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Abstract. The recently established spectral Favard theorem for bounded banded matrices admitting a pos-
itive bidiagonal factorization is applied to a broader class of Markov chains with bounded banded transition
matricesÐextending beyond the classical birth-and-death settingÐto those that allow a positive stochastic bidi-
agonal factorization. In the őnite case, the KarlinśMcGregor spectral representation is derived. The recurrence
of the Markov chain is established, and explicit formulas for the stationary distributions are provided in terms
of orthogonal polynomials. Analogous results are obtained for the countably inőnite case. In this setting, the
chain is not necessarily recurrent, and its behavior is characterized in terms of the associated spectral measure.
Finally, ergodicity is examined through the presence of a mass at 1 in the spectral measure, corresponding to
the eigenvalue 1 with both right and left eigenvectors.

1. Introduction

The spectral analysis of Markov chains and random walks has a long history, originating in the work of
Karlin and McGregor and further developed in a systematic way using orthogonal polynomials and operator-
theoretic methods; see [KarlinMcGregor, DominguezIglesia2022]. In this paper we study discrete-time
Markov chains on a őnite or countable state space whose transition matrix is a bounded banded stochas-
tic matrix admitting a stochastic bidiagonal factorization. This setting extends the classical birthśandśdeath
(tridiagonal) framework to processes with őnitely many upward and downward jumps, while preserving a
strong positivity structure. Our approach combines tools from total positivity and oscillation theory, where
bidiagonal factorizations play a structural role [Gantmacher, Fallat, Pinkus], with the spectral viewpoint
provided by mixed multiple orthogonal polynomials [nikishin_sorokin, Ismail, andrei_walter, afm]. For
oscillatory banded matrices, eigenvalues are simple and positive and eigenvectors exhibit controlled sign
variation, making it possible to develop a spectral description that is well suited to probabilistic interpreta-
tions.

Our starting point is the spectral Favard theorem established for bounded banded matrices admitting a
positive bidiagonal factorization [BFM1, BFM4]. In that framework one associates to the left and right
recursion polynomials a matrix of positive measures for which these polynomials form mixed multiple
orthogonal families, yielding a KarlinśMcGregor type spectral representation. Here we adapt this machin-
ery to the stochastic context by proving that any positive bidiagonal factorization of a banded stochastic
matrix can be renormalized into a product of bidiagonal stochastic factors. This normalization procedure,
implemented through suitable diagonal conjugations built recursively from the bidiagonal factors, provides
a canonical stochastic factorization and makes explicit the link between oscillatory matrix structure and
Markov evolution. The banded Hessenberg and tetradiagonal situations previously analyzed in [BFM2,
BFM3] serve as guiding examples. In addition, the present banded framework clariőes and streamlines
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some normalization and truncation aspects in the Markov-chain interpretation that in the Hessenberg set-
ting require extra care: here we provide a systematic diagonal-conjugation procedure producing stochastic
bidiagonal factors and a consistent treatment of őnite truncations via PerronśFrobenius renormalization,
which is essential for the subsequent spectral and probabilistic conclusions.

A key step is an explicit normalization procedure that turns a given positive bidiagonal factorization into
a stochastic one by conjugation with suitable diagonal matrices built recursively from the bidiagonal factors.
This yields a stochastic factorization

𝑇 = ℒ̂1 · · · ℒ̂𝑝𝒰̂𝑞 · · · 𝒰̂1,

where each factor is a positive bidiagonal stochastic matrix. Besides providing a structural description of the
dynamics as a concatenation of elementary (pure birth / pure death) steps, this factorization is the bridge
between probabilistic properties of the chain and the oscillation/spectral theory of the underlying banded
operator.

For őnite truncations, although leading principal submatrices are only semi-stochastic, PerronśFrobenius
theory allows one to renormalize them into genuinely stochastic matrices by a diagonal similarity transform
involving the positive Perron eigenvector. In this őnite setting we derive an explicit KarlinśMcGregor spec-
tral representation for the iterated transition probabilities and for the corresponding generating functions,
written in terms of the mixed multiple orthogonal polynomials and the associated discrete matrix-valued
spectral measures. As consequences, we establish irreducibility and aperiodicity, prove recurrence, and ob-
tain closed formulas for the unique stationary distribution in terms of spectral data (left/right eigenvectors
and Christoffel-type coefficients), together with geometric convergence rates governed by the second largest
eigenvalue.

In the countably inőnite case we obtain analogous spectral representations with respect to the limiting
matrix of measures supported in [0, 1]. In contrast with the őnite situation, the chain need not be recurrent,
and we characterize recurrence versus transience through a sharp integrability condition involving the (1, 1)-
entry of the spectral measure, in the spirit of the classical random-walk theory of Karlin and McGregor
[KarlinMcGregor]. Finally, we analyze ergodicity (positive recurrence) via the presence of a mass at 1 in
the spectral measure, which corresponds to the eigenvalue 1 carrying both right and left eigenvectors; in
that case we identify the stationary distribution from the corresponding spectral weights.

Summarizing, the main contributions of the paper are:

• to connect banded Markov chains admitting stochastic bidiagonal factorizations with the spectral
Favard theorem for positive bidiagonal factorizations [BFM1, BFM4];

• to derive KarlinśMcGregor type formulas (őnite and countable cases) in terms of mixed multiple
orthogonal polynomials and matrix-valued spectral measures [afm, KarlinMcGregor];

• to establish recurrence and provide explicit stationary distributions in the őnite case, and to char-
acterize recurrence/ergodicity in the inőnite case through the spectral measure (including the mass
at 1 criterion).

1.1. Elements of Markov chains. A countable Markov chain is a discrete-time stochastic process rep-
resented by a sequence of random variables {𝑋𝑛}𝑛∈N0 , where the distribution of the next state depends
only on the current state. See [gallager, feller]. In this paper we focus exclusively on őnite Markov
chains [haggstrom, kirwood] where the random variables {𝑋𝑛}𝑛∈N0 take values in the őnite state space
{0, 1, . . . , 𝑁} ⊂ N0. Each element of this set is called a łstate.ž For a discussion of semi-inőnite Markov
chains, see [JP, BFM5].

The transition probabilities,

𝑃𝑖, 𝑗 ≔ Pr(𝑋𝑛+1 = 𝑗 | 𝑋𝑛 = 𝑖), 𝑖, 𝑗 ∈ {0, 1, . . . , 𝑁},
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form an (𝑁 + 1) × (𝑁 + 1) stochastic matrix 𝑃 ≔
[
𝑃𝑖, 𝑗

]𝑁
𝑖, 𝑗=0

, which satisőes

𝑃𝑖, 𝑗 ≥ 0,
𝑁∑︁
𝑘=0

𝑃𝑖,𝑘 = 1, 𝑖, 𝑗 ∈ {0, 1, . . . , 𝑁}.

The őrst condition means that 𝑃 is entrywise non-negative, while the second implies that

𝑃𝑒 [𝑁 ]
= 𝑒 [𝑁 ] , 𝑒 [𝑁 ]

≔
[
1 1

]⊤
∈ R

𝑁+1.

By the ChapmanśKolmogorov equation, the probabilities of moving from one state to another in 𝑟 steps
are given by the entries of 𝑃𝑟 , namely

Pr(𝑋𝑛+𝑟 = 𝑗 | 𝑋𝑛 = 𝑖) = (𝑃𝑟 )𝑖, 𝑗 .

Using this, we deőne the period of a state.

Definition 1.1 (Period and aperiodic states). Let 𝑖 ∈ {0, 1, . . . , 𝑁} be a state. The period 𝑑 (𝑖) of 𝑖 is the greatest
common divisor of all integers 𝑟 ∈ N such that (𝑃𝑟 )𝑖,𝑖 > 0. If 𝑑 (𝑖) = 1, the state 𝑖 is said to be aperiodic.

Remark 1.2. If 𝑃𝑖,𝑖 > 0, then state 𝑖 is aperiodic, since the set of return times contains 𝑟 = 1, and hence its greatest
common divisor is 1.

Definition 1.3 (First-passage-time probability). The first-passage-time probability is defined by

𝑓 𝑟𝑖, 𝑗 = Pr(𝑋𝑟 = 𝑗 , 𝑋𝑟−1 ≠ 𝑗 , . . . , 𝑋1 ≠ 𝑗 | 𝑋0 = 𝑖),

for 𝑖, 𝑗 ∈ {0, 1, . . . , 𝑁} and 𝑟 ∈ N0. It represents the probability of reaching state 𝑗 for the first time after 𝑟 transitions
when starting from 𝑖.

The corresponding generating functions are

𝑃𝑖, 𝑗 (𝑠) ≔

∞∑︁
𝑟=0

(𝑃𝑟 )𝑖, 𝑗 𝑠
𝑟 , 𝐹𝑖, 𝑗 (𝑠) ≔

∞∑︁
𝑟=1

𝑓 𝑟𝑖, 𝑗 𝑠
𝑟 ,

and they satisfy

𝐹𝑖,𝑖 (𝑠) = 1 −
1

𝑃𝑖,𝑖 (𝑠)
.

Using this, we introduce the following notions.

Definition 1.4 (Recurrence and transience). A state 𝑖 is called recurrent if the probability of ever returning to 𝑖
is 1, or equivalently if

lim
𝑠→1−

𝐹𝑖,𝑖 (𝑠) = 1.

Otherwise, the state 𝑖 is said to be transient. If all states are recurrent, the chain is called recurrent; otherwise, it is
transient.

Remark 1.5. From the relation above, state 𝑖 is recurrent if and only if lim
𝑠→1−

𝑃𝑖,𝑖 (𝑠) = +∞.

Definition 1.6 (Ergodicity). A state 𝑖 is called ergodic if it is both aperiodic and recurrent. If all states are ergodic,
the chain is called an ergodic chain.

Definition 1.7 (Classes of states). We say that state 𝑗 is accessible from state 𝑖 (𝑖 → 𝑗 ) if there exists 𝑛 ∈ N such
that (𝑃𝑛)𝑖, 𝑗 > 0. Two states communicate if 𝑖 → 𝑗 and 𝑗 → 𝑖. Two states 𝑖 and 𝑗 are said to be in the same class
if they communicate.

Then, for two states 𝑖 and 𝑗 in the same class, starting from state 𝑖, state 𝑗 can be reached after őnitely
many transitions, and vice versa.
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Theorem 1.8 (Class properties). The states in the same class are either all recurrent or all transient and have the
same period.

Definition 1.9 (Irreducible Markov chain). If there is only one class, the Markov chain is said to be irreducible.

In the examples we discuss, there will be only one class of states, hence the chains will be irreducible.

Definition 1.10 (Expected return times). Let the first time to reach state 𝑗 starting from state 𝑖 be the random
variable

𝑇𝑖, 𝑗 ≔ min{𝑛 ≥ 1 : 𝑋𝑛 = 𝑗 | 𝑋0 = 𝑖}.

The mean first-passage time from 𝑖 to 𝑗 is

𝑡̄𝑖, 𝑗 ≔ E(𝑇𝑖, 𝑗) =
∞∑︁
𝑛=1

𝑛 𝑓 𝑛𝑖, 𝑗 .

In particular, when 𝑖 = 𝑗 we write 𝑡̄𝑖 instead of 𝑡̄𝑖,𝑖 and call it the expected (mean) return time of state 𝑖.

This expectation 𝑡̄𝑖 represents the expected number of steps needed for the chain to return to the (recur-
rent) state 𝑖.

Definition 1.11 (Probability vectors). A vector 𝜋 =
[
𝜋0 𝜋1 𝜋𝑁

]
, where 𝜋𝑖 ≥ 0 for 𝑖 ∈ {0, 1, . . . , 𝑁} and

𝜋𝑒 [𝑁 ] =
∑𝑁

𝑖=0 𝜋𝑖 = 1, is referred to as a probability vector. This vector encodes a probability distribution on the state
space, where 𝜋𝑖 is the probability of being in state 𝑖.

Assuming a probability vector 𝜋(0) as the initial distribution, after one transition the new probability of
being in state 𝑘 is

𝜋𝑘 (1) =
𝑁∑︁
𝑖=0

𝜋𝑖 (0)𝑃𝑖,𝑘 .

Thus, the new probability vector is 𝜋(1) = 𝜋(0)𝑃. Note that 𝜋(1)𝑒 [𝑁 ] = 𝜋(0)𝑃𝑒 [𝑁 ] = 𝜋(0)𝑒 [𝑁 ] = 1.
Therefore, after 𝑛 transitions the probability vector is 𝜋(𝑛) = 𝜋(0)𝑃𝑛, which follows from the Chapmanś
Kolmogorov equation

(𝑃𝑛+𝑚)𝑖, 𝑗 =

𝑁∑︁
𝑘=0

(𝑃𝑛)𝑖,𝑘 (𝑃
𝑚)𝑘, 𝑗 .

Definition 1.12. A steady (or stationary) state is an invariant probability vector 𝜋 satisfying 𝜋 = 𝜋𝑃.

Remark 1.13. In terms of entries, 𝜋𝑖 =
∑𝑁

𝑗=0 𝜋 𝑗𝑃 𝑗 ,𝑖 . These are the balance equations.

Theorem 1.14. i) For an irreducible Markov chain, if there exists a steady state, it is unique and the Markov
chain is recurrent.

ii) If the Markov chain is recurrent, there exists a unique steady state. In this case, the steady-state entries are
𝜋𝑖 =

1
𝑡̄𝑖
, for 𝑖 ∈ {0, 1, . . . , 𝑁}.

iii) For ergodic Markov chains, we have the limit property

lim
𝑟→∞

(𝑃𝑟 )𝑖, 𝑗 = 𝜋 𝑗 .(1)

Remark 1.15. Note that for any initial probability vector 𝜋(0) for a Markov chain satisfying (3), the long-term
distribution is

𝜋 𝑗 (∞) = lim
𝑟→∞

𝑁∑︁
𝑖=0

𝜋𝑖 (0) (𝑃
𝑟 )𝑖, 𝑗 =

𝑁∑︁
𝑖=0

𝜋𝑖 (0)𝜋 𝑗 = 𝜋 𝑗 .

In other words, the steady state is an equilibrium distribution to which all initial distributions converge as time goes
to infinity.
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Remark 1.16. Simple random walks can be viewed as birthśdeath Markov chains, where the transition matrix is
tridiagonal. Starting from a given state 𝑖, the only possible transitions are to remain in the same state or to move to
the neighboring states 𝑖 + 1 or 𝑖 − 1.

Remark 1.17 (Time reversal). Assuming the steady state satisfies 𝜋𝑖 > 0 for 𝑖 ∈ {0, 1, . . . , 𝑁}, define a matrix 𝑄

with entries 𝑄𝑖, 𝑗 =
𝜋 𝑗

𝜋𝑖
𝑃 𝑗 ,𝑖 .

The matrix 𝑄 is stochastic and, using Bayes’ formula with the initial distribution 𝜋, it can be written as 𝑄𝑖, 𝑗 =

Pr (𝑋𝑛 = 𝑗 | 𝑋𝑛+1 = 𝑖). Hence, 𝑄 is the transition matrix of the time-reversed chain. Moreover, if there exists a
stochastic matrix 𝑄 satisfying the detailed balance equations 𝜋𝑖𝑄𝑖, 𝑗 = 𝜋 𝑗𝑃 𝑗 ,𝑖 for a probability vector 𝜋, then 𝜋 is a
steady state. A Markov chain is called reversible when 𝑄 = 𝑃, that is, when 𝜋𝑖𝑃𝑖, 𝑗 = 𝜋 𝑗𝑃 𝑗 ,𝑖 holds. In other words,
the Markov chain and its time-reversal have the same finite-dimensional distributions. See [bremaud, haggstrom].

Remark 1.18. The product 𝑃𝑄 of two stochastic matrices 𝑃 and 𝑄 is again stochastic, and therefore it is the
transition matrix of another Markov chain. Given an initial probability vector 𝜋, the vector 𝜋𝑃𝑄 represents a two-step
evolution: first 𝜋 ↦→ 𝜋𝑃 = 𝜋′, and then 𝜋′ ↦→ 𝜋′𝑄.

2. Markov chains with banded transition matrices

We discuss applications of the spectral representation developed above for bounded banded semi-inőnite
matrices admitting a positive bidiagonal factorization to banded stochastic matrices 𝑇 of the form

𝑇 =



𝑇0,0 𝑇0,𝑞 0

𝑇𝑝,0

0


with 𝑇𝑛,𝑚 > 0, 𝑛, 𝑚 ∈ N0, and

𝑇𝑛,𝑛−𝑝 + · · · + 𝑇𝑛,𝑛+𝑞 = 1, 𝑛 ∈ N0,

where, for 𝑛 ∈ {0, . . . , 𝑝 − 1}, negative indices are understood to yield zero entries.
Let us consider the semi-inőnite vector

𝑒 ≔
[
1 1

]⊤
.

A nonnegative matrix 𝑇 is said to be stochastic if 𝑇𝑒 = 𝑒, i.e., all its entries are nonnegative and the sum of
the entries in each row is 1.

Positive bidiagonal semi-inőnite matrices are semi-inőnite matrices of the form

ℒ ≔



ℒ0,0 0

ℒ1,0 ℒ1,1

0 ℒ2,1 ℒ2,2


, 𝒰 ≔



𝒰0,0 𝒰0,1 0

0 𝒰1,1 𝒰1,2

𝒰2,2


,
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i.e. with ℒ𝑖,𝑖 ,ℒ𝑖,𝑖+1,𝒰𝑖,𝑖,𝒰𝑖+1,𝑖 > 0. These matrices can be written as

ℒ = 𝐿 Δ, 𝐿 =



1 0
ℒ1,0

ℒ0,0
1

0
ℒ2,1

ℒ1,1
1


, Δ = diag(ℒ0,0,ℒ1,1, . . . ),

𝒰 = ∇ 𝑈, 𝑈 =



1
𝒰0,1

𝒰0,0
0

0 1
𝒰1,2

𝒰1,1

1



, ∇ = diag(𝒰0,0,𝒰1,1, . . . )

in terms of normalized positive bidiagonal matrices and diagonal matrices.

Proposition 2.1. Any positive bidiagonal factorization of a banded semi-infinite matrix

𝑇 = ℒ1 · · ·ℒ𝑝𝒰𝑞 · · ·𝒰1

can be written in a normalized way as

𝑇 = 𝐿1 · · · 𝐿𝑝Δ𝑈𝑞 · · ·𝑈1,

in terms of normalized bidiagonal semi-infinite matrices and a positive diagonal semi-infinite matrix Δ, and vice-versa.

Proof. A positive bidiagonal factorization can be written as

𝑇 = ℒ1 · · ·ℒ𝑝𝒰𝑞 · · ·𝒰1

= 𝐿̃1Δ1 𝐿̃2Δ2 · · · 𝐿̃𝑝Δ𝑝∇𝑞𝑈̃𝑞 · · · ∇2𝑈̃2∇1𝑈̃1,

with 𝐿̃𝑖, 𝑖 ∈ {1, . . . , 𝑝} and 𝑈̃ 𝑗 , 𝑗 ∈ {1, . . . , 𝑞} normalized positive bidiagonal matrices, Δ𝑖, 𝑖 ∈ {1, . . . , 𝑝},
and ∇ 𝑗 , 𝑗 ∈ {1, . . . , 𝑞}, positive diagonal matrices. Now, we deőne the bidiagonal matrices

𝐿𝑖 = (Δ1 · · ·Δ𝑖−1) 𝐿̃𝑖 (Δ1 · · ·Δ𝑖−1)
−1, 𝑖 ∈ {1, . . . , 𝑝},

𝑈 𝑗 = (∇ 𝑗−1 · · · ∇1)
−1𝑈̃ 𝑗 (∇ 𝑗−1 · · · ∇1) 𝑗 ∈ {1, . . . , 𝑞},

where 𝐿1 = 𝐿̃1 and𝑈1 = 𝑈̃1. By construction these newmatrices are normalized positive bidiagonal matrices.
Therefore, we can write

𝑇 = ℒ1 · · ·ℒ𝑝𝒰𝑞 · · ·𝒰1

= 𝐿1 · · · 𝐿𝑝Δ𝑈𝑞 · · ·𝑈1, Δ = Δ1 · · ·Δ𝑝∇𝑞 · · · ∇1.

Reversing the previous arguments, we conclude that any factorization

Δ = Δ1 · · ·Δ𝑝∇𝑞 · · · ∇1

leads to a (non-normalized) positive bidiagonal factorization of 𝑇 . □
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The truncations (leading principal submatrices)

𝑇 [𝑁 ]
=



𝑇0,0 𝑇0,𝑞 0 0

𝑇𝑝,0

0 0

𝑇𝑁−𝑞,𝑁

0 0 𝑇𝑁,𝑁−𝑝 𝑇𝑁,𝑁


that take only the őrst 𝑁 + 1 rows and columns, have a corresponding normalized bidiagonal factorization
in terms of the truncations of the corresponding bidiagonal factors

𝑇 [𝑁 ]
= 𝐿

[𝑁 ]

1 · · · 𝐿
[𝑁 ]
𝑝 Δ

[𝑁 ]𝑈
[𝑁 ]
𝑞 · · ·𝑈

[𝑁 ]

1 .

Hence, 𝑇 [𝑁 ] are oscillatory matrices and, consequently, its eigenvalues 𝜆[𝑁 ]

𝑘
, 𝑘 ∈ {0, 1, . . . , 𝑁}, are simple

and positive. These eigenvalues are the zeros of the characteristic polynomial 𝑃𝑁+1(𝑥). We also order them
as

𝜆
[𝑁 ]

0 > 𝜆
[𝑁 ]

1 > · · · > 𝜆
[𝑁 ]

𝑁
.

Definition 2.2. Given any semi-infinite vector

𝑣 =


𝑣0
𝑣1


we define a corresponding diagonal semi-infinite matrix with diagonal entries precisely the vector entries:

𝛿(𝑣) ≔ diag(𝑣0, 𝑣1, . . . ).

Given a positive bidiagonal factorization 𝑇 = ℒ1 . . .ℒ𝑝𝒰𝑞 · · ·𝒰1, let us introduce recursively the following positive
diagonal matrices

𝛿 𝑗 ≔ 𝛿(𝒰𝑗𝛿 𝑗−1𝑒), 𝑗 ∈ {1, . . . , 𝑞},

𝛿𝑞+𝑖 ≔ 𝛿(ℒ𝑝+1−𝑖𝛿𝑞+𝑖−1𝑒), 𝑖 ∈ {1, . . . , 𝑝},

with the understanding that 𝛿0 = 𝐼 , being 𝐼 the semi-infinite identity matrix.

These diagonal matrices are the key to construct a stochastic bidiagonal factorization from a given positive
bidiagonal factorization.

Proposition 2.3. Given a stochastic banded matrix𝑇 with a positive bidiagonal factorization𝑇 = ℒ1 · · ·ℒ𝑝𝒰𝑞 · · ·𝒰1

there exists a positive stochastic bidiagonal factorization

𝑇 = ℒ̂1 · · · ℒ̂𝑝𝒰̂𝑞 · · · 𝒰̂1

where ℒ̂𝑖 , 𝑖 ∈ {1, . . . , 𝑝}, 𝒰̂𝑗 , 𝑗 ∈ {1, . . . , 𝑞} are bidiagonal stochastic semi-infinite matrices given by

𝒰̂𝑗 = 𝛿−1𝑗 𝒰𝑗𝛿 𝑗−1, 𝑗 ∈ {1, . . . , 𝑞},

ℒ̂𝑖 = 𝛿−1𝑞+𝑝−𝑖+1ℒ𝑖𝛿𝑞+𝑝−𝑖 , 𝑖 ∈ {1, . . . , 𝑝}.

Proof. First let us observe that we can write𝒰1 = 𝛿1𝒰̂1 where 𝒰̂1 = 𝛿−11 𝒰1 is a stochastic matrix, i.e. 𝒰̂1𝑒 = 𝑒.
Then 𝒰2𝒰1 = 𝒰2𝛿1𝒰̂1 = 𝛿2𝒰̂2𝒰̂1 where 𝒰̂2 = 𝛿−12 𝒰2𝛿1 is again a stochastic matrix, i.e. 𝒰̂2𝑒 = 𝑒. In the next
step, we őnd 𝒰3𝒰2𝒰1 = 𝒰3𝛿2𝒰̂2𝒰̂1 = 𝛿3𝒰̂3𝒰̂2𝒰̂1 where 𝒰̂3 = 𝛿−13 𝒰3𝛿2 is again, by construction, a stochastic
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matrix. Iterating this process we get to 𝒰𝑞 · · ·𝒰1 = 𝛿𝑞𝒰̂𝑞 · · · 𝒰̂1 where all the matrices 𝒰̂𝑗 , 𝑗 ∈ {1, . . . , 𝑞},
are stochastic.

Now, we deal with ℒ𝑝𝒰𝑞 · · ·𝒰1 = ℒ𝑝𝛿𝑞𝒰̂𝑞 · · · 𝒰̂1 = 𝛿𝑞+1ℒ̂𝑝𝒰̂𝑞 · · · 𝒰̂1, where by construction ℒ̂𝑝 =

𝛿−1
𝑞+1ℒ𝑝𝛿𝑞 is again a stochastic matrix. Iterating again this process we conclude that

𝑇 = 𝛿𝑞+𝑝ℒ̂1 · · · ℒ̂𝑝𝒰̂𝑞 · · · 𝒰̂1

where each factor ℒ̂𝑖, 𝑖 ∈ {1, . . . , 𝑝} and 𝒰̂𝑗 , 𝑗 ∈ {1, . . . , 𝑞} is a positive bidiagonal stochastic matrix.
Then, 𝑇𝑒 = 𝛿𝑞+𝑝𝑒, but by assumption 𝑇 is stochastic and therefore 𝑇𝑒 = 𝑒. Consequently, 𝛿𝑞+𝑝𝑒 = 𝑒 and
𝛿𝑞+𝑝 = 𝐼. □

Remark 2.4. This applies to semi-infinite or finite banded matrices.

2.1. Finite Markov chains. If 𝑇 is stochastic, the truncations 𝑇 [𝑁 ] need not be stochastic: they are sub-
stochastic, i.e. all entries are nonnegative and the sum of the entries in some rows may be strictly less than
1. Nevertheless, recalling that the őnite matrix 𝑇 [𝑁 ] is nonnegative and nonsingular, the PerronśFrobenius
theorem ensures the existence of an eigenvalue, which is positive, simple and equal to the spectral radius,
say 𝜆

[𝑁 ]

0 , and a corresponding eigenvector 𝑢⟨𝑁 ⟩

0 with all its entries

𝑢
⟨𝑁 ⟩

0,𝑛 = 𝐵
(1)
𝑛−1

(
𝜆
[𝑁 ]

0

)
𝜌
[𝑁 ]

0,1 + · · · + 𝐵
(𝑞)

𝑛−1

(
𝜆
[𝑁 ]

0

)
𝜌
[𝑁 ]

0,𝑞

positive, i.e.,

𝑇 [𝑁 ]𝑢
⟨𝑁 ⟩

0 = 𝜆
[𝑁 ]

0 𝑢
⟨𝑁 ⟩

0 .

Notice that 𝑢⟨𝑁 ⟩

0 = 𝛿(𝑢
⟨𝑁 ⟩

0 )𝑒 [𝑁 ] .

Here we have used the multiple orthogonal polynomials 𝐵 (1)
𝑛−1(𝑥) and the Christoffel numbers 𝜌 [𝑁 ]

0,𝑞 (which
are positive), see Appendix B.

Proposition 2.5. The matrix

𝑇 [𝑁 ]
≔

1

𝜆
[𝑁 ]

0

𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝑇 [𝑁 ]𝛿(𝑢
⟨𝑁 ⟩

0 )

is stochastic.

Proof. It follows from

𝑇 [𝑁 ]𝑒 [𝑁 ]
=

1

𝜆
[𝑁 ]

0

𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝑇 [𝑁 ]𝛿(𝑢
⟨𝑁 ⟩

0 )𝑒 [𝑁 ]
=

1

𝜆
[𝑁 ]

0

𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝑇 [𝑁 ]𝑢
⟨𝑁 ⟩

0

=
1

𝜆
[𝑁 ]

0

𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝜆
[𝑁 ]

0 𝑢
⟨𝑁 ⟩

0 = 𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝑢
⟨𝑁 ⟩

0 = 𝑒 [𝑁 ] .

□

This normalization can be viewed as a discrete-time Doob ℎ-transform (with ℎ = 𝑢
⟨𝑁 ⟩

0 ), which turns the
semi-stochastic truncation into a genuineMarkov transition matrix, see [Doob1957,Doob1984, LevinPeresWilmer2017

Proposition 2.6. The finite Markov chain with transition matrix 𝑇 [𝑁 ] has only one class (hence it is irreducible).

Proof. As the matrices have a PBF, all the entries within the band are positive, and successive powers
enlarge the width of the band. Hence, there exists 𝑛 ∈ N such that ((𝑇 [𝑁 ])𝑛)𝑖, 𝑗 > 0 for any pair of states
𝑖, 𝑗 ∈ {0, 1, . . . , 𝑁}, and therefore all states communicate. □

Proposition 2.7. The finite Markov chain with transition matrix 𝑇 [𝑁 ] is aperiodic.

Proof. Having the transition matrix 𝑇 [𝑁 ] a PBF, it has all its diagonal entries positive, (𝑇 [𝑁 ])𝑖,𝑖 > 0. There-
fore, the set of return times contains 1, and the period of each state is 1. □
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Proposition 2.8. The stochastic matrix 𝑇 [𝑁 ] has a stochastic bidiagonal factorization.

Proof. Since 𝑇 [𝑁 ] is stochastic and admits a positive bidiagonal factorization, the construction above yields
a stochastic bidiagonal factorization. □

In terms of eigenvalues 𝜆[𝑁 ]
𝑗

, and left and right eigenvector entries 𝑢⟨𝑁 ⟩
𝑗 ,𝑛

, 𝑤
⟨𝑁 ⟩
𝑗 ,𝑚

of 𝑇 [𝑁 ] , see (1), and the

spectral measure d𝜓 [𝑁 ]

𝑏,𝑎
, see (B), an extension of Karlin and McGregor for simple Markov chains is:

Proposition 2.9. The spectral representation of these finite stochastic matrices is

((𝑇 [𝑁 ])𝑘)𝑛,𝑚 =
𝑢
⟨𝑁 ⟩

0,𝑚

𝑢
⟨𝑁 ⟩

0,𝑛

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)𝑥𝑘𝑁 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥)

=
𝑢
⟨𝑁 ⟩

0,𝑚

𝑢
⟨𝑁 ⟩

0,𝑛

𝑁∑︁
𝑗=0

𝑢
⟨𝑁 ⟩
𝑗 ,𝑛

©­«
𝜆
[𝑁 ]
𝑗

𝜆
[𝑁 ]

0

ª®¬
𝑘

𝑤
⟨𝑁 ⟩
𝑗 ,𝑚

= 𝑢
⟨𝑁 ⟩

0,𝑚𝑤
⟨𝑁 ⟩

0,𝑚 +
𝑢
⟨𝑁 ⟩

0,𝑚

𝑢
⟨𝑁 ⟩

0,𝑛

𝑁∑︁
𝑗=1

𝑢
⟨𝑁 ⟩
𝑗 ,𝑛

©­
«
𝜆
[𝑁 ]
𝑗

𝜆
[𝑁 ]

0

ª®
¬
𝑘

𝑤
⟨𝑁 ⟩
𝑗 ,𝑚

for 𝑛, 𝑚 ∈ {0, . . . , 𝑁}.

We introduce a new variable
𝑥𝑁 ≔

𝑥

𝜆
[𝑁 ]

0

.

Then, in terms of the recurrence polynomials 𝐴
(𝑎)
𝑛 (𝑥), 𝐵

(𝑏)
𝑛 (𝑥) of the stochastic banded matrix 𝑇 and the

spectral objects related to 𝑇 , see Appendix B, we őnd:

Proposition 2.10. For |𝑠 | < 1, the corresponding transition probability generating functions are

𝑃𝑚,𝑛 (𝑠) =
𝑢
⟨𝑁 ⟩

0,𝑛

𝑢
⟨𝑁 ⟩

0,𝑚

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)

d𝜓 [𝑁 ]

𝑏,𝑎

1 − 𝑠𝑥𝑁
(𝑥)𝐴

(𝑎)
𝑚 (𝑥)

for 𝑛, 𝑚 ∈ {0, . . . , 𝑁}. For 𝑚 ≠ 𝑛, the first passage generating functions are

𝐹
[𝑁 ]
𝑚,𝑛 (𝑠) =

𝑢
⟨𝑁 ⟩

0,𝑛

𝑢
⟨𝑁 ⟩

0,𝑚

∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)

d 𝜓
[𝑁 ]

𝑏,𝑎

1−𝑠𝑥𝑁
(𝑥)𝐴

(𝑎)
𝑚 (𝑥)

∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)

d 𝜓
[𝑁 ]

𝑏,𝑎

1−𝑠𝑥𝑁
(𝑥)𝐴

(𝑎)
𝑛 (𝑥)

for 𝑛, 𝑚 ∈ {0, . . . , 𝑁}. For the case 𝑛 = 𝑚, the first passage generating functions are

𝐹
[𝑁 ]
𝑚 (𝑠) = 1 −

1∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫
𝐵
(𝑏)
𝑚 (𝑥)

d 𝜓
[𝑁 ]

𝑏,𝑎

1−𝑠𝑥𝑁
(𝑥)𝐴

(𝑎)
𝑚 (𝑥)

.

for 𝑚 ∈ {0, . . . , 𝑁}.

Proof. It follows from the spectral representation and the sum of the geometric series. □

Theorem 2.11 (Recurrent chains). The finite Markov chain with transition matrix 𝑇 [𝑁 ] is recurrent.

Proof. Observe that

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑚 (𝑥)

d𝜓 [𝑁 ]

𝑏,𝑎

1 − 𝑠𝑥𝑁
(𝑥)𝐴

(𝑎)
𝑚 (𝑥) =

1

1 − 𝑠
𝑢
⟨𝑁 ⟩

0,𝑚𝑤
⟨𝑁 ⟩

0,𝑚 +

𝑁∑︁
𝑗=1

1

1 − 𝑠
𝜆
[𝑁 ]
𝑗

𝜆
[𝑁 ]

0

𝑢
⟨𝑁 ⟩
𝑗 ,𝑚

𝑤
⟨𝑁 ⟩
𝑗 ,𝑚
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in terms of the entries of the right and left eigenvectors, 𝑢⟨𝑁 ⟩

𝑘,𝑚
, 𝑤

⟨𝑁 ⟩

𝑘,𝑚
, respectively. As all the entries of the

Perron left and right eigenvectors, 𝑢⟨𝑁 ⟩

0,𝑚 , 𝑤
⟨𝑁 ⟩

0,𝑚 , are positive we conclude that

lim
𝑠→1−

𝐹
[𝑁 ]
𝑚𝑚 (𝑠) = 1,

and all the states are recurrent. □

Theorem 2.12 (Ergodic chain). The finite Markov chain with transition matrix 𝑇 [𝑁 ] is ergodic.

Proof. Ergodic chains are irreducible recurrent chains, and both properties have been proven. □

Theorem 2.13 (Stationary state). The probability distribution

𝜋 [𝑁 ]
=

[
𝜋
[𝑁 ]

0 𝜋
[𝑁 ]

1 𝜋
[𝑁 ]

𝑁

]
≔ 𝑤

⟨𝑁 ⟩

0 𝛿
(
𝑢
⟨𝑁 ⟩

0

)
,

that has entries

𝜋
[𝑁 ]
𝑚 = 𝑢

⟨𝑁 ⟩

0,𝑚𝑤
⟨𝑁 ⟩

0,𝑚 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

𝐵
(𝑏)
𝑚

(
𝜆
[𝑁 ]

0

)
𝐴
(𝑎)
𝑚

(
𝜆
[𝑁 ]

0

)
𝜌
[𝑁 ]

0,𝑏
𝜇
[𝑁 ]

0,𝑎 =
𝛼𝑁𝑄𝑚,𝑁

(
𝜆
[𝑁 ]

0

)
𝑅𝑚,𝑁

(
𝜆
[𝑁 ]

0

)
𝑃𝑁

(
𝜆
[𝑁 ]

0

)
𝑃′
𝑁+1

(
𝜆
[𝑁 ]

0

) .

is stationary.

Proof. The eigenvalue property 𝜋 [𝑁 ]𝑇 = 𝜋 [𝑁 ] follows from

𝜋 [𝑁 ]𝑇 = 𝑤
⟨𝑁 ⟩

0 𝛿(𝑢
⟨𝑁 ⟩

0 )
1

𝜆
[𝑁 ]

0

𝛿(𝑢
⟨𝑁 ⟩

0 )−1𝑇 [𝑁 ]𝛿(𝑢
⟨𝑁 ⟩

0 )

=
1

𝜆
[𝑁 ]

0

𝑤
⟨𝑁 ⟩

0 𝑇 [𝑁 ]𝛿(𝑢
⟨𝑁 ⟩

0 ) = 𝑤
⟨𝑁 ⟩

0 𝛿(𝑢
⟨𝑁 ⟩

0 ) = 𝜋 [𝑁 ] .

Also it follows that 𝜋 [𝑁 ]
𝑛 > 0, 𝑛 ∈ {0, 1, . . . , 𝑁} and that 𝜋 [𝑁 ]𝑒 [𝑁 ]

=

𝑁∑︁
𝑛=0

𝜋
[𝑁 ]
𝑛 =

𝑁∑︁
𝑛=0

𝑢0,𝑛𝑤0,𝑛 = 1. □

Proposition 2.14. The steady state 𝜋𝑚 is unique, and the expected return times are given by

(𝑡̄𝑚) 𝑗 =
1

𝜋
[𝑁 ]
𝑚

=
1

𝑢
⟨𝑁 ⟩

0,𝑚𝑤
⟨𝑁 ⟩

0,𝑚

=
1∑𝑝

𝑎=1

∑𝑞

𝑏=1
𝐵
(𝑏)
𝑚

(
𝜆
[𝑁 ]

0

)
𝐴
(𝑎)
𝑚

(
𝜆
[𝑁 ]

0

)
𝜌
[𝑁 ]

0,𝑏
𝜇
[𝑁 ]

0,𝑎

=
𝑃𝑁

(
𝜆
[𝑁 ]

0

)
𝑃′
𝑁+1

(
𝜆
[𝑁 ]

0

)
𝛼𝑁𝑄𝑚,𝑁

(
𝜆
[𝑁 ]

0

)
𝑅𝑚,𝑁

(
𝜆
[𝑁 ]

0

) .
Proof. As was proved, the Markov chain is recurrent, so the steady state is unique, and its entries are
reciprocal to these expected return times. □

Proposition 2.15. The stationary state is the limit of the iterated probabilities

𝜋
[𝑁 ]
𝑚 = lim

𝑘→∞
((𝑇 [𝑁 ])𝑘)𝑛,𝑚,

and the convergence is geometric in terms of the second largest eigenvalue:

lim
𝑘→∞

(
((𝑇 [𝑁 ])𝑘)𝑛,𝑚 − 𝜋

[𝑁 ]
𝑚

)
−−−−→
𝑘→∞

(
𝜆
[𝑁 ]

1

𝜆
[𝑁 ]

0

) 𝑘
𝑢
⟨𝑁 ⟩

1,𝑚𝑤
⟨𝑁 ⟩

1,𝑚 =

(
𝜆
[𝑁 ]

1

𝜆
[𝑁 ]

0

) 𝑘
𝛼𝑁𝑄𝑚,𝑁

(
𝜆
[𝑁 ]

1

)
𝑅𝑚,𝑁

(
𝜆
[𝑁 ]

1

)
𝑃𝑁

(
𝜆
[𝑁 ]

1

)
𝑃′
𝑁+1

(
𝜆
[𝑁 ]

1

) .

Proof. Note that

((𝑇 [𝑁 ])𝑘)𝑛,𝑚 − 𝜋
[𝑁 ]
𝑚 =

𝑁∑︁
𝑗=1

©­
«
𝜆
[𝑁 ]
𝑗

𝜆
[𝑁 ]

0

ª®
¬
𝑘

𝑢
⟨𝑁 ⟩
𝑗 ,𝑚

𝑤
⟨𝑁 ⟩
𝑗 ,𝑚

.

Then, as eigenvalues are simple and ordered, the second dominant term is related to the second largest
eigenvalue. □
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Remark 2.16. Then, this steady state is the equilibrium state to which the evolution of any probability vector tends
as time goes to infinity. This follows also from ergodicity.

Proposition 2.17. The transition matrix of the time reversal Markov chain of the Markov chain with transition
matrix 𝑇 [𝑁 ] is

𝑇 [𝑁 ]
=

1

𝜆
[𝑁 ]

0

𝛿(𝑤
⟨𝑁 ⟩

0 )−1(𝑇 [𝑁 ])⊤𝛿(𝑤
⟨𝑁 ⟩

0 )

with entries

(𝑇 [𝑁 ])𝑖, 𝑗 =
1

𝜆
[𝑁 ]

0

𝑤
⟨𝑁 ⟩

0, 𝑗

𝑤
⟨𝑁 ⟩

0,𝑖

(𝑇 [𝑁 ]) 𝑗 ,𝑖 .

Proof. As the steady state satisőes 𝜋
[𝑁 ]
𝑖

> 0 for 𝑖 ∈ {0, 1, . . . , 𝑁}, the time reversal Markov chain has
transition matrix entries

(𝑇 [𝑁 ])𝑖, 𝑗 =
𝜋
[𝑁 ]
𝑗

𝜋
[𝑁 ]
𝑖

(𝑇 [𝑁 ]) 𝑗 ,𝑖 =
𝑢
⟨𝑁 ⟩

0, 𝑗 𝑤
⟨𝑁 ⟩

0, 𝑗

𝑢
⟨𝑁 ⟩

0,𝑖 𝑤
⟨𝑁 ⟩

0,𝑖

(𝑇 [𝑁 ]) 𝑗 ,𝑖 =
1

𝜆
[𝑁 ]

0

𝑢
⟨𝑁 ⟩

0, 𝑗 𝑤
⟨𝑁 ⟩

0, 𝑗

𝑢
⟨𝑁 ⟩

0,𝑖 𝑤
⟨𝑁 ⟩

0,𝑖

𝑢
⟨𝑁 ⟩

0,𝑖

𝑢
⟨𝑁 ⟩

0, 𝑗

(𝑇 [𝑁 ]) 𝑗 ,𝑖

=
1

𝜆
[𝑁 ]

0

𝑤
⟨𝑁 ⟩

0, 𝑗

𝑤
⟨𝑁 ⟩

0,𝑖

(𝑇 [𝑁 ]) 𝑗 ,𝑖 .

Note that the matrix 𝑇 [𝑁 ] is stochastic, i.e.

𝑇 [𝑁 ]𝑒 [𝑁 ]
=

1

𝜆
[𝑁 ]

0

𝛿(𝑤
⟨𝑁 ⟩

0 )−1(𝑇 [𝑁 ])⊤𝛿(𝑤
⟨𝑁 ⟩

0 )𝑒 [𝑁 ]
= 𝛿(𝑤

⟨𝑁 ⟩

0 )−1(𝑤
⟨𝑁 ⟩

0 )⊤ = 𝑒 [𝑁 ] .

□

Proposition 2.18 (Detailed balance). The following detailed balance equation is satisfied:

𝜋
[𝑁 ]
𝑖

(𝑇 [𝑁 ])𝑖, 𝑗 = 𝜋
[𝑁 ]
𝑗

(𝑇 [𝑁 ]) 𝑗 ,𝑖 ,

for 𝑖, 𝑗 ∈ {0, 1, . . . , 𝑁}.

2.2. Countable infinite Markov chains. We now turn to the Markov chain that has a bounded banded
transition matrix with a stochastic bidiagonal factorization (or, equivalently, a stochastic matrix with a
positive bidiagonal factorization).

Being 𝑇 stochastic, we have ∥𝑇 ∥∞ = 1. Since its truncations 𝑇 [𝑁 ] are substochastic, their eigenvalues
satisfy {𝜆

[𝑁 ]

𝑘
}𝑁
𝑘=0

⊂ (0, 1). Recall that the eigenvalues {𝜆
[𝑁 ]

𝑘
}𝑁
𝑘=0

are interlaced by {𝜆
[𝑁+1]
𝑘

}𝑁+1
𝑘=0

. Hence,
the support of the limit measure belongs to [0, 1]. From the inductive limit 𝑇 [𝑁 ] → 𝑇 we conjecture that
𝜆
[𝑁 ]

0 −−−−−→
𝑁→∞

1.

Theorem 2.19 (KarlinśMcGregor spectral representation). We have the following spectral representations for
several probability quantities of the Markov chain:

i) The spectral representation for the iterated probabilities is given by

(𝑇 𝑘)𝑛,𝑚 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫ 1

0
𝐵
(𝑏)
𝑛 (𝑥)𝑥𝑘 d𝜓𝑏,𝑎 (𝑥)𝐴

(𝑎)
𝑚 (𝑥)

for 𝑛, 𝑚 ∈ N0.
ii) The corresponding generating functions are

(𝑇 (𝑠))𝑛,𝑚 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫ 1

0
𝐵
(𝑏)
𝑛 (𝑥)

d𝜓𝑏,𝑎 (𝑥)

1 − 𝑠𝑥
𝐴
(𝑎)
𝑚 (𝑥)
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iii) The first passage generating functions, for 𝑛 ≠ 𝑚, are

(𝐹 (𝑠))𝑛,𝑚 =

∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫ 1

0
𝐵
(𝑏)
𝑛 (𝑥)

d 𝜓𝑏,𝑎 (𝑥 )

1−𝑠𝑥 𝐴
(𝑎)
𝑚 (𝑥)∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫ 1

0
𝐵
(𝑏)
𝑚 (𝑥)

d 𝜓𝑏,𝑎 (𝑥 )

1−𝑠𝑥 𝐴
(𝑎)
𝑚 (𝑥)

iv) The first passage generating functions, for 𝑛 = 𝑚, are

(𝐹 (𝑠))𝑚 = 1 −
1∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫ 1

0
𝐵
(𝑏)
𝑚 (𝑥)

d 𝜓𝑏,𝑎 (𝑥 )

1−𝑠𝑥 𝐴
(𝑎)
𝑚 (𝑥)

.

Proof. It is a direct consequence of the Favard spectral theorem described in the introduction, see [BFM1].
That is, if 𝑇 has a PBF and an appropriate choice of the initial conditions for the recurrence polynomials
is made, then there exists a matrix of measures such that the recurrence polynomials are the mixed-type
multiple orthogonal polynomials with respect to this matrix of measures. □

As in the őnite case we can prove that

Proposition 2.20. The Markov chain is irreducible, i.e. all states communicate.

Theorem 2.21. The Markov chain is recurrent if and only if the integral∫ 1

0

d𝜓1,1(𝑥)

1 − 𝑥

diverges. Otherwise it is transient.

Proof. As theMarkov chain is irreducible we only need to prove this fact for the state 0, and then it propagates
to all the other states. Thus we need to check whether lim𝑠→1− (𝐹 (𝑠))0 = 1 or not. However, for the őrst
passage generating function for the 0 state

(𝐹 (𝑠))0 = 1 −
1∑𝑝

𝑎=1

∑𝑞

𝑏=1

∫ 1

0
𝐵
(𝑏)

0 (𝑥)
d 𝜓𝑏,𝑎 (𝑥 )

1−𝑠𝑥 𝐴
(𝑎)

0 (𝑥)
,

recalling the initial conditions for the mixed-type multiple orthogonal polynomials, we őnd
𝑝∑︁

𝑎=1

𝑞∑︁
𝑏=1

∫ 1

0
𝐵
(𝑏)

0 (𝑥)
d𝜓𝑏,𝑎 (𝑥)

1 − 𝑠𝑥
𝐴
(𝑎)

0 (𝑥) =

∫ 1

0

d𝜓1,1(𝑥)

1 − 𝑠𝑥
,

and

(𝐹 (𝑠))0 = 1 −
1∫ 1

0

d 𝜓1,1 (𝑥 )

1−𝑠𝑥

.

The result follows immediately. □

Regarding stationary states we őnd:

Theorem 2.22 (Ergodic Markov chains). The Markov chain described is ergodic (or positive recurrent) if and only
if 1 is a mass point of d𝜓𝑏,𝑎, with masses 𝑚1,1 > 0 and 𝑚𝑎,𝑏 ⩾ 0, for 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}. In that case,
the corresponding stationary distribution is

𝜋 =
[
𝜋1 𝜋2

]
, 𝜋𝑛 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

𝐵
(𝑏)
𝑛 (1)𝑚𝑏,𝑎𝐴

(𝑎)
𝑛 (1).

Proof. Following [KarlinMcGregor], see also [gallager], for a recurrent chain the expected őrst passage
times are all őnite if

0 < lim
𝑛→∞

𝑇2𝑛
00 < +∞,
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that is

0 < lim
𝑛→∞

∫ 1

0
d𝜓1,1(𝑥)𝑥

2𝑛 < +∞.

Since 𝑥2𝑛 −−−−→
𝑛→∞

0 monotonically for 0 < 𝑥 < 1, the chain is ergodic if and only if 𝜓1,1 has a jump at 𝑥 = 1.

Therefore, from Theorem 2.13 we see that

lim
𝑁→∞

𝜋
[𝑁 ]
𝑛 = lim

𝑁→∞

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

𝐵
(𝑏)
𝑚

(
𝜆
[𝑁 ]

0

)
𝐴
(𝑎)
𝑚

(
𝜆
[𝑁 ]

0

)
𝜌
[𝑁 ]

0,𝑏
𝜇
[𝑁 ]

0,𝑎 .

Due to the fact that 1 is a mass point, lim𝑁→∞ 𝜆
[𝑁 ]

0 = 1 and lim𝑁→∞ 𝜌
[𝑁 ]

0,𝑏
𝜇
[𝑁 ]

0,𝑎 = 𝑚𝑏,𝑎. □

Appendix A. Totally nonnegative and oscillatory matrices

Totally nonnegative (TN) matrices are those whose minors are all nonnegative. We denote by InTN the
set of nonsingular TN matrices. Oscillatory matrices are those that are totally nonnegative, irreducible,
and nonsingular; we denote this class by IITN (irreducible invertible totally nonnegative). Equivalently, a
matrix 𝑇 is oscillatory if it is totally nonnegative and there exists 𝑛 ∈ N such that 𝑇𝑛 is totally positive (i.e.,
all minors are positive). By the CauchyśBinet theorem one deduces that these classes are invariant under
matrix multiplication. In particular, the product of matrices in InTN belongs again to InTN (and analogous
statements hold for TN and oscillatory matrices).

The following results are crucial:

• GantmacherśKrein criterion. A totally nonnegative matrix is oscillatory if and only if it is non-
singular and its entries on the őrst subdiagonal and the őrst superdiagonal are positive.

• GaussśBorel factorization. The matrix 𝑇 belongs to InTN if and only if it admits a GaussśBorel
factorization 𝑇 = 𝐿−1𝑈−1 with 𝐿,𝑈 ∈ InTN, where 𝐿 and 𝑈 are lower and upper triangular, respec-
tively.

• Spectrum. If 𝑇 ∈ R𝑁×𝑁 is oscillatory, then 𝑇 has 𝑁 distinct positive eigenvalues.
• Interlacing. If 𝑇 ∈ R𝑁×𝑁 is oscillatory, then its eigenvalues strictly interlace those of the two
principal submatrices of order 𝑁 − 1, namely 𝑇 (1) and 𝑇 (𝑁), obtained from 𝑇 by deleting the őrst
row and column, or the last row and column, respectively.

We now introduce some notation. For a totally nonzero vector 𝑢 ∈ R𝑛 (i.e., 𝑢𝑖 ≠ 0 for all 𝑖), its total sign
variation is

𝑣(𝑢) = #{ 𝑖 ∈ {1, . . . , 𝑛 − 1} : 𝑢𝑖𝑢𝑖+1 < 0 }.

For a general vector 𝑢 ∈ R𝑛, we deőne 𝑣𝑚(𝑢) (resp. 𝑣𝑀 (𝑢)) as the minimum (resp. maximum) of 𝑣(𝑦)
over all totally nonzero vectors 𝑦 that coincide with 𝑢 on its nonzero entries. If 𝑣𝑚(𝑢) = 𝑣𝑀 (𝑢), we write
𝑣(𝑢) ≔ 𝑣𝑚(𝑢) = 𝑣𝑀 (𝑢).

Finally, regarding eigenvectors: let 𝑇 ∈ R𝑁×𝑁 be oscillatory, and let 𝑢 (𝑘 ) (resp. 𝑤 (𝑘 )) be a right (resp.
left) eigenvector corresponding to 𝜆𝑘 , the 𝑘 -th largest eigenvalue of 𝑇 . Then:

• We have

𝑣𝑚
(
𝑢 (𝑘 )

)
= 𝑣𝑀

(
𝑢 (𝑘 )

)
= 𝑣

(
𝑢 (𝑘 )

)
= 𝑘 − 1, 𝑣𝑚

(
𝑤 (𝑘 )

)
= 𝑣𝑀

(
𝑤 (𝑘 )

)
= 𝑣

(
𝑤 (𝑘 )

)
= 𝑘 − 1.

Moreover, the őrst and last entries of 𝑢 (𝑘 ) (and of 𝑤 (𝑘 )) are nonzero, and 𝑢 (1) and 𝑢 (𝑁 ) (as well as
𝑤 (1) and 𝑤 (𝑁 )) are totally nonzero; the remaining eigenvectors may have a zero entry.

• By the PerronśFrobenius theorem, 𝑢 (1) (and 𝑤 (1)) can be chosen entrywise positive. The remaining
eigenvectors 𝑢 (𝑘 ) (and 𝑤 (𝑘 )), 𝑘 = 2, . . . , 𝑁 , have at least one sign change; in fact, 𝑢 (𝑁 ) (and 𝑤 (𝑁 ))
has strictly alternating signs.
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Appendix B. Recursion relations and their consequences

Let us introduce the recursion polynomials associated with the banded matrix

𝑇 =



𝑇0,0 𝑇0,𝑞 0

𝑇𝑝,0

0


as the entries of semi-inőnite left and right eigenvectors:

𝐴(𝑎)
=

[
𝐴
(𝑎)

0 𝐴
(𝑎)

1

]
, 𝑎 ∈ {1, . . . , 𝑝}, 𝐵 (𝑏)

=



𝐵
(𝑏)

0

𝐵
(𝑏)

1


, 𝑏 ∈ {1, . . . , 𝑞},

which are left and right eigenvectors of 𝑇 with eigenvalue 𝑥, i.e.

𝐴(𝑎)𝑇 = 𝑥𝐴(𝑎) , 𝑎 ∈ {1, . . . , 𝑝}, 𝑇𝐵 (𝑏)
= 𝑥𝐵 (𝑏) , 𝑏 ∈ {1, . . . , 𝑞}.

We assume that the semi-inőnite matrix 𝑇 admits a normalized positive bidiagonal factorization (PBF)

𝑇 = 𝐿1 · · · 𝐿𝑝Δ𝑈𝑞 · · ·𝑈1,

with Δ = diag(Δ0,Δ1, . . . ) and normalized bidiagonal semi-inőnite matrices (with diagonal entries equal to
one) given by

𝐿𝑘 ≔



1 0

𝐿𝑘 |1,0 1
0 𝐿𝑘 |2,1 1


, 𝑈𝑘 ≔



1 𝑈𝑘 |0,1 0

0 1 𝑈𝑘 |1,2

1


,

and such that the positivity constraints 𝐿𝑘 |𝑖, 𝑗 ,𝑈𝑘 |𝑖, 𝑗 ,Δ𝑖 > 0, for 𝑖 ∈ N0, are satisőed.
The entries of these left and right eigenvectors are polynomials in the eigenvalue 𝑥, known as left and

right recursion polynomials, respectively, and are determined by the initial conditions




𝐴
(1)
0 = 1,

𝐴
(1)
1 = 𝜈

(1)
1 ,

...

𝐴
(1)
𝑝−1 = 𝜈

(1)
𝑝−1,




𝐴
(2)
0 = 0,

𝐴
(2)
1 = 1,

𝐴
(2)
2 = 𝜈

(2)
2 ,

...

𝐴
(2)
𝑝−1 = 𝜈

(2)
𝑝−1,

· · ·




𝐴
(𝑝)

0 = 0,
...

𝐴
(𝑝)

𝑝−2 = 0,

𝐴
(𝑝)

𝑝−1 = 1,

(2)
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with 𝜈
(𝑖)
𝑗

arbitrary constants, and




𝐵
(1)
0 = 1,

𝐵
(1)
1 = 𝜉

(1)
1 ,

...

𝐵
(1)
𝑞−1 = 𝜉

(1)
𝑞−1,




𝐵
(2)
0 = 0,

𝐵
(2)
1 = 1,

𝐵
(2)
2 = 𝜉

(2)
2 ,

...

𝐵
(2)
𝑞−1 = 𝜉

(2)
𝑞−1,

· · ·




𝐵
(𝑞)

0 = 0,
...

𝐵
(𝑞)

𝑞−2 = 0,

𝐵
(𝑞)

𝑞−1 = 1,

(3)

with 𝜉
(𝑖)
𝑗

also arbitrary. We also deőne the initial condition matrices

𝜈 ≔



1 0 0

𝜈
(1)
1 1

0

𝜈
(1)
𝑝−1 𝜈

(𝑝−1)
𝑝−1 1



, 𝜉 ≔



1 0 0

𝜉
(1)
1 1

0

𝜉
(1)
𝑞−1 𝜉

(𝑞−1)
𝑞−1 1



.

The recursion polynomials are uniquely determined by the initial conditions (B) and (B) and by the
recursion relations

𝐴
(𝑎)
𝑛−𝑞𝑇𝑛−𝑞,𝑛 + · · · + 𝐴

(𝑎)
𝑛+𝑝𝑇𝑛+𝑝,𝑛 = 𝑥𝐴

(𝑎)
𝑛 , 𝑛 ∈ {0, 1, . . .}, 𝑎 ∈ {1, . . . , 𝑝}, 𝐴

(𝑎)
−𝑞 = · · · = 𝐴

(𝑎)

−1 = 0,

𝑇𝑛,𝑛−𝑝𝐵
(𝑏)
𝑛−𝑝 + · · · + 𝑇𝑛,𝑛+𝑞𝐵

(𝑏)
𝑛+𝑞 = 𝑥𝐵

(𝑏)
𝑛 , 𝑛 ∈ {0, 1, . . .}, 𝑏 ∈ {1, . . . , 𝑞}, 𝐵

(𝑏)
−𝑝 = · · · = 𝐵

(𝑏)

−1 = 0.

For the semi-inőnite matrix 𝑇 , we consider the polynomials 𝑃𝑁 (𝑥) as the characteristic polynomials of
the truncated matrices 𝑇 [𝑁−1] , i.e.,

𝑃𝑁 (𝑥) ≔

{
1, 𝑁 = 0,

det
(
𝑥𝐼𝑁 − 𝑇 [𝑁−1]

)
, 𝑁 ∈ N.

Let us introduce the following matrices of left and right recursion polynomials:

𝐴𝑁 ≔



𝐴
(1)
𝑁

𝐴
(1)
𝑁+𝑝−1

𝐴
(𝑝)

𝑁
𝐴
(𝑝)

𝑁+𝑝−1


, 𝐵𝑁 ≔



𝐵
(1)
𝑁

𝐵
(𝑞)

𝑁

𝐵
(1)
𝑁+𝑞−1 𝐵

(𝑞)

𝑁+𝑞−1


, 𝑁 ∈ N0,

and the following products

𝛼𝑁 ≔ (−1) (𝑝−1)𝑁𝑇𝑝,0 · · ·𝑇𝑁+𝑝−1,𝑁−1, 𝛽𝑁 ≔ (−1) (𝑞−1)𝑁𝑇0,𝑞 · · ·𝑇𝑁−1,𝑁+𝑞−1, 𝑁 ∈ N,

with 𝛼0 = 𝛽0 = 1. Recall that since the entries on the extreme diagonals do not vanish, we have 𝛼𝑁 , 𝛽𝑁 ≠ 0.
For 𝑁 ∈ N0, the characteristic polynomials and the determinants of the left and right recursion polynomial

blocks satisfy

𝑃𝑁 (𝑥) = 𝛼𝑁 det 𝐴𝑁 (𝑥) = 𝛽𝑁 det 𝐵𝑁 (𝑥).

We now consider determinantal polynomials constructed in terms of determinants of left and right re-
cursion polynomials that yield left and right eigenvectors of 𝑇 [𝑁 ] . Let us introduce the determinantal
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polynomials

𝑄𝑛,𝑁 ≔

�����������

𝐴
(1)
𝑛 𝐴

(𝑝)
𝑛

𝐴
(1)
𝑁+1 𝐴

(𝑝)

𝑁+1

𝐴
(1)
𝑁+𝑝−1 𝐴

(𝑝)

𝑁+𝑝−1

�����������
, 𝑅𝑛,𝑁 ≔

�����������

𝐵
(1)
𝑛 𝐵

(𝑞)
𝑛

𝐵
(1)
𝑁+1 𝐵

(𝑞)

𝑁+1

𝐵
(1)
𝑁+𝑞−1 𝐵

(𝑞)

𝑁+𝑞−1

�����������
,

the semi-inőnite row and column vectors

𝑄𝑁 ≔
[
𝑄0,𝑁 𝑄1,𝑁

]
, 𝑅𝑁 ≔


𝑅0,𝑁

𝑅1,𝑁


,

and corresponding truncations

𝑄 ⟨𝑁 ⟩
≔

[
𝑄0,𝑁 𝑄1,𝑁 𝑄𝑁,𝑁

]
, 𝑅⟨𝑁 ⟩

≔



𝑅0,𝑁

𝑅1,𝑁

𝑅𝑁,𝑁


.

There is a generalized ChristoffelśDarboux formula for the determinantal polynomials and the charac-
teristic polynomial of a banded matrix:

i) The biorthogonal families of left and right eigenvectors
{
𝑤

⟨𝑁 ⟩

𝑘

}𝑁
𝑘=0

and
{
𝑢
⟨𝑁 ⟩

𝑘

}𝑁
𝑘=0

are

(4) 𝑤
⟨𝑁 ⟩

𝑘
=

𝑄 ⟨𝑁 ⟩
(
𝜆
[𝑁 ]

𝑘

)
𝛽𝑁

∑𝑁
𝑙=0𝑄𝑙,𝑁

(
𝜆
[𝑁 ]

𝑘

)
𝑅𝑙,𝑁

(
𝜆
[𝑁 ]

𝑘

) , 𝑢
⟨𝑁 ⟩

𝑘
= 𝛽𝑁𝑅⟨𝑁 ⟩

(
𝜆
[𝑁 ]

𝑘

)
.

that is, 𝑤 ⟨𝑁 ⟩

𝑘
𝑢
⟨𝑁 ⟩

𝑙
= 𝛿𝑘,𝑙.

ii) In terms of the characteristic polynomial, the left eigenvector entries can be written as

𝑤
⟨𝑁 ⟩

𝑘,𝑛
=

𝛼𝑁𝑄𝑛,𝑁

(
𝜆
[𝑁 ]

𝑘

)
𝑃𝑁

(
𝜆
[𝑁 ]

𝑘

)
𝑃′
𝑁+1

(
𝜆
[𝑁 ]

𝑘

) .
iii) The corresponding matrices 𝒰 (with columns the right eigenvectors 𝑢𝑘 arranged in the standard

order) and 𝒲 (with rows the left eigenvectors 𝑤𝑘 arranged in the standard order) satisfy 𝒰𝒲 =

𝒲𝒰 = 𝐼𝑁+1.
iv) In terms of the diagonal eigenvalue matrix 𝐷 = diag

(
𝜆
[𝑁 ]

0 , 𝜆
[𝑁 ]

1 , . . . , 𝜆
[𝑁 ]

𝑁

)
we have

𝒰𝐷𝑛
𝒲 =

(
𝑇 [𝑁 ]

)𝑛
, 𝑛 ∈ N0.

The so-called Christoffel numbers 𝜇
[𝑁 ]

𝑘,𝑎
and 𝜌

[𝑁 ]

𝑘,𝑏
, 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}, see [BFM1], allow

us to write

𝑤
⟨𝑁 ⟩

𝑘,𝑛
= 𝐴

(1)
𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜇
[𝑁 ]

𝑘,1
+ · · · + 𝐴

(𝑝)

𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜇
[𝑁 ]

𝑘, 𝑝
,

𝑢
⟨𝑁 ⟩

𝑘,𝑛
= 𝐵

(1)
𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜌
[𝑁 ]

𝑘,1
+ · · · + 𝐵

(𝑞)

𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜌
[𝑁 ]

𝑘,𝑞
.
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The Christoffel numbers are connected with the left and right eigenvector entries and the initial conditions
as follows: 

𝜇
[𝑁 ]

𝑘,1

𝜇
[𝑁 ]

𝑘,2

𝜇
[𝑁 ]

𝑘, 𝑝


= 𝜈−1



𝑤
⟨𝑁 ⟩

𝑘,1

𝑤
⟨𝑁 ⟩

𝑘,2

𝑤
⟨𝑁 ⟩

𝑘, 𝑝


,



𝜌
[𝑁 ]

𝑘,1

𝜌
[𝑁 ]

𝑘,2

𝜌
[𝑁 ]

𝑘,𝑞


= 𝜉−1



𝑢
⟨𝑁 ⟩

𝑘,1

𝑢
⟨𝑁 ⟩

𝑘,2

𝑢
⟨𝑁 ⟩

𝑘,𝑞


.

In [BFM1] we proved that, for an appropriate choice of the initial conditions for the recursion polynomials
in terms of the bidiagonal factorization, the Christoffel numbers are positive, i.e.

𝜌
[𝑁 ]

𝑘,𝑏
> 0, 𝜇

[𝑁 ]

𝑘,𝑎
> 0, 𝑘 ∈ {0, 1, . . . , 𝑁}, 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}.

Let us consider the following step functions:

𝜓
[𝑁 ]

𝑏,𝑎
≔




0, 𝑥 < 𝜆
[𝑁 ]

𝑁
,

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎
, 𝜆

[𝑁 ]

𝑘+1
⩽ 𝑥 < 𝜆

[𝑁 ]

𝑘
, 𝑘 ∈ {0, 1, . . . , 𝑁 − 1},

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑁+1,𝑏
𝜇
[𝑁 ]

𝑁+1,𝑎, 𝑥 ⩾ 𝜆
[𝑁 ]

0 .

The last step of these step functions is bounded. Speciőcally, for 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}, we have

𝜌
[𝑁 ]

0,𝑏
𝜇
[𝑁 ]

0,𝑎 + · · · + 𝜌
[𝑁 ]

𝑁,𝑏
𝜇
[𝑁 ]

𝑁,𝑎
= (𝜉−1𝐼𝑞,𝑝𝜈

−⊤)𝑏,𝑎 .

Here 𝐼𝑞,𝑝 ∈ R𝑞×𝑝 is the rectangular identity matrix, with (𝐼𝑞,𝑝)𝑘,𝑙 = 𝛿𝑘,𝑙.

Let us introduce the 𝑞 × 𝑝 matrix Ψ[𝑁 ] ≔


𝜓

[𝑁 ]

1,1
𝜓

[𝑁 ]

1, 𝑝

𝜓
[𝑁 ]

𝑞,1
𝜓

[𝑁 ]
𝑞,𝑝


and the corresponding 𝑞 × 𝑝 matrix of discrete

LebesgueśStieltjes measures supported at the zeros of 𝑃𝑁+1,

dΨ[𝑁 ]
=



d𝜓 [𝑁 ]

1,1 d𝜓 [𝑁 ]

1, 𝑝

d𝜓 [𝑁 ]

𝑞,1 d𝜓 [𝑁 ]
𝑞,𝑝


=

𝑁+1∑︁
𝑘=1



𝜌
[𝑁 ]

𝑘,1

𝜌
[𝑁 ]

𝑘,𝑞


[
𝜇
[𝑁 ]

𝑘,1
𝜇
[𝑁 ]

𝑘, 𝑝

]
𝛿
(
𝑥 − 𝜆

[𝑁 ]

𝑘

)
.(5)

The following biorthogonality relations hold:
𝑝∑︁

𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥) d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥) = 𝛿𝑛,𝑚, 𝑛, 𝑚 ∈ {0, . . . , 𝑁}.

The following orthogonality relations, for 𝑚 ∈ {1, . . . , 𝑁}, are satisőed:
𝑝∑︁

𝑎=1

∫
𝑥𝑛 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥) = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑏

𝑞

⌉
− 1

}
, 𝑏 ∈ {1, . . . , 𝑞},

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑚 (𝑥) d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝑥𝑛 = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑎

𝑝

⌉
− 1

}
, 𝑎 ∈ {1, . . . , 𝑝}.

Therefore, the recursion polynomials are discrete multiple orthogonal polynomials of mixed type on the
step-line. Moreover, we have the spectral representation

(𝑇 𝑘)𝑚,𝑛 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)𝑥𝑘 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥), 𝑚, 𝑛 ∈ {0, . . . , 𝑁}.
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Hence, since the Christoffel coefficients are positive and the step functions are uniformly bounded in 𝑁 ,
there exists a matrix of measures dΨ as the large-𝑁 limit of the truncated discrete measures dΨ[𝑁 ] . This
constitutes our Favard-type spectral theorem:

(𝑇 𝑘)𝑚,𝑛 =

𝑝∑︁
𝑎=1

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)𝑥𝑘 d𝜓𝑏,𝑎 (𝑥)𝐴

(𝑎)
𝑚 (𝑥), 𝑚, 𝑛 ∈ N0,

together with the following multiple orthogonality relations of mixed type: for 𝑚 ∈ N,

𝑝∑︁
𝑎=1

∫
𝑥𝑛 d𝜓𝑏,𝑎 (𝑥)𝐴

(𝑎)
𝑚 (𝑥) = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑏

𝑞

⌉
− 1

}
, 𝑏 ∈ {1, . . . , 𝑞},

𝑞∑︁
𝑏=1

∫
𝐵
(𝑏)
𝑚 (𝑥) d𝜓𝑏,𝑎 (𝑥)𝑥

𝑛
= 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑎

𝑝

⌉
− 1

}
, 𝑎 ∈ {1, . . . , 𝑝}.

Conclusions and outlook

In this paper we have developed a spectral approach to discrete-time Markov chains whose transition
matrices are bounded, banded and admit a stochastic bidiagonal factorization. This framework extends the
classical birthśandśdeath setting to genuinely banded dynamics with several upward and downward jumps,
while preserving a strong positivity structure in the sense of total positivity and oscillation theory.

A central result is the construction of a canonical stochastic bidiagonal factorization associated with any
positive bidiagonal factorization of a banded stochastic matrix. This normalization, implemented through
explicit diagonal conjugations, provides a transparent probabilistic interpretation of the dynamics as a
concatenation of elementary birth and death mechanisms, and establishes a direct bridge between the
oscillatory structure of the underlying operator and the Markov evolution.

Using the spectral Favard theorem for banded matrices with positive bidiagonal factorization, we have
derived KarlinśMcGregor type spectral representations in terms of multiple orthogonal polynomials of
mixed-type and matrix-valued spectral measures. In the őnite case, this yields explicit formulas for transi-
tion probabilities, őrst-passage generating functions and stationary distributions, together with geometric
convergence rates governed by the second largest eigenvalue. In the countably inőnite case, we obtain
analogous integral representations and characterize recurrence, transience and ergodicity through precise
spectral conditions, including a mass-at-one criterion for positive recurrence.

From a broader perspective, this work shows that mixed-type multiple orthogonal polynomials provide
a natural and ŕexible spectral language for the analysis of banded Markov chains beyond the tridiagonal
regime. The results unify and clarify several previously studied Hessenberg and tetradiagonal models, and
correct or reőne certain aspects of earlier treatments by embedding them into a more general and robust
banded framework.

Several directions for future research appear naturally. On the probabilistic side, it would be of interest
to explore explicit models and applications, including random walks with internal degrees of freedom or
multi-urn constructions associated with the stochastic bidiagonal factors. On the analytical side, extensions
to unbounded banded operators, continuous-time Markov processes, or perturbations breaking exact bidi-
agonal factorizability merit further investigation. Finally, the interplay between total positivity, integrable
structures and stochastic dynamics suggested by the present approach points toward deeper connections
with non-commutative probability, integrable Markov processes and scaling limits, which we plan to address
in future work.
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