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ABSTRACT

Embedded software aims to provide the main characteristics of a cell in real time to manage and
optimize battery usage. A complete multidimensional model is not tractable with the low com-
putational resources available in-situ. A class of 0D-in-space models is derived from the P2D
Doyle-Fuller-Newman system, with additional assumptions about the functions’ shape in space, and
strongly reduces the complexity while preserving the main characteristics over time. We propose a
conservative, positivity-preserving model built from the P2D system based on the statement that the
Butler-Volmer source term is constant in each subdomain (anode, separator, cathode). We develop
a mathematically rigorous construction that provides the simplified model and design a scheme to
solve the system. We highlight that the model guaranties the conservation property together with the
10 positivity of the concentrations. In particular, the diffusion-limited current density that represents the
11 maximum current that can be used while still preserving the positivity of the cation concentration is
12 obtained explicitly.
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13 Keywords Li-ion Battery - Modelling - Diffusion-driven intensity - numerical simulations

14 1 Introduction

15 The growing demand for electrochemical energy storage has shifted battery development from material-level opti-
16 mization toward understanding and controlling complete electrochemical systems. Lithium-ion batteries, in particular,
17 combine high energy and power density with relatively high efficiency and long cycle life, enabling their widespread
18 use in portable electronics, electric vehicles, and stationary energy storage systems [1, 2]. However, the performance of
19 a battery is not determined by a single material or electrochemical reaction. The cell results from the coupling of ionic
20 transport in the electrolyte, electronic conductivity (in the solid phases), lithium diffusion inside the active material,
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charge-transfer reactions at the electrolyte—electrode interfaces, and the evolution of temperature and material properties
during operation [3, 4]. These phenomena occur over different characteristic length and time scales and are strongly
coupled through the local concentration, potential, current density, and reaction rate.

From a physical point of view, a rechargeable battery can therefore be regarded as a distributed electrochemical system
rather than a simple electrical component. During charge and discharge, the imposed current generates spatial gradients
of ionic concentration and electric potential in the electrolyte, while the electrochemical reaction transfers ions and
electrons between the electrolyte and active materials. Inside the porous electrodes, the reaction is distributed over
a large interfacial area and is coupled with diffusion inside the active particles. Consequently, the terminal voltage
measured is only a macroscopic consequence of several internal processes. The description of these requires the
simultaneous consideration of mass conservation, charge conservation, species transport, electrochemical kinetics, and
thermodynamic equilibrium. This physical complexity explains the early need for mathematical models capable of
connecting measurable quantities, such as current and voltage, with the internal states of the cell.

The historical development of battery modeling followed this need for quantitative description of internal cell behaviour.
The theoretical analysis of porous electrodes established a framework in which current and reaction distribution could be
described within a porous electrode rather than treating the electrode as a homogeneous surface [3]. Doyle, Fuller and
Newman introduced a physics-based model describing the coupled transport and electrochemical behaviour, followed
by the formulation of the dual lithium ion insertion cell [5, 6]. These developments established what is now commonly
referred to as the Doyle-Fuller—Newman (DFN), or pseudo-two-dimensional (P2D), framework. The importance of this
approach is that the model not only reproduces the terminal voltage but also provides internal quantities.

In the last three decades, modeling and numerical simulations have received increasing attention to develop, test, and
provide in-depth information on all the complex mechanisms of the cell at any scale. Nowadays, many sophisticated
battery models have been developed to address specific issues such as microstructure evolution, multiscale multi-domain
coupling, electrochemical effects on the microscale, anisotropic behaviors, or thermal or mechanical degradation
[7,8,9, 10, 11]. All of these models require significant computational resources and generally do not aim to simulate or
monitor batteries as a whole.

On the other hand, macro-scale models, initiated with the Doyle-Fuller-Newman (DFN) model [6, 5, 12, 13] describe
the whole behavior of the cell by computing essential variables such as concentration, current density, and potential
over a one-dimensional domain. It provides fine enough predictions regarding the major properties of the battery:
simplified geometry, conductivity, diffusion, and concentration, among many others. Such modeling uses the one-
dimensional variable x following the normal vector direction of the cross-section in space together with the time
variable ¢. Additionally, a pseudo-dimension r is added to consider the effect of intercalation, assuming a spherical
porous support of the electrodes. To reduce computational cost, we propose a mathematical reduction of the P2D
equations to Single Particle Models (SPMe).

To sum up, any d-dimensional space model requires an advanced numerical solver based on Finite Element, Finite
Difference, or Finite Volume methods equipped with, at least, a robust second-order time integrator. Simulations
on modern computers take from a few minutes up to hours of running time and provide in-depth insight about the
constituents of the cell. Nevertheless, the computational cost is still important for embedded computational resources,
where the cells’ evolution at the micro-nanoscale is not relevant. Modern battery packs feature embedded computing
hardware that calculates, monitors, and predicts cell evolution in real time. Such models are fundamental to perform an
efficient management of the cells that make up the whole battery. To deploy battery physics onto embedded computing
hardware, we cannot use partial differential equation models, even for the less demanding Doyle-Fuller-Newman (DFN)
model [14, 15]. They are too computationally demanding, as required by iterative solvers with numerous variables
(several thousand). Moreover, fine-detail approximations are, in fact, out of the scope of a model that should handle the
fundamental cells’ information and their states.

Simplification or Reduced Order Methods (ROM) aim at developing new mathematical and numerical models that
reduce the effective time resolution while maintaining a good approximation (at least for the variable of interest). In
particular, some critical properties such as conservation or concentration positivity have to be preserved.

There exist several ways to reduce the complexity and computational cost using different techniques of ROM [16, 17].
One of them [18, 19] consists of introducing a polynomial representation in space with time-dependent coefficients.
The approximation is the summation of separated variables, i.e. functions, for instance, the product of time-dependent
coefficients with polynomial functions in space (Galerkin method). The extreme situation corresponds to the consider-
ation of a unique polynomial function in each subdomain (anode, cathode, and separator) but with different degrees
corresponding to a simplified Galerkin method with only three elements. From another perspective, we employ a
collocation technique on each subdomain using average and pointwise values at the interface of the physical quantities
to provide a simpler model that enables handling of a few time-dependent unknowns.
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Looking more cautiously at the literature, the choice of polynomials and their characterizations (degree, unknowns) is
almost driven by intuition-based simplification [14, 20, 21]. Moreover, most of the 0D models proposed in the literature
do not necessarily fulfil fundamental physical properties such as conservation (charge, concentration) or positivity (Li*
concentration). In particular, dealing with a 0D model that just uses average values as unknowns cannot avoid negative
cation concentration in the dielectric at the collector’s interface, leading to a non-physical model.

In contrast, the simplified 0D model we propose follows a rigorous mathematical development to provide relations
that involve average and interface values and respect the basic physical constraints. We apply an averaging procedure
connecting mean values and interface values to preserve the conservation property (charge, moles, Kirchhoff law),
concentrations’ positivity, and provide an analytical expression of the limit diffusion intensity, i.e., the maximum
intensity such that the cations’ concentration remains non-negative in the electrodes. Moreover, the model introduces
the notion of target intensity (the intensity that the user would like to impose on the cell) that we compare with the real
intensity (the intensity that the system can really deliver).

To this end, we shall make two important statements to elaborate the model:

1. The variables follow a time-parametrized steady-state regime in space, i.e. the time derivatives are skipped,
except for the concentrations in the electrodes (intercalated lithium in the anode and oxide-metallic lithium in
the cathode).

2. We assume that the Butler-Volmer term is constant in space for each electrode, depending only on the
concentrations’ average.

The first condition means that, except for some rare short transition situations, the time derivative of the current and
the concentrations is neglected. The second condition seems quite restrictive, but the average value is a second-order
approximation of a function over a small-sized domain (tens of micrometers). Therefore, we consider that, to deliver a
simplified model with relevant accuracy, such a hypothesis is acceptable. One has to face a trade-off between simplicity
and accuracy, and our assumption aims to balance the two antagonist objectives. As a result, the model is written as a
time-dependent problem using average and pointwise values at the interface with around twenty variables.

We prove that the constant (in space) Butler-Volmer source term assumption mathematically leads to a model where
all the other variables (concentration, intensity, potential) are polynomials in space. Even better, we prove that the
polynomial degree of the variables is not an intuition-based additional assumption, but a consequence of the second
statement.

2 The P2D model

The standard P2D model [6, 5] consists of two porous electrodes separated by an intermediate layer, an ionically
conducting separator, all filled with electrolyte. The negative electrode (anode) corresponds to a domain €2,, =
[Zen, Tepn) and has length L,,, while the positive electrode (cathode) occupies 2, = [z, Zp] and has length L,. The
intermediate layer (separator) occupies 25 = [Ty, Tep| and has length Ly. We set z¢,, = 0, so the total cell length is
L=1L,+ L+ L, (see figure 1).

In Table 1, we provide the notation and variable names together with their dimension, used throughout the model. Note
that i [Am~2] denotes a surface current density, whereas j [A m 3] represents a volume current density.

2.1 Species conservation

The P2D model [22, 6, 5, 23] couples macroscopic transport across the cell with microscopic diffusion inside active
particles. The coordinate x is the orthogonal direction to the cut-plane of the cell (macro-scale), r is the radial coordinate
describing the microscale diffusion effect of the oxidant/reduction component inside the porous electrodes, and ¢ denotes
time. Let ¢, (, 7, t) [mol m~?] be the molar concentration of the lithium atom in the negative electrode (usually CgLi)
and let ¢, (z, 7, t) [mol m~3] denote the molar concentration of the lithium atom in the positive electrode (for example
LiMIlOz, LlCOOz)

For each electrode k € {n,p} and each = € Q, the conservation of species of the lithium compound is governed by
Fick’s diffusion law in the radial direction 7:

1
(1) Oicr, = T—Z('?T <r2Dk3Tc;€>, r €10, Ry[.
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Figure 1: General design of a Lithium-ion cell during discharge
notation | dimension [ name
Cn>» Cp [mol m“‘] molar volume concentration in the negative and positive electrode
In, Ip [Am~2] electronic current surface density in the negative and positive electrode
Cens Cep» Ces [molm~3] | molar concentration in the electrolyte
Jems Jep [Am~3] | Butler-Volmer current volume density transfer in the negative and positive electrode
Tens leps Tes [A m’Q] cathodic current surface density of Li" in the electrolyte
Ons Pp V] electric potential in the negative and positive electrode
ens Pep V] electric potential at the interface z,, and
Gens Peps Pes V] ionic potential in the electrolyte
Dery, Pep V] ionic potential at the interfaces x,, and xp
Uens Uep V] open circuit potential of the negative and positive electrode
Nek» Nek V] overpotential of the negative and positive electrode
1 [A] intensity between the positive and negative electrodes
Qs Qo [- negative and positive electrode transfer coefficients
G, Qp [m~1] active surface: ratio between the specific surface and the specific volume
Ens Ep 5 Es [-] porosity of the negative, positive electrode and separator
D,, D, [m?s~1] | molar diffusion in the electrodes
Den, Dep, Des | [m? s71] | molar diffusion of the electrolyte in the three subdomains
A [m?] orthogonal cut plane area of the apparatus
Oens Oeps Oes [Sm™1] ionic conductivity in each subdomain

Table 1: Notations for the P2D cell model

Here, Ry, [m)] is the characteristic spherical radius of the particle and Dy, [m? s~1] is the lithium diffusion coefficient in
the electrode k. The associated boundary conditions are

(2) Dkarck = Oa

=0

__dep(mt)  jep(x,t)
r=Ry F akF ’
3

3) Dy.0,cy,

where ay, = 3¢,/ Ry, [m 1] is the active surface, &, [m® m 3] is the electrode porosity, and F' [C'mol~1] is Faraday’s

constant.
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The outward normal charge flux is controlled by the charge transfer per unit surface i) (z, t) [Am 2], measured from
the electrode toward the electrolyte. We recast it as a charge transfer per volume 55 (z,t) = ax i) (z,t) [Am ™3] given
by the Butler-Volmer relation. With this convention, it is positive when Li — Li* (deintercalation), and negative
when Li* —— Li (intercalation).

Remark 1. The original Butler-Volmer (BV) relation [24, 25, 14] computes the exchange current density i®) per unit area
[Am*Q]. Indeed, at the pore scale, the BV flux is given by a flux of charge across the interface between the electrode and
the electrolyte. In a reduced one-dimensional model (the macroscopic average model), the volumetric current density JSIX
per unit volume [Am_3] is introduced as a source term in the species conservation equation by the macroscopic averaging
(Volume of fluid (VOF) paradigm) used in a porous media system [26]. Consequently, in the literature, two current density
versions coexist and may lead to some confusion in the applications. One has to carefully check whether the formulation
uses a density current per unit area [24] or per unit volume [27]. [

The conservation equation for Li* in the electrolyte, with concentration ce,(z,t) [mol m=3], x € €y, takes place in the
three subdomains i, k € {n, p, s} given by the relations

1 —¢t
(4’) Enatcen = am (Denaxcen> +%]EX T € Qna
(1 — t+) BV
(5) 5patcep = 6w Depaxcep +Tjep T € Qpa
(6) Esatces = aa: (Desawces> S Qs-

Here, £, [m3m ™3] is the porosity of the separator, ¢+ [—] is the transfer number, and D, [m? s~ is the effective

diffusion of Li* in the electrolyte filling the whole cell .

We prescribe that the cation concentration is continuous at the electrode-separator interfaces * = ., and £ = Zp,
while we state that no cation Li* leaves the cell at the collector interface & = @, and & = Z,,

(7 Cen(Ten,t) = Ces(Ten, t), Cep(Tep, ) = Ces(Tep, t),

(8) OzCen(Ten, t) =0, O Cep(Tep, t) = 0.

2.2 Electronic current and potential

For k € {n,p}, we denote by i), = ix(x,t), [Am~?] the electronic current density per unit area and @5, = ¢ (z, 1), [V]
the potential on the porous electrode 2. The potential is described by Ohm’s law, which relates it to the current, while
it depends on the electron transfer controlled by the Butler-Volmer source term.

&) iy, = —010:r,

(10) Dui = —jon,

with oy, [S m_l] the electronic conductivity. Moreover, we assume that no electron moves toward the electrolyte; hence,
we prescribe

(11) in(Ten,t) =0, ip(Tep, t) = 0.
Integrating (10) and using (11), we deduce the electronic flux at the collectors,
Zen

(12) in(Tenst) = + / Jen(,t) d,

ZI);TCLP
(13) ip(Tepyt) = — / Jep (@) da.

Tep
We define the potential at the collectors by
(14) (I)r'n(t) = ¢n($cn7 t), (I)cp(t) = ¢p(xcp7 t)

By convention, the electric current I [A] is the signed real number, positive when the electrons flow from the anode
to the cathode, that is, when ®,, < ®,,. In this case, the electrons move out of (2,, and we have I(t) = A, (xcp,t),
where A [m?] is the orthogonal cut plane area of the cell. On the other hand, the flux 4, (z.,, t) represents the electronic
density moving inward to €,,. Charge conservation therefore gives I(t) = Ai,(z.p,t). In conclusion, the current is
given by

(15) I(t) = Aip(Ten, t) = Aip(zep, t).

Remark 2. For a discharging cell, jgy > 0 and jg; < 0 means that we have the creation of electrons at the negative
electrode, and the electrons are flowing from the anode towards the cathode with I > (. On the contrary, charging the
cell means that j57 < 0 and j¢; > 0, we have a consumption of electrons at the negative electrode and I < 0.C]
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2.3 Ionic current and potential

The cation current density per unit area i = ick(x,t) [Am™2] contains a density current by conduction and a
contribution driven by the Li* concentration gradient. In the three subdomains, it is given by

(16) on = —Oen[Dun + 2%~ 1) 0 [en)]], 7O,
(17) lep = —Oep [acgi)ep +(2t1 — 1)R—;81[1n(cep)]}, x € £y,
(18) ies = —0Oes [axd)es + (2t+ - 1)%‘1& [ln(ces)]i|a T e Qs7

with ¢er,(z,t) [V], the ionic potential at Qy,, ocr [Sm 1] the ionic conductivity in 2, R [Jmol ' K ~'] is the universal
gas constant and 7" [K] is the temperature. We assume the continuity of flux and potential at the electrode-separator
interfaces

(19) Gen(Tenst) = Pes(Ten,t),  Pep(Teps 1) = Pes(Tep, t),
(20) len(@Tenst) = les(Tenst),  Gep(Tep,t) = tes(Tep,t).
On the other hand, we assume that no cation leaves the cell at the collector’s interface, so
21) len(Ten,t) =0, Gep(Tep, t) = 0.

Charge conservation for the cation current density then reads

(22) Quien = JB¥,  Oyics =0,  Dyiey = jV.

2.4 Butler-Volmer equation

The Butler-Volmer equation is the critical relation that describes charge transfer at the electrode-electrolyte interface.
The equation has an expression with separated variables as j% = j% - xcx, where j% [Am ™3], k € {n,p} is the
contribution associated with the concentration of reactive compounds, while X, [—] depends only on the potentials.
The usual expression of the reaction equation is [6, 24]

. a 11—« 11—« . .

i% = Fry (ck) iy (cek) ¥ (c}cn‘” — ck) " 3% = ap i,
with 7, the reaction rate of dimension [mol (“+~Vm(4=3e%) s=11 40, [ Am~2] the current density per surface unit and
42, the corresponding volumetric current density. The parameters o, a, € [0,1] [—] are the anodic and cathodic

transfer coefficients, respectively.

An alternative approach is based on a reference state (marked by the symbol x) with concentrations cj, c;.. The
corresponding reference current densities are [24]

%= Fric ()™ () ™™ (e =)™, % = anih
The exchange current density j°, is then written as a variation of this reference state
23) 3% = 3% (C’“)a (M)l_a <Ci’“>1_ak-
Ck T TG Cek
On the other hand, the density current transfer is also controlled by the overpotential 7., [V], given by
(24) Nek = Pk — ek — Uek,

where U,y [V] is the open-circuit potential associated with the intercalation/deintercalation process.

To express the function x.j compactly, we introduce the b-hyperbolic function bsinh (see section A) and set f = -2~

RT
(25) Xek (7ek) = exp (Oékfnek) — exp ((Oék - 1)f776k)
B exp (2akfnek/2) — exp (2(ak — l)fnek/Q)
B 2

= 2bsinh(fnex/2; o).
Therefore, the volumetric Butler-Volmer current density becomes

Jon =2 j bsinh(fner/2; o).
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Remark 3. When «, = 1/2, we recover the hyperbolic sine function and the current density reads
jSZ = 2j2k sinh (fnek/Z).

For av # 1/2 we define a new class of special functions bsinh(7, ) and bcosh(n, 3), referred to here as b-hyperbolic
trigonometry function, presented and studied in section A. []

3 The average procedure

The P2D model depends on the spatial variable x and the time ¢ together with an additional variable 7 to provide a
description of the electrode state at a microscopic level. Our objective is to reduce this spatially distributed description
to a low-dimensional model. We therefore average the functions regarding r and x, while retaining the function values
at specific points (collector—electrode interfaces ., <., and electrode-electrolyte ey, Zep).

3.1 Electrode species conservation

We detail the average procedure for the negative electrode, but the same technique applies to the positive one. Integrating
equation (1) over [0, R,,] and using the boundary conditions (2)-(3), we get

_Jenlx,t)

Ry,
8t/ en(zyr, t)rzdr = Dn(Rn)zarcn(x, R,,t) =
0 anlF’

(Rn)*.

Furthermore, let ¢, (x, t) denote the r-average of the function ¢, (x, r, t). We then have

3 fin
Open(z,t) = R X 4718t/0 oz, r t)rdr

BV
[ 3 X4T‘_Jen('r7t)
4m(R,)3 an F

3 Jen(z, 1)

R, a,F

(Rn)?,

Following [27], we take ay Rr = 3¢, and the r-average equation then reads

_Jen(®,1)

enOicn(z,t) = 2

The xz-average ¢, (t) comes from the relation over €2,, and dividing by L,, = |§2,,|, we obtain the evolution equation for
the spatially averaged concentration

d¢e, 1 d [%r 1 Ten 1 Ten 1
W(t) = L—a/ en(z, t)de = L—/ Open(z,t)dx = I / iV (x, t)dw = — F]EX(t),

Zen

where 78Y in [A m 3] is the average current transfer in the negative electrode and ,, ([mol m~3)) is the corresponding

average concentration of lithium. In summary, the variation of the average Lithium concentration in the electrode is
given by
"odt F

Applying the same argument to the positive electrode, we deduce the corresponding species conservation equation in

(26)

Q.

de Jep (1)
27 ep—L(t) = - 222,
@7 Pdt 0 F
where ¢, and 7¢ ) are the averages of ¢, and j¢), respectively, in €,,.
Remark 4. The well-balanced relation between the creation and consumption of Li is then given by
(28) Lo Jen(t) + Ly Jep () = 0. O
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3.2 Electrolyte species conservation

To obtain the x-average of the function c.,(z,t), we consider the Li* ion conservation law in €2,,, equation (4).

Integrating it over the electrode and using the boundary condition (8) gives

déen d Ten Ten
enlin e . Cen(,t) dz = Lcn €nOtCen(x,t) dr,
Ten Ten (1 — t+

- / 8m (Denamcen> dx + / g]?xd%

Ten Ten F

(L—=t") 4y
- Den (axccn(xena t) - axcen (-Tcna t)) + Ln T]en(t)v
1—tt
= Denamcen(xena t) + (Fi)LnngL(t)
Similarly, using the relations (5) and (8), we obtain the relation

de, 1—¢t

epLy dtp (t) = —DepOupCep(Tep,t) + 7( T )ijg;)'(t).

Since there is no source term in the separator, integrating (6) over €2, gives

d
Lses%ées = Desamces(zepy t) - Desawces(l‘env t)-

At this stage, since no interfacial accumulation occurs, we assume the continuity of the cation flux at the interface

T = Ty and x = 2, given by condition (7), and we get the following

Desal'ces ('%.677,7 t) - Denal'cen (x€7L7 t))
Desaxces (zep7 t) = Depaaccep (xep: t)

Adding the three relations and using property (28) provides the global conservation of cations Li*

d
T (Lnenéen + LyegCos + Lpepéep) =0.

The well-balanced relation between the creation and consumption of cations is then given by
(29) LnenCen(t) + LsesCes(t) + LpepCep(t) = MP,

with MO calculated from the initial condition.

3.3 Electronic current and potential
3.3.1 Electronic current in the electrodes

Let « € Q,,. From equation (10) and the boundary condition (11), integration over [z, x.,] gives

(30) in(z,t) = ip(x, 1) — i (Ten, t) = —/ Oxin(s,t)ds = +/ (s, t) ds.
Similarly, for any = € €, we integrate equation (10) over [z, x| and the boundary condition (11) yields
(31) ip(z,t) = ip(x,t) —ip(Tep, t) = Oxlp(s,t)ds = —/ Jep (s,1) ds.

In particular, from the relations (12)-(13) we conclude with (15)

(32) It) = +AL,J0(1),
(33) I(t) = —ALy7e,(t).
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3.3.2  Electric potential in the electrodes

The potential is given by equation (9) and we deduce from (30)

*Ten

D, t) = —in (2,1) = — /

€T

Ten

usityds == [ X (s, )2 s, s

Ten

where \"(s,z) = 1if s > x and \“(s, x) = 0 otherwise.

Integrating the last relation over ,, = [y, .y provides the potentials at the extremity of the domain,

1 Ten Ten )
d)n(-z'enat) - d)n(xcnvt) = _7/ / )‘u(87x)jsx(37t) dsdz.
On Ten Ten

From definition (14), we deduce the electronic potential at the anode collector,

1 Ten Ten
Bon(t) = b (ens ) + — / / (s, )% (s, 1) ds da.
Un Ten T

cn

Zen
Noting that / A(s,x)dr = s — xep, we deduce

Cen

(34) cbcn(t) = ¢n (Ien» t) + O'i

n

Ten
[ ez s
xT

cn

Following the same technique and using the relation (9) for the cathode, we deduce

rsty(ant) = —iplat) = [ B(styds= [N (s )it (s00ds

Tep Cep

x

with A¥(s, z) = 1 for s < z and zero otherwise. From definition (14), integration over €, provides the relation

1 Tep Tep
Bot) = n(oep )+ o [ [N (018 0 dsda
P Jxep Tep

Tep
Noting that / N(s,x)dx = x0p — 5, We get

Tep

1 Zep
(35) Dep(t) = Pp(Tep, t) + = / (Zep — 5)jep (5,1) ds.

P Jaep

3.4 Ionic current and potential

From the boundary conditions iey, (ep, t) = 0, (see (21)) and Opcen (Ten, t) = 0, (see (8)), we deduce from equation
(16), computed at the point z..,,, the boundary condition of the electrolyte potential at the anode collector

az¢en($cna t) =0.
Similarly, from the boundary conditions i.,(xp, t) = 0 (see (21)) and O, ¢ep(Tcp, t) = 0 (see (8)), we deduce, using
equation (17) at the point z,, the boundary condition of the electrolyte potential at the cathode collector

8ac¢ep(xcp7 t) =0.

Integration of the 52V conservation equation (22) into §2,, yields
Ten
ien(Tens t) — den(Ten, ) = / i (z,t)dr = Aden(Ten,t) = ALJon(t) = +1(2).
Ten

Similarly, the 7., conservation equation (22) over §2,, yields
Aigy(Tep, t) = —A LyJey (t) = +1(1).
Integrating the conservative equation J;i.s = 0 (see (22)) over €2, provides the flux conservation
ies (xena t) = ies (xezn t)-
Evaluating the relation (18) at the point x.,, and ., gives with

_ - (2t+ — 1) Dpces(Ten,t)

Zes(xen7t) = Ocs |:aa:¢es(xenat) + f Ces(xen’t) ’

. (2t+ — 1) OxCes (xepvt):|

’Les l‘e ,t — —0O¢s am es CL’@ 7t + ’
( P ) |: ¢ ( P ) f Ces(xepi t)

with f = £ [V=1] = [CJ 1],
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4 Towards the 0D model

The average values of physical quantities, together with pointwise values at the interfaces, lead to a differential-algebraic
system coupling average values over the subdomains of current densities, concentrations, or electric potentials at the
interfaces. At that stage, we have just derived new relations using strictly mathematical procedures, and no additional
assumptions have been introduced. Nevertheless, the system is not closed since no specific information about the shape
of the physical variables in space has been defined. To elaborate on the 0D model, we shall prescribe some acceptable
approximations in space (linear or quadratic shape), enabling us to close the algebraic-differential system.

4.1 Some mathematical properties about the approximations

We first recall some properties of general approximations. Let A = [x1, x2] be an interval and g(x) = f(u(z)) where f

3

u(x) d

and v are real functions that are smooth enough in A. We recall that the average is given by u =
To —

I1+$2

1

and similarly g the average value of u and g, respectively, over the domain A, while m = is the midpoint of A.

We have the following properties.
e Second-order approximation of average and midpoint values.
a=u(m) + O((z2 — 11)?), 9= f(@ +O((z2 — z1)*).
Note that if f is affine, we have the equality g = f(u).
 Second-order approximation of a product: for any regular functions v and v, one has

w = (uv)(m) + O(($2 - 171)2) =uv+ O((asg — xl)z).

4.2 The main hypothesis: the Butler-Volmer average

The principal assumption we make concerns the Butler-Volmer equation. We assume that the rate of produc-
tion/consumption over the domains €, k € {n, p}, is approximated by its average to second order in space. This
assumption is admissible if the variations of j2)(x, t) are small with respect to the average values. Consequently, we
state

Jer (x,) =75k (8) + O(L§).

The second hypothesis we state is the substitution of the average of a function by the function of the averages, namely
(see section 2.4)

1 . _ 0 —
Jer =10 ) Xek (Mer) * Gor (Cers i) dx = Xer (Mer,) - 5ok (Cers i) + O (L3).
k

In conclusion, we substitute the original Butler-Volmer relation with the approximation

(36) Tor = Xek (Mer) * Gor (Cens Cr).-

4.3 Approximation of the current density in the electrodes

Since we assume that the Butler-Volmer source term is approximated by a constant function in space 7% (t), the

electronic density current i, (x, t) satisfies 9,4, = —75. (t) (see (10)) and suggests a linear approximation in space.

Taking advantage of the boundary condition i, (Zen,t) = 0 and i, (Ten, t) = Ln7o (t) (see (11) and (12))), we deduce
in(xv t) = (men - x)jg;/z(t)

Similarly, the density current for the positive electrode is now given by d,i,(,t) = —J¢y (t) and, with the boundary
condition iy (zep, t) = 0, (see (11)) and i, (2p, ) = —ijg(t) (see (13)), we deduce the approximation

ip(x,t) = (Tep — x)jg;f(t).

10
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4.4 Approximation of the electronic potential in the electrodes

Since the current density is a linear function in space, we deduce that the electric potential is a quadratic function. Using
the approximation of the Butler-Volmer term and the potential in the collector of the negative electrode given by (34),

1 Ten
Bon(t) = dn(@ems t) + —72(2) / (5 — Ton) ds,
0- xT

n en

and, by integration, provides the equation for the anode potential

(bcn(t) = ¢n(xenat) + 2% .]en(t)’

On the other hand, a second-order average approximation of the negative electrode potential is given by the trapezoidal
formula

— 1
d)n (t) = 5 <¢n (Ienv t) + ¢7’L (xcny t))
and we deduce using the relation (32)
_ L,
(37) Balt) = Ben(t) = 7 1(0).

Similarly, on the positive electrode, from the relation (35), we deduce the approximation

_ (Lp)” oy
ep(t) = dp(ep, 1) + 25 =Ten (1)

Using once again the trapezoidal rule together with (14) and (33), we give an approximation of the average of the
electric potential in the positive electrode

Lo 1),

(38) ¢, (t) = Pep(t) + iAo,

Remark 5. Note that the potential difference Agje = <I>cp — &, corresponds to the voltage between the anode and the
cell cathode. [

4.5 Approximation of the ionic density current in the electrolyte

Since we assume that ;5 (2, t) = 78/ (t) is constant in space, from (22) and applying (32), the ionic current is given by
the equation
I(t)

Ozlen(z,t) = AL

Therefore, iep, (, t) is linear in space. Using the boundary condition (21), we get the expression

I(t
(39) fen(z,t) = (z — xcn)%

We apply a similar procedure for the ionic current density in the positive electrode and, from (33) together with the
boundary condition e, (zcp, t) = 0, (see (21)) we deduce the linear approximation

(1)

(40) iepl2,8) = (2ep — )1 1
p

Finally, the current conservation equation d,i.s = 0 in £, (see (22)) together with the boundary conditions (20),
tes(Ten,t) = ten(Ten, t) indicates that the density current is approximated by constant values in space and leads to the
relation

@1 iea(mt) = %.

11
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4.6 Approximation of the potential in the electrolyte
4.6.1 Electrolyte potential in the electrodes

‘We now derive the approximation of the electrolyte potential in the subdomains by taking advantage of the previous
stages. The construction is achieved in three steps.

e STEP 1. We recall the original equation (16) for the ionic density current

(2”7*1)336 In(cen (z, t))} :

ie?L(x»t) = —0Oen axfﬁm(%t) + f

Since 7., is a linear function in space given by (39), we get

(I - mcn) I(t) = - $¢en(xa t) -

(2tT —1)
AgenLn B

7 Oy In(cen(z,1)).

e STEP 2. Integrating over [z, x|, we get

(x —zen)? 1(t) B (2tt —1) In Cen (T, 1)
2Ln Agen f Cen (xcna t)’

In particular, for © = z.,, and denoting D, (t) = Gen (Ten, t), we have the ionic potential at the interface between the
negative electrode and the separator given by

(42) ¢en(x7 t) = ¢en(xcn7 t) -

q)en(t) = (ben(xcm t) -

Ly I(t) (2" —1) <cen(wemt)> _

B Cen (xcna t)

2 Ao, f

o STEP 3. Finally, we compute an approximation of the average potential using the trapezoidal rule

— 1
¢en (t) = 5 ((I)Bn(t) + d)en (xcn, t))
and we get the following
— _ _ ﬂ I(t) (2t+ - 1) Cen(l'enyt)
“ Bon =)~ un() = 7 3 0 O ().

We proceed in a similar way in the positive electrode using the original equation (17) and the linear approximation of
iep in space (40). Integration over [z, x¢p] gives

(x—xep)? I(t) (26T 1) [cep(Tep,t)
2Lp Agen + f 1n< Cep(xvt) > .

Qsep(xy t) = Qbep(l‘cpy t) +

At last, using the trapezoidal rule for the average approximation and setting @, (t) = @ep(Tep, t), wWe get

N NG

4 Acep B 2f Cep(Tep, t)

(44) Acp = hop(t) — Pep(t) =

4.6.2  Electrolyte potential in the separator

I(t
From the initial relation (18), together with relation (41) i.s(z,t) = % we deduce
I(t 2t —1
(45) Ag—e)s = —0Ogpes(x,t) — %&0 In(ces(x,t)).

Integration over [z, 2] provides the relation

Ity (2t —1) Ces(2,1)
AO’eS B f ln (Ces(xeTL)t)) .

We have assumed that the continuity of the potential at the separator interface yields ¢es(Zen, t) = Gen(Ten, t) = Pen(t)
and Qo5 (Tep, t) = Gep(Tep,t) = Pep(t). We use the last relation at point z = ., and finally, we get the relation
L,

¢es(1‘7 t) = Qbes(xen: t) - (I - xen)

12
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4.7 Approximation of Li* concentration

Constructing an accurate approximation of the Li* concentration is critical for two reasons. On the one hand, we have
to assess Cey, and ., to compute the Butler-Volmer contribution and, on the other hand, we need the Li* concentrations
at the interfaces Zcp, Ten, Tep, and ¢, to evaluate Agy, Acs, and Agp.

An accurate approach will consist of solving the full parabolic equation, both in time and space. To provide a fully 0D
model, we state that the ion concentrations are almost governed by a time-parametrized steady-state equation; thus the
time derivative in equations (4), (5), (6) is cancelled. Then we get with (32) and (33), the new system

— _ (17t+) BV __ (1*t+)

(47) d, (Denazcm) e e (OREL
o (1 B t+) BV __ (1 B t+)

(43) —0y (Depaxcep> = Ia Jep = — AFLp I(t) S Qp,

(49) 3x<Desawces) = 0 ze€Q,

Remark 6. Cancelling the time derivative does not mean that the problem is time-independent. We just say that the
concentrations of the different species vary sufficiently slowly to consider that the term 0;c, is not significant with respect
to the other contributions. However, the parameters, such as the source term, may still depend on time. [

tt+

1—
Let C(t) = (AiF)I (1), integrating relations (47) in [z, z] and (48) in [z, .|, together with the homogeneous

flux condition at the collectors, i.e., Oy Cen(Zcn,t) = 0 and Opcep(zep, t) = 0, give the following

Denamcen($a t) = _(x_Lixcn)C(t) S Qn7

Depaxcep(xat) = +w0(7§) T € Qp,
D

Desaxces(xa t) = Desamces(xmy t) HS Qs~

with z,,, the midpoint of [z, Z¢;,]. Flux continuity provides the compatibility condition of the ionic flux.

Depamcep(meyﬂ t) = DepOyCen (xena t) = DesOxCes (.CEm, t) = _C(t)-
Integrating equations (47), (49), (48) twice in space, we obtain the analytical expressions for the three functions

B (2 — Ten)?
Cen (T, 1) = Cen,c(t) C(t)72DenLn2 r€Q,,

(x —Zep

(50) Cep(l', t) = Cep,c(t) + C(t)m x e Qp,
Cos(2,) = Cosm(t) — C(t)(xl_)i””m) zeQ,,
with Ce’n,c(t) - Ca’n(mc’ru t)7 Ces,m (t) = Ces (x'rru t), Cep,c(t) - cep(xcp; t)
The continuity in Xy, Tep (see (7)) reads
L, L, L, Ly
Cen,e(t) = C(2) 2D, Ces,m(t) +C(1) 2D..’ Cepe(t) +C(2) 2D, = Ces,m(t) — C(2) 2D..
On the other hand, the average values are given by
_ L, _ _ L
(51) Cen(t) = Cene(t) — C(t)GTm’ Ces(t) = Ces,m (1),  Tep(t) = Cep,e(t) + C(1) 6Dz;p
and, using the previous relations, we deduce the continuity relations,
L L L L
Cen(t) — C(t) =~ = Ces(t) + C(t) =——, Cep(t) + C(t)—L— =C(t) — O(t) ——.
Cenlt) = CO 35~ =es®) + COE— Eplt) + O3 =eslt) = CO5 -

Finally, mass conservation of the Li* (29) reads

5nLnEen + EsLsées + EprEep = (5nLn + ESLS + EPLP) CS = MO

13
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with ¢ denoting the initial concentration of Li*. In conclusion, the average concentrations in the dielectric are given by
the linear system

3Den 2Des

52 = =
(52) Eep(t) =Ces(t) = C(1) 3Dp 2D, ) '
ep es

EnLinCen(t) + €5 LsCes(t) + epLyCep(t) = MP.

cen<t>—ces<t)+c<t>( Lo | L )

The linear system (52) shows that the time dependency is only related to the function C(t), that is, the intensity I(¢). In
conclusion, the average concentrations in the dielectric only explicitly depend on the intensity I through the variable C'.
Hence, consider the new linear system using (Cep, Ces, Cep) as unknown functions regarded the intensity

funl) =t + ) (B )

AF 3D¢n, 2D
(53) N P (A=t (L, L,
CeP(I)_CeS(I) AF 3Dep +2Des Ia
EnLnam (I) + 5SLS/C\68 (I) + EPLPEEP(]) = MO'
We deduce that
(54) Cen(L(t)) =Cen(t), Cep(L(t)) =Cep(t), Ces(I(t)) = Ces(t).

Analogously, we find that concentrations at the boundaries, ccy, ¢, Cep,c» Ces,m also explicitly depend directly on the
intensity I and and from (51) we have the following

(1 — t+) Ly,
AF 6D,

(=t Ly

AF 6D,

(55) /C\en,c(I) = Ej\en (I) +

I, /C\es,m(l):/c\esu)v Eenf:([):é\ep(l)

and satisfy the chain-rule
(56) Cenc(I(t)) = Cenc(t),  Cepe(I(t)) = Cepe(t),  Cesm(I(t)) = Cesm (),

Remark 7. By construction, the average approximation functions Cep, (1), Ces(I), Cep(I) together with the values at the
interface with the collectors Cey,, (1) and Cep,(I) are linear in terms of intensity 1.

4.8 Overpotential and Butler-Volmer relation

From section 4.2, we approximate the average of the density current j*,, k € {n, p}, transfer equation (23), with an
approximation only depending on the concentrations’ average and overpotentials. We write it in the form

- s [(Ca(t)\ T (et —en(t) o Cen (1) o
jen(t) Jen o* cmaz _ ¢ T ’

n en

_ P — -« _ l1—ay
j0 (t) — jO* Cp(t) “ C;rmm B Cp(t) ! cep(t) “ )
ep ep c* C;rmw _ C;; c

£
P ep

On the other hand, the Butler-Volmer source term is assumed to be constant in the porous electrode (see section 4.2);
then we have the following

j]z’rVL (t) = jgn (t) * Xen (ﬁen(t)) )
Using the special function bsinh(n; 8), we deduce from (25)
Xen (ﬁen(t)) = 2b81nh(fﬁen(t)/27 a’n)’ Xe;D (ﬁep(t)) = QbSinh(fﬁep(t)/Q; ap)'
Furthermore, we rely on the electric and ionic potentials via the over-potential definition, that is (24),
ﬁen (t) = &n(t) - &En (t) - U€na ﬁep (t) = ap (t) - aep(t) - Uep'
Finally, the positive and negative electrodes are connected via the external circuit
(57) ¢’cp - q)cn = RextI + Uezt

with Ryt [Q] the user’s external resistance and U, [V'] the external potential (for instance, when charging the cell).

14
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233 5 The time-parametrized model

284 In the previous section, we introduced a set of space-independent variables together with relations deriving from the
285 original problem. This section is devoted to the construction of the 0D model by coupling the different sub-systems.

286 5.1 The concentration formulation

287 Given the intensity I = I(t), we deduce the concentration in the electrodes from (26)-(27) and the relations (32)-(33),
dec, 1(t) de, 1(t)
f)=——17— —2(t) = .
aV="arn, e TaEL

(58) En

288 On the other hand, from relation (52), we deduce ¢ (t) with

L L L L
(59)  (enLn +esLs +epLy) Ces(t) = M° 4 C(t) {z—:pr ( LT ) —éenLnp ( LB >}

SDE]) 2Des 3D€7’L 2D€S
289 and then the two other average values, Cep,, Cep, Using the linear system (52)
Ly, Ly _ _ L L,
(60) Cen(t) = Ces(t) + C(t) <3Den + 2Des> , Cep(t) =TCes(t) — C(2) <3Dip + 2Des> .
200 Moreover, we have at the interfaces
L L
Cen(xcnv t) = Cen (t) + C(t) = 3 Ces (xena t) - Ees(t) + C(t) > 5
©1) 6D, 2D,
L, _ L
Ces(Tep, 1) = Ces(t) — C(2) 5D Cep(Tep, t) = Cep(t) — C(t) 6Dip'

291 5.2 The potential formulation

292 Assuming that the average concentrations are known, we determine the current density and the potential by solving a
203 time-parametrized system. We decompose the potential difference ®., — ®.,, between the two electrodes with

q)CP - q)cn = ((I)CP - ap) + (ap - aep) + (aep - (I)ep) + ((I’ep - (I)en) + ((ben - ¢en) - (gen - an) + (an - (I)Cn)
294 Using the relations (24), (43), (44), (46), (37) and (38), we rewrite the decomposition in the following form
(I)cp - q)cn = Uep + Tlep — Uen — Tlen — R7m‘I - Ac
where

R LP+LP+LS+L7L+Ln
mt 4A0, 4Ace, Ao 4Aoe, 4Ao,

205 stands for the internal resistance of the cell, and
2t+*1 € cvt es evt es envt
(62) A, = In ¢ P(x P ) +21In M +1In L)
2f ces(xepy t) Ces(xeﬂu t) Cen(xcru t)

is the potential drop due to the gradient of the ionic concentration we rewrite

A, — 2tt —1 In <cep(xcp, 1) Ces(Tep, t) ) .

2f Ces(Ten, t) Cen(Ten, )

206 The potential decomposition now reads

(I)cp - (bcn = Uep + Nep — Uen — Tlen — Rzntl - Aca

I = +u,(Cn,Cen) bsinh(fnen/2),
I = —1p(Cp,Cep) bsinh(f1ep/2),
297 where, (see (32), (33)),
(63) ta(@nyCen) = 2F ALy anrn (Gen)™ (€ (€% —2,)) ",
- = — Qp max - 1—ayp
(64) 1p(CpsCep) = 2FALpapry (cep) (cp (ep ™ — cp)) .

15
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On the other hand, we have to fulfill the relation ®., — ®.,, = ReytI + Ues+ Which corresponds to the external circuit,
(see (57)).

Equating the potential difference between the internal and external circuits provides the non-linear equation for the
intensity
Uep - Uen - Uezt - AC = g(Ia Rext)a

with

2 . I . 1

90 Bea) = (Reay + Rin)] + 7 argbsin () +argbsinh = )|
n D

where ¢,, and ¢,, are non-negative functions.

Remark 8. For the particular case o), = ) = 1/2, we recover the standard hyperbolic functions, and the relation reads

2 I I
9, Rext) = (Rewt + Rint)I + ? [arg sinh () + arg sinh ()} . O
L

Let us define the residual potential

(65) ‘/res (I, Rezt) = Uep - Uen - Ueact - Ac - Q(L Rezt)-

The solutions of the cell problem are given by the solution of V;..s(I, Re.+) = 0, that is, we seek I such that V.., = 0
given the user parameters R.,: and U.,; and the averaged concentrations.

In conclusion, function V,..s(I, Re.:) has the following properties:

e is continuous, linear in R.,;, differentiable in I;
e is a strictly decreasing function in order to [ since R.,; > 0,
lim Vtres(-[a Remt) = 400, lim eres (Iv Rea:t) = —0oQ.
I——o0 I—+o0

Proposition 5.1. For any R.,; > 0, there exists a unique intensity T such that Vms(f y Rezt) = 0.

5.3 A note about the critical situations

From a practical point of view, successive charge and discharge cell are carried out to assess the number of cycles that
the device may support. To this end, a setup is built to perform the operation under a constant intensity and, in that
way, define the number of hours for one cycle. In common language, practitioners deal with charge or discharge under
constant intensity /; or target intensity. However, constant intensity is not always feasible, particularly when the cell
approaches a fully charged or fully discharged state. These critical situations occur when either ¢,, or ¢,, tends to zero
because one of the relevant concentrations approaches zero or its maximum admissible value.

Consequently, the intensity has to decrease to zero when reaching the limit of the cell capacity. The intensity has to
drop, even to zero, when the cell reaches an extreme state, i.e. ¢, = 0 or ¢, = 0. This is a critical issue from the
modelling point of view, and the numerical method has to be designed to simulate the extreme situations.

Remark 9. Function g(I, R, ) also depends on other parameters, such as the average concentrations. We do not mention
it explicitly for the sake of simplicity, but when the concentration dependency would be critical, we overload the notation
with 9(107 Rert7 Cns Cen, Ep; éep)- O

In [25, 28] a similar analysis is provided on the behaviour of the current density close to the extreme cases. Basically,
reactive material concentrations in the anode, cathode, and electrolyte drive the electrical potential of the cell, while
external resistance and electromotive force drive the intensity. The question is to assess whether the cell is in a condition
to deliver (or receive) a target intensity I prescribed by the user, that is, if it is possible to adjust the resistance R, to
reach the target intensity.

Extreme situations occur when ¢,, (€, Cep) OF ,(Cp, Cep) g0 to zero. A non-null intensity I = Iy > 0 cannot be
maintained. Indeed, assume for example that ¢, — 0, then ¢,, (€, Cer) — 0 and g(Lo, Reat; Cn, Cens Cps Cep) — +00.
In conclusion, even with R.,; = 0, we no longer achieve the condition V,..s(Ip;0) = 0. Consequently, I has to
converge to zero when we reach a critical situation.

5.4 Charge and discharge computations

The early-stage analysis consists of determining whether we have a charging or discharging situation, given the
open-circuit potentials Ue,,, Uy, the external counter-electromotive potential U.;; (motor or electrical source), and the
potential A, due to the Li* gradient. To this end, we first compute Voo = V;.5(0, 0) corresponding to the open circuit.
We have a charging situation if Vy < 0 and a discharging situation if V5 > 0. In the charging configuration, the target
intensity Iy < 0 is mandatory, while Iy > 0 in the discharging configuration.

16
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5.4.1 Discharging the cell

Since Vpp > 0, the second stage is to determine whether the target intensity /o > 0 is achievable, so we compute
Vo = Vies(Io; 0) and reach the following alternatives

e if 1 > 0, the external circuit equipped with resistance R, = I—O satisfies the equilibrium V;.cs(1o; Rext) = 0
0
by construction.

* In contrast, Vj; < 0 shows that the target intensity is too high, and the unique solution of Vyes(I;0) = 0 gives
a lower intensity / > 0. In particular, if one of the two components ¢, (Cn, Cen) OF 1p(Cp, Cep) gOES tO zeTO,
intensity I must go to zero, but the quotient with the arg sinh denominator converges to a limit.

5.4.2 Charging the cell

We proceed with the case Vo < 0 where we charge the cell by applying an additional potential U.,; of the battery
charger.

* The target intensity [y < O is achievable if the residual potential Vj = V,s(Io;0) < 0. In that case, the
Vo

E .
* In contrast, if V, > 0, intensity I = Iy < 0 is not possible and we determine I<0 by solving the non-linear
problem V,..s(I; 0) = 0 to recover the equilibrium.

external resistance is given by Re,; =

6 Numerical Methods

We shall consider two distinct kinds of simulation. On the one hand, we use the steady-state model where, given the
concentrations, we compute the potentials and deduce the intensity; in particular, we assess whether we reach the target
intensity or a lower intensity with a null external resistance. On the other hand, we consider the non-stationary case
(charge and discharge) where the simulations are carried out up to a final time .,q. In that case, the experimental
time interval [0, fenqg] is uniformly divided into K + 1 sub-steps th = kAt k=0, , K, with At = tenq /K. The
concentrations ¢(t) are approximated by ¢[k] ~ c(t*) at time t*.

6.1 Numerical solution for the concentrations

We construct numerical solutions for the concentration species assuming that the intensity is given (see subsection 5.1).
Let I[k] = I(t*), the given function defined in the interval [0, fnq], and look for the average concentrations ¢, [k], ¢, [k],
Cen k], Ces[K], Cep k).

6.1.1 Computation of the concentrations

We approximate the concentrations in the electrode with a simple forward Euler scheme for ¢,, (see (58))

11k] 11k]

(66) Cn[k]:cn[k'*l}*Atm, m»

Cplk] =Cplk — 1]+ At

with ¢, [0], ©,[0] given by the initial condition.

On the other hand, the electrolyte concentration in the separator is given by (see (59))

L L L L
= _ 0 P S _ n s
(67) (enLn +esls+€pLy) Ceslk] = M™ + C[k] {spr <3Dep + 2Dcs> enly, <3Dm + 2Des> } .

with Clk] = %I [k] and M = &,,L,,€.,[0] + €5 LCes[0] + £, L,yCep[0] given by the initial conditions.
We deduce the average concentrations with (see (60))

Ln Ls
3Der,  2Des

) L Teyk] = TslF] — CIH] <3épep * 21L)> '

17

©68)  Cnlk] = Ceslk] + ClK] (
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and the concentrations at the interfaces (see (61))

Cen [k}(xcn) = Cen [/{7] + C[k] 63;17 Ces [k}(ﬂ?en) = Ces [k] + C[k] 215137
Cos[K](ep) = Ces[k] — C[K] ;;C = Ceplk](wep) = Ceplk] — CIH] GJLJZP'

6.1.2 A major issue: the Diffusion-Limited Current Density

During a charge or a discharge, and after a short transition, we have a steady-state situation for the ion Li* parameterized
by time, i.e. there is no time derivative (see (47), (48), (49)). Therefore, the cation concentration is a decreasing function
in space for a discharge and an increasing function in space for the charge; thus, the concentration reaches the extrema
at Tep, and xp, given by the values Cep, (1) and ¢, (1), respectively (see (56)) as a function of intensity.

From the physical point of view, negative concentration is not admissible; we conclude that the intensity has to range in
an interval such that both concentrations are non-negative, the null case being the limit leading to the diffusion-limited
current density [29]. Two situations arise.

* Discharge case (positive intensity): The function ¢, .(I) (see (55)) is a decreasing function in relation to
the intensity; therefore, there is an upper limit 7,7 > 0 such that ¢, .(I;7) = 0. Any intensity I > I} is not
eligible; otherwise, we have a negative concentration at the cathode collector.

¢ Charge case (negative intensity): The function ¢, .(I) (see (55)) is an increasing function in relation to the
intensity; therefore, there is a lower limit /> < 0 such that ¢, .(I;) = 0. Any intensity I < I is not
eligible; otherwise, we have a negative concentration at the anode collector.

Consequently, during the charge or discharge stage, ion diffusion is a limiting factor that yields the condition I €
[I7,IF]. We give an easy way to compute the approximation of the diffusion-limited current density.

e e
Asnoted inremark 7, ¢, () and ¢, (1) are affine functions of the intensity (see relations (55)), enabling computation

of the two bounds I, I,”. When I = 0, the solution is the initial concentration c2 and we have Cpp, - (0) = Cep - (0) = 2.
Taking arbitrarily I = 1, we compute the values Cep, (1) and ., (1) by solving the system (53) with I = 1 and the
relations (55). Taking advantage that the function is affine, we deduce that the left and right concentrations at the

collectors go to zero for

0 0
_ C, C,
I; = 55— <0, IJ = —%5—>0,
Ce — Cen,c Ce — Cep,c

respectively.

Definition 6.1. [ and I are, respectively, the highest and lowest diffusion-limited current densities. They represent
the bounds to which the intensity I must belong to guarantee the physical eligibility of the concentration. Their values
are closely connected to the diffusion coefficients D.x, k € {n, s, p} and assess the capacity to transport the cation
from one electrode to another. Such intensities are a strong limitation on the time required for charging and discharging
the cell since they represent a physical limit to the intensity. []

For example, using the data of Table 2, we compute I7 = 7.0mA and I = —7.7mA.

6.2 Numerical solution for the potential

Assume that the average concentrations ¢, [k|, Tp[k], Ten [k], Ces[k], Cep k] together with the positive ionic concentrations
at the positions Z¢p, Ten, Tep, Tep are given at time t*. We want to determine the external intensity /[k] and the other
electric quantities by solving the steady-state problem under the constraint of the target intensity Io[k] = Io(t*) and the
external electromotive potential Uet[k] = Ut (t*).

The preliminary stage consists of computing ¢,,[k] = t,, (¢ [k], Cen [K]) tp[K] = 1) (€, [K], Cep[K]), together with (62),
2T — 1 <c [k](zep) e [k}(ac))
AC k/’ — ln ep cp €S ep .
= Bl wen) enl )

Moreover, the residual potential is denoted by V,..s[k](I, Rext) as it depends on average concentrations through ¢, [£],
tpk] and A, [K].

In the second stage, we compute Voo[k] = V..5[k](0, 0) which corresponds to the open-circuit configuration, given the
external potential Ue; (£*).

18
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1. If Violk] < O (charging), then by proposition 5.1, there exists a unique solution Ips..[k] < 0 such that
Vieslk](Inraz[k], 0) = 0 we determine numerically. Two possibilities arise:
Vres [k] (IO [k]v O)
Io[k]
(b) On the other hand, we have Iy[k] < Inrqz[k] < 0, the external resistance R.,:[k] is set to zero and we
cannot reach the target intensity. The intensity is then I[k] = Inrq.[k].

(@) If Inraz[k] < Io[k] < 0, set the resistance Re.:[k] = and I[k] = Iy[k].

2. If Vyolk] > 0O (discharging), proposition 5.1 implies that there is a unique Ipsq.[k] > 0 such that
‘/tres[k](-[]tfaz [k}’ 0) = 0
Vies|k](Io[k], 0
(a) I 0 < Io[k] < Infax (K], we take Regi[k] = %
0
(b) Otherwise, we cannot reach the target intensity and set Re,.[k] = 0 and I[k] = Iprqz[k].

and set I[k] = Ip[k].

We propose two numerical examples computed using the data in Table 2.

1. For the discharge case, we assume that the external potential is null (U, = 0).

 Considering the target intensity o = 50 mA, we reach it with R.,; = 64.6 2 and the potential drop
&, — ®, of the cell is 3.24 V.

¢ Considering the target intensity /o = 600 m A, we cannot reach it as the maximum [y, is 565 mA. The
external resistance is R.,; = 0 and the potential drop ®,, — ®,, is almost equal to 0 (short circuit).

2. For the charging case, we assume that the external potential is U,,; = 4.3 V.

 Considering the target intensity /o = —30mA, we reach it with external resistance R.,; = 3.57 {2 while
the potential drop &, — ®,, is4.19 V.
* Considering the target intensity Iy = —50mA, we cannot reach it, as we have a maximum [,;,, equal

to —42.5mA and a null external resistance (R.,¢ = 0). The potential drop ®,, — ®,, is precisely 4.3 V,
equal to the assumed counter-electromotive potential Ue,;.

6.3 Numerical solution for the complete model

Concentrations and potentials are now fully coupled through intensity I as the leading variable. Now, assuming that all
data have been computed at the time th—1 we seek the solution at the time ¢*.

The problem is not a simple combination of the two previous problems, since several issues may arise, namely negative
concentrations if the intensity is too high. We gather the whole implicit problem into two subgroups.

Group (1): the concentrations

Culk] = Culk—1]— At %,
Cplk] = Glk—1]+ At&,
(enLn +esLs +epLy) Ces[k] = M° + %I (%] {spr (;fe p + 2;) —enly, ( 33;” + 21L7Se )} ;

Cenlk] = Ceslk] + u%p[[k] (3;; + ﬂL)‘“’e ) :
lt] = el - o (G5 5.

conlbl(wen) = Zenlt] + G 1,

celbl(en) = Tuslh] + AT,

celbl(er) = k] - i e,

colllze) = Tlt] ~ I
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Group (2): the potentials and intensity

- 2t —1 Cep[k](xcp)cesw}(xﬂp)
Akl = =57 1“<cesm<mm>cen[k]um))’
Wl = 2P ALy ayr, (conlk]) ™ (eulk] (o~ lk)
Wik = 2P ALyayr, (cok) ™ (5H (€ ~ 2 k) .
Ik] = +un[k] bsinh(fren[k]/2),

Ik

res[

= —up[k] bsinh(fnep[k]/2),
= Uep — Uen — Ueat[k] + Nep[k] — Nenlk] — Aclk] — (Reatlk] + Rine) I[k],

where R.,.[k] is a free parameter of the system. The objective is to determine an eligible intensity I[k] as close as
possible to the target intensity Io[k] such that V;..s[k] = 0.

]
]
]
]

6.3.1 Preliminaries

In the first step, we determine whether we have a configuration for charging or discharging the cell at time t* as a
function of the external potential U, [k] applied to the circuit. Following the methodology proposed at the beginning
of subsection 6.2, we test the model with / = 0, and from the equations of Group (1), we immediately deduce that
Cylk] = ¢, [k — 1], Tp|k] = ¢,[k — 1], while the ion concentration is constant in space. On the other hand, from Group
(2), we have A, = 0 and ey, [k] = 0, nep[k] = 0. Finally, we compute the residual potential Voo [k] and now the rule is

o If Vyolk] < 0, we are dealing with a charge configuration and I [k] is non-positive,

o If Viyo[k] > 0, we are dealing with a discharge configuration, and I[k] is non-negative.
However, the diffusion-limited current densities are independent of time step and depend only on the initial concentration
of Li* and the diffusion coefficients. We then have the constraints

* charge case: eligible intensity has to satisfy I[k] € [I_,0];

* discharge case: we must have I[k] € [0, I}].

I+

e e

6.3.2 Case Iylk] €)1
If I[k] is eligible we compute Group (1) with Iy[k] and then compute Vy[k] = V... [k](Lo[k], 0).

o If Vp[k] and Vjo[k] have the same sign, then we reach the target intensity I[k] = Iy[k] and define the external

Volk],

Io[k]”

* Otherwise, Vy[k| and Vjo[k] have opposite signs, and we cannot reach the target values. The proposition
5.1 states that there exists a unique intensity Ipsq.[k] such that V,..s[k](Inrax[k],0) = 0. We then take
I[k] = Injaz[k] and Re.:[k] = 0. Note that Iy, [k] is also eligible since Iy[k] is assumed admissible.

Remark 10. Note that taking I[k] = I} or I[k] = I is impossible, since we get a null concentration. Consequently,
A[k] is not defined (the logarithmic function In requires the argument to belong to ]0, +00[). O

resistance R, [k] =

I+

e’ e

6.3.3 Case Io[k] ¢])1

This is a difficult situation because the target intensity Iy[k] is too high and causes negative concentrations. We have
to find a lower intensity I[k] € [I;,I]] and an external resistance R..;[k] that preserve the electrical balance, i.e.

e e

Vyes|k] = 0, together with non-negative concentrations.

We first treat the discharge case, that is, we have Vyo[k] > 0, I[k] > I > 0. To achieve an approximation of /[k] and
Rext[k], we propose a dichotomy-like method that provides a bounded interval of the intensity. We detail hereafter the
method and skip index k for the sake of readability. We create a sequence of intervals [I Ll f] that we initialize with
I = 0 and I) = I. The algorithm is as follows:

It + 1f

1. Take I =
2
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& VS B S

6.

. Compute Aﬁ, v
. Compute V§ = V.

. Compute the associated concentrations (they are all strictly positive since I° < I}).

¢

n’

‘ AN
t,, and then deduce 7., 7,

(12, 0).

TeSs

L If Vo‘Z > ( (the intensity is too low) we take I, g“ =1 f and [ 5"’1 = I!, otherwise (intensity is too high) we

take I, ™' = I and It = IL.

Repeat until [V£| < toland [I*! — I[™| < tol where tol is a given tolerance.

At the end of the algorithm, we take the intensity I[k] = I’ < I} that guarantees all positive concentrations and
Vyes(I2,0) 2 0. Consequently, we take R..¢[k] = 0 and I[k] = I’.

a7 For the charge case, the algorithm is very similar by taking IO = I and I} = 0. We reach an approximation
I7 < I[k] = I’ < 0 such that V;..s(I,0) ~ 0 and R..[k] = 0.

7 Simulations

A battery composed of an anode and a cathode with constant open-circuit potential (no intercalation versus plating is
considered in the example) separated by a porous medium is analysed with the numerical simulator. Data are given in

Table 2.
parameter ‘ dimension ‘ name
A=10"" [m?] cross area of the cell
L, =280.10"% Ly =25.107%, L, = 100.107° [m] length of the domains
an = 885000, a, = 723000 [m™1] specific interfacial area of the electrodes
en =0.36, &5 =0.30, ¢, =0.36 [m®m 3 porosity
F = 96487 [C mol™] Faraday constant
f =4 =3868 [CJY inverse thermal potential
tt =0.364 -] transfer number
on =100, o0, =0.5 [Sm™ effective electronic conductivity in electrode
on =05, a,=05 -] electrodes transfer coefficients
Den = 1651071, Dog =2.01071°, Doy, = 415107 | [m?s™1] cation diffusivity
Oen = 0.1, 0es =0.1, 0ep =0.1 [S m_l] effective ionic conductivity
ey ™" = 50000, c,"**" = 30000 [mol m™?] maximum mole concentration in the electrodes
rp=2710"1", 7, =1.810712 [m5/2mol_1/23_1} electrochemical reaction rate constant
A& =103, CS; =10° [mol m ™3] reference cation mole concentration
¢, = 25000, ¢, = 15000 [mol m ™3] reference reduced material
i% = 2.06, 12; = 0.082 [Am™3 reference current surface density
4O =1.82106, jg; = 5.9610* [Am™? reference current volume density
Uen =0.0, Uep =3.8 V] open circuit potential of anode and cathode

Table 2: Parameters for the benchmarking

We consider three different situations by modifying the dielectric diffusion coefficients.

* Experiment ONE is the reference case using the dielectric diffusion coefficients given in Table 2.

* Experiment HALF consists of using the same diffusion coefficients but divided by two (low diffusion case).

» Experiment THREE uses three times the values of the diffusion coefficients (high diffusion case).

The purpose of the simulation is to show the impact of dielectric diffusion in the charging and discharging processes.
More specifically, we highlight the current limitation due to diffusion of the cations in the cell.
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In Figure 2, we plot the target intensity together with the external potential that we would like to achieve during the
3600 s simulation. Note that the 1C rate configuration of a total charge of 4.3418 Coulomb corresponds to the constant
intensity I = 1.2 mA, required to transfer the whole charge in one hour. The scenario is as follows (I being the target
intensity):
* ¢ € [0,900], discharge 5C rate, (Ip = 6 mA) and U,y = 0,
* t €900, 1200], charge 5C rate, (Ip = —6mA) and U,,; = 4.2,
t € [1200, 1500
* t € [1500, 1800
te]
te]

, open circuit and cell at rest,

, discharge 15C rate, (Iy = 18mA) and U,y = 0,

, charge 15C rate, (I = —18mA) and Uyt = 4.5,

, discharge with 5C rate, (I = 6mA) and Ueye = 0,

1800, 2400
2400, 3600

target intensity and external potential

20 ! ! ! ! ! 5
tarqet intensity

xtern potential

10

Intensity mA
o
L
Potential V

-10

-20 T T 0
0 600 1200 1800 2400 3000 3600
time (s)

Figure 2: Target intensity and external potential for the numerical simulation as a function of time

In Figure 3, we plot the intensity across the cell together with the I} (red line) and I~ (blue line) during the simulation
for the three scenarios. We observe that the intensity strictly remains between the two constraints. For high diffusion
coefficients (left panel), the cell intensity is not subject to the non-negative concentration constraints. Moreover, in
some situations, we do not reach the target intensity, as shown by the zero external resistance in Figure 4 (left panel).

A lower dielectric diffusion coefficient makes the intensity eligibility more restrictive, and we observe in scenario ONE
that a 15C intensity is not possible due to the concentration constraint resulting from the dielectric diffusion coefficients.
The scenario HALF confirms the deep impact of the concentrations’ positivity (and consequently, of the diffusion
coefficients). Most of the time, the intensity is bounded by the diffusion-limited intensity, and the cell is not able to
deliver a high current.

As a direct consequence of the intensity, the mass transfer between the electrodes is strongly limited when dealing with
a low diffusion coefficient, as shown in Figure 5. We managed to reach full depletion of the anode for scenarios ONE
and THREE with a 5C intensity, when ¢ € [900, 1200], but the scenario HALF limits the maximum intensity to around
a 4C discharge and keeps the cell from transferring the whole charge in less than 15 minutes.

To highlight the positive concentration issue, we plot the concentration at the collector interfaces in Figure 6. We recall
that for I = I, the concentration in the anode collector is almost null (charging case), whereas the concentration in the
cathode collector is close to zero when I = I (discharging case). For high diffusion coefficients, positivity does not
lead to a limitation of the current (left panel), but a 15C charge, when ¢ € [1800, 2400], is not achievable for scenario
ONE (middle panel). Similarly, the current corresponding to the 5C charge, when ¢ € [900, 1200], is impossible to
achieve with the diffusion coefficients used in scenario HALF (right panel).
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ntensity (mA)

Figure 3: Cell intensity together with the upper and lower diffusion-limited intensity. Scenario THREE (left panel),
scenario ONE (middle panel), and scenario HALF (right panel)

ce (Ohm)
(Onm)

ance (Ohm)
1w
1w

11 potential (V)

1800 o o 120 00 2 o 3 P 1200 1800
time (s) tine (s) time (s)

Figure 4: Cell potential and the associated external resistance. Scenario THREE (left panel), scenario ONE (middle
panel) and scenario HALF (right panel)

Finally, in Figure 7 we report the overpotentials and A.. for the three scenarios. We notice that the potential A, has a
strong impact on the HALF scenario since very low concentrations occur at the interfaces, which leads to a significant
amount of potential regarding the potential difference of the whole cell. In contrast, a high diffusion coefficient makes
A, less than 1%.

8 Conclusions

We have mathematically developed a time-dependent model based on average variables and their values at the interface.
Particular attention was paid to conservation and positivity, leading to the notion of diffusion-driven intensity that
represents the major constraint on the range where the intensity is eligible. We presented a numerical method for the
simulation and a representative example where the choice of the diffusion strongly modifies the capacity of the cell.
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Figure 5: Concentration in the electrodes. Scenario THREE (left panel), scenario ONE (middle panel) and scenario
HALF (right panel)

Figure 6: Electrolyte concentration at the collectors. Scenario THREE (left panel), scenario ONE (middle panel), and
scenario HALF (right panel)
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A b-hyperbolic functions

The Butler-Volmer relation involves the expression x(n) = exp(5fn) — exp((8 — 1) fn) and the inverse function is
required in the algorithm to provide 7 as a function of . To this end, the present section concerns the development of
special functions associated with the Butler-Volmer relation, we call the b-hyperbolic functions.

Definition A.1. Let 5 € [0, 1], we define the b-hyperbolic sine and cosine functions with

exp(2fx) — exp(2(8 — 1)x) exp(25z) + exp(2(8 — 1)z)
2 ’ 2 '

Such function are well-defined, and differentiable on R and one has x (1) = 2bsinh(n f/2; ).

bsinh(z, 3) = beosh(z, 3) =

The functions have several properties we list hereafter.
Proposition A.1. We have the algebraic relations
bsinh(z, 5) = exp((28 — 1)x) sinh(z), becosh(z, 8) = exp((28 — 1)z) cosh(x),
bsinh(z, 1 — §) = —bsinh(—=z, 3), bcosh(z,1 — 8) = bcosh(—z, 3).

Moreover, the derivatives read

bsinh’(z,8) = (28 — 1)bsinh(z, 3) + bcosh(x, 3)

beosh’(z,8) = (28 — 1)bcosh(z, 3) + bsinh(z, 3)
In practice we need the inverse function of bsinh hence we have to determine the domain where the reciprocal function
is well-defined and differentiable.
Theorem A.2. Forany (8 € [0, 1], the application x — y = bsinh(x, [3) is a bijection from R onto R and we denote by
y — x = arg bsinh(y, 8) the inverse function.

PROOE. The derivative reads
bsinh’(x, 3)

(28 — 1)bsinh(z, 8) + beosh(z, B)
= exp((28 —1)x) [(Qﬁ — 1) sinh(z) + cosh(x)}
= exp((28 — 1)a) [Bexp(a) + (1 - B) exp(—2)]

Hence we have a convex combination of two positive functions and conclude that bsinh’(z, 3) > 0 for all z € R. Since
bsinh(z, 3) is a strictly increasing function from R onto R, it admits an inverse function y — x = arg bsinh(y, ) from
R onto R, which is differentiable with strictly positive derivative.[]

Numerical computation of the inverse function
Let y € R, we seek = € R such that y = bsinh(x, 3). Introducing X = exp(z), the equation reads

1
2y X = X2° [X - }] e 9y = xotl _ xo-l

with @ = 28 — 1 € [—1, 1]. After algebraic manipulations, we seek X (y) > 0 such that
G(X(y);a) =X —2y — X1 =0.
Note that we recover the classical arg sinh if 5 = 1/2 (o = 0) since the expression turns to a quadratic polynomial.
For o # 0, the solution has to be determined numerically, and we use a simple Newton method. Let X, a sequence be
given by X, 11 = X, — G(Xp; o) /Ox G(Xp; ) and read
x X;H — 2y — X;“‘l
P+ 1) X — (a—1)Xo—2
x I Xott -2y — Xt
TP (e )Xot —(a—1)Xe !

Xp+1

The approximations converge towards the unique solution X (y) in a few iterations up to a prescribed tolerance while
we take X = 1 for the initialization.
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