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BASIC ZERO-DIMENSIONAL SPACES: A UNIFYING
FRAMEWORK FOR CONTINUITY AND OPENNESS

JOAO AREIAS AND JORGE PICADO

ABSTRACT. Following a suggestion in [10], we establish the category of
basic zero-dimensional spaces and their basic continuous maps. The ob-
jects are closure spaces with a distributive closure system containing a
specified meet-base of complemented members that make the category
a common generalization of those of closure spaces, zero-dimensional
topological spaces, Heyting semilattices, and locales (frames). We treat
images, preimages, continuity, openness and closedness of maps between
basic zero-dimensional spaces. Among our main results, we have a use-
ful description of preimages for basic continuous maps (analogous to
the one for localic preimage maps as coframe homomorphisms), and a
Joyal-Tierney type theorem for basic open maps. A novel aspect of
the category of basic zero-dimensional spaces is a duality principle that,
among other things, enables results for basic closed maps to be obtained
for free from those for basic open maps.

1. INTRODUCTION

Articles such as [14], [10], and [7] have demonstrated that several results
in point-free topology can be viewed as instances of more general results in
the non-complete setting of Heyting semilattices. Working in this broader,
non-complete framework not only sheds new light on existing results and
their proofs, but also shows that the existence of infinite joins and meets is
often unnecessary.

The present article continues this line of research. Its primary motivation
is a suggestion made at the end of [10] to investigate a category of so-called
basic zero-dimensional (closure) spaces and basic continuous maps, similar
to categories considered in [4] and [5]. This category is intended to provide
a unified framework encompassing such categories as those of closure spaces,
zero-dimensional topological spaces, Heyting semilattices, and, in particular,
locales, together with their corresponding notions of continuous maps.
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The motivation for introducing this category of spaces is provided by
the following two guiding examples. Let L be a locale (that is, a complete
Heyting algebra). The lattice S(L) of all subobjects (sublocales) is a coframe.
Meets in S(L) are just intersections; hence S(L) is a closure system in L.

For each a € L, there are two basic elements of S(L), the open sublocale
oa = {a — x|z € H} and the closed sublocale ca = fa, complemented to
each other. A fundamental property of the theory of locales asserts that
every S € S(L) is of the form

S = n (cai V Obi) = n (cai V —\Cbl‘)
icJ icJ
(this expresses the fact that the duals of lattices of sublocales are zero-
dimensional).

More generally, let H be a Heyting semilattice with its (complete) lattice
of ideals ZdIl(H). We still have the open and closed oa, ca, which are elements
of Zdl(H), complemented to each other. The joins caV ob generate in ZdI(H )
the class Bd(H) of basic domains of H, that is, the subsets of H of the form

N (caj V ob; V- -+ V cal* V ob]").
ieJ
Again, this is a coframe and, in particular, a closure system in H.
It is easy to see that basic domains are a generalization of sublocales.
The triples

(L,cL,S(L)) and (H,cH,Bd(H))

are, among others, the motivation for basic zero-dimensional spaces (briefly,
b0-space). These are triples S = (X, C, Bd), where

1. X is a set,
2. Bd is a closure system on X, distributive as a lattice, and
3. C C Bd is such that every C' € C has a complement —~C' in Bd, and
every M € Bd is of the form
M= (N (C}V=D}V---vCF V=DM,
eJ
for some C}, D}, ..., C", D" € C.

We will show in this paper that working within the context of b0-spaces
not only makes the results far more general, but also illuminates the phe-
nomena behind the proofs better. Our main goal is to confirm that bO-spaces
provide a useful unifying framework for studying continuity and openness
of maps, unifying the modelling of continuous maps and open continuous
maps in point-free topology, point-set topology and elsewhere [10].

In [10], the authors showed that some results in locales are consequences of
some more general results in Heyting semilattices. In doing so they identified
two main constraints of Heyting semilattices when one takes nuclear ranges
(see 2.4 below) as the generalization of sublocales: the system of nuclear
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ranges is not a coframe in general (in fact, it may even have no meets), and
there is no non-complete analogue for the preimages of localic maps.

By applying our results on b0-spaces to the category of Heyting semilat-
tices, we can immediately overcome these problems: the system of substruc-
tures of a b0-space is always a coframe, and an analogue of localic preimages
exists for basic continuous maps.

One of the main results in [10] is the generalization to Heyting semilattices
of the Joyal-Tierney characterization of open localic maps. In this paper, we
obtain a similar result for basic open maps between b0-spaces. By applying
it to Heyting semilattices we get an alternative proof for the Joyal-Tierney
type theorem in Heyting semilattices [10]. Another notable feature of the
category of b0-spaces is a duality principle that, among other things, enables
results for basic closed maps to be obtained for free from those for basic open
maps.

The paper is organized as follows:

Section 2 presents the necessary background information and terminology.
Section 3 introduces the category of bO-spaces and basic continuous maps.
Section 4 introduces basic images and preimages. We then characterise basic
continuous maps, concluding that a map admits a localic-type preimage if
and only if it is basic continuous (Section 5). We also prove that the basic
preimage is a coframe homomorphism (Section 6). Section 7 applies the
theory of b0O-spaces to Heyting semilattices. Section 8 characterises basic
open maps, and Section 9 applies this to Heyting semilattices, providing a
new proof of the Joyal-Tierney theorem for Heyting semilattices. In Section
10, we present a duality principle in the category of bO-spaces, and use it to
characterize basic closed maps and to present in the final section (Section
11) a generalization, to the non-complete setting of Heyting lattices, of the
well-known theorem that characterizes closed localic maps.

Throughout the paper, we illustrate our main results by formulating them
in the context of Heyting (semi)lattices.

2. PRELIMINARIES

In this section we collect some facts and notation about closure operators,
Heyting semilattices, frames and locales, coframes, and Galois adjunctions
that we will need in the following. We use the standard notions and notation
for partially ordered sets and lattices as e.g. in [2] and [13].

2.1. Galois adjunctions. Given two partially ordered sets X and Y,
a Galois adjunction [9] between them consists of a pair of order-preserving
maps f: X — Y and ¢g: Y — X such that

flx)<yez<gy).
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One says that f is left adjoint to g (and g is right adjoint to f) and writes

f 1 g. Left and right adjoints, when they exist, are unique. It is standard

that (cf. [9, 13])

(G1) If f Hg, then fg <idy and idx < gf,

(G2) left adjoints preserve all existing suprema and right adjoints preserve
all existing infima, and

(G3) if X,Y are complete lattices, then each f: X — Y preserving all
suprema has a right adjoint (given by g(y) = V{z € X | f(z) < y}),
and each g: Y — X preserving all infima has a left adjoint (given by

flx)=NyeY |gly) >z}).

2.2. Closure operators and closure systems. A closure operator on
a poset P is a map v: P — P satisfying

a <y(b) < v(a) <v(b) forevery a,be P. (2.2.1)

Given a set X, one usually talks about a closure operator on X to mean a
closure operator on P(X). Closure operators on X are closely related to the
notion of a closure system on X. A closure system on a set X is a subset C
of P(X) such that X € C and (X € C for every X C C. A closure system is
said to be topological if it is closed under finite unions. One has the obvious

Proposition 2.2.1. For each closure system C on X, the operator T'¢(A) =
(Y € C| ACY} is a closure operator.

There is a canonical way [6] of constructing a closure system from an
X CP(X). Given a set X and X C P(X), set

QX ={NY |y cCay, oxX={Uy|ycay,
X ={NY|YCx, Yisfinite}, UxX={JY|YCX,is finite}.

Proposition 2.2.2 ([6]). Among the closure systems on X containing X,

(1) QX is the least closure system, and
(2) QUIX is the least topological closure system.

A closure space is a pair (X,C), where X is a set and C is a closure system
on X. If (X,Cx) and (Y,Cy) are closure spaces, a map f: X — Y is said
to be continuous if f~[C] € Cx for every C' € Cy. We refer to [6] for more
information about closure operators and closure spaces.

2.3. Heyting semilattices. A Heyting semilattice H (also known as im-
plicative semilattice [7], or Brouwerian semilattice [12]) is a meet-semilattice
(with top element 1) in which every unary operator A, = a A (—) has a right
adjoint 7, = a — (—), that is,

aNb<c&sb<a—c foreverya,bce H. (2.3.1)

Lattices with an (Heyting) operation — satisfying (2.3.1) are called Heyting
lattices (also Heyting algebras).
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We list below the basic properties of the Heyting operator in Heyting
semilattices that we will need ([12], Section 1]:
H1l) (a = b)A(a—c)=a— (bAc).
H2) a <bif and only if a — b = 1.
) b<a—b.
Ja—(b—=c)=(aAb) = c=b— (a— c).
) a<(a—b)—0b.
) b= ((a —b) = b)A(a—Db).
n a Heyting semilattice H one has for each a € H the open set
oa={r€H|la—vzx=z}={a—z|zecH}
and the closed set
ca=ta={r e H|x>a} ([10)).

The system of all open subsets of H is denoted by oH, and the system of
all closed subsets by ¢H. The subset {1} of H is denoted by O.
For every a,b € H,

a<b&cbCca and a<b<e oaCod. (2.3.2)
Given M, K C H, we will also need to consider the set
MAK={mANk|meM,keK}.
When H is a Heyting lattice, we have:
0(0) =0, o(1) = H, oanob=o0(aAb) and oa A 0b=o0(a VD),
¢«(1)=0, ¢(0)=H, carcb=c(aAb) and canchb=c(aVb).
A map between Heyting semilattices is continuous (also known as an
l-morphism [10]) if it has a left adjoint that preserves finite meets (includ-

ing the top element). Continuous maps between Heyting semilattices are
characterized by the following result:

Proposition 2.3.1 ([10]). A map between Heyting semilattices f: H1 — Ho
is a continuous map if and only if the following conditions hold:

(1) fla)=1 = a=1.

(2) f has a left adjoint f*.

(3) For every a € Hy and b € Ha, f(f*(b) — a) =b— f(a).

Condition (3) is usually referred to as the Frobenius identity (or the —-
semilinearity of f [10]).

2.4. Ideals and nuclear ranges. Let H be a Heyting semilattice. A
sub-semilattice ' C H is an ideal of H (also known as a total sub-algebra
[12]) if x — t € T for every x € H and t € T. The system of all ideals of H
will be denoted by

Zdl(H).

This is a closure system, hence a complete lattice. Moreover:
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Proposition 2.4.1 ([12]). ZdI(H) is a distributive lattice with Th ATy =
T A Ts.

Proposition 2.4.2 ([14]). For each a € H, ca and oa belong to Zdl(H) and
are complemented to each other.

A subset N C H is a nuclear range (also known as a strong ideal [14])
if it is the image of some nucleus on H (recall that a nucleus on a meet-
semilattice is a closure operator that preserves binary meets). The poset of
all nuclear ranges on H ordered by inclusion will be denoted by

Nuc(H).

Proposition 2.4.3 ([7]). For each a € H, oa € Nuc(H). Moreover, ca €
Nuc(H) for every a € H if and only if H is a Heyting lattice.

Nuclear ranges behave well under images of continuous maps:

Proposition 2.4.4 ([10]). The image of a nuclear range under a continuous
map is a nuclear range.

2.5. Frames and locales. A frame (also known as a locale) is a complete
lattice L satisfying the infinite distributivity law

aN\/B=\{anb|be B}

for all a € L and B C L. Frames are precisely complete Heyting lattices,
with the Heyting operation given by a — b = \/{z | x A a < b}. Standard
examples of frames are the lattices OX of open sets of topological spaces.
A coframe L is the dual of a frame, that is, a complete lattice satisfying
aVAB=NAN{aVvb|be B} forallaec Land BC L.

A frame homomorphism f: L — M is a map between frames that pre-
serves arbitrary joins (including the bottom element 0) and finite meets
(including the top element 1). Similarly, a coframe homomorphism pre-
serves arbitrary meets and finite joins. Localic maps are the right adjoints
of frame homomorphisms. They are precisely the continuous maps between
complete Heyting algebras and are thus characterized by conditions (1)-(3)
in Proposition 2.3.1.

A sublocale of a locale L is a subset S C L such that
(S1) S is a meet-subset, that is, for every M C S, AM € S.

(S2) For every s € S and every z € L, x — s € S.
The open and closed sets oa and ca are examples of sublocales of L. The
least sublocale of L is the set O = {1}.

The system S(L) of all sublocales of L is a coframe with a fairly trans-
parent structure [13, pp. 28-29]:

/\Si: mSz and \/Szz{/\M’Mg USZ} (2.5.1)
icd ic i€ ic

Let f: L — M be a localic map (with left adjoint f*) and S C L and
T C M sublocales. Then the standard set theoretic image f[S] is easily
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seen to be a sublocale of M. The standard preimage f~![T] is generally
not a sublocale, but it is closed under meets and hence, by the formula for
suprema in (2.5.1) there exists a largest sublocale contained in f~![T] which
we denote by f_1[T]. This is the localic preimage of T'. There is the obvious
Galois adjunction

FIS|CT iff SC fqlT).

Consequently, f_1[—] preserves intersections. Moreover,

f[0] =0, fale(a)] = ¢(f*(a)) and fifo(a)] = o(f*(a)).

For more about frames, locales and point-free topology consult [13].

2.6. Constructing coframes inside complete lattices. Given a
complete lattice L and M C L, set
AM ={\K | K C M}, VM ={\VK | K C M},

AMNM ={\K|K C M, K is finite}, VIM ={\/K|K C M, K is finite}.

The following important result of M. Erné [8] will be needed in the sequel.
For the sake of completeness, we include a proof, as [8] is not easily available.

Proposition 2.6.1. Let L be a distributive complete lattice, and let M be
a set of complemented elements of L. Then T = AVIM is a coframe whose
binary joins are given by the formula
T
(ANai) V (Abj) = N(a; Vb)) for every a;,bj € VIM. (2.6.1)
i J i,J

Proof. We can assume that M = VIM, (otherwise, just consider M’ = ViMm,
and observe that AVIM' = AVIM = AM').

It is obvious that 7' is complete. To show that the joins are given by
(2.6.1) let a,b € T and a;,b; € M such that a = A;a; and b= A\, b;. It is
clear that

T
aVb< /\(ai\/bj).
i?j
For the converse inequality, consider m € M such that m > a,b. In a
distributive complete lattice, every complemented element m satisfies the
distributive law m vV \; z; = A\;(m V z;) for any system {x;}; of elements of
L (see e.g. [13, VI.4.4.1]). Therefore

m=mVa=mV ANa; = A(mV a;)

and
m = /\(bJ V m) = /\(bJ V /\(m V az)) = /\(bJ Va; V m) > /\(az V bj).

J J 1,7 %,J

Since this holds for every m € M and M is a meet-base of T', it follows that
T
/\i’j(ai V bj) <aVhb.
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Finally, to see that T is a coframe, take ¢ € T for k € K and let
Y ={meM|c <m for some k € K}.

Clearly A, ¢y = AY and, moreover,

T T
aV N ecxk=(ANai))v N m= A (mVa)

keK icJ mey meYieJ
> A (a;Ver) > A (aVeg). O
e ke K keK

3. THE CATEGORY OF BASIC ZERO-DIMENSIONAL SPACES

We will now introduce our basic setting, the category of basic zero-
dimensional spaces and basic continuous maps. These notions were sug-
gested in [10, §7]. However, a few adjustments need to be made to ensure
things work well.

Definition 3.1. A basic zero-dimensional space (briefly, b0-space) is a triple
S = (X,C, Bd), where

— X is a set,

— Bd is a closure system on X, distributive as a lattice, and

— C C Bd is such that every C' € C has a complement —C' in Bd, and
every M € Bd is of the form

M= (N (C}V=D}V---vCF V=DM,
ieJ
for some C}, D}, ..., C", D" € C.
The bottom element of Bd is denoted by O and the set {-C' | C € C} by
0. To avoid possible notation conflicts, we sometimes write
X =S|, C=C(S), O=0(S), and Bd = Bd(S).

If we set B={BV ~C | B, C € C}, we have Bd = QVk,(B).

The elements of Bd will be called basic domains and B will be called a
basis of Bd. Although C does not need to be a closure system, we will refer
to its elements as closed (domains) and to their complements in Bd as open
(domains).

As an immediate application of Proposition 2.6.1, we have:

Proposition 3.2. If S = (X,C, Bd) is a b0-space, then Bd is a coframe.

One of the motivating examples of b0-spaces is the triple
(L,cL,S(L))
for any locale L, as every sublocale S is of the form
S={caVob|SCcaVob}

(this result, proved in [13], expresses the well-known fact that coframes of
sublocales are duals of zero-dimensional frames).
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Definition 3.3. Let S and T be b0-spaces. A basic continuous map f: S —
T is amap f: |S| — |T| with the following properties:
(BC1) f~1[0] = 0.
(BC2) There exists a map f{ : C(T) — C(S) such that
fIB]CCiff BC fi[C] forevery B e C(S) and C € C(T).
(BC3) For every C € C(T), ~f_[C] C f~1~C].
(BC4) For every C;, D, € C(T) (i=1,2,...,n),

n n

,\/1 (felGi v ~filDi]) € f’l[}\/l(Ci Vv =Dj)].

1= 1=

The map f{ is called the c-basic preimage of f. We will refer to the pair
(f, fL) as a c-basic continuous pair, to indicate that f is a basic continuous
map and that f{ is the associated c-basic preimage map.

Example. Any localic map f: L — M induces a basic continuous map
f:(LyeL,S(L)) — (M, M, S(M))
with f¢ given by ff [ca] = f_1[cal.
It is obvious that f¢ [C] is the largest closed domain contained in f~1[C];

in particular, f¢ is uniquely determined by f. Using this, we can show the
following:

Proposition 3.4. The composition of two basic continuous maps is a basic
continuous map.

Proof. Let f: S — Sz and g: So — S3 be basic continuous maps. Clearly,
gf satisfies (BC1). To check (BC2), let D € C(S3). Since D and g{_[D] are
both closed, we may use (BC3) on g to conclude that

~fLlge (D] € fH =g D)) € F g =Dl
Then, by property (BC1), for any C € C(Sy),
glflCl € D= CC f g ' [D]]
= Cnf g =Dl C g DN f g D))
= CN=flge[D]] =0
= CC flg[D].
On the other hand,
CC fLlge[D] = Cc [y (D] = CC [y~ [D]] = flg[C]] € D.
This shows that gf satisfies (BC2) with (¢f)L = fE gl .
Properties (BC3) and (BC4) follow immediately from the last identity
(9/) = fige. O
It follows easily that basic zero-dimensional spaces, together with basic
continuous maps, form a category. We denote it by

BO0ds.
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Example. The category Loc of locales and localic maps is (non-fully) em-
beddable in BOds.

In order to provide more examples, we need the following auxiliary results.

Proposition 3.5. Let S = (X,C(S), Bd(S)) and T = (Y,C(T),Bd(T)). If
Bd(S) and Bd(T) are topological closure spaces, then a map f: X — Y is
a basic continuous map between S and T if and only if f~1[C] € C(S) for
every C € C(T).

Proof. Suppose that (f, f{ ) is a c¢-basic continuous pair and consider C €
C(T). By property (BC3),
FHO =X N THY N OIS X N (XN FE[C) = fELC).

Since the converse inclusion holds always, we have f~1[C] = f¢ [C] € C(S).
Conversely, it is straightforward to see that f is basic continuous (just

take f£ [C] = f~1[C]). O
The following proposition is obvious.

Proposition 3.6. Let X be a set, F C P(X) with 0, X € F, and
B={CU(X~\D)|C,DeF}.
Then (X, F,QUN(B)) is a basic zero-dimensional space.

Examples 3.7. (1) Recall that a topological space (X, 7) is zero-dimensional
if 7 has a basis consisting of clopen sets [3]. Each zero-dimensional topolog-
ical space (X, 7) induces a canonical bO-space

(X,C,7°)

with C the set of all clopen subsets of X and 7°¢ the set of all closed sub-
sets. It follows from Proposition 3.5 that the category of zero-dimensional
topological spaces is (non-fully) embeddable in B0Ods.

(2) Each closure space (X, C) induces a bO-space
(X,C,Qu'(B))

where B={C U (X ~ D) | C,D € C} (by Proposition 3.6). It then follows
from Proposition 3.5 that the category of closure spaces is fully embeddable
in BOds. In particular, since Top is equivalent to the category of topological
closure spaces, it is then also fully embeddable in BOds.

(3) Using similar arguments, one can show that the category of measurable

spaces and measurable functions and the category of posets and right adjoint
maps are both fully embeddable in BOds.

Remark 3.8. As mentioned previously, the category of bO-spaces and basic
continuous maps was first proposed in [10]. Our definition above is slightly
different:
e In the definition of a bO-space, we take Bd as Qng(B) (instead of
Q(B)), in order to guarantee that Bd is a coframe.
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e In the definition of a basic continuous map f: S — 7, we do not
demand it to satisfy f~1[C] € C(S) for every C € C(T). Instead,
we require the existence of a map f{ : C(T) — C(S) and condition
(BC4). With these adjustments, we will get the crucial Lemma 4.1
and the duality principle (see Note 10.5).

4. BASIC IMAGES AND PREIMAGES

As it should be clear from the examples above, the image of a closed
domain by a basic continuous map does not need to be closed, not even
a basic domain (consider e.g. S = T = (R,{0,R},{0,R}) and the map
f: R — R defined by f(z) =1). Nevertheless, since Bd is a closure system,
Proposition 2.2.1 guarantees that it is associated with the closure operator

(Z)y=({SeBd|ZCS} foral ZCX.

Using this, we may associate to each basic continuous map f: S — 7T the
map

fo = (M — (f[M])): Bd(S) — Bd(T)
which will be referred to as the basic image of f.

We will show now that we can extend the map f{ defined in the closed
domains to a map f. defined in arbitrary basic domains. This map will be
the b0-analogue of the localic preimage and will play a crucial role in the
theory.

We will present the results in their most general form, but will prove them
only for the case Bd = Q(B), that is, where every basic domain M € Bd is
of the form

M = ﬂ (Cl V —|Di)
ieJ
for some Cj;, D; € C. The proofs can be easily adapted to the general case
Bd = QVI(B), they only require heavier notation.

Lemma 4.1. Let f: S — T be a basic continuous map. Then, for every
M € Bd(S) and every C;, D; € C(T),i=1,...,n,
fIM] € }\7/1(01‘ V-D;) & MC .yl(fi[c'i] V = f[Di]).

Proof. We will prove the result for n = 1 only, but the arguments extend
easily to any n € N.
By (BC1) and (BC3) we have

fIM]CCV=D=MC f'[CV~D]
= Mnfl-CcnD)C fCv-DInf[-CnD]
= Mnf 0N DI CO
= Mn(-fLCINfE[D]) €O
= M C f_[C]V-f_[D].
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On the other hand, by property (BC4),
M C fL[C]V~fi D= MC f[Cv-D]= f[M]CCV~-D. O

Proposition 4.2. For any basic continuous map f: S — T, its basic image
f— has a right adjoint.

Proof. By property (G3) of Galois adjunctions, it suffices to show that f_,
preserves arbitrary joins.
Let M; € Bd(S) (i € J) and C,D € C(T). By the previous lemma,
=V M]CCvVv-D<« f[\| M;] CCV~-D
iceJ i€
& V M € fIC)V £ (D)
1€
< M; C fE[C]V—fi[D] forallieJ
& fo[M;) CCV-D forallielJ
<\ fL5[M;]) CCV-D.
i€J
Hence [, [V;e; Mi] = Ve, f=[M;] since B(T) is a meet-base of Bd(T). O

Given a basic continuous map f: & — T, we will denote the right adjoint
of f: Bd(S) — Bd(T) by f— and refer to it as the basic preimage of f.

To obtain an explicit formula for f.[K] we first take C;, D; € C(S) such
that K = (,c;(C; V—~D;) and apply Lemma 4.1 to conclude that, for every
M € Bd(S),

MC f[K]e [5[M]CK
& fLIM] CC;v-D; forallicJ
& M C fIC)V ~fe[Dy] forallieJ

&M C ((/EIC]V /D)
1€
Then, immediately:

Proposition 4.3. For each basic continuous map f: S — T and each basic
domain
K= N(C}Vv~=D}Vv---vC"v-DM),
icJ
with C},D},...,C" D € C(T) for everyi € J,

fe[K] = ,Qj(f; [CHV=fEIDIV -V FE[C]V =L [D}]),

5. A CHARACTERIZATION OF BASIC CONTINUOUS MAPS

Now that the basic preimage f.. has been defined in all basic domains,
we can use it to describe basic continuous maps.

Theorem 5.1 (Extension). A map f: |S| — |T| between bO-spaces is basic
continuous if and only if it satisfies the following properties:
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(BC1’) f~1[0] =O.
(BC2’) There exists a map f: Bd(T) — Bd(S) such that, for every M €
Bd(S) and K € Bd(T),

fIM] € K iff M C f_[K].

(BC3’) For every C € C(T), f[C] € C(S).
(BC4") For every C € C(T), f[~C] = ~f[C].

Moreover, the map f in (BC2’) is precisely the basic preimage of f.

Proof. Clearly, any basic continuous maps f: S — T satisfies (BC1’). More-
over, by propositions 4.2 and 4.3, its basic preimage f.  also satisfies condi-
tions (BC2’)-(BC4’).

Conversely, consider the restriction to C(7) of the map f. given by
(BC2):

fe=(Cw f[C]): C(T) = C(S).

By (BC3) it is well defined. Let us show that (f, f,_) is a c-basic continuous
pair. B

Clearly (f, f.) satisfies conditions (BC1) and (BC2). Since (BC2’) im-
plies f [K] C f7YK], (f, f.) also satisfies (BC3). It remains to check
property (BC4). We will only do it for the case n = 1, as the argument can
be immediately extended to any n € N:

By (BC2’) and (2.2.1) we have an adjunction f_, - f.. Since f. is a
right adjoint, it must be order-preserving. Hence

F[CIV~F D] = f[C]V f[~D] € f[C'V D] € f[C'V D]

The fact that f._ is indeed the basic preimage follows from the facts that
f is basic continuous and f_, 4 f._. O

We say that (f, f) is a basic continuous pair to indicate that f is basic
continuous, with basic preimage f._. The basic preimage is the b0 analogue
of the localic preimage. The preceding theorem states that a map admits a
“localic preimage” if and only if it is basic continuous.

6. THE BASIC PREIMACE AS A COFRAME HOMOMORPHISM

A fundamental property of localic topology is that in the category of
locales the localic preimage f_1: S(M) — S(L) of alocalic map f: L — M is
a coframe homomorphism (i.e., it preserves arbitrary meets and finite joins;
in particular, it preserves complements). In this section, we extend this
result to bO-spaces by demonstrating that f. is a coframe homomorphism
whenever (f, f) is a basic continuous pair.

Theorem 6.1. Let (f, f): S — T be a basic continuous pair between b0-
spaces. Then f. is a coframe homomorphism.
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Proof. Since f. is a right adjoint, it preserves arbitrary meets. In or-
der to show that it preserves binary joins, consider K, L € Bd(T) and
Ci,Di,Ej,F; € C(T),i€e1,j€ J,such that

K = m(Cz\/_‘Dz) and L= m(Ej\/_‘Fj)-
iel jed
Then use Proposition 4.3 and the fact that basic domains form a coframe
to obtain
FelKV L) = f GV ~Di V E; v —Fy)]
Z?]

= ﬂ(fl—[Cz] Vafe[Di] Vv f<—[Ej] v _‘f<—[Fj])

= NGV ~f D)V N (f[Ej] V ~fe[Fj])

el jed
= fe[.ﬂI(Ci V=DV fe[.ﬂJ(Ej VoFy)] = fe K]V [ [L].
S JE

Moreover, f. [0] C f~1[0] = O, so f. also preserves the empty join. O

Corollary 6.2. Let (f, f) be a basic continuous pair. Then f._ preserves
complements.

7. AN APPLICATION TO HEYTING SEMILATTICES

We will now apply the theory of bO-spaces to address the issues encoun-
tered in [10] when attempting to generalise certain results from locales to
Heyting semilattices.

Let H be a Heyting semilattice and set
B={caVvob|abecH}
(where the joins are taken in Zdl(H)). The basic domains of H are the

elements of Bd(H) = QVfIdl(H)(B).

By definition, basic domains are the subsets of H of the form

.ﬂj(ca} Vooby V.o Vealt Voobl).
1€

Obviously, oa € Bd(H) for every a € H. This is also true for closed sets:
Proposition 7.1. For every a € H, ca € Bd(H).

Proof. Tt is clear that ca C (({caVob | b € H}. Conversely, let x € ({caVob |
b € H}. Then there exist ' > a and ¢ in H such that z = d' A (z Aa) — c.
By properties (H1), (H2) and (H4) in 2.3 we have

l=(zNa) = x=((zANa)=d)AN(zAa) = (xAa) = c))=(xAa) —c
Therefore x = a’ > a and ca =({caVob|be H}. O
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Hence oa, ca € Bd(H) and they are complemented to each other.

Moreover, it follows from Proposition 2.6.1 that the system Bd(H) is a
coframe. Hence, the triple

(H,cH,Bd(H))

is a basic zero-dimensional space.
In Heyting semilattices, basic domains generalize nuclear ranges. To prove
this, we need the following result from [14, Prop. 2.15].

Lemma 7.2. Let v: H — H be a nucleus on a Heyting semilattice H. For
every a,b e H,
a— v(b) =v(a) — v(b)
The next result is an adaptation of the corresponding result in [13] for
locales and localic maps. The proof in [13] extends easily to Heyting semi-

lattices by replacing = V a by (a — z) — x and using properties (H5) and
(HG6).

Proposition 7.3. Let v: H — H be a nucleus on a Heyting semilattice,
and let N, C H be its range. Then N, is a basic domain of the form

N, ={caVob|v(a)=v(b)}.

Proof. Consider x € N, and a,b € H such that v(a) = v(b). Let B =
({ca Vob|v(a) =v(b)}. By the Lemma, we have

a—z=v(a) »>vx)=vd) - v(E)=b—

Then, by properties (H5) and (H6),
z=(a—=z)=>2)AN(a—2)=((a—2z)—=2)A(b—2)€caVob.
Conversely, let © € B. Since v(v(x)) = v(z), we have z € ¢(v(z)) V ox.
Hence there are a > v(z) and ¢ € H such that x = a A (x — ¢). Then,

applying (H2), (H1) and (H4), we get
l=z—=z=(@—a)ANz—=>(r—=c)=z—c
Hence z =a > v(z) >z and x = v(z) € N,. O
This proposition makes it clear that basic domains of H are precisely the

sublocales of H when H is a complete Heyting lattice.
Regarding morphisms we have from [10, Thm. 4.6]:

Theorem 7.4. A map between Heyting semilattices f: Hy — Hs is contin-
wous if and only if the following conditions hold:

(1) f'[0] = 0.

(2) For every b € Ha, f~1[cb] is closed, with f~1[ch] = ¢(f*(b)).

(3) For every b € Hy, =~ f 1[cb] C f~1[ob], where the complement is taken
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Proposition 7.5. Let f: Hi — Hy be a continuous map between Heyting
semilattices. Then f is a basic continuous map

(Hl, CHl, Bd(Hl)) — (HQ, CHQ, Bd(HQ))

Proof. 1t is clear from the previous theorem that f satisfies properties (BC1)
to (BC3). Let us show that it also satisfies (BC4). We will do this for n =1,
but the argument extends easily to every natural number.

By Theorem 7.4, it suffices to prove that flc(f*(a)) Vo(f*(b))] C ca V ob.
So let € ¢(f*(a)) V o(f*(b)). Then there are z > f*(a) and ¢ € H; such
that = 2z A (f*(b) — ¢). Applying the Frobenius identity from Proposition
2.3.1 and the fact that f(z) > f(f*(a)) > a, we obtain

f@)=fAf () =)= f(z) ANf(fT(b) —c)
= f(z) AN(b— f(c)) € caV ob. [

Corollary 7.6. Let f: Hi — Hy be a continuous map between Heyting
semilattices. For each K € Bd(Hs), there exists the largest basic domain
contained in f~1[K], denoted f. [K]. Moreover, the map

fe = (K — f_[K]): Bd(Ha) — Bd(H;)
is a coframe homomorphism satisfying f. [ob] = o(f*(b)) = = f*[cb].

Proposition 7.7. A map between Heyting semilattices is continuous if and
only if it is basic continuous and monotone.

Proof. Let f: Hy — Hz be a monotone basic continuous map between Heyt-
ing semilattices. Then, for every a € Hy and b € Ho,

flea] Ceb < f(a) <b< f(a) € cb.
We can now use condition (BC2) to get
a€ fi[cb] & cla) C f[cb] & flea] C b= f(a) € cb,

and thus f¢ [cb] = f~![ch]. Hence f~![ch] is always closed and by (BC3) it

satisfies ~f~1[cb] C f~[0b] and, by Theorem 7.4, f is basic continuous.
The converse follows immediately from Proposition 7.5 and the fact that

every continuous map is monotone (since it is a right adjoint). ([

Remark 7.8. A basic continuous map between Heyting semilattices is not
necessarily monotone (and hence continuous), as some easy examples show.

Note 7.9. The effectiveness of the theory of b0-spaces can be observed by
comparing the results above about Heyting semilattices with those obtained
when one takes the standard approach to generalized sublocales as nuclear
ranges. Indeed, it was shown in [10] that the system of nuclear ranges may
not even be a lattice, while the system of basic domains is always a coframe;
moreover, there is no non-complete analogue for the localic preimage when
one uses nuclear ranges. Here, it not only exists, but it even provides a
coframe homomorphism.
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8. BASIC OPEN MAPS

We say that a basic continuous map f: & — T is a basic open map if, for
every U € O(S), f-]U] is still an open domain.

Note 8.1. One might ask why it is the set f_,[U] rather than f[U] that
is required to be open. The reason for this is the better properties of f_,,
namely the adjunction f_, 4 f.. But this has a consequence: our general
notion does not need to coincide with the standard definition of open maps
in certain subcategories of BOds. Nevertheless, in some specific settings
they do coincide:

e T'p-closure spaces: As we have seen in Example 2 in 3.7, the category
of closure spaces can be fully embedded in BOds by sending each
closure space (X, C) to (X,C, QU (B)), with B={CUX\D |C,D €
C}. In case (X,C) is a Tp-closure space (that is, {x} ~\ {x} is closed
for every x € X)) then, for every z € X

X~ A{z}={z}~{z}UuX ~ {z} € B.

Therefore QUT(B) = P(X). Hence f_, is the set-theoretical image
and the definitions of basic open map and open map do coincide.
In particular, this holds for Tp-topological spaces.

e Heyting semilattices and continuous maps: Let f: Hi — Hs be
a continuous map between Heyting semilattices. By propositions
2.4.3 and 2.4.4, we know that f[oa] € Nuc(H2) C Bd(Hz). There-
fore floa] = f_]oa] and basic open maps are precisely the open
maps. However, this need not be the case when f is a general basic
continuous map.

We will now present a characterization of basic open maps between basic
zero-dimensional spaces. First, we need to introduce some notation and
terminology.

Given a b0-space S = (X, C, Bd), set

Ol(S) = VINIO(S).
We will refer to the elements of O(S) as finitely generated open domains.

Further, given a basic continuous pair (f, f) between b0-spaces S and T,
we will refer to the map

L= (Ve f[V]): O(T) — OI(S)

as the finite open restriction of f. (Note that this map is well defined since
the basic preimage of an open is still an open and f._ preserves finite joins
and finite meets.)

Remark 8.2. In any distributive lattice L, for each a,b,c € L with ¢ com-
plemented,
a<bV-c & aNc<hb.

Next lemma provides a useful Frobenius-type condition.
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Lemma 8.3. Let f: S — T be a basic continuous map. For any U € O(S)
and Vi,...,V, € O(T),

FAlUNfeVin--- 0Vl = f5[UINVIN - AV

Proof. Let V. =ViN---NV,. From the adjunction f_, 4 f., we can use the
monotonicity of f and condition (G1) to get

fSlUnfovic fLUln iS5Vl € /Ul v

On the other hand, since f_, is a left adjoint and f._ preserves complements,
we have

fSULC LUV Af V= [SUNf V) V= fe[V]]
= LU0 VIV [ fe[2V]]
CralUnf[V]]v W

Hence, by the basic property in the note above, f[U]NV C f,[UN f_[V]].
[l

We are now able to prove our main result.

Theorem 8.4. Let S be a b0-space such that ANO(S) = O(S) and let T be
an arbitrary b0-space. Let also (f, f) be a basic continuous pair between S
and T. Then f is a basic open map if and only if fJ° has a left adjoint

h: ON(S) = ON(T)
such that the following conditions hold:

(1) For every U € O(S), h[U] € O(T).
(2) For every U € O(S) and V1,...,V, € O(T),

RUN f[Vin- Vo]l =n[UINViN---NV,.

Proof. Suppose f is a basic open map. Let U € OF(S). Since O/(S) =
VIATO(S) = VIO(S), either U = O, or there exist Uy,...,U, € O(S) such
that U = \/I_; U;. In the first case f[0] = O € O/(T). In the second case,
since f_, is a left adjoint, we have f,[U] = /I, f~[Ui] € O'(T). Hence the
mapping
h=(Uw f5[U]): O/(S) = O/(T)

is well defined. Because h is a restriction of f_,, it immediately follows that
h is the left adjoint of f[° and that it satisfies condition (1). The fact that
h satisfies condition (2) follows immediately from Lemma 8.3.

Conversely, suppose that fJ° has a left adjoint h: O1(S) — ON(T) satisfy-
ing conditions (1) and (2) and pick U € O(S) and Wy,..., Wy, Vi,...V, €
OT). Lee W=WV---VW,, and V =V N---NV,. Applying 8.2 and
8.3 we get

fSlUICW VAV & fLIUINV CW
S fSUNFVIICW e UN f[V] C f[W].
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But h: ON(S) — ON(T) is the left adjoint of fJ)°, UNf._ [V] € ON(S) and W €
ON(T). Hence
fSUICWNV AV e UN f[V]C f W]
SUNfVIC W] hUNf V] CW
S hUINV CW < hlU CW VAV
Finally, notice that every element in B is of the form
Wv-V=WVv---VIW,)Va(Vin---NV,),

for some W1,..., Wy, V1,...V,, € O(T). Since B is a meet-base of Bd(T),
we conclude that f_,[U] = h[U] € O(T). O

Remark 8.5. The assumption ATO(S) = O(S) in this result is essential in
the proof of ‘=’. For example, the following Boolean algebras

0
By

induce b0-spaces

(Bla {\Loa \Laa \Lba \l/cv \Ll}a jp(Bl)) and (327 {\1/07 \Lya \Ll}’ jp(BZ))

(where J,(B;) denotes the lattice of all principal ideals of B;). The map
g: By — By given by

is a basic open map but ¢[° does not have a left adjoint h satisfying con-
ditions (1) and (2). Indeed, we know from the proof of the theorem that if
such an adjoint would exist, then

g [U] = h[U] € O1(By), for all U € O'(By).
But g [lb] =ly ¢ OF(By) while [b € OI(By) (since Lb=|dnN | f).

The following is an important case of the previous theorem that will be
relevant when studying Heyting semilattices.
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Proposition 8.6. Let S and T be b0-spaces such that NO(S) = O(S) and
MNO(T) = O(T). Let also (f, fo) be a basic continuous pair between S and
T such that, for every U € O(S),

S0 ="V VW | LU C=VVIV and V,IV € O(T)}.
Then f is a basic open map if and only if the map
fE=WV = f[V]): O(T) = O(S)
has a left adjoint h: O(S) — O(T) such that
RUN f[V]] =h[UINV  for every U € O(S) and V € O(T).

Proof. =: Take h|U] = fL[U] for all U € O(S).
<: Repeating the arguments from the previous theorem, we can conclude
that

LU C-V VW & h[U C-VVW foral V,IW € O(T).

Hence h[U] C({-V VW | f4[U] C =V Vv I} = f,[U].
For the converse inclusion, observe that from h 4 f2, f 4 f_ and
h[U] € O(S), it follows that

hU] ChU] = U C f2h[U] = U C f_h[U] = fo[U] Ch[U]. O

Remark 8.7. Theorem 8.4 and Proposition 8.6 are special cases of more
general results for distributive lattices proved in [1].

9. AN APPLICATION: OPEN MAPS BETWEEN HEYTING SEMILATTICES

Open maps in the category of locales are characterized by the well-known
Joyal-Tierney Theorem [11]:

Theorem 9.1. A localic map f: L — M is open if and only if its adjoint
frame homomorphism f*: M — L is a complete Heyting homomorphism
(i.e., it also preserves arbitrary meets as well as the Heyting operation).

This result was extended to the non-complete case of Heyting semilattices
in [10]. The main goal of this section is to demonstrate how Proposition 8.6
can be used to obtain a new proof of the Joyal-Tierney Theorem for Heyting
semilattices.

We start by recalling the following lemma from [10].

Lemma 9.2. Let f: Hi — Hs, f*: Hy — Hy and fi: HA — Hy be maps
between Heyting semilattices such that fi 4 f* - f. The following are equiv-
alent:

(1) fila A f*(b)) = fila) AN for every a € Hy and every b € Ha.

(ii) f*(b—c) = f*(b) = f*(c) for every b,c € Hs.

Theorem 9.3. The following are equivalent for a continuous map f: Hy —
Hy between Heyting semilattices:

(i) f is open.
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(ii) f s basic open.
(iii) The map f2 = (ob+ f[ob]): 0Hy — 0H; has a left adjoint

h: 0H1 — 0H2

such that hloa N f_[ob]] = hloa] Nob for every a € Hy and b € Hs.
(iv) f* has a left adjoint fi: Hi — Ha such that fi(a A f*(b)) = fi(a) A'b
for every a € Hy and b € H.
(v) f* is a right adjoint such that f*(b — ¢) = f*(b) — f*(c) for every
b,c € Hs.
Proof. (1)< (ii): Follows immediately from Remark 8.1.
(i)« (iii): Let a € Hy. We know that f[oa] € Nuc(Hsz). Hence, by Propo-
sition 7.3,
foloal = ({f=[oal Cex Voy | x,y € Ha}.
Further, in any Heyting semilattice H, ATo(H) = oH. Therefore, we can

apply Proposition 8.6 and the result follows.
(iii)<(iv): Since f is continuous, f2 (0b) = o(f*(b)). Moreover, since

o= (a—o0a): H— oH
is an isomorphism for every Heyting semilattice H, there exists a one-to-one

correspondence between maps h: 0H; — 0Hs and maps fi: Hi — Hs such
that for each h the associated f makes the following diagram to commute:

o

0H1 h 0H2 fe 0H1

|,

Hy - H, H.

Now, we use the fact that o: H — oH is an isomorphism and the com-
mutativity of the previous diagram to deduce that f? has a left adjoint
h: 0Hy — 0H> if and only if f*: Hy — Hs has a left adjoint fi: Hy — Ha:

T 5 I
fi 4 I

Moreover, by the commutativity of the diagrams,
o(fila A f*(b)) = hloan f2 [0b]] and o(fi(a) Ab) = hloa] N ob.
Hence
filan f*(b)) = fila) ANb < hloan f [ob]] = hloa] N ob.

Finally, the equivalence (iv)<(v) follows from Lemma 9.2. O



22 JOAO AREIAS AND JORGE PICADO

10. BASIC CLOSED MAPS AND A DUALITY PRINCIPLE FOR B0O-SPACES

We say that a basic continuous map f: & — T between bO-spaces is basic
closed if f_,[B] € C(T) for every B € C(S).

Remark 10.1. As with basic open maps, it is f_,[C] that we require to be
closed, not f[C]. This implies that the definition of a basic closed map may
not coincide with that of a closed map in some subcategories of BOds. Again,
they do coincide in Tp-closure spaces, as well as in Heyting lattices and con-
tinuous maps. Indeed, let f: H; — Hy be a continuous map between Heyt-
ing lattices. By propositions 2.4.3 and 2.4.4, f[ca] € Nuc(Hs) C Bd(H>).
Hence f_[ca] = f[ca] and basic closed maps are precisely the closed maps.

This is not necessarily true when H is not a Heyting lattice because in
Heyting semilattices ca is not necessarily a nuclear range.

Our aim is now to demonstrate how Theorem 8.4 can be used to derive a
characterization of closed maps. To achieve this, we need to introduce the
notion of a dual space.

Giving a b0-space S = (X,C(S), Bd(S)), let

S = (X,0(8),Bd(S)),

which we call the dual of S, be the b0-space whose closed domains are
precisely the open domains of S.

Given a morphism f: & — T between b0-spaces, we denote by |f| the
map between their underlying sets. Clearly, f: § — T is totally determined
by |f]. So we can define f: & — T such that |f| = |f].

Lemma 10.2. Let (f, f—) be a basic continuous pair between b0-spaces S
and T, and let

fe = (K = f[K]): BA(T) — Bd(S).
Then (f, fg) is a basic continuous pair between S and T .

Proof. Tt is clear that (f, f.) satisfies (BC1’) and (BC2’).

Let C € C(S). Then C is an open of § and as so there exists a D € C(S)
such that C'= —D. Now observe that f.[C] = f[-D] = =f[D] € C(S),
hence (f, f) enjoys property (BC3’). Moreover

~f[C] = ~f[-D] = f[D] = f-[-C),
so (f, fo) also satisfies (BC4). O

It is straightforward to check that the assignments S +— S and fe fv
establish a (self-inverse) functor

D: B0ds — BO0ds.
Now, given a b0-space S = (X, C, Bd), set
CH(S) = VIAIC(S).
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Its elements are called finitely generated closed domains. Further, given a
basic continuous pair (f, f_) between b0O-spaces S and T, we will refer to
the map

L= (V= f[V]): C(T) = CI(S),
as the finite closed restriction of f.. (This map is well defined since the
basic preimage of a closed domain is still a closed domain and f. preserves
finite joins and finite meets.)

Theorem 10.3. Let S be a b0-space such that AIC(S) = C(S) and let T
be an arbitrary b0-space. Let (f, f) be a basic continuous pair between S
and T. Then f is a basic closed map if and only if fJ° has a left adjoint
h: C(S) — CY(T) with the following properties:

(1) For every C € C(S), h[C] € C(T).

(2) For every C € C(S) and every Dy, ...,D, € C(T)

R[CNFE[DIN---N D) =h[C]NDyN---N D,

Proof. Let f: & — T be a basic continuous map. It is clear that f is a basic
closed map if and only if f is a basic open map. Since Af(’)N(S ) = AiC(S) =

C(S) = O(S), we can apply Theorem 8.4 to conclude that f is basic open if

and only if £J° has a left adjoint h: O'(S) — OF(T) satisfying the following
conditions:

(1) For every U € O(S), h[U] € O(T).

(2) For every U € O(S) and every Vi,...,V, € O(T)
MUN FPVin---nVu]l =h[UINVIN---NV,.
Then the result follows immediately from the facts that fj_“ = fr, (9(5’)

C(S) and O(T) = C(T).
This proof illustrates how the isomorphism D can be used to “dualize”

results in the category of b0-spaces. It is now obvious that this category has
the following “duality principle”:

oo

Proposition 10.4 (Duality principle). Let ¥ be a statement in the category
of basic zero-dimensional spaces. If ¥ is true, then its “dual statement”
D(X) is also true. This dual statement is obtained by interpreting ¥ under
D (swapping “closed” and “open”, fI° and fJ°, etc.).

Note 10.5. Observe that if we had required a basic continuous map f: S —
T to satisfy f~1[C] € C(S) for every C € C(T), we would not get such a
duality principle. In fact, it is possible for a basic continuous map f to
satisfy f=1[C] € C(S) for every C € C(T), with f~[V] ¢ O(S) for some
Veo(T).

This is what happens, in general, in the category of locales and localic
maps that prevents us from having such a duality principle in point-free
topology and, in particular, from obtaining the well-known characterization
of closed maps as a corollary of the Joyal-Tierney Theorem.
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11. AN APPLICATION: CLOSED MAPS BETWEEN HEYTING LATTICES

We finish with the generalization to Heyting lattices of a well-known char-
acterisation of closed localic maps ([13, Prop. II1.7.3]), as an application of
Theorem 10.3.

Theorem 11.1. The following are equivalent for a continuous map f: Hi —
Hs between Heyting lattices:

(i) f is a closed map.
(ii) f is a basic closed map.
(iii) The basic c-preimage fS has a left adjoint h: ¢cHy; — ¢Hy such that

hlca N f[cb]] = h[ca] N¢b  for every a € Hy and b € Hs.

(iv) For every a € Hy and b € Ha, f(aV f*(b)) = f(a) V b.
(v) For every a € Hy, flca] = ¢(f(a)).

Proof. (1)< (ii): It follows immediately from Remark 10.1.

(il)<(iii): It follows immediately from Theorem 10.3 and the fact that, in
any Heyting lattice H, VIATcH = ¢H.

(iii)<(iv): Since f is a continuous map, f¢ (¢b) = ¢(f*(b)). Moreover, since

c=(ar—ca): H— cH

is an anti-isomorphism for every Heyting semilattice, there exists a one-
to-one correspondence between maps h: ¢H; — Hs and maps fi: H —
H,, such that for every h its associated f; makes the following diagram to

commute:
c

CH1 h CHQ e CH1

| 1,

H1 H2 Hl-

Now we use the fact that ¢: H — ¢H is an anti-isomorphism to conclude
that f{ has a left adjoint h: ¢cH; — ¢Hj if and only if f*: Hy — H; has a
right adjoint fi: H; — Ha:

h n fe

I* 4 fr.

But f is a continuous map; thus f* always has a right adjoint, namely f. It
follows that fi = f, and that f{ always has a left adjoint, namely the map
given by h[ca] = ¢(f(a)).

Moreover, by the commutativity of the diagrams and the fact that fi = f,
we have

«(f(aV f*(b)) = hlcan f<[cb]] and  o(f(a) vV b) = h[ca] N cb.



BASIC ZERO-DIMENSIONAL SPACES: A UNIFYING FRAMEWORK 25

Hence f(aV f*(b)) = f(a) Vb < hlcan f&_[cb]] = hlea] N cb.

(iv)=-(v): Since f is continuous, it is monotone, and therefore f[ca] C
¢(f(a)). On the other hand, let b € ¢(f(a)). Then b = f(a) Vb =
Flav () € flcal.

(v)=(i): It is trivial. O

Remark 11.2. In conclusion, we note that theorems 8.4 and 10.3, applied
to the particular case of the category of locales, explain why open localic
maps and closed localic maps behave so differently, although basic open and
basic closed maps between b0-spaces are somehow dual to each other.

Note also that the only difference between the proofs of theorems 9.3 and
11.1 is that, in the former, o: L. — oL is an isomorphism, whereas in the
latter, ¢: L — ¢L is an anti-isomorphism. This implies that, when f is open,
f* also has a left adjoint (arising from the left adjoint of f2 ). In contrast,
when f is closed, it implies that f* has a right adjoint, which is, after all,
always true for arbitrary localic maps.
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