3 + 6804ϕ

(1)
N−2 + 13632ϕ

(1)
N−1 −

69295
36 ϕ

(1)
N )

+ ∆t2(18ϕ
(2)
N−4 −

4544
3 ϕ

(2)
N−3 + 7452ϕ

(2)
N−2 − 4032ϕ

(2)
N−1 +

835
4 ϕ

(2)
N )

B.3 Case K = 3

Finally, for K = 3 we provide in Table 28 the post-processing structural equations that provide an approximation of

ϕ
(4)
N .

C Scheme stability data

In Section 9, we established the stability condition of the structural schemes Skm[K,R] with Theorem 9.5 if the transfer
function reads χR(z) = p(z)/p(−z) and p(z) is a Hurwitz polynomial in C. In this appendix, we first provide the
expressions for χR(z), in Tables 30, 31, and 32 for K,R = 1, 2, 3 obtained with the Symbolic Toolbox of MATLAB.
We then check that the polynomials satisfy the Hurwitz property.

C.1 Case K = 1

• Skm[1,1]: unconditional second-order accurate scheme with p(z) = z + 2 and its only zero (z = −2) is in
the left half-plane.

• Skm[1,2]: unconditional fourth-order accurate scheme with p(z) = z2 + 3z + 3 and

H12 =

[
3 0
1 3

]
.
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Table 29: Coefficients of the post-processing structural equations with K = 3 for p = 4.

p Ip O ϕ
(p)
N

4 1 4 ϕ
(4)
N = 840ϕ

(0)
N−1 − 840ϕ

(0)
N

+∆t(360ϕ
(1)
N−1 + 480ϕ

(1)
N )

+ ∆t2(60ϕ
(2)
N−1 − 120ϕ

(2)
N )

+ ∆t3(4ϕ
(3)
N−1 + 16ϕ

(3)
N )

4 2 8 ϕ
(4)
N = 1545ϕ

(0)
N−2 + 1920ϕ

(0)
N−1 −

5385
2 ϕ

(0)
N

+∆t(285ϕ
(1)
N−2 + 1920ϕ

(1)
N−1 + 1260ϕ

(1)
N )

+ ∆t2(39ϕ
(2)
N−2 + 192ϕ

(2)
N−1 − 246ϕ

(2)
N )

+ ∆t3(2ϕ
(3)
N−2 + 64ϕ

(3)
N−1 + 24ϕ

(3)
N )

4 3 12 ϕ
(4)
N = 21160

27 ϕ
(0)
N−3 +

27945
2 ϕ

(0)
N−2 − 9720ϕ

(0)
N−1 −

271955
54 ϕ

(0)
N

+∆t( 7723 ϕ
(1)
N−3 + 7533ϕ

(1)
N−2 + 10692ϕ

(1)
N−1 +

18844
9 ϕ

(1)
N )

+ ∆t2( 923 ϕ
(2)
N−3 + 1215ϕ

(2)
N−2 − 972ϕ

(2)
N−1 −

1066
3 ϕ

(2)
N )

+ ∆t3( 43ϕ
(3)
N−3 + 162ϕ

(3)
N−2 + 324ϕ

(3)
N−1 +

88
3 ϕ

(3)
N )

Table 30: Transfer functions of the structural schemes Skm[1,R].

scheme R χR(z)

Skm[1,1] 1 2+z
2−z

Skm[1,2] 2 z2+3z+3
z2−3z+3

Skm[1,3] 3 3z3+11z2+18z+12
−3z3+11z2−18z+12

Its determinant is positive.

• Skm[1,3]: unconditional fourth-order accurate scheme with p(z) = 3z3 + 11z2 + 18z + 12 and

H13 =

[
11 12 0
3 18 0
0 11 12

]
.

All its principal minors mi for i∈ J1, 3K of detH13 are strictly positive.

C.2 Case K = 2

Table 31: Transfer functions of the structural schemes Skm[2,R].

scheme R χR(z)

Skm[2,1] 1 z2+6z+12
z2−6z+12

Skm[2,2] 2 z4+9z3+39z2+90z+90
z4−9z3+39z2−90z+90

Skm[2,3] 3 3z6+33z5+193z4+720z3+1740z2+2520z+1680
3z6−33z5+193z4−720z3+1740z2−2520z+1680

• Skm[2,1]: unconditional fourth-order accurate scheme with p(z) = z2 + 6z + 12 and

H21 =

[
6 0
1 12

]
.
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Its determinant is positive.

• Skm[2,2]: unconditional sixth-order accurate scheme with p(z) = z4 + 9z3 + 39z2 + 90z + 90 and

H22 =



9 90 0 0
1 39 90 0
0 9 90 0
0 1 39 90


 .

All principal minors mi for i∈ J1, 4K of detH22 are strictly positive.

• Skm[2,3]: unconditional eight-order accurate scheme with p(z) = 3z6+33z5+193z4+720z3+1740z2+
2520z + 1680 and

H23 =




33 720 2520 0 0 0
3 193 1740 1680 0 0
0 33 720 2520 0 0
0 3 193 1740 1680 0
0 0 33 720 2520 0
0 0 3 193 1740 1680



.

All principal minors mi for i∈ J1, 6K of detH23 are strictly positive.

C.3 Case K = 3

Table 32: Transfer functions of the structural schemes Skm[3,R].

scheme R χR(z)

Skm[3,1] 1 z3+12z2+60z+120
−z3+12z2−60z+120

Skm[3,2] 2 z6+18z5+165z4+945z3+3465z2+7560z+7560
z6−18z5+165z4−945z3+3465z2−7560z+7560

Skm[3,3] 3 9z9+198z8+2355z7+19075z6+112770z5+494760z4+1587600z3+3553200z2+4989600z+3326400
−9z9+198z8−2355z7+19075z6−112770z5+494760z4−1587600z3+3553200z2−4989600z+3326400

• Skm[3,1]: unconditional sixth-order accurate scheme with p(z) = z3 + 12z2 + 60z + 120 and

H31 =

[
12 120 0
1 60 0
0 12 120

]
.

All principal minors mi for i∈ J1, 3K of detH31 are strictly positive.

• Skm[3,2]: unconditional tenth-order accurate scheme with p(z) = z6 +18z5 +165z4 +945z3 +3465z2 +
7560z + 7560 and

H32 =




18 945 7560 0 0 0
1 165 3465 7560 0 0
0 18 945 7560 0 0
0 1 165 3465 7560 0
0 0 18 945 7560 0
0 0 1 165 3465 7560



.

All principal minors mi, for i∈ J1, 6K of detH32 are strictly positive.

• Skm[3,3]: unconditional twelfth-order accurate scheme with p(z) = 9z9 + 198z8 + 2355z7 + 19075z6 +
112770z5 + 494760z4 + 1587600z3 + 3553200z2 + 4989600z + 3326400 and

H33 =




198 19075 494760 3553200 3326400 0 0 0 0
9 2355 112770 15876000 4989600 0 0 0 0
0 198 19075 494760 3553200 3326400 0 0 0
0 9 2355 112770 15876000 4989600 0 0 0
0 0 198 19075 494760 3553200 3326400 0 0
0 0 9 2355 112770 15876000 4989600 0 0
0 0 0 198 19075 494760 3553200 3326400 0
0 0 0 9 2355 112770 15876000 4989600 0
0 0 0 0 198 19075 494760 3553200 3326400




.

All principal minors mi for i∈ J1, 9K of detH33 are strictly positive.
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Hence, all schemes are A-stable.

D Butcher Tableau for the collocation method

D.1 The 4th-Order Method (2-Stage Gauss-Legendre)

The 2-stage 4th-order Butcher tableau.

1
2 −

√
3
6

1
4

1
4 −

√
3
6

1
2 +

√
3
6

1
4 +

√
3
6

1
4

1
2

1
2

(23)

D.2 The 6th-Order Method (3-Stage Gauss-Legendre)

The 3-stage 6th-order Butcher tableau
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1
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15
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5
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15
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2
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√
15
15

5
36

5
18

4
9

5
18

(24)

D.3 8th-Order Gauss-Legendre Butcher Tableau

The 4-stage, 8th-order Butcher Tableau with 32 digits of precision.

Stage Nodes (ci) Weights (bi)

c1 = 0.06943184420297371238854284555813

c2 = 0.33000947820757186759865892120042

c3 = 0.66999052179242813240134107879958

c4 = 0.93056815579702628761145715444187

b1 = 0.17392742256872692868653197461040

b2 = 0.32607257743127307131346802538960

b3 = 0.32607257743127307131346802538960

b4 = 0.17392742256872692868653197461040

Stage Matrix Entries (aij )

Row 1

a11 = 0.08696371128436346434326598730520

a12 = −0.02619985959089069670008594246830

a13 = 0.01509374026369527376785640232490

a14 = −0.00642574775419432902249360160367

Row 2

a21 = 0.18738361514757530663415174092415

a22 = 0.16303628871563653565673401269480

a23 = −0.02677937984187063467657150117387

a24 = 0.00636915418623065998434466875535

Row 3

a31 = 0.16755826838249626870218730585505

a32 = 0.35285195727314370598990176843438

a33 = 0.16303628871563653565673401269480

a34 = −0.01345599258210340356560943180470

Row 4

a41 = 0.18035317032292125770902557621407

a42 = 0.31097883716757779754561162306470

a43 = 0.35227243702216376801355403061452

a44 = 0.08696371128436346434326598730520

10th-Order Gauss-Legendre Butcher Tableau

The 5-stage, 10th-order Butcher Tableau with 32 digits of precision.

Stage Nodes (ci) Weights (bi)

c1 = 0.04691007703066800360118656085031

c2 = 0.23076534494715845448184278821844

c3 = 0.50000000000000000000000000000000

c4 = 0.76923465505284154551815721178156

c5 = 0.95308992296933199639881343914969

b1 = 0.11846344252809454375713202035994

b2 = 0.23931433529974125961272126693111

b3 = 0.28444444444444444444444444444444

b4 = 0.23931433529974125961272126693111

b5 = 0.11846344252809454375713202035994

Stage Matrix Entries (aij )
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Row 1

a11 = 0.05923172126404727187856601017997

a12 = −0.01783063595561081525091763781744

a13 = 0.00913988019488390772702758169116

a14 = −0.00494576326190820521316694605917

a15 = 0.00131487478925584445967755285579

Row 2

a21 = 0.12467364402636901844577884784116

a22 = 0.11965716764987062980636063346555

a23 = −0.01831885918739908856658934526647

a24 = 0.00739976735508892694553259969188

a25 = −0.00184637489677103214923994751368

Row 3

a31 = 0.12151608752230752538964344402283

a32 = 0.26127548981650392306774641973053

a33 = 0.14222222222222222222222222222222

a34 = −0.02195982511624518268046768666164

a35 = 0.00294602555521151199341883713653

Row 4

a41 = 0.12030981742486557590637196787362

a42 = 0.23191456794265233266718866723923

a43 = 0.30276330363184353298642084661853

a44 = 0.11965716764987062980636063346555

a45 = −0.00621020159639052585250444372982

Row 5

a51 = 0.11714856773883869929745446750415

a52 = 0.24426009856164946482588821299028

a53 = 0.27530456424956053671741686275328

a54 = 0.25714497125535207486363890474855

a55 = 0.05923172126404727187856601017997

D.3.1 12th-Order Gauss-Legendre Butcher Tableau

The 6-stage, 12th-order Butcher Tableau with 32 digits of precision

Stage Nodes (ci) Weights (bi)

c1 = 0.03376524289842398612197577545465

c2 = 0.16939530676686774311894236047318

c3 = 0.38069040695840154571932338148970

c4 = 0.61930959304159845428067661851030

c5 = 0.83060469323313225688105763952682

c6 = 0.96623475710157601387802422454535

b1 = 0.08566224618958517252277579178949

b2 = 0.18038078652406930335017409240366

b3 = 0.23395696728634552412705011580685

b4 = 0.23395696728634552412705011580685

b5 = 0.18038078652406930335017409240366

b6 = 0.08566224618958517252277579178949

Stage Matrix Entries (aij )

Row 1

a11 = 0.04283112309479258626138789589475

a12 = −0.01255762837335661011195655554625

a13 = 0.00557476646535555986877903822818

a14 = −0.00310860551065116744839818815124

a15 = 0.00127116790938676239162985331562

a16 = −0.00024558068710314483946626828641

Row 2

a21 = 0.08865487711929944062145889369324

a22 = 0.09019039326203465167508704620183

a23 = −0.01235650742136195759187383216892

a24 = 0.00539168913926839352726749069150

a25 = −0.00188612187315147571380907481363

a26 = 0.00029097654077869060081183686916

Row 3

a31 = 0.08728956977264879555234249112444

a32 = 0.19159930768407428399587442111893

a33 = 0.11697848364317276206352505790343

a34 = −0.01869871029272891350179965416045

a35 = 0.00441617417531778152575239920194

a36 = −0.00059441802408316391637133369859

Row 4

a41 = 0.08625666550248192070640445809090

a42 = 0.17596461234875152182442169320172

a43 = 0.25265567757907443762884976996730

a44 = 0.11697848364317276206352505790343

a45 = −0.01121852115999424888493132714526

a46 = 0.00180479109015978161730628292887

Row 5

a51 = 0.08537126964880648192196395492033

a52 = 0.18226690839722077906398316721729

a53 = 0.22856527814707713060232532463428

a54 = 0.24631347470770748171638210344583

a55 = 0.09019039326203465167508704620183

a56 = −0.00223594892742918868840224021234

Row 6

a61 = 0.08541666550248192070640445809090

a62 = 0.17910961861468254095854394571928

a63 = 0.22954079937695876173542026249123

a64 = 0.23706557280011504936496464871261

a65 = 0.19293841489742591346213064794991

a66 = 0.04283112309479258626138789589475
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