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FAT LIE THEORY

LENNART OBSTER
CMUC, UNIVERSITY OF COIMBRA, DEPARTMENT OF MATHEMATICS, PORTUGAL.

ABsTRACT. We discuss a new point of view of representation theory of Lie groupoids and algebroids:
fat Lie theory. The category of fat extensions is introduced, as well as the category of abstract 2-term
representations up to homotopy (ruths) — the intrinsic objects behind usual (split) 2-term ruths.
We obtain a one-to-one correspondence between them, and relate to the well-known equivalence
between 2-term ruths and VB-groupoids/algebroids. On the other hand, we show that fat extensions of
groupoids correspond to general linear PB-groupoids. The differentiation procedure of fat extensions
is discussed, as well as the functorial aspects of all mentioned correspondences. In particular, we
upgrade the one-to-one correspondence between general linear PB-groupoids and VB-groupoids of
Cattafi and Garmendia to an equivalence of categories. Fatextensions are intimately related to another
notion we introduce: core extensions. We show that they correspond to vertically/horizontally core-
transitive double groupoids, generalising work by Brown, Jotz-Lean and Mackenzie. This way, we
also realise regular fat extensions as general linear double groupoids.
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INTRODUCTION

The representation theory of Lie groupoids and algebroids has been widely studied by now,
and many different viewpoints have been proposed; see, for example, [ELW99, CF05, GSM10,
AACI12, AACI13, GSM17, Woll17, CMS20, dHS19, Bou22, CG26]. The adjoint representation can
be seen as a 2-term representation up to homotopy [AAC12, AAC13] (we abbreviate representation
up to homotopy to ruth from now on), and as a VB-groupoid/algebroid [Pra74, Pra88, Mac05]
through the tangent bundle. The two points of view are related in a very precise way, for there is
an equivalence of categories between the categories of 2-term ruths and VB-groupoids/algebroids
that sends the adjoint ruth of a groupoid/algebroid to (an isomorphic copy of) the tangent bundle
of the groupoid/algebroid [GSM 10, GSM17, dHO20].

In this work, we propose another point of view, axiomatising a structure that has been around, but
has not yet been explicitly mentioned in the literature. We introduce a category of fat extensions,
both for Lie groupoids and for Lie algebroids, that is equivalent to the category of 2-terms ruths
and of VB-groupoids/algebroids. The structure has indeed been around in different contexts,
for the main example is the first jet groupoid or first jet algebroid, together with its canonical
cochain complex representation; see, for example, [CF0S5, Bla06, Sall3, CSS15, Blal6]. But in
its generality presented here, it seems that the type of structure we will consider appeared first
in [GSM10] as the fat algebroid of a VB-algebroid, and in [GSM17] as the fat groupoid of a
VB-groupoid. Especially the fat algebroid and its generalisations have been studied in different
contexts [Shel2, DE19, Pap21, MP21, LPV23, She23, LBM25]. The fat groupoid appears, for
example, in [LPV23, LBM25, CG26].

The main goal of this work is to establish equivalences between the category of fat extensions
and the following other models presented in the literature:

{Fat extensions}

{VB-groupoids} «—— {General linear PB-groupoids} «—— {2-term ruths}

We also explain the connection to [Woll7] and [dHS19]. The discussion about the infinitesimal
analogue of the correspondences is kept shorter, and we only briefly comment on the notion of
“general linear PB-algebroid”. In turn, we also discuss the Lie functor — the differentiation
procedure. The work presented here reveals many new concepts that become directly related to the
representation theory of Lie groupoids and algebroids. On the other hand, we motivate throughout
that, for many purposes, fat Lie theory is a natural and useful perspective on the representation
theory in Lie theory.

We start the motivation of this work through two tangential projects that will be mentioned
several times. One is joint work with Joao Nuno Mestre and Luca Vitagliano (to appear in [MOV])
and one is joint work with Ioan Marcut and Joao Nuno Mestre (to appear in [MMOY]).

The topic of [MOV] is to develop further the theory of (infinitesimally) multiplicative tensors
on Lie groupoids and algebroids. In that project, we consider tensor products of VB-groupoids
and VB-algebroids, as well as their associated linear cohomology theory (see also [BCO09, BC12,
CD17,BD19, DE19]). While working on that, it became clear that (infinitesimally) multiplicative
tensors can be thought of as natural objects defined on the fat groupoid and the fat algebroid. In fact,
there are at least two natural ways to take tensor products of fat extensions, and one in particular
will show up in this work. Namely, morphisms of fat extensions can naturally be viewed as, what
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we call here, invariant cochains. Moreover, from the description presented in this work, it is
immediate that maps of fat extensions define 1-cocycles in a canonically defined cochain complex
— a 3-term ruth. Such reformulations to the theory of fat extensions show that the language is
especially well-suited for such representation theoretic aspects like taking tensor products. While
we make these points more precise, especially when discussing the functorial aspects, we discuss
the relationship between tensor products of VB-groupoids, 2-term ruths and fat extensions in greater
detail in [MOV].

Although we summarise the results already in this work, we develop the theory of abstract ruths
for Lie groupoids in [MMOY] (this should be compared to the infinitesimal counterpart discussed
in [Meh14]). The main goal of that project, however, is to showcase different perspectives on the
construction of certain homotopy operators for ruths, and how to do so explicitly. This should
be compared to [TV25]. General homotopy theoretic methods (perturbation theory) are used
to construct the desired homotopy operators for ruths, and this is especially satisfactory when
understood abstractly. However, for the applications we have in mind, it is important to understand
the analytical properties of the homotopy operators. Therefore, it is useful to pass to split ruths
(which become ruths in the “usual sense”). Understanding the interplay between abstract and split
ruths then becomes crucial. We start this work with a summary on abstract ruths, and we put an
emphasis on abstract 2-term ruths.

Motivation for fat Lie theory is presented already in the literature: usually, when the fat groupoid
or algebroid is used, it is because the language of fat extensions helps in thinking about the problem
at hand. Take, for example, the appearance of the fat groupoid in [CG26]. The frame bundle of a
VB-groupoid, one of the main objects of study in [CG26], is defined using the fat groupoid. The
reason is simple: the structure of the frame bundle in terms of fat extensions uses only actions that
are naturally associated to the fat groupoid and its canonical representations. Another example is by
reinterpretation of [AAC11, MP21]. Namely, the Weil algebra of a Lie algebroid, the infinitesimal
counterpart of the Bott-Shulman-Stasheff complex of a Lie groupoid [BSS76], is efficient to write
down using the jet algebroid and its canonical representations. The conditions appearing in the
definition of the Weil algebra of [AAC11] are natural in terms of the jet algebroid. The work
[MP21] presents generalisations, and this has to do with possible generalisations of this work
to the setting of LA-groupoids (or quasi LA-groupoids; see [AC24]) and double algebroids (see
also [JL19], [Gra25a] and [FM23]). A clear future direction of this work is therefore to describe
“enriched” versions of the equivalences described above.

On the other hand, we will make first steps towards “higher” versions of the equivalences
discussed above. In [dHT25], a higher version of the equivalence between VB-groupoids and
2-term ruths is discussed. More precisely, it is proved that the categories of so-called higher vector
bundles (VB-n-groupoids), equipped with a normal weakly flat cleavage, and split (n+ 1)-term ruths
are equivalent. Our reformulation of ruths seems to suggest that the appearance of “normal weakly
flat cleavages” has to do with the fact that split ruths are considered instead of abstract ruths. So, a
clear future direction of this work is to use the present work as a stepping stone towards formulating
the correct categories and establish the equivalences above in such a “higher” generality. This also
relates to [MOV], for tensor products of VB-groupoids and VB-algebroids should be considered in
such a higher context.

We now give a description of the contents of the work.
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Description of the work. Before we explain the contents, let us give a brief introduction to the fat
extension of a VB-groupoid V. The fat groupoid

Vo3 M

can be seen as the Lie groupoid of “pointwise bihorizontal distributions” or “pointwise linear
bisections”. That is, the bisections of Vg comprise the linear bisections of Vi. The groupoid
structure of Vg is reminiscent of the usual group structure of bisections of a Lie groupoid. Moreover,
the canonical action of the group of bisections on a groupoid defines a linear groupoid action of
VG on V. The restriction of this action to the (core) 2-term cochain complex Cy; — V) of Vi,
which sits naturally inside Vi as an action VB-groupoid Cy; =< V), reveals the structure of a cochain
complex representation of Vi on Cyy — Vi The short exact sequence of VB-groupoids

| — Cy=Vy Ve Oc 1
i [l
1 Vi Vi Om 1

descends, by passing to pointwise linear bisections, to a short exact sequence of Lie groupoids

1 —— H(Vuy, Cy) Vs G 1.

On the one hand, this reveals that Vg is an extension of G by the bundle of invertible homotopies
H(Vy, Cyy) = {hy € Hom(V)y;, Cyy) | 1 + dh is invertible}.

On the other hand, it shows that the two pieces of data on \7(; defined above — the cochain complex
representation and the extension — are compatible in a precise way (we come back to this later).
This identifies VG as a fat extension of G over Cy; — V.

We now discuss the contents of this work. As mentioned above, our first goal in Section 2 is to
explain an abstract point of view on ruths of Lie groupoids. Our viewpoint is related to the remark
made after Definition 3.9 in [AAC13] and also with the approach on ruths of Lie groupoids taken
in [Ste19]. However, our approach is to view ruths of Lie groupoids as intrinsically defined objects.
Namely, as in [Meh14] in the case of Lie algebroids, we view a ruth as a finitely generated projective
differential graded module — see Definition 2.1. The reason for including the discussion is that,
with this point of view on ruths, the equivalence of categories described in [GSM17, dHO20] can
be understood canonically as the functor

{VB-groupoids} — {Abstract 2-term ruths} Vi = CvBV = CpoiVe

using the VB-complex from [CD17] or the projectable complex from [GSM17, CMS20]. Although
a more complete discussion will appear in [MMO], we believe the point of view we take is useful,
and clarifies that all equivalences appearing in this work are canonical and come with a “split”
version. At least in the 2-term case, these split categories are equivalent to the intrinsic models via
the forgetful functor. We will comment on this several times.

After the introduction on abstract ruths, we formulate the category of fat extensions in Section
3 using the language of VB-groupoids. That is, we study properties of the fat groupoid of a VB-
groupoid, and we will explain what structure turns it into a fat extension — see Definition 3.16. We
also explain that we can encode the data of a fat extension using the fat category instead. We call
such objects fat category extensions — see Definition 3.22. Fat category extensions are similar to fat
extensions, but they are the intrinsic models for weak representations (see [Wol17]). Having both
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fat extensions and fat category extensions in mind will turn out to be useful. Afterwards, we will
describe the typical constructions of VB-groupoids in terms of fat extensions. For example, the dual
of a fat extension (see Definition 3.45) dualises simply its cochain complex representation, and the
analogue of fiber products of VB-groupoids become a type of space of “invertible blockmatrices”
for fat extensions (see Definition 3.37). In essence, such phenomena seem to make the theory of
fat extensions suited for considering (infinitesimally) multiplicative tensors, for example.

This introduction to the theory of fat extensions, together with the initial step of reformulating the
theory of ruths of groupoids, will allow us to formulate the canonical one-to-one correspondences
of categories

{VB-groupoids} «—— {Fat extensions} —— {Abstract 2-term ruths}.

The functorial aspects of these equivalences are also discussed, but delayed until Section 7. As
mentioned above, the step from VB-groupoids to abstract 2-term ruths is to associate to a VB-
groupoid either its VB-complex or its projectable complex. The step from VB-groupoids to fat
extensions is discussed in Section 4. Associating an abstract 2-term ruth of a fat extension is by
taking its invariant complex (see Definition 4.14). In other words, we reformulate the abstract
2-term ruth of a VB-groupoid using the fat groupoid (see Proposition 4.17). The complex turns
out to be a type of relative complex as introduced in [Sal24]. When interpreting the jet groupoid as
a fat extension, the result is the adjoint ruth. This complex can be seen as the deformation complex
of the Lie groupoid (see [CMS20]), and it is the global counterpart of the deformation complex of a
Lie algebroid in terms of the jet algebroid (see [Shel2]). A small section, Section 10, is dedicated
to this new description of the deformation complex.

We then proceed: in [CG26], it is shown that there is a one-to-one correspondence between
general linear PB-groupoids (PB-groupoids with structural strict Lie 2-groupoid the general linear
strict Lie 2-groupoid) and VB-groupoids. The fat groupoid is used explicitly in [CG26]; in
hindsight, the fat groupoid shows up in [CG26] because of passing through the correspondence
with the category of fat extensions:

{VB-groupoids} —— {Fat extensions} —— {General linear PB-groupoids}.

We will go through these correspondences in detail in Section 5, and slightly reformulate the cor-
respondence between VB-groupoids and general linear PB-groupoids. Moreover, part of this work
is to formulate the category of general linear PB-groupoids that turns the above correspondences
into equivalences of categories. This is done in Section 7. The step

{General linear PB-groupoids} — {Abstract 2-term ruths}

produces from a PB-groupoid a type of complex of GL-equivariant cochains.

Now, this relation between general linear PB-groupoids and fat extensions is rather similar to the
discussion of [BM92] (and [JLM21]), where double groupoids (double algebroids) are discussed
and how double transitive groupoids (double transitive algebroids) are equivalently described by
so-called core diagrams. The suspicion seems justified, for general linear PB-groupoids sometimes
come with a gauge double groupoid. However, the double groupoids in question are not double
transitive groupoids. Still, a generalisation of [BM92] shows that horizontally or vertically core-
transitive double groupoids are equivalently described by, what we call here, core extensions (see
Definition A.3). The generalisation should be seen as a clarification of the concluding remarks
in [BM92]. Core extensions are generalisations of core diagrams of [BM92], but they are also
generalisations of so-called crossed modules of Lie groupoids as in [Mac89, And05, LGWO08]. The
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proof of the generalisation of the main result of [BM92] is postponed to Appendix A. There we
also show that, as expected, core extensions of general linear double groupoids are fat extensions.
In the main body, in Section 5, we do explain what the concepts mentioned above mean.

After the discussion on the many equivalent ways of organising the information of the above
categories in the setting of Lie groupoids, we turn to the infinitesimal side of things in Section 8.
That discussion is kept brief, but the essential points will be made. In particular, a new model
for the linear complex of a VB-algebroid will be discussed in terms of an invariant complex of
the fat algebroid (see Definition 8.19). The discussion on the equivalences between 2-term ruths,
VB-algebroids and fat extensions is short, but rather complete. Although clear indications will be
given about the steps to “PB-algebroids” and “core-transitive double algebroids”, these concepts
are not fully developed and deserve a more thorough treatment elsewhere. The concept of core
extension for Lie algebroids is also introduced (see Definition 8.27). After that, in Section 9, we
discuss the Fat Lie theory to differentiate from global fat extensions to infinitesimal fat extensions.
Part of that discussion appears in [DE19], but we elaborate on some aspects. We also write the Van
Est map of [AAS11, CD17] in terms of invariant cochains.

Our discussion in Appendix A points towards an interesting new direction: can we describe
PB-groupoids/algebroids in terms of “core data”? With an eye on defining geometric structures on
Lie groupoids and algebroids, this seems an interesting direction that will be pursued elsewhere.

The content of the sections is as follows:

e In Section 1 we recall some of the basic structure behind VB-groupoids. For the reader
that is new to this topic, see, for example, [Pra74, Pra88, Mac05, GSM10, GR09, BCdH 16,
GSM17, GGR22]

e In Section 2 we explain our point of view on abstract ruths. We give a rather complete
summary, but to keep the discussion short, the proofs of the statements presented there are
kept to a minimum. The equivalence between VB-groupoids and abstract 2-term ruths is
Theorem 2.20. In Proposition 2.19 we also demonstrate how abstract ruths can be “split”
to recover the usual notion of ruths.

e In Section 3 we give the necessary background on the structure behind the fat groupoid of
a VB-groupoid. In particular, we give an account on the bundle of invertible homotopies
(see Section 3.2). The main definition of fat (category) extension of groupoids will be
discussed here (Definition 3.16 and Definition 3.22), and so will examples of fat extensions
(see Section 3.6).

e In Section 4 we explain the one-to-one correspondence between VB-groupoids and fat
extensions (Proposition 4.5) and we do the same for split 2-term ruths and fat extensions
(see Section 4.3, but also Section 6.2) as well as for abstract 2-term ruths and fat extensions
(See Corollary 4.11 and Proposition 4.12).

e In Section 5 we define (general linear) PB-groupoids. Our setup is slightly different
from [CG26], but we comment on the differences. In the rest of the section, we set the
correspondences between general linear PB-groupoids and fat extensions (See Proposition
5.21), as well as between fat extensions and general linear double groupoids (in the regular
case; the details for double groupoids are left for Appendix A). Here, we also present the
model of 2-term ruths in terms of general linear PB-groupoids (Proposition 5.28). Since
our definition of general linear PB-groupoid is slightly different than in [CG26], we also
show how general linear PB-groupoids correspond to VB-groupoids (Proposition 5.24).
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e In Section 6 we make some other types of comments on the correspondences. Firstly,
the vanishing theorem for 2-term ruths of [AAC13, CD17] is proved using the invariant
complex of a fat extension (Proposition 6.1). Secondly, the “split” category of fat extensions
is introduced. That is, we define the notion of fat splitting (see Definition 6.2), which
corresponds to a cleavage on the level of VB-groupoids (see Proposition 6.3). Thirdly, we
explain the connection to the work [dHS19] (see Section 6.3).

e In Section 7 we go into the functorial aspects. We introduce the definition of a fat extension
through the language of VB-groupoids. That way, we will naturally set the equivalence of
categories between VB-groupoids and fat extensions (Theorem 7.13). We also comment
on the equivalence of categories between split 2-term ruths and fat extensions. After-
wards, using the language of VB-groupoids again, we will introduce morphisms of general
linear PB-groupoids, and show that the categories of VB-groupoids and general linear PB-
groupoids are equivalent (Theorem 7.22). We will then also comment on the equivalence
between general linear PB-groupoids and fat extensions (Theorem 7.24).

e In Section 8 we explain the infinitesimal picture. That is, we introduce fat extensions using
the language of VB-algebroids, we give an abstract definition of fat extension, and then we
go through the correspondences between abstract and split 2-term ruths, VB-algebroids and
fat extensions (Proposition 8.26 and Theorem 8.32). Except for a small comment, “general
linear PB-algebroids” and “general linear double algebroids™ are not discussed.

e In Section 9 we explain how, abstractly, fat extensions of groupoids differentiate, in a
functorial way, to fat extensions of algebroids (Proposition 9.1). Then we explicitly work
out the details for the case of the fat groupoid of a VB-groupoid (see Section 9.3; for this
step, see also [DE19]). After that, we write the Van Est map for invariant cochains in terms
of the fat groupoid of a VB-groupoid (Theorem 9.10).

e In Section 10 we make a small comment that we get a new model for the deformation
cohomology of a Lie groupoid. In particular, we explain there that deformations of Lie
groupoids give rise to 2-cocycles (this is entirely analogous to the construction of [CMS20]).

¢ In Appendix A we introduce the notion of vertical/horizontal core extensions and prove
that they correspond to vertically/horizontally core-transitive double groupoids (Theorem
A.9). There is also a discussion on PB-groupoids that come with a gauge double groupoid.
Proposition A.21 shows that regular fat extensions correspond to a type of core extension.

1. NotATiON FOR VB-GROUPOIDS

We develop here the relevant notation for VB-groupoids that we use.

1.1. Notation for groupoids. We denote the structure maps of a groupoid G =3 M by (s, t,m, i, u),
but we often simplify the notation to

m(g,g)=g¢ i(@)=¢' ul=l.
We also use the division map of G, denoted by
m(g.¢") =g(g) "

The groupoid G has an underlying simplicial manifold (the nerve):

B ——

G® ... g®@ G M.
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We denote the face maps by

(g2,...,80) ifk=0
di(81,---180) =93 (81s- > 8kGk1s---»8s) ifl <k <eo—1
(815-->8e=1) ifk=e

(for = 1, dy = s and d; = t) and the degeneracy maps by>
ur(g1s-+-58e) = (815, 8k lsgis k15 .-, 8e) forall0 < k < o,

We put C*G = C*G'®) and

6= (1) Tt (-D*d;.
Then CG becomes a differential graded algebra with & and the product®

for(8.8)= D" f()f ()
where f € C*G, f' € C*'G and (g, g’) € G***"). We will also use the normalised (sub)complex
(C°G)n={feCG |forall0 <t <e—1,v,f =0}
where vy = uZ‘,. Importantly, the inclusion
(CG)N — CG
is a quasi-isomorphism (see [EM47] for groups; see also Remark 2.11).
Lastly, we write
S(gr,. . g0) =8¢0 (g8 =t pri (g1 .. 8) = &

and if £y — M is a vector bundle, we write

C*(G;E) =T(t®)Ey.
1.2. Notation for VB-groupoids. We denote a VB-groupoid over G =3 M by Vg =3 Vi

Ve /= Vi

I

G—M
The structure maps for Vi and for G are denoted by the same symbols. We then write, for all
g€q,
Sg - (VG)g - (VM)sg t,: (VG)g - (VM)tg
for the induced linear maps on fibers. The scalar multiplication of Vi and of Vj; are both denoted
by 4%, but we often simplify to
Wy = v.
For all 1 € R.g and (v,w) € V((;Z) we then have

AW -w) = (Av) - (Aw).

IThat i, dy “skips” the k-th basepoint.
That is, uy “repeats” the k-th basepoint.

31f we view f and g as having degree o, and f’ and g’ as having degree o, we can interpret the sign as a Koszul
sign rule. Similarly, our sign convention for d can be explained this way.
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That is, scalar multiplication by A € R is a groupoid isomorphism Vg — Vi (see, for example,
[BCdH16]).
For the core of the VB-groupoid we always use the right-core

Cy =Kkers|y

and we denote

0= CM —t) VM
for the 2-term complex associated to V.
Writing
—Og-c_l c-0g
ly (CM)sg > (VG)g Fg: (CM)tg B (VG)g,

the dual VB-groupoid V;, =3 C), has source and target map given by s = {, and t = ry, and the
other structure maps are determined by

M(@g, 1) (V- W) = @ev+onw () (V) = =gy U = 0ul(c,-
In particular, V(, has
t*
0"V — Cy
as its associated 2-term complex.
Lastly, we mean by a cleavage X a unital splitting of the exact sequence

0 —— t'Cy s Ve > S*VM — 0.

——
b
The cleavage ¥ induces a unital splitting £
* [,g t *
0 —— sC M VG t VM — 0
N— —

>

given by fgv = (nglv)_l. The duals of these exact sequences are the corresponding exact
sequences for the target and the source map, respectively, of the dual VB-groupoid.

1.3. The fat groupoid and the fat extension of a VB-groupoid. One of the main points of this
work is the observation that, equivalently, we can describe a VB-groupoid Vg = V), through its
so-called fat groupoid Vg = M, where

VG ={Hy : (Vm)sg = (VG)q | S¢H, = 1 and t,H, is a linear isomorphism}

(see [GSM17]). Although we leave the full discussion for Section 3, here is a summary. A VB-
groupoid turns out to be equivalent to the data of, what we call, a fat extension. In short, the fat
extension is defined out of the Lie groupoid map

Vo > G Hyg,
which is a surjective submersion. The kernel of this map is a bundle of Lie groups, denoted
H(Vy, Cy) € Hom(Vy, Cy), and called the bundle of invertible homotopies for reasons that
will be clarified in Section 3.2. Its structure of bundle of Lie groups only depends on the cochain
complex Cy; — V), which, in turn, is canonically a cochain complex representation of H(Vy,, Cyy).

But Cy; — Vyy is also canonically a cochain complex representation of Vg, and the short exact
sequence of Lie groupoids over M
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1 —— H(Vy, Cy) % G 1

is compatible with these cochain complex representations. By this we mean that, on the one hand,
the inclusion H(Vyy, Cyy) — Vi is equivariant with respect to the cochain complex representations
and, on the other hand, the two natural conjugation actions of Vg on H(Vy, Cyy) agree. Together,
the cochain complex representation of Vg on Cy — Vi, the exact sequence above, and the
compatibility between these two structures that we described is called the fat extension associated
to V. So, the extension is of a very particular form, and our abstract definition of fat extension
keeps track of this form.

1.4. The linear complex and the VB-subcomplex. The components of the nerve of a VB-
groupoid V are vector bundles: for all @ > 0,

() ()
VG -G

1s a vector bundle (with structure defined “componentwise”). The simplicial maps of Vi are vector
bundle maps. In other words, the nerve of Vi is a simplicial vector bundle over the nerve of G. In

particular, the 1-homogeneous cochains®
ChVo={f €C®VY | foralld € Ry, A'f =+ f} € C*Vg (1.1)

(i.e. the linear functions on the nerve) form a subcomplex called the linear complex.
The VB-complex is a subcomplex of the linear complex given by’

CygVo ={f €Ci Vi | f(Og,,v2,...,ve) =0and 5 f(0g,,v2,...,Ves1) = 0}.
Using this notation, the inclusion CygVs — Ciin Vi is a quasi-isomorphism (see [CD17, dHO20]
and Remark 2.13). Moreover, CygV; is isomorphic to the complex of projectable cochains
CoroiVo ={c: G > Vi [ c(g1,. .., 8.) € (Vo)g, andsc(g1, ..., 80) =5c(legy, 82, - - go)}
with differential given by
§ = (=1)*(-m(dy, dg) + X355 (=1)*d}).

Without giving explicitly the differential, this complex appeared in [GSM17]. For Vg = TG, we
have CpojVG = CyerG, and this complex appeared in [CMS20].

In terms of a representation up to homotopy (we write ruth for short), CygV}; is isomorphic to
the ruth &g associated to Vi

85 =C*(G;Cy) & C*1(G; Vi)
with differential given by®
§=0+R + R+ (-1)° T3 (-D)ka;.

4We wrote R for the open interval (0, c0) C R.
>The conditions for f € G} Vg to be an element of C5,; Vi can be rewritten as

f(Og,,v2,...,ve) =0and f(Og, - va,...,Ver1) = f(V2,. .., Ves1).

The structure of the ruth &g is denoted by d, Ry, R,. Defining this structure out of Vs uses a cleavage; we will
recall the construction in Section 6.2.
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We view the dual ruth &, as being concentrated in positive degrees as well (this is a non-standard
convention; we come back to this in Remark 2.9).

We describe a new model for the VB-complex in Section 4, which comes from understanding
VB-groupoids as a fat extension. In the next section, Section 2, we adopt a point of view on ruths
which allows us to see all the different models of VB-complexes canonically as ruths. The model
&g will then be called a split ruth.

2. ABSTRACT REPRESENTATIONS UP TO HOMOTOPY OF LIE GROUPOIDS

This section is kept short for it will appear in [MMO)]. Still, we would like to emphasise the
main points. We think the point of view we take is useful, and we stress on the natural appearance
of the fat groupoid in the main example (see Proposition 2.19).

2.1. The definition of an abstract ruth. We take the following approach to ruths of Lie groupoids
(for Lie algebroids, see [Meh14]):

Definition 2.1. An abstract representation up to homotopy (ruth) (Eg)N is a finitely generated
projective right differential graded (CG)n-module. In particular, the differential

§: (N — (85N
satisfies the Leibniz rule: for all ¢ € (Eg)n and f € (CG)y,
6(c-f)=6(c) - f+(=1)c-6f.
Remark 2.2. Using the inclusion
(CG)N — CG

an abstract ruth (Eg )N gives rise to a finitely generated projective differential graded CG-module

Ec = (EG)N ®ca)y CG.
Here, the elements of &g are graded by total degree and generated by pure tensors

c® f e

where ¢ € (Eg)n and f € CG. Whenever ¢ € (Eg)N, f € CyG and f' € CG, we have

(c-flef=cad(f-f)
and the differential on &g is such that

0(c®f)=0c)f+(-1)c®df.

We will often work at the level of CG-modules, but it is important to incorporate a subcomplex of
normalised cochains (Eg )N of E¢ (in this way). We will elaborate on this point in Section 2.3.

To clarify: a CG-module &g is finitely generated projective if we can find a split short exact
sequence of CG-modules’

0 R P, CGl-ti] Ec 0

where [ is a finite indexing set, and all £; are non-negative. Alternatively, this is equivalent to the
existence of a CG-module R such that R & E¢ is a free CG-module.

THere, C*G[-t] = C*~tG, so CG[~{] is concentrated in degrees ® > £.
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Example 2.3. The main example we consider in this work is the VB-complex, or the projectable
complex, of a VB-groupoid Vg:

CVBVG = CprojV(*;.
(see Section 2.5). Notice that the normalised complex is the subcomplex
(CYygVo)N = MiZy kerve,
where v¢ = u, forall 0 < £ < e —1 (here, u, are the degeneracy maps of V). For CijVi, vo takes
the form (u and s denote the unit and source map of Vg, respectively)
VO . C;rOJVG - C;r_o}VG VOC(g2’ Tt 7g0) = C(ltg27 g27 et 7g0) - ultgzsltgzc(ltgza gZ’ T, g.)
and v¢ = uy forall 1 < ¢ < e — 1 (here, uy are the degeneracy maps of G).

2.2. Locally free sheaves of CG-modules. In fact, we conjecture that a type of Serre-Swan
theorem relates higher vector bundles with abstract ruths (see Remark 2.21). A weak version at
least holds: the global sections functor sets an equivalence of categories between “locally free
sheaves of CG-modules” and finitely generated projective CG-modules. We discuss next how we
think of a (locally free) sheaf of CG-modules.

Remark 2.4. We can view CG as a graded sheaf (over M) of right CG-modules as follows. For
each open set U of M, we set

GUU = W)U = {(g1,....8.) € G | tg1 € U}.
We then write
C*G(U) = C=(GU).
The product of CG defines the structure of right CG-module on this sheaf. Thatis, for f € C*G(U)
and f’ € C*G, we define f - f’ € C*** G(U) by
(f - )(8:8) = (=D F(g) - (&)

When we view CG as a sheaf in this way, the differential is only defined on the global sections.
There are ways to think of the differential as being local which is interesting for developing further
representation theory for non-Hausdorff Lie groupoids. This will be discussed in [MMO].

Consider now a graded sheaf of CG-modules Eg. That is, for all open sets U € M, we have a
right CG-module Eg (U) (altogether satisfying sheaf-like properties). Locally free means that, for
all x € M, there is an open subset U > x of M such that

&6 (U) = By CG-4](U)

as sheaves of CG-modules, where [ is a finite indexing set and all €, are non-negative. The
following result is a first step towards a type of Serre-Swan theorem.

Proposition 2.5. The global sections functor establishes an equivalence of categories
{locally free sheaves of CG-modules} — {finitely generated projective CG-modules}.

Although the proof is relatively straightforward, we discuss the proof only in [MMO]. In fact,
the main ingredients of the proof will be discussed next.
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Remark 2.6. Notice that CG is canonically filtered by (differential, left and right) ideals:

.Z-k = @.Zk C.G.
We write 1;° = I; N C*G. These ideals canonically define a filtration on a locally free sheaf of
CG-modules / finitely generated projective CG-module Eg:

Fr =86 Tk = Pasi{c €EL | €= Ly Cm - fu for some ¢,y € E5 and fry € 1"}
We write F° = ¥ N 8&.
Proposition 2.7. Let Eg be a ruth. For all e > 0,
LEy =75 /77

Jorms the space of sections of a vector bundle E}, over M. Moreover, the differential 6 descends to
a cochain complex of vector bundles:

0 0 1 0 0
EY, E},

n—1 0 n
EM EM

(We assume that E;V;" = 0, in this case we call Eg an (n + 1)-term abstract ruth).
Remark 2.8. The quotient map (CG)n — (CG)n/Z1 = C®M comes from the unit map
1 M — G

viewed as a groupoid map (here, 1;; denotes the unit groupoid). Now, we can always pullback
an abstract ruth along a Lie groupoid map, and what Proposition 2.7 shows is that the resulting
abstract ruth Eg | can be seen as a complex of vector bundles.

Remark 2.9. Notice that we are assuming that (abstract) ruths are non-negatively graded. In
particular, when dualising an abstract ruth, we shift it to non-negative degrees. To be clear, given
an (n + 1)-term abstract ruth &g,

(82)/‘ = Hom/éG_hn(Sg,CG) ={¢:8Ec = CGlk] | forall f € CG, ¢(c-f)=e¢(c)- [}
is the dual ruth, which is concentrated in non-positive degrees. The differential is given by®
6"¢ = [0, ¢]

o(o+])

and it is a right CG-module by setting (¢ := (=1)~ 2 i* is pullback by the inversion map°)

(¢ e = (=D (uf) - (¢c).
We will, however, consider &, [—n], which introduces a sign (—1)" in the equation for 6. Instead of
writing & [—n], we simply write ;. So, the dual construction we consider is a “shifted duality”
and in the 2-term case it aligns with the dualisation of VB-groupoids. For higher terms, we expect
there is a precise relation with [RZ25] (see Remark 2.21).

Example 2.10. As mentioned implicitly above, we have an isomorphism of abstract ruths
CveVe = (CvVj)®
which, explicitly, is given by sending f € CygVg to

+

(f—l)c+M -1 —1y-1
‘Pf(C)(gl" e ’gf+C—1) = (_1) 2 C(f((_)g;Ugf_l’- - 81 ) s 8 f+1s - - -’gf+c—1)'

8Here and later, the notation |-, -] is used for the graded commutator. In this case, [§, ¢] means §¢ — (—1)% 4.
9Notice that [6,(] =6t—15 =0.
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2.3. The normalised complex of an abstract ruth. Here, we elaborate on our choice to define
abstract ruths as in Definition 2.1 as (CG)n-modules.

Remark 2.11. The cosimplicial version of the Dold-Kan correspondence [Dol58, Kan58] sets an
equivalence of categories between (non-negatively graded) cochain complexes and cosimplicial
objects (in an abelian category). The cosimplicial object (say, as a cosimplicial vector space)

C*°M — C'G —= C?G ---:C*G
corresponds this way to the cochain complex (CG)n. A crucial point is that the inclusion
(CG)n — CG

is a quasi-isomorphism, and especially the way in which it is. In short, the degeneracy maps provide
homotopy data

_ ( 1)m+lv._m = ( 1 m+1 t—m—l Ty = 1 - [5, nm]
that show that each inclusion in the filtration
(C°G)n — ﬂf kervy e kerve.; —— C°G
7T Te—2 T o

isa quasi—isomorphism.10 The VB-complex CygVi of a VB-groupoid Vi is similarly filtered

(CygVoIn —— — ﬂ;;ll ker vy | — ; - ker ve_1 (ﬂ_ CysVe
and each inclusion is a quasi-isomorphism by the same argument as above. However, realising
CveVs = (CveVG)N ®co)y CG,
this fact can be seen as a consequence of the above argument for (CG)N — CG.
By virtue of the way in which we defined abstract ruths, we have the following general statement.
Proposition 2.12. Given an abstract ruth (Eg)n, the inclusion
(EGIN = &g
is a ((CG)N — CG)-linear quasi-isomorphism.

So, if we wish to view an abstract ruth as a C G-module, Definition 2.1 automatically incorporates
a sensible notion of “normalised subcomplex”. In the next section (Section 2.4) we show how to
recover the usual notion of a ruth (called split ruth in this work). We conclude with two remarks.

Remark 2.13. Observe the similarities of the above discussion with the result that the inclusion
CveVs — CinVi

is a quasi-isomorphism of complexes (see [CD17, dHO20]). As made precise in [dHO20], this fact
can be proven via the same strategy explained above. Indeed, Cj;, Vi i1s canonically filtered

ClVo = K, —— - =K —— C Vs

Te—1 -1 75 i ) lin

10This argument works for general cosimplicial objects.
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by the subcomplexes

f(Oq,,...,0 Vema2s--->Ve) =0
— E V 1 Se—m+1
S GG S (00, O Vame s Vas) =0 )

and the homotopy data is defined via a (unital) cleavage X. Explicitly, given f € K,
M f Vi, ..., Ve1) == (—1)-f(28:31..,g1_1tg1v1, ViyeoesVeol)
and then, as before, we set 7, :== 1 — [8, ]

Remark 2.14. Given a VB—groupoid Ve = Vu, the cosimplicial object
CXVy —— C Ve ---:Cp Vg

<
lin thG — Chn lin
DN

is related to the cochain complex (CiinVi)N via the Dold-Kan correspondence. But, usually, we
can not view CypVs C CiinVi as a cosimplicial subobject even though

(CvBVG)N C (CiinVo)N

is a subcomplex. Instead, (Cyp V)N corresponds to the cosimplicial subobject Cyp sV consisting
of those f € C} Vi for which

f(0g1 'C_]’v?,"-"v.) :f(C_],VQ,...,v.),

and such that, forall 2 < k < e,

f(Oq,,..., 06,0y, - e TP o) = f(0gs...,0g i0sC LRI ,Ve).
Indeed, we have
(CvB,esVo)IN = (CvBVG)N.
Notice that, Cyg, sV C CiinVi 1s not a CG-submodule and, for all e > 1, C\‘,B VG € C!

lanG 1S

not a C*G*)-submodule in general.

2.4. Split ruths. Let &g = (Eg)N ®(ce)y CG be an abstract ruth. There is a non-canonical,
filtration preserving, CG-linear isomorphism of &, with the sum of the e-antidiagonal of

C*(G;EY) C*(G;E;,)) C*(G;E3)
C'(G;E%) C'(G;E},) C'(G;E3)
C%(G;EY) C%(G;E,,) C%(G;E3)

We consider the bigraded object above to be filtered by the rows: ¥ consists of those elements of
& that lie in a row > k. We can view a component in degree (k,® — k)!'! as

R 1T = G,
Now, § decomposes into maps'?

or = CHG; Ey*) — (G Ey 1)

e use the matrix convention, so k denotes the row and e — k the column.
I2Notice that 8 = dp is determined by the previously defined 0.



FAT LIE THEORY 17

that diagrammatically are given as follows: '3

C*(G;EY) —— C*(G;E},) —— C*(G;E3%)

CO(G; EY) —2— C%(G; Ely) —— CY(G;EY)

While this seems to realise the abstract ruth as a ruth in the usual sense, this is only true if the
splitting preserves normalised cochains.

Definition 2.15. A splitting of an (n+1)-term abstract ruth Eg = (Eg )N ®(c6)y CG is a CG-linear
isomorphism

&e = C(G;En)® =P CHG EfH)
that, for all @ < n, induces the identity map on I'E}},. The splitting is called normalised or unital if
it preserves normalised cochains.

Remark 2.16. A (unital) splitting of an (n + 1)-term abstract ruth &g is automatically filtration
preserving. Moreover, it is equivalently described by a choice of sections of the n projections

(SéSOSn)N — FE;W
We adopt the following terminology if we want to emphasise the difference:

Definition 2.17. A split ruth is a graded vector bundle E;WZO together with a differential 6 = ;- 0¢
on the graded CG-module

&L =C(GEn)® = @5 CH(G: Ey )

turning it into a differential graded CG-module, i.e. such that the Leibniz rule

6(c-f)=6c-f+(-Dc-6f
is satisfied. We assume &Eg 1s unital, meaning that 6 preserves normalised cochains.
Remark 2.18. Given a split ruth, we can define maps R = (R/)¢>0, Where

R, € TEnd“'"Ey  End“"Ey = Hom((s"))"E},, (¢ V) E}fY)
are defined as
Rez1 =8¢ Ry =06 - (-1 T (-Dkdy.

This uses the Leibniz rule and the fact that all CG-linear maps

C*(G;E}y) — C*U(GL EHY)

(so of bidegree (¢, ¢)) come uniquely from elements of End“’E m (see [AAC13]). The correspon-
dence is such that the Koszul sign rule applies: given R,y € End’’ Ey;, the associated CG-linear
map is given by'*

Rep - f(8,8) = (=D Rep(2)f(g)

Bywe only drew the maps 9, ¢ and 6,.
14 A mentioned in Section 1, we think of g € G'*) as having degree ¢.
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That 6 = 0 then translates into the Maurer-Cartan equation
Oruth R + %[R, R]iuth = 0.
The Maurer-Cartan equation can be taken literally as follows: the dgl.a of ruths, that controls

deformations, is given by
Coin = Pap End*Ey

ruth °

together with the graded Lie bracket and differential defined through the differential graded algebra'?

Re-Rp(8.8) = (DR Ri(Q)Rr(8)  Srum = (-1)° Xh_ (-D)*a}
That is, the graded Lie bracket [-, -]y 1s the commutator. This differential graded algebra appeared
in [AACDI11]. The deformation complex (which is a dgla) of a ruth R = (R/) is then
CiiR =C,

ruth

together with the same graded Lie bracket, but with
OR = Oruth + [R, -]

(see also [LP20]). Notice that the Maurer-Cartan equation above gives rise to non-unital ruths; we
didn’t take into account the condition that ¢ preserves normalised cochains. It is readily verified
that this happens precisely when R (1) = 1 and u} Ry>> = 0O for all degeneracies uy.

2.5. Towards a Serre-Swan theorem. Definitions of ruths as finitely generated projective differ-
ential graded CG-modules can already be found in a remark in [AAC13] (after Definition 3.9 there),
and in [Ste19]. However, it seems that in the literature ruths of Lie groupoids have not properly
been studied as “abstract” or “canonical” objects. The recognition of a normalised complex as
being (part of) the structure of a ruth is important for achieving this. That abstract ruths appear
canonically in examples becomes especially helpful in more complicated examples, but we observe
here that the VB-complex of a VB-groupoid is a valid (universal) example of a 2-term abstract ruth.
In essence, this was proved in [GSM17].

Proposition 2.19. Let Vi be a VB-groupoid. Then CygVg is a 2-term abstract ruth. Moreover,
(unital) cleavages correspond to (unital) splittings.

Proof. That CygVj; is finitely generated and projective as a CG-module can be seen by picking a
cleavage X, for X sets an isomorphism

CysVe = C*(G; Vi) © C*TH(G:iCy)  f 0 (fuus fou)s
where!©
fVM(gl’ cte ’gO)v = f(iglv’ gZ, e ’gO) fCM(gZ’ e ,g.)C = f(_c_l’ gZ’ e ’gO)'

Given a (unital) splitting of the abstract ruth CygVg, the (unital) cleavage 3 (a section of t) is
recovered as the unique linear map for which

ClyVe = CY(G:V}) ®TCl, 2 CH(G: Vi)  fr> foX.

I5Notice that do and d.4 are not appearing in the equation for dyy.
16We use here that, if f € CyEVi, then f(vg,,...,v,,) € Ronly depends on (vy, g2, ..., 8ge).
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That 3! is a splitting follows by considering f = fy,, - f” for all fy,, € TV}, and f’ € C'G. If the
ruth splitting is unital, then for all normalised f,

foX; =0.
So, X1 maps into the units of Vi, and therefore it is the unit map. This proves the statement. O

We will discuss a slightly different proof, which shows directly that CygVs can be seen as a
locally free sheaf of CG-modules. The main point is that, locally, we can use a special type of
cleavage H, one for which all maps t, H, are invertible. We can see such sections as local sections
of the surjective submersion'’

Vg > G H, — g.

That is, H is a smooth family of linear maps

Hy
g (VM)sg B (VG)g

such that, for all g € G, s¢H, = 1 and t,H, is a linear isomorphism.
Now, in the above isomorphism using the cleavage X, we used the linear isomorphisms

(CM)sg D (VM)tg - (VG)g (c,v) — fgc +§gv~
Given a local section H of VG — G, we can instead use the linear isomorphism
(CM)sg ® (VM)tg - (VG)g (c,v) = fgc + Hg(tgHg)_lv‘

In fact, this observation leads to a whole new description of CygV¢ 1n terms of the fat groupoid
V. This will be made more precise in Section 4.5.

Alternative proof of Proposition 2.19. As said before, we will show that CygV; is locally free as a
sheaf of CG-modules (see Proposition 2.5). In fact, given U ¢ M and a local section H of Vg — G
defined over U, then H defines an isomorphism

CYpVa(U) = C*(G: Vi) () © €1 (G G () f = (fuy: feu)
where
fVM (gl’ ) g')v = f(Hg1 (tHg1)_1V’ 82,5 g') fCM (82, cee g.)C = f(_c_l’ 82,4, g')-
For the inverse map, we construct out of fy,, € C!(G; V3,) alinear function f € CllinVG by setting
Fv) = fuy (8)tgv.
Since C1(G; Vi) = T'Vy ® C*G, we see that every such function is locally generated by sections

of V}, (sitting in degree 0). Now, given a local section H of Vo — G, a section fey of €y, gives
rise to the linear function f € CllinVG defined as

H
fO) = feywgv,
where
H _ _ _
we® 1 (Vg)g = (C)sg Vi o (Hg(tH) tgv) ™ —v7h.

17See Section 1 for a short introduction to the fat groupoid V. In Section 3 we give a more thorough introduction
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Itis readily verified that both types of linear functions f € CllinVG are elements of C\I,B V. Similarly,
or extending CG-linearly, we obtain elements C5,; Vi out of (local) sections of C *(G; Vy,) and out

of (local) sections of C*~'(G;C ;‘;/I). Now, given f € C\I,BVG, we have

H
f(V) = fCng v+ fVM (g)tgv’
and similarly we can decompose elements of Cy; V. This shows that the above maps are inverse
to each other, so CypVj is locally free as a sheaf of CG-modules. O

The equivalence of categories between VB-groupoids and 2-term ruths can now be understood

through the assignment
Ve +— CyBVj = Cyp(Vg) = (CyvsVG)™.
The assignment on morphisms uses, for ® : Vg — Vg a VB-groupoid map, the dual map
OV, -V
and then the pullback map
((I)*):/B . CVBV(*; — CVBV;I-

(or this pullback map first and then the dual map of ruths). This defines a functor, and it is an
equivalence of categories [GSM17, dHO20]:

Theorem 2.20. The functor
{VB-groupoids} — {Abstract 2-term ruths} Ve — CveV; D - (D)yp
sets an equivalence of categories.

Remark 2.21. Perhaps we should identify Theorem 2.20 truly as a Serre-Swan type theorem. That
is, we can think of CypV/; (or CprojVis) as a type of “space of sections” of the VB-groupoid Vi. A
current work in progress is to understand generalisations of this fact. Motivated by [dHT25], we
expect to set a canonical Serre-Swan correspondence between higher vector bundles and abstract
ruths. In doing so, we believe it is important to investigate the link between the choice of a “normal
pre-cleavage” (or a normal weakly flat cleavage) for higher vector bundles in [dHT25] to the above
unital splittings of abstract ruths. Indeed, in [dHT25] it is shown that the choice of a normal weakly
flat cleavage of a higher vector bundle (that admits such a cleavage) defines a ruth, and the normal
and weakly flat conditions are used to show that this ruth is unital.

Remark 2.22. Related to the above remark is how the tensor product constructions of VB-groupoids
and 2-term ruths relate (for the latter, see [AACD11]). This is part of the work in progress [MOV].

2.6. Cochain complex representations. We end this section by mentioning a special type of
2-term ruth that is central to this work:

Definition 2.23. Let G = M be a Lie groupoid. A cochain complex representation, or strict ruth,
is a split ruth &g such that Ry», = 0.

A cochain complex representation of G on Cy; — V) is a pair of representations of G on Cy,
and V), such that the map Cy; — V), is equivariant with respect to the actions. We write the
abstract ruth associated to a cochain complex representation by

C(G;Cy — Vi) = Cyp(G =< (Vy; = Cyy)).

There are at least two more ways of describing a cochain complex representation that we want
to discuss.
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Remark 2.24. Given two vector bundles Cy; and Vj,, there is a type of general linear groupoid
given by
GL(Cpy, Vir) = GL Cp Xy GL Vg
which we can view as a fiber product of Lie groupoids.'® Now, the differential induces a map
[,8] : GL(Cy, Vi) — Hom(pr;Cp,pr3Vy) @ = (@M, ") s @Y™ 9 — g™,
We can interpret the preimage of zero
Aut(Cy — Vi) = {® € GL(Cyp, Viy) | 90M = @V 9}

as cochain isomorphisms

(Cu)x —— (Vi)

e o
(Cu)y == (Vi)

However, while Aut(Cy; — V)y) is a subgroupoid of GL(Cyy, Vi), it does not define a smooth Lie
subgroupoid in general. In fact, the above commutator map is the restriction of a linear map, and
then it is readily verified that it has constant rank precisely when d has constant rank. In any case,
we can think of a cochain complex representation as a Lie groupoid map

G — GL(Cuy, Vi) --> Hom(priCyps, pr5Vi)
such that postcomposing with the map |-, d] is zero.

Remark 2.25. Another way to organise the information of a cochain complex representation of a
Lie groupoid G on Cy; — V), is as a Lie groupoid map in the following way. Consider first the
general linear groupoid from Remark 2.24:

GL(Cy, Vir) = GL Cyy Xprxmr GL V.
This groupoid acts (on the right) on “differentials” Hom(Cy;, V) by conjugating the differentials:
given ¥, = (PS¥, ¥}¥) € GL(Cy, Vi) and 8y € Hom(Ciy, Vi),
Oy - Py = (PP 10, P
We write the resulting action groupoid by
GL(Cpy, Vir)m = Hom(Cyy, Viy) = GL(Cyy, Viar).-
A cochain complex representation of G on Cy; — Vs can now be seen as a groupoid map
G — GL(Cuy, Vy)u
whose basemap is the differential:
0 : M — Hom(Cy, V).

If we postcompose this map with the groupoid projection GL(Cyy, Var)yr — GL(Cyy, Var), then we
recover the map we considered in Remark 2.24.

18We think here of M x M as the pair groupoid, and we use the (surjective) anchor maps.
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3. THE FAT EXTENSION OF A VB-GROUPOID

We start this section by introducing the fat groupoid of a VB-groupoid. In this generality, it
seems to have first appeared in [GSM17].

3.1. The fat groupoid. Let Vg =3 V), be a VB-groupoid. Consider the surjective linear map
Hom(s*Vy,Vg) = EndVyy  Hy — s,H,
over s : G — M, and the preimage of the identity section
Vel = (Hy : (Vig)sg — (VG)g | sgHg = 1}

Then Vgat is an affine bundle over G'° and it is a Lie category (without boundary) over M (a
thorough discussion on Lie categories is presented in [Gra25b]). The structure maps are given as
follows: we set sH, = sg, tH, = tg and

(Hg -Hy)v =Hy(ty Hgv) - Hyrv.
The invertible elements of this Lie category are given by the following open subset of ?(C;at:
Vg = {H, € Véat | t,H, is a linear isomorphism}
which becomes a Lie groupoid with
(Hy)™'v = (Hg(t,Hy) 'v) 7.
Definition 3.1. Given a VB-groupoid Vg, we call Vg = M the fat groupoid (of V).
We can think of the elements of VG as coming from (fiberwise) linear bisections of V.

Remark 3.2. Notice that there is a one-to-one correspondence between bisections of Vg and linear
bisections of V;. Indeed, a linear bisection o~ of V; is a bisection

Vu — Vg X ox

that is a vector bundle map over a bisection o of G.2° We can therefore, equivalently, view o as

the bisection
agx

M — VG X = (VM)x — (VG)O'X

of Vg. There are also “core bisections” of V; (over the identity bisection of G): given y € ['Cy,,
we can construct a bisection o, of Vg by setting

0',\/(Vx) =1,, + x (x).
Applying the target to this expression gives the translation v, — v, + d y (x).

Remark 3.3. In [GSM17] the fat groupoid is denoted by G. However, we prefer to keep track of
the dependence on Vg in the notation.

We end the section by mentioning a few examples. In Section 3.6 we discuss more examples and
go into more detail.

19The fiber over g is isomorphic to Hom((Vas)sg, (Cam)tg)-
20Alternatively, it is a 0-homogeneous bisection, i.e. Ao (=171 oo 0 1) = 0.
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Example 3.4. Probably the most well-known example of a “fat groupoid” is the jet groupoid J'G:
J'G = {jlo | o € BisG}.

In words, its elements consist of all possible values of 1-jets of local bisections 0. The product is
induced by the usual product of (local) bisections. We can realise J!G as the fat groupoid TG of
the VB-groupoid 7G. Indeed, every 1-jet of a local bisection takes the form

Hy : TyM — T,G,
where ds,H, = 1 and dtyH, is a linear isomorphism. On the other hand, we can integrate such a

linear map H, to a local bisection o with the property that jslga' = H,. This follows from standard
proofs on the existence of local bisections through elements of G.

Example 3.5. Let H =2 N be a Lie subgroupoid of G =3 M. The jet groupoid J'G contains the
Lie subgroupoid
JyG = {j,oc €J'G |y e N,imo|y c H} 3 N.

This subgroupoid is equal to J'H only if N = M. How are J'H and J'G related if N # M? For
now, we only observe that J }{G and J' H are related via a restriction map

JLG — J'H.
A similar phenomenon appears when considering J }V(G, H), the fat groupoid of
N(G,H) 3 N(M,N),
the normal bundle, which is a VB-groupoid over H.?! Namely, there is again a natural map
J4G — J\ (G, H).
In Section 3.6, we will further clarify the relation between J'H, J'G and J, (G, H).
Example 3.6. Let £, — M be a vector bundle. The general linear groupoid
GLEy ={¥,. : Ex > E, is a linear isomorphism}.
is the fat groupoid of the pair groupoid Ey; X Eyy = E)y, seen as a VB-groupoid over M XM = M.

The last example shows the extension of the ‘“classical” analogues of the correspondences we
aim to describe in Sections 4 and 5:

{f.g.p. C®M-mods} SerreSwan {Vector bundles} S i SN {Principal GL-bundles}

Gauge groupoid

{fat extensions of M x M over 1g,, }

The goal of the coming two sections (Sections 3.2 and 3.3) is to discuss two essential pieces of
information: the bundle of invertible homotopies, and the canonical representations of the fat
groupoid. This is enough to understand the basic structure of fat extensions (see Section 3.4). In
the sections afterwards we look at several consequences of the structure behind the fat groupoid
and discuss, in this order, the fat category (Section 3.5), examples (Section 3.6), other models and
dualisation of the fat groupoid (Section 3.7) and, lastly, the fat pairing (Section 3.8).

2IThe Lie groupoid structure of the normal bundle N (G, H) is induced by that of 7G.
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3.2. The bundle of invertible homotopies of a 2-term complex. As mentioned before, if V; is a
VB-groupoid, then the groupoid map
{/\G -G H,— g
is a surjective submersion. The kernel of this map is a bundle of Lie groups, and it can be identified
with the open set of Hom(V);, Cys) given by
H(Vy, Cyp) = {hy : (Vi)y = (Cpr)x | 1 + 0hy is invertible}
(via hy +— 1 + hy). The unit is the zero map and
hy - W, =he+ W+ h b, hi'=—he(140h) ™" = (1 + h0) ' hy.

Elements i, € H(V), Cy) are homotopies, for they show that the isomorphism22

1 + [(9, hx]

(from Cy; — V), to itself) is homotopic to the identity map. The product can then be interpreted
as a “composition of homotopies” (see also Section 4.3):

Lemma 3.7. Suppose we are given complexes Cy, C, and C5 (with differentials 0) with the following
homotopy data: let*®

) [
Ci (6} Cs

vy

Ci G Cs
b b4

be maps satisfying
[0,0] =0 [0,¥] =0 d-¥=[0,n].
Then
@3, @51 — W32 W21 = [0, 732D21 + Waama1] = [0, m32P21 + P32ma1].
Moreover, [0,n3m21] = 0 if and only if

132®21 + Y3011 = 732W21 + P32y

In that case, we call this map the composition of homotopies (of 132 and 121 ).

The composition of homotopies of H(V,,, Cyy) is well-defined (and is equal to either side of the
above formula). This composition actually defines a structure of Lie category on Hom(Vy, Cy),>*
and H(V)y, Cy) form precisely the invertible elements of this Lie category. Notice that the structure
of H(Vy, Cyy) as a bundle of Lie groups is independent of the fat groupoid V.

Definition 3.8. Let

0
CM—>VM

be a 2-term complex. We call the bundle of Lie groups
H(Va, Cyr) = {hy : (Vi)x = (Cy)x | 1 + dhy is invertible}

22Notice that we have defined two maps, 1 +dhy : (Var)x = (Var)x and 1+ =0 @ (Cpr)x — (Cpr)x. The latter
map is a linear isomorphism by the five-lemma.

We use a subscript ji to denote the relevant map C; — C;.
24 More precisely, Hom(V)s, Cps) is a bundle of Lie monoids.
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the bundle of invertible homotopies of the 2-term complex Cy; — V).

Remark 3.9. Although we write elements of H(Vj;, Cy) as hy, its product shows that a good way
to think of the elements 4, is as 1 + h,. This shows that the product of H(V),, Cy,) is determined
by a structure of Lie category on Hom(V), Cys):

hy - W, = h,0h.,.
This product defines a Lie category, and we will elaborate on its structure in Section 3.5.

That the elements of H(V),, Cys) give rise to isomorphisms of the complex Cy; — Vs can be
interpreted as a cochain complex representation of H(V,y, Cpr) on Cyy — Ve

H(Vy, Cy) = GL(Cyr, Vi) m hy = (14 h, 0,1+ 0hy).

This canonical representation of H(V),, Cys) plays a central role in this work.
Before we move on, notice that elements 4, € Hom(V),, Cy,) formally have an inverse:

(14 0h) " = X is0(=DF(Ah)F.
In particular, if dh, is nilpotent, i.e. (8hy)* = 0 for some k, then 1 + A, has a smooth inverse.

Remark 3.10. With cohomological perturbation theory in mind (see, for example, [Cra04, LBM15,
MS20] and references therein), we can think of 0 as a perturbation of the zero differential. The
identity map

(Cm)x (Vm)x
hy 7
(Cm)x (Vm)x

can then be perturbed, using i, € H(V),, Cys), to an isomorphism

(Cm)x —a"(VM)x

(Cn)y —2— (Va)s

In fact, we can view H(V,,, Cyy) as a level set (of a section of Hom(Cyy, Vy;) — M the differential)
of the canonical projection

Pert(Cys, Vir) — Hom(Cyy, Vi)

where
Pert(Cyy, Vi) = {(0, h) € Hom(Cyy, Vi) ® Hom(Vy, Cyy) | 1 + dh is invertible}.

We can also view Pert(Cyy, V) as a bundle of Lie groups, with the same product as we defined for
H(Cy, V). This groupoid structure becomes very relevant in Section 5.

Heuristically, a “small” perturbation d comes with fewer restrictions on 4., while a “big” pertur-
bation imposes more restrictions on /.. For example, if = 0, then H(Vy;, Cy) = Hom(Vyy, Cyy).
But if 0 is of full rank, then i, € H(V), Cy) is determined by isomorphisms ¢, and left or right
inverses of 0.

The last observation of the above remark can be made much more precise as follows.
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Proposition 3.11. Ler R¥ 4 R¢ be a linear map. The Lie group
HR’ RY = {h: RE - R¥ | 1 +dh is invertible}
embeds into GL(k + €) via

P 1 h
H(R’,RF) — GL(k +¢) h+—>(0 el

In fact, if r = rank d, then H(R?, R¥) is isomorphic to the semidirect product associated to the
action of GL(r) on upper diagonal blockmatrices™ given by

1 hy h 1 hlg_l ho
¢[00 1 ml=lo 1 gnl.
0 0 1 0 0 1

0
In particular, if Cyy — V) is a 2-term complex, then 0 is regular if and only if H(Vyy, Cy) is a Lie
group bundle.*®

Proof. The first statement is readily verified. To prove the second statement, we conjugate d so that
d: R @R — R” @R is in the canonical form (x, y) — (x,0).?” The subgroup of GL(k + ¢)
corresponding to H(RF, RY) consists now of invertible matrices of the form

1 0 hy s
01 h ~
0 0 1+hy h3 )
00 0 1

Notice that /&, hy and A3 can be taken arbitrary. The constraint on /A4 is that 1 + A4 is invertible.
Now, the map that sends a matrix as above to 1 + A4 is a Lie group homomorphism onto GL(r) that
is a surjective submersion. Its kernel consist of elements of the form

1 0 0 hm3
01 h h
00 1 h3)
00 0 1

and this group is isomorphic to the group of upper triangular blockmatrices (by eliminating, from
such elements, the first row and column). A direct computation shows that the (conjugation) action
that defines the resulting semidirect product is given as in the statement.

The last statement follows by the constant rank theorem: if d is regular, then local frames adapted
to 9 trivialise H(V);, Cys) locally. O

Remark 3.12. Notice that, if 0 is regular, we can split (non-canonically)
Vyu = coker 0 @ im0 Cy = kerd & imo.

Therefore, there is a global non-canonical isomorphism between H(V),, Cjs) and a type of semidi-
rect product as in the above statement. Indeed, we can form a semidirect product (of Lie group

25The non-trivial blocks are of the form (k=r)yxr,(k=r)yx(¢—=r)andr x (£—r).
26A Lie group bundle is a locally trivial bundle of Lie groups.
271f we conjugate d to AdB, then the two models of H(R, R¥) are isomorphic via & — B~1hA~!.
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bundles) of the isotropy Lie group bundle of GL(im ), and the Lie group bundle of upper triangular
blockmatrices, where now

h; € Hom(im 0, ker 0) h, € Hom(coker 0, ker 9) h3 € Hom(coker d,im d).

In general, given a 2-term complex Cy; — Vj;, we can represent elements of H(V)y, Cyr) > hy
as blockmatrices

1 hy
(0 1+ 6hx) € GL(Cy & Vy).

Another way is to use instead

(1 + hy0  hy

0 ; ) € GL(Cy ® Vi)

which is related to the previous matrix as follows:

1+h0 hy 1k 1+ hd heoh(1+0hy)™!
0 1 0 1+0h, 0 (1+0h,)~!

Similarly, we can depict elements of Pert(Cjs, Vi), but such elements “carry a differential”.

Under the identification of Hom(Vy, Cys) with Hom(Cy,, V;,) (by taking the dual), the structure
of H(Vy, Cy) takes its “opposite” form:

hyop Wy = Wy hy = hy+ B+ H,0hy  (ho)gy = hy' = —he(1+0he) ™"
As happens for groups, bundles of groups are isomorphic to their opposites via the inverse:
Proposition 3.13. Let Cy; — Vi be a 2-term complex. The canonical map
H(Vi,Cy) = H(Cyy. Vi) e (B
is an isomorphism of bundles of Lie groups.

In the coming section, Section 3.3, we define the well-known canonical cochain complex rep-
resentation of the fat groupoid Vi of a VB-groupoid V. This cochain complex representation is
compatible with the exact sequence of Lie groupoids>®

1 —— H(Vum, Cy) Ve G 1

in two ways. One is that the inclusion H(Vy;, Cyy) — VG is equivariant with respect to the canonical
cochain complex representations. Another is that the conjugation action of Vg on H(Vyp, Cyy) is
induced by the representation on Hom(Vy;, Cys). This is precisely what encodes the fat extension
associated to Vi (see the next Section 3.4 and Section 4).

28The short exact sequence can be seen as a restriction of the short exact sequence of Lie categories

1 —— Hom(Va, Cur) Ve G 1.
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3.3. Canonical representiltions of the fat groupoid. The action of V; on itself induces an action
of Vg on Vg: given H, € Vg and v € (Vi)y with (g,8") € G?,
Hy-vi=Hy(tyv) - v.

In turn, this induces actions of \7(; on Cy and Vy: given Hy € \76, c € (Cu)sg and v € (Viy)sg,

Hg - c=rg1(Hg(dc) - ) Hy-vi=1t,(Hgv). (3.1
ReTark 3.14. More generally, a linear action of V; on a vector bundle Vp — P induces an action
of Vg on Vp. By linear, we mean that the action map

Vo< Vp — Vp

is linear (over an action of G on P). A more thorough discussion (including a discussion on

VB-Morita equivalences in terms of bibundles, the notion of Morita equivalence in terms of ruths,
and the notion of Morita equivalence in terms of fat extensions) will appear in [MMO].

It is readily verified that the 2-term complex
t
0:C M VM
is equivariant with respect to the actions, so we can see Cj; — V) as a cochain complex represen-

tation of V. In turn, there is a dual cochain complex representation on”’

9V S O,

and the representations can also be put together to give a representation on Hom(Vy;, Cyy) =
Vi ® Cy. To be clear, VG acts on Hom(V),, Cys) via the representation of Cy; and via the
representation of Vj,. Denoting these actions by -¢,, and -y,,, respectively, the conjugation action
is given by

Hg - hsg = Hy vy, hsg "cy Hg_]'
When using this action, we use the notation from the right hand side to avoid confusion. This
representation descends to an action on H(Vy, Cyr) € Hom(Vyy, Car).>°

Proposition 3.15. The inclusion map
H(Vy,Cy) = Vg hy > 1+h,

is equivariant with respect to the canonical cochain complex representations on Cyy — Vy;. More-
over, the conjugation action of Vg on H(Vy, Cyp), induced by the representation on Hom(Vyy, Cyy),
coincides with the conjugation action of Vg on H(Vay, Cyr) by viewing H(Vy, Cy) as a normal
subgroupoid of Vg.

Proof. The first statement is readily verified. For the second statement we do a direct computation:
(Hg - (1+ hsg) - Hy"Yv = Hy(1+ Ohgg) (H;' - v) - (Hy' - v + heg (H7' - v)) - Hy'(v)
= Hy(1+ 0hsg) (H;' - v) - (H;' (v) + hsg (H," - v) - 04-1)
= v+ Hy(Ohsg (Hy' - v)) - heg(Hy" - v) - 0,1

2Recall that, with our convention, V}, sits in degree 0 and Cj, sits in degree 1.
3OFor hsg € H(Var, Car) and Hy € Vi, the map to (H, - hsg) is given by (tgHg) (1 + dhsy).
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= (1+ Hyg vy, hsg -cyy Hy'Iv.
This proves the statement. O

3.4. Fat extensions. As we discussed now the structure behind the fat groupoid of a VB-groupoid
that makes it into a fat extension, we already put here the abstract definition:

Definition 3.16. Let G = M be a Lie groupoid, and consider a 2-term complex

0
CM — VM.

A fat extension of G, with underlying complex Cy; — V), consists of a Lie groupoid
Fe =3 M,

that comes with a cochain complex representation on Cy; — V), and a short exact sequence of Lie
groupoids (over M)

1 —— H(Vy, Cy) Fg G 1.

Moreover, the cochain complex representation of Fg on Cypy — Vj restricts to the canonical
cochain complex representation of H(V,;, Cy), and the two natural conjugation actions of Fg on
H(Vuy, Cy) agree. That is, denoting by -y,, and -¢,, the actions of Fg on H(V)y, Cyr) induced by
the representations, we have that, for all H, € Fg and hgg € H(Vy, Cy),

Hy - hsg - Hy' = Hg v, hsg ¢,y Hy '

We will simply write F for a fat extension. The underlying groupoid Fg is called the fat
groupoid of the fat extension.

To understand the structure and examples of fat extensions, it is helpful to keep the reference
with VB-groupoids, and so, for now, we study the above structure in terms of VB-groupoids.

3.5. Fat category extensions. Before we move to the examples, we observe that Vg’t can be

recovered from Vg and its cochain complex representation. In fact, this leads to yet another
equivalent way to encode the structure of a fat extension in terms of a fat category extension. This
defines the intrinsic notion of weak representation as defined in [Wol17].

To start, observe that Hom(s*Vy, t*Cy) =3 M is a Lie category with sh, = sg, th, = tg and

hg - hg = hgdhy.
This is not a “VB-category” over G, because this product is not linear but bilinear. The fat
groupoid Vi acts on the vector bundle Hom(s*V,, t*Cyy), both on the left and on the right, via the

two representations on Cys and V. We denote these two actions by -¢,, and -y,, for clarity. We
then get a groupoid structure on

Hom(s*Vy, t°Cy) X6 Vo =3 M
by setting s(hg, H,) = sg, t(hg, H,) = tg and
(hg,Hg) - (hg',Hg) = (hg - hgr + Hy -c,, hgr + hg v, Her, Hg - Hyr).
The connection with Vg“ becomes clear when associating to (h,, H,) the map
rehg + Hy : (Vir)sg — (ViG)g Vi rohgy + Hyv

which satisfies sq(rghe + Hg) = 1.
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Proposition 3.17. The map
Hom(s*Viy, t'Cy) Xg Vo — VS (hg, Hy) v rehg + H,
is a surjective submersion of Lie categories. Moreover, the embedding
H(Vy, Cy) = Hom(s* Vi, t°Cy) X6 Vo he > (=hy, 1+ hy)

defines free and proper left and right actions whose quotients are both given by Ve and the above
map defines both quotient maps.

Proof. To see that the first map is a surjective submersion follows, for example, by constructing a
local section from a local section H of Vg — G:

VE' — Hom(s'Vi, t'Ci) X6 Vg Hj = (rg-1(H} — Hy), Hy).
The second statement follows by realising that, whenever
rehg + Hg = rghy, + Hy
there is a unique element Ay, € H(V), Cy) such that
(_htg, I+ htg) ' (hgaHg) = (h, ’H;g)’

namely, the unique element /¢, such that (1 + h) - Hy = Hj, (and similarly for the right action).
This proves the statement. O

Remark 3.18. The above statement describes an “exact sequence of Lie categories”
1 —— H(Vy, Cyy) —— Hom(s*Vyy, t*Cy) Xg Vg —— Véat 1

Namely, while it is true that H(V),, Cy) is the kernel, in the sense that it comprises the elements
mapping to units in Vg, it is the kernel in a more general, more appropriate sense. Being more
precise here leads to the above statement: whenever two elements coincide in the image of the map

Hom(s*VM, t*CM) XG VG — {/\éat

they are related under the equivalence obtained from the inclusion by H(Vys, Cys). That is, the
action map from H(Vy;, Cyr) Xy (Hom(s*Vyy, t*Cyy) X Vi) to

(Hom(s*VM,t*CM) XG ‘//\G) Xijeat (Hom(s*VM, t*CM) XG VG)

G
is an isomorphism (and similarly for the right action), meaning that the action is free and proper.
Remark 3.19. From the previous statement, or rather its proof, we saw that Vgat is a quotient with
respect to the (left) action of H(V,y, Cyy) on Hom(s*Vy,, t*Cyy) X VG given by
htg . (/’lg,Hg) = (hg - htg . Hg, (1 + htg) : Hg)
Remark 3.20. The Lie category Vi also has Cyy — V) as a cochain complex representation. By
representation we mean here a smooth functor to the endomorphism Lie category
End Ey ={E, > E, | x,y € M}

where Ej; is a vector bundle. It is defined exactly as in (3.1).

The above discussion shows that the fat category of a fat extension can be defined as follows:
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Definition 3.21. Let F; be a fat extension. Consider the Lie category
Hom(s*Vy,t"Cy) Xg F6 =3 M
The fat category F' =3 M (of Fg) is defined as the quotient of
Hom(s*Vy, t"Cy) X6 Fg
by the action induced by the inclusion®!
H(Vy, Cyr) — Hom(s*Vy, t°Cy) X Fg hy — (=hy, hy).

Now, apart from the cochain complex representation, the fat category V(C;at comes with a type of
“comparison” map

h:VE xg V" — Hom(s Vi, t'Cy)  (Hy, Hj)) v 11 (H, — H)
that is equivariant for both Vgat actions (considering the diagonal action on Vgat XG V(C;a‘). It can be
interpreted as a homotopy, for, given H,, H), € F®, ¢ € (Cpp)se and v € (Vy)se, We have
p Py g g g & L g g
h(Hg, Hy)dc = Hy - ¢ — Hyg - ¢ Oh(Hg, Hy)v = Hy - v —Hg - v,

Moreover, the map h restricts to the “canonical” comparison map of Hom(V),, Cys). In particular,
it restricts to the zero map on the diagonal embedding

Véat N Véat XG V(c;at.
This defines the structure of a fat category extension:

Definition 3.22. Let G = M be a Lie groupoid, and consider a 2-term complex

0
CM — VM.

A fat category extension of G, with underlying complex Cy; — V), consists of a Lie category
Féa[ 3 M,

that comes with a cochain complex representation on Cy; — V), a short exact sequence of Lie
categories (over M )2

] —— Hom(VM,CM) _— Féat G 1
and a smooth map
h: F(c;at XG Fgat - HOIII(S*VM,t*CM).

The cochain complex representation of F gat on Cy — V) restricts to the canonical cochain
complex representation of Hom(Vy, Cpr). Moreover, h restricts to the canonical comparison
map of Hom(Vy,, Cy) (taking the difference). Lastly, & is multiplicative, meaning that, for all
H,, Hy € Fga‘, c € (Cy)sg and v € (Viy)sg,

h(Hg, Hy)dc = Hy - ¢ — Hyg - ¢ Oh(Hg, Hy)v = Hy - v —Hg v
and it is equivariant with respect to the canonical left/right (diagonal) actions of F, (C;at.

31Notice that here we identify i, € H(V)y, Cpy) with its image in Fg. If Fg = Vg, then this element equals 1 + /.
32Recall that this means that Hom(V,,, Cyy) defines a free and proper action on F g‘“.
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Remark 3.23. The above definition can be seen to define the intrinsic object behind a “weak
representation” of [Woll7]. Namely, as was already observed in [GSM17], a splitting X of a
VB-groupoid Vi can be seen as a section

G - Ve
of the projection VCC;alt — G (that is not necessarily a functor). Therefore, such a map should be seen

as “splitting” a fat category extension. Decomposing Vg‘t using X, this leads precisely to the axioms
of a weak representation as in [Wol17]. There, it is proved that the category of weak representations
is equivalent to the category of (split) 2-term ruths and to the category of VB-groupoids.

Remark 3.24. As we will see in Section 7, the comparison map
h: Féat XG Féat - Hom(t*VM, S*CM)
from above can be seen as the “identity map” of the fat category extensions F g‘t.

From the discussion in terms of VB-groupoids it is already clear that we can pass from a fat
category extension F g“ to F by taking the invertible elements of F/ gat. Indeed, the properties of
the map h imply that, for all H, € Fg and hgy € H(Vy, Cyy),

-1 _ -1 _ -1

Hg'hsg'Hg —h(Hg'hsg'Hg ,Otg)—Hg 'CM hsg 'VM Hg .
So, to end this section, we conclude:
Proposition 3.25. The assignment

{Fat category extensions} — {Fat extensions} FG' o Fg
sets a one-to-one correspondence, and the assignment

{Fat extensions} — {Fat category extensions} Fg v FG*
is inverse to it (up to canonical isomorphisms).

We now move to a more detailed discussion on examples of fat extensions.

3.6. Examples of fat extensions. In this section we describe, for well-known constructions of
VB-groupoids, the associated fat extensions

1 —— H(Vu, Cy) Vg G 1.

Naturally, we will see how to define the constructions on an abstract level for fat extensions.

To start, recall that we can view 2-term cochain complexes as VB-groupoids (via the Dold-Kan
correspondence). The fat extension associated to this VB-groupoid keeps track of the cochain
complex itself, but it also comes with a fat groupoid, namely, the bundle of invertible homotopies:

Example 3.26. Notice that H(V),, Cy), together with its canonical cochain complex representation
Cy — Vy, itself comes with a short exact sequence:

1 —— H(Vy,Cy) —— H(Vy,Cy) 1y 1,
where 1, denotes the unit groupoid of M. This exact sequence appears when considering
Cu=<Vu3Vu

as a VB-groupoid over 1,;; here, Cy; acts on V), via the differential:

c-v=0c+v.
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Its underlying 2-term complex is Cy; — V), and its fat groupoid is H(Vy, Cy). It is now readily
verified that the associated exact sequence is the one written above.

Given a single vector bundle E), recall that there is a slightly different fat groupoid we can
associate to it: the general linear groupoid (see 3.6).

Example 3.27. In Example 3.6 we already mentioned that GL E, is the fat groupoid of the pair
groupoid Ey X Epy = Ejy. In this case,

H(Ey, Ey) = Aut Eyy = {Wy : (Ey)x — (En)i}
and the representation on Ey, SE m is the canonical one: given ¥, . € GL Ey and e € (Ey),,
Py -e=Y,e.
Remark 3.28. As mentioned in Remark 2.24, a differential C; — V), defines the map
[-,0] : GL(Cm, Vu) = GL Cy Xymxm GL Vi — Hom(priCu, prsVi).

We can think of this map as a type of comparison map. In this case, the zeros of the above map are
exactly the cochain maps between Cy; — V), and itself. In Section 7, we will see that we can think
of this as a map of fat extensions between GL Cj; and GL V). On the level of VB-groupoids, this
map corresponds to the VB-groupoid map

8X02CMXCM—>VMXVM.

We now discuss the continuation of Example 3.5. More precisely, we will come to see what a
Jat subextension and a fat quotient extension should be abstractly. The following bundles of Lie
groups will play an important role.

Definition 3.29. Let Cy; — V) be a 2-term complex, and Cy — Vy a subcomplex. The restricted
bundle of invertible homotopies is the subbundle of of Lie groups of H(V),, Cj) given by

H(Vm, Cu)vy.cy) = {hy € H(Vi,Cy) | 'y € N, hyl(vy), C (Cn)y}-
Example 3.30. Recall that, given a Lie groupoid G and a subgroupoid H, J'G has the subgroupoid
J4G = {j,o €J'G |y € N,imo|y C H}
which played a role in the relation between J'H, J'G and J, (G, H) (see Example 3.5). In general,
given a VB-groupoid Vi over Cyy — V) and a VB-subgroupoid Vg over Cy — Vi, Vi has
V. = {Hy € Vg | h € H,im Hy| vy, © (Vi) }

as a subgroupoid. It fits into an extension

I —— H(Vm, Cum)vy.cn) —— Vou H 1
and VG, n comes with a cochain complex representation on

Culn = Vuln.
Moreover, the subcomplex Cy — Vy is also a cochain complex representation of VG,H, and both
cochain complex representations restrict to H(Vas, Cpr) vy .cx)- S0, While not classifying as a fat
extension, VG, g carries at least a very similar structure. In turn, it induces two actual fat extensions:
one recovers Vy as a quotient:
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—~

1 —— H(Vi, Cu)cyon) — Vo Vi 1

and one recovers Vg /Vy>> as a quotient:

I —— H(Vi, Cor) vy in.cn) — Vo — Vo/Vyg — 1.

To be clear, also the cochain complex representations of Vi and Vg /Vg are induced by the cochain
complex representations of Vg p.

From the previous example we can infer how to think of fat subextensions and fat quotient
extensions abstractly using the following intermediate definition.

Definition 3.31. Let F; be a fat extension over Cy; — Vjy. Moreover, let H =3 N be a Lie
subgroupoid of G, and let Cy — Vi be a subcomplex of Cy; — Vi A restricted fat extension of
F¢ consists of a Lie subgroupoid

Feu=3N
of Fg that comes with a cochain complex representation on Cys|y — Vr|n, which further restricts
to Cy — Vy, and a short exact sequence34

I —— H(Vm,Cy)y.cy) — Fo.n H L.

Moreover, the cochain complex representation of F z on Cy|y — V| restricts to the canonical
cochain complex representation of H(Vaz, Car) (vy.cp)-

We now define:
Definition 3.32. Given a restricted fat extension Fg g of a fat extension F, we call
1 —— H(Vy,Cn) —— F/H(Va, Cut) vy ,0n) H 1

the fat subextension of Fg y, denoted Fy, and
1 —— H(VumIn/VN,Culn/CNn) —— F/H(Vi, Cr) vy in.Cn) H 1

the fat quotient extension of Fg g, denoted F /Fp.

Remark 3.33. We can compare elements of Vy and Vi, and we can think of this as a map
L1 Vi xg Vg — Hom(s'Vy, t°Cy)  (Hp1, Hip) = 1yt (Hpy — Hio).
We can also compare elements of Vg and Xm in a similar way
n: Vg Xg m — Hom(s"Vy, ' Cuy|n/Cn).

Given Hp € VG,H, there is a unique Hj 1 € ?H such that

W(Hp,1, Hp2) =0,
and, similarly, given Hy, | € VG,H, there is a unique Hp,» € ‘m such that

n(Hp,, Hp2) = 0.

33We wrote V6 /Vy for Vg |u/Va.
34Again, we wrote

H(Vam, Cm)vy.cn) = {hy € H(V,Cum) | y € N,im hy|(vy), C (Cn)y}-
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The map ¢ should be interpreted as the “inclusion” map and 7 as the “projection” map. These are
examples of maps of fat extensions that we will discuss in Section 7.

In the the next example we explain how the fiber product of VB-groupoids looks like in terms
of fat extensions. Particular examples of interest are the pullback and direct sum constructions, but
we first discuss the more general case.

Example 3.34. Let
G 1 G « G2
be Lie groupoid maps that cleanly intersect, and let Vi, and Vi, be VB-groupoids over G and G,
respectively. Then we can form the fiber product of VB-groupoids (see [BCdH16]):
Vi, X6 Ve, 3 Vi, Xm V,-

This is a VB-groupoid over G| Xg G = M Xy M, whose structure is defined “componentwise”.
To understand how the fat groupoid of this VB-groupoid looks like, notice that an element of it can
be decomposed into four maps that we organise into a matrix as follows:

H h]z H r h12 .
(h2gll ng) = (I’g2}gl121 é}ilgz ) . (VMl)Sg1 X (VMz)ng - (VGl)gl X (VGz)gz'

Here, Hy, € Vg‘lt H,, € Vgg and
hi2 € Hom((Vi,)ser» (Caty )tgy) ha1 € Hom((Vi, )ser» (Chty )tgs)-

In fact, without extra conditions, such matrices describe exactly
(V6,X6V6,)™ = My Xy My,

When interpreted in a specific way, the product of this Lie category can really be seen as matrix
multiplication:

Hgl hlZ . Hg{ hllz _ Hgl . Hg; + l’l12 . h/21 [fg1 ‘Cu h,12 + h12 Vi Hg

ha1 Hy, h,21 H, hai vy, Hg; +Hyg, -cy h,21 ha - hllz +H,, 'Hgg
We used here the notion from Section 3.5, but it is also readily verified by a direct computation
what the different products are supposed to represent. We obtain the invertible elements of this
category, the elements of the fat groupoid Vi, Xg Vi,, by applying the target to each entry and
asking the result to be invertible:

t, H O0hi» -
( %lhzfl tnggz) t(Vmy)sgr X (Vany)sgy = (Vg X (Vi)tg, -

’
2

’
2

Notice that

h1 /’l12) | (1 +(9h1 h12

H(Vm, Xm Vtys Cuty Xm Cury) = {(h21 Is 14 th) is a linear isomorphism}

where
hy € Hom(Vy,, Cyy)  hio € Hom(Vyy,, Cy,)  ho1 € Hom(Viy,, Cur,)  ha € Hom(Viy,, Cay,).

The diagonal blockmatrices (those for which %1, and hj; are both zero) form the fiber product of
the fat groupoids of Vi, and Vg,:

‘701 XG ‘702 = My Xy M

so the structure is defined componentwise. This Lie groupoid fits into an exact sequence
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] — H(VMl,CMl) XM H(VMQ’CMz) E—— VGI XG VGZ — Gy XG G, — 1.
We continue this line of thought in the next example.

As an application of the previous example, we describe the fat groupoid of a direct sum of
VB-groupoids and of a pullback VB-groupoid.

Example 3.35. To describe the direct sum, suppose we are given two VB-groupoids Vg1 =3 Vi1
and Vi 2 =3 Va2 over the same base groupoid G. Then the fat groupoid of

Ve1® Vo3 Vi1 ®Vua

consist of matrices

Hg1 hio) .
(h; Hg,Z) ’ (VM’l)Sg ® (Vmo)sg — (VG,I)g @ (VGQ)g.

{/cat {/cat
Here, H, ;| € VG,I, Hg» € VG,2 and

hi2 € Hom((Vi2)sgs (Car,1)tg) ha1 € Hom((Vi,1)sgs (Cm2)tg)-

The diagonal blockmatrices constitute the fiber product of fat groupoids \7(;,1 XG VG,Z. This groupoid
fits into an exact sequence of the form

1 —— H(Vir1, Cort) e HViag2, Car2) —— Vi X6 Voo G 1.

This groupoid has four natural 3-term cochain complex representations by taking tensor products.
For example, on

Hom(Vi,1, Cyp) —— Hom(Viy 1, Virp) @ Hom(Cyy1, Cy2) —— Hom(Cuy,1, Vi 2).

The actions are defined “componentwise”. Essentially, VG,l XG VG,Z together with its representations
on Hom(V); 1, Cp2) and on Hom(V)y 2, Cy,1) are what constitutes the product of the upper/lower
triangular blockmatrices.

From [BD19] we know that multiplicative tensors define homogeneous cochains on Whitney
sums of VB-groupoids. In the upcoming work [MOV] we will argue that multiplicative tensors on
VB-groupoids Vi 1, . .., Vi, appear naturally as objects defined on VG,l XG X Vg,n together
with its canonical representations. A first instance of this can be found in Section 7 where we
introduce morphisms of fat extensions.

Example 3.36. To describe the pullback, let Vi, = Vi, be a VB-groupoid over G, and @ : G| —
G, a groupoid map. The fat groupoid of the pullback VB-groupoid ®*V;, is

q)*‘7G2 =G, XG, ‘762 = M,

where the multiplication of ¢>*VG2 is defined componentwise. If @ is the inclusion of a Lie
subgroupoid H, we simply write

VngZ{Hh EVG | h € H}.

To conclude, we formulate the abstract definition of the above examples for fat extensions.
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Definition 3.37. Let F, and Fg, be fat extensions of G; =3 M| and G2 =3 M>, over Cy, — Vi,
and Cy, — V), respectively, and let

G1—>G<—G2

be two Lie groupoid maps that cleanly intersect. The fat extension of invertible blockmatrices of
Fg, and Fg, is the following fat extension. The fat groupoid form the invertible elements of the
following fat category:

{(I/’_lljll I]/_ZIIZ) | Hgl € ngt, h12 S Hom(s*VMz,t*CMl), h21 S HOI’II(S*VMI,t*CMZ),I‘Ig2 S Fg;t}
82
whose product is defined as
Hg1 hlz ) Hg{ h,12 — Ifg1 Hgi +h12-h/21 Iig1 ‘Cu h’12+h12 Vi Hgé
hoi ng h’ Hgé hoy Vi H ’ +P1g2 ‘Cu h hoy - h/12 + ng . Hgé )

21
Here, hys - h’2 = h126h21, hoq h = hmah]z, and -y,, and -c,, are the actions induced by the

representations. The cochain complex representation on
0X0: CM1 XM CM2 — VM1 XM VM2

is given by matrix application: given (c1, c2) € (Car)sg, X (Cpr)sg, and (v, v2) € (Var)sg, X (Var)sgs
Hgl hi2\ [c1 _ Hgl -c1+ hppdcy Hgl hio\ (vq _ Hgl v+ 0havy
h21 ng Co h21(9C1 +[‘Ig2 +C) h21 ng 1 %) 6h21v1 +I‘Ig2 %) ’
In the last sections, Sections 3.7 and 3.8, we make remarks on other models of the fat groupoid of

a VB-groupoid. In particular, we will see that dualising a fat extension should be seen as dualising
its cochain complex representation.

3.7. Other models for the fat groupoid of a VB-groupoid. The fat groupoid of a VB-groupoid
Vi appeared in [GSM17] as follows. Consider
VCalt {H C (Vg)g | (Vg)g = kers, @ Hg}
and the following open subset of it:
Vo = {Hg € V& | (Vi) = kert, @ H, }.
Then Véat is a Lie category over M with Eﬁg = sg,?ﬁg = tg, and
Hg - Hy =imm(H,, Hy) = {vg - v € (V6)gn | vg € Hg,viy € Hp},
and VG form the invertible elements with
(Hg)™' =imi(H,).
It is rather straightforward to see that the canonical map

t1m

Vca Vcat

is an isomorphism of Lie categories (that therefore restricts to an isomorphism of VG to Vg) Still,
we discuss the proof because some interesting things appear. For example it becomes clear that
the fat groupoid V* of the dual VB- group01d V¢, is isomorphic to Vg as groupoids.

Notice that we can think of elements of V(*; as (the dual of) maps
Wg - (VG)g - (CM)sg
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such that precomposing with £, gives the identity map, and precomposing with r, gives a linear
isomorphism.>> The product of two elements wg and wy, is given by

(wg - wp)(vg - Vi) = wp(rpwg(ve)) + wp(vi)
(here (vg,vy) € Véz) is a composable element) and the inverse of wy is
w;l(v;) = —(a)grg)_l(wgvg).
Proposition 3.38. The maps
\7@—>VG<—V(*; H, — im H, = ker wy 1 wy
are groupoid isomorphisms.

Proof. We construct the inverse of the first map. To do this, take for every g € G an Hy; € Ve.
Given H, € Vi, we can then write, for all v € (Vi)sg,

Hg1v=vs1+Hgv
where v | € kers, and Hyv € ﬁg. We claim that the map
VG — VG ﬁg — H,
is a wel}:deﬁned smooth inverse of the map VG — Vg. To see that it is well-defined, take another
Hg > € Vi and write as above, for all v € (Vay)sg,
Hgov =vsp+ Hyv.
Then it follows that B
Hyv — Hgv € kersg N Hy = 0.
A similar argument shows that t, H, must be invertible: if t, H,v = 0, then
Hgv € kert, N ﬁg =0.

The map is smooth, for once we work locally, we can take H, ; to be in the image of a local section

of the projection Vg — G. Fora proof that the maps are groupoid maps, we refer to the proof of
Proposition 3.40. 0

Remark 3.39. Notice that, in the above proof, the auxiliary elements H, ; € Vi that are used to

define the inverse map VG — VG can be taken in Vgat as well. In particular, we could also use a
cleavage X to define, for all v € (Vjy)s,, the inverse through the equation

XV =vs+ Hgv
where vs € ker s, and Hyv € H,.

The isomorphism Vo — Vg — Vé can be understood through a pairing that we discuss next.

3SAs before, we wrote

—0g-c”! c-0g
gg : (CM)sg — (VG)g rg : (CM)tg — (VG)g-
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3.8. The fat pairing. We first look at the isomorphism Vg - Vg — Vé more carefully.
Proposition 3.40. Let Vi be a VB-groupoid and consider Vg and Vc*; For H, € Ve, write

H, _ _
wg® 1 (Vg)g = (Cu)sg Vi rg(Hgltgv —v7h.
The map
— A* H
Ve — Vg Hy = w,*

is a Lie groupoid isomorphism. Moreover, the map restricts to the canonical isomorphism
H(Vy, Cy) = H(C},, Vy,) from Proposition 3.13, so the diagram

1 —— H(Vy, Cuy) Vg G 1
1 —— H(C:,V5) Ve G 1

commutes.
Proof. Notice that w?g is the unique element w, € V(*; with the property that w,H, = 0. To see
that the map VG — V(*; is well-defined, observe that

W ry = re(H; ' (8¢) + €,(dc — ) = H,' - ¢

has inverse ¢ — H, - c.
We compute the inverse map wg H;"g explicitly. Pick for this some H, € V. Then H;,”g is
the unique element H, € Vg such that

Hyv = (owg (Hgv) + Hg (v + 0wy (Hyv)).
In fact, given v € (Viy)sg, writing hgv € (Cum)tg for the inverse of —w,y(Hyv) under wyr,, we have
H;f)gv = Hyv +rghgv.
We end the proof by showing that \76 - Vé is a groupoid map. For Hg, Hy € \7(; composable,

H H, _ _ _ -
We* S (v - vg) = (Hy (tgHg) tgve) + 011 - (vg = He(tHy) 'tevg) = vi!) - O,

while
Hggr —1yy-1 -1, -1
88 —
Wyl (Vg vg) = (Hg, Hy tgve — v v, ) -0g -0y

If we replace O, with +v, + H, (tgHg)_ltgvg in the last equation, we see that the two expressions
agree. This proves the statement. O

Remark 3.41. Given H, and wy, = a)Hg, we constructed in the above proof a map h, using an
auxiliary element Hj, € Ve
hg : (Vm)sg = (Cmig Vi o1 (bg + Hyd)wg (Hyv) = 11 (Hyv — Hyv).

. =, H
361¢ w;, is another element of V¢, such that w;,Hg = 0, then a)gg =w
elements of the form £, c.

;, on im Hy, but also on kert,, which are
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As we mentioned already in Remark 3.39, we could take such auxiliary elements in Véat. Given a
cleavage X, the equation

XV = —rghgv+ Hgv
reveals a new description of the fat groupoid in terms of the associated split ruth. This will be
explained in detail in Section 4.3.

We can understand this isomorphism from Proposition 3.40 more conceptually as follows.

Proposition 3.42. The smooth map

‘78 XG ?G - H(VM, CM) (wg, Hg) = ngg
is non-degenerate in the sense that, given H, € VG (resp. wg € V(*;) and hsg € H(Vyy, Cy), there is
a unique element w, € V(*; (resp. Hq € Vg) such that wgHy = hgg.
Proof. Let H, € f/\g and hsg € H(Vy, Cyr). If hgg = 0, we saw in Proposition 3.40 that

a)?gv = rg(Hgltgv -vh
is unique with the property that
H
wg*Hg = 0.
Now, if hge # 0, consider
WeV = w?”'v + hsg(tgHg)_ltgv.
Then w, € ‘75 Indeed, the inverse of precomposition with r, is given by
¢ re1(fge+ Hydc) + (hsgﬁc)_l.
The element wy is unique with the property that wgH, = hgg, so we proved the statement. O
Remark 3.43. Given Vi 1, ..., Vs, VB-groupoids over G, we can see
VG,I XG - XG VG,n

as a groupoid over M (with structure defined componentwise; see Example 3.34). However, with
this groupoid structure, the above map ‘72 xg Vg — H(Vy, Cyr) is not a groupoid map (see the
discussion after this remark). Rather, this map should be interpreted as the identity map of fat
extensions, and we can interpret the map as a multiplicative tensor if we view Vg xg Vg as a
groupoid. That it maps into H(Vy,, Cyy) is a feature of the identity map being an isomorphism. We
will be more precise in Section 7, but a more general treatment of viewing multiplicative tensors
this way is a topic of our upcoming work [MOV].

Using Vg = V;, the fat pairing is simply the map
Vo %6 Vo = H(Vy,Cy)  (Hg, H}) = —1+ H, - H,'
that describes the inverse to the (principal) action map
H(Viy, Cu) =< Vg = Ve % Vo.

Remark 3.44. Proposition 3.40 reveals that a map of fat extensions Fg 1 — Fg 2 (over the same
base groupoid G) is not simply a commutative diagram
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I —— H(Vam,1,Cu,1)) —— Fga G 1
I —— H(Vm2,Cyp) — Fopo G 1

Indeed, VG and Vé are fat extensions, and there is a commutative diagram

1 —— H(Vy, Cy) Vs G 1
1 —— H(C}, Vi) Ve G 1.

In fact, we should not even expect that a map of fat extensions comes with a groupoid map
Fg.1 — Fg 2 (see Section 7). Rather, maps of fat extensions are “comparison maps” like the ones
we encountered in Section 3.6.

What Proposition 3.40 shows is that the dual of a fat extension should be seen as having the same
underlying extension, but considering the dual cochain complex representation:

Definition 3.45. Let F; be a fat extension of G over Cy; — V. The dual of Fg is the extension
1 —— H(Vy, Cy) Fg G 1

together with the dual cochain complex representation Vy, — Cj,.

4. FAT EXTENSIONS AND EQUIVALENT FORMULATIONS

Having encountered the structure of fat extension in the previous section, we proceed to show
how to go back and forth between fat extensions, VB-groupoids and 2-term ruths. We dedicate
Section 5 to the correspondence with (general linear) PB-groupoids after this section.

We call the 2-term ruth associated to a fat extension an invariant complex. This type of complex
is a relative complex as in [Sal24]. This new point of view leads to interesting connections between
the “natural candidates” for tensor product of VB-groupoids and of 2-term ruths. As already
mentioned a few times, this is the topic of the upcoming work [MOV]. Defining the correct notion
of morphism for the category of fat extensions (that yields the claimed equivalence of categories
between fat extensions and VB-groupoids or 2-term ruths) is a little more subtle, but similar to how
one defines morphisms of (split) 2-term ruths. We delay the notion of morphism of fat extensions
to Section 7, where we also go into the functorial aspects of the equivalence we start describing
in this section. The reason for the postponement is that we believe the discussion of this section
should help understand the functorial aspects better.

4.1. From VB-groupoids to fat extensions. In Section 3, we developed the notion of fat extension
through the language of VB-groupoids. For referential purposes and convenience, we repeat the
definition here.

Definition 4.1. Let G = M be a Lie groupoid, and consider a 2-term complex

0
CM — VM.

A fat extension of G, with underlying complex Cy; — V), consists of a Lie groupoid
Fe =3 M,
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that comes with a cochain complex representation on Cy; — V), and a short exact sequence of Lie
groupoids (over M)

1 —— H(Vy, Cy) Fo G 1.

Moreover, the cochain complex representation of Fg on Cy; — V) restricts to the canonical
cochain complex representation of H(V,s, Cys), and the two natural conjugation actions of Fg on
H(Vy, Cyy) agree.

We will simply write F for a fat extension, and the underlying groupoid Fg is called the fat
groupoid of the fat extension. Now, in Sections 3.1, 3.2 and 3.3, we proved:

Proposition 4.2. Let Vi be a VB-groupoid over G. Then, the fat groupoid Vg of Vg, together with
its cochain complex representation (3.1), is a fat extension of G over Cyy — V.

Similarly, we have:

Proposition 4.3. Let Vi be a VB-groupoid over G. Then, the fat category Véat of Vg, together with
its cochain complex representation on Cy; — Vy; and the (comparison) map

h: F&' xg F&' — Hom(t*Vy,s"Cy)
is a fat category extension of G over Cyy — V).

4.2. From fat extensions to VB-groupoids. In this section we prove how to recover the VB-
groupoid from a fat extension. Let F; be a fat extension and consider the VB-groupoid associated
to the cochain complex representation Cy; — Vj;. We denote this VB-groupoid by

Fg < (Cy — Vi) = Cy Xp Fg Xy Vi 3 V.
The source and target maps are given by s(c, Hg,v) = v and t(c, Hg,v) = dc + Hg - v, and
(c1,Hg,0co+ Hy - v) - (c2,Hp,v) = (c1 +Hg - c2, Hy - Hp, v).

Now, to recover a VB-groupoid Vi from its fat extension Fg = VG , observe that an element H,, € ‘70
defines a linear isomorphism

re+Hy : (Canlig @ (Vm)sg — (Vi)g (c,v) = c-0g+ Hyv.

The inverse is given by ((wgre) lwg, S;), Where w, = w?g € ‘75 is unique with the property that
wgH, = 0 (see Proposition 3.40). This observation leads to the following statement.

Proposition 4.4. The VB-groupoid map
Vg (Cy — Vi) > Vi (c,Hg,v) = regc+ Hyv
is surjective, and the associated exact sequence (of VB-groupoids) is given by
I —— H(V, Cy) = Vi —— Vg = (Cy = Vi) —— Vg —— 1,
where H(Vyy, Cyy) acts trivially on Vyy, and the inclusion is given by (hy,v) — (=hyv, 1 + hy,v).
Now, given again an abstract fat extension

1 —— H(Viy, Cy) Fg G 1
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we obtain an injective map of VB-groupoids®’
H(Vy,Cu) <V — Fo =< (Cyy = Vi) (hy,v) = (=hyv, g, v).

The quotient naturally inherits the structure of a VB-groupoid over G that we denote by V(F¢).
The resulting short exact sequence

I —— H(Vy,Cy) xVy —— Fg=<(Cy = Vy) —— V(Fg) — 1
is a short exact sequence of VB-groupoids over the extension
1 —— H(Vy, Cuy) Fg G 1.

In particular, the underlying cochain complex of V(Fg) is given by Cpy — Vi We will now show
that VB-groupoids and fat extensions are in a one-to-one correspondence with each other. As we
delayed the discussion on morphisms of fat extensions to Section 7, we won’t go into the functorial
aspects here. However, the notion of isomorphism of fat extensions necessarily appears.

Proposition 4.5. The assignment
{VB-groupoids} — {Fat extensions} Vg - Vg
sets a one-to-one correspondence, and the assignment
{Fat extensions} — {VB-groupoids} Fg — V(Fg)
is inverse to it (up to canonical isomorphisms).
Proof. That, given a VB-groupoid V, there is a canonical isomorphism
V(V6) = Vo

is a straightforward consequence of Proposition 4.4.
Given a fat extension Fg, observe that the map

FG = V(FG)  Hyr> (v [0,Hg,v])

is a Lie groupoid map that intertwines the representations on Cy; — V). In the remainder of
the proof, we show that this map is invertible.®® Notice for this that elements of V(Fg) can be
represented by maps

(VM)sg - (CM)tg X (FG)g X (VM)sg v (hv,Hy,v)
such that 4 is linear, and
(VMm)sg = (Vg v Oh(v) +Hy - v

is a well-defined linear isomorphism. We claim that, for all elements of V(Fg), we can take 7 =0
and Hy = Hg. Indeed, given a representative as above, write, for all v € (Vj/)s,,

hyw = h((H;)_1 -w) € H(Vy, Cyp).
Then, for all v € (Vy)s,,

(higr OR(v) + Hy - v) - (h(v), Hy,v) = (0, By - HY,v),
3TAs above, H(Vyy, Cpy) acts trivially on Vj,. Notice that now we identified i, € H(V)y, Cps) with its image in
Fg;if Fg = Vg, this identifies A, with its image 1 + h.
38Therefore, we obtain an isomorphism of fat extensions; see Section 7 for more details.
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sov — (0, hrg + Hy, v) represents the same element as v — (h(v), Hy,v) in V(Fg). Now, for all
v € (Vi)sg, we can take the unique element hg, € H(V)yy, Cy) such that

hy, - Hy - hy = Hy.
Then
(0, iy, - Hy,v) - (hgg,v) = (0, Hy, v),

which shows that, v — (0, H?, v) represents the same element as v — (h(v), H,v) in V(FG).
This proves the claim, so the map Fg — \7(FG) is indeed invertible. O

This result can be seen as the essential surjectivity of functors that is described in Section 7.

4.3. From split 2-term ruths to fat extensions. Givena VB- -groupoid Vg, we observed in Remark
3.41 that we can construct an inverse to the canonical map Vg — V* using a cleavage . The key
ingredient we used was the map

g - (VM)sg - (CM)tg hg =T (Hg - Zg)
that satisfies
Xy +rghy = Hg.
This map #, is a homotopy, showing that the quasi-action R;(g) and the action by H,, define the
same map in cohomology: for all v € (Vj/)se, we have

Ri(g)v+[0,hglv=H,-v.

Defining H, out of 1, and X using the above formula, we obtain another description of Vg in terms
of the split 2-term ruth associated to V. It should be seen as the fat groupoid associated to a split
2-term ruth:

Definition 4.6. The fat groupoid éG of a split 2-term ruth &g is the Lie groupoid
gg ={hg : (Vm)sg = (Cm)tg | ¢3 = R1(g) + Ohy is a linear isomorphism}
over M.
Notice that, given hy € g(;, the map
@g = R1(g) + [0, gl

is a cochain map that is an isomorphism: it defines the cochain complex representation.>® To
clarify, the structure maps are defined again as composition of homotopies (see Lemma 3.7): if h,
and h, are composable (i.e. g and g’ are composable), then the homotopy £, - hg is such that

Qe = Ri(88") + [0, hy - hy'].
That is,
hg - hy = Ra(g,8") + hgR1(g") + Ri()hg + hydhy
hy' = =(Ra(g™'. ) + Ri(g ™ hy)e,' = -0 (Ra(g.87") + hgRi(g ™).

39That R1(g) + hgd is an isomorphism as well follows from the five-lemma, for ¢, is homotopic to R1(g). Indeed,
(¢ is therefore a quasi-isomorphism, and since R;(g) + 0h, is an isomorphism, R;(g) + hg0 must be as well.
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Alternatively, we may think of gG as the open set of invertible elements of the Lie category
ES = Hom(s"Viy, t'Cy) 3 M
with product defined as above. We have an isomorphism of Lie categories
hs : VS — EE Hy v 1o (Hy — %)
and this isomorphism restricts to an isomorphism VG - gg (see Remark 4.8 and Section 6.2).

Remark 4.7. Thinking of R = (0 = Ry, R, R») as a Maurer-Cartan element (see Remark 2.18), we
can perhaps think of the above product on Hom(s* Vs, t*Cyy) as a “twisting” of the trivial product
hg - hg =0

by R. The product
hg - hy = heOhyg
we used in Section 3.5 can also be seen this way by taking R = (9, 0, 0), but notice that this is not
a unital ruth.
Remark 4.8. The map hy : VG — Hom(s*V),, t*Cy,) we constructed above is “invariant”: given
Hg,Hé € Vi, we have
hs(Hg) — hx(Hy) = —h(Hy, Hy)
where L
h:VgXxVg — HOI’II(S*VM, t*CM) ]’L(Hg, H(/g) = Vg ([‘I(/g - Hg).
Conversely, 2 can be recovered as
Zg = —rgl’lz(Hg) + Hg

where H, € VG is arbitrary. That ¥ is unital translates into ix (1+hy) = h, for all h, € H(Vyy, Cy).
We can therefore think abstractly of splittings of fat extensions as being invariant maps as above.
In Section 6.2 we put some more details about these fat splittings.

4.4. From fat extensions to 2-term ruths. Let F; be a fat extension of G over Cy; — Vj;. Recall
that we can construct an exact sequence

I —— H(Vy,Cy) xVyy —— F=<(Cy = Vy) —— V(Fg) — 1
of VB-groupoids, where we view V), as a representation of H(Vj;, Cy) trivially.

Definition 4.9. Given a short exact sequence of groupoids
1 K G H 1

over M,* the subcomplex*'

Cr. uG={feCG| flhkigiky', ... kegek})) = f(g1,...,84)}
of CG is called the K-relative complex.

The relevance of this complex, that was introduced in general in [Sal24], becomes clear from the
following characterisation.

40A1l three groupoids are groupoids over M and the maps in the exact sequence are over the identity maps.
#IThe condition should be satisfied for all (g1, ..., g.) € G and ky, ..., kes1 € K with sge_; = sk¢ = tge.
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Proposition 4.10. Given a short exact sequence of groupoids

1 K G 2> H 1
over M, the induced pullback map

o :CH — CG
is an isomorphism onto Ck_G.

Proof. To see that ®* maps into Cg G is readily verified by direct computation. The inverse is
given by choosing a set-theoretic section o of G — H (over the identity map) and setting

Cy,G— CH f ((hy,...,he) > f(ohy,...,0hs)).

The map (hy,...,hs) — f(ohy,...,och,.) is indeed smooth, for locally (in H(’)) we can replace
o in the ¢-th component with a smooth section o7. O

Returning to the setup where Fg is a fat extension, we write

Cinv(FG; Vyy = Chp) = Ci(vay,Can)wviag)-rel (FG3 Vg = Cyy).

(with respect to the short exact sequence of VB-groupoids above) and we call its elements invariant.
The reason we passed to the dual cochain complex representation is because that corresponds to
the VB-complex of the VB-groupoid Fg < (Cy — V). Similarly, we write

Ciny(FG; Cu = V) = Cuawyy.cucip)rel (FG3 Cu = V).
As a corollary of Proposition 4.10, we obtain:

Corollary 4.11. Let Fg be a fat extension over Cyy — Vy. Then the pullback induces an
isomorphism of differential graded CG-modules:

CvV(FG)" = Ciny(FG; Cyr = V).

To make the invariance condition more concrete, thereby also explaining the terminology, notice
that the left action of H(Vyy, Cy) < Vi on Fg =< (Cyy — Vi) is given by

(htg,0c+Hg -v) - (c,Hg,v) = (hig(Hg - v) + ¢, hig - Hy, V)

and the right action by

(c,Hg,v) - (hsg,v) = (¢ = Hg - (hsgv), Hg - hsg, V). 4.1
Working out the condition of being invariant using these explicit expressions, we obtain:
Proposition 4.12. The invariant cochains in C*(Fg; Cy — Vi) are those pairs

(fo, i) € C*(Fg:Cy) ® C* (F6: V)
for which
fi(Hg,,...,Hg,) = fi (H;,z, e ,Hé.) 4.2)

and

fo(Hg,, ..., Hg,) — fo(Hél’ e ,H('g.) = hie(Hg 1 - fi(Hg,, ..., Hyg,)), 4.3)
where hyg is the unique element in H(Vay, Cy) such that heg - Hy 1 = Hé ,in Fg.
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Proof. Explicitly, the identification
C(Fg;Cy — Vi) — Cyp(Fg = (Vi — C}p) (fo, i) = f
is given by

FUSM Heyo i), 82, -2 80) = figh (Hy! - fo(Hy,, .., Hy,)) = fo (Hyg, - fi(Hy,, ..., Hy,)).

Now, the elements f € Cyg(Fg =< (V;, — Cj},)) that are inside the relative complex with respect
to the sequence

] — H(VM,CM) KCX/I _— FG X (VIT/I - CZ/I) —_— > V(Fg) — 1

are those for which

f((.ft‘;llw, 81° f‘sgll\/l)’ g27 LRI ’go) = f((f.sgllw(Hg_ll : htgl) + f;‘(;]r]’ htgl : Hgl’ fs?lw)a g2’ LI 7g0)'

Therefore, f is independent of its entries:

fl(ng,--"Hg.) :fl(H:gz""’Hig,) :f(gz’“-’g.)

and
fo(Hgl, . ,Hg.) = fO(Hgl,gz, cees 8e)
= fo(htg, - Hg,, 82 - - -, 8e) — htg, (Hg, - f1(82, ..., 8e)).
Taking hig, such that hyg, - Hg, = Hy,, we obtain the desired result. m|

Notice that the dual result is that
CvV(Fg) = Ciny(Fg3 Vyy — Cyy),
but this isomorphism can be obtained as the dual of the above isomorphism.

Remark 4.13. Given (fy, f) satisfying the conditions from Proposition 4.12, we often write

fO(nggZ""’g') :fO(Hgl""’Hg.) fl(gZ""agO) :fl(ng""’Hg.)

as above. We can write the invariance condition also in the following way: forall ¢, € H(Vy, Cuy),

fO(htgl : HglagZ’ LI 7g0) = fO(nggL LR ’g') + htgl(Hg1 : fl (82, e ’g‘))'
Yet another way is that, for all hs,, € H(Viy, Cy),

fO(Hg1 : hsglagZ’ .. -,g-) = fO(Hgl’gZ,- . -’gO) +Hg1 : (hsglfl(gZa .- -’80))-

If Cp # 0, then invariant cochains (fy, f1) are determined by the element fy € C(Fg; Cys). For
this reason, we usually write C l'n V(FG; Cy — V) as the subcomplex

C: (Fg:Cum) ={fo € C*(Fg;Cy) | 3f1 € C*"'(Fg; V) such that (4.2) and (4.3) hold}

mv

of C(Fg; Cyr). This is done mostly for notational convenience, so usually C* (Fg; Cy — Vi) is

mv
meant when C?® (Fg; Cy) is written.

For clarity, we arrived at the following definition for abstract fat extensions:
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Definition 4.14. Let F; be a fat extension of G over Cy; — V). The invariant complex
Cinv(FG;Cu) € C(Fg;Cy — Vi)
consists of pairs ( fo, f1) € C(Fg;Cy — Vi) such that, for all hy, € H(V)y, Cu).??
Jo(htg - Hg,, 82, - -, 8e) = fo(Hg,, 82, . 8e) + hig, (Hyg, - f1(82,- -, 80)).
Remark 4.15. If F; = \70 for a VB-groupoid Vg, and H, Hé’z € ‘7(;,
htg(Hg - v) = h(Hg, Hy) =141 (Hyv — Hygv)
where h¢, € H(Vy, Cy) is the map
hig =—1+Hy - H'.
This can be verified by direct computation.

Remark 4.16. The invariant complex of a fat category extension is defined in exactly the same way
as above.

For convenience of the reader, we write the VB-complex of a VB-groupoid V; in terms of the fat
groupoid V¢ (as the invariant complex) in the next section explicitly, and we prove this fact directly.

4.5. From VB-groupoids to 2-term ruths using the fat groupoid. From the previous section,
Section 4.4, we see that there is a model for CygV in terms of the fat groupoid V. As mentioned
there, it is a subcomplex

Civ (Vi Vi — Cy) € C(Vgs Viy — Ciy)
of invariant cochains, but one can often view it as a subcomplex
Cinv(VG; Vyy) € C(Vg: Vyy)
(if V)7 is not the zero bundle) which we sometimes use for notational convenience. We write here

an explicit isomorphism between CygV; and CinV(VG; Vi — Cy)-

Consider an element f of Cy;Vi. Then we can construct elements
foe C*(Vg; Vi) and fi € C*1(Vg; Chp)
by setting
fo(Hg,s - He)v = f(Hg, (tHe,)™'v, g2, .., g4)

fi(Hg,,...,Hg,)c = f(=c1 g2, ..., 80).

Notice the resemblance with the equations that appeared in the alternative proof of Proposition
2.19 in Section 2.

Proposition 4.17. The map
CyeVe — C(Vg, Vi, — Cip)s = (fo. f1)

is a cochain map. Moreover, it maps bijectively onto CinV(VGa Vy, — Cy)), ie. the pairs (fo, f1)
such that

fi(Hgy, ... Hg) = fi(H,,....H,) (4.4)

42Implicit from the notation is that fy does not depend on the last e — 1 entries and f; is independent of its entries.
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and
fo(Hg,, ... .He)v = fo(Hy ..., Hy )v = fi(Hy,....Hg)h(H,', (H;) ")y (4.5)
where
h(Hgl—l,H;,l_l) t (Vg = (Cmig,
is given by

h(Hg;]’Hg;l)v :I"gl(HgI,IV—HgI—IV).
Proof. The map is a cochain map, for it can be seen as the pullback of the VB-groupoid map
(Cy = Vi) =V = Vo (v,Hg,c) > Lgc + Hy (tH,) ™!y,

Notice that we view here (Cy — Vy) = Vi as a VB-groupoid with s(v,Hg,c) = dc + Hgl "V,
t(v,Hg,c) = v, and

(v,Hg,c1) - (Ot + Hy' v, Hy,¢2) = (v, Hg - Hy, Hy' - 1+ ¢2).

We can recover f from fy and f; as follows. Given (vy,...,ve) € V((;') over (gq,...,8), We take
any (H,,, -, Hg,) and then we set
H
fi,..,ve) = fi(Hg,, .. ., Hg.)a)g]g‘vl + fo(Hgy, ..., Hg )tvy. (4.6)
The map

Hgy -1 -1
wg, 'V =rg(Hy tv —v7)

is as in Proposition 3.40: the unique map (Vi) — (Cu)sg such that wgnggl = 0. The right
hand side of (4.6) is independent of Hy,,...,H,,. So, if we are given fy € C'(VG;VI"}) and
fieC '_I(VG; C;"}) such that the sum (as in the right hand side of the equation (4.6) above) is
independent of H, , ..., Hg,, then f € CygVi can be defined by the equation (4.6) above. This

gives rise to a one-to-one correspondence, and this last condition is exactly the condition as written
in the statement. o

As a corollary, we obtain:

Corollary 4.18. The map

CinVo — C(VG, Vi) f fo
is a cochain map. If Vi # O, then the restriction to C,zVg maps bijectively onto CinV(VG; Vi
so those elements f; € C'(\7G, V) for which there exists f € C“l(VG, C;,) such that (4.4) and
(4.5) hold.*

Remark 4.19. The VB-complex CVBV(*;, in terms of VG, is given by CinV(VG; Cy — Vuy). The
latter complex consist of those pairs ( fy, f1) such that

fi(Hgs ... Hy) = fi(H,, ..., H,)

Bre Vu = 0, then the map
C.

Ve = T (Ve Cy): f = fi
is a cochain map, and the restriction to Cy Ve maps bijectively onto the elements f; € C"l(VG, Cj,) that are

independent of its arguments.
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and
Jo(Hg,, ..., Hg,) = fo(Hy,, ..., Hy) = h(Hg,, Hy,) fi(Hg,, . .., H,)
where again
h(Hg,, Hy,) * (Vi)sgy = (Caig,
is given by

h(Hg,, Hy )v = Fyot (Hg,v — Hg,v).
We complement the last remark by observing that the isomorphism
Cr, (Vo Cy — Vi) — CypVe
is particularly simple to write when using the projectable cochains:
CveV(, = CprojVs
(see Section 1 for the definition).
Proposition 4.20. The complex Cim,(VG; Cwu) is isomorphic to CpoiV via the map
Cinv(V; Crr) = CproVe
given by
c(81s---,8¢) =rg fo(Hg, 82, .., 8e) + Hg, f1(82, .. ., ).

Proof. The map is CG-linear and a bijection, for we can read the equation the other way around
(using f; = sc). That the map is a cochain map, is a straightforward computation on generators. O

Remark 4.21. In this remark we will draw some parallels with the discussion presented here and
the proofs of Proposition 2.19 and Proposition 4.10. In the discussion of this section and the
previous one (Section 4.4), we employed exactly the strategy presented in the proof of Proposition
4.10. Namely, in the proof of the latter proposition, we constructed an isomorphism CH — Ck.re/G
that is given by the pullback of a groupoid map G — H (over the same base) which is a surjective
submersion. In the above setup we described, we took one of the surjective VB-groupoid maps

Vi < (Cyr = Vi) = Vi (Cy — Vi) = Vg — Vi

In general, the inverse of CH — Cx_iG is given explicitly by using local sections of G — H; the
choice of local sections is irrelevant. In our case, the local sections are determined by local sections
of Vg — G, and this explains the appearance of them in the alternative proof of Proposition 2.19.
The proof of Proposition 2.19 using the cleavage is almost like the usage of a set-theoretic section
in the proof of Proposition 4.10 in that it is a global version of the argument. Of course, for the
proof of Proposition 2.19 to work, we need a smooth section, and therefore we have to pass to
Vg‘t — G. That is, we drop the invertibility assumption on the values of the section and we need to
work “up to homotopy”. See also Section 6.2, where we further clarify the step from fat extensions
to the associated split 2-term ruth.
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5. FAT EXTENSIONS AND GENERAL LINEAR PB-GROUPOIDS

We dedicate this section to the correspondence between fat extension and general linear PB-
groupoids. In [CG26], where the notion of PB-groupoid is introduced, it is already observed
that the fat groupoid of a VB-groupoid is useful to construct the general linear PB-groupoid of
a VB-groupoid. Following the previous section, Section 4, it becomes clear that this should be
interpreted as a composition of functors

{VB-groupoids} — {Fat extensions} — {General linear PB-groupoids}.

The functorial aspects are not discussed in [CG26], but we will do so in Section 7.

Although the correspondence works as in [CG26], we will go a slightly different route. The
difference lies in that the general linear PB-groupoids we consider have a different structural strict
Lie 2-groupoid than in [CG26]. We use the one associated to two vector bundles Cy; and V),
instead of the one associated to two frivial vector bundles. Moreover, the structure maps of the
general linear strict Lie 2-groupoid are slightly different than in [CG26]. These changes are done
to improve the exposition.

In Appendix A we will discuss a related correspondence between a class of double groupoids
that we call core-transitive, and structures that we call core extensions. The discussion presented
in the appendix generalises [BM92], but can be seen as a clarification of the remarks made at
the end of that work. General linear PB-groupoids come with a gauge double groupoid when the
underlying complex is regular, and such double groupoids are core-transitive. The associated core
extension is exactly the fat extension. At the end of this section we mention how to think of fat
extensions as double groupoids, but the details are left for the appendix.

5.1. PB-groupoids. In analogy with VB-groupoids, a PB-groupoid is a diagram

P —/— Py

L

G M

where Pg and Py, are principal groupoid bundles over G and M, respectively. The compatibility
between the principal bundle structures and the groupoid structures involved can be phrased as
follows. The groupoids acting on Pg and on Py, are both groupoids over the same base:

Hy

Hg
ol D
Pg

NN

N —

N

G M

and these groupoids fit into a double groupoid over the unit groupoid 1y:
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H; — Hy

I

N_—/3N
That is, it is a strict Lie 2-groupoid: after appropriate identifications, the structure maps of
Hg = H)yy are groupoid maps over the identity (see also Remark 5.3 and Appendix A).
Now, the compatibility between the actions in a PB-groupoid can be phrased as the actions
defining a (principal) 2-action of the structural strict Lie 2-groupoid.

Definition 5.1. Let P =3 P, be aLie groupoid and let H; = Hjy; = N be a strict Lie 2-groupoid.
A 2-action of Hg on Pg consists of two groupoid actions

P OHg Py Hy
whose moment maps form a groupoid map
P — 1y
and whose action maps form a groupoid map

P Xy H —— Pg

! !

Py Xy Hy —— Py
where the groupoid structure of Pg Xy Hg =3 Py Xy Hyy is defined componentwise. A 2-action

P 0 Hg whose actions are principal is called a PB-groupoid, and we say it is over G = M if
Pg/Hg =3 Py /Hy is G =3 M (up to isomorphism).

Example 5.2. An interesting class of examples is when Hg = H)s is a Lie group G. Such
PB-groupoids appear in [BGG17] and are called G-groupoids there.

To end this small section, we conclude with some comments on strict Lie 2-groupoids.

Remark 5.3. Given a strict Lie 2-groupoid H, = H; = N, we can think of the elements h € H,
as abstract homotopy data between the source and target isomorphisms in H;. In this analogy, H»
is a groupoid in two compatible ways: there is one composition of homotopies which should be
compared to the fact that being homotopic is a transitive relation, and the other composition of
homotopies should be compared to Lemma 3.7. In the main example of interest to us, the general
linear strict Lie 2-groupoid, the analogy can be taken literally (see also Remark 6.10).

A more geometric perspective is that H, = N is a Lie groupoid whose source and target fibers
have a compatible internal groupoid structure. The foliation by source fibers form a family of Lie
groupoids,** and so does the foliation by target fibers. If two elements are composable in H, =2 Hj,
then they are both elements of a single source fiber (of H =3 N), and also of a single target fiber.
Their product in H, =3 Hj, in turn, also lies in these fibers. Now, take two pairs of composable
elements in H, =3 Hj, say, one pair in a source fiber over x € N and the other pair in a target fiber
over x. Either, we multiply first in H; = H; and then in H, =3 N, or we multiply first in H, =3 N
and then in Hy = Hj. The results are the same, and this compatibility between the two groupoid
structures Hy =3 N and H, =3 H, is called the interchange law.

A family of Lie groupoids is a Lie groupoid together with a groupoid map that is a surjective submersion onto
some unit groupoid.
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5.2. The general linear strict Lie 2-groupoid. General linear PB-groupoids are PB-groupoids
with structural strict Lie 2-groupoid the general linear strict Lie 2-groupoid. We introduce the
general linear strict Lie 2-groupoid of two vector bundles Cy; and Vj, next, but we do so in a
slightly different way than in [CG26]. We will comment on this in Remark 5.6. Notice that, below,
the groupoid

GL(Cum, Vm)m = Hom(Cp, Vi) = GL(Cy, Vi)
from Remark 2.25 is used.

Example 5.4. Consider the bundle of Lie groups
Pert(Cyus, Vi) = Hom(Cyy, Viy)
from Remark 3.10; its multiplication is given by
(N, Ox) - (hy, O0x) = (hy + hy + hiOi B, By).
We then set
GL(Cy, Vir)g = Pert(Cyr, Var) =< GL(Cyr, Vir)m
where Pert(Cyy, Vi) acts (on the left) on GL(Cyy, V) via

(Dy, hy) - (By, Pyx) = (By, (1 + hydy)PSH, (1 + Oyhy)EYM).

yox
Following Remark 5.3, the elements (/4,, d,, P, ) of GL(Cu, V)G can be interpreted as pointwise
homotopy data: we can interpret

s(hy, By, Wyx) = (8y, PV, W) t(hy, 0y, Pyx) = (y, (1+ hydy) WY, (14 Byhy)PIY)

y,x 2 y.x 2 X
as isomorphisms of complexes with respect to the differentials
()19, W5 and 4,

and they are homotopic via hy‘PX M. The two multiplications of the two groupoid structures that
GL(Cy, Vir)g carries can now both be seen as composition of homotopies (see Lemma 3.7). The
groupoid structure of

GL(Cwm., VM) =3 GL(Cum, Vu)m
has the above source and target maps, and

(hy, By, Wyx) - (W}, 8y, W, ) = (hy + I, + hyOy ), 8y, W), ).
The groupoid multiplication of
GL(Cum, VM) = Hom(Cuy, Vi)

is again a type of composition of homotopies: we set s(h,,d,, ¥, ) = (‘PX",{ )_lﬁy‘Py
t(hy, 0y, ¥, ) = 0y, and

(hz, 02, W2y) - (hy, By, W) = (he + P Ry (P 4 B 0PN hy (PY) 710, W, W),

Cum
Y and

Precomposing the homotopy on the right hand side with ‘Py’y ‘I’;/ M is indeed composition of homo-
topies of hZ‘PX}l and hy‘I’X M. Another way of interpreting this multiplication is that it can be seen
as being induced by the product of Pert(Cys, Var):

(hz’ az, le,y) ’ (hy’ (9ya le,x) = ((hz’ az) ' (‘chy hy(TXI;I)_l > 61), le,yle,x)-

Taking Cp; = M x R* and Vj; = M x RY, we write GL(k, £)¢ = GL(k, £)3s = Hom(R¥,R) for
the resulting strict Lie 2-groupoid.
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Remark 5.5. In essence, the above object is a strict Lie 2-groupoid defined from a crossed module
of Lie groupoids as in [Mac89, And05, LGWO08]. Crossed modules and strict Lie 2-groupoids
correspond to each other. In the above case, the structure of crossed module is encoded in the Lie
groupoid map from Pert(Cyy, Vys) to GL(Cys, V) m, and the canonical action of GL(Cyy, Vys) on
Pert(Cys, Vi) (Which is a bundle of Lie groups representation of GL(Cyz, Vi) on Pert(Cyy, V).
We refer to Section 5.9 and Appendix A for more details.

To lighten the notation, we often write (4, ¥, ), or even just (h, V), for elements
(hy,0,,¥yx) € GL(Cym, Vu)g.
Similarly, we often write ¥ = ¥, , = (d,, ¥y x) € GL(Cum, VM) m.
Remark 5.6. A useful way to depict elements (hy, ¥, ) € GL(Cy, Vi)g is using blockmatrices.

Recall for this the observation we made in Remark 3.12. There, we observed that an element
(O, hy) € Pert(Vyy, Cpr) can be represented by a matrix

(1 + h 0 hy

0 1) € GL(Cy @ V).

Notice that we keep track of the differential 0, separately, but we suppress it from the notation.
Then, elements of GL(Cyy, Vi) can be represented by pairs of matrices

1+ hydy hy) (P 0
o 1) o wyl

This way, the groupoid structures of GL(Cyy, Vy)g are turned into matrix multiplications; for
example, the multiplication of GL(Cyy, Vyr)g = Hom(Cyy, V) is given by

L+ h.0. h) (P 0 \\ ((1+hdy hy) (¥H 0
o) lo w)) WU o Tl w

{1+ R, (RS0 \ (1R, Ry (P 0\ (¥E 0 )\ (¥ 0
o Jio e\ 0o tflo e clo w¥/\o wr

In [CG26], the correct matrix to consider does not have the “1 + h,0,-factor” in the upper left
corner (of the matrices representing the elements of Pert(Cyy, Vis)). This is a consequence of the
fact that the groupoid structure of GL(Cyy, Vyr)¢ = Hom(Cyy, Vi) we use is slightly different. We
find the convention presented above more suitable for our discussion, especially with an eye on the
correspondence we will set with fat extensions.

Remark 5.7. The previous remark already touched on it, but recall the following from [CG26]: the
strict Lie 2-groupoid GL(Cy;, Vi) comes with a “2-representation” (in [CG26] called “anchored
2-representation”) on the 2-term complex

0 X 1:Cy xpr Hom(Cyy, Viy) — Vi Xpr Hom(Cyy, V).
One way to put this is that there is a map of strict Lie 2-groupoids
GL(Cwy, Vi) — GL(Cy Xy Hom(Cyy, Var), Var Xpr Hom(Cyy, Viy) ).
It is an embedding determined by the base map, which is the diagonal

HOI’II(CM, VM) — HOl’l’l(CM, VM) XM HOl’l’l(CM, VM).
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Following Proposition 3.10 of [CG26], it can also be seen as a linear 2-action of GL(Cjys, V)G on
the above 2-term complex seen as a VB-groupoid over lyom(c,,,vi):
(Cym Xy Hom(Cpy, Vi) < (Vi Xpr Hom(Cpy, Vig)) 3 Vi Xy Hom(Cyy, Vi)

(see Example 3.26). That GL(Cy;, Vi) acts “linearly” on this VB-groupoid becomes clear when
using the matrix notation: the (left) action is given by applying the linear transformation

L+ hydy hy (P 0 (1 +hyd,)PSY by W)Y
’ = : “ | eGL(Cy @V,

(and conjugating the differential). Moreover, GL(Cys, Vi) acts on Vi X3 Hom(Cyy, V) via
R SRR ‘I’X"){vx
(and conjugating the differential). Recall from Definition 5.1 that the key feature of these two

actions defining a 2-action is that the action map is a groupoid map.*> Here, the groupoid
GL(Cym, VM) Xtom(Cp,var) ((Car Xy Hom(Cy, Vir)) < (Viy Xy Hom(Cay, Vir)))

!

GL(Cpr, Vi) m XHom(Cag,var) (Ve Xpr Hom(Cypy, Var))

is used, whose structure is defined componentwise. Notice that this groupoid is a VB-groupoid
over GL(Cy, Vir)6 = GL(Cy, Vi) i, and with respect to this structure the action is linear. These
facts are readily verified using the matrix notation from above.

Using the differential 0 as moment map, we see that there is also a 2-representation of
GL(Cy, Vi) on the 2-term complex Cy; — V. The linear 2-action is defined in an analo-

gous way as above, and it corresponds to the identity map GL(Cyy, Vir)g > GL(Cy, Vm)g.

5.3. General linear PB-groupoids. In this section, we define what we mean with a general linear
PB-groupoid. We also discuss some important properties that we will use.

Definition 5.8. Let Cj; and V), be vector bundles. An abstract general linear PB-groupoid with
underlying vector bundles Cj; and Vjs is a PB-groupoid P = P, with structural strict Lie
2-groupoid GL(Cys, Vir)g = GL(Cyr, V) = Hom(Cyy, V). It is called trivial if
Py = GL(Cwm, V)
is the canonical principal GL(Cy, V) y-bundle. A trivial abstract general linear PB-groupoid is
called a general linear PB-groupoid.
To be clear, the (right) principal GL(Cy;, Vis)y-bundle structure on GL(Cyy, Vi) is given by

Py Wya(= Py - (PN T10P0N, Wy 1)) = P, Py

2,y ?
To explain the definition, we want to emphasise two features of general linear PB-groupoids
(Proposition 5.10 and Remark 5.17).

Remark 5.9. We first observe that the moment map of P, in an abstract general linear PB-groupoid
Pg = Py is always given by conjugation in the following sense. Let p € Py, and let

le,x = (8)1’ le,x) € GL(CM, VM)M

45Implicitly, we use that the moment maps of the two actions are compatible.
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be composable with p. Then 1, = (d,, 1,) is composable with p, and therefore also any other
Y = (0y, ¥} ,) € GL(Cum,Vm)um is. Since all p” € Py with the same image as p under the
projection map Py — M are of the form

’

P "= p- ‘Py,x’
the moment map is given on the fibers of the projection Py; — M by conjugation of the differential
0, by an element of GL(Cy, V).

Now, to justify the terminology in the above definition, observe the following.

Proposition 5.10. Suppose Pg = Py is an abstract general linear PB-groupoid. If Py — M has
a global section, then Pg is isomorphic to a (trivial abstract) general linear PB-groupoid.

Proof. If the projection map Py, — M has a global section o, then we can send p € Py, to the
unique ¥(p) = (9y, ¥(p)) € GL(Cpy, Vi) y such that

1p - (0, ¥(p)™") = Lop € P
This turns the image of the section in Py, into the unit section of GL(Cy;, Vi) — M. In turn, the

moment map of GL(Cy;, Vi) becomes the conjugation of a differential, and the action transforms
into the canonical action of GL(Cyy, Vi) on GL(Cyy, V). This proves the statement. O

To be clear, from now on we always assume general linear PB-groupoids are trivial abstract
general linear PB-groupoids. As expected, a fundamental example of a general linear PB-groupoid
is given by a 2-term complex Cy; — V.

Example 5.11. Given a 2-term complex Cy; — V), observe that H(Cy,, Vi) (see Section 3.2) acts
on GL(Cy, Vi) via its canonical representation. The Lie groupoid

H(VM, CM) X GL(CM, VM) = GL(CM, VM)
then has a structure of general linear PB-groupoid given by

(hz,Woy) - (hy, Wy ) = (hy - (P hy (P71, W, Py ).

The moment map is given by conjugating the differential of Cy; — V),. Observe that, as is implicit
from the notation, W< i, (¥)*)~" is an element of H(Vjy, Cy). Indeed,

1+ awgyhy(\}'{ﬂ;)—l = \PZV};(l + ayhy)(\}'{y)—l

where 0y is the (suppressed) differential in (hy, ¥, ) = (hy, 0y, ¥, ), which satisfies
dy = (P~ owly
by assumption.
Remark 5.12. In the previous example, H(Vys, Cypr) < GL(Cyy, Var) simply inherits the above
structure from the differential
0 : M — Hom(Cy, Vi)

through the embedding of strict Lie 2-groupoids (a 2-representation)

(H(Cwm, Vum) = GL(Cum, V) = GL(Cy, Vi) 3 M) — GL(Cum, V).

As H(Cy, Vi), together with its representations, carries little information about the differential
(see Proposition 3.11), the strict Lie 2-groupoid H(Cyy, Viy) =< GL(Cyy, V) itself does not carry
information about the differential.
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The next fact points towards the relation between general linear PB-groupoids, fat extensions,
VB-groupoids and 2-term ruths. Namely, every general linear PB-groupoid over Cyy — Vi
contains the above example:

Proposition 5.13. Let PG =3 GL(Cy,Vy) be a general linear PB-groupoid with underlying
complex Cyy — V. Then*®

H(VM, CM) > GL(CMa VM) — Pg (hy, le,x) = 11y : (hya 3, le,x)
is an embedding of general linear PB-groupoids. Moreover, this map fits into a short exact sequence
1 —— H(Vym, Cuy) < GL(Cpm, Vi) Pg G 1

of Lie groupoids, where PG — G is the projection map.

Proof. That the map is an embedding of general linear PB-groupoids is readily verified and follows
from the compatibility assumptions between the Lie groupoid structure of Pg and its principal
GL(Cy, Vyr)g-structure. The last claim is a consequence of all elements in the kernel of P — G
being related to 11, € Pg by a unique element (hy,0y,¥yx) € GL(Cpy, Vu)g. Since then dy = 0
is the differential Cyy — Vi, by, € H(Vyy, Cpr) and the result follows. O

Remark 5.14. Notice that the short exact sequence of Lie groupoids
1 —— H(Vy, Cy) =< GL(Cy, Vir) Pg G 1.
is not over the identity, but over the sequence

GL(Cym.,Vy) —— GL(Cy, Vi) —— M.

A general linear PB-groupoid Pg comes with a cochain complex representation on
o0Xx1: Cu Xu GL(CM, VM) — Vi Xu GL(CM,VM).
This cochain complex representation of Pg can be described as follows:

Definition 5.15. Let P; be a general linear PB-groupoid. The cochain complex representation
associated to Pg = GL(Cy, Vi) on

o0x1: Cu Xu GL(CM,VM) — Vi Xu GL(CM,VM)

is defined as follows. Given p, € Pg, (csg, Psgx) € Cu Xy GL(Cpr, Vi) and (vsg, Psox) €
Ve Xy GL(Cyy, Vi), we set

Pg - (ng,lPsg,x) = (t(Pg)qu_gl,szgatpg) Pg - (ngalpsg,x) = (t(pg)lps_g],xcsgatpg)-

Remark 5.16. The cochain complex representation is “GL(Cyy, Vi) -equivariant”. More pre-
cisely, GL(Cuy, Vyr)m acts on the complex (on the right): if (csg, Wse,y) € Cyr Xy GL(Car, Vi),
(ng, ‘Psg,y) €V Xy GL(CM, VM) and \Py,x € GL(CM, VM)M» then

(csgs Psg,y) - Pyx = (csgo Psgy¥yx) (vsgs Wsgy) + Wyx = (vegs Wsg,yPyx)-
Given p, € Pg, (csg, Wsg,y) € Cu Xpr GL(Cy, Vi) and W, € GL(Cpr, Vir) m, we therefore have

(pg : le,x) : ((ng, lPsg,y) : Ty,x) = (Pg : (ng,lpsg,y)) : ‘Py,x,

40We used 1 for both unit embeddings GL(Cys, V) — PG and M — GL(Cyy, V).
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and similarly for (vs, Wse,y) € Vs Xpr GL(Cuy, V). Because of this fact, the cochain complex
representation is determined by the induced cochain complex representation of the subgroupoid

Fg = {pg € Pg | Spg = 1sg} C Pg.

The suggestive notation is of course to emphasise that this subgroupoid, together with the above
cochain complex representation, reveals the fat extension associated to a general linear PB-groupoid.

Before we move on to give the correspondences, we make another remark which relates our
setup of general linear PB-groupoids back to [CG26].

Remark 5.17. The general linear groupoid GL(Cyy, Vas), seen as a groupoid over M, contains the
gauge groupoid of the principal GL(k, €);/-bundle

Fr(Cy, Var) = Fr Cap X Fr Vag = {¢ x ¢"™ : RF @ R S (Cap)x @ (Vap)x | x € M},

if it exists, that is. The frame bundle Fr(Cy, V)) has moment map given by conjugating the
differential 0 using the frames, and the action is the canonical one. This is completely analogous
to how we defined the action of GL(Cyy, Vi) on GL(Cyy, V). In fact, the gauge groupoids of
GL(Cy, Vi) and Fr(Cyy, Vi) are equal and given by the cochain isomorphisms Aut(Cy — Vi)
from Remark 2.24

(Co)e —2— (Vin)s
l@ff‘g lcpyv.f‘f
(Cr)e —2— (Vi)s

(which is smooth only when 0 has constant rank). Now, as follows from [CG26], a 2-term complex
of vector bundles Cy; — V), is actually equivalently described by a principal GL(k, £)y-bundle
(using the associated vector bundle construction in the other direction). Instead of making this
point again, we simply encode the 2-term complex as a map on the gauge groupoid GL(Cyy, V).
Or rather, we reinterpret this data again as a type of general linear principal groupoid bundle:

GL(Cu, Vi) O GL(Cyt, Var) -

Then, the structure of general linear PB-groupoid over it will, as for PB-groupoids with structural
strict Lie 2-groupoid GL(k, €)¢ = GL(k, €)yy = Hom(Cyy, V), exactly describe the data of a fat
extension. Moreover, whether we use GL(k, )G or GL(Cy, Vi), the constructions that appear
in the equivalence will be defined in analogous ways.

If the gauge groupoids of GL(Cyy, Vi) (or Fr(Cy, Vyr)) is smooth, we can also take a smooth
gauge groupoid of the total space Pg of a general linear PB-groupoid. The result is a double
groupoid, and this gives rise to another way to encode the structure of a fat extension that will be
explained in Section 5.9.

We will first describe the correspondence between fat extensions and general linear PB-groupoids.

5.4. From fat extensions to general linear PB-groupoids. Given a fat extension Fg, the associ-
ated general linear PB-groupoid is given as follows. We define

Pg = Fg =< GL(Cy, Vi)
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where we used the canonical (left) action of Fg on GL(Cyy, Vi) by using the actions of Fg on Cyy
and V). We proceed to define the right GL(Cy;, Vir)g-action on Pg as another canonical action:

(Hg, W) - (T, (Wsg ) ™' 0%sg ., W5 ) 1= (Hy - (P (Bi) ™), Pog W5
Using the explicit descriptions of all the structure involved, we obtain:
Proposition 5.18. Let Fg be a fat extension. Then
F < GL(Cwy, Vi) =3 GL(Cum, Vi)
is a general linear PB-groupoid.

Remark 5.19. Notice the similarities with the PB-groupoid associated to the fat groupoid as
explained in [CG26]. Instead of defining the PB-groupoid

FG > GL(CM, VM) 3 GL(CM, VM)
W€ can set47
Fg < Fr(Cy, Vi) 3 Fr(Cy, V).

In exactly the same way as above, this defines a PB-groupoid with structural strict Lie 2-groupoid
GL(k,0)¢ = GL(k,0)y = Hom(R*,RY). Roughly speaking, the shift in perspective is as the
difference between GL E and Fr E for a vector bundle E. Instead of thinking of usual frames of E,
namely frames modelled on Euclidean space, we think of frames modelled on its own fibers. We
therefore need to consider a GL(E)-symmetry instead of a GL(k)-symmetry.

5.5. From general linear PB-groupoids to fat extensions. The construction we did in the pre-
vious section, Section 5.4, gives a clear hint on how to recover the fat extension from its general
linear PB-groupoid P =3 GL(Cyy, V). Namely, the subgroupoid we saw in Remark 5.16

{Pg € Pg |Spg: lsg} C Pg (5.1)
turns out to form a unique representative set for the Lie groupoid
Fg = Pg/GL(CM,VM)M =M.

We used here that GL(Cyy, Va)m acts freely and properly, via the unit embedding, on Pg. As
observed in Remark 5.16, the description of F using the representatives above makes it clear that
the cochain complex representation descends to Fg: given Hy = [p,] € Fg, where sp, = I, €
GL(Cy, Vi), then the cochain complex representation is given by

Fe — GL(Cp, Vi) m Hg — tpg.

The surjective submersion PG — G is a groupoid map, and the induced groupoid map Fg — G is
still a surjective submersion. We therefore obtain a short exact sequence of groupoids

1 H Fg G 1.

The cochain complex representation of F; induces a cochain complex representation of H, and
then we conclude with the following corollary of Proposition 5.13:

4TRecall that Fr(Cpr, V) = Fr Cpp Xag Fr V.
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Corollary 5.20. The embedding H(Vyy, Cpr) — Pg induced by Proposition 5.13 is a Lie groupoid
isomorphism onto H. Moreover, this map is equivariant with respect to the cochain complex
representations.48

Proof. Its inverse is given as follows. Given h, = [p,] € H (with sp, = 1,), denote by ®#h, the
unique element in H(V);, Cy) such that

hy - (®hy,d,1)7 =1, € Pg.

Then, the map
d:H-—- H(VM, CM)

is the desired inverse. O

It is readily verified that we set a true one-to-one correspondence between fat extensions and
general linear PB-groupoids:

Proposition 5.21. The assignment

{Fat extensions} — {General linear PB-groupoids} Fg +— Fg =< GL(Cy, Vi)
sets a one-to-one correspondence, and the assignment

{General linear PB-groupoids} — {Fat extensions} P — Pg/GL(Cwy, V).
is inverse to it (up to isomorphisms).

We find it worthwhile to take a moment to also describe the correspondences with VB-groupoids
and 2-term ruths. This is what we discuss next, starting with VB-groupoids.

5.6. From VB-groupoids to general linear PB-groupoids. As we use a different strict struc-
tural Lie 2-groupoid GL(Cys, V)¢ = GL(Cuy, Vi) = Hom(Cyy, Vyy) for general linear PB-
groupoids, the correspondence between VB-groupoids and general linear PB-groupoids looks
slightly different than in [CG26]. But the shift in perspective is analogous to the one from the pre-
vious correspondence between fat extensions and general linear PB-groupoids. Instead of looking
at (adapted) frames of a VB-groupoid V; modelled on R @ RY, we will consider “frames” modelled
on fibers of Cyy @ Vi

¢ (Ch)x ® (Vin)e = (Vo).
In fact, from the previous section, Section 5.5, we can infer what maps we should really be
considering: a composition of an isomorphism defined by an element H, € V:

(CM)tg @ (VM)sg — (VG)g (c,v) rgc'l'HgV
with two linear isomorphisms
(Ca)x = (Cu)g (Vi) = (Vir)sg-
The collection of such elements form the general linear PB-groupoid

48We consider here the cochain complex representation on H C F that we constructed above, and the canonical
cochain complex representation of H(Vy,, Cay).
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of interest. This is analogous to how one defines the (adapted) frame bundle of a VB-groupoid in
[CG26]. More precisely, we define this general linear PB-groupoid, without using the fat groupoid,
as follows.*> We set

GLsVG = {dg : (Co)x ® (Var)y = (V6)g | S¢delican)e = 0 el (vanes Se®elvar, € GL(Var)}

which will be the total groupoid Pg of the general linear PB-groupoid associated to V. To define
the structure maps of this groupoid, we use the following diagram:

(Cm)x (Cm)sg (Cm)ig
Ly g
FTN
(CM)x @ (VM)x = (VG)g )
[ AN
(Vm)x (VM)sg (VM)ig

Now, we construct four maps that will describe the source and target map of GLsV = GL(Cyy, V).
Namely, given ¢, € GLV, we write
Cm . Vi . Vm .
big =g 1bglcane Py T el Bsg’ = Sl v,
and>®
st = 0 o (1, (o) O M).
We then set s¢p, = (¢ggM, ¢;/gM), tg, = (¢thM, ¢XgM)’ and

g - b = rndel e + Sel v, - Bnlovanye B = —(Be(1, =1 = (82) 7 g }))™".

Realising elements (hy, ¥, ) of GL(Cpy, Vi) as block matrices
(1 + hydy) PN hy‘I‘:ny‘)?
0 YN

the (right) action of GL(Cy, Vir)6 = Hom(Cyy, Vir) on GLsV(; is given by matrix application:

1+ hyd)) Py Py
(Blican, ¢|<VM),,)(( yoy) e 31,‘44’)“):(¢(1+hyay)\p§93 PhP) +¢lp§f§).
y.x

) € GL(Cy @ Vy)

This matrix showed up in Remark 5.7 where we discussed the canonical 2-representations of
GL(Cy,Vy)g. For similar reasons, the action defined above defines a 2-action, and this is the
desired principal 2-action. We therefore obtain:

Proposition 5.22. Let Vg be a VB-groupoid. Then
GLsVs = GL(Cy, Vi)
is a general linear PB-groupoid.

49See for this the older versions of the paper [CG26] on the arXiv.
SONotice that
fglv = —rg(v’l)

where v € kert.
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Remark 5.23. Using the fat groupoid to describe this general linear PB-groupoid, i.e. seeing it as
an action groupoid

VG X GL(CM, VM) 3 GL(CM, VM)
describes the composition of functors
{VB-groupoids} — {Fat extensions} — {General linear PB-groupoids}.

As we already mentioned, this realises elements ¢ € GLgV as compositions of maps

rede + Hepytt : (Car)x & (Van)s — (Candeg ® (Vin)sg — (Vo).

Working with GL(k, €)¢ instead of GL(Cyy, Var)g (so with Fr(Cyy, V) instead of GL(Cyy, Vir)),
this action groupoid was used in [CG26].

5.7. From general linear PB-groupoids to VB-groupoids. Following [CG26], it should not come
as a surprise now that we can recover a VB-groupoid from its associated general linear PB-groupoid
using a type of associated bundle construction. However, since we passed from Fr(Cy, Vi) to
GL(Cy, Vi), the construction will especially be reminiscent to the association of a VB-groupoid
from a fat extension.

Now, given a general linear PB-groupoid Pg, recall from Definition 5.15 that we can view

o0Xx1: Cu Xm GL(CM,VM) — Vi Xu GL(CM,VM)

as a cochain complex representation of Pg. Therefore, it comes with an associated VB-groupoid
that we simply denote by

P =< (Cy = V) = Cy Xt P X Vi =2 Viu X GL(Cur, V).

Explicitly, the structure maps are as follows: the source and target maps are given, respectively, by
S(Ctga pg, ng) = (ng9 Spg)» t(Ctg, pg, ng) = (actg + pg : ng’ tpg) and

(Ctg, Pg» OCsg + Pgr = Vsg') = (Csgr Pgr Vsgr) = (Ctg + Pg - Csgo Dg * Pgrs Vsg?)-
The VB-groupoid inherits a natural free and proper (right 2-) action of GL(Cyy, Vi)g:
(Ctgs Pgs Vsg) - Uy, Wy ) = (ctg = Py - (5(p)ys(p) ™ sg), P - Uy, By ), vsg).

Since the action indeed preserves the linear structure, the result V(Pg) is a VB-groupoid over Vy,.
Proposition 5.24. The assignment

{VB-groupoids} — {General linear PB-groupoids} Vi — GLsVg
sets a one-to-one correspondence, and the assignment

{General linear PB-groupoids} — {VB-groupoids} P — V(Pg)
is inverse to it (up to canonical isomorphisms).

Remark 5.25. The above quotient can be taken in steps. Indeed, we can take a quotient of
Pg < (Cyy — Vi) by GL(Cy, Vir)m, and then by H(Cyy, Vi) < Vi (see Section 4.2 and (4.1)
for the explicit formula of this action). This way, we can interpret the first quotient as recovering
Fg = (Cy — Vi), and then the second quotient is as in Section 4.2. Doing this, we described the
composition of functors

{General linear PB-groupoids} — {Fat extensions} — {VB-groupoids}.



FAT LIE THEORY 63

5.8. The abstract ruth of a general linear PB-groupoid. We conclude by setting the correspon-
dence between general linear PB-groupoids and 2-term ruths. Consider the abstract ruth associated
to Pg < (Vy, — C},), so

C*(PG;Cy — Vi) = C*(Pg; Cu) ® C* 71 (PG; V).
Note the abuse of notation; it would be more correct to write the complex as
C*(Pg; Cy Xm GL(Cp1, Vr) = Vi Xy GL(Cyr, V).

But if (fp, f1) is a cochain in this complex, then the GL(Cys, Vys) components of fo(pi,..., Pe)
and fo(pa2, ..., pe) are equal to tp; and tp,, respectively, so we simplify the notation.

If we argue through the language of fat extensions or VB-groupoids, for example, using Propo-
sition 4.10, we see that the following subcomplex should be considered:

Definition 5.26. The GL-equivariant cochains
(fo. i) € C(Pg;Cy — Vi) = C*(Pg; Cy) & C*(Pg; Vi)
are those satisfying, for all (pg,,...,pg,) € P,
Ji(Pgss -+ 5 Pg) = [1(Pgys - -+ D)
and, for all (h,,¥, ) € GL(Cy,Vu)a,
fO(pgl '(hy, le,x)’ ceey pg. : (hya qu,x)) = fO(pg1 FIREERCE) pg.)"'pgl : (Spglhy(spgl)_lfl (pgz’ LI ,pg.))-
The resulting subcomplex is denoted by Cgp(Pg; Cyr — Var) (or CoL(Pg; Cyr)).
Remark 5.27. Given (fy, fi1) € CoL(Pg; Cpr), we write
Jo(pgi: 82,5 86) = fo(Pgi» Pgas- - Pg)  f1(t(Pgy). 82,5 8e) = f1(Pgss- -5 Pg)-

The above condition then reads
fO(pgl ’ (hy’ \Py,x)’ 82, ’gﬁ) = fO(pgpgz’ s ’g°)+pg1 ' (Spg1hy(spg1)_1fl (S(pg1)’ 825 .. ’gﬁ))-

From our previous discussions, we can infer that the above abstract ruth is isomorphic to
CvsV(Pg)* and to Ciyy (Fg; Cyr). For example: the PB-groupoid associated to a fat extension Fg
is given by

PG = Fg =< GL(Cy, V).
The representation on Pg is given by the pullback along the canonical groupoid map
PG — FG.
This pullback then sets the desired isomorphism.
Proposition 5.28. Let F be a fat extension of G over Cy; — V. The pullback
C*(Fg;Cm — Vi) — C*(Fg =< GL(Cy, Vi); Cy — Vi)

restricts to an isomorphism

C,(FG;Cy) = C&y (Fg < GL(Cu, Vin); Ci).

mv
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Remark 5.29. To explain the terminology “GL-equivariance”, notice that we can conjugate ele-
ments (fo, f1) € CoL(Pg;Cum) to

Jo(pg: 82, -, 80) = t(pg) ™ fopgyr 82: - - go)
Py 8202 80) = Pt fi(Wigyr 820 84).

We can think of (]%, f{) as the result of postcomposing ( fy, fi) with the evaluation/action map
Cy Xy GL(Cy, Vyy) —— Vi Xy GL(Cyr, Vir)

| l

CM VM

The conditions of Definition 5.26 in terms of (ﬁ), f{) are as follows:

Jo(pg, - (hy, ®y2),8) ) _ ((wﬁm-l(l +hyd,)”! —(\I‘Xw-lhgl) (fZ)(pgl,g))
fl(S(Pgl '(hy,lpy,x))’g) 0 (\P)‘)/,A)?)_l fl(spgpg) .

The result is therefore a complex CaL(Pg; Cuy) consisting of “GL-equivariant” cochains (fo. f1)
with respect to the 2-actions of GL(Cyy, V)G on Pg and on Cy; < Vyy =3 Vs (see Remark 5.7). In
terms of this complex, the differential is given by

5%(pg1,g2’ cee 7g0+1) = (_1).(]’%(ng’ 83,5 g0+1) - ]’E(;(pgl : pgza 83, - - - ago+1))
+(=1)* 2 (= DFd fo(pei» 820 - - > 8esr1)
where p,, is arbitrary and composable with p,, (and similarly for 6]"}).

5.9. From general linear PB-groupoids to general linear double groupoids. There is yet another
way to encode the data of a fat extension. This becomes clear from the fact that general linear
PB-groupoids sometimes come with a gauge double groupoid.

Remark 5.30. Recall from Remark 5.17 that the groupoid of cochain isomorphisms
Aut(CM — VM) =M

can be seen as the gauge groupoid of the principal groupoid bundle GL(Cyy, Vi) (or Fr(Cyy, Vir)).
Given a general linear PB-groupoid Pg, what if we also take the gauge groupoid of the principal
GL(CM, VM)G—bundle PG?

In general, given a PB-groupoid Pg =3 Py, with structural strict Lie 2-groupoid Hg = Hy =3 N,
then P; comes with a (not necessarily smooth) gauge double groupoid

PG Xpg P ——= Py Xuy Pu

! !

G M

Doing this for a general linear PB-groupoid (also if we take a general linear PB-groupoid as in
[CG26]), we obtain a double groupoid whose vertical base groupoid is given by Aut(Cy — Viy).
A natural condition to put on the PB-groupoid so that the above gauge groupoids are smooth is
to assume the moment maps to be surjective submersions onto an embedded submanifold of N.>!
This happens for general linear PB-groupoids precisely when the differential 9 is of constant rank.

> 1By the properties of the moment maps, one moment map has this property if the other does.
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Now, to be more precise, we introduce a special class of double groupoids. First of all, we use
the following notation for double groupoids:
G —/= Gy
G, —]J3 M

Here, G_, and G| are Lie groupoids, and we denote their structure maps using the same arrow-
index. Moreover, G is a Lie groupoid in two ways, over G_, and over G|, and we denote the
groupoid structure maps of G =3 G| with indices — and G = G_, with indices |.

Definition 5.31. A double groupoid is a diagram of groupoids
C— 4]
G, —] M

such that the structure maps of G = G_, are groupoid maps over the respective structure maps of
G| =3 M.>* We also assume that the double source map

(55,8):G—=> G xy G,
is a (not necessarily surjective) submersion.

In the compatibility assumption made in this definition, we see, for example, the composable
arrows of G =3 G_, as a groupoid

GXe,G3G Xy G|

with structure defined componentwise. The compatibility of the two products is called the inter-
change law and takes the form

(g>h) (g -h)=(g18)— (h- 1)
Remark 5.32. As in [Ste07, MT11], we do not require the double source map (s_,,s|) to be a
surjective submersion. However, gauge double groupoids of PB-groupoids (that come with a gauge
double groupoid) have this property. Following [MT11], we call double groupoids with a double
source map that is a surjective submersion full.

In general, since the double source map (s_,,s}) is a submersion, we obtain a core groupoid that
we suggestively denote by F = M:

Definition 5.33. The core groupoid of a double groupoid is given by
F =kers Nkers_, =3 M.
Explicitly, its structure maps are s(g) = s_S|g =s|S_.g, t(g) = t_t| g = t|t_.g, and™
g -h=(g- 15(t5h) - h=(g-- 1 (t,h) | h
g = 1.t = ()] - ()™

3 ZEquivalently, the structure maps of G = G are groupoid maps over the respective structure maps of G_, =3 M
3That is, in the definition of g - h, we right-translate g to be composable with A.
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Moreover, F' comes with two groupoid maps

t, t
G —F—>G.,

which are just the restriction to the target maps. We now concentrate on the following very particular
case of double groupoids:

Definition 5.34. A double groupoid as above is called (vertically) core-transitive if the map
t:F—> G,

is a surjective submersion.>*

Core-transitive double groupoids turn out to be determined by, what we will call, core extensions.

Definition 5.35. A core extension is a diagram>

1 H F
v~
Gy
such that the restriction of the map F — G| to H is equivariant (with respect to conjugation in
G)) and the Peiffer identity>® holds: the conjugation action of F on H, viewing H as a normal

G, — 1

subgroupoid of F', equals the action by F on H induced by the representation G| CHandF — G I

This is directly related to [BM92], a result that is generalised in Appendix A. In the appendix
we present a proof, and we explain the already apparent connection with fat extensions. In the rest
of this section we focus on the implication that regular fat extensions (fat extensions over regular
cochain complexes) are equivalently described by general linear double groupoids.

The general linear double groupoids that encode regular 2-term complexes are strict Lie 2-
groupoids. Such a general linear double groupoid sits naturally inside the strict Lie 2-groupoid of
Remark 5.12.

Example 5.36. Given a regular 2-term complex Cy; — V), we denote again by Aut(Cyy — Vi)
its Lie groupoid of cochain isomorphisms. Consider the double groupoid

H Xy Aut(Cyy — Vi) Xy H —= Aut(Cyy — Vi)

! !

H M

The groupoid structures are given as follows. The vertical groupoid structure has source and target
map given, respectively, by s| (hy, Yy i, hy) = hy, t (hy, Py «, hy) = hy and

(hy, Wy, hy) - (hy, Wy, By) = (B, Wy Wy, hy).

>of course, there is an analogous definition of horizontally core-transitive if we interchange the vertical structures
with the horizontal ones.

5The action G 1C H is a representation; that is, it acts by Lie group automorphisms (See Definition A.1).

6The Peiffer identity is a name given to a condition that a crossed module of Lie groupoids satisfies, of which the
Peiffer identity in our case is a generalisation.
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The horizontal groupoid structure is given by s_, (hy, ¥y 1, hy) = ¥y 1,
t (hy, Py he) = (1 + hy@)PEY (1 + 1, 0) ™', (1+0hy)PYM (1 +0h,)7"),
and
(hy, Py, hy) o (B, 1) = (hyhy, P o Aol

Y
The vertical groupoid structure has a normal subgroupoid of the form

Aut(Cyy » Vy)xH=3 H
through the embedding
Aut(Cy — Vi) <xH — H Xy Aut(Cyy — Vi) Xy H (Ty,xa hy) — (Ty,xhxlp_l \Py,x’ hy).

Y
We can then take the quotient with respect to this normal subgroupoid to obtain a double groupoid
(a strict Lie 2-groupoid) of the form

Hawe —= Aut(Cy — Vi)

! !

M M
This is the general linear double groupoid associated to a 2-term complex. It sits naturally inside
of H(Vy, Car) < GL(Cyy, Vi) (seen as a strict Lie 2-groupoid; see Remark 5.12), for it is also this
strict Lie 2-groupoid restricted to Aut(Cy; — Viy):
H = AUt(CM - VM) ; HAut (hy’ le,x) = [hy’ lIJy,xa Ox]

The reason for writing the double groupoid as above is that this description generalises to produce
the general linear double groupoid of a fat extension (see Appendix A).

We now define:

Definition 5.37. Let G be a Lie groupoid, and let Cj; — V), be a regular 2-term complex. A
double groupoid

Gant —= Aut(Cy — Vi)

! !

G M
that is vertically core-transitive, and whose restriction to the vertical units is the strict Lie 2-groupoid

Hauw — Aut(CM - VM)

! !

M M
is called a general linear double groupoid of G over Cy; — V.

Our observation in Remark 5.30, together with Proposition 5.13, reveals:
Proposition 5.38. The gauge double groupoid of a regular general linear PB-groupoid Pg
Pc XgL P —= Aut(Cy — Vi)

| I

G M
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is a general linear double groupoid.

To go from general linear double groupoids to regular general linear PB-groupoids requires a
slight generalisation (and clarification) of [BM92].5” If we consider a regular general linear PB-
groupoid, then the core extension of its gauge double groupoid recovers precisely the fat extension.
So, with this correspondence in mind, general fat extensions can be thought of as “core extensions”
of general linear PB-groupoids. We delay the discussion now to the appendix, and proceed with
making some further comments on the correspondences.

6. FAT SPLITTINGS AND COMMENTS ON THE CORRESPONDENCES

Now that we went through the correspondences, we make some final comments.

6.1. Cohomological vanishing for proper groupoids. We mention here that the cohomological
vanishing theorem for 2-term ruths of proper groupoids is straightforward using fat extensions:

Proposition 6.1. Let F; be a fat extension over a proper groupoid G. Moreover, let /x = /t,,x du(g)
be a proper normalised Haar system of G. Then the maps

n:Co (Fg;Cy) — Col(Fg; Cy)
given by
nf(He 82, omt) = (=1)° [ f(Hg 82, ., 8e-1.8)
define a contraction homotopy [6,1] = 1 in degrees e > 2.
Proof. The proof is a straightforward computation, entirely analogous to the proof that groupoid
cohomology with trivial coefficients of G vanishes. O

6.2. Splittings of fat extensions and trivialisations. In this section we clarify some aspects of
“split” fat extensions. Naturally, this discussion comes with several clarifications of the correspon-
dences between 2-term ruths, VB-groupoids and fat extensions. Following Section 4.3, we define
fat splittings as follows.

Definition 6.2. Let F; be a fat extension of G over Cy; — Vyy. A fat splitting of Fg is a map
h : Fg — Hom(s*Vy, t"Cy)
that is invariant: for all H,, H(,”, € Fg, o8
’ ’ ’ -1
h(Hg) — h(H,) = —h(H,, Hy) = -H, - H,
and unital: for all 4, € H(Vy;, Cy),
h(hy) = hy.
It is called multiplicative if
h(Hgl ) ng)v = h(Hgl)ng V= h(Hgl)ah(ng)v + Hy, - h(ng)V-
A disclaimer is that, although the similarity will become apparent, the multiplicativity condition

is different than the multiplicativity condition for tensors (that appears in Section 7).

o emphasise: most essential points are explained in [BM92], especially in the last remarks made in that work.
S8Recall that h(Hy, H})
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Proposition 6.3. Let Vi be a VB-groupoid. The association
{Cleavages on V;} — {Fat splittings on 73 E > hs(Hg) =11 (Hg = Zg)

sets a one-to-one correspondence between (unital) cleavages of Vi and (unital) fat splittings.
Moreover, for all Hy,, Hy, € Vg composable,

hs(Hg, - Hg,)v = Ra(81,82)v + Hg, - hx(Hg,)v — hx(Hg,)0hs(Hg,)v + hs(Hg, ) Hg, - v,
so under this correspondence, flat cleavages correspond to fat multiplicative splittings.
Proof. As mentioned before, an invariant map 4 defines a cleavage X by setting

Xov =—rgh(Hg)v + Hgv

where H, is arbitrary. Itis readily verified that the two constructions are mutually inverse. The last
statement follows by a direct computation:

rgig(Hg, - he(Hg,)v + hs(Hg )Hy, - v) = Hy (Hg, - v = R1(82)v) - (Hg,v — Zg,v)
+ (Hy —Zg,)(Hg, - v)
= (Hg, - Hg,)v +rg,(Hgy — Xg,) (Hg, - v = R1(82)v) — Zg, - Zg,v
=rgg, (hs(Hg, - Hy,) + hx(Hg,)0hs(Hy,) — R2(81,82))

where we added +%,, - X, v in the second equality and +%, ., in the last. m|

Remark 6.4. Notice that, given hy as above, then, for all H,,, H,, € VG composable,
h(Hg1)ah(Hg2)V = hZ(Hgl)ng V= hZ(Hgl)Rl(gZ)V
= Hgl . hZ(ng)v - Rl(gl)hZ(ng)V'
Therefore, hs (H,, - H,,) equals hs(H,,) - hs(Hg,), where the product is defined as in Section 4.3.

Remark 6.5. Another way to arrive at the correct notion of fat splitting is Proposition 3.17 of
Section 3.5. Namely, since

Véat = (Hom(s"Vay, t*Car) X6 V) /H(Var, Car) Hy = (=h(Hg, Hy), Hy),

we see that a cleavage X, 1.e. amap X : G — \783‘, can also be seen as a fat splitting 4. Indeed, &
defines the map

(h,1): VG — Hom(s*Vy;, t°Cyy) X ‘7(;

and, by invariance, this last map descends to a map G — Vcat, which is X if & = hy. The failure for
h to be multiplicative measures the failure of this last map being a Lie category map with respect
to the structure of Lie category on Hom(s*V),, t*Cy) as defined in Section 3.5.

Remark 6.6. We can translate a fat splitting / to a map
hiVe — t"Hom(V);, Cyr) = Hom(t*"Vyy, t°Cyy)

by using the representation:
h(Hg)v = h(Hg)(H;"' - v)

Then, h satisfies the invariance condition

h(Hg)Hyg - v — h(H,)H} - v = —h(Hg, H})v
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(such that EL hy,) = Oforall h, € H(Vyy, Cyr)). We canrewrite the condition for / to be multiplicative
in terms of 4 as

h(Hg, - Hy,)v = Hy, - h(Hg)Hy' v — h(Hy))3(Hy, - h(Hg,) H,' - v) + h(Hyg,)v.

Using the following terminology, it is straightforward to see that a fat multiplicative splitting
“trivialises” the associated fat extension.

Definition 6.7. Suppose we are given a cochain complex representation of G on Cy; — V). The
trivial fat extension is the fat extension corresponding to the fat groupoid

HVy,Cy) Xy G 3 M
with f(htg, g) = tg,s(hy,, g) = sg, and multiplication and inversion are given by59
(htgl’gl) : (htgza g2) = (htgl ' (gl : htgz)? gng) (htglagl)_l = (g]_l : ht_gll’g]_l)
The representation of H(V)y;, Cyr) Xpr G =3 M on Cy; — V) is given by
(htg.8) -c=(1+hgd)(g-c)  (heg.g)-v=_(~1+0hg)(g-V).

A trivialisation of a fat extension is a cochain complex representation of G on Cy; — V), and an
isomorphism of fat extensions
Fg = H(VM, CM) Xy G.

Proposition 6.8. Let Fg be a fat extension. A fat multiplicative splitting h is equivalent to a
trivialisation of Fg. More precisely, the correspondence is given by

Fg =H(Vi,Cy) Xu G Hg = (v = —h(Hy)(H," - v), ),
where the representation of G on Cyy — V) is given by
g-c:=Hg-c—h(Hg)oc g-v=Hy-v—0h(Hy)v.

To conclude, since the invariant cochains Ci,y (Fg; Cyr) form an abstract ruth, a fat splitting splits
the invariant cochains Ciny (Fg; Cy):

Proposition 6.9. The complex CinV(VG;CM) is an abstract ruth. Moreover, writing Eg =
C*(G;Cy) ® C*~'(G; V), a fat splitting h defines an isomorphism

&6 = Cinv(FG; Cir) (fE. 18 V- (fo. 1)
by setting
fo(Hg, 182 -180) = (814, 80) — h(Hg) [P (82, - -, 8o)

fi(82:-.80) = fP(g2.- ... 80).
The induced operators Ry and Ry on Eg are given by
Ri(g)c:=Hg-c— h(Hg)0c Ri(g)v=Hy-v—-0h(H,)v
Ry(g1,82)v == h(Hg, - Hg,)v — h(Hg)Hg, - v+ h(Hgy,)Oh(H,,)v — Hy, - h(Hyg,)v.
Proof. 1t is clear that the given map is a map of CG-modules. The inverse of the map is given by

reading the equation the other way around (which makes sense by the properties (4.4) and (4.5)).
The last statement follows from the above discussion in this section. O

%Here, G acts on H(Vys, Cpy) by conjugation.
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6.3. Fat extensions as a functor to the quasi general linear Lie 2-groupoid. In this section, we
will explain how fat extensions of G relate to “pseudofunctors” from G to a type of general linear
2-groupoid as defined in [dHS19]. Here, we will refer to that general linear Lie 2-groupoid as the
quasi-general linear Lie 2-groupoid. It is a Lie 2-groupoid that is not strict.

Remark 6.10. In the analogy we made in Remark 5.3, we can relax “strictness” as follows. A Lie
2-groupoid (so not necessarily strict) can similarly be described by a diagram H, = H; =3 N,
but H; =2 N is only a groupoid “up to homotopy”. More precisely, we relax the condition that
H, =3 N and H; =2 N are Lie groupoids to them being possibly only Lie categories. Still, g € H;
is assumed to have “quasi-inverses” g~! € H;. The elements of H,, which are invertible in the
groupoid H, =3 Hj, can then again be interpreted as homotopies % that show two elements in H;
are homotopic. In particular, given g € Hy, there will exist a g~! € H; and homotopies in H, that
show gg~! and g~'¢ are homotopic to identity elements of H;.

We explain next the definition of the quasi general linear groupoid (the general linear groupoid
that appeared in [dHS19]). We will use the following object (that will also appear in Section 7.2):
given two vector bundles £ and E; over M, we write

Lin(Ey, Ez) ={E1x — Ezy | x,y € M}
for the vector bundle over M x M of linear maps between fibers of £ and E».

Example 6.11. Recall the general linear strict Lie 2-groupoid from Example 5.4. Relaxing the
conditions for elements of GL(Cys, Vys)u to be quasi-isomorphisms (see Remark 6.10), we will
show here that we obtain a well-defined quasi general linear Lie 2-groupoid (as we call it here)

QGL(Cym, Vim)e = QGL(Cym, Vi) =3 M.
As observed in [dHS19], notice that the quasi-isomorphisms
QGL(CM, VM)M - HOIII(CM, VM) Xy End Cyr Xy End Vi Xy HOl’Il(CM, VM)

form an embedded submanifold. To see this, observe first that, given a cochain map (9, ¥, x, 0x),
then the existence of maps

[0,97'1=0 1-¥Y¥'=1[0,h)] 1 -9 =9, h]
such that additionally®
hy PV =W, (PO = (V)
is equivalent to the existence of an isomorphism
(leCxM _hy
& (B!

(so the left column is fixed) with inverse given by

) : (CM)x D (VM)y > (CM)y S (VM)x

(™ ) -
Zs A (Cu)y ® (Vi) — (Cu)x ® (Vir)y
Y yox
(where the bottom row is fixed). Therefore, (9, ¥y , 0x) is a quasi-isomorphism if and only if
kerWS¥ nkerd, =0 imW)¥ +imd, = (Viy)y. (6.1)

Orf wis a quasi-isomorphism, it is indeed possible to find homotopy data satisfying these extra conditions.
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In [dHS19] (Proposition 5.4 there) it is then shown that, on the open set U of (not-necessarily
cochain maps) (dy, Wy x, dx) satisfying (6.1), the map
U — Lin(Cy, Vi) (8y, Wy, Ox) > Oy WM — WM §,
has maximal rank. We now define QGL(Cy, Vy;)yy = Hom(Cyy, Vys) as a Lie category with
composition, and we set
GL(Cum, V) = QGL(Cp, Vi) m Xmxm Lin(Vayg, Cpy)
thought of as elements (8, ¥, ., ¥, ., O, hyx) (or simply (dy, ¥, x, Oy, hyr)) that form homotopy

x>
data between the quasi-isomorphisms ¥, , and lI’;’x:61

Wy = W) = Ochey + hy 0y
Both products can be interpreted as homotopy composition in the following way. The Lie category
structure QGL(Cyy, Vir)g = Hom(Cyy, Vi) is given by62
(07, Wey, Oy, hyy) - (Oy, Wy, Oxs iy ) = (O, Woy Wy x, Ox, W)yl + iz Py ).
The groupoid structure QGL(Cyy, Vir)g = QGL(Cyy, Var)a has source and target map given by
s(0;, Y.y, 0y, h;y) = (0, ¥, ,,0,) and t(0;, ¥, d,, h.,) = (0,,¥,,y,0y), and

z,y?
(0;,Y,,y,0y, hzy) - (81,‘P2,y, 0y, hg,y) = (0,, ‘Pz’y,‘P;’,y, Oy, hy + h’z,y).
Now, an element (9y, ¥y, 0) € QGL(Cu, Vyr)um is not always invertible, but, given homotopy

data (hy, ¥}, hy) as above, (0, W} \, dy) is a “quasi-inverse” in the sense of Remark 6.10, which

shows that QGL(Cyy, Vir)¢ = QGL(Cy, Var)u = Hom(Cyy, V) is indeed a Lie 2-groupoid.
Remark 6.12. Notice that the we can identify GL(Cy, Vir)g € QGL(Cy, Vi) as the invertible
elements of the Lie category QGL(Cyy, Vi) = Hom(Cyy, Vi) via

(hy, By, Wyx) = (By, (1+ [0y, hy]) Wy CVY) T 0PN, By W),

We can interpret the step to pseudofunctors efficiently using the fat category extension. A fat
category extension F éa‘ of G over Cyy — V) comes with a Lie category map

F&' — QGL(Cwm, Vn)m

which defines the cochain complex representation. Now, a fat category splitting is a section of the
projection F/ g‘t — G (see Remark 3.23 or Section 6.2) and therefore defines a map

Ri: G — Fg' — QGL(Cy, Vi) u
which might fail to be a functor. Nevertheless, its image lies in QGL(Cyy, Vi), so for all g € G,
[0, R1(g)] = 0.
The failure for this map to define a functor can now be seen as a map
R, : G® = QGL(Cy, Vi)g.
That it maps into QGL(Cyy, Vi) is saying that, for all (g1, g2) € G?,
Ri(g1)R1(82) — Ri(8182) = [0, R2(g1, 82)].

61We sometimes leave W, . implicit for it is determined by ¥y x and hy x. Moreover, given ¥y , any hy  defines
the cochain map ¥ , := Wy x — dyhy x — hy x0x which is homotopic to ¥ .
O2Notice that ¥, hy x + ey Py x = Po yhy x + hz W) (see Lemma 3.7).
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The condition that R; is unital, and that for all (g}, g», g3) € G®,

—R2(8182,83) + R2(81, 8283) = —Ri(g1)R2(82, 83) + R2(g1, 82)R1(83)

is then equivalent to the fact that R, and R, together define a so-called pseudofunctor.®® The
functorial aspects of this construction are a bit subtle. It is proved in [dHS19] that the category of
(split) 2-terms ruths over a fixed 2-term complex Cy; — V), together with quasi-isomorphisms of
2-term ruths, is equivalent to the category of pseudofunctors together with lax-functors. A strict
version of this correspondence is not discussed in [dHS19], but some more comments about this
issue are made in that work.

As we already mentioned, a fat category splitting of a fat category extension turns it into a weak
representation as in [Wol17], and such objects come with a natural notion of morphism that turns
the correspondence into an equivalence of categories.

7. FUNCTORIAL ASPECTS

We will introduce a morphism of fat extensions as a multiplicative tensor. This will be a first
instance where we view a multiplicative tensor as an object that naturally occurs in the theory of fat
extensions. This should therefore also be seen as part of the bigger project together with Joad Nuno
Mestre and Luca Vitagliano [MOV]. A morphism of general linear PB-groupoids is similar in
nature, but its properties can succinctly be described as GL-equivariance. We introduce both types
of morphisms through the language of VB-groupoids. For this reason, in introducing the correct
notions of morphisms, we will come to see naturally how the respective categories are equivalent
to the category of VB-groupoids.

A notational comment: throughout, we will denote a cochain map as follows:

Cyi —2— Vir,
oo o
Cyp —2= Vo
but often we simply write ®. A VB-groupoid map is denoted by
® =D : V51 — Via.

We focus on maps over the identity map of G. Such a map is a groupoid map Vg1 — V2 thatis
also linear (i.e. intertwines the scalar multiplications). It comes with a cochain map by setting

oM = <1>VG|CM oYM = SCDVG|VM
where we used the natural inclusion
CM @VM = VGlM —> VG-

Remark 7.1. We restrict attention to VB-groupoid maps over the identity for exposition. In order to
pass to more general maps (over general groupoid maps), notice that the category of VB-groupoids

63The pseudofunctor conditions say that R, is unital and that the two homotopies

R>(g182,83) + R2(g1,82)R1(g3) R>(g1,8283) + R1(g1)R2(g2, &3)

are equal.
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is naturally fibred, just as, for example, the category of vector bundles. That is, general VB-groupoid
maps from Vi to Vg can be seen as VB-groupoid maps

Vo — ¢V
over the identity, where ¢ : G — H is a Lie groupoid map, and ¢*Vp is the pullback VB-groupoid.

The other categories we will consider (of fat extensions and of general linear PB-groupoids) are
fibred analogously, and passing to more general morphisms is therefore straightforward and omitted.

7.1. Morphisms of fat extensions. Our aim is now to describe, given a map of VB-groupoids
d = PG Vi1 — Vo, a type of morphism f = fo : VG,I — VGQ that consists of exactly
the same data. However, observe that there is no obvious groupoid map Vg1 — V. in general.
Rather, we obtain a notion of “related” elements. We therefore aid our discussion with the following
intermediate definition.

Definition 7.2. Given a VB-groupoid ® : Vg1 — Vg, we say H, | € Vg,l and Hy» € ?G,z are
O-related if the diagram

Hyg.,
(VM,I)sg —— (VG,I)g

fou e

Hg»
(VM,2)sg I (VG,Z)g
commutes. In this case, we write Hy | ~¢ Hy .

Given (g, g’) € G, Hy1 ~o Hgpand Hyr 1 ~o Hy p,thenalso Hy 1 - Hyr | ~o Hg - Hy 5. But
for our purposes such a notion of “multiplicative relation” is too narrow. For example, there will
often exist Hy 1 € Vi 1 not ®-related to any Hy» € Vi.2.%* In general, however, given Hg1 € Vg
and H, > € V2, we can always produce the map

% V.
Jfo(Hg1,Hg2) : (Var1)sg = (Cu2tg Vo 7o (Hg p®@™My — @ Hy 1v) (7.1

that is zero precisely when H, | ~¢ Hg . The argument that the ®-relation is multiplicative can
be generalised to the following property of fp:

Lemma 7.3. Given a VB-groupoid map ® : Vg1 — Vo,
fo 1 V.1 Xg Vg2 — Hom(s*Vy, t°Cyy),
defined as above in (7.1), satisfies, for all (Hg 1, Hy 1) € Vgi and (Hg 2, Hy ) € V((;z;,
Jo(Hg1 - Hy 1, Hgo - Hy 2)v = fo(Hg 1, Hg2)Hy 1 - v+ Hg - fo(Hy 1, Hy 2)v.
Proof. We compute directly:
Feg'fo(Hg1 - Hy 1,Hygo - Hyr2)v = Hg o (tHg 2 ®V) - Hyr 0 ®v — O (Hg 1 (tHy 1)) - P(Hgr 1)
= rog (Hgp(Q(tHy 1v)) — P(Hg,1 (tH, 1v)))+
+ Hygot(Hy 2@V — ®Hyr 1v) - (Hy 2@V — DHyr 1v)

= reg fo(Hg1, Hep) (Hgr 1 - v) +rge(Hep + fo(Hg 1, Hy 2)V).

This proves the statement. O

4 For example, if there is a v € ker ® C (Vi 1)sg and Hy 1 such that ®H v # 0.
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Aside from this multiplicativity property, which generalises the multiplicativity of the ®-relation,
we also need a generalisation of the following fact. If H,; ~¢ H,», then the cochain map
® = (M, ®Y™) intertwines the actions by H ¢,1 and Hy 5, respectively:

Hgp- ®Mc = ®M(H, - c) Hynp - @™y = ®™(H, - v).

That is, we observe next that the map fo(H, 1, Hg2) can actually be interpreted as the homotopy
that measures the failure of ® to intertwine the actions by H, ; and H, »:

Lemma 7.4. Given a VB-groupoid map ® : Vg1 — Vo,
fo 1 V.1 X Voo — Hom(s" Vi, t*Ciy),
defined as above in (71.1), satisfies, for all Hq 1 € VGJ and H, > € \7(;,2,
fCIJ(Hg,l’ Hg,Z)aC = Hg,2 : q)CMC - cDCM (Hg,l : C),
0 fo(Hg 1, Hep)v = Hgp - @My — @M (Hy y - v).
There is one more important property that relate the map fe and the cochain map ®: invariance.
To introduce it, it is helpful to understand how one recovers ®'¢ from fg and the cochain map ®.
Recall that an element, say, H, | € V1, defines a linear isomorphism
re+Hgi o (Cu)ig ® Vir)sg = (Vaa)g  (c,v) ¢ Og+ Hy v
We then have (for future reference, we write f = fgp)
YO (rgc + Hy 1v) = 1 (@Y (¢) — f(Hg 1, Hg2)v) + Hg n®"™ (v). (7.2)
Interpreting fp as a “correcting term” in this way points to the missing piece of information,
invariance, that fp and the cochain map @ satisfy.
Lemma 7.5. Given a VB-groupoid map ® : Vg1 — Vi,
fq) . VG,I XG VG,Z — Hom(s*VM,t*CM)

defined as above in (7.1) satisfies, for all Hy 1, H;,l € VG’] and Hyg 5, H;,’Z € VG,Q,

Jo(Hg1, He2)v = fo(H, 1, H, 5)v = ha(Hy, H;,2)<DVMV - q)CMhl(Hg,l,Hé,l)v

where
hi(Hyg 1, H‘;J)V =rg-i (H;,’lv - Hg1v),
and h; is defined similarly.

Recognise that, in the above lemma, /| and h; are equal to fg if we take @ to be the respective
identity maps. The similarity with the invariance condition that appeared in Section 4.4 is, of
course, not coincidental. In Remark 7.8 we clarify this connection further.

We organise the properties that ( f, ®) should satisfy, in order to set the correspondence, in the
following way.

Definition 7.6. Consider fat extensions F ; and Fg 2 of G, over Cpr ;1 — Vi1 and Cpyro — Vo,
respectively. Consider a pair (f, ®), where ® = (®“M, ®V™) are two vector bundle maps

O™ VM
Cuyg — Cup Vg — Vuo
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and f is a smooth map
f:Fgi X6 Fgr — Hom(s"Vy1,t°Cyr2).
Now, (f,®) is a morphism Fg1 — Fg of fat extensions if it is invariant:
f(Hg1, Ho)v = f(Hy |, H, ))v = ha(Hg, Hy ) @My — @Yy (Hy 1, HY, )V
and multiplicative: this means that @ is a cochain map
Cri —2— Vi
s o
Crp —2— Vio
that
f(Hg1,Hg2)dc = Hgp - ®Mc — DM (H, - c),
Of(Hg1,Hgp)v =Hgo - @™y — @™ (H, - v),
and that
f(Hg1 - Hpy,Hgo - Hy2)v = f(Hg 1, Hg2) (Hpy - v) + Hgo - f (Hp1, Hp2)v.

Remark 7.7. We often simplify and write a map of fat extensions (f,®) by f, so we leave ®
implicit from the notation. Similar as happens for the invariant cochains we described in Section
4.4 (see Remark 4.13), f usually determines the cochain map @ by invariance. But, aside from
suppressing @ from the notation sometimes, we keep track of ® as part of the data.

Remark 7.8. The point of this remark is to clarify why we used the term “multiplicative” in the
definition above. In fact, we will argue here that we can think of a morphism of fat extensions as a
multiplicative tensor.

To do this, notice that we can translate a map of fat extensions f so that it takes values in

t“Hom(V);, Cyr) = Hom(t*Vy, t°Cyy).
Indeed, simply replace f with
f(Hg1, He2) : (Vg = (Cuadg v f(Hg1, He) (H,) ).
In terms of ]7, the invariance condition becomes
F(Hg 1, Hg ) (Hy,1 - v) = F(H},y, Hyp) (Hy - v) = ha(Hg o, Hy ) @My — @My (Hy 1, L )V,

and the two multiplicativity conditions involving f translate to

0f (Hg1,Hgo)v = Hgo - OV (H, | - v) — @My

f(Hg1, Hg2)dc = Hyo - @Y (H,} - ) — @M

and
f(Hgy - Hn1, Heo - Huo)v = f(Hg1, He2)v + Hy o - f (Hp1, Hi2) (Hp - v).

This way, f (or rather (f, ®)) can be thought of as an “invariant” 1-cocycle in (the 3-term ruth
corresponding to) the cochain complex representation

Hom(Va.1, Cy2) — Hom(Cpy 1, Car2) ® Hom(Viy 1, Varp) — Hom(Cayr 1, Vin 2)
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of the groupoid Fg,1 Xg Fg.2, whose groupoid structure is defined componentwise. Here, the
cochain complex representation can be thought of as a tensor product of the cochain complexes

V;\kl,l - C;\F/Ll CM,Z - VM,Z

with the action defined “componentwise”. Studying more general tensor products this way is part
of the objective of the work in progress [MOV].

Before we move on, we discuss the composition of morphisms.

Definition 7.9. Given maps of fat extensions

Fg1 %6 Fgo EEN Hom(s* Vi1, t"Cur2) Fg2 %G Fg3 Iz, Hom(s* Va2, t"Cu 3),

over cochain maps ®;; and ®3,, respectively, the composition f3; = f32 0 fo1 over @31 = P35 0 Dy
is given by
v, c
31(Hg 1, Hg3) = f32(Hg o, He 3) @) + @) fo1(Hg 1, Hy 2),
where H, > € F is arbitrary.

Remark 7.10. The identity map Fg — Fg is the identity cochain map between Cy; — V) and
itself, together with the map

h: Fg X Fg — Hom(s"Vy;, t°Cy) h(Hyg, Hy) = heg(Hy - v),
where hy, is unique with the property that
htg - Hg = Hj.
If Fg = VG for a VB-groupoid V, we recover the map
h(H,, Hé) =gt (Hig - Hy)
which we already mentioned in Remark 4.15.

The following Remark should be compared to Remark 3.33, where we discussed the “inclusion”
map of a fat subextension and the “projection” map of a fat quotient.

Remark 7.11. We observe here that f~! is a left/right inverse to f if and only if
f (Hgo, Hy) = @7 f(Hg1, Hg2) ™,

where @~! is a left/right inverse to the cochain map ® underlying f. In this case, the map that
sends H, 1 € Fg 1 to the unique Hy» € Fg 5 for which®

f(Hg,l’ Hg,z) = ()

is a groupoid immersion/submersion Fg 1 — F 7 that we can fit into a commutative diagram

I —— H(Cwm.1,Vu,1)) — Fag. G 1
1 —— H(Cm2,Vu2) — Fg2 G 1

65Explicitly, H, » is given by H'g,2 - heg, where H;,z € Fg is arbitrary, and

hsg = (Hy5) ™" - f(Hg1, Hy ) (@)1
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Conversely, all such commutative diagrams arise in this way; that is, those for which the vertical
map on the left is given by

H(Cy1, Vi) = H(Cy2. Vo) he > @M h (@)~
if ®~! a left inverse of ®, and

H(Cy1. Vi) = H(Cy2. Vo) he = (@) B @'
if ®~! a right inverse of ®.

There are of course many other classes of maps of interest. For example, the class of maps for
which the underlying cochain map is a quasi-isomorphism. Such maps correspond to VB-Morita
maps (as can be inferred from [dHO20]). This will be further clarified and explored in [MMO].

To conclude this section, we summarise:

Proposition 7.12. Let ® : Vg1 — Vg2 be a VB-groupoid map. Then,

fo : Vo1 — Vo,

defined as in (7.1), is a morphism of fat extensions. Moreover, the assignment ® +— fg respects
composition.

Proof. Only the last statement is left to be verified. Given ®,; and ®3, VB-groupoid maps, we
compute: any H,» € Vi 5 gives

ref31(Hg 1, Hg3) = Hy 3(P30D21v) — ©30D21 (Hg,1v)
D3y (Hg 2 @21V — D1 (Hg,1v)) + (Hg 3P32 — @30Hyg 2) Doy v
re®32f21(Hg 1, Hy )V +7g f30(Hg o, Hy 3) P2 v.

This proves the statement. O

Starting with a map of fat extensions f, the invariance of f makes sure the map ®, defined as in
(7.2), is well-defined. The multiplicativity of f ensures this map ® is a VB-groupoid map.
We arrived at the main theorem of this work.

Theorem 7.13. The functor
{VB-groupoids} — {Fat extensions} Vo > Vg @ fo
sets an equivalence of categories.

Proof. In this section we established the (fully faithful) functoriality, and in Section 4 (see Section
4.2; also see Section 3) we showed the essential surjectivity. O

Remark 7.14. The proof of [dHO20] that the functor
{Split 2-term ruths} — {VB-groupoids}

is an equivalence can now be understood as follows. We call {Split VB-groupoids} the category
of VB-groupoids equipped with a cleavage. Then the above functor decomposes as

{Split 2-term ruths} — {Split VB-groupoids} — {VB-groupoids}
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where the latter equivalence is given by the forgetful functor. To see how the first equivalence
works, observe that, from a VB-groupoid map @ : V1 — V2, we can construct the map f = fo

as above on V(C;at XG Vg“. So, cleavages X and 2, of V1 and Vi 5, respectively, define a map

Mg = [(Zg1,Zg2) : (Vi 1)sg = (Cm2ig-

In the first multiplicativity condition involving f (see Definition 7.6) we can replace f with u, but

the second condition is true only up to the commutator [R»(g, g’), ®]:%°

MgV = gR1(g)v + Ri(g)unv + Ra(g, 8 )Pv — PRy (g, &')v.
This precisely means the pair (®, 1) defines a ruth map, and, as above in (7.2), the equation
QYo (rgc+2,1v) = rg((I)CM (c) = pgv) + Zg,ztvav
sets a one-to-one correspondence between VB-groupoid maps and ruth maps.

The notions of morphisms for fat extensions and for fat category extensions are formally identical.
Therefore, it is readily verified that we also obtain:

Theorem 7.15. The functor
{Fat category extensions} — {Fat extensions} Ft > Fg [ flroxks

sets an equivalence of categories.

Remark 7.16. Similarly, we can establish equivalences of the form
{Fat extensions} — {VB-groupoids} Fe — V(Fg)
{Fat extensions} — {Abstract 2-term ruths} F — Cinw(Fg; Cuy)
{Split 2-term ruths} — {Split fat extensions} Eg — SG

but we will not go any further into these details here.

7.2. Morphisms of general linear PB-groupoids. To understand maps between general linear
PB-groupoids, we first go through the equivalence of categories between ordinary vector bundles
and ordinary general linear principal bundles. Doing so, we will already come across some of the
most essential ingredients to understand the more general case.

7.2.1. Morphisms of general linear principal bundles. Let E; — M be a vector bundle of rank k1,
E> — M be a vector bundle of rank k», and consider a vector bundle map E|; — E; over M. If we
then consider two frames over the same basepoint x € M, one of E| and one of E;, we obtain the
following diagram

Rkt —~ Ey,
|
v
Rk2 —~ E>,
So, a linear map E; — E, produces a map
fo : Fr Ey Xy Fr E; > Hom(RY,R®)  fo(d1,¢2) = ¢;' Dgy.

This map has an additional special property, which leads to the following definition.

66we simply wrote the associated split ruths of Vi 1 and Vi » using the same notation.
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Definition 7.17. A morphism of principal GL-bundles is a map
f 1 Py Xy P2 — Hom(R¥1, R%)
that is GL-equivariant: given p; € Py, p» € P>, ¥; € GL(k;) and ¥, € GL(k;), we have

F(p1P1, p2¥2) =95 f(p1, p2) ¥
Moreover, composition f3;1 = f3p 0 fo1 : P1 — P3 of morphisms f>; : Py — Py and f3, : P, — P3
is given by
f31(p1, p3) = f32(p2, p3) © fa1(p1, p2)
where p, € P is arbitrary.

The term “equivariant” is justified for GL(k;) and GL(k,) act canonically on Fr E| X, Fr E;
and also on Hom(R¥', R¥2). The GL-equivariance condition can then literally be understood as the
equivariance with respect to these actions.

Remark 7.18. The identity map P — P is the map
P xy P — Hom(R¥, RF)

which assigns to (p1, p2) € P Xy P the unique ¥ € GL(k) with the property that p; = p,'P. In
particular, f is an isomorphism if and only if f maps into GL(k), for then

f(pa,p1) = f(p1,p2)™!

where the inverse on the right hand side is taken in GL(k). In this case, the map sending p; € P
to the unique p, € P, for which

f(p1,p2) =1

is an equivariant isomorphism P; — P,. Conversely, all such equivariant isomorphisms arise in
this way.

With the correct notion of morphism of general linear principal bundles at hand, we now prove:
Proposition 7.19. The assignment
{Vector bundles} — {Principal GL-bundles} E—FrE D fo
sets an equivalence of categories.
Proof. Suppose we are given a map
FrE, xy FrE), — Hom(Rk1 , sz)

that 1s GL-equivariant. We can then define a linear map E, — E> . by choosing any two frames:

Rkt —~ El,x

|

Rk2 —~ E2,x

By the equivariance, this map is independent of the chosen frames. That we set a true one-to-one
correspondence now is readily verified. O
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We now move to understanding morphisms of general linear PB-groupoids. Although a natural
guess arises from the above discussion, to avoid mistakes, it is especially useful to simply go
through the above one-to-one correspondence in the more general setup. We start with setting the
equivalence between general linear PB-groupoids and VB-groupoid as it seems the most appropriate
following the above discussion. However, as we will see, the equivalence on the level of morphisms
between general linear PB-groupoids and fat extensions is set in a similar way.

7.2.2. Morphisms of general linear PB-groupoids. Recall that the total space of the associated
PB-groupoid of a VB-groupoid Vj; is the following space of frames:

GLsVi = {¢g : (CM)x @ (VM)x — (VG)g | Sg¢g|(CM)x =0, tg¢g|(VM)X’Sg¢g|(VM)X € GL(VM)}

Given a VB-groupoid map Vi1 — Vi 2 over G, and picking one such frame ¢; for GLsV ; and
@2 for GLsV; 2, we obtain the following diagram

(Cu,)x © (Vm)x, —— (VG,1)g
| |
%
(Cu2)x, ® Vo), —— (Vg2)g
Before we move on, observe that the resulting map
(Cyv.Dx ® (Var1)x; = (Cor2)x, © (Vi 2)x,
is not an element of Hom(Cys,1 @ Vi1, Cyr2 © Vi 2), but rather of
Lin(Cu,1 ® V1, Cup © Vin2)
where, as in Section 6.3, for E; and E, vector bundles over M,
Lin(E, Ey) ={E1x — E3, | x,y € M}

denotes the vector bundle over M X M of linear maps between fibers of £ and E;. We often denote
elements of Lin(Cys,1 @ V.1, Cy2 ® Vi 2) by blockmatrices, and use

U(Cpm,1 ®V,1,Cu2 ® Vi 2)

to mean upper triangular blockmatrices. The reason for introducing this subbundle is because the
maps from above are of this form, for s¢, = 0. We write the components of the above maps now
(suggestively) as follows:

q)(¢(l), ¢2) Jg(((fll:(f;)) (CM,I)x1 @ (VM,I)x1 - (CM,Z)x2 ® (VMQ)XZ.

Up to conjugation by frames, ®(¢;, ¢») is precisely the cochain map from Cy; — Vi to
Cu2 — V2. Inanalogy with Proposition 7.19, this does not come as a surprise. Rests to consider
the map fo : (Var.1)x, = (Cm2)x,. To understand its essential property, we compute:

Proposition 7.20. Let ® : Vg1 — Vigo be a VB-groupoid map, and consider ®(¢1, ¢») and
Jfo (@1, ¢2) defined as above. Then, given ¥y € GL(Cyy.1, Vir.1) m composable with ¢ € GL(Cyy, Vi)
and ¥y € GL(Cup 2, Vi 2)m composable with ¢, € GL(Cyy, Vi), we have

D(¢1 - V1, ¢ - ¥a) = W, ' ©(1, 62) ¥, (7.3)
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and, given (h1,¥1) € GL(Cp.1, Vi .1)G composable with ¢ € Pg and (hy, ¥2) € GL(Cwy 2, V2)c
composable with ¢, € Pg, we have®’

fo(p1 - (h1,¥1), ¢2 - (h, V7)) =
= (‘PZCM)‘I(l + 1200) " (fo (1, $2) + DM (p1, ¢2) iy — @™ (1, ¢2)) W)™ (7.4)

Proof. We prove (7.4). Using the matrix notation we developed, the map

(Cu ) ® Vi), — (Vii1),

l |
(Cu2)e, ® VM2, — (VG2)e

that we considered above is given by

DM (¢, ¢2) fq>(¢1,¢2))
0 O™ (g1, ¢2))

The left hand side of (7.4) corresponds to the diagram

(Cu.1)y, ® (Vim)y, —— (Ca1)x; @ V1), —— (Vi1)g
|
i |
(CM,2)y2 @ (VM,Z)yg — (CM,Z)xz 2] (VM,Z)XZ — (VG,Z)g

which is the map

((DCM(¢1 < (h1,01,%1), @2 - (h2,02,%2))  fo(d1 - (h1,01, Y1), 2 - (ha, 02,¥2)) )
0 O™ (¢ - (h1,01,%1), ¢2 - (h2, 52, ¥2)))

But, on the other hand, the diagram also represents the composition
-1
(1 + h2ds)PSM hz‘%’}/M DM (g1, ¢) f‘?(‘ﬁl, $2) | ((1+h10)¥(™ h1‘€¥“ .
0 poM 0 DM (1, ¢2) 0 Py
This proves the statement. O

Observe that we can view the last matrix multiplication in the above proof as describing two
right 2-actions, one of GL(Cys.1, V1) and one of GL(Cy2, Vi 2)c (see Remark 5.7). That is,
these 2-actions of GL(Cys.1, Var.1)¢ and of GL(Cyy 2, Vir2)c — the two matrix multiplications —
are well-defined 2-actions on U(Cy.1 ® Vir.1, Cir2 © Vi 2). The above property of such maps

GLsVG1 X6 GLsVG2 = U(Cma @ Vi1, Cu2 @ Vin2)
can then literally be interpreted as GL-equivariance.

Definition 7.21. A morphism of general linear PB-groupoids is a map

(QCM Jo

0 (I)VM) : P61 X6 P2 = U(Cy,1 @ Vi1, Cyuo ® Vi 2)

67The differentials 0) and 0, that appear are the suppressed differentials in the elements (1, ¥;) and (hy, ¥>).
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that is GL-equivariant; that is, given (A1, ¥1) € GL(Cy.1, Vm.1)G composable with p; € Pg and
(h2,¥2) € GL(Cpm 2, Vi 2)G composable with p, € Pg, we have

((DCM (p1- (h1,¥1), p2- (2, ¥2))  fo(p1- (h1,¥1), p2 - (ha, ¥2)) )

0 O (py - (h1, 1), p2 - (h2, ¥2))) ~
-1
_ (1+h232)‘1’2CM hz‘%’}/M QM (p1,p2)  folpi.p2) (1+h1(91)‘1’1CM hllPYM
0 v 0 " (p1, p2) 0 pv

Starting with a pair (®, fp) that is GL-equivariant, we can define ®@ : Vi1 — Vi by picking,
for all g € G, any two frames and using the diagram

(CM,I)xl ® (VM,l)xl — (VG,l)g

l |
|
v
(Cm2)x, ® (Vm2)y, — (VG2)g
that (®, fo) induces. The resulting map ®, : (Vi5.1)s — (Vi,2), is independent of chosen frames

by GL-equivariance. So, similar to Proposition 7.19, we have:

Theorem 7.22. The assignment

Cum
{VB-groupoids} — {General linear PB-groupoids} Ve — GLsVg D6 1> ((DO qf‘?M)

sets an equivalence of categories.

Proof. In this section we established the (fully faithful) functoriality, and in Section 5 (see Section
5.6) we showed the essential surjectivity (see also [CG26]). O

Remark 7.23. Analogous to Remark 7.18, the identity map P — P¢ of a PB-groupoid P over
Cy — Vi is the map

Pc X PG = U(Cy & Vy, Cyy & V)
which assignsto (p1, p2) € PgXg Pg the unique (matrix representation of) (h, ¥) € GL(Cy, Vi)
with the property that p; = p, - (h, ¥). In particular, f is an isomorphism if and only if f maps
into GL(Cy; @ V), for then

FHp2.p1) = f(p1.p2)™!

where the inverse on the right hand side is taken in GL(Cy @ Vyy). In this case, the map sending
p1 € Pg 1 to the unique py € Pg for which

f(p1,p2) =1

is an equivariant isomorphism P; — P,. Conversely, all such equivariant isomorphisms arise in
this way.

7.2.3. Morphisms of general linear PB-groupoids using fat extensions. Given a map of general
linear PB-groupoids

C
‘ng fl‘D/B
0 Oy
the cochain map ® from Cy;; — Vi1 to Cyro — Vo over x € M can simply be recovered as
@, = dpp(1y,,11,).

) :PG1 X6 P62 = U(Cy1®Vum,1,Crup® Vo)
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But we can also pick any other elements ¥ € GL(Cyy.1, Vir,1) and W, € GL(Cpr2, Vs 2) over x,
for then we have
D, = PrDpp (¥, ¥2) ¥ .

by GL-equivariance.®® Reading this equation the other way around, given ®, we can generate the
map ®pp from the cochain map ® by imposing GL-equivariance.
Now, if we realise Pg,1 and P through their associated fat extensions; that is, writing

Pg1=F1<GL(Cy,1,VM,1)  Pep=Fg2=<GL(Cyp, Vi),
then we can similarly recover the map of fat extensions as
ffat(Hg,l» Hg,Z) = fPB (Hg,la 1Sg’ Hg,29 lsg)

A straightforward computation shows that f, is indeed a map of fat extensions. On the other hand,
we can generate the map of general linear PB-groupoids fpp from the map of fat extensions fiy
similar to how we generated ®pp from ®. We therefore obtain:

Theorem 7.24. The functor
{Fat extensions} — {General linear PB-groupoids} Fe — Fg =< GL(Cy, Vi) frat /> fPB

sets an equivalence of categories.

Proof. In this section we established the (fully faithful) functoriality, and in Section 5 (see Sections
5.4 and 5.5) we showed the essential surjectivity (see also [CG26]). O

Remark 7.25. It might be worthwhile to realise that, when before we used VB-groupoids, we built
the map of PB-groupoids using the diagram

(Cv.)x, ® (Vm)y, —— (VG1)g
| |
v
(Cu2)xe, ® VM2, — (VG2)g
But if we go through the composition of functors
{VB-groupoids} — {Fat extensions} — {General linear PB-groupoids},
we, instead, build the map of PB-groupoids as follows:
(Cv.)x ® (Vi)y, —— (Cu)ig ® (Vii)sg —— (Va.1)g
| l
.7
(Cr2)e, ® VM2, —— (Cu2tg ® (Vm2)sg —— (Vo2

where we can think of the middle vertical map as taking the right-most horizontal maps as input.
The end result is the same, because the diagram

(Cutg ® (Vi 1)se — (Vio1),

l |

(Cu2ig ® (V2)se — (V2)e

8The identification we use here uses Proposition 5.13.
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commutes. The following full commutative diagram is perhaps a nice illustration of how all three
different maps fit together (from left to right: a map of PB-groupoids, a map of fat extensions and
a map of VB-groupoids):

(Cu)x ®@ Vi)y, — (Cui)ig® Vi1)se —— (Vi6.1)e

l l |

(Cu2)xs ® (VMm2)e, —— (Cu2)ig @ (Vm2)se —— (Vi2)e

The first vertical map (the map of PB-groupoids) takes as input the two horizontal maps (in both
rows), the second vertical map (the map of fat extensions) takes as input the right horizontal maps
(in both rows), and the last vertical map is simply defined without extra input.

8. THE INFINITESIMAL PICTURE

We now turn to the infinitesimal theory of what we have discussed until now. As already
observed in [GSM10], there is a fat algebroid VA associated to a VB-algebroid V4. It carries
canonical representations on Cy; and Vy,, and it is shown in [GSM10] how one obtains the (split)
ruth associated to V4 using these representations and a splitting of a canonical exact sequence:

0 —— Hom(Vy, Cy) V4 A 0.

In this section we elaborate on these remarks, explaining the infinitesimal counterparts of the
theory we have seen in the above sections. We keep the discussion shorter, and a discussion on
“PB-algebroids” (a concept which is not defined in the literature yet) is not included. We put an
emphasis on describing the correspondences between VB-algebroids, 2-term ruths, and the newly
defined fat extensions. In the section after, Section 9, we explain the process of differentiation.

8.1. Notation for VB-algebroids. See, for example, [BCdH16, CD17] for more details on the
theory of VB-algebroids.
We denote the structure maps of a Lie algebroid by ([-, -], p). Writing Q*A =T" A\ A%, we write

d: QA — QA

for the algebroid differential (the de Rham differential using [-, -] and £ = £,). Then A becomes
a (commutative) differential graded algebra with d and the wedge product.
For A = M a Lie algebroid, we denote a VB-algebroid over A by V4 = V).

Remark 8.1. We think of a VB-algebroid as a diagram
Vi —= Vy

L

so that we think of the algebroid structures as being “horizontal”, while the other vector bundle
structures (on V4 and V) are “vertical”. In line with this convention, we write the projection maps
Va — Vy and A — M by pr_,, and for the projection maps V4 — A and Vi — M we write pr;.
Moreover, we write

F_>VA = F(VM, VA) and FlVA = F(A, VA)
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for the spaces of sections, and similarly Q_,V4 and €2 V4 for the respective forms, and we write the
scalar multiplications and additions of V4 — A and Vj; — M by hf and +|, respectively, and the
scalar multiplications and additions of V4 — Vj; and A — M by h*, and +_,. However, we often
simplify to
hfv = WLy =y
In particular, 4, is infinitesimally multiplicative:

/lI[v, w] = [ﬂIv, /IIW]

(with /ljv = /lII ovod)). Thatis, the scalar multiplication 1) by 4 € R is an algebroid
automorphism V4 — V4 [BCdH16]. On the other hand, the scalar multiplication A_, by 4 € R.¢ is
a vector bundle isomorphism V4 — V4 with respect to the vertical vector bundle structures. Recall
that on the core

Cum =kerpr_, Nkerpr; > M

of V4 the two vector bundle structures coincide, i.e. for all c € Cy, ¢ = A,c.

Since A is an algebroid map, the 1-homogeneous cochains (with respect to 4 )

Qr Va = {w € Q;VA | /lIw =41 a)} C Q;VA (8.1)

lin
form a differential graded submodule of QVy4 called the linear (sub)complex. More generally, a
form w € Q_, V4 is called k-homogeneous if

EY '«
/llw—/la)

and the k-homogeneous forms form a differential graded submodule of QV,.
Similarly, given a section @ € [',Vy, it is k-homogeneous if®

/lIa/(: /111 oawold)) = PLN
and we write I,V for the linear (i.e. 0-homogeneous) sections.

Remark 8.2. A word on terminology and notation is perhaps on its place. Given a function f €
C*V,, we have two notions of f being k-homogeneous, for it can be homogeneous “horizontally”
or “vertically”:
* k k
ALf=A"f /ljf:/l f-

We therefore write

[(e0] [o¢]

SiinVA CuinVA
for horizontally linear (i.e. 1-homogeneous) functions and vertically linear functions respectively.

Notice now that, since’’

QLVy=TV,™ = C%, Va

—lin
we can think of elements w of Q!,V, as linear functions on V4 with respect to the horizontal vector
bundle structure. If w € QllinVA, then the induced function of V4 is also linear with respect to the

Notice that the appearance of AX, on the right hand side is similar to the appearance of 1* on the right hand side
of the equation of homogeneity of functions on V4. More precisely, V4 X R = V4 can be seen as a VB-algebroid over
Oy,, or 04, and k-homogeneous sections of these VB-algebroids are exactly the k£ + 1-homogeneous functions.

70The notation V:VM is used to indicate that we dualise V4 with respect to the vector bundle structure V4 — V.
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vertical vector bundle structure. This means that w defines an element of €2 i V4 as well. For general

w € V4, we have multilinearity “horizontally” and linearity “vertically” in the sense that
WA+ Wi, AVe +] fWe) = AW(VE, ..., Ve) + UO (W1, ..., Wa).

That is, “linearity” refers here to the vertical vector bundle structure, and it would, in line with our

convention, be sensible to write €2;;,V4 as Q_, |5;,V4. We avoid this cumbersome notation as it is

clear from the context that, in this case, we are interested in forms on the algebroid V4 = V), that

are linear with respect to the compatible vector bundle structures on V4 — A and V) — M.

In local coordinates it becomes clear that I'_,V4 is generated, as a C*Vy;-module, by the
(—1)-homogeneous sections, called core sections, and the O-homogeneous sections, called linear
sections.

Remark 8.3. It is convenient to think about linear (or more generally homogeneous) forms as
follows. The space of homogeneous sections in I'_, V4 are naturally graded. We can think of a form
w € QinV4 therefore as a map

w: 'LV ®ceoyy, -+ ®coy,, LV4 — C*Vy

that additionally restricts to a map of degree +1 between homogeneous elements (considering the
total degree on the left hand side). Indeed,

w(ar) o Ay = (Ljw)(1]ar)

so the functions w(ay), for ky-homogeneous a, € I',Vy, are k + }, kg.-homogeneous if and only
if w is k-homogeneous.

8.2. From VB-algebroids to fat extensions. We begin with a continuation of the previous section.

8.2.1. The appearance of the fat algebroid. From Remark 8.3, we can conclude that w € Q;;,V4 is
completely determined by a map of the form

wo : TinVa X -+ X 1jinVa — Cﬁ;

Vu.

Now, I'inV4 is the space of sections of a Lie algebroid \7A over M, called the fat algebroid (see
[GSM10]). This algebroid fits into a short exact sequence (of Lie algebroids)

0 —— Hom(Vy, Cy) V4 A 0

where the projection V4 — A is induced by the projection V4 — A (every linear section is
projectable to a section of A), and the inclusion is given by
Hom(Viy,Car) = Va = (v he(v) 4 05(»)).
As a vector bundle, the fat algebroid is given by
Va = {Ha: Vapr_a = (Vada | ProHa = 1}.
The anchor map is induced by the projection:
pH, = pa
and the Lie bracket is induced by the bracket of V4 (the bracket of linear sections is linear).

Remark 8.4. In [GSM10] the fat algebroid is written as A. However, we prefer to keep track of
the dependence on V.
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The Lie bracket of the bundle of Lie algebras Hom(V),, Cy) is given by
[h,h'] == W'Oh — hoh' .
As is clear from its definition, it is defined for every 2-term complex Cy; — V).

Definition 8.5. Let
3
C M — VM

be a 2-term complex. We call the bundle of Lie algebras Hom(V},, Cyy) the bundle of infinitesimal
homotopies of the 2-term complex Cy; — V.

Remark 8.6. The bundle of infinitesimal homotopies Hom(Vj;, Cjs) comes canonically with a
cochain complex representation on Cy; — Vy: giveny € I'Cy; and v € T'V),, we set

Viy = —hoy Vv = -0hv.
We see that, if w € Qp Vy, then
Wo :TVax -2 XTIV, — vy, wo(@i, ..., Q) = Lo, lgW
and
w TV X XTIV, — rcy, wi(ar, Q1)Y= bylay | L W
together satisfy the following property: for all 2 € Hom(V),, Cy;) we have
Lthwo = Wi h.
Notice that, in the definition w;h, a sign appears:
(wih)(aa, ..., a)v = (-1 (e, ..., ad)hy

We call (wg, w;) “invariant” forms,Aand in the next sections we will explain how such invariant
forms constitute a 2-term ruth Q;ny(Va; V) that is isomorphic to Qi V4.
8.2.2. The fat algebroid and its canonical representations. The fat algebroid V4 has canonical
representations on Cy; and V;(/l

Vo= la,:] :TCy > T'Cy Vo =pyv,@ : TVy, - TV, (8.2)
and we can put them together to form a cochain complex representation on

0:Cy — Vy.

Dually, we also have a cochain complex representation on

o*
%k *k
VM e CM.

We think of V;, as sitting in degree 0 and Cj, as sitting in degree 1. We denote the resulting
differential graded Q2A-module by

QVas Vi = Ci)* = Q(Vas Vi) @ Q7' (Vs Cjp).
In analogy with Proposition 3.15, we have:

7IWe use here that [+, -] is a degree +1 operator on homogeneous sections and, on homogeneous functions, pv, (@)
has degree equal to the degree of a.
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Proposition 8.7. The cochain complex representation of Va restricts to the canonical cochain
complex representation of Hom(VM, Cy). Moreover, the action of V4 on Hom(Vy, C M), viewing
Hom(Vyy, Cy) as an ideal of Va, equals the representation of Va on Hom(Vy, Cy).

Proof. We prove the second statement, and we do a direct computation: locally, Hom(V,, Cyy) is
generated by elements f ® y, where f € I'Vy and y € I'Cy. Given a € T'V,, we then have

[a'af®')’] :f®vay+vaf®7~

This proves the statement. O

Remark 8.8. Given a vector bundle E,;, algebroid representations of A on Ej; correspond to
algebroid maps
A — gl(En),
where gl(E}y) is the algebroid of derivations
gl(Ey) ={D =(D,X) | D(fs)=fD(s)+ X(f)s} CEnd Eyy ®TM.
Given two vector bundles Cy; and V), we set
gl(Cum, V) = 61(Cum) Xrm §1(V).
Using the action algebroid
al(Cum, V) m = Hom(Cpr, Vir) = 61(Crmr, Vir)
associated to the representation of gl(Cjys, Var) on Hom(Cyy, Vi) given by
Vpd =D"™9 - DM,
we see that cochain complex representations of A on Cy; — V), correspond to algebroid maps
A — ol(Cu, Vu)m
(see also Remark 8.28).

8.2.3. Fat extensions. We discussed now the structure behind the fat algebroid of a VB-algebroid
that makes it into a fat extension. Here is the abstract definition:

Definition 8.9. Let A = M be a Lie algebroid, and consider a 2-term complex

0
Cy — Vy.

A fat extension of A, with underlying complex Cy; — V), consists of a Lie algebroid
Fy=3 M,

that comes with a cochain complex representation on Cy; — V), and a short exact sequence of Lie
algebroids (over M)

0—— HOIH(VM,CM) FA A 0.

Moreover, the cochain complex representation of F4 on Cy; — V), restricts to the canonical cochain
complex representation of Hom(V,,, Cys), and the two natural actions of F4 on Hom(V,s, Cyy) —
viewing Hom(V,, Cy) as an ideal or as a representation — agree.

We will simply write F4 for a fat extension, and the underlying algebroid F, is called the fat
algebroid of the fat extension. From the above discussion, we obtain:
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Proposition 8.10. Let V4 be a VB-algebroid over A. Then, the fat algebroid Va of Va, together
with its cochain complex representation (8.2), is a fat extension of A over Cy; — V).

Remark 8.11. We observe here that, given a VB-algebroid V4, the fat extension VA with its dual
cochain complex representation should be seen as the fat extension of the dual VB-algebroid
Vi = C,,. First of all, the fat groupoid V7 fits into a short exact sequence

A 0.

0 —— Hom(C},, V) v

Then, V4 and V; are isomorphic as Lie algebroids via’?

Va= Vi aw &(f)y=fr—apry).
Using the isomorphism
Hom(Vy, Cy) — Hom(Cy,,Vy,); h— —h",

the short exact sequences of V4 and VZ correspond to each other.
Notice that the structure of V, = Cj, is revealed from the fat extension VZ as follows: given
a,fB e 'V, (and writing &,,&p € FV\Z as above),y e I'Cyyand f € TV,

priE)y =1yl oDy =0y €wésl =éap  Léa f1=pra(@)f.

Starting with V4, these equations define the algebroid structure on V.

8.2.4. Extended Cartan calculus. Before we continue, we develop a type of “extended” Cartan
calculus on Q;;,V4 and on Q(Vy4; Vi — C3,). We find it particularly useful to see how €2;,V4 can

be described in terms of the fat algebroid Va using invariant cochains.

We start with the ordinary Cartan calculus on ©_,V,4. We have three types of operators: a
differential d, and then for each section @ € I'V4 a Lie derivative £, and a contraction ¢,. The
operators are derivations and of degree +1, 0 and —1, respectively. Together, they satisfy the Cartan
calculus identities:

[d7 LCU] = -Lcw [da LCZ] =0 [Lom Lﬂ] =0 [‘EOH L,B] = L[a,ﬁ] [LOH Lﬁ] = la,p]- (83)

Similarly, on Qj;,V4 we have a Cartan calculus if we restrict attention to linear sections (see Remark
8.3), and see the operators as satisfying the Leibniz rule.

However, from the inclusion Qj;,V4 C QVy, we can also apply contractions and Lie derivatives
of (not necessarily linear) sections to linear forms w. In particular, we can do this for core sections
y € I'Cy. Instead of thinking of ¢+, w as another form of V4, we know from Remark 8.3 that we can

see it as a form of VA (or even A). That is, we can define a contraction of the following form:
Definition 8.12. Let V4 be a VB-algebroid. Given y € I'Cy;, we set

[ O QA C Q'_IVA Lw(ay,...,a.) =w(y, @, ..., a).

We think of this contraction as having degree —1. Notice that it is QA-linear. Taking this point
of view, we see that there is another type of contraction:

72Here, say, @ € I'jnVa is related to a € I'A via the projection, £, € IV} is also related to o € T'A via the
projection, f € I'Cy, =C;°Cy and v € I'| V4.

mn
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Definition 8.13. Let V4 be a VB-algebroid. Given v € I'Vy,, we set

L Qp Vi — Q*Vy vol(ag,...,as) = w(ay,...,ad)v.

We think of this contraction as having degree 0. Also this map is QA-linear. In turn, the

contractions define Lie derivatives:

Definition 8.14. Let V4 be a VB-algebroid. Given y € Cjy; and v € 'V, we set

L,:Q0 VA —QVy  L£,:Q8 V4 — QY

(of degree 0 and +1, respectively) given by

Lyw(al,...,a) =w(ay,...,as)0y = Y(-D*o([ak, y], a1, ..., ..., )
Lyw(ao, ..., @) = =T (=D*(pv, (@) (w(ar, ..., @, ..., @)y
—palap)(w(ay,...,a, ..., a6)V)).

Notice that both these maps satisfy the Leibniz rule. We “extended” successfully now the Cartan
calculus on Qy;,V4: the usual Cartan calculus identities (8.3) hold, but we should interpret equalities
like [d,t,] = L, as equality of maps €j;nV4 — Qv

Similarly, on Q(VA; V3, — C;,) we have a Cartan calculus, for VA is a Lie algebroid, and V;, and

C,, are representations: for a € FVA we have ¢, as usual and £, = V,. Notice that again it makes
sense to apply contractions and Lie derivatives of sections of Cj; and V), in the following sense:

Definition 8.15. Let V4 be a VB-algebroid. Given y € I'Cy; and v € T'V),, we set

Ly : Q(VA;VJD — Cy)°* — Q*'v, Ly (wo, w1) = w1
Ly Q(VA; Viy—=Cy) — QV, ty(wo, w1) = tywy.
where
Lowi(ag,...,qe) = (-D*lwi(ar,. .., ae1)y
tywol(ay,...,as) =wolay,...,a)Vv.
Moreover,

L, :Q(Vas Vi, — Cip)®t — Q°Va L, :Q(Va: Vi, — Cip)* — Q1

are given, respectively, by

Ly(wo, wi)(ai,...,a) =wol(ay,...,a.)0y + Se(=D*wi(ay, ..., a0, ..., ad) ek, Y]
Ly(wo, w1)(@0, . .., @) = = N (=D (pv, (@) (wo(@r, . .., @, ..., @)V
—pla)(wolay,...,q, ..., a6)V)).

T3Note that t,, is a degree 0 operator, and £, is a degree +1 operator, so for example £, = [d,t,] = di, — 1, d.
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8.3. From fat extensions to 2-term ruths. We will now show that, as expected, Qj;,V4 defines
a subcomplex of Q(VA; vy — C3,). We will denote this subcomplex by QinV(VA; V3,) and call
its elements “invariant”. This way, we will introduce the abstract 2-term ruth Q;,,(F4; Cys) of an
abstract fat extension F4. As for Lie groupoids, we can interpret the invariant complex as a type of
relative complex from [Sal24]. Notice that for Fy = J LA, this complex appeared in [Shel2].
Consider an element w of Ql‘inVA. From Remark 8.3, we know that linear forms are determined

by the induced map’*
Wo :TVax - xTVy — I'vy, wo (@1, ..., Q) = Lo, **  Lay W.

This map is C*°M-multilinear and can therefore be thought of as an element of Q'(VA; Vy). In
fact, this defines a cochain map

QiinVa — Q(Va; Vi) w — W
using the representation on V;, discussed above. Since

lan ** Lapth@ (V) = Lo, Loy Ly,
the elements w( have the property that, for all # € Hom(V),, Cy),

Lthwo = wih,

where w1 € Q*71(A; Cj,) is given by”>

w1 (@, @)Y = Lyla, Ly W
and’®

(wih)(@a, ..., a0V = (=) wi(a,...,ad)h)).

We can see (wg,w;) as an element of the cochain complex representation Q(VA, Vi, — Cy)°.
Using the Cartan calculus we developed in the previous section, Section 8.2.4, a way to write the
above condition is now that, for all 2 € Hom(V,;, Cys) and v € T'Vy,,

Lylp = Llpy.

The map w — (wq, w1) is QA-linear, and it intertwines the contraction operators and Lie deriva-
tives. Therefore:

Proposition 8.16. The map

QiinVa — Q(Va; Vy — Cyp)
is a map differential graded QA-modules, and it maps bijectively onto those pairs (wg, w1) such
that w; € Q1 (Vy; C),) is independent of its entries’’ and (8.3) holds.

74We assume for simplicity that Vi, is not the zero bundle, otherwise it is determined by a form on A with values
in CM .

75Here, v € I'Cyy, and we use that tytq, , - Lo,w € C”M by Remark 8.3.

7670 explain the sign, observe that we can think of 4™ as a graded endomorphism of degree —1 of the graded vector
bundle £y, = V3, @ C;,[—1]. The expression wh can then be interpreted as 4" A w, where A is induced by the canonical
pairing End Eys ® Epy — Ejpy (see, for example, [AAC12]).

77By independence we mean that w;(az, ..., a.) only depends on the base sections underlying a», . . ., a..
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Proof. The proof is a straightforward computation using the Cartan calculus we developed:

(d)o(@0s -+ @2) = Ti(1)F Loty -+ Ty - g
+ Ypee (D) g, T Ty Laglagan)@ = dwo(@o, - - ., @)
and
(dw)i(aq,...,ae)y = (=1)°wo(ay,...,as)dy
— Sk (DR ( Loty = gyt - Tag -+ lay @
+ de(—l)k*[LyLw, Ty Tag g Yo | @

= 0" (wo)(aq,...,ae)y +dwi(ay, ..., as)y.

This proves that the map w — (wq, w1) is a cochain map. That it maps onto those pairs (wg, W)
satisfying (8.3) is a consequence of Remark 8.3. O

We can immediately conclude the following.
Corollary 8.17. The map
QinVa — Q(Va3 Vi)

is a map of differential graded QA-modules. If Vy; # 0, it maps bijectively onto QinV(VA; Vi), so
those forms wqy € Q° (VA, V) for which there exists wy € Q! (VA, C),), independent of its entries,
such that (8.3) holds.™

Remark 8.18. Although we will usually write Qinv(VA; V;f,[), we do this for notational convenience,
SO Qinv(VA; vy, — Cj,) is meant when writing Qinv(?A; Vi)

To conclude, we formulate the abstract definition of invariant cochains in terms of fat extensions.
Definition 8.19. Let F4 be a fat extension of A over Cy; — Vy;. The invariant complex
Qiny(F;Cy) € Q(Fg; Cy — Vi)

consists of pairs (wq, w1) € Q(Fg; Cy — Vi) such that w; is independent of its entries, and, for
all h € Hom(VM, CM),

thwo = hw.
Remark 8.20. Notice that the above condition can be written as
Lflp = Lfp

for all f € I'C}, and h € Hom(V¢, Cy).

T81f Vu = 0, then the map
C.

lin

Va— CTNACy): fe fi

is a bijective cochain map.
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8.4. Fat extensions and split 2-term ruths. In [GSM10] it is shown how a VB-algebroid induces
a split 2-term ruth on A. This goes as follows:

Remark 8.21. The choice of a splitting o : A — VA defines A-connections V, = V,, on
vy, and Cj;,. These connections are usually not flat, but they are up to the homotopy R, €

Q?(A;Hom(C?,, Vy,) = Hom(Vy, Cy)) given by
Ry(a,B) = ola,B] - [oa, 0 B].
Thatis,d = &* +dy + R, "’ squares to zero:
[0%,dvy]=0  dy+[0",R)]=0  [dv,Ro] =0.
Although it is well-known that €2;, V4 is isomorphic (using the splitting o) to Q(A; Vy, — Cy,),

we observe that this is readily verified using the canonical model of invariant cochains from the
previous section, Section 8.3. The pullback of the splitting defines a map

o Q(VA;V;,I — Cyy) = QA Vy, — Cy)).

This is usually not a cochain map, but it restricts to one on Qinv(VA; Vy,) (i.e. those pairs (wp, w1)
for which (8.3) holds).

Proposition 8.22. Let o : A — V4 be a splitting and consider the split ruth Q(A;V,, — C},).
Then the map

o Qin(Vas Vi) = Q(A; Vy — Cyy)
is an isomorphism of ruths.

Proof. Indeed, for all w = (wyp, w1) € Q(VA; vy, — Cj,) we have

([d, o w)o(@p, . .., @) = Xipep (=D wi(0ag, ..., 008, ..., 00z, . ..,00) Ry (ay, ap)
+ Y (=D wo(Ry (e, ap), oag, . ..,TQ%, ..., 00, . ..,0Q,)
([d, o lw) (o, . .., qe 1) = de(—l)k”)wl(Rz(ak, L)y TQQs . ooy T Qs e v oy Ty, O Ue_])

which are zero on forms satisfying (8.3). On the other hand, using the projection Vi — A, its
inverse is given by

QA Vi = Cyy) = QVasVy = Cy) (w0, w1) + (wo = h(wr), w1)
where we wrote
h:QHAC) - Q(Vas Vi) h(w)(al,. .. @) = (1) w(a, ..., a) (e —oay).
It is readily verified that the maps are 2A-linear, so this proves the statement. O
Remark 8.23. In each step of passing to a different model
QiinVa — Qiny(Va: Vi) = Q(A;Vy — Cpy)

we are realizing that w € V4 is determined by “fewer” sections, at the cost of increasing the
combinatorial complex1ty In the first step, we can canonically reduce from thinking of forms on
V4 to forms on VA In the second step, we choose a splitting o : A — VA, which puts us in the
position to think of forms on A.

"Here, dy is given by the De Rham type formulas on ©(A;V},) and on Q(A; C},) using the A-connections.
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Remark 8.24. As was already observed in [AACI2], a splitting o : A — Va splits the groupoid
V4 as follows. As a vector bundle, it takes the form
VA =~ Hom(Vy,Cy) @ A,
and its Lie bracket transforms into
[(h,a),(W,d)] = (R(a,a’) + V' = Vypa+[h K], e, d]).

This should be seen as the fat extension gA associated to a split ruth 4. In [AACI12], after
a sequence of observations about what we now recognise as the fat algebroid of a split ruth
(Proposition 3.9 — Proposition 3.12), it is said that “...there doesn’t seem to be any construction
which associates to a Lie algebroid extension of A a representation up to homotopy, so that,
applying J'(A) one recovers the adjoint representation.”. While that might be true, we now know
that the ruth can be recovered from J!' A and its extension when we think of J'A as a fat extension.
That is, we can recover the ruth if we additionally keep track of the cochain complex representation
A — TM of J'A and its compatibility with the extension.

8.5. From fat extensions to VB-algebroids. The step we have not discussed yet is how to build
the VB-algebroid out of an abstract fat extension. So, let F4 be an abstract fat extension of A over
Cy — V. Consider the VB-algebroid

Fax(Cy — V) = Vu

associated to the cochain complex representation of F4 on Cy; — Vy,. That is, we consider

Fax (Cy — Vi) = Cp Xy Fa Xy V.
as a vector bundle, and we define

[(y,@), (¥, )] = (Voy' = Vary, [, ])
on sections (y,a) = (y,a, 1) : Viy — F4 =< (Cy — Vyy) that are constant along the fibers of Vj,.
Remark 8.25. When F; = VA for a VB-algebroid V,, then VA =< (Cp — V) projects onto V4 via

V< (Cy > Vy) > Vyu (v,a,v) = (y+50j@) +pav = (Y + 0v) +, av.

As expected, the kernel can be identified with Hom(V,,, Cyy) =< Vs, where V), is seen as a repre-
sentation of Hom(V,, Cyy) trivially.

Following the above remark, we observe next that F4 =< (Cy; — Vjy) contains the ideal
Hom(Vyy, Cpr) < Vg < Fa < (Cpy — Vi) (h,v) > (=hv, h,v)
and then the quotient is the required VB-algebroid V (F):
Proposition 8.26. The assignment
{VB-algebroids} — {Fat extensions} Vi Vy
sets a one-to-one correspondence, and the assignment
{Fat extensions} — {VB-algebroids} Far V(Fy)
is inverse to it (up to canonical isomorphisms).

Notice that the above result generalises [CLS14].
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8.6. Comments on PB-algebroids and core-transitive double algebroids. The notion of PB-
algebroid has not been developed in the literature yet. But the discussion in Section 5 gives a
good hint on what the “PB-algebroid” of a fat extension should be. Also for algebroids we can
formulate a category of (vertically/horizontally) core-transitive double algebroids, and such double
algebroids correspond to core extensions. This is a slight generalisation of the result in [JLM21]
(similar to the generalisation for groupoids presented in Appendix A). The definition is as follows.

Definition 8.27. A core extension is a diagram
0 b F
S)yd
Al

which is a short exact sequence of Lie algebroids, and the action A C' by is a bundle of Lie algebras

representation, i.e. a Lie algebroid action V of A| on b that is a derivation with respect to the
bracket of b:

A, — 0

Volhi, ha] = [Vohi, ha] + [h1, Vo ha].
Moreover, the map F' — A| restricted to ) intertwines V,, with [, -], and the Peiffer identity holds:

the action of F on ), viewing h C F as an ideal, agrees with the action of F on f) induced by A C
hand themap FF — A).

Remark 8.28. Although we do not discuss it in full detail, we mention here what the main objects
are that define the “general linear PB-algebroid” associated to a fat extension of algebroids. Since
we do not discuss “2-actions” (and in what way they are “principal”), we mainly hint to some
analogies with our discussion in Section 5.

If we are given a fat extension F4 of A over Cy; — V)y, we can consider

Fa = gl(Cy, Vi) = ol(Cum, V)

associated to the representation of F4 on Cy; — V) (see Remark 8.8). This Lie algebroid carries
a “2-action” of the strict Lie 2-algebroid

gI(CM,VM)A = gI(CM,VM)M = HOITI(CM,VM).

Following the above discussion, this strict Lie 2-algebroid is actually determined by a crossed
module of Lie algebroids, so a core extension as above for which ) = F. The bundle of Lie algebras
b in this case is

pert(Cy, Viy) == Hom(Cyy, Vi) ® Hom(Vy,, Cy) = Hom(Cyy, Vi)
whose bracket is given by (we write hy for the value of the section & € I'pert(Cyy, Vi) at 9):
[h, W]y = hyOhy — haOhl.

The Lie algebroid gl(Cyy, Var)m (see Remark 8.8) acts on pert(Cyy, V) as a bundle of Lie algebras
representation via

(Vph)g = (DMh — hDV™);.
The Lie algebroid map that is part of the core extension is given by

pert(Cy, Vi) = 8l(Cu. Vil h > (D5 == —hyd, DM = —3hy).
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As in Example 5.4, we can think of the resulting strict Lie 2-algebroid as being of the form
gI(CM, VM)A = pert(CM, VM) > gI(CM, VM)M-

8.7. Morphisms of fat extensions. We briefly introduce here the notion of morphisms of fat
extensions of Lie algebroids. We do this by introducing it directly as an infinitesimally multiplicative
tensor. Given two fat extensions F4 1 and F4 of A, we have a Lie algebroid

FA,l XA FA,z =M.

This Lie algebroid carries representations that are the tensor product of a representation of Fy ;
with a representation of Fy 5.

Definition 8.29. Consider fat extensions F4 ;1 and F4 2 of A, over Cps 1 — V1 and Cpr2 — Vo,
respectively. Consider linear maps

Cma 478
l<1>CM chVM
Cup Vi

and a smooth map (that is linear over M)
f i Fa1Xa Fag — Hom(Viy 1, Cpy2).

Then (f,®) is a morphism of fat extensions if it is invariant: for all v € I'Vy, and (hy, hp) €
Hom (Vi 1, Cu,1) ® Hom(Viy 2, Cuy 2),

f(hi, hy) = ha®"™ — @M py,

and infinitesimally multiplicative: d(f,®) = 0, where d is the differential associated to the 3-term
cochain complex representation

Hom(Vi. 1, Cprp) — Hom(Cay 1, Car2) ® Hom(Viy 1, Vir2) — Hom(Ca 1, Vi 2)
of FA,] — FA’2.

Remark 8.30. The multiplicativity conditions for a morphism ( f, ®) are given more concretely
by the following three conditions. The first one is that the map ® is a cochain map with respect
to the differential 9. The second condition realises f (a1, @), for all (a1, @2) € Fa1 Xa Fa2,asa
homotopy measuring the failure of ® to intertwine V,, with V,,,:

fa1,@)d = Vo ®M — @MY,
6f(a1, ag) = Va,lCI)VM - (I)VMVaz.
The last multiplicativity condition can be written as follows: given sections @, 8 € I'(Fa.1 X4 Fa2),

f(la. v = Vo, (f(B)V) = f(B) (Vayv) + f(@)(Vp,v) = Vg, (f(@)v),

where we wrote @ = (a1, @) and 8 = (B, 52).
Composition is defined in the same way as in Definition 7.9.

Definition 8.31. Given maps of fat extensions

b3 S
Fa1 X Fap — Hom(Vi 1, Cpr2) FapXa Fa3 — Hom(Vy 2, Cpr3),
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over cochain maps ®;; and ®@3,, respectively, the composition f3; = f32 0 fo1 over @31 = D3 0 Oy
is given by

fi(ar, @3) = fo(a, a3) @3 + BN fi (a1, @2),
where ay € Fi 2 is arbitrary.
We can arrive at the above definition of morphism by starting with a VB-algebroid map
OV 1 Va1 — Van
and defining a comparison map
fo: Va1 — Vi folar, @)v = (@ (@) - @4 (a1v)) — 0a.
The map ®"4 is recovered from ( fp, ®) by realising that
OV ((y +5 01) + a1v) = (O (7) ~ fol@1, a2)v) +- 0,a) + a2®"¥ (v).
We then have:
Theorem 8.32. The functor
{VB-algebroids} — {Fat extensions} Vao V4 @ fo
sets an equivalence of categories.
Remark 8.33. Similarly, we can establish equivalences of the form
{Fat extensions} — {VB-algebroids} Fa—> V(Fy)

{Fat extensions} — {Abstract 2-term ruths} Fa > Ciw(Fa;Cuy)

{Split 2-term ruths} — {Split fat extensions} Ex &4
but we will not go any further into these details here.

In the next section, Section 9, we will give a detailed description of the differentiation procedure
in “Fat Lie theory”. Apart from differentiating fat extensions, we will work out the details of the
differentiation of the fat groupoid of a VB-groupoid to the fat algebroid of a VB-algebroid. The
differentiation of the associated abstract 2-term ruths is, as expected, a type of Van Est map.

9. FAT LIE THEORY

In this section we explain the differentiation procedure of fat extensions. As we will see next,
the differentiation procedure for fat extensions is relatively straightforward. Afterwards, we go
through the details of differentiating the fat groupoid of a VB-groupoid to the fat algebroid of
its VB-algebroid. To do that, some particular identifications have to be made. This step is also
discussed in [DE19] (Proposition 2.7), but we elaborate on some aspects. Afterwards, we comment
on the Van Est map in this setup.
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9.1. The Fat Lie functor. To obtain the fat extension of a the VB-algebroid of a VB-groupoid,
we can simply apply the Lie functor multiple times in several ways:

Proposition 9.1. Let F; be a fat extension of G over Cpy — V. Set
F, :=Lie Fg.
Moreover, consider the cochain complex representation Cy; — Vi of A obtained by differentiation,
and the exact sequence
0 —— Hom(Vy, Cy) Fyu A 0,

which is obtained from the fat extension of G by differentiation. Then, together with this structure,
F4 is a fat extension of A over Cy; — V.

The assignment is functorial, for morphisms can be differentiated as well. Following Remark
7.8 and Remark 8.30, this should be seen as an application of a Van Est map. A general form of
such Van Est maps will be discussed in [MOV]. Here is the special case of interest:

Proposition 9.2. Let f; : Fg1 — Fg2 be a morphism of fat extensions over G. Then
falay, az) = Oe=o f (exp(eay), exp(eaz))
defines a morphism of fat extensions fa : Fay — Fan over A. This defines a functor

Lie : {fat extensions of G} — {fat extensions of A} Fc— Fs  fc i fa.

In the next section 9.2 we show that, given a VB-groupoid Vi with VB-algebroid V4, the Lie
algebroid of Vi can be seen as V.

9.2. The tangent bundle of the fat groupoid of a VB-groupoid. We often take the kinematic
approach to tangent vectors in this section. Given M > x, we write tangent vectors as

Oe=0Xe = %lezoxe e YM
where x. is a curve in M with xo = x. We will show a precise relation relating TVE and m, where
we view TV as a VB-groupoid over TG (a similar statement holds for VB-algebroids). We start
with the following observation about vector bundles.
If E > M and F — M are vector bundles, then THom(E, F) is a vector bundle both over
Hom(E, F) and over TM .2 We consider the vector bundle structure over 7M, and we will show

that it embeds into Homyzy, (TE,TF).
Let 0c—ope € T,Hom(E, F) be a tangent vector of Hom(E, F), say, with

$et Ex, = Fx,,
x=xpand ¢ = g : Ex — F,. Write v = de=oxe € T, M for the projection. Then, we define
(TE)y = (TF)y  Oe=0€e > Oe=0peee.
This map is injective and linear, so we obtained the following:
Proposition 9.3. Let E and F be vector bundles over M. Then, the map
THom(E, F) — Homry (TE,TF)  Oe=0pe > (Oe=0€e > Oe=0pc€e)

is a vector bundle embedding over T M.

80Given a vector bundle E — M , we write T, E for the fiber over ¢ € E and (TE), for the fiber over v € TM.
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This is probably easiest to see by writing the map in (standard) local coordinates. The above
map over the zero section of TM — M takes the following form.

Remark 9.4. Here, we write the above embedding for v =0, € T,M. We decompose81
(TE)o, = E, ® E}*"

canonically. Then, Hom((TE)o_, (T F)o,) splits canonically as

Hom(E,, F) ® Hom(E)*", F,) @ Hom(E,, F\*") @ Hom(E)*", F*").
The image of the fiber (THom(E, F))o,, under the embedding, can be identified with
Hom(E,, F,) ® Hom(E)*", F\*").

Indeed, let d.—o¢. € T,Hom(E, F) such that its projection to TM is O,. Plugging in

Oe=0€e > Oe=ppeee

an element of E, gives ¢ : E, — F. If we plug in a vertical vector, then, using the notation from
above, we can take x¢ = x, and so Je=o@ee, is again vertical. The map (TE)o, — (TF)o, therefore
identifies with ¢ : E;, — F, and this map E}*"" — FY°".

Now, let Vg =3 Vi be a VB-groupoid, and consider the VB-groupoids

Vg —= TM TV ——= TVy
Vi M TG —/—3 TM

Proposition 9.5. Let Vg =3 Vs be a VB-groupoid. Then the map
TVe = TVe  OeeoHg, > (Bezove > OecoHg, ve)

is an embedding of Lie groupoids. In fact, using the canonical embedding of Proposition 9.3, there
is a commutative diagram (of short exact sequences over TM )

| —— TH(Vy,Cy) —— TVg TG 1
| —— H(TVy,TCy) — TVg TG 1

Proof. To see that the above map is a groupoid map, observe that we can write the multiplication
of TG =3 TM as follows (see [Mac05]). Given v € T,G and w € T;,G composable, we can find g,
and &, curves in G, such that v = 9c—0g. and w = 0-oh., while sg, = th, for all (small) €. Then

V.-w= a6:0(86 : he)

Using this formula, the statement is readily verified. O

81Here, we wrote EY*" for the space of vertical vectors, which can be identified with E .
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9.3. The fat algebroid of the fat groupoid of a VB-groupoid. In this section, we prove that there
is a canonical identification L
Lie VG = VA

as vector bundles. Recall that Vg is an open subset of Vg‘t, and Vg‘t is the preimage of 1 (the

identity section in End Vj,) under the surjective linear map (overs : G — M)
Hom(s*Vy, V) — End Vi, H, — SgH,.

The tangent space T, VG can therefore be thought of as elements

Oe=0Hg, € Ty, Hom(s*Viy, Vi)
where H,_are maps (Vpr)s;, — (VG)g.» such that

Oe=08gHy, = 0.
Using Proposition 9.3, this equation can be interpreted inside of End (7'Vyy)sx, where
X = 0c=08e € T,G.
Proposition 9.6. We have
Lie Vo = {Ha : (Vidpra = (Vada | ProHa =1} = V4

as vector bundles.

Proof. Since
(dS)m, : THgVG — TseM  Oe=oH,, > 0e=058e,
the vector X = d.-0ge is tangent to the source fiber if d.-0H, € ker(ds) H,- In this situation, we
can take g. € s"!'sg. An element
(X, Oe=qve) € dS"TVy

(here, ve € (Vi)sg. = (Vm)sg) has then the property that d.—gv is vertical. This element de—ove
can now itself be thought of as an element of (Vjs)s,. With this identification, the embedding of
Proposition 9.5 produces a linear map

Hy : (VM)sg - (H; ker(ds)l(VG)g)X Oe=0Ve — 0e=0HgEVe-
We can see these maps as (horizontal) linear sections of the double vector bundle®?

H ker(ds)|(vg), —— (Vm)sg

l |

ker(ds), {g}
(the base map of the section Hy is given by g — X € ker(ds),). The linear map we constructed
ker(ds)u, — {Hx : (Vm)sg — (Hgkerds|vg) )x | proHx = 1} ©.1)

is injective, so by a dimension count a bijection. The restriction to the units is the desired
isomorphism of vector bundles. This proves the statement. O

Remark 9.7. The double vector bundle

82Notice that this makes sense as Hy has full rank.
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H ker(ds)|vg), —— (Vim)sg

l l

ker(ds), {g}
can be seen as the pullback along Hy : (Viy)sg — (V) of

ker(ds)|vg), — (Vo)g

l l

ker(ds)y — {g}

which is a sub double vector bundle of
TV —— Vg

L

G —— G.

That is, we view ker(ds)|(v,), — ker(ds), as a vector bundle over (Vi), — {g}, and then we
change the base to (Vyr)s, — {g} using H,.

9.4. Right invariant vector fields of the fat groupoid. Under the correspondence
xR-ianG =1",Vy,

XR-inv,lin VG corresponds to I, V4 = F\7A. Linear vector fields on Vi; are (horizontal) linear sections
of the double vector bundle

TV —— Vi
6 — G

SO FVA, with the induced bracket from Vy, is isomorphic to Xg.iny1inVG as Lie algebras.

On the other hand, by the discussion from the last section, Section 9.3, FVA = xR-ianG~ Our
goal is now to show that this isomorphism is an isomorphism of Lie algebras, i.e. that the induced
bracket on Lie Vg is the correct one (the one induced from V,). That is, we want to show that

XrinviinVo = XrinVo
is an isomorphism of Lie algebras. For the following result, see also [DE19].
Proposition 9.8. The canonical identification of vector bundles
Lie VG = VA
of Proposition 9.6 is an isomorphism of Lie algebroids.

Proof. This is straightforward using bisections. Recall that the bisections of Vi can be seen as
linear bisections of Vs (Remark 3.2). The exponential map (taking right-invariant ﬂow)83

exp : Xr.invVg — Bis Vi

restricts on linear sections to a map Xg.inv1inVc — Bis \7(;, and then the diagram

8As usual, this should not be interpreted literally due to completeness issues.
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XRoinvlinVG
. T exp
FV 7/ WRREREEEEEREREERED > B iS VG
~ l exp
%R-inv VG

commutes. Using the formula for the Lie bracket in terms of the exponential map, we see that the
brackets on XR_inv1inV and on Xg.iny Vi coincide. |

Remark 9.9. In view of the next section, Section 9.5, we add some more details. A section @ € FVA
defines right-invariant vector fields

X € XrinviinVo X € XrinVe,

both over X € Xg.inwG. The right-invariant flow of the linear vector field X is determined by a
curve of maps

QO? . VM — VG
that are linear over a map ¢ : M — G. Linearity means that ¢X restricts to linear malps84
(@) s Van)e = (Vo) g -

From the previous section, Section 9.4, recall (9.1), i.e. that ker(dé)Hg can be identified with
(horizontal) linear sections of the double vector bundle

H; ker(ds)l(vc)g —— (Vi)sg

l l

ker(ds), {g}.

For this reason, we can see the flow of some section X of ker ds (not necessarily right-invariant) as
a curve of linear maps

oX Ve = Vi ¢ (Hg) : (Vir)sg — (V6)gx )
Now, if X is right-invariant, i.e. such that
X(Hy - Hy) = (dRp,)u, X (Hy),

then X is determined on the identity elements of \7(;, which defines the section a € FVA we started

with. The flow ¢X is therefore right-invariant and determined by its values on the identity elements;
these form a family of linear maps

905 t(Vm)x — (VG)gp?g(x)-
The two maps ¢ and ¢X coincide.

Next, we explain how the differentiation procedure leads to a Van Est map on invariant cochains.

84Notice that, given v € (Viy)x, the curve (¢¥),v stays within the source fiber s~'sv.
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9.5. The Van Est map. Before we begin, we briefly mention how the differentiation procedure of
abstract ruths looks like.

9.5.1. Differentiation of abstract ruths. To emphasise, this is only a short discussion. In [MMOY],
more details will be included.

As is recently shown in [CdH26], the differentiation of a Lie groupoid G to a Lie algebroid
A can be thought of algebraically as follows. The differential graded algebra CG contains the
differentiating ideal JN = J + 6J, where

J = @.ZO J® J* :={f € C°G | f vanishes to order > 1 at im u; for some k}.
The differential graded algebra QA is canonically isomorphic to (CG)y/Jn. The quotient map
VE: (CG)Ny — QA

is the ordinary Van Est map of [Cra03] (see [CdH26] for more details).
Now, given a ruth &g of G, then we can quotient (Eg)n by (Eg)N - INn. The result

Ea = (EG)N/(EGIN - IN = (EG)N ®(co)y QLA
is a well-defined ruth of A, and accordingly there is a Van Est map
(EcIN — Ea.

There is a Van Est theorem (for split ruths, see [AAS11]) which extends the ordinary Van Est
theorem of [Cra03]. This fact and other further details will be discussed in [MMO]. We now move
to giving an explicit description of the Van Est map/theorem in terms of invariant cochains.

9.5.2. The Van Est map of invariant cochains. Let Fg be a fat extension of a Lie groupoid G over
Cy — Vi, and consider the associated fat extension F4 of A over Cy; — V);. The Van Est map

VE : Ciny(Fg: CuIN — Qiny(Fa; Cuyr)
is simply the restriction of the ordinary Van Est map
VE : C(Fg;Cy — V)N = Q(Fa;Cy — Vi)

defined componentwise from the ordinary Van Est maps associated to the representations on Cyy
and Vj,;. Following [AAS11, CD17], there is a Van Est theorem:
Theorem 9.10. The Van Est map
VE : C*(Fg;Cy — Vy)n — Q*(Fa;Cy — Vi)
restricts to a map of differential graded modules
VE : C; (Fg;Cy)n — Q2 (Fa; Cy).

Moreover, if G has (homologically) < n-connected fibers, then VE induces an isomorphism in
cohomology in degrees < n, and it induces an injective map in cohomology in degree n + 1.

Instead of proving the statement directly, we explain how the Van Est map looks like in terms of
Fo =Vg. Following the discussion of the previous sections, we can give a clear description of the
formula in this situation.

As explained in the Section 9.4, a € N exponentiates to a curve of linear maps®

expx(ea) = eXpexp(e(y)x(ea) : (VM)x - (VG)exp(ea/)x-

85Here, € > 0 is small enough so that e« is close to the zero section.
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For e > 0, consider the maps
o : CM' (Vo3 Vi) = C* (Vg Vi) 0o - C™ (V3 Crp) — C* (V5 Cip)
given both by
(0o f)(Hyg,,...,Hg )e = ('1?6:0f(exp1tg1 (ea),Hy,, ..., Hg,) eXPyy,, (ea) - e.
Then the Van Est map
VE : C*(Vi; Vi, — Cipn — Q* (Va3 Vi, — Cip)
is given componentwise by®®
VEf(ai,....a0) = 2pes, (=1)7 0y =+ Oapr [ -
Proposition 9.11. The Van Est map
VE : C*(Vg; Vi, — Cipx — Q* (Va3 Vi — Ciy)
restricts to a cochain map
VE : Ci'nV(VG; Vi N — Q;HV(VA; Vi)

Moreover, if G has (homologically) < n-connected fibers, then VE induces an isomorphism in
cohomology in degrees < n, and it induces an injective map in cohomology in degree n + 1.

Proof. Given (fo, f1) € C;, V(\7G; V3,), we want to show that
it VE fo = 1ty VE fi 9.2)
for all h € T'Hom(Vy;, Cyy) and v € I'Vy,. First observe that
exp,(eh) =1+€h: (Vi) = (Vo)i,.

In particular, as this is a bisection over the unit bisection 1 : M — G, we have, for all @ € FVA,
that 8,0, = 0. Therefore, the only surviving terms dg, - - - dg, fo in

VEfO(al’ ] a.) = ZO’ES.(_I)UaQU-. Ut a(l’u—lfolM’

say, for @y = h, are those for which 8; = h. The result follows using the explicit formula of [Cra03]:

(g, -0, f)V = 0e=0" - Oe;=0.f (eXp(€151), . . . ,eXP(€afs)) EXP(€151) - - - EXP(€afBe) V.

The last statement is a consequence of, for example, the result of [CD17] and our discussion on
flows, as it follows from that discussion that we have a commutative diagram

(CveVoIn —— Ciny (Vi3 Vipn

[ v

QiinVa ——— Qiny (Va3 V)

One could also establish such a commutative diagram using instead the result of [AAS11]. O

One can prove the Van Est theorem also directly using similar techniques as in [Cra03]; this will
appear in [MMO].

86We used S, for the group of permutations on e elements.



106 L. OBSTER

10. DEFORMATION THEORY FOR LIE GROUPOIDS USING THE JET GROUPOID

We focus now on the fat extension of the jet groupoid J!G. Recall that

J'G = {j'o | o € BisjocG}
={Hg : Te(eM — T,G | dsgH, = 1 and dtyH, is a linear isomorphism}

={w, 1 T,G — Agy | wyly =1 and wgr, is a linear isomorphism}.

The deformation complex of G is Cpj7TG, which we now see is isomorphic to Cipy (J 1G; A).
However, as we will see, it is also natural, perhaps even more natural, to work with the jet category
whose elements are 1-jets of sections of the source map.

We already reformulated the vanishing of proper groupoids (see Proposition 6.1) and the Van Est
theorem in terms of Cj,y (J 1G: A) (see Proposition 9.11). We will discuss two more reformulations,
namely that of describing the deformation class of a deformation of groupoids, and for the deforma-
tion cohomology in the regular case. There are many other reformulations possible of other parts of
[CMS20], but we won’t discuss further applications here. We think the small discussion presented
here gives a good starting point for the interested reader to understand deformation theory of Lie
groupoids in this setup.

Remark 10.1. Before we continue, notice that in [She12] the deformation complex of Lie algebroids
is discussed in terms of the jet algebroid J 'A. That is, Qinv(J TA; A) is the deformation complex
of A (see also [CMO8]). The dgLa structure is given as follows: given wo € Q*'(J'A; A) and

mv

w) € QY 1(J1A; A), we first define
(wo o wp) (@1, -+, Aerer1) = g (1) 7 w0 (W) (A1 - - s Air(e41))s Aor(14041)s - - + > Aor(o4e/41))
and then put

[w, 0] =(-1)*wo o —w ow.

Notice that we can see elements wq in degree 2 satisfying the Maurer Cartan equation [wq, wg] =0
as Lie brackets by setting

[CL’,,B](U = a)O(da’ dﬁ)

The Leibniz rule follows by the existence of the form w;, which can be seen as the anchor map. In
fact, for any form w € Q2 (J 'A; A) we can define a multiderivation by

D(ay,...,a) = wo(day,...,da,)

whose symbol is given by w;. This way, we obtain an isomorphism of differential graded Lie
algebras between QgerA of [CMO08] and Qjpny (J TA; A) of [Shel2].

10.1. Deformations of Lie groupoids. We define a deformation of Lie groupoids as in [CMS20].

Definition 10.2. A deformation of a Lie groupoid G is a Lie groupoid Gg = Mp together with a
Lie groupoid submersion

GR_>1R

such that Gy = G (the preimage of zero).
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Example 10.3. Let G =3 M be a Lie groupoid, and let H =3 N be a Lie subgroupoid of G.
Consider the deformation to the normal cone (see for instance [CRO8, Meil7, DS21, Oszl])87

D(G,H) 3 D(M,N).

This is a deformation, in the above sense, of N(G,H) =3 N(M,N), and it is central to the
linearisation problem for Lie groupoids.

Deformations can be seen as families of Lie groupoids G =3 M. For the deformation theory
of G, both CyetG and CqerGr are relevant. We can see TGy as a deformation of 7G, and elements
of J'Gy take the form

Hy : TygMr — ToGr
that we should see as a family of maps Tgg M — T, GE.88

10.2. The deformation class of a deformation. Given a deformation Gy of G, we can lift the
vector field % € XR to a vector field Xg of M. Then, take a fat splitting % (see Section 6.2) and
define the map

fo:J'Gr = tAx  fo(Hy) = —h(Hg) X (sg).
This defines an element of Cilnv(J'GR; Agr) with f] = Xg € XMg:

Jo(Hg) — fo(Hy) = h(Hg, Hy) fi(sg)-

Remark 10.4. It is good to realise that, using the model Cy;,;7Gr, and using a cleavage X of
TGr, we can lift Xg to an s-projectable vector field XXr of Gr (i.e. g — X,Xr(sg)) and it can
directly be seen as a 1-cochain, for it is s-projectable. On the one hand, the 1-cochain we write
here makes it clear that, when we pass to the adjoint (split) ruth using X, the 1-cochain is nothing
but Xg € C%(Gr;TMg). On the other hand, the usage of the cleavage shows that the map f above
is more naturally defined on the fat category.

Taking ¢ fo defines a cocycle that we can restrict to a cocycle in Ci%] e 1G; A). Indeed, since
6f0(Hg1’g2) = h(Hgl)XR(Sgl) - (h(Hg1 : ng) - Hg1 : h(ng))XR(SgZ)a

where H,, is arbitrary, and Xr projects to %, the resulting element in (A )y, is vertical with respect

to the projection to R. Therefore, the same equation defines a cocycle in Ci2n W 1G; A).
The resulting cohomology class is independent of the choice of vector field Xg or the fat splitting
h. The reason is that fp — f (where f is defined using a different choice X}, and h’) restricts to

Cl (J'G; A) (the same reasoning as before applies). Since

5fo=0dfs+(fo— fo)

the cohomology classes defined by fp and by f are the same.

Remark 10.5. As can be inferred from [BBLM20, CMS20], we can linearise a proper Lie groupoid
G along an invariant submanifold N ¢ M using D (G, Gy) and the homotopy operator 1 from
Proposition 6.1. The projectable complex from [CMS20] is natural for such an application, for
it is easy to see that its 1-cocycles comprise the multiplicative vector fields. The above model,
especially when put in terms of the jet category, seems to also give a natural point of view.

87 As sets, D(M,N)=Mx (R\{0}) uUN (M, N). The smooth structure is canonically defined, and it is unique with
the property that M x (R\{0}) is an embedded submanifold.
88Note that if X € Tsg M projects to /l%, then H, X also projects to /l%.
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10.3. Deformation cohomology in the regular case. Given a regular Lie groupoid G, TG is also
regular. A VB-groupoid Vi over G whose underlying complex Cy; — V) is regular, comes with
a short exact sequence of complexes

ker o Cuy 0
| | |
0 Vu coker 0

all three of which we can see as cochain complex representations of V. Notice that the invari-
ant complex of the outer two representations are canonically isomorphic to the corresponding
representations of G. We therefore obtain a long exact sequence

- —— H*(G;kerd) —— H;nV(VG;CM) —— H*Y(G;coker ) —— ---
If G = G(P) is the Gauge groupoid of a principal bundle P, we recover the result that
HisG(P) = H*(G(P); P X¢ g),

where P X g is the adjoint bundle. If G = G(¥) is a foliation groupoid of a foliation 7, we
recover the result that

HiG(F) = H/(G(F): N,
where N is the normal bundle of the foliation. Similar arguments work to prove analogous results
for VB-algebroids.

APPENDIX A. DOUBLE GROUPOIDS AND CORE EXTENSIONS
Recall the following notation we use for double groupoids:
C— €]
G, —/—/] M

We denote the structure maps of G_, and G| using the same arrow-index. We denote the groupoid
structure maps of G =3 G| with indices — and G =3 G_, with indices |.
The core groupoid is given by

F :=kers Nkers_, 3 M,

whose structure maps are given by s(g) =s_,s|g =s;s_,g, t(g) =t t g =tt g, and®’

g-h=(g- 1 1-(t-h) — h=(g - 1, (th) - h

g =) 11t = (9] - (e
It comes with two groupoid maps
6, rho
Then, (vertically) core-transitive double groupoids are those for which the map
t:F—>G.,

is a surjective submersion.

8That is, we right-translate g to be composable with 4.
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Following [BM92] (or rather generalising their result) we will show that this type of double
groupoid can be described in a much more efficient way using, what we call here, a core extension.

A.1. From core-transitive double groupoids to core extensions. Let G be a vertically core-
transitive double groupoid. Then G comes with a bundle of Lie groups suggestively denoted by H,
which is the kernel of the map F — G _,. Notice that there is a natural conjugation action of G| on
H. Namely, for g € G| and h, € H, such that s| g = x, we can set

g hy=1,(g) 'l hy 'l 1—>(g_1)-

Notice that this action defines a “bundle of Lie groups representation” on the bundle of Lie groups
H in the following sense.

Definition A.1. Let G =3 M be a Lie groupoid, and consider a bundle of Lie groups H = M.
An action of G on H is called a bundle of Lie groups representation if the action is by Lie group
automorphisms. That is, given g € G and h,, i), € H with sg = x,

g (hx-hy) = (g he)- (8- h).

We actually defined now three structures from a vertically core-transitive double groupoid G —
a short exact sequence of Lie groupoids

1 H F G, 1,

a Lie groupoid map F — G|, and a bundle of Lie groups representation G| C H. We summarise

this data into a diagram as follows
H F
0
Gy

1
There are two compatibility assumptions between the three structures described above that are
reminiscent of the axioms of a so-called crossed module of Lie groupoids. Firstly, the map
F — G| restricted to H is equivariant. By this we mean that the map turns the action of G| on H

into the usual conjugation of G l:90

G, — 1.

to(g-h) =g (tohy)-g '

Secondly, the map F — G| defines an action of F on H. The following lemma shows that this
action equals the conjugation action of F on H (viewing H C F as a normal subgroupoid).

Lemma A.2. Given a vertically core-transitive double groupoid G, we have for all g € F and
h, € Hwithsg = x,!
1.(t-g) 'l hy 'l 1_,(t_,g)_1 =g-h- g_l-

We call this the Peiffer identity.

9ONotice that H maps into the isotropy of G .
210n the right hand side the product of F'is used.
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Proof. This follows by the interchange law. We do a direct computation:
g hy- g_l = (8 hxy 1—>(t—>g)_l) — ((g);l 'l 1—>(t—>g)_l)
=(g> (g);l) L hyy 1—>(t—>g)_l =15(t->9) L hy ) 1_,(t_,g)_1.
This proves the statement. O

The terminology is chosen to reflect that the identity closely resembles the Peiffer identity for
crossed modules of Lie groupoids. That is, the structure we arrived at is both a generalisation of
that of core diagrams in [BM92] and that of crossed modules (see, for example, [Mac89, And05,
LGWO08]). We call it a core extension in analogy with our definition of fat extension.

Definition A.3. A core extension is a diagram
1 H F
v~
Gy
such that the restriction of the map /' — G| to H is equivariant (with respect to conjugation in G )
and the Peiffer identity holds: the conjugation action of F on H, viewing H as a normal subgroupoid

of F, equals the action by F' on H induced by the bundle of Lie groups representation G CHand
the map F — G.

G, — 1

We usually simply write F for a core extension. Notice that, in a core extension F, the orbits of
F are the same as the orbits of G_,.

Since a double groupoid might be both horizontally and vertically core-transitive, we sometimes
call the associated core extension of a vertically core-transitive double groupoid the vertical core
extension.

Remark A.4. It is worthwhile to observe that a strict Lie 2-groupoid Hg = Hyy =3 N is always
vertically core-transitive. Writing Fy for its core, the above exact sequence for Hg is given by

1 Fy Fy N 1.

So, the vertical core extension of a strict Lie 2-groupoid is completely determined by a bundle of Lie
groups Fy =3 N and a Lie groupoid Hy; = N, together with a Lie groupoid map Fy — H)y,, and a
bundle of Lie groups representation Hy; C Fy. This recovers the concept of crossed module of Lie
groupoids. This definition is used in, for example, [Mac89, And05, LGWO08]. As we will see in the
next section, Section A.2, the one-to-one correspondence we set between vertically core-transitive
double groupoids and core extensions reduces to a one-to-one correspondence between strict Lie
2-groupoids and crossed modules of Lie groupoids (Fp, Hys) (Where Fp is a bundle of Lie groups).
See also Remark A.10.

A.2. From core extensions to core-transitive double groupoids. In this section we show that
we can recover a vertically core-transitive double groupoid from its vertical core extension. As we
already mentioned before, this sets a one-to-one correspondence. For a large and essential part, this
was proved already in [BM92] (see especially the last comments in that work). There, the focus lies
on transitive double groupoids.”> These are double groupoids such that all four groupoids defining
the double groupoid are assumed to be transitive. Additionally, they are assumed to be horizontally

215 [BM92], transitive groupoids are called locally trivial groupoids.
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core-transitive and vertically core-transitive. However, it is observed at the end of the work [BM92]
that generalisations should be possible for vertically core-transitive double groupoids that satisfy
another assumption. Writing G for the double groupoid as before, the assumption is written in
[BM92] as follows: all elements of G can be written as

g1y 15(82) -y (83)]

where g1, g3 € F and g, € G|. However, essentially, this assumption is equivalent to the vertically
core-transitive assumption:”>

Lemma A.5. Let G be a double groupoid. Then G is vertically core-transitive if and only if

FxyGyxuF—G  (81,82,83) — g1, 15(g2) - (g3)]'
is a surjective submersion.

Proof. Alocal section o of t| : F — G_, defines a local section of the above map by setting

g (g 0(s1g) 1 15(s58)7sog, o (s1g)).

Given (g1, 82,83) € F Xy G| Xy F, alocal section of F' — G_, through g3 defines (around the
element g1 -] 1,(g2) | (g3)l‘1 € G) a local section through (g1, g2, g3). A local section o of the
above map defines a local section of FF — G_, by setting

g - prioly(g) =pryol(g).
This proves the statement. |
That is, in Remark 4.3 of [BM92], assumptions (4.3.1) and (4.3.2) are equivalent. The relevance

of the above lemma becomes clear after the following observation. The pullback groupoid of G|
along the source map of F defines a double groupoid

FXMGlXMF: Gl

! !

F M
The vertical groupoid structure takes the form t| (g1, g2, 83) = g1, S (81, 82, 83) = &3, and

(81,82, 83) -1 (83,84, 85) = (81,8284, 85).

The horizontal groupoid structure F'Xy G | Xy F =3 G| is givenby t_, (g1, 82, 83) = (t—>g1)g2(t_>g3)‘1,
s—(g1.82,83) = g2, and

(81,82, 83) ~— (h1, ha, h3) = (g1hy, (toh) g (th3) = ho, g3h3).

A direct computation shows:
Lemma A.6. Let G be a vertically core-transitive double groupoid. Then the map
FxuGyxuF—G  (81,82.83) = g1 15(g2) - (83)]

is a map of double groupoids that is a surjective submersion.

93 A similar remark was already made in [JLM21].
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Proof. That the map intertwines the vertical products is readily verified. We do a direct computation
to verify that the map intertwines the horizontal products. Suppose (g1, g2, g3) and (hy, ha, h3) in
F Xy G| Xy F are horizontally composable. Then, first of all,

(g1, 15(82) - (83)]") = (B -y 1 (ha) - (B3)] 1)
= (81 -y 1o (tum)) — ) - (IS ((t 1) g2) -y (83)]1) — (15 (ha) -y (Ba)[ 1)
= (gih) - (Lo () g2) -1 (8] o (1 () - (h3)]1)),
where in the first equality we replaced g1 - 1,(g2) with
g1 1o (tshy) - 1L ((th) ' go)
and used the interchange law. We now use that (t_,/;) g2 = hy(t_,h3)~! and conclude:
(g1 15(82) - (83)]") = (B -y 1 (ha) -y (B3)] 1)
= (g1h1) -y (15 (h2) - 15 (65 h3) ™ - (g3)] ) = (1n(ha) -y (B3)]))
= (g1h1) - 15(ha) -y ((g3 - 1o (tha) ' (h3)])
= (g1h1) -y 15(h) -y (83h3)] "
That the map is a surjective submersion was already proved in Lemma A.5. O
Now, we can realise G as a quotient of F X3 G| X F by the horizontal kernel of the above map.

Remark A.7. Given a map of double groupoids @ : G — G’ that is a surjective submersion, notice
that its horizontal kernel K := ker_, ®@ can be seen as a double subgroupoid of G. Here,

ker,®:={geG|DP(g)=iml_}.
This is a consequence of the interchange law. We can then see the resulting exact sequence
1 K G =2 ¢ 1
as a short “horizontally” exact sequence of double groupoids. More precisely, all maps in the

exact sequence are maps of double groupoids, but the sequence is only exact with respect to the
horizontal products.

The map F Xy G| Xy F — G from Lemma A.5, seen as a groupoid map of the horizontal
products, has kernel isomorphic to the action groupoid

G, <H=3H,
where the action is given by
g he=15(8)  hey 15(9)7"
Its structure of double groupoid is
G <xH /7] G|

I

H M
where G| Xy H 3 G| is seen as a bundle of Lie groups.
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Proposition A.8. Consider the map F Xy G| Xy F — G from Lemma A.6. This map, together
with the map
GixH—FxyG xyF (g h) (15(8) 1 he 15(8)7" 8, hy)
fit into a short horizontally exact sequence of double Lie groupoids (see Remark A.7)

1—>GLI><H—>F><MGl><MF G 1.

Proof. The horizontal kernel consists of elements (g1, g2, g3) satisfying

g1y 15(82) -1 (83)]" = 15(82),
S0 21,83 € H, and
gr=1.(g2) 18- 1-(g2)7"

This proves that the horizontal kernel can indeed be identified with G| =< H as above. The map of
Lemma A.6 induces an isomorphism of double groupoids

G(F) =G [gn8,8]m g 1-(82) 1 (3]
where G (F) is the double groupoid

G(F)=(FxyG xyF)/(GixH)3F/H=G_,
over G| = M. This proves the statement. O

Now, the structure being used to define
G(F) = (Fxy Gy xy F)/(G|=H)
uses precisely the data underlying the vertical core extension of G. To ensure G (F) is defined for
any core extension F, the compatibility assumptions are used in the following way. Firstly, the
action groupoid G| < H =3 H is a double groupoid over G| precisely because the action defines a
bundle of Lie groups representation (see Definition A.1). The equivariance condition makes sure
that the embedding
Gle—>F><MGl><MF

is a map of double groupoids. The Peiffer identity ensures this groupoid is actually normal inside
of F' Xy G| Xy F. We now conclude:

Theorem A.9. The association
{Vertically core-transitive double Lie groupoids} — {Vertical core extensions} G- F
sets a one-to-one correspondence, and the assignment
{Vertical core extensions} — {Vertically core-transitive double Lie groupoids} F+— G(F)
is inverse to it (up to canonical isomorphisms).

Proof. We already showed that, given G a vertically core-transitive double groupoid, G and G (F)
are isomorphic, where F is the vertical core extension of G. So, it remains to observe that, given a
core extension F, the core groupoid of G (F') can be identified with F' 5 g as the classes of elements
represented by [g, s, 1s,]. That we recover the core extension is now readily verified. O

Remark A.10. Restricting attention to strict Lie 2-groupoids yields an interesting consequence:
they correspond to crossed modules of Lie groupoids (Fy, Hys) for which Fy is a bundle of Lie
groups (see Remark A.4).
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The whole discussion also applies to horizontally core-transitive double Lie groupoids (by
interchanging horizontal and vertical structures everywhere). From our discussion it follows that
double core-transitive groupoids (so double groupoids that are both horizontally and vertically
core-transitive) are isomorphic to either of the two double groupoids that its core extensions define.
However, starting with two core extensions, it is not immediate that the two resulting double
groupoids one constructs are isomorphic. Therefore, an extra compatibility assumption between
the two core extensions appears. This leads to the following definition:

Definition A.11. A double core extension, or core diagram, is a diagram

I —— Hj H, «—— 1

N/
/N

1 —— G, G, — 1

of exact sequences such that H and H_, commute elementwise in F: for all 4, € H| and
hy.— € H_, we have that

hyhe— = hyhy |
as elements of F.

Remark A.12. The above compatibility condition (of “commuting elementwise”) is written in
[BM92]. We did not specify the actions in the above definition, for specifying the actions in a
double core extension is unnecessary (this should be compared to Lemma 2.6 of [BM92]). Indeed,
given two core extensions

1 —— H| H, «— 1
U\F/Q
N
1 —— G, G, —— 1

satisfying that elements of H| and H_, commute elementwise in F, then, for example, the action of
G_, on H_, is given by
g-he=3-he-g!

where g € F is arbitrary with the property that ¢ maps to g under the map F' — G_,. That this
action is well-defined uses the compatibility between the two core extensions. The newly defined
actions in terms of lifts therefore determine the actions that are part of the data of the given core
extensions. As equivariance and the Peiffer identity are immediate from this new description of the
action, a double core extension can be defined as in Definition A.11.

From our discussion we can conclude (this result was already proved in [JLM21]):
Corollary A.13. There is a one-to-one correspondence

{Double core-transitive groupoids} — {Double core extensions} G F.
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Remark A.14. In [BMO92], the focus lies on “double transitive groupoids”, so horizontally and
vertically transitive (and core-transitive) double groupoids. To recover the main result of [BM92]
on double transitive groupoids, recall that, in a core extension

1 H F

Gy
the orbits of F are equal to the orbits of G_,. Therefore, F'is transitive if and only if G_, is, and
we call core extensions for which this holds transitive. The resulting double groupoid is vertically
transitive, and this sets an equivalence between transitive vertical core extensions and vertically
transitive (that are also vertically core-transitive) double groupoids. Using Corollary A.13, this

reproduces the result of [BM92] on double transitive groupoids (namely that they correspond to
double transitive core extensions).

G, — 1

Remark A.15. A class of examples of double groupoids which are usually not (core-)transitive
are given by commuting groupoid actions G C PO H. Given such commuting actions, we have a
double groupoid

GxP~H  _— PxH
Il !
GxP P

The core is the unit groupoid 1p, and the core data consists further of the unit embeddings

GxP««— P— PxH.

These maps carry no information about the actions. In this case, rather than considering the core,
we can view G x P > H as a groupoid over P, and there are two Lie groupoid maps

G—GxPxH—> H.

It is well-known that there is a natural way to set an equivalence between left/right principal
bibundles (commutating actions, one of which is principal) and such diagrams G < K — H
where one is a Morita map (see [dH13]).

We now go back to PB-groupoids, and show that PB-groupoids (that come with a gauge double
groupoid) can be efficiently described using core extensions.

A.3. PB-groupoids and core extensions. Principal groupoid bundles do not always come with
a smooth gauge groupoid. A typical assumption that guarantees the smoothness of the gauge
groupoid is that the moment map is a surjective submersion (see e.g. [dHI13]). General linear
PB-groupoids come with a gauge double groupoid if the differential has constant rank. We focus
here on the following class of PB-groupoids:

Definition A.16. let P; be a PB-groupoid. If the moment map(s) of P are surjective submersions
onto a smooth embedded submanifold, then we call P a PB-groupoid with gauge double groupoid.

To be clear, PB-groupoids with gauge double groupoid really come with a gauge double groupoid:
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Proposition A.17. Let PG = Py be a PB-groupoid with gauge double groupoid. Then
PG Xu; P = Py Xu,, Pu
is a Lie groupoid with s[pg, pr] = [Spg,Spnul, tIpg, prl = [tpg, tpnl, and
[Pg. Pu) - [Pgrs Pl = [Pg - Pespn Pl [Pepnl™ = [pg' Pyl
(here, sSp, = tpg and sSpj, = tpy ). Moreover,
PG X, P6 —= Py Xu,, Pu

! !

G M
is a full double groupoid, called the gauge double groupoid of Pg.

Proof. We prove here that the above double groupoid is full. That is, the double source map
(85,8)) : PG Xng P = (Pm Xuy, Pu) Xm G

is a surjective submersion. Indeed, to construct a section through [pg, p1] € PG Xg,; Pg, first pick
a local section o of Py; — M. Then, take a local section o of P; — G, which is projectable to
the local section o of Py; — M, and goes through

Ph e Yoo (shy.spn)-ts
where we used ~
‘PZPMXMPM%PMXNHM—)HM.

Lastly, we pick a local section ¢, of the moment map u : PG — N through p, (defined on an open
set in the image of u). This way, we can build the local section
(PuXnPm)XmG — PGXNPG — (Pxs Psks k) 7 (0u(1Px) 1w (so, (up)opr)» O K) - 1w(or(sk).per))
which induces the desired well-defined local section through [pg, pi] € PG Xu,; Pg. |

We will argue next that the gauge groupoid of a PB-groupoid with gauge double groupoid is

always vertically core-transitive. Basically, this follows from the fact that the structural strict Lie
2-groupoid is always vertically core-transitive (see Remark A.4).

Lemma A.18. Let P¢ =3 Py be a PB-groupoid with gauge double groupoid, and denote by
Hg =3 Hy 3 N its structural strict Lie 2-groupoid. Then its gauge double groupoid

PG Xg, P6 ——= Py Xu,, Pu

! !

G M

is vertically core-transitive.
Proof. We write Fy for the core of Hg and F for the core of the gauge double groupoid. Note that

F =A{lpg.q1,] € PG Xug PG | sp =sq € Py}

Now, let o be a (local) section of Pg Xy Pc — G X G that is s X s-projectable to a section of
Py Xy Py — M X M, and consider a section of t| : Fy — N. Define

a:GxG L PgxyPg— N— Fg.
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Given [pg,q1,,] € F, we take o defined on an open set of (g, 1s¢), and such that o(g, 1s,) =
(Pg»q1,,)- Then the pointwise multiplication map

og-a:GxG — Pg %y, Pg

defines through
G—-Gx1ZI5F
the desired section of ' — G through [p,, q1,,] € F. This proves the statement. |

In turn, a PB-groupoid with gauge double groupoid comes with a vertical core extension. We
can describe it as follows.

Definition A.19. Let P = Py be a PB-groupoid with gauge double groupoid. The core extension
of Pg is the principal groupoid bundle P, together with the core extension

1 H F G 1.

O

Py Xp,, Py

Remark A.20. In the above discussion, the core groupoid F is isomorphic to
PGg/Hy 3 Py/Hy=M
where H)s acts on Pg via the unit embedding Hy; < Hg. The isomorphism is given by
Pg/Hy — F [p] = [p. 1sp]-
This should be compared with Section 5.5.

If P¢ is aregular general linear PB-groupoid, then the gauge groupoid associated to the principal
groupoid bundle Py, = GL(Cy, Vi) is the Lie groupoid Aut(Cy — Vyy). To tie everything
together, we end this section with the following result.

Proposition A.21. Let F; =3 M be a Lie groupoid, and let Cy; — Vi be a regular 2-term complex.
Consider the canonical (conjugation) action Aut(Cy — Vi) C H(Cyr, V). Then Fg defines a
fat extension of G over Cy; — V) if and only if

1 H(Vy, Cy) Fg G L,

O

Aut(Cy — Vi)

defines a core extension.

Proof. The equivariance condition is equivalent to F restricting to the canonical cochain complex
representation, and the Peiffer identity translates to the fact that the two natural conjugation actions
of Fg on H(Vy,, Cyy) agree. This proves the statement. O

Remark A.22. That the action in a core extension

1 H F
0
Gy

G, — 1
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defines a bundle of Lie groups representation uses, of course, the group structure of G| explicitly.
But the equivariance and Peiffer identity use the groupoid structure G| in terms of the groupoid
map ' — G only.

While the regularity of the complex in the above statement is used to ensure that Aut(Cy; — V)
is a smooth Lie groupoid, this is irrelevant for the description of a fat extension Fg. The reason
is that we can “bypass” Aut(Cy; — Vj) by embedding Aut(Cy; — V) into, for example,
GL(Cy, V). Although the conjugation action of GL(Cjy, Var) on H(Vy,, Cyy) is not well-defined,
it is well-defined on the image of Fgz — GL(Cyy, V). So, a fat extension is, in essence, a type of
core extension, but only when interpreting the concept in such a more general form.

In general, the gauge double groupoid of a PB-groupoid with gauge double groupoid is encoded
by a core extension. But the above remark suggests that at least general linear PB-groupoids
are also encoded by a type of “core extension”: fat extensions. Investigating this definition for
PB-groupoids in more general setups (in the style of the previous remark) seems an interesting
direction that will be pursued elsewhere.
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