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Abstract. This work extends Favard-type spectral representations for banded matrices 𝑇 beyond the bounded
setting. It assumes that, for every 𝑁 ∈ N0, there exists a shift 𝑠𝑁 ≥ 0 such that the shifted truncation 𝐴𝑁 ≔

𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 admits a positive bidiagonal factorization (PBF). Allowing 𝑠𝑁 to depend on 𝑁 leads to a natural
recentering step: the discrete Gauss-type quadrature measures associated with 𝐴𝑁 are translated by 𝑥 ↦→ 𝑥− 𝑠𝑁 ,
producing a uniformly bounded family of distribution functions. Combining moment stabilization for banded
truncations with Helly-type compactness theorems yields a limiting matrix-valued measure, together with a
Favard-type spectral representation and the corresponding mixed-type multiple biorthogonality relations. As a
consequence, the classical Favard theorem for (possibly unbounded) Jacobi matrices is recovered as a special
case. Indeed, for a tridiagonal 𝐽 with positive sub- and superdiagonals, each truncation 𝐽 [𝑁 ] admits a shift
𝑠𝑁 ≥ 0 such that 𝐽 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 is oscillatory and therefore admits a PBF. The preceding construction then
produces the usual spectral measure for 𝐽.

1. Introduction

The spectral Favard theorem for banded matrices admitting a positive bidiagonal factorization was es-
tablished in the bounded case in [BFM1]. In that work, boundedness makes it possible to construct a
matrix-valued spectral measure and to derive a Gaussian quadrature formula, which becomes a central tool
in the proof. Further structural properties, including total positivity and the normality (maximal degree
pattern) of the associated mixed multiple orthogonal polynomials, were analyzed in [BFM4], still under the
boundedness hypothesis.

The purpose of the present paper is to remove the boundedness assumption. In the unbounded setting,
the positive bidiagonal factorization cannot, in general, be imposed directly at the level of the semi-inőnite
matrix. Accordingly, we work with őnite truncations and assume that for every 𝑁 ∈ N0 there exists a shift
𝑠𝑁 ≥ 0 such that the shifted truncation 𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 admits a positive bidiagonal factorization. Under
this hypothesis, and keeping the banded structure of 𝑇 , we prove that the spectral Favard theorem remains
valid in the unbounded case. The argument builds on the constructive framework introduced in [BFM1]
and follows the same discrete-to-limit philosophy: one constructs discrete matrix-valued measures at the
truncation level, and then passes to a limiting measure as the truncation size tends to inőnity.

More speciőcally, for each őnite truncation one relies on the positive bidiagonal factorization, on the spec-
tral properties of oscillatory matrices, and on the sign-variation structure of their eigenvectors [Gantmacher,
Fallat]. In the banded setting this yields positivity of the associated Christoffel numbers and Gauss-type
quadrature formulas at the discrete level [BFM1]. The main difficulty in the unbounded regime is that the
shifts 𝑠𝑁 may depend on 𝑁 , so the discrete measures must be recentered before taking limits. Following
the strategy developed by Chihara for orthogonal polynomials [Chihara] and using a Helly-type selection
principle, we combine the discrete quadrature formulas with uniform boundedness of the translated distri-
bution functions to extract a convergent subsequence of measures and identify its limit. This provides the
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matrix-valued spectral measure and completes the proof of the spectral Favard theorem without bounded-
ness.

A further point concerns the degree pattern of the mixed multiple orthogonal polynomials. As shown
in [BFM4], normality (maximal degrees along the step-line) is established before taking the large-𝑁 limit.
In both the bounded and unbounded settings, the required initial conditions must be constructed from the
positive bidiagonal factorization. There is a natural freedom in this choice, which can be parametrized
by families of positive triangular matrices, or more restrictively by totally positive triangular matrices (all
nontrivial minors are positive). The latter choice guarantees that maximal degrees are attained, exactly as
in the normality result proved in [BFM4].

Totally nonnegative and totally positive matrices constitute a fundamental class of operators with deep
connections to oscillation theory, approximation theory, and spectral analysis. Their basic properties were
established in the seminal work of Gantmacher and Krein [Gantmacher], and have since been developed
extensively, see for example the monographs of Karlin [Karlin] and Pinkus [Pinkus], as well as the modern
reference by Fallat and Johnson [Fallat]. Of particular relevance in the present context are oscillatory
matrices, whose spectra consist of simple positive eigenvalues and whose eigenvectors exhibit a precise sign
variation structure. These features make totally nonnegative matrices especially well adapted to the spectral
analysis of banded operators admitting positive bidiagonal factorizations, and provide the key mechanism
ensuring the positivity of Christoffel-type coefficients and the normality of the associated families of multiple
orthogonal polynomials.

Multiple orthogonal polynomials arise as natural generalizations of classical orthogonal polynomials
when orthogonality conditions are imposed with respect to several measures. They play a central role in
rational approximation theory, number theory, randommatrix models, and integrable systems. A systematic
account of the theory can be found in the monograph of Nikishin and Sorokin [nikishin_sorokin], as well as
in the classical treatment of Ismail [Ismail]. From a modern perspective, multiple orthogonal polynomials
are most naturally characterized through recurrence relations associated with banded operators, leading to
matrix-valued and vector-valued spectral problems. In this framework, polynomials of mixed type emerge as
the appropriate objects encoding the joint leftśright spectral structure of banded matrices, see for instance
[andrei_walter, afm]. The mixed-type setting is particularly well suited for the study of non-symmetric
banded operators, where biorthogonality and matrix-valued measures replace the scalar orthogonality of
the classical theory.

1.1. Banded matrices and mixed-type multiple orthogonal polynomials. Let us deőne the recursion
polynomials associated with the banded matrix

𝑇 =



𝑇0,0 𝑇0,𝑞 0

𝑇𝑝,0

0


as the entries of semi-inőnite left and right eigenvectors,

𝐴(𝑎)
=

[
𝐴
(𝑎)

0 𝐴
(𝑎)

1

]
, 𝑎 ∈ {1, . . . , 𝑝}, 𝐵 (𝑏)

=



𝐵
(𝑏)

0

𝐵
(𝑏)

1



, 𝑏 ∈ {1, . . . , 𝑞},



UNBOUNDED BANDED MATRICES AND MIXED-TYPE MULTIPLE ORTHOGONALITY 3

which satisfy the eigenvalue relations

𝐴(𝑎)𝑇 = 𝑥𝐴(𝑎) , 𝑎 ∈ {1, . . . , 𝑝}, 𝑇𝐵 (𝑏)
= 𝑥𝐵 (𝑏) , 𝑏 ∈ {1, . . . , 𝑞}.

Throughout we assume that the semi-inőnite matrix 𝑇 admits a normalized positive bidiagonal factoriza-
tion (PBF),

𝑇 = 𝐿1 · · · 𝐿𝑝Δ𝑈𝑞 · · ·𝑈1,

where Δ = diag(Δ0,Δ1, . . . ) and the bidiagonal factors are normalized (their diagonal entries equal 1) and
given by

𝐿𝑘 ≔



1 0

𝐿𝑘 |1,0 1
0 𝐿𝑘 |2,1 1



, 𝑈𝑘 ≔



1 𝑈𝑘 |0,1 0

0 1 𝑈𝑘 |1,2

1



,

so that the positivity constraints 𝐿𝑘 |𝑖, 𝑗 ,𝑈𝑘 |𝑖, 𝑗 ,Δ𝑖 > 0, for 𝑖 ∈ N0, hold.
The components of the eigenvectors are polynomials in the spectral parameter 𝑥; we refer to them as the

left and right recursion polynomials. They are őxed by the initial conditions




𝐴
(1)
0 = 1,

𝐴
(1)
1 = 𝜈

(1)
1 ,

...

𝐴
(1)
𝑝−1 = 𝜈

(1)
𝑝−1,




𝐴
(2)
0 = 0,

𝐴
(2)
1 = 1,

𝐴
(2)
2 = 𝜈

(2)
2 ,

...

𝐴
(2)
𝑝−1 = 𝜈

(2)
𝑝−1,

· · ·




𝐴
(𝑝)

0 = 0,
...

𝐴
(𝑝)

𝑝−2 = 0,

𝐴
(𝑝)

𝑝−1 = 1,

(1)

with 𝜈
(𝑖)
𝑗

arbitrary constants, and




𝐵
(1)
0 = 1,

𝐵
(1)
1 = 𝜉

(1)
1 ,

...

𝐵
(1)
𝑞−1 = 𝜉

(1)
𝑞−1,




𝐵
(2)
0 = 0,

𝐵
(2)
1 = 1,

𝐵
(2)
2 = 𝜉

(2)
2 ,

...

𝐵
(2)
𝑞−1 = 𝜉

(2)
𝑞−1,

· · ·




𝐵
(𝑞)

0 = 0,
...

𝐵
(𝑞)

𝑞−2 = 0,

𝐵
(𝑞)

𝑞−1 = 1,

(2)

where 𝜉
(𝑖)
𝑗

are also arbitrary. We collect these parameters into the initial condition matrices

𝜈 ≔



1 0 0

𝜈
(1)
1 1

0

𝜈
(1)
𝑝−1 𝜈

(𝑝−1)
𝑝−1 1



, 𝜉 ≔



1 0 0

𝜉
(1)
1 1

0

𝜉
(1)
𝑞−1 𝜉

(𝑞−1)
𝑞−1 1



.

The recursion polynomials are uniquely determined by (1.1)ś(1.1) together with the banded recursions

𝐴
(𝑎)
𝑛−𝑞𝑇𝑛−𝑞,𝑛 + · · · + 𝐴

(𝑎)
𝑛+𝑝𝑇𝑛+𝑝,𝑛 = 𝑥𝐴

(𝑎)
𝑛 , 𝑛 ∈ {0, 1, . . .}, 𝑎 ∈ {1, . . . , 𝑝}, 𝐴

(𝑎)
−𝑞 = · · · = 𝐴

(𝑎)

−1 = 0,

𝑇𝑛,𝑛−𝑝𝐵
(𝑏)
𝑛−𝑝 + · · · + 𝑇𝑛,𝑛+𝑞𝐵

(𝑏)
𝑛+𝑞 = 𝑥𝐵

(𝑏)
𝑛 , 𝑛 ∈ {0, 1, . . .}, 𝑏 ∈ {1, . . . , 𝑞}, 𝐵

(𝑏)
−𝑝 = · · · = 𝐵

(𝑏)

−1 = 0.
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For the semi-inőnite matrix 𝑇 we denote by 𝑃𝑁 (𝑥) the characteristic polynomial of the truncation 𝑇 [𝑁−1] ,
namely

𝑃𝑁 (𝑥) ≔

{
1, 𝑁 = 0,

det
(
𝑥𝐼𝑁 − 𝑇 [𝑁−1]

)
, 𝑁 ∈ N.

Introduce the blocks of left and right recursion polynomials

𝐴𝑁 ≔



𝐴
(1)
𝑁

𝐴
(1)
𝑁+𝑝−1

𝐴
(𝑝)

𝑁
𝐴
(𝑝)

𝑁+𝑝−1



, 𝐵𝑁 ≔



𝐵
(1)
𝑁

𝐵
(𝑞)

𝑁

𝐵
(1)
𝑁+𝑞−1 𝐵

(𝑞)

𝑁+𝑞−1



, 𝑁 ∈ N0,

and the products

𝛼𝑁 ≔ (−1) (𝑝−1)𝑁𝑇𝑝,0 · · ·𝑇𝑁+𝑝−1,𝑁−1, 𝛽𝑁 ≔ (−1) (𝑞−1)𝑁𝑇0,𝑞 · · ·𝑇𝑁−1,𝑁+𝑞−1, 𝑁 ∈ N,

with 𝛼0 = 𝛽0 = 1. Since the entries on the extreme diagonals are nonzero, we have 𝛼𝑁 , 𝛽𝑁 ≠ 0. For 𝑁 ∈ N0

these quantities relate the characteristic polynomials and the recursion blocks through

𝑃𝑁 (𝑥) = 𝛼𝑁 det 𝐴𝑁 (𝑥) = 𝛽𝑁 det 𝐵𝑁 (𝑥).

Next we introduce determinantal polynomials, built from the left and right recursion polynomials, which
produce left and right eigenvectors of 𝑇 [𝑁 ] . Deőne

𝑄𝑛,𝑁 ≔

�����������

𝐴
(1)
𝑛 𝐴

(𝑝)
𝑛

𝐴
(1)
𝑁+1 𝐴

(𝑝)

𝑁+1

𝐴
(1)
𝑁+𝑝−1 𝐴

(𝑝)

𝑁+𝑝−1

�����������

, 𝑅𝑛,𝑁 ≔

�����������

𝐵
(1)
𝑛 𝐵

(𝑞)
𝑛

𝐵
(1)
𝑁+1 𝐵

(𝑞)

𝑁+1

𝐵
(1)
𝑁+𝑞−1 𝐵

(𝑞)

𝑁+𝑞−1

�����������

,

together with the semi-inőnite row and column vectors

𝑄𝑁 ≔
[
𝑄0,𝑁 𝑄1,𝑁

]
, 𝑅𝑁 ≔



𝑅0,𝑁

𝑅1,𝑁



,

and their truncations

𝑄 ⟨𝑁 ⟩
≔

[
𝑄0,𝑁 𝑄1,𝑁 𝑄𝑁,𝑁

]
, 𝑅⟨𝑁 ⟩

≔



𝑅0,𝑁

𝑅1,𝑁

𝑅𝑁,𝑁



.

A generalized ChristoffelśDarboux formalism for banded matrices yields the following identities.

i) The biorthogonal families of left and right eigenvectors
{
𝑤

⟨𝑁 ⟩

𝑘

}𝑁+1

𝑘=1
and

{
𝑢
⟨𝑁 ⟩

𝑘

}𝑁+1

𝑘=1
can be expressed as

𝑤
⟨𝑁 ⟩

𝑘
=

𝑄 ⟨𝑁 ⟩
(
𝜆
[𝑁 ]

𝑘

)

𝛽𝑁
∑𝑁

𝑙=0𝑄𝑙,𝑁

(
𝜆
[𝑁 ]

𝑘

)
𝑅𝑙,𝑁

(
𝜆
[𝑁 ]

𝑘

) , 𝑢
⟨𝑁 ⟩

𝑘
= 𝛽𝑁𝑅⟨𝑁 ⟩

(
𝜆
[𝑁 ]

𝑘

)
.

In particular, 𝑤 ⟨𝑁 ⟩

𝑘
𝑢
⟨𝑁 ⟩

𝑙
= 𝛿𝑘,𝑙.

ii) In terms of the characteristic polynomial, the entries of the left eigenvectors admit the representation

𝑤
⟨𝑁 ⟩

𝑘,𝑛
=

𝛼𝑁𝑄𝑛,𝑁

(
𝜆
[𝑁 ]

𝑘

)

𝑃𝑁

(
𝜆
[𝑁 ]

𝑘

)
𝑃′
𝑁+1

(
𝜆
[𝑁 ]

𝑘

) .
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iii) Let 𝒰 be the matrix whose columns are the right eigenvectors 𝑢𝑘 in the standard order, and let 𝒲 be
the matrix whose rows are the left eigenvectors 𝑤𝑘 in the standard order. Then 𝒰𝒲 = 𝒲𝒰 = 𝐼𝑁+1.

iv) Writing 𝐷 = diag
(
𝜆
[𝑁 ]

1 , 𝜆
[𝑁 ]

2 , . . . , 𝜆
[𝑁 ]

𝑁+1

)
, one has the spectral decomposition

𝒰𝐷𝑛
𝒲 =

(
𝑇 [𝑁 ]

)𝑛
, 𝑛 ∈ N0.

The so-called Christoffel numbers 𝜇[𝑁 ]

𝑘,𝑎
and 𝜌

[𝑁 ]

𝑘,𝑏
, 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}, see [BFM1], provide

the expansions

𝑤
⟨𝑁 ⟩

𝑘,𝑛
= 𝐴

(1)
𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜇
[𝑁 ]

𝑘,1
+ · · · + 𝐴

(𝑝)

𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜇
[𝑁 ]

𝑘, 𝑝
,

𝑢
⟨𝑁 ⟩

𝑘,𝑛
= 𝐵

(1)
𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜌
[𝑁 ]

𝑘,1
+ · · · + 𝐵

(𝑞)

𝑛−1

(
𝜆
[𝑁 ]

𝑘

)
𝜌
[𝑁 ]

𝑘,𝑞
.

Moreover, these coefficients are related to the eigenvector entries and the initial conditions by



𝜇
[𝑁 ]

𝑘,1

𝜇
[𝑁 ]

𝑘,2

𝜇
[𝑁 ]

𝑘, 𝑝



= 𝜈−1



𝑤
⟨𝑁 ⟩

𝑘,1

𝑤
⟨𝑁 ⟩

𝑘,2

𝑤
⟨𝑁 ⟩

𝑘, 𝑝



,



𝜌
[𝑁 ]

𝑘,1

𝜌
[𝑁 ]

𝑘,2

𝜌
[𝑁 ]

𝑘,𝑞



= 𝜉−1



𝑢
⟨𝑁 ⟩

𝑘,1

𝑢
⟨𝑁 ⟩

𝑘,2

𝑢
⟨𝑁 ⟩

𝑘,𝑞



.

As shown in [BFM1], for a suitable choice of initial conditions in terms of the bidiagonal factorization
the Christoffel numbers are strictly positive, namely

𝜌
[𝑁 ]

𝑘,𝑏
> 0, 𝜇

[𝑁 ]

𝑘,𝑎
> 0, 𝑘 ∈ {1, . . . , 𝑁 + 1}, 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}.

Consider the associated step functions

𝜓
[𝑁 ]

𝑏,𝑎
≔




0, 𝑥 < 𝜆
[𝑁 ]

𝑁+1,

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎
, 𝜆

[𝑁 ]

𝑘+1
⩽ 𝑥 < 𝜆

[𝑁 ]

𝑘
, 𝑘 ∈ {1, . . . , 𝑁},

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑁+1,𝑏
𝜇
[𝑁 ]

𝑁+1,𝑎, 𝑥 ⩾ 𝜆
[𝑁 ]

1 .

The őnal step is uniformly bounded: for 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞} one has

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑁+1,𝑏
𝜇
[𝑁 ]

𝑁+1,𝑎 = (𝜉−1𝐼𝑞,𝑝𝜈
−⊤)𝑏,𝑎 .

Here 𝐼𝑞,𝑝 ∈ R𝑞×𝑝 denotes the rectangular identity matrix, with (𝐼𝑞,𝑝)𝑘,𝑙 = 𝛿𝑘,𝑙.
Deőne the 𝑞 × 𝑝 matrix

Ψ
[𝑁 ]

≔



𝜓
[𝑁 ]

1,1
𝜓

[𝑁 ]

1, 𝑝

𝜓
[𝑁 ]

𝑞,1
𝜓

[𝑁 ]
𝑞,𝑝


and the corresponding matrix of discrete LebesgueśStieltjes measures supported at the zeros of 𝑃𝑁+1,

dΨ[𝑁 ]
=



d𝜓 [𝑁 ]

1,1 d𝜓 [𝑁 ]

1, 𝑝

d𝜓 [𝑁 ]

𝑞,1 d𝜓 [𝑁 ]
𝑞,𝑝



=

𝑁+1∑︁

𝑘=1



𝜌
[𝑁 ]

𝑘,1

𝜌
[𝑁 ]

𝑘,𝑞



[
𝜇
[𝑁 ]

𝑘,1
𝜇
[𝑁 ]

𝑘, 𝑝

]
𝛿
(
𝑥 − 𝜆

[𝑁 ]

𝑘

)
.

The following biorthogonality relations hold:
𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥) d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥) = 𝛿𝑛,𝑚, 𝑛, 𝑚 ∈ {0, . . . , 𝑁}.
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Moreover, for 𝑚 ∈ {1, . . . , 𝑁} the orthogonality relations

𝑝∑︁

𝑎=1

∫
𝑥𝑛 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥) = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑏

𝑞

⌉
− 1

}
, 𝑏 ∈ {1, . . . , 𝑞},

𝑞∑︁

𝑏=1

∫
𝐵
(𝑏)
𝑚 (𝑥) d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝑥𝑛 = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑎

𝑝

⌉
− 1

}
, 𝑎 ∈ {1, . . . , 𝑝}.

are satisőed. Therefore, the recursion polynomials form discrete multiple orthogonal polynomials of mixed
type on the step-line. Finally, one obtains the spectral representation

(𝑇 𝑘)𝑚,𝑛 =

𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫
𝐵
(𝑏)
𝑛 (𝑥)𝑥𝑘 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥)𝐴

(𝑎)
𝑚 (𝑥), 𝑚, 𝑛 ∈ {0, . . . , 𝑁}.

In the study of the quadrature formulas in [BFM1], we consider

(3)
∫

𝑥𝑛 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑥) =

𝑁+1∑︁

𝑘=1

𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎

(
𝜆
[𝑁 ]

𝑘

)𝑛
= (𝑒

𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎, 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}.

and the following degrees of precision

𝑑𝑏,𝑎 (𝑁) =

⌈
𝑁 + 2 − 𝑎

𝑝

⌉
+

⌈
𝑁 + 2 − 𝑏

𝑞

⌉
− 1, 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}.

These degrees of precision or 𝑑𝑏,𝑎 (𝑁), 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}, are the largest natural numbers
such that

(𝑒
𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 =

(
𝑢
𝜉

𝑏

)⊤
𝑇𝑛𝑢𝜈𝑎, 0 ⩽ 𝑛 ⩽ 𝑑𝑏,𝑎 (𝑁), 𝑎 ∈ {1, . . . , 𝑝}, 𝑏 ∈ {1, . . . , 𝑞}.

2. The Favard spectral theorem for unbounded banded matrices

In [BFM1, BFM4] we proved the following result. A triangular matrix is said to be totally positive if all
its nontrivial minors are strictly positive; see [BFM4].

Theorem 2.1 (Favard spectral representation for bounded banded matrices with PBF). Let us assume that
the matrix 𝑇 is bounded and admits a positive bidiagonal factorization. Then the following versions of the Favard
spectral theorem hold:

i) Let the initial condition matrices 𝐴0 and 𝐵0 be determined by the positive bidiagonal factorization up to left
multiplication by an upper unitriangular positive matrix and a lower unitriangular positive matrix, respectively,
as described in [BFM1]. Then there exist 𝑝 × 𝑞 nondecreasing positive functions 𝜓𝑏,𝑎, 𝑎 ∈ {1, . . . , 𝑝} and
𝑏 ∈ {1, . . . , 𝑞}, and corresponding positive LebesgueśStieltjes measures d𝜓𝑏,𝑎 such that the following mixed-type
multiple biorthogonality relations hold:

𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫

Δ

𝐵
(𝑏)

𝑙
(𝑥) d𝜓𝑏,𝑎 (𝑥) 𝐴

(𝑎)

𝑘
(𝑥) = 𝛿𝑘,𝑙 , 𝑘, 𝑙 ∈ N0.

Moreover, the degrees of these mixed-type multiple orthogonal polynomials satisfy

deg 𝐴
(𝑎)
𝑛 ≤

⌈
𝑛 + 2 − 𝑎

𝑝

⌉
− 1, deg 𝐵 (𝑏)

𝑛 ≤

⌈
𝑛 + 2 − 𝑏

𝑞

⌉
− 1.

Equality is attained at least when 𝑛 = 𝑝 + 𝑎 − 1 for 𝑎 ∈ {1, . . . , 𝑝} (left polynomials), and when 𝑛 = 𝑁𝑞 + 𝑏 − 1
for 𝑏 ∈ {1, . . . , 𝑞} (right polynomials).
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ii) Let the initial condition matrices 𝐴0 and 𝐵0 be determined by the positive bidiagonal factorization up to left
multiplication by an upper unitriangular totally positive matrix and a lower unitriangular totally positive matrix,
respectively, as described in [BFM4]. Then there exist 𝑝×𝑞 nondecreasing positive functions 𝜓𝑏,𝑎, 𝑎 ∈ {1, . . . , 𝑝}
and 𝑏 ∈ {1, . . . , 𝑞}, and corresponding positive LebesgueśStieltjes measures d𝜓𝑏,𝑎 such that the mixed-type
multiple biorthogonality relations hold:

𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫

Δ

𝐵
(𝑏)

𝑙
(𝑥) d𝜓𝑏,𝑎 (𝑥) 𝐴

(𝑎)

𝑘
(𝑥) = 𝛿𝑘,𝑙 , 𝑘, 𝑙 ∈ N0.

In this case, the degrees are maximal:

deg 𝐴
(𝑎)
𝑛 =

⌈
𝑛 + 2 − 𝑎

𝑝

⌉
− 1, deg 𝐵 (𝑏)

𝑛 =

⌈
𝑛 + 2 − 𝑏

𝑞

⌉
− 1.

Our aim here is to extend this result to unbounded matrices. More precisely, we prove the following
theorem.

Theorem 2.2 (Favard spectral representation for unbounded banded matrices with PBF). Assume that the
matrix 𝑇 is unbounded and that there exists a sequence (𝑠𝑁 )𝑁≥0 with 𝑠𝑁 ≥ 0 such that, for every 𝑁 , the truncation

𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1

admits a positive bidiagonal factorization. Let the initial condition matrices 𝐴0 and 𝐵0 be determined by this factor-
ization up to left multiplication by an upper unitriangular positive matrix and a lower unitriangular positive matrix,
respectively, as described in [BFM1].
Then there exist 𝑝 × 𝑞 nondecreasing positive functions 𝜓𝑏,𝑎, 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}, and the

corresponding positive LebesgueśStieltjes measures d𝜓𝑏,𝑎, such that

𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫

R

𝐵
(𝑏)

𝑙
(𝑥) 𝑥𝑛 d𝜓𝑏,𝑎 (𝑥) 𝐴

(𝑎)

𝑘
(𝑥) = (𝑇𝑛)𝑘,𝑙 , 𝑘, 𝑙 ∈ N0, 𝑛 ∈ N0.

In particular, the mixed-type multiple biorthogonality relations hold:

𝑝∑︁

𝑎=1

𝑞∑︁

𝑏=1

∫

R

𝐵
(𝑏)

𝑙
(𝑥) d𝜓𝑏,𝑎 (𝑥) 𝐴

(𝑎)

𝑘
(𝑥) = 𝛿𝑘,𝑙, 𝑘, 𝑙 ∈ N0,

as well as the mixed-type orthogonality relations:

𝑝∑︁

𝑎=1

∫

R

𝑥𝑛 d𝜓𝑏,𝑎 (𝑥) 𝐴
(𝑎)
𝑚 (𝑥) = 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑏

𝑞

⌉
− 1

}
, 𝑏 ∈ {1, . . . , 𝑞},

𝑞∑︁

𝑏=1

∫

R

𝐵
(𝑏)
𝑚 (𝑥) d𝜓𝑏,𝑎 (𝑥) 𝑥

𝑛
= 0, 𝑛 ∈

{
0, . . . ,

⌈
𝑚 + 1 − 𝑎

𝑝

⌉
− 1

}
, 𝑎 ∈ {1, . . . , 𝑝}.

The degrees satisfy

deg 𝐴
(𝑎)
𝑛 ≤

⌈
𝑛 + 2 − 𝑎

𝑝

⌉
− 1, deg 𝐵 (𝑏)

𝑛 ≤

⌈
𝑛 + 2 − 𝑏

𝑞

⌉
− 1,

with equality attained at least when 𝑛 =

⌈
𝑞

𝑝

⌉
𝑝 + 𝑎 − 1 for 𝑎 ∈ {1, . . . , 𝑝}, and when 𝑛 =

⌈
𝑝

𝑞

⌉
𝑞 + 𝑏 − 1 for

𝑏 ∈ {1, . . . , 𝑞}. Moreover, if the initial condition matrices 𝐴0 and 𝐵0 are determined by the positive bidiagonal
factorization up to left multiplication by an upper unitriangular totally positive matrix and a lower unitriangular
totally positive matrix, respectively, then equality holds in the above degree bounds for all 𝑛 ∈ N0 and for all 𝑎 ∈

{1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}.

For the proof we base our analysis on [Chihara]. In particular, we recall the following results due to Helly.
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i) Selection principle.
Let {𝜓𝑛} be a uniformly bounded sequence of nondecreasing functions defined on (−∞,∞). Then {𝜓𝑛} admits a
subsequence which converges on (−∞,∞) to a bounded nondecreasing function.

ii) Helly’s second theorem.
Let {𝜓𝑛} be a uniformly bounded sequence of nondecreasing functions defined on a compact interval [𝛼, 𝛽], and
suppose that it converges on [𝛼, 𝛽] to a limit function 𝜓. Then, for every real-valued function 𝑓 continuous
on [𝛼, 𝛽],

lim
𝑛→∞

∫ 𝛽

𝛼

𝑓 d𝜓𝑛 =

∫ 𝛽

𝛼

𝑓 d𝜓.

We also need the following lemmas:

Lemma 2.3. Let 𝑇 be a semi-infinite matrix with band structure

𝑇𝑖, 𝑗 = 0, 𝑗 < 𝑖 − 𝑝 or 𝑗 > 𝑖 + 𝑞,

for some 𝑝, 𝑞 ∈ N. Let 𝑇 [𝑁 ] be the principal truncation of size 𝑁 + 1. Let 𝜈 ∈ C𝑝×𝑝 and 𝜉 ∈ C𝑞×𝑞 be invertible
lower triangular matrices. Fix 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}, and consider the vectors (Definition 9.3)

(4) 𝑢𝜈𝑎 ≔ 𝐸⊤
[𝑝]𝜈

−⊤𝑒
[𝑝]
𝑎 , 𝑢

𝜉

𝑏
≔ (𝑒

[𝑞 ]

𝑏
)⊤𝜉−1𝐸 [𝑞 ] , 𝐸 [𝑟 ] ≔



1 0 0 0

0

0
0 0 1 0

𝑟
tim
es

𝑟
times



.

Then, for every 𝑛 ∈ N0 and every 𝑁 ∈ N0 such that

𝑛 ≤ 𝑑𝑏,𝑎 (𝑁) ≔

⌈
𝑁 + 2 − 𝑎

𝑝

⌉
+

⌈
𝑁 + 2 − 𝑏

𝑞

⌉
− 1,(5)

we have the exact stabilization identity

𝑢
𝜉

𝑏
𝑇𝑛 𝑢𝜈𝑎 = (𝑒

𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 .(6)

Proof. Write the path expansion

(𝑇𝑛)𝑖, 𝑗 =
∑︁

𝑖1,...,𝑖𝑛−1∈N0

𝑇𝑖,𝑖1 𝑇𝑖1,𝑖2 · · ·𝑇𝑖𝑛−1, 𝑗 .(7)

A term in (2) can be nonzero only if each factor respects the band, namely

𝑖𝑘+1 ∈ {𝑖𝑘 − 𝑝, . . . , 𝑖𝑘 + 𝑞}, 𝑘 ∈ {0, . . . , 𝑛 − 1},

with 𝑖0 = 𝑖 and 𝑖𝑛 = 𝑗 . Hence, along any contributing path, the index can increase by at most 𝑞 per step
and decrease by at most 𝑝 per step.

Assume that a contributing path starting at some 𝑖 ∈ {0, . . . , 𝑏 − 1} and ending at some 𝑗 ∈ {0, . . . , 𝑎 − 1}
visits an index > 𝑁 . Let 𝑁 + 1 be the őrst index strictly larger than 𝑁 visited by the path, and let 𝑠 be
the őrst time such that 𝑖𝑠 = 𝑁 + 1. Since each step increases the index by at most 𝑞, reaching 𝑁 + 1 from
𝑖0 ≤ 𝑏 − 1 requires

𝑠 ≥

⌈
𝑁 + 1 − (𝑏 − 1)

𝑞

⌉
=

⌈
𝑁 + 2 − 𝑏

𝑞

⌉
.

Similarly, since each step decreases the index by at most 𝑝, going from 𝑁 + 1 down to 𝑗 ≤ 𝑎 − 1 requires

𝑛 − 𝑠 ≥

⌈
𝑁 + 1 − (𝑎 − 1)

𝑝

⌉
=

⌈
𝑁 + 2 − 𝑎

𝑝

⌉
.
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Therefore any contributing path that leaves {0, 1, . . . , 𝑁} must have length

𝑛 ≥

⌈
𝑁 + 2 − 𝑏

𝑞

⌉
+

⌈
𝑁 + 2 − 𝑎

𝑝

⌉
,

which contradicts (2.3). Hence, if (2.3) holds, every nonzero contributing path remains within {0, 1, . . . , 𝑁},
and consequently

(𝑇𝑛)𝑖, 𝑗 =
(
(𝑇 [𝑁 ])𝑛

)
𝑖, 𝑗
,

for all 𝑖 ∈ {0, . . . , 𝑏 − 1} and 𝑗 ∈ {0, . . . , 𝑎 − 1}.
Since 𝜈 and 𝜉 are lower triangular, 𝜈−⊤ is upper triangular and 𝜉−1 is lower triangular. Thus, by (2.3),

the vector 𝑢𝜈𝑎 is supported in {0, . . . , 𝑎−1} and the row vector 𝑢 𝜉

𝑏
is supported in {0, . . . , 𝑏−1}. Multiplying

the above entrywise identity by the corresponding coefficients yields (2.3). □

Lemma 2.4. i) Let us use the notation

𝒩𝑝,𝑞,𝑎,𝑏 (𝑛) ≔
𝑛 + 1 −

(
2−𝑎
𝑝

+ 2−𝑏
𝑞

)

1
𝑝
+ 1

𝑞

.

Then, for every 𝑁 ∈ N0 such that 𝑁 ≥ 𝒩𝑝,𝑞,𝑎,𝑏 (𝑛), we have

𝑛 ≤ 𝑑𝑏,𝑎 (𝑁).(8)

ii) In particular, defining the moment 𝑚𝑛,𝑎,𝑏 ≔ 𝑢
𝜉

𝑏
𝑇𝑛 𝑢𝜈𝑎, Lemma 2.3 yields

(𝑒
𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 = 𝑚𝑛,𝑎,𝑏, for all 𝑁 ≥ 𝒩𝑝,𝑞,𝑎,𝑏 (𝑛).

Consequently, the quantity (𝑒
𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 stabilizes for 𝑁 ≥ 𝒩𝑝,𝑞,𝑎,𝑏 (𝑛).

Proof. Using the inequality ⌈𝑥⌉ ≥ 𝑥, we obtain

𝑑𝑏,𝑎 (𝑁) =

⌈
𝑁 + 2 − 𝑎

𝑝

⌉
+

⌈
𝑁 + 2 − 𝑏

𝑞

⌉
− 1 ≥

𝑁 + 2 − 𝑎

𝑝
+
𝑁 + 2 − 𝑏

𝑞
− 1.

Thus, the condition 𝑛 ≤ 𝑑𝑏,𝑎 (𝑁) is ensured as soon as

𝑛 ≤
𝑁 + 2 − 𝑎

𝑝
+
𝑁 + 2 − 𝑏

𝑞
− 1 = 𝑁

( 1
𝑝
+
1

𝑞

)
+
(2 − 𝑎

𝑝
+
2 − 𝑏

𝑞
− 1

)
.

Rearranging this inequality gives 𝑁 ≥ 𝒩𝑝,𝑞,𝑎,𝑏 (𝑛), which proves (1). The stabilization statement in (ii) then
follows from Lemma 2.3. □

Proof of the Favard spectral theorem. Step 0 (assumption and shifted step functions). Let us assume that
for every 𝑁 ∈ N0 there exists a shift 𝑠𝑁 ≥ 0 such that the shifted truncation

𝐴𝑁 ≔ 𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1

admits a positive bidiagonal factorization (PBF). Fix (𝑎, 𝑏). Let d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

be the corresponding discrete

Gauss-type quadrature measure attached to 𝐴𝑁 , and let 𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

be its right-continuous distribution (step)
function, i.e.

𝜓
[𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥) ≔ d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

(
(−∞, 𝑥]

)
.

Since the shift depends on 𝑁 , we recenter the distributions by translation and deőne

(9) 𝜓
[𝑁 ]

𝑏,𝑎
(𝑥) ≔ 𝜓

[𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥 + 𝑠𝑁 ), 𝑥 ∈ R.

Equivalently, in terms of measures,

(10) d𝜓 [𝑁 ]

𝑏,𝑎
(𝐸) = d𝜓 [𝑁 ],𝑠𝑁

𝑏,𝑎
(𝐸 + 𝑠𝑁 ) for every Borel set 𝐸 ⊂ R,

i.e. d𝜓 [𝑁 ]

𝑏,𝑎
is the push-forward of d𝜓 [𝑁 ],𝑠𝑁

𝑏,𝑎
under the map 𝑥 ↦→ 𝑥 − 𝑠𝑁 .



10 A BRANQUINHO, A FOULQUIÉ-MORENO, AND M MAÑAS

More explicitly, if 0 ≤ 𝜆
[𝑁 ]

𝑁+1 < 𝜆
[𝑁 ]

𝑁
< · · · < 𝜆

[𝑁 ]

1 are the ordered simple eigenvalues of 𝐴𝑁 , and 𝜌
[𝑁 ]

𝑛,𝑏
,

𝜇
[𝑁 ]
𝑛,𝑎 are the Christoffel numbers (which are positive due to the PBF assumption on 𝐴𝑁 ), we have

𝜓
[𝑁 ]

𝑏,𝑎
(𝑥) =




0, 𝑥 < 𝜆
[𝑁 ]

𝑁+1 − 𝑠𝑁 ,

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎
, 𝜆

[𝑁 ]

𝑘+1
− 𝑠𝑁 ⩽ 𝑥 < 𝜆

[𝑁 ]

𝑘
− 𝑠𝑁 , 𝑘 ∈ {0, . . . , 𝑁 − 1},

𝜌
[𝑁 ]

1,𝑏
𝜇
[𝑁 ]

1,𝑎 + · · · + 𝜌
[𝑁 ]

𝑁+1,𝑏
𝜇
[𝑁 ]

𝑁+1,𝑎, 𝑥 ⩾ 𝜆
[𝑁 ]

1 − 𝑠𝑁 ,

and the corresponding translated measures are

d𝜓 [𝑁 ]

𝑏,𝑎
=

𝑁+1∑︁

𝑘=1

𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎
𝛿
(
𝑥 − (𝜆

[𝑁 ]

𝑘
− 𝑠𝑁 )

)
.

Step 1 (Helly compactness on [𝛼, 𝛽]). Since translations preserve monotonicity and total mass, for every
𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞} the functions 𝜓 [𝑁 ]

𝑏,𝑎
are nonnegative, nondecreasing, right-continuous, and

uniformly bounded by the total mass (𝜉−1𝐼𝑞,𝑝𝜈−⊤)𝑏,𝑎.

Hence
{
𝜓
[𝑁 ]

𝑏,𝑎

}

𝑁 ∈N0

is a uniformly bounded family of nondecreasing, right-continuous functions. By

Helly’s selection principle there exists a subsequence
{
𝜓
[𝑁𝑖 ]

𝑏,𝑎

}

𝑖≥1
converging pointwise at all continuity points

to a bounded nondecreasing function 𝜓𝑏,𝑎. Moreover, by Helly’s second theorem, for every compact interval
[𝛼, 𝛽] and every continuous function 𝑓 on [𝛼, 𝛽],

(11) lim
𝑖→∞

∫ 𝛽

𝛼

𝑓 (𝑥) d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) =

∫ 𝛽

𝛼

𝑓 (𝑥) d𝜓𝑏,𝑎 (𝑥).

Step 2 (quadrature for (𝑥 − 𝑠𝑁 )
𝑛 and recentered moments). Let us recall that for 𝑁, 𝑘 ∈ N0 we have
∫ ∞

0
𝑥𝑘 d𝜓 [𝑁 ],𝑠𝑁

𝑏,𝑎
(𝑥) = (𝑒

𝜉

𝑏
)⊤(𝐴𝑁 )

𝑘𝑒𝜈𝑎 .(12)

We choose 𝑁 ∈ N0 such that

𝑁 ≥
⌈
𝒩𝑝,𝑞,𝑎,𝑏 (𝑛)

⌉
,

so that, by Lemma 2.4, we have 𝑛 ≤ 𝑑𝑏,𝑎 (𝑁), and therefore (2) holds for all 𝑘 ∈ {0, 1, . . . , 𝑛}.
Since

(𝑥 − 𝑠𝑁 )
𝑛
=

𝑛∑︁

𝑘=0

(
𝑛

𝑘

)
(−𝑠𝑁 )

𝑛−𝑘𝑥𝑘 ,

linearity of the integral and (2) yield
∫ ∞

0
(𝑥 − 𝑠𝑁 )

𝑛 d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥) =

𝑛∑︁

𝑘=0

(
𝑛

𝑘

)
(−𝑠𝑁 )

𝑛−𝑘 (𝑒
𝜉

𝑏
)⊤(𝐴𝑁 )

𝑘𝑒𝜈𝑎

= (𝑒
𝜉

𝑏
)⊤(𝐴𝑁 − 𝑠𝑁 𝐼𝑁+1)

𝑛𝑒𝜈𝑎 .

Moreover,

(𝐴𝑁 − 𝑠𝑁 𝐼𝑁+1)
𝑛
=

(
𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 − 𝑠𝑁 𝐼𝑁+1

)𝑛
=
(
𝑇 [𝑁 ]

)𝑛
,

so that ∫ ∞

0
(𝑥 − 𝑠𝑁 )

𝑛 d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥) = (𝑒
𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 .(13)

Now set
𝑚𝑛,𝑎,𝑏 ≔ (𝑢

𝜉

𝑏
) 𝑇𝑛 𝑢𝜈𝑎 .
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Since 𝑛 ≤ 𝑑𝑏,𝑎 (𝑁), Lemma 2.3 gives

(𝑒
𝜉

𝑏
)⊤

(
𝑇 [𝑁 ]

)𝑛
𝑒𝜈𝑎 = 𝑚𝑛,𝑎,𝑏 .(14)

Combining (2) and (2), we conclude that
∫ ∞

0
(𝑥 − 𝑠𝑁 )

𝑛 d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥) = 𝑚𝑛,𝑎,𝑏, 𝑁 ≥
⌈
𝒩𝑝,𝑞,𝑎,𝑏 (𝑛)

⌉
.

Finally, by the push-forward relation (2), for any polynomial 𝑝 we have
∫

R

𝑝(𝑢) d𝜓 [𝑁 ]

𝑏,𝑎
(𝑢) =

∫ ∞

0
𝑝(𝑥 − 𝑠𝑁 ) d𝜓

[𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥),

and in particular, taking 𝑝(𝑢) = 𝑢𝑛,
∫

R

𝑢𝑛 d𝜓 [𝑁 ]

𝑏,𝑎
(𝑢) =

∫ ∞

0
(𝑥 − 𝑠𝑁 )

𝑛 d𝜓 [𝑁 ],𝑠𝑁
𝑏,𝑎

(𝑥) = 𝑚𝑛,𝑎,𝑏, 𝑁 ≥
⌈
𝒩𝑝,𝑞,𝑎,𝑏 (𝑛)

⌉
.

Step 3 (tails and passage to the limit). Fix 𝑛 ∈ N0 and 𝛼 < 𝛽, and set 𝑅 ≔ max{|𝛼 |, |𝛽 |}. Let {𝑁𝑖}𝑖≥1
be the subsequence from Step 1, and take 𝑖 large enough so that 2𝑛 + 2 ≤ 𝑑𝑏,𝑎 (𝑁𝑖) (equivalently, 𝑁𝑖 ≥⌈
𝒩𝑝,𝑞,𝑎,𝑏 (2𝑛 + 2)

⌉
). Then Step 2 yields

(15)
∫

R

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) = 𝑚𝑛,𝑎,𝑏,

∫

R

𝑥2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) = 𝑚2𝑛+2,𝑎,𝑏 .

We write

𝑚𝑛,𝑎,𝑏 −

∫ 𝛽

𝛼

𝑥𝑛 d𝜓𝑏,𝑎 (𝑥) =
(∫

R

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) −

∫ 𝛽

𝛼

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥)

)
+
(∫ 𝛽

𝛼

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) −

∫ 𝛽

𝛼

𝑥𝑛 d𝜓𝑏,𝑎 (𝑥)
)
.

(16)

Convergence on [𝛼, 𝛽]. By Helly’s second theorem (2), applied to the continuous function 𝑓 (𝑥) = 𝑥𝑛 on [𝛼, 𝛽],
the second term in the RHS (2) tends to 0 as 𝑖 → ∞.

Tail estimate. For the őrst term in (2) we note that R \ [𝛼, 𝛽] ⊂ {|𝑥 | > 𝑅}. Since d𝜓 [𝑁𝑖 ]

𝑏,𝑎
is a nonnegative

measure,
���
∫

R\[𝛼,𝛽 ]

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥)

��� ≤
∫

R\[𝛼,𝛽 ]

|𝑥 |𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) ≤

∫

|𝑥 |>𝑅

|𝑥 |𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥).(17)

Moreover, on {|𝑥 | > 𝑅} we have |𝑥 | ≥ 𝑅, hence |𝑥 |−(𝑛+2) ≤ 𝑅−(𝑛+2) , and therefore

(18) |𝑥 |𝑛 = |𝑥 |2𝑛+2 |𝑥 |−(𝑛+2) ≤ 𝑅−(𝑛+2) |𝑥 |2𝑛+2, |𝑥 | > 𝑅.

Integrating the pointwise bound (2) against the nonnegative measure d𝜓 [𝑁𝑖 ]

𝑏,𝑎
over {|𝑥 | > 𝑅} yields

∫

|𝑥 |>𝑅

|𝑥 |𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) ≤ 𝑅−(𝑛+2)

∫

|𝑥 |>𝑅

|𝑥 |2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥).

Since |𝑥 |2𝑛+2 ≥ 0 and {|𝑥 | > 𝑅} ⊂ R, we also have
∫

|𝑥 |>𝑅

|𝑥 |2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) ≤

∫

R

|𝑥 |2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥).(19)

Combining (2)ś(2) we obtain
���
∫

R\[𝛼,𝛽 ]

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥)

��� ≤ 𝑅−(𝑛+2)

∫

R

|𝑥 |2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥).

Since 2𝑛 + 2 is even, |𝑥 |2𝑛+2 = 𝑥2𝑛+2, and by (2),
∫

R

|𝑥 |2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) =

∫

R

𝑥2𝑛+2 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥) = 𝑚2𝑛+2,𝑎,𝑏 .
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Therefore,

(20)
���
∫

R\[𝛼,𝛽 ]

𝑥𝑛 d𝜓 [𝑁𝑖 ]

𝑏,𝑎
(𝑥)

��� ≤ 𝑅−(𝑛+2) 𝑚2𝑛+2,𝑎,𝑏 .

Conclusion. Letting 𝑖 → ∞ in (2) and using the convergence on [𝛼, 𝛽] and the tail bound (2), we obtain
���𝑚𝑛,𝑎,𝑏 −

∫ 𝛽

𝛼

𝑥𝑛 d𝜓𝑏,𝑎 (𝑥)

��� ≤ 𝑅−(𝑛+2) 𝑚2𝑛+2,𝑎,𝑏 .

Finally, letting 𝛼 → −∞ and 𝛽 → +∞ (so that 𝑅 → +∞) yields
∫

R

𝑥𝑛 d𝜓𝑏,𝑎 (𝑥) = 𝑚𝑛,𝑎,𝑏 = (𝑢
𝜉

𝑏
) 𝑇𝑛 𝑢𝜈𝑎, 𝑛 ∈ N0.

□

In both cases, allowing positive or totally positive triangular freedom in the initial conditions of the mixed-
type orthogonal polynomials, the Gauss quadrature formulas derived from (1.1) and the above proof read

∫ ∞

0
𝑥𝑛 d𝜓𝑏,𝑎 (𝑥) =

𝑁+1∑︁

𝑘=1

𝜌
[𝑁 ]

𝑘,𝑏
𝜇
[𝑁 ]

𝑘,𝑎

(
𝜆
[𝑁 ]

𝑘

)𝑛
, 0 ⩽ 𝑛 ⩽ 𝑑𝑏,𝑎 (𝑁),

for 𝑎 ∈ {1, . . . , 𝑝} and 𝑏 ∈ {1, . . . , 𝑞}. Here the degrees of precision 𝑑𝑏,𝑎 (𝑁) are optimal: for any larger
power, a positive remainder appears and exactness is lost.

2.1. Case study: unbounded Jacobi matrices and shifted PBF for truncations. A particularly transpar-
ent instance of the łshiftedśPBF truncationž hypothesis in Theorem 2.2 arises in the context of unbounded
Jacobi matrices. Let

𝐽 =



𝑏0 𝑐0 0

𝑎1 𝑏1 𝑐1
0 𝑎2 𝑏2 𝑐2



, 𝑎𝑛 > 0, 𝑐𝑛 > 0, 𝑛 ≥ 0,

where the diagonal (𝑏𝑛)𝑛≥0 is real and may be unbounded (consequently, 𝐽 may be unbounded as an
operator). For each 𝑁 ∈ N0, denote by 𝐽 [𝑁 ] the principal truncation of size 𝑁 + 1.

The goal of this case study is twofold: (i) to provide an explicit, entrywise choice of shifts 𝑠𝑁 ≥ 0 such that
each shifted truncation 𝐽 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 admits a PBF, and (ii) to show how the Favard spectral representation
for the unbounded case follows immediately from the general apparatus developed above.

Lemma 2.5 (A convenient lower spectral bound for a truncation). Let 𝑀 ∈ R(𝑁+1)×(𝑁+1) be any real matrix
and let ∥ · ∥∞ denote the induced ℓ∞ operator norm, i.e.,

∥𝑀 ∥∞ = max
0≤𝑖≤𝑁

𝑁∑︁

𝑗=0

|𝑀𝑖 𝑗 |.

Then every eigenvalue 𝜆 of 𝑀 satisfies |𝜆 | ≤ ∥𝑀 ∥∞. In particular,

𝜎(𝑀) ⊂ {𝑧 ∈ C : |𝑧 | ≤ ∥𝑀 ∥∞}.

Proof. If 𝜆 is an eigenvalue of 𝑀, then 𝜆 is an eigenvalue of the bounded linear operator 𝑥 ↦→ 𝑀𝑥 on the
Banach space (C𝑁+1, ∥ · ∥∞), which implies |𝜆 | ≤ ∥𝑀 ∥∞. □
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Theorem 2.6 (Shifted PBF for Jacobi truncations). Let 𝐽 be a (possibly unbounded) Jacobi matrix with 𝑎𝑛 > 0
and 𝑐𝑛 > 0. For the truncation 𝐽 [𝑁 ] , we adopt the boundary convention 𝑎0 = 0 and 𝑐𝑁 = 0 (since these entries do
not appear in the truncated matrix). Define the shift

(21) 𝑠𝑁 ≔ ∥𝐽 [𝑁 ] ∥∞ + 1 = max
0≤𝑖≤𝑁

(
|𝑎𝑖 | + |𝑏𝑖 | + |𝑐𝑖 |

)
+ 1.

Then the shifted truncation

𝐴𝑁 ≔ 𝐽 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1

has all leading principal minors strictly positive and is an oscillatory matrix. Consequently, 𝐴𝑁 admits a positive
bidiagonal factorization (PBF) for every 𝑁 ∈ N0.

Proof. Fix 𝑁 ∈ N0 and set 𝐴𝑁 = 𝐽 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 with 𝑠𝑁 deőned as in (2.6). For each 𝑘 ∈ {0, 1, . . . , 𝑁}, let
𝐴𝑘 denote the leading principal submatrix of 𝐴𝑁 of size 𝑘 + 1, given by

𝐴𝑘 = 𝐽 [𝑘 ] + 𝑠𝑁 𝐼𝑘+1.

Step 1: −𝑠𝑁 lies strictly to the left of the spectrum of every 𝐽 [𝑘 ] . By Lemma 2.5, every eigenvalue 𝜆 of the
truncation 𝐽 [𝑘 ] satisőes |𝜆 | ≤ ∥𝐽 [𝑘 ] ∥∞. Since ∥𝐽 [𝑘 ] ∥∞ ≤ ∥𝐽 [𝑁 ] ∥∞ for all 𝑘 ≤ 𝑁 , we obtain the lower bound

𝜆 ≥ −|𝜆 | ≥ −∥𝐽 [𝑘 ] ∥∞ ≥ −∥𝐽 [𝑁 ] ∥∞ > −𝑠𝑁 .

Thus, −𝑠𝑁 is a strict lower bound for the spectrum of 𝐽 [𝑘 ] for every 𝑘 ≤ 𝑁 .

Step 2: Positivity of leading principal minors of 𝐴𝑁 . For each 𝑘 ≤ 𝑁 , let 𝑃𝑘+1(𝑥) ≔ det(𝑥𝐼𝑘+1 − 𝐽 [𝑘 ]) be the
characteristic polynomial of 𝐽 [𝑘 ] . Then

det(𝐴𝑘) = det(𝐽 [𝑘 ] + 𝑠𝑁 𝐼𝑘+1) = det
(
(−𝑠𝑁 )𝐼𝑘+1 − 𝐽 [𝑘 ]

)
= (−1)𝑘+1𝑃𝑘+1(−𝑠𝑁 ).

Since 𝐽 [𝑘 ] is a symmetric tridiagonal matrix (modulo similarity) with non-vanishing off-diagonals, all its
eigenvalues 𝜆1, . . . , 𝜆𝑘+1 are real and simple. Therefore,

𝑃𝑘+1(−𝑠𝑁 ) =

𝑘+1∏

𝑗=1

(−𝑠𝑁 − 𝜆 𝑗).

By Step 1, −𝑠𝑁 < 𝜆 𝑗 for all 𝑗 , so each factor (−𝑠𝑁 − 𝜆 𝑗) is strictly negative. The product of 𝑘 + 1 negative
numbers has sign (−1)𝑘+1. Consequently,

det(𝐴𝑘) = (−1)𝑘+1 𝑃𝑘+1(−𝑠𝑁 )︸       ︷︷       ︸
(−1)𝑘+1 |𝑃 (... ) |

> 0,

which proves that all leading principal minors of 𝐴𝑁 are strictly positive.

Step 3: Oscillatory implies PBF. By construction, the subdiagonal and superdiagonal entries of 𝐴𝑁 coincide
with those of 𝐽 [𝑁 ] and are strictly positive. Since 𝐴𝑁 is a Jacobi matrix with strictly positive leading
principal minors (Step 2) and positive off-diagonals, is a classical result that implies that 𝐴𝑁 is oscillatory,
[Gantmacher0] and [Gantmacher]. Finally, we recall the classical result that every oscillatory matrix
admits an 𝐿𝑈 factorization where the factors have strictly positive diagonals and, in the tridiagonal case,
strictly positive off-diagonals. Thus, 𝐴𝑁 admits a PBF. □

Connection with the unbounded Favard spectral theorem. Theorem 2.6 provides an explicit sequence
(𝑠𝑁 )𝑁≥0 satisfying the hypothesis of Theorem 2.2: for each 𝑁 , the shifted truncation 𝐽 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 admits
a PBF. Therefore, the construction of the translated distribution functions and measures (2)ś(2), combined
with the moment identities from Step 2 and the Helly compactness argument in Step 3 of the main proof,
yields a matrix-valued measure dΨ providing the Favard-type spectral representation for the unbounded
Jacobi matrix 𝐽.
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3. Conclusions and outlook

In this work we extend to the unbounded setting the spectral Favard theorem for banded matrices admit-
ting a positive bidiagonal factorization (PBF). The bounded case in [BFM1] already relies on a compactness
step for the őnite-level spectral data, implemented via Helly-type selection theorems (see [Chihara]), to pass
from truncations to a limiting matrix of measures. The genuinely new feature in the unbounded regime is
that one must allow an 𝑁 -dependent shift: for each truncation one considers 𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1, with 𝑠𝑁 > 0
chosen so that a PBF is available, and one then proves that the associated measures remain uniformly con-
trolled as 𝑁 → ∞. This requires a őner analysis than in the bounded case, aimed in particular at controlling
the tails and preventing loss of mass at inőnity.

More precisely, we work with the shifted truncations 𝑇 [𝑁 ] + 𝑠𝑁 𝐼𝑁+1 admitting a strict PBF and with the as-
sociated mixed-type multiple biorthogonal polynomials. At the őnite level, Gaussian quadrature expresses
the relevant moments through positive Christoffel numbers. In the unbounded case, these identities are
combined with tail estimates to obtain uniform tightness and variation bounds for the corresponding distri-
bution functions. This, in turn, makes it possible to apply Helly-type compactness principles (as presented
in [Chihara]) to extract convergent subsequences. Identifying the limits and verifying that they reproduce
the prescribed moments yields a matrix of positive LebesgueśStieltjes measures realizing the mixed-type
multiple biorthogonality relations and the spectral representation of the powers 𝑇𝑛 in the unbounded case.

The argument preserves the constructive spirit of [BFM1] while addressing the analytic difficulties speciőc
to the unbounded setting: controlling the limiting procedure and ensuring that positivity is not lost. As
in the bounded case, the choice of initial conditions is decisive. Positivity of the triangular normalizations
guarantees admissible degree bounds, whereas total positivity enforces normality and ensures that the degree
upper bounds are attained for all colors and all indices.

Several directions remain open. From a structural viewpoint, it is natural to ask to what extent the
method extends to broader classes of banded operators admitting factorizations beyond the bidiagonal
case, or to settings where positivity holds only partially. Another problem concerns the őne spectral features
of the resulting measures in the unbounded regime, including growth, regularity, and determinacy of the
associated moment problems. Finally, the interplay between total positivity, factorization theory, and mixed-
type multiple orthogonality suggests further connections with classical and matrix-valued extensions of
orthogonal polynomial theory. A particularly promising direction is the application to continuous-time
Markov processes with unbounded generator matrices, where the spectral representation may provide new
tools to study recurrence, ergodicity, and stationary behavior; for related results in the discrete-time setting,
see [JP, BFM6].
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