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ARTICLE INFO ABSTRACT

Keywords: Higher-order tangent bundles possess a rich tower of fibrations, suggesting the existence of
Nonlinear connections geometric structures compatible with their iterated bundle structure. In this paper, we introduce
Connection maps the notion of a connection tower on a higher-order tangent bundle and study the geometric
Riemannian metrics structures induced by such towers. In particular, we show that connection towers determine
Geodesics natural multiconnections, adapted splittings of the tangent bundle, and canonical vector bundle

structures on higher-order tangent bundles. We then construct a specific connection tower
induced by the Levi—Civita connection of a Riemannian manifold. This construction extends
the classical Dombrowski connection map on the tangent bundle and leads naturally to a
family of higher-order Sasaki metrics. We study the associated lifts of vector fields and derive
explicit Lie bracket formulas for these lifts, together with structural identities for the induced
multiconnection. Finally, we determine the Levi—Civita connection of the higher-order Sasaki
metrics and derive explicit geodesic equations on the second- and third-order tangent bundles.
We also obtain characterization results relating geodesics of the higher-order Sasaki metrics to
geodesics on the base manifold.

1. Introduction

Nonlinear connections on higher-order tangent bundles, as well as on fiber bundles in general, play a funda-
mental role in modern differential geometry. They provide a natural way to distinguish between vertical directions,
corresponding to motions within the fibers, and horizontal directions, representing motion along the base manifold.
This decomposition gives rise, in a purely geometric manner, to important notions such as covariant differentiation,
curvature, and torsion. The relevance of these geometric structures extends well beyond pure mathematics, particularly
when considered in the context of higher-order tangent bundles.

Higher-order tangent bundles are natural generalizations of the notion of the tangent bundle, where equivalence
classes of higher-order contact curves replace the first-order ones. They serve as evolution spaces for higher-order
differential equations and, therefore, provide a natural framework for their study. Thanks to the contributions of
Morimoto [22], Leén and Rodrigues [12], Crampin et al. [10], Saunders [25], Andrés et al. [11], Miron [19], [20],
Bucitaru [7], [8], Suri [26] and others, who have highlighted the importance of these fiber bundles in areas such as
the calculus of variations, Lagrangian and Hamiltonian mechanics, classical field theory and Finsler geometry, these
geometric structures have been attracting increasing attention in recent years.

In general, nonlinear connections do not arise from linear connections, as no linear structure is assumed on the
fibers of a general fiber bundle. However, in the case of a Riemannian manifold, the Levi—Civita connection naturally
induces a nonlinear connection in the tangent bundle. In fact, this can be done in a more general setting, when the
fiber bundle is vectorial, or even principal, and endowed with a linear connection ([17],[29],[28]). What is particularly
interesting in the case of a Riemannian manifold is that the induced structure can be described in terms of a connection
map. Furthermore, the induced connection map, when combined with the Riemannian metric, defines a natural
Riemannian metric on the tangent bundle, known as the Sasaki metric ([24],[15],[1]). This metric is characterized
by the orthogonality of the horizontal and vertical distributions determined by the induced connection. Analogous
constructions also appear in Finsler geometry ([3],[4]).

Connection maps in the tangent bundle were originally introduced by Dombrowski [13] and extended to vector
bundles by Miron [21]. Later, Bucitaru characterized nonlinear connections in higher-order tangent bundles using
connection maps and developed a geometric setting that associates nonlinear connections with higher-order differential

ORCID(s): 0000-0003-4587-7861 (M. Camarinha); 0000-0002-6357-9326 (J. Goodman)
M. Camarinha was supported by the Centre for Mathematics of the University of Coimbra (CMUC, https://doi.org/10.54499/UID/00324/2025)
under the Portuguese Foundation for Science and Technology (FCT), Grants UID/00324/2025 and UID/PRR/00324/2025.
2J. Goodman was supported by the Marie Sktodowska-Curie grant agreement No. 101206748 (GNACS).

Camarinha and Goodman: Preprint submitted to Elsevier Page 1 of 49

[vl] Tue, 06 Oct 2026


https://www.mat.uc.pt/preprints/eng_2026.html

Connection towers and higher-order Sasaki metrics

equations([5],[6],[9]). The pionner work of Kosambi is also an important reference regarding the geometry of higher-
order differential equations and induced connections on higher-order tangent bundles ([18]). Higher-order tangent
bundles can naturally be viewed as forming a tower of fiber bundle submersions, due to the variety of fibrations they
possess, with the projection onto the base manifold arising in the limit. This perspective suggests the possibility of
adapting the notion of connection maps in order to define a tower of nonlinear connections. In this context, many
questions may be raised. In the present paper, our purpose is to study a specific connection tower induced by the
Levi—Civita connection and, subsequently, the resulting Riemannian structure in higher-order tangent bundles.
The main contributions of this paper are the following.

1. We introduce the notion of a connection tower on a higher-order tangent bundle and develop its basic geometric
properties. In particular, we show that connection towers induce canonical multiconnection structures and vector
bundle structures on higher-order tangent bundles.

2. We construct a specific connection tower induced by the Levi—Civita connection of a Riemannian manifold.
This construction extends the classical Dombrowski connection map on the tangent bundle to the higher-order
setting.

3. Using the induced multiconnection, we study horizontal and vertical lifts of vector fields and derive explicit
formulas for the Lie brackets of these lifts.

4. We define a family of higher-order Sasaki metrics associated with the Levi—Civita-induced connection tower
and determine the corresponding Levi—Civita connections.

5. We derive explicit geodesic equations on the second- and third-order tangent bundles and obtain characterization
results relating higher-order Sasaki geodesics to geodesics on the base manifold.

The paper is organized as follows. In Section 2, we briefly recall basic definitions and notations of the theory of
higher-order tangent bundles. We also provide a more detailed exposition of the theory of nonlinear connections and
connection maps. Then we introduce the concept of nonlinear connection tower in terms of connection maps. The main
results of this paper are stated and proved in Sections 3 and 4. In these two sections, the presentation is structured to
emphasize the analogy with the results formulated in Subsections 2.1, 3.2 and 4.1. In Section 3, we construct a specific
connection tower induced by the Levi—Civita connection. We then examine how vector fields can be lifted by this
connection tower and describe the Lie bracket in terms of these lifts. In Section 4, we define a family of higher-order
Sasaki metrics that recover the classical Sasaki metric in the base case. We also determine the Levi—Civita connection
and derive the geodesic equations for the second- and third-order tangent bundles. Finally, we extend classical results
concerning Sasaki geodesics to higher-order bundles. Additional background information, computations, and technical
lemmas are placed in the appendices. Table 1 containing the notation frequently used in the paper can be found at the
end of the manuscript.

2. The geometry of higher-order tangent bundles

This section contains the geometric background on higher-order tangent bundles and nonlinear connections used
throughout the paper. We adopt the formalism of describing nonlinear connections by means of connection maps. We
first recall the tangent-bundle model, in the form needed later for comparison with the higher-order constructions.
We then review the basic geometry of 70 M, including its almost-tangent structure, vertical flag, connection maps,
multiconnections, and adapted bases. Finally, we introduce connection towers, which are special connection maps
compatible with the canonical projections of higher-order tangent bundles, and we record the lift conventions that will
be used in the sequel.

Additional background and auxiliary details are collected in Appendix A. This includes the fuller tangent-bundle
discussion, the adapted-basis inversion formulas, the proof that connection towers induce vector bundle structures on
the higher-order tangent bundles, and the basic technical lemmas for lifted vector fields. For convenience, Table 1 at
the end contains the notation commonly used throughout the article.

2.1. The tangent-bundle model
Let M be an n-dimensional smooth manifold and let ¢ : TM — M denote the tangent-bundle projection. We
write a vector u € T,M as u = (p, v) when it is useful to distinguish the base point and fiber component, and we denote

by (¢, gV7) the tangent-lifted local coordinates on T M induced by local coordinates (¢') on M.
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For u € T M, the vertical space is
V,=ker(z,|,)CcT,TM,

and the vertical bundleis V = | |,crp Vi- fu=(p,v) and z € T, M, the vertical lift of z at u is the tangent vector z"
at7 = 0 of the curve 7 = v + 7z. Thus the vertical lift at u gives a linear isomorphism 7, M = V,,. The vertical lift of a
vector field X € X(M) is the vector field X" on T M given by

X () = (X(p))".

In local coordinates, if X = X'0;, then
0
agDi’
The canonical almost-tangent structure J on T'M is the (1, 1)-tensor field

X'=X

JX)=(,X)", XeT,TM.

In local coordinates,
0

= 9

J ®dq",

so that J% = 0 and
V, =Im(J|,) =ker(J|,).
A nonlinear connection on T'M is a vector subbundle H C TT M complementary to the vertical bundle
TTM=H®aYV. €))

Equivalently, a nonlinear connection can be defined via a connection map. That is, a vector bundle morphism
K : TTM — T M with base function 7 such that

KoJ =1,

in which case the corresponding horizontal bundle is given by H = ker(K). Conversely, every nonlinear connection
is realized as the kernel of a unique connection map. Locally,

K = (dq" + Kldg®') @0,
where K j’ are the connection coefficients. The connection map induces a canonical identification
@, : T,TM — T,M ®@T,M, @, (X) = (r,X, K(X)),

foreachu e T,M and X e T, TM.
A tangent vector z € T,,M has a unique horizontal lift Zhe H atu= (p,v) € T,M, characterized by

7,(z" = z, Kz =o0.
Vector fields are lifted similarly: if X € (M), then X"(u) = (X (p))" foru € T,M.

Remark 1. We note that the horizontal lift depends on the chosen fiber velocity v € T,M such that u = (p,v). A
more geometrically invariant construction is therefore to define lifts (and connection maps) on the pullback bundle
pr; : ©*TM — M. However, we choose to proceed without making use of this formalism here, and often suppress
the dependence on the fiber velocity when it is sufficiently clear from context.

If V is a linear connection on M, then it induces a connection map on 7'M by the Dombrowski construction [13].
Namely, for X € T,T M, choose a family of curves y,(t) = y(s,t) on M adapted to X, and set

dy

K(X)=V4 L :
)=V 5 lsnmo0

@)
For torsion-free V this agrees with the equivalent expression obtained by interchanging the two derivatives. In the
present paper, the connection of interest is the Levi—Civita connection associated to a Riemannian metric g on M,
which is torsion-free by definition. We note, however, that many of the constructions and results obtained in the paper
can be studied for general linear connections as well, with additional torsion components appearing when commutation
of covariant derivatives are applied.
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2.2. Higher-order tangent bundles

We now recall the definitions and notation for tangent bundles of order k that will be used in the rest of the paper;
see [12] for further details. Let M be a smooth manifold of dimension #n. Two curves g and § on M with a common
initial point p are said to be equivalent up to order k at p if there is a chart (U, ¢) around p such that

d”((POQ)(O) da((f Q)( 0), a=1,...,k.

Denote by j(’)‘ (g) the equivalence class of g, and define the tangent space of order k at p by

TOM = {j5@) | 4(0) = p}.
The tangent bundle of order k is then given by the disjoint union of all k™-order tangent spaces

®pf — (k)
TOM = |_| T M,
PEM

together with the fiber bundle structure 7, : T®M — M defined by 7( j(’)‘(q)) = ¢(0). These fiber bundles were
introduced by Ehresmann [14] within the broader setting of jet manifolds.
A chart (U, ¢) on M, with local coordinates ('), induces local coordinates (¢, g1, ..., g®) on Tk_l (U) by

1 d(lqi
a! dr

@”=d, 4@ = @,  a=1l...k

Given a curve g on M, its k-jet is the curve j%q : I — T™ M defined by

Gk® = jga).  q(s) = q(t + ).

In local coordinates,

J dq'  1d%*q 1 d¥¢’
= 1), —(1), = — —
U)o <q() T, 5= (0. 50
For u € T M, every tangent vector X € T, T® M can be written locally as
X = xOi x®i_9
0qO lu 0qWi lu

A family of curves y,(t) = y(s,t) on M is said to be k-adapted to X if the curve s — (j*y,)(0) on T® M is adapted
to X. That is,

ik _ 91 ik -
GO =u = _ G0 =

In local coordinates this gives
X(a)i B l aa+lyt
al dsot®

(5,)=(0,0)"

The almost-tangent structure on T M is the (1, 1)-tensor field given in coordinates by

)i d (k=1)i
®dqg™ + - +a(k)l®dq .

= 9qi
Thus
JX) = X0 9| 4 xkeni 9|
g lu g lu
The endomorphism J|, : T,T®M — T, T™ M is nilpotent of index k + 1, and

Im(J%) = ker(J*+1—%), a=1,... k.
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g

In particular, V;(u) = ker(ry,|,) is the vertical subspace with respect to 7. It is easily seen that the vertical spaces
satisfy the following chain of inclusions

We denote the vertical space of order a atu € T™® M by

d
W ggki

V,(u) = Im((J|,)*) = span { 9q@i

0C Vi) C Vi () C - C Vy(w).

For0 < a <k, let

W) ®)
T, TOM > TOM,  7,Gk) = %,

k
where TOM := M and (1)0 = 7. Then the vertical bundle of the fibration

®
T®OM 25 T@ 0
isVy,fora=0,...,k—1,1ie.
(k)
Vo1 @) =ker(74.l,).
This gives exact sequences

(k)
00—V — TTOM 25 TTOM —0,  a=0,....k-1.

2.3. Connection maps and multiconnections
A nonlinear connection on T M is a vector subbundle H ¢ TT® M, again refered to as the horizontal bundle,
which is complementary to the vertical bundle V' := V]

TTM=H®V. 3)

As before, nonlinear connections can be equivalently described by connection maps. A connection map on T M is
a 7y-morphism
K=(Ky,....,K) : TTOM — (TM)g

such that

. K, : T,TOM - T, (M is linear fora = 1, ..., k;
2. KypjoJ =K, fora=1,...,k—1;
3. KjoJ =14,.

Here, the notation (T M )'G‘; refers to the Whitney sum of k tangent bundles, i.e. (TM )]é; = @,];1 TM. The
corresponding horizontal bundle is then given by H = ker(K), and

TT®M = ker(K) & Im(J). 4)

In local coordinates a connection map is determined by kn® smooth functions (Ka)§ : TOM - R, called
connection coefficients, through

K, = (dq(a)i (K dg ™ 4 et (Ka);dq(o)j) ®0., a=1,.. .k )
Equivalently,
K 9 =0 K _9_ =0 forf>a
*\ og@ilu) = ey’ “\og®ilu) ’
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Theorem 1 (Bucitaru, [5]). A nonlinear connection on T M uniquely determines a connection map of order k in
M. Conversely, if
K:TTYM - (TM)

satisfies the three conditions above, then ker(K) is a nonlinear connection.
A connection map gives a canonical identification

@ TTOM - (TM)EH, D, (X) = (13, X, K{(X), ..., K (X))

For each u € T® M, the map @, is a linear isomorphism. Under this isomorphism, horizontal vectors are identified
with vectors of the form (v, 0, ..., 0), whereas vertical vectors with respect to 7, are identified with vectors of the form
(0, Ugseens Uk).

Given a nonlinear connection H, the associated multiconnection is the family of subspaces

Hy), ..., H_ (w) c T,T®OM

defined by '
Hy(u) = H(u), H,w)=J'(Hyw), i=1,....,k-1.
Theorem 2 (Bucataru, [9]). Suppose that H is a nonlinear connection. Then, foralla = 1,... , k,
a—1
TTOM =P H, &V, (©6)
i=0

Taking a = k in Equation (6), every vector X € T, T¥) M can be uniquely decomposed as
X = hy(X) + h (X)) + - + h (X)),
where h,, is the projection onto H, fora =0, ...,k — 1, and h; = vy, is the projection onto V. If
X=Xo+JXD+ - +I' XD+ T XY, X, € Hy,
then
(X)) = (T4 Xos Ta X 15 o5 T X ) -

Foreacha =1, ..., k, define
a—1

N, =®Hi.

i=0
Then
TTM =N, ®V,, @)

where
N, =ker(K,, ..., Ky), V, =Im(J%) =ker(zy,, K, ..., Ky_1).

A vector X € T,T™ M is called a-vertical if X € V,, and a-horizontal if X € N,. We denote by n, and v, the
projections onto N, and V,, respectively. These definitions are extended to vector fields and curves in the usual way.

2.4. Adapted bases
Define covectors 5¢(®' by

8¢ = dg'" + (K )\dq“™V + - +(K)idq®,  a=1,.. .k

and set 6¢0" = dq©’. We refer to the collection {6¢®" | 0 < a < k, 1 <i < n} as the adapted basis. With respect to
the adapted basis, the connection map and canonical projection take the simplied forms:

K, =686¢""®a, 7. = 6¢0 @ 0,.
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Consider the local frame of vector fields { } dual to the dapated basis. This frame is adapted to the

S q(a)i
n
decomposition given in Equation (6) in the sense that, for each fixed a, the vector fields { ﬁ } span H,, while
q i=1

n
{ ﬁ } span V. With respect to these bases, the projections similarly take the form
q i=1
_ 5@ 6
hy,=04""® 5q(a)i,
while the almost-tangent structure is given by
__9 ©)i (k=D
J = 5 ® 6" + - + 5o ® 6q .

The coordinate basis and adapted basis are related by dual coefficient functions (Ca)j.. The details are recorded in
Appendix A.l; the formulas most often used later are

dq " =3¢ = (CLg T — o = (C8¢ Y, a=1,.. K, ®)

and

d s ;6

i 0
= — J__ 9
@ = 5q @ + (Ky); sqari + o+ (K, )

i 5qi”

2.5. Connection towers

Throughout the remainder of the article, we use the notation @ 1o signify that an object is being considered with
respect to T® M, with the exception of the projection 7, and the coefficients of certain objects in local coordinates for
simplicity. In some places, the overset notation may be dropped when it is sufficiently clear from context which space
an object pertains to.

The higher-order tangent bundle 7®) M carries a natural tower of fibrations

® (k=1) 0) m
Tk-1 Tk-2 7]

TOM 2 pe-Dpr B2 T 2 m (10)

A standard nonlinear connection on T™ M is adapted only to the projection onto the base manifold. However,
the iterated bundle structure suggests the existence of compatible connection data simultaneously adapted to all

intermediate fibrations. This leads to the following definition.
(k) (k) (k)
We say that a connection map K = (K, ..., K;) on T®'M is a connection tower of order k provided that, for

each a = 1,..., k, there exists a unique map

(@)

K,:TT'"M - TM

such that
(k) @ (k)
K,=K, o7, (11D
. . (k)
Given a connection tower K of order k, define

@ (@ (@) @ W (@

K=(K, .. K,), K,=K,ort

p 1O T s u=1,...,a.

() (k) (o)
Then K is a connection map on T@OM foreacha =1, ..., k. By construction, K u and K u have the same connection

k
coefficients pulled back through (r)a. In local coordinates, this compatibility means that

AK,)!
=0 whenever y > a.
aq(ﬂ)l
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Conversely, a connection map whose connection coefficients satisfy such a relation uniquely determines a connection
tower.
The adapted bases on T®) M and T® M are naturally related through the projections. For u < a,
(k) (@)
w | s |_ &

. . _ (k) .
whereas the adapted basis vectors with ¢ > « are annihilated by 7 . Equivalently,

(k) (g) )i 5w (@i
Ta*=5q(0)i®5q +...+5q(a)i®6q .
A connection tower gives the commutative diagram:
®) (k=1) (*k=2) ©) @

TT® M T"%l TT® =D pr ﬂ TT® =2 pr % ﬂ) TTOM — TTM

(k) \L(k—l) \L(k—Z) 2) ﬁlg
\LK ® L K 4o o) \LK @

(TM)’G‘; PI/H3 (TM)IgB_l Pfkfz3 (TM)SQ_Z prk—,j/ P \ (TM)zB pry S TM
(@) . . .
where Sra_l denotes the projection of (T M )‘é onto (T M )‘é‘l obtained by dropping the last component.

) . . " . . ..
Applying 7, to the multiconnection decomposition on T® M gives the corresponding decomposition on 7@ M.
In particular, forall y =0, ..., a,

k @ (k) k) 0
Tow(H () = H (7 ,(w)), Tau(V g 1) =0.

Thus a connection tower induces a tower of a-horizontal subbundles

k k—1 2
I (o VI = = ()
kK k-1 — = — Ny,

(@) (@)
where N, = @;’:_01 H ;. This justifies the terminology connection tower.

2.6. Vector bundle structures induced by connection towers
Connection towers also induce vector bundle structures on the higher-order tangent bundles themselves. For a > 1,
(@)
we define the Tulczyjew operator dy : T M — TT@ DM by

(o) d

dr =—| (o0,  u=ji@,

(@)
which is well-defined since dp(u) depends only on the a-jet of g [27]. In local coordinates,

(o) ) 9 . 9
=i L _ L 90,i_Y L . ()i
dr =4 agOi +2q agi toetag dgla=Di’
(k)
Theorem 3. Let K be a connection tower of order k in M. For eacha = 1, ... ,k, let

c:(TM )‘é - M
denote the natural projection, and define

(@)
F:TOM - (TM),
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by

(@) ( D (@ (a=1) (@) )

O @ (o @ O @
Fay = (dp(T @), K\ (dr(75)), 20 Ky (dp(F5@)), ... @= D! K oy (dr(w) (12)

(@)
Then F is a diffeomorphism for all @ = 1, ..., k. Moreover,

()
ooF =1,.

(@)
Consequently, the vector bundle structure of (T M )‘é over M pulls back through F to a vector bundle structure on

T@M.

PROOF. Let
(Xp, ..., Xy1) € (TM)g‘a

be a point over p € M. In local coordinates, the equation

(@)
Fw)=(Xg,....X4_1)

is triangular. Indeed, if u = (¢, ..., ¢'®), then Xé =qW andforp=1,...,a—1,
Xty = it (G DD+ g (K + o+ dVK, )

Here (K,);, for I = 1,..., u, denotes the corresponding coefficient of the connection map on T M, pulled back to
T M through (Prl) - The first equations are
X =q",
Xi =247+ ¢k},
X! =21 <3q(3)i + 24PV (K, + q<1)j(K2);> .
Since the coefficient of g+’ in the uth equation is (u + 1)!, these equations can be solved recursively:

Wi _ yi
q - XO’

i _ 1 i iyJ
@@= <X1 - (Kl)jx(f)) ,
and, in general,

()i — = —
ql’l L (H n 1)' <XII1 H[l,H-](XO’ ’Xﬂ—]))

for smooth functions H’ + determined by the connection coefficients and the previously solved coordinates. Hence the

fiber coordinates q(l)i s q(a)i are uniquely and smoothly determined by (X, ..., X,_;), while the base coordinates
; (@)
g are determined by the common base point p. Therefore F is a bijective local diffeomorphism, hence a
diffeomorphism.
. @ (@)
Finally, each component of F (u) lies in T, (,,M, so co F = 7,. The vector bundle structure of (T'M)g over M

(@)
therefore pulls back through F to a vector bundle structure on T M. O
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2.7. Lifting vector fields on M to higher-order tangent bundles
(k)
Let K be a connection tower of order k. By Theorem 2,

k—1
(k) (k)
TTYM =P H, 0V, (13)
a=0
‘We use the convention

(k) (k) (k)
K0:=Tk*, hk:= V.

Letz € M and let u € T® M with 7, (u) = p. Foreach a =0, ..., k, there exists a unique vector

(k)

zhe e T,TOM

such that
k) G k) ®

K, (z"e) =z, Ky(z"a)=0 forall p # a.

(k) (k) (k)
Fora =0,...,k — 1, the vector z "« belongs to H , and is called the h ,-lift of z to T® M at u. In particular, we see
(k) (k) (k)
that z”0 is 1-horizontal while z Y« is k-vertical, so that we alternatively refer to the h y-lift as the 1-horizontal lift and

k
the (U)k—lift as the k-vertical lift.
(k) (0]
Similarly, for vector fields X € X(M ), we define the A ,-lift of X as the vector field X ha € 2(T™ M) satisfying

(k) (k) (k) ®)
K,oX"e=Xor,,  KgoX"«=0 forp#a.

k (k)
As before, we refer to the (U) «-lift of X as the k-vertical lift, and the h ( lift as the 1-horizontal lift. The adapted basis
is described by lifts of coordinate vector fields

(k)

Remark 2. Horizontal lifts for connections induced by a linear connection were previously studied by Bucataru ([6,
Theorem 3.1]). The authors use the concept of semisprays to introduce the horizontal lifts, and then prove that this
definition is independent of the choice of the semispray.

Lemmad. Let X,Y € X(M) and f € C®°(M). Then

(k) (k) (k) (k) (k)
(X +Y)a=X"a yyha, (fX) e = (for )X e,

fora=0,....,k. If X = X/0,, then

® A 5
a = J - =
X (X oTk)gq(a)j’ a=0,...,k.
Moreover,
(k) (k)
X"(for) =(Xf)or,  X"a(for)=0, a=1,....k
PROOF. See Appendix A.2. O
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Every vector field W on T® M admits the decomposition

) k) (k) (k) ) (k) ()
W = (1,0W) "0 4+ (K oW) "1 4 oo 4 (K _joW) it 4 (K oW) Yk, (14)

Similarly, if " is a curve on T® M and g = 7ol then

. (R
g=1,0l, YO =Ko, a=1,..,k

so that
(k) (k) (k) (k)
D=gho+ @Myt 4o 4 (v *Dy i 4 (v ®) vk, (15)
The curve I is a-horizontal if and only if
Y® =0, f=a,...k,
and is a-vertical if and only if
Y® =0, p=1,...,a—1.

A large structural advantage to connection towers is that order-k computations can be reused in all higher orders, which
is described by the following lemmas.

® (k=1)
. ()
Lemma 5. Let X € X(M). Then X "a is ©_,-related to X "«:

(k=1) (k)
(k) (k)
Xheor, | =7, j,0X",  a=0,...,k—1. (16)

PROOF. This follows immediately from the connection tower compatibility

(k=1) (k) (k)
K,ot,_1,=K, a=0,.., k-1 a7

Moreover, for the Lie brackets of lifts, we have the following lemma.

Lemma 6. Foreach X,Y € X(M),
(k) ® 0 (k=1) k=1)  (k=1) k
K o[ X e,y 5] =< K,olX "ay hﬂ])o(r)k_l,

fora,p,u=0,...,k—1.

(k) (k) (k—1) (k—1)
. (k) . .
PROOF. By Lemma 3, the lifted vector fields X "« and Y *# are 7,_;-related to X "« and Y "s, respectively. Their
(k) . . T () ® -
brackets are therefore also 7_;-related. Applying the connection tower compatibility K ,o7,_;, = K, gives the

identity. O
) ® W

In particular, the & ,-components of the Lie brackets [X ha,Y "] with 4 < k are obtained from the corresponding

brackets on T~V M | so that the genuinely new information in order k is the k-vertical components. Hence, if

(k) (k) n ok (k)
L L — Z k o(wj L
5q@i 5q PN |~ A L T @i 5 G0s
then, for u =0, ..., k—1,

kowi — _k=1gwi 0
Swipn = Stayipn® k-1
and only the coefficients ¥ S(:)f , must be computed anew.
The Lie brackets of lifted vector fields will be studied in more detail in the next section.
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3. Connection maps on T¥’ M induced by the Riemannian metric

In this section, we introduce a particular connection tower on T®) M induced by the Riemannian metric g on M.
This construction extends the Dombrowski splitting of TT M to higher-order tangent bundles. In Section 4, we use
this tower to orthogonalize the adapted splitting and thereby obtain a family of higher-order Sasaki metrics, recovering
the classical Sasaki metric when k = 1.

The curvature identities used in this section are recorded in Appendix B.1. We keep the construction of the Levi—
Civita-induced connection tower and the full second-order bracket verification in the main text, since these are the basic
computations on which the later formulas rest. The longer third-order bracket computations and the general coordinate
reduction for the k-vertical bracket components are collected in Appendix C.

3.1. Riemannian conventions

Consider a Riemannian manifold (M, (-, -)), equipped with its Levi—Civita connection V. Thus V is torsion-free
and compatible with the metric:

1. VXY - VYX = [X,Y],

2. X(Y,Z)=(VyY,Z)+(Y,VyZ),forall X,Y,Z € X(M).

The Levi-Civita connection is uniquely defined by the Koszul formula

UV Y, Z)y=X(Y,Z)+Y(X,Z) - Z(X,Y)

18
F (X, Y], Z) — (X, Z1, Y) — (IY, Z), X), (%)

forall X,Y,Z € X(T®M).
We denote by VY the linear map defined by (VY')(X) = VY, and we define the second covariant derivative by

Vivr = VxVy = Vy .
The curvature tensor is defined by
RX,Y)Z=VxVyZ -VyVxZ -V ixyZ. (19)

We also write R(X,Y) for the endomorphism Z — R(X,Y)Z.

We use the standard curvature symmetries, the corresponding identities for VR and V2R, and the basic com-
mutation formula for covariant derivatives along a two-parameter family of curves. These identities are listed in
Appendix B.1. Throughout the paper, I" f‘] denotes the Christoffel symbols of V, so that V,0; = T f?j&k, and Rﬁj B
denotes the components of the curvature tensor, defined by R(9;, 0;)0; = Rij 91~ The curvature tensor components of
the Levi—Civita connection can be expressed in terms of the Christoffel symbols via

RL, =0T — oI +Tpr, —T"C . (20)

The components of the covariant derivative of the curvature tensor are denoted by Rl’.f’j ,, and are given by
(V4,R)(9;,0;)0; = R;'jjk,am.

3.2. Connection map on 7'M induced by the Riemannian structure
Given a Riemannian metric g on M, there is a canonical choice for a connection map on T'M. The Levi—Civita
connection of (M, g) induces the connection map K : TTM — T M given by

dy

K(X)=Vg — 1)
ot aS

(5,)=(0,0)"

where y; : t = y,(t) = y(s,1) is a family of curves on M adapted to X € TT M. The connection map is well-defined,
since K(X) does not depend on the particular choice of y. The connection coefficients of K are given by K J’ =g} F; "
and hence _ ' '

K = (dqa): + q(l)lr;[dq(o)j> ®0,.
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The nonlinear connection H = ker(K) leads to the decomposition given in Equation (1). To standardize the
1) 1)
notation with the general case on T M, we write H, = H and V', = V. The horizontal and vertical lifts of a vector
(1) 1)
field X on M are denoted by X "0 and X V1, respectively.

Theorem 7 ([13]). Let X,Y € X(M). Then

(;l) ) ) oW (;l) (111) (;l> m
[XP0, Y 1= (VxY)t, [X LY 1]1=0, [X"0,Y"]=[X,Y]"0—(R(X,")u)"",

withue TM.
Remark 3. The last equation is written in abbreviated form. Precisely, if u € TpM , then

o <}11> o
[X"0,Y"0], = [X,Y],° - (R(X,, Y,)u) .
We use the same convention throughout the paper for tensorial expressions evaluated at the point u € T® M.

3.3. The Levi-Civita-induced connection tower

The goal of this subsection is to define a connection tower depending only on the Riemannian metric g, as happens
@
with the connection map K on 7'M . This tower should be related to the connection map on T M by the rule

(@) @) (@)
K, =Korty,.

(o) () ()
Equivalently, the connection maps K = (K, ..., K,) on T M should satisfy

(@) (a=1) ()
Kﬁ= K ﬂoTa—l*’ ﬂ=1,...,a—1, (22)

(€] @) (@)
fora =2,..., k, starting with K| = K. Thus, it remains to specify the highest component K , at each order.

Letue TOM and X € TuT(k)M. Choose a k-adapted family of curves y(t) = y(s, ) on M, so that

-k _ i -k _
GFrO| _y=u S| o= x.
Fora =1,...,k, define
% Lga O
K, (X)= EV% 35 ls.200) (23)

Here V7 denotes repeated covariant differentiation along the 7-curves. The main result of this subsection is the
or
following theorem.

(k) (k) (k)
Theorem 8. The map K = (K y, ..., K, ) defined by Equation (23) forms a connection map on T M. Moreover, the

(@)
Sfamily of maps { K }Z=1 obtained by applying the same construction at each order is a connection tower.

(k)

The proof proceeds in three steps. We first show that each component of K is a well-defined linear map with
the required normalization on vertical directions. The same computation also identifies the corresponding connection
coefficients. We then record the resulting recursion among these coefficients, and finally use this recursion to prove

(k)
that K has the local form of a connection map and is compatible with the tower projections.

(k) (k) (k)
Lemma9. The map K = (K, ..., K}) satisfies the following conditions:
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(k)
1. K, : T,T®OM > T, M is linear foralla = 1, ... , k.
k
(k)
2. KyoJ* =1, foralla=1,... k.
PROOF. We define the connection coefficients (Ka)éﬂ of K, implicitly by K, ( 3 W) (K, )( )ja forally =0,...,k

andi,j=1,...,n
We prove by induction on « that

1
5, =« Z( éu)/ 1! a;;:: 9
where, fora =1, ..., k,
(Ly )(a)J ; (Ll)(O)J aay Fl
For ¢ = 1, we have y 1
i
Va5 = (Gt 5 5 h) %

so the asserted form follows immediately.
Now suppose that the formula holds for some fixed « — 1 < k, so that

1 aﬂ+1y1
Va 1)'2( a= 1)(/4)”4! Osoth %

or

with (La—l)éa—l)j = 5; Applying one more covariant derivative in the #-direction gives

—1 . .
ge =(a_1),az_ L1y 041y (L) U L) iyl |,
%9 'M=o ! ot dsotH Vi gggpm+t Vi gsorm or  m |7
aa+1yi a-1 ()(La 1)(”)] 0)/ au+1yj
= . -1 - | W A
asape % T (@ D! Zg ! o ey a5 Tim | Sz @
aa+1 i a-1 o(L,_ 1)(”)] ) au+1yj
-1 A i — 79
= S0+ @= 1) 2-‘6 m —— o+ (Lo D Loy + L)y =0
Comparison with the asserted form at order a gives the induction step.
Evaluating at (s, ) = (0, 0), we obtain
5}
Wijjy.
K (X) = Z(L Yool o0 X470 (24)

Moreover,

a—1 ( )
i _1 (v4+Dm Vi
(L")(/l)j (5,)=(0,0) - E Z(V +1)q dq V)m + (L“ 1)(/4 Dj + (L“ 1)(/4)/(L1)(0)m

| —

_ i i i
- o [dT(La_l)(M)J + (Loc 1)(/4)/(141)(0)," + 'u(L“_l)(ﬂ—l)j:I .

Thus the coefficients (L, )! |(s.=(0,0) depend only on u, so that the maps

(wj

*) ©
K, : TTOM 5T, M
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are well-defined and linear. In coordinates, the connection coefficients satisfy

i
for u < a, (Ka)(”)j =0 foru>a

(Ko, = (L

_ i
Wi~ T Wi | (5,0=(0,0)

. . . . (k)
Since (L“)éa)j = 6}, it follows that (K“)éa)j = 6}. Therefore K ,0J* = 7, proving the second condition. O

The preceding computation also gives the following recursion satisfied by the connection coefficients.

(k)
Lemma 10. The connection coefficients of K satisfy

1

- [dT(Ka_of + (Ko )(; (K1) + H(K o)y ,.] : (25)

i
(Kq )( (Wj

Wi
fora=2,....k,u=0,...,a—1,and 1 <i,j < n, where
i . i — (Dlyi
(Ke-)oyy; =0, (KiXgy =41
(k)

PROOF. By Equation (24), the coefficients of K, are obtained by evaluating the coefficients (La)é”)j at (s,1) = (0,0).
The final recursion derived in the proof of Lemma 9 therefore gives

) 1 ) . )

i _ 2 i m i i

Kl = 5 [dT(Ka—l)(mj (K1), KD oy + ”(Kw—l)w—l)j] :
fora =2,...,kand 4y =0,...,a — 1, with the convention (K, _ l)é_ n = 0. The expression for (K 1)20)1 follows from
the base case a = 1. O
In particular, for (Ka)j. = (Ka)éo)j, we have
| . .
(K = = (K + (Koo (KD]) . a=20 ik, 26)

This relation was introduced by Miron in [19, Theorem 9.1.1], where it was shown to describe a connection map for
any smooth choice of (K 1);. satisfying the corresponding transformation laws under changes of coordinates.
We now complete the proof of Theorem 8.

PROOF (PROOF OF THEOREM §). By Lemma 9, each

© )
K, : TTOM > T, M

*x) (k) (k) (k)
is well-defined and linear, and satisfies K ,0J% = 7. It remains to prove that K = (K, ..., K}) has the local form

of a connection map and that the resulting family is compatible with the tower projections.
Fora =1, ..., k, let P(a) denote the statement

(Ka)ia_ﬂ)j = (Kﬂ)go)j, p=1,...,a—1. (27)

We prove P(@) by induction on @. The case a = 1 is vacuous. Suppose that P(¢ — 1) holds for some 1 < a < k.
First consider § = 1. By Equation (25),

. 1 , : ,
Kooy = [dT(Ka—l)fa—l)j * (K, K g + (@ = 1)(Ka—1)2a—2)j]
1 i i) = i

p [(Kl)w)j +(@- 1)(K1)<0)j] = (K1),
Now let f > 2. The induction hypothesis gives

i _ i i _ i
(Ka_l)(a—ﬁ)j - (Kﬂ_l)(())j’ and (Ka—l) a—p-1)j — (Kﬂ)(o)j
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when f < a — 2, while the case f = a« — 1 is tautological for the latter. Therefore, again by Equation (25),

1

Ko gyy = = [ Koy, + Ky (K + (@ = XK |

1 i i i
T [ﬂ (Kp)g); + (@ = P)Kp)yg); | = (Kp)g),

where the second equality uses Equation (26). This proves Equation (27).
Together with

i _ i i _
(Ka)(a)j - 5/’ (Ka)(”)j = 0 for U > a,

Equation (27) shows that

® ()i i 7 (a—1)j i g.(0))
Ka=(dq +(Kidg®™ 4 e 4 (K, dg )®ai.

(k) (k) (k) )
Hence K = (K4, ..., K, ) is a connection map on T M.
. (k)
Finally, we have already shown that (Ka); depends only on the coordinates ¢*)¢ with 0 < u < a. Therefore K,

(k) . o : , o @ .
descends through 7, for each @, and the resulting family is compatible with the tower projections. Hence { K }’;zl is
a connection tower.

The connection coefficients satisfy

K,y .
a’j :F/‘, a=1,...,k, (28)
aq(a)l li
and, for a > 2, _
oK), 1 4
aq@:l;l = adg’ (Vo Vo, 00+ @@= V0, %9,). (29)

In general, the connection coefficients admit the intrinsic expression

i aa (R (o Lot (ve
(Kl =dg (K, S = —dg v%a,. |t=0.

For the first values of «,

(Kp] =T

ai’
; . 1 .
(Ky) = 4Ddg (V5,00 + 544V dq' (V5 V5,0,

(K3)! = ¢%dq/(V;,0) + ¢PqVdq! (V5 V5 9,)

abi’

1 : 1
+ 241 qdq! (V,, V5, V5,00 + 347" R

6
(k)
We shall also use the diffeomorphism F from Equation (12) associated with the present connection tower. Let

(k)
F IR T®OM - TM be its components functions, i.e.

(k) (k) (k) (k)
F(u) = (Fo(u), Fl(u), ey Fk_l(u)).

Then, ifu = j(’;(q),

@ dq
_ ya — _
Fa(u)—Vz_? 7 o a=0,...,k—1.
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. (k)
If F 0’( are the coordinate functions of F ,, then

(k)

Fy=drF,_ +F,_ "I,  F=4". (30)
Moreover, A A A
F! oF! oF!
a _ 1, (DI @ _ 15t ¢ =
POy (@ + Dlg T, Sq @7 (a+ D!, g (31)
for @ + 2 < p < k, and consequently
SF!
- =0. (32)
5q(0’)l

(k) (k)
We denote F ,(u) by u@*D_ Thus, through F, we identify a point u € T® M with
(u(l), u(z), e u(k)) € (TM)?B.

Remark 4. The above construction is not the only formal way one might try to extend the first-order Dombrowski
connection map, since there is no a priori preference for the order of covariant differentiation in the components of the
connection maps. For instance, a natural alternative candidate is

Y 9
R,(X) = Lv,ve1%

al a 2L oot lsn=00)

which agrees with the usual Dombrowski connection map in order one. However, we claim that already for k = 3, this
candidate fails to produce a valid connection map without additional curvature correction terms, due to the failure of
the compatibility condition with the canonical almost-tangent structure J. Thus, among the simple iterated-covariant-
derivative constructions without correction terms, the order of differentiation used in this manuscript is the natural
one. It is in this sense that the resulting Levi—Civita-induced connection tower can be regarded as canonical. We leave
a detailed analysis of alternative constructions to future work.

Remark 5. The coeficients F 0’[ for this specific Levi-Civita-induced connection tower have previously been introduced
by Kosambi [18, 2.1], and later by Miron and Atanasiu ([21]). At second order, the connection map studied by
Anastasiei and Bucataru [2] provides an instance of the connection towers introduced here.

3.4. Lie brackets of lifted vector gglds

We now calculate Lie brackets of h ,-lifts of vector fields on M for the Levi-Civita-induced connection tower.
(k)
The k-vertical components of the brackets between h (-lifts are the most involved; the full computation for k = 2 is

given below, while the longer k = 3 computation is collected in Appendix C.2.
We begin with the brackets whose second factor is the k-vertical lift of a vector field on M.

Lemma 11. Let X,Y € X(M). Then

k) (k) (k) 6 (k) (k) (k

)
[X "0, YUk = (Vy Y)Yk, [XNe,YVk]=0,Va=1,2,....k—1, [X kYVk]=0.

PROOF. From Equation (9), the adapted basis vectors §/6¢'®" are independent of ¢* fora = 1, ...,k — 1. Hence
L,L =0, a=1,....,k-1.
Sq@i” gghl

® ®  ®
It follows from Lemma 4 that [X "«,Y Vx] = O for a = 1, ...,k — 1. The identity [X V%, Y U] = 0 is immediate.

Finally,

5 o ] AKY! 5
8qOi” ggl | ggqkl ggk)i
(k)

9 Uy
1V _
=T = (Vai(),) .
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Therefore, by Lemma A.3,
® @ 0 k)

. ¢
h v _ i J J iyl — v
[X 0, YV, = <X oY)+ X'Y ) 37 = (VyY)"x.

For k = 2, the complete bracket table is as follows.
Theorem 12. Let X,Y € X(M). Then

(;3 @ () (;l) [©)) [©)) @)
[X"0,Y 2] =(VxY)¥2, [X",Y"2]=[X"2,Y"2]=0

(@) 2) 2) 1 (12)> (@) )
(X0, Y M) = (V)" + 2 (R, X)Y = RO, Yu) 2, [x Ly iy =0,

@ O @ @ @
X0, Fo] = X, Y170 — (ROGY D) ™ = (ZROCY U + (V0 R, Vo) 7,

2) )
where uV) = F (), u® = F{(u), u e TP M.

From Lemma 6, many of the Lie brackets are inherited directly from the first-order case studied by Dombrowski
(Theorem 7). The reamining brackets will be handled now in a series of technical lemmas.

) ) )
Lemma 13. Let X,Y € X(M). Then K,([X"1,Y"1],) =0, foru e T®M.

PROOF. Using Equation (9) and Lemma A.3, we get
8 s | [ o i 6 )
[54(1)1"&,(1)1] ~ [agi (K0, 5qi’ 5q(l>l]
[ o s ], 8K) &
| 9g(Di” 541 sqDl 5q@i

[0 9 i 6 5(Ky) 5
= (Kl)] . .
5q@i | T 5qDl 542

[ 9gDi” gqDI
&y |- 5 ], Ak KD\ 5
V| 9qi” 5q@i gl aqi | 5q@i
NECVEELANE
—\ og aqi ) 5q@i°

2
Thus, since V is torsion-free, K,o [#, #] = 0. Taking into account Lemma A.3, the result follows. O

) [©)) @
Lemma 14. Let X,Y € X(M). Then K,([X "o, Y "1],) =

ueT’M,pe M.

©)
% (R@®, X,)Y, — R(X,. Y, )uD), where uV) = F(u),

PROOF. Using again Equation (9) and Lemma A.3, we get

s s |_[ o U 6 o 6 5
[5q<0>t’ 5q<1>l] - [aq«m (Kp); 5qhi (Ka); 5q@i’ 5q<1)1]

_[ o s +5(K1){ s +5(K2){ S _ k|2 P
9q01 501 | T 50 5407 T 50l 54@i Vi | 54077 g
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[ o s +5(K1)f s 8Ky s
9qO7 501 | T 5l 5407 T 5q0 5400

Moreover,

d 6 1[0 9 _(ky
0g©@i” 5q0I| T | 9qOi” gDt ryren <2>/

j
SV Ky 5
0qOi §5q@i Vi og (0>z 5q@i
_AK)

0qOi §q@i°
Hence, we obtain

5 5 =0(K1){ 5 N 8(Ky)! _ oK) 5
5q0i° 5q1 |~ 9g(I §q(Di sql  9qOi | 5q@i”
from which it follows that

@ s s 8(Ky) oK)
K2° s T | = - — — )0
5qi" 5q! SqM! J

0qO

_ a(Kz)f K a(Kl)f _ 3(K1)f 5
ogD! L ag(Hm aqO)i J

By direct calculation,

o(K,)! , ) ‘
Sqi =29 44’ (Va, Vo 0D+ 5ada’(V4,V5,0)

_ lqa)a

=qDdg/ (V5 V,0) + q“)”R;w
and

Ak, oK)

= qMaggi
(K" ogom T ogon 4 dg’(V,V,,0)

Therefore,

lai

% (8 o =(1)"(dj<VV0 Vva)+1Rf)a|
2\ [5q01" 540 . q ' Vo, Va0i o, Vo 0 il,
_ (1) J
a(Rall +3 le)a |

=L
2 a(Rall - llu)a |

Finally, taking into account Lemma A.3, the result follows

O

?2) () @
Lemma 15. Ler Y € X¥(M). Then K,([X "o, Y h0]) = ——R(X

» p)u(z) - (V,oR)(X Yp)u(l), where u) =
) 5
Fou), u® = ¥ W), ueT'M, pe M.
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()] . . . . o
PROOF. It suffices to calculate v,o0 _ _°_| Due to the complexity of the calculations involving the derivatives
5q0i* 5400

. ; c e o (2) 5 5 . 5 5
in order to ¢, we use another method to determine it. Since v ,o [ 5707 5707 ] is the last component of [ 5207 5407 ]

to determine, we will use the Jacobi identity and combine it with all the other components.
We first observe that

5 6] _ e d
[5q<0)t’ 5q<0)j]u = R 5w

@) 0 |
u <0>i<0>j(”)5q<2)1 W

ue T152>M, peEM, (33)

where S(%)),-l(m, € C®(T® M). Hence, it is enough to obtain the smooth functions S((g))il(O)j'
From the Jacobi identity, we get

0 o o _ 0 0 o |9 0 )
6q(2)m ’ Bq(o)l ’ 5q(0)] - 6q(0)] ’ 6q(0)’ ’ 6q(2)m 6(1(0)’ ’ 6q(0)l ’ 5q(2)m

5 @ s @
B laqw)j’(vf’fa'") ] - [5q<0>i’<vf’ja'") ]

(12))
= (R(9;,0,)9,,) ">

On the other hand, using Equation (33), we obtain

552!
1) o o — R (p)q(l)” o 1) + i(0); 0 + S(Z)l 1) o
540" | 5400 540 ija 5q@m” 540 5q0m 5q@1 T SO0 | 50m 541

@)l
_ aS(O)i(O)J' 3}

dg@m 9@’

Combining the two last equations, it follows that

@t _ Yo opm gl
iy =~ RimEV + @i

P!
where the functions Cij € C®(T® M) satisty ﬁq(z’)’i =0, forallA=1,...,n.
From the Jacobi identity, we also have

5 5 5 | s 5 5 [ s 5 5
sqm’ | 5400 5405 [| ~ |50 [ 5401 5g(m 5qOi” | 5q0i” sqhm ||

Letu € TISZ)M , with p € M. Then, from Lemma 14,

8 § ¢ | s bl 1] 8 M ()Y 02
[6q(0)j > |:5q<0)i 5 5q(1)m]]u - 5q(o)j > (Valam) + 2 l(Sq(O)j ’ (R(u > ai)am R(ai’ am)u ) :

u

We again use Lemma 14 to simplify the first term.

@ 2
P " 2 )

% (v.o ' =v,v,0 )" + L (RWD.0)V,0 —R@,.V,0 D)’
5q@s7\ " aTm = Vo, V9,%mu 5 U,0;)Vy0p i Vo OmH " |

u
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@
1%
(R(u(l), d,)0,, — R(9;, 0m)u(1)> 2] , we first need to rewrite it

u

On the other hand, to calculate the Lie bracket [
(5)2
as |27 £ (R(0,,0)0, = R9,:0,00,) | . Then

5q0)°

5 (lz}) 5Fa (lz})
a 2 2
5o F (R(aa,a)a R(ai,am)aa) ] 5707 (R(aa,a)a R(ai,am)aa)
?2)
o8 v
b (R(aa,a,.)am—R(a,.,am)aa) ]

a

SF .
Now, we simplify the first term using W&.(u) =—dq’(V,10,) and apply Lemma 11 to the second term.

)

o Uy
[5q(0)j , (R(u(l), 9.)9,, — R(;, am)u<1>) ]u =<(V3jR)(u(1), 000, + RV, ¥, 00,

+ R, 0)V,;.0, — (V, R)(9;,0,,)u”
(121)
2
~ R(Y,,0;.0,)u” — R(@,. Vajdm)u(l)>
u

Combining the two Lie brackets we obtain

2 6 o 0 _ l o)) _ 1) (1) (1)
0, ([ 5 [ 5 54(”'"“) = (R@D.0)V,0, = R©,,V,,0,)u + (¥, RE",0)9, + RG", Y, 9)9,

(2)2
+R(u“),d,.)V(,jd = (Vy, R0, a,)ul — R(Vdja,.,am)u“)—R(a,.,V() m)u<'>>

u

Applying this result twice, we finally conclude that

2 5 B B
K, ) -, -
5[](1)’” 5q(0)l §q(0)l u

2 8 s 8 | s 8 8
-2 5qi" | §qOi”° §q(hm } 5qOi” | §qOi’ sq(hm ;

= [(%.R)(u“l 00 = (Vo R, 0,)3, = (V5 RO, 0,0 + (Vg RNG 0,0 |

=-3 [(Vu(l)R)((),, 0,)0,, + (V4 R)(9;, J)u(l)]p'

On the other hand, using again Equation (33), we have

o)
@ |_s 6 6 5S<0>z<0>/ 6
27 5qm’ | 6q0i 540 || T 5qm 541
!
_ aq)ij o
— 9gm 5q@1°

Hence, combining the two last equations, it follows that

D (u) = -4 “>mdq [(vu(.>R)(a 0,)0,, + (V5 R)(9;,0,)ul’ p+h§j(u)

= ~dq' [(V, 0 R)(0;.0puV]  + hj;(w).

i*Yj

Camarinha and Goodman: Preprint submitted to Elsevier Page 21 of 49



Connection towers and higher-order Sasaki metrics

1 !

onl,
where the functions £}, € C®(T® M) satisfy 3207 = 340 =0, forall A=1,

Therefore,

2) ) B
L 2 @ _ (C)) l
Kz([aqm)i’aqm)j]u) [ 2 RO 0 = (e RO O ] * hy -

Finally, using Lemma C.1, we conclude that

© 8 ® o
Kalls a0 5o = [F3 R0 = (Vo R0y 0]
which, taking into account Lemma A.3, leads to the result. |

PROOF (PROOF OF THEOREM 12). The components below order 2 are inherited from the fist-order bracket computa-

2
tions given in Theorem 7 together with Lemma 6, whereas the identities involving (v)z follow from Lemma 11. The
remaining components are given by Lemmas 13, 14, and 15, together with Lemma A.3 from Appendix A.2. O

Remark 6. The second-order bracket formulas involving the horizontal distribution were previously obtained by
Anastasiei and Bucitaru [2, Prop. 3.1-3.3], in terms of their decomposition T’ Osc* M = Ny @ N, @ V,. Under the
identification of N, Ny, V, with the distributions determined by our A-, h;-, and v,-lifts, these give the corresponding
cases of Theorem 12. We include the complete bracket table and its proof here because it provides the basis for the
higher-order calculations.

For k = 3, one obtains the following higher-order analogue.

Theorem 16. Let X,Y € X(M). Then

(i? 3) [©) (,3'> 3) (}? (©) (,33 3
[XP0,Y 3] =(VyY) "3, [X*LY ] =[X"2,Y 3] =[X",Y"3] =0,

(3)
3) 3) 3) 3) 3) 3) 3)

v3
[X "o, Y] =(V, Y)"2—<R(X UMy + R(u<” Y)X) , XMLyt =[xt Y2 =0,

3 G) [©) m

[Xo, Y"1 ]=(V,Y)" + = 5 (R(u“> X)Y — R(X, Y)u<”)

3)
v

- % (ROC T + RO WX + (V0 RGO + 1V, ROV X )

3) 3)

[xn, Y”l] =-= (R(X Y)u<”)

3
3 3) 3)

h
¥R =, ¥ = (ROE ) — (FRAYUD + (V0 X, VD))
3)

R)(X, Y)u“)) N

u

( ROX,Y)u® + > (Vu(.)R)(X Y)u® — —(V“a)R)(X Yul) + (v2

3) 3) 3)
where ut) = Fo(u), u?® = F(u), u® = Fy(u), ue TOM.

PROOF (PROOF SKETCH). The components below order 3 are inherited from the second-order bracket formulas given

in Theorem 12 together with Lemma 6. Thus only the 3-vertical components have to be computed. These are obtained
3 3 3 3 (3) 3 (3)
by applying the adapted-basis bracket formula to the pairs (A, h,), (A, hy), (hy, hy), and (hg, h). The first

three computations use only the coefficient identities given in Equations (28)—(29) and the first Bianchi identity. The
® 0
last computation, namely the 3-vertical component of [X 0, Y 0], requires repeated use of the Jacobi identity and

introduces the terms involving VR and V2R. These longer reductions are given in Appendix C.2. Combining them
with Lemma A.3 gives the displayed formulas. O
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Notice that, already in order 3, covariant derivatives of curvature and second covariant derivatives of curvature

appear. This is the main source of the combinatorial growth in the general bracket formulas. We conclude with a
(k)
general reduction method for the k-vertical components of Lie brackets of h ,-lifts on T M. The method uses
(k)
auxiliary vector fields in T® M that decompose the h ,-lifts into lifts from T*=D M and k-vertical vector fields.
The coordinate formula is recorded in Appendix C.3. We will need the following two consequences later.

Proposition 17. Let X,Y € X(M). Then

(k) (k)
[th—n(’th—l] =0’a = 1,2,...,k_ 1.

The proof is given in Appendix C.3.

Proposition 18. Let X,Y € X(M). Then

) (k) ) (k)

[X R0,y her] = (Vyy) et - % (RX,Y)uV + (k — DRX,uV)y) (34)

(k)
where uV) = Fo(u), ue TOM.

The proof is given in Appendix C.3.

4. Higher-order Sasaki metrics

In this section, we use the Levi—Civita-induced connection tower constructed in Subsection 3.3 to define a higher-
order Sasaki metric on each higher-order tangent bundle. We first recall the classical Sasaki metric on T M, since it
provides the model for the higher-order construction. We then define the k-Sasaki metric on T M, record the basic
metric properties needed later, and compute the corresponding Levi—Civita connection in the cases k = 2 and k = 3.

2 3
Finally, we derive the geodesic equations on (T M, (g)) and (TO'M, (g)), and prove the general jet lift characterization

for arbitrary order.
. . (k) (k) (k) . . . . .
Throughout this section, K = (K, ..., K;) denotes the Levi—Civita-induced connection tower on TOM.

4.1. The Sasaki metric on T M
There is also a canonical choice for the Riemannian metric on T' M, called the Sasaki metric, with respect to which

1
the splitting Equation (1) is an orthogonal decomposition. The Sasaki metric (g) is defined by

1) (€] @
g(X,Y) = g(71, X, 71,.Y) + g(K(X), K(Y)),

where X, Y e T,TM,ueTM.
The following standard formulas will serve as the first-order model for the higher-order computations.

Theorem 19 (Dombrowski, [13]). Let X,Y € X(M). Then

Q)] (1)

V (1) YU] =O,
XVl

) M 1 G oy

V o Y9 == (R, Y)X)"0 +(VyY)"1,
x "o 2

(€)] (1) 1) 1 1)

Vo Y= (V) o — S (ROX, YW1,
x "o 2

whereu € TM.
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PROOF. Applying Koszul’s formula (18) to triples of horizontal and vertical lifts, and using the bracket identities
in Theorem 7, gives the displayed components after pairing with arbitrary horizontal and vertical lifts. The metric
nondegeneracy of the horizontal—vertical splitting then determines the covariant derivatives uniquely. ]

LetI" be a curve on T M. Denote by ¢ the curve obtained by projecting I" onto M, g := 7;oI’, and by V' the vector
field along g defined by the curve I'. The velocity vector field I gives rise to the vector fields along g

, O
q = ty,0l, Y = Kol

with respect to which
. QY] o))
I'=ghoyyvr,

Theorem 20. A curve I' on T M is a Riemannian geodesic of the Sasaki metric if and only if

0=V,d+ RV, Y,
0=V,Y.

. @) )
PROOF. Using the decomposition I" = g”0 + Y V1 and the formulas of Theorem 19, together with torsion-freeness to
) m
compute V , ¢"0, one obtains
Y v 1

a . ® %)
Vil'= (V44 + RV, Y)g) * + (V,Y) "'

Since the horizontal and vertical distributions are orthogonal and complementary, the covariant acceleration vanishes
if and only if both displayed components vanish. O

Remark 7. If I is a horizontal geodesic on 7'M, then 7, oI is a geodesic on M.

Given a curve g on M, the curve jlq = (¢, ¢) is called the tangent lift of q (or first-jet lift). If T = jlq, then

. (D o)
I=g"+ (V9"

Corollary 21. Let q be a curve on M. The first-jet lift T = jlq is a geodesic on T M if and only if q is a geodesic on
M.

4.2. The k-Sasaki metric
For each u € T¥ M, we consider the inner product (-, -), on T,T%® M defined by

© W © ®
(X YDy = (X, 7Y ) + (K (X), K (X)) + -+ + (K (X)), K (Y)), (35)

where X,Y € T,T¥ M. These inner products define a Riemannian metric on T M [19, Theorem 9.1.3]. We call
& (k)
this metric the k-Sasaki metric associated with the connection tower K, and denote it by g .

The k-Sasaki metric makes the multiconnection decomposition given in Equation (6) orthogonal. Indeed, in terms

of the adapted covector basis,
k dim M

*) : .
8§ = Z Z 8ij 84" ® 64,

a=0 i,j=1

where g;; are the coordinates of the Riemannian metric on M.

k k
Remark 8. The maps (r)a are Riemannian submersions from (T(k)M s (g)) to (T("’)M s (fé)), fora =0,1,...,k—1;see
[23]. This will be relevant to the study of geodesics on these jet bundles.
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Remark 9. If the base manifold is flat, then all curvature terms in the formulas below vanish. In this case the k-Sasaki
metric is locally the product metric induced by the connection coordinates, and the geodesic equations reduce to

- () — _
V4 =0, VqY”’ =0, a=1,..., k.

This provides a useful check on the curvature terms in the second- and third-order formulas.

. . . (k) . . .
We now study Riemannian geodesics on (T® M, g), especially when the curves are k-horizontal or k-jets of
curves on M. If g is a curve on M and I" = j¥g, then the velocity vector field of I" is

(k) k
0] (Z) hy | ( U)k
S _ o h o\ 2 k
F=gho+(V,a)" + (qu) +--~+—<qu) . (36)
®© e . (k) o : . .
Let V denote the Levi—Civita connection of (T™ M, g'). Our aim is to now establish results relating the Levi—
Civita connections on tangent bundles of different orders, as we previously did for Lie brackets in Lemma 6. The main
computational tool here is the Koszul formula 18, together with the Lie bracket identities we established in the previous
section.
Due to the direct sum decomposition given in Equation (6) and the C®(T'®) M)-bilinearity and non-degeneracy of

the k-Sasaki metric, it suffices to apply the Koszul formula when X, Y, Z are lifts of vector fields on M. The following
three results isolate the general computations that are used repeatedly. Their proofs are given in Appendix D.1.

Lemma 22. Let X,Y,Z € X(M). Then

(k) (k) (k)
<Xha<<yhﬁ, zhy») oty = 84005, ((VxY.Z) +(Y,VxZ)).

Lemma 23. Let X,Y € X(M). Then

(k) (k) (k) (k=1) (k=1) (k=1) )
KMO \Y% (k) Yhﬂ = K MO \Y (k—=1) Y h 1 OTr_1,
X h o X h o

(k) (k) () (k) (k) *)
Kyo <V ® Yh”> = lKkO ([Xh",Yhﬁ]>,
Xha 2

&) (k)
Proposition 24. Let V be the Levi—Civita connection of (T'® M, g ). Then

(k) (k) (k) (k) (k) (k) (k) (k) (k)
Kko \% (k) Yvk =Kk0 \Y (k) Yvk ="'=Kk0 \% (k) Yuk =0,
X Vk X h X hp_1

foru=0,1,...,k—1, and

foralla,p=0,1,...,k— 1.

(k) (k) (k)
KkO \Y (k) YUk ) = (VXY)OTk,
x"o

(k) (k) (%)
KMO \Y% (k)YUk =0, M=0,1,...,k—1,
XYk

forall X,Y € X(M).
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. ay @
4.3. Geodesicson (T'“M, g)
@ 2
We first calculate the covariant derivatives of V and then obtain the geodesic equations on (7> M, (g)). The proof
of the following theorem is included below, since it gives the model for the higher-order Koszul computations.

(2) 2
Theorem 25. Let V be the Levi-Civita connection of (T® M, (g)). Then

2) )
V 2) YUZ = 0,
XVv2
0) I ) | G
V o Y2 = 1 (RX, Y)u + RV, Y)X) ",
hy

X

@ (123
2) 0

V oo YU2= <1R(u<2),Y)X + l(Vuu)R)(u(l),Y)X)

x Mo 4 2

2)
Lo () Lo " it
+(ZR(u Y + 7RG ,Y)X) +(VyY)P2,

@ @
\% ) th = 0,

XM
@ @ @ ) 1 1 @,
Voo Y =2 (RaDY)X)™" + (V)M - (—R(X, Y)u¥ + ZR(X, u<1>)Y) ,

A 2 4 4
@ @ @ @ | Q.
Voo Y= (vnh - 2 (RO WD) - (ZR(X, Yu® + (Y, RX. Y)u(“) ,

Xho

2 ()
forall X,Y € X(M), where uV) = Fo(u), u® = F(u), andu € TOM.

(@) @
PROOF. The components involving only A - and A (-lifts follow from Lemma 23 and Theorem 12. The 2-vertical

. . @ .. . ... . . .
components involving one v ,-lift are given by Proposition 24. It remains to obtain the horizontal components of the
derivatives involving one 2-vertical lift.
For example, for Z € X(M),

@) ) @ @ ) @)
(V @ Y2, ZM)=—(Y 2,V o Z")
X "o x "o

= <Y, %R(X, 2 + iR(X, u<1>)z>
- GR(u(“, X)Y + iR(u(l), Y)X, Z> :

Thus
@ /2 @ 1 ] 1 !
K, (V o Y”2> = - R, X)Y + ~Ru, Y)X.
Xho 4 4
- . . @@ @
The remaining components are obtained analogously by applying the Koszul formula against 2 -, 4 -, and v ,-lifts

and using the second-order bracket formulas from Theorem 12. Combining these components gives the displayed
formulas. O

Let ' be a curve on T M. Let q = 7y0l, and let

N @ ., @
v = Fpr,  V®=F ol
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We also write
@ .
Y@ = K ol', a=1,2.
Then
] ) @) ©
=g+ W)yrh 4 (y@)yva, (37)

2
Theorem 26. A curve I' is a Riemannian geodesic on (T'® M, g) if and only if

. . . .
0=Veq+ RV, YD)+ ZRVD,Y)g+ (Vya VDY)
L
2
0=v,y"+ %R(V(l), QY@ + %R(V“), Y®)q4,

+ LRy, y@y 0 4 Lrg yeyyo
> : : :

—V.y®
0=V, Y@

(@)
PROOF. Using the decomposition given in Equation (37) and the torsion-free property of V, the covariant acceleration

of I can be written as

@ . @ @ ) [€)) @ [0)
Vil =V o ¢"0+2V o (YD) —[gho, (v D)h1)
g"o q"o

@) N <}21) i @) N
+2V o (YP) 2 —[gho, (YD) 2142V ) (YP)P2,
g"o yyh1

Applying Theorem 25 and the corresponding bracket formulas gives

2 . 1
Ty, <vrr> =V, 4+ RV, YD)+ ER(V(Z), YD)+ (Vo VD, Y D)4

1

+ lR(Y(l) Y(Z))V(l) + _R(V(l) Y(Z))Y(l)
2 9 2 9 9

@ (D n, 1 1 1 ) y@
K[ Vi) =v, D+ ER(V( Y ® + ER(V( ), Y®)4,

@ ()
K, (vfr> =V, y®.

@ @
Since the maps 7,,, K|, K, determine the decomposition of TT® M, the vanishing of the covariant acceleration is
equivalent to the three displayed equations in Theorem 26. O

2
Remark 10. If " is a 2-horizontal geodesic on T M, then (r) yol is a geodesic on T M.
Now let I" = j2q be the second-jet lift of a curve g on M. Then
) = 4 2 — :
V - q7 V - qua
and
o I @,
P=gh+ (V" + 5 (V34) 7 (38)

Corollary 27. Let q be a curve on M. The second-jet lift T = j*q is a geodesic on T® M if and only if q is a geodesic
on M.
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] @ @
PROOF. If ¢ is a geodesic on M, then Equation (38) gives I' = "0 and Theorem 25 gives VI" = 0.

Conversely, suppose that I' = j2q is a geodesic. Then Theorem 26 gives, after substituting
1

vih =g, v@=v,g, YV =vy4, Y<2>=5V2-q,

a system whose final two equations imply
2., 1 . N 3. _
Vid+ 7RG Vy9q=0.  Vq=0.

Let A = V;‘?- Taking the inner product of the first equation with ¢ gives (A, ¢) = 0, and the second equation gives
V ;A = 0. Differentiating (A, ¢) = 0 once gives (A, V;4) = 0. The first component equation, paired with ¢, then gives
(V44,4) = 0. Differentiating this last identity and using (A, ¢) = 0 yields ||qu||2 = 0. Hence ¢ is a geodesic. O

. 3) 3)
4.4. Geodesicson (T M, g)
3) 3)
We now calculate the covariant derivatives of V and obtain the geodesic equations on (T® M, g'). The proof of

the next theorem is given in Appendix D.2.

©) €))
Theorem 28. Let V be the Levi—Civita connection of (T® M, g). Then

©) ®
V 3) YU3 = 0,
Xv3
g (3) 0
V oo Y= (1R(X, Y + lR(u“),X)Y) ,
xh2 2 6
(3) 3) 1 ) 1 | 1 .
V 3 YU3= (—R(u( ) Y)X + ~(V,o AV, V)X + —RX,u®)Y
xh 4 4 12
3)

. ®
F (V0 RGUDY )+ 1 (R, 1))

hy
b

3 — —
W, ( 12

Ru®, V)X + é(Vu(l) R)u®, V)X - é(Vua) RV, )X
X

3)

Lv2 Ry, v)x "o
+Z( e )(u 5 )

+ <%R(u(2), Y)X + i(VMmR)(u(l), Y)X - %R(X, Y)u®
3)
1 )"
~ 5 (Vun )X V) )
3)
1 M Lo k2 @
+<6R(X,Y)u + 3R ,X)Y) +(VyY)Ps,

3) ®

V 3) Yh2 = 0,
Xh2

V g Y= i (RX,Y)u + RV, Y)X) ",
X h1

®
?) ®

ho
V g Y= (1R(u<2>,Y)X + 1(Vu(1)R)(u(1),Y)X>
xho 4 2
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©)
3)

hy
+ (iR(u(l),X)Y + %R(u(l), Y)X) +(VyY)h2
3)
Lo Lo o3
+<§R(u X)Y - 2R ,Y)X)

@) ® | ®
Ve Y =—— (RX,Y)u)"™,
xhi 4
3) 6) 1 Q) @) 1 1 %
Vo Y =2 (RO, Y)X) " 4 (Ver)h - (—R(X,Y)u(l) + -R(X,u<1>)y)
A 2 4 4
- <%R(X, )u® + Al—t(vumR)(x, Yy + %R(Y,u(z)))(
3)
1 i) U3
+ Vo R uD)x)

3) 3)
©) ® ® ¢ 1 1 hy
Voo Yh = (vt - 2 (R YD) - (ZR(X, Y + (V00 RX. Y)u(1)>

X "o

— (%R(X, Y)u(S) —+ é(vu(l)R)(X, Y)u(Z) _ é(vu(z) R)(X, Y)u(l)
3)
Ly2 m)"?
+5 (V2 X Y ) ,

3) 3) 3)
forall X,Y € X(M), where uV) = Fy(u), u?® = Fq(u), u® = F,(u), andu € TOM.

Let T be a curve on T® M. Let g = r50l, and let

. ) O
v = Fpol, V@ =Fo, Vv®=F,d.

We also write
O
Y@ =Ko, a=1,223.
Then
] G) G) ©) 3)
F=qho+(y(l))h1 +(y(2))hz+(y(3))v3. (39)
Theorem 29. A curve I on T® M is a Riemannian geodesic of the 3-Sasaki metric if and only if
0=V,q+ RV, YD)+ %R(V(Z), Y)g + (Vo VD, YP)g
1 | L1 .
+ 2RV YOG+ 2(Vyo BIP, Y = 2(Vya D, Y )
+ %(Vf,mR)(V“), Y34+ %R(Ya)’ YOy 4 %R(V(n, Y@)y®
+ % RIV®, Y@y 4 %(an RVD, y®yy 4 % RYD, y@yy®
+ é(VV(l)R)(Y(l), YOy ® 4 Ry @, Y@y 4 %R(V(l),y(Z))YG)’
0=V, y® 4 %R(V“),q')Y(z) + %R(V“), Y4+ %R(V(z), Y )4
1 .1 . 1 .
+5(Vyo VLY NG = 2(Vyo RYG YWD = 2R, Y@

+ LR M,y @)y
2 9 9
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0=V, Y®+ RV, 9y® + %R(d, YOy,
0=V,Y®.

The proof is given in Appendix E.1.

3
Remark 11. If T is a 3-horizontal geodesic on T®) M, then (1)201“ is a geodesic on T® M.
If ' = j3q is the third-jet lift of a curve g on M, then
D — 5 @ — ; 3) — v2,4

and
3 . . N 1o, @ . 13,
KT =V,q, Kr() = 57V44- K;T) = aqu-

The following corollary to Theorem 29 can be proven by similar arguments to those used in the proof of Corollary
27.

Corollary 30. Let q be a curve on M. The third-jet lift T' = j3q is a geodesic on T® M if and only if q is a geodesic
on M.

. (k)
4.5. Geodesics on (T®M, g)
The full geodesic system on TX) M becomes combinatorially large. However, the final two components admit a
uniform closed form, which is sufficient for the jet lift characterization below.

(k) (k)
Lemma 31. Let V be the Levi—Civita connection of (T® M, g). Then, for all W € X(T% M),
(k) (k) (k)
Kko VWW) = VTk*OW(KkoW)’ (40)

(k) (k) (k) 1o ®
K, o VWW> =V, ow(Ki_joW)+ ER(;A ), K _ oW )(7y,0 W)
_ (k)
+ k—klR(u(l), T4 O W) (K j_ 1o W), (41)

(k)
where uV) = Fo(u), ue TOM.

k
PROOF. Let W € X(T™® M). Using Equation (59), the bracket formulas involving (v)k-lifts, and Proposition 24, we
obtain

® /0 k) /K ®) (k) (k) k)
Ko VW | =2K,0( Vg (VW) )+ Ko | [V oW, hyoW]
h oW

*)
=V, o (KioW).

This proves Equation (40).
For the next component, let Z € X(M). Applying the Koszul formula gives

k) ® * ® *) ®
(Vi W,Z7=1) = (hooW)(W, Z"=1) = (h oW, (Vo ow Z2) 1)

1,k (k) ) (k) Dy ¥
L C0oW  (RIK g oW, ZuD + (k= DR(K oW ul™)Z) P4,
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Using the curvature symmetries, this becomes

(k) (;‘l) (k)
<< VWW, Z k-1 >> = <VTk*0W(Kk—] OW), Z>

1 ) (k)
+E Rw'"”, 1, oW)K;_1oW), Z

k-1 a ®©
+ —— ( ROV Ky oW o W), Z )

Since this holds for all Z, Equation (41) follows. O
Let I be a curve on T® M and let ¢ = 7,,0". We denote by

)
V® =F o, a=1,..,k

the vector fields along g determined by the connection tower vector bundle structure, and by

k) |
Y(a):KaOF, a=1,...,k,

the components of the velocity vector field. Then
. (k) (k) (k)
F=g"ho+ @MW) 44 v ®)on, (42)

Lemma 32. Let T be a curve on T® M. IfT is a geodesic on T® M, then

vyl %R(V“% Y*Dyg + —k; LR, gy =g, 43)
v, YW =0. (44)
. . . . . o W
PROOF. This follows immediately by applying Lemma 31 to W =1"and using VI" = 0. O

Corollary 33. Let q be a curve on M. If the k-jet lift T = j*q is a geodesic on T M, then T is k-horizontal.
PROOF. Suppose that I" = j¥g is a geodesic. Then, by Lemma 32 and Equation (36), the vector field
e vk
A= qu
satisfies |
A+ ER(q,A)q:O, V,;A=0.

Taking the inner product of the first equation with ¢ gives (A4, ¢) = 0, since R(g, A) is skew-adjoint. Since A is parallel
along g, repeated differentiation yields

— dr N\ ro _
0—w(A,Q)—<A,qu>, r=0,1,.... k.

Taking r = k gives ||A||?> = 0. Hence A = 0, which is precisely the condition that I" is k-horizontal. O

ops . . . (k) . .
Proposition 34. IfT is a k-horizontal geodesic on T M, then ©,_,oT is a geodesic on T*~D M.

(O3 (O .o
PROOF. Suppose that I' is a k-horizontal geodesic on T® M, that is, VI" = 0 and K o' = 0. Then I" = (n)k ol. Let

) . .
I'= 7,_,0oI Its velocity vector field is

<~ (k) (k) .
F = Tk—l*o nkOF.
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By Lemma 23,
(k) (k) k) . (k—1) (k=1)..
0=K,o V(l,;)kol,_(nkor) = K,of Vi,
(k=1)¢
foru=0,1,...,k— 1. Hence VFF=O. O

Remark 12. It follows that an a-horizontal geodesic on T™ M projects onto a geodesic on T“~D M, for each
a=1,.. k.

k
Remark 13. The results in Proposition 34 and Remark 12 also follow from the fact that the projections (T)a are

Riemannian submersions; see [16, Proposition 3.1]. The proof above records the corresponding connection map
argument.

Proposition 35. Let g be a curve on M. The k-jet T = j¥q is a geodesic on T'® M if and only if q is a geodesic on M.

PROOF. Suppose that I" = j*gq is a geodesic on T M. By Corollary 33, I is k-horizontal. Therefore, by Proposition

(k) . . . . T .
34, the curve 7,_ oI is a geodesic on T%=D M. Since this projection is the (k — 1)-jet of g, the argument can be
repeated. Inductively, all lower jet lifts are geodesics, and in particular g is a geodesic on M.
Conversely, if g is a geodesic on M, then all higher covariant derivatives V; ¢ vanish for r > 1. Hence the velocity

(k)
field of jKq is 1-horizontal, and Lemma 23 gives Vil =0. O

A. Background material for connection towers

A.1. Adapted-basis details

This appendix records the coordinate relations between the coordinate bases and the adapted bases associated with
a connection map.

The adapted covectors are

8¢ = dg"" + (K)idg" ™ + -+ (Kdq™,  a=1,.. .k
and 8¢V = dqO% Let §/64®" denote the dual basis. The dual coefficients (Ca); are defined by

o d
5q(a)l aq(a)t

Proposition A.1 (Miron [19]). The dual coefficients satisfy

(@)i 6 __ i
44 <5q(ﬂ)j > (Coi)

foralla=1,...,k, u=0,...,a—1,andi,j=1,...,n In particular,

— (Crp)] =

— ()] ——— 54 (k),

i a (a+l)/

dg' V" = 5¢' " = (Cisg T — e = (C)i5¢" Y,
foralla = 1,..., k. Similarly,
0o _ & j
0@~ sq@i + K 1)1 5q <a+1) + (Ki-o)i 507 5q (k)f

PROOF. The result follows by inverting the triangular change-of-basis matrix relating the coordinate covectors dq(®”
to the adapted covectors 6¢(®. The vector-field identity is the dual triangular relation. O

Proposition A.2 (Miron [19]). The dual coefficients are constructed recursively in terms of the connection coefficients
by

(€)= (K, - 2(1<>( S (€ = (K (45)
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PROOF. From the definition of the adapted covector basis,
89" = dq' " + (Ky)dq ™ + o+ (K,)pd g

Evaluating this on 6/6¢©7 gives

_ @i _9 i @i [ _0 i
0=dg ( éq(o)j>+(1<l>,dq <5q(0)j>+ + (K-

Using Proposition A.1 yields
—(C); = (KD(Cym)y = -+ = (K, D)(C + (K = 0,
which is precisely Equation (45). O

A.2. Technical lemmas for lifted vector fields
This appendix contains the technical lift identities used in the computation of Lie brackets.

PROOF (PROOF OF LEMMA 4). The linearity identities follow directly from the defining characterization of the lift.
(k) (k)
Indeed, the maps 7., K1, ..., K are fiberwise linear on each tangent space T, T¥) M . Hence the unique vector whose
a-component is prescribed and whose remaining components are zero depends linearly on the prescribed vector in
T, M. This gives
*® ® ® (k) ®
(X+Y)te=X"a gy, (cX)te = cx e

Similarly, multiplying the prescribed vector by f(z,(u)) gives

(k) (k)
(fX) e = (for)X e,

Since

the coordinate formula follows by applying the preceding identity to X = X/0 It

® 4 ® 4 5
L — J L — J
X' =(X ork)(aj) =(X OTk)(sq(a)j'
The final formulas follow immediately from the fact that Y (fot,) = d f(z,,.Y) for all Y € £(T® M). O
Lemma A.3. Let X,Y € X(M)and f,g € C®(M). Then
) W) ) ® © W

[(FX) "2, (8Y) "] = 8oy (for )X )Y "1 = Soy(gor )Y [)X "« + (for,)(gory) [ X "a, Y 4],
fora,p=0,... k.

PROOF. Using Lemma 4,

(k) (k) (k) (k) (k) (k) (k) (k)
[(fX) ", (gY) 7] = (for )X Ma(gor )Y "o — (gor )Y "i(for )X "o + (for ) (gor)[X e, Y "1].

The result follows from Lemma 4. |

(k)
The h ,-lifts of vector fields on M to T®¥ M are compatible with the projections of the connection tower.
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B. Riemannian identities and the Levi-Civita-induced tower
B.1. Riemannian identities used in Section 3
This appendix records the curvature identities used in the computations of Section 3. We use the convention
RX.Y)Z =VyVyZ - VyVyZ —Viy v Z.
Lemma B.1. The following identities hold for all X, Y, Z, W € X(M):
1. (First skew-symmetry identity) R(X,Y)+ R(Y,X) =0;
2. (Second skew-symmetry identity) (R(X,Y)Z, W)+ (R(X, Y)W ,Z)=0;
3. (Symmetry by pairs identity) (R(X,Y)Z,W)=(RWW,Z)Y,X);
4. (First Bianchi identity) R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.
The covariant derivative of R in the direction of X is defined by
(VxRY,Z2)W =Vx(RY,Z)W)—- R(VyY, Z)W

(46)
—RY.VxZ)W — R(Y,Z)VxW.

We regard VR as the (4, 1)-tensor field determined by (VR)(X;-) = VyR. Similarly, V2R denotes the (5, 1)-tensor
field
(VZR)(X,Y;") = V3, R.

The curvature endomorphism also acts on tensor fields; in particular,
(R(X,Y)R)A, B)C = R(X,Y)R(A, B)C — R(R(X,Y)A, B)C
— R(A, R(X,Y)B)C — R(A, B)R(X,Y)C.
Lemma B.2. The following identities hold for all X,Y,V,Z, W € X(M):
1. (First skew-symmetry identity) (VxR)Y,Z)W +(VxR)(Z,Y)W =0;
2. (Second skew-symmetry identity) ((VxR)Y,Z)W,V)+{((VxRX,Z)V, W) =0;
3. (Symmetry by pairs identity) ((VxyR)Y,ZYW,V)={((VxRV ,W)Z,Y);
4. (First Bianchi identity) (VxR)Y,Z)W +(VxR)(Z, W)Y +(VxR)YW,Y)Z =0;
5. (Second Bianchi identity) (VxR)(Y,Z)W + (VyR)(Z, X)W +(VR)(X,Y)W =0.
Lemma B.3. The following identities hold for all X,Y, A, B,C,D € X(M):
1. (First skew-symmetry identity) (V>R)(X,Y;A, B) + (V’R)(X,Y; B, A) = 0;
2. (Second skew-symmetry identity) {((V>R)(X,Y; A, B)C, D) + ((V*R)(X,Y; A, B)D,C) = 0;
3. (Symmetry by pairs identity) ((V2 R)(X,Y;A,B)C, D)+ ((VZR)(X, Y;D,C)B,A) =0;
4. (First Bianchi identity) (V?R)(X,Y; A, B)C + (V?R)(X,Y;B,C)A+ (V>R)(X,Y;C, A)B = 0;
5. (Second Bianchi identity) (V>R)(X,Y; A, B)C + (V>R)(X, A; B,Y)C + (V>R)(X,B;Y, A)C = 0;
6. (Nested curvature identity) (V>R)(X,Y; A, B)C — (V2R)(Y, X; A, B)C = (R(X,Y)R)(A, B)C.
Lemma B.4. Lety, : t = y,(t) = y(s,t) be a smooth family of curves on M, and let Z be any smooth family of vector
fields along y. Then
oy 0
VoV Z=Ve Ve Z+R(L ZL)z
o % ds ds ot

ds ot ot ds

PROOF (PROOF OF LEMMAS B.1-B.4). The identities in Lemma B.1 are the standard curvature symmetries of the
Levi—Civita connection. Lemma B.2 follows by covariantly differentiating these identities and using Vg = 0, together
with the second Bianchi identity. Lemma B.3 follows by applying a second covariant derivative and commuting the
two covariant derivatives; the commutator is precisely the curvature action on the tensor R. Finally, Lemma B.4 is the
defining commutation identity for covariant derivatives along a two-parameter family, obtained from the definition of
the curvature tensor and the torsion-freeness of the Levi—Civita connection. O

Camarinha and Goodman: Preprint submitted to Elsevier Page 34 of 49



Connection towers and higher-order Sasaki metrics

C. Lie bracket computations

C.1. Weak fiberwise-linearity
Let 0, be the null element in the fiber T,Zl(p) forall p € M, thatis, 0, = j(’)‘(q), where ¢ is the constant curve

through p. We say that a function f € C®(T® M) is weakly fiberwise linear if f (0,) =0forall p € M. Similarly, a
vector field X € I'(TT® M) is weakly fiberwise linear if Xo, =0forallpe M.

It follows from the definition of the Levi-Civita-induced connection coefficients that (Ka);. and a(Ka)j. /0qO" are
weakly fiberwise linear foralla = 1, ...,k and all i, j, I.

Lemma C.1. The vector field
6 56
5q(0)i ’ 6q(0)j
is weakly fiberwise linear.
PROOF. Let f € C®(T™M). At 0,, all connection coefficients vanish, and therefore

5f . of
5q01 0 = 5qi O

Thus 6f/6¢" is weakly fiberwise linear if and only if df/dq®" is weakly fiberwise linear. Using also the weak
fiberwise linearity of d(K,)! /g, we obtain

5 (_of __%f
5qOi <5q(0>j> ©,) = 0gigg0) ©p).

Interchanging i and j and subtracting gives

s 6
[é‘q“’)"’ 8q( ] 0 (=0
P

Since this holds for every f, the bracket vanishes at Op. |

C.2. Third-order bracket computations
We now record the computations that lead to Theorem 16.

Lemma C.2. Let X,Y € X(M). Then

3) <}31) (;3 | 1 | 3) (Z) (}31) 3) <Z> (}31)
K3([X"0,¥"2],) = =R(X, ul >)Yp—§R(u< LY )X, Ki([X"y") =Ky([x"2,vhe,) =0,

3) 3)
where uth) = Fo(u), ue Tp M,pe M.

OIG)
PROOF. Using Equation (9) and Lemma 11, it is easily verified that [Xh2 yh2]=0forall X,Y € ¥(M). Moreover,
s s |_[ o U 8 .0 8
[5q(1)i’5q<2)1] ~ | agi (K 5q@i (Ko 0g®i° 5q(2>l]

[ o s (K] o
_dq(l)"’ 5q@! g1 9¢®i
o a ;0 ] Ak, 9
+

= |, = —(K
| 9g(Di” 941 K0, 0g3 | " Tagl 9g®i

B a(Kl){_a(Kl)f 0
—\ og agi | 9g®i
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=0.

Finally,
5 5 [ o 5
[5q(0>i’ 5q(2>l] G - (K] 5q (UJ - (Ky)] 5q (2)1 L wer oq (3)1 5q(2>l]
o s ].9K) 5 8Ky
"~ [aq0i” 5401 gl 5q@i  §q@1 9gBi

o0k +0(Kz){ 5, I(K3)] Ky AKD\ g
= [5q0i" 9q01 T Vi, (3), 93¢ 5427 "\ g0 VI 5q0m | 9g®i

O m&ﬂ_mnﬂmﬂ_amﬂ 9
T agM! §q@i 0q! VL 9q0m — 9q@i | 94®3i°

Hence,

3) (K> aK,Y oK,
Ko |2, 0 | = 2230 g2l T2,
5qOi” 51 ag@! I ag(hm 9qOi J

By direct calculation,

A(K3)] . 1
20 ,Dag i (l)a J
g q dq <VaaValai> 3 Rlar
oK oKy o
(K" —— P + oqon 44 (Vo,Vo,0)
Therefore,
3) 5 5 1 . .
e _° — | 2,Map/ Ma g J -
K <[5q(0)i’ 5q(2)l]u> = [34 R +a7dq’(Vy Vs 0 V(),»Vdua[)] aj|p
1
(1) J J
‘ [Ratl T3 3 Rlat] a/"p’
from which the result follows upon an application of the first Bianchi identity. |

Lemma C.3. Let X,Y € X(M). Then

3) 3) 3)

Ky([X "0,y m,) = —% <R(Xp,Yp)u(2) + %R(Yp, U)X, + (V0 R(X,.Y,

pp

Y + = (Vuu)R)(Y uX, ).,

3) (I

K(IX 7Y M),) = = 2RO, Y,

3) 3)
where uV) = Fy(u), u® = F,(u), u € Tp“)M, pEM.

PROOF. Applying the same method as in the previous lemma, we get

6 8 J_ [0 _ gy S _ky 8
5qi” 5q01 | ~ | 9gDi Vi 5q@i 2 9q3 (3)j 5q(01

[ o s 5K, 5 8K g
~ | agDi” sq1 sq 5q@i T gDl g3
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[0 0 _ky _(&) 5K, 5 8K g
~ | agi” gq1 ryen (2)/ sy <3)/ sq 5q@i T 5qDI 9q®i

N TR KD, oK)\ s 8Ky oK)\ g
=—( l)l aqa)i’(;q(z)j + dgDi dgi 5q(2)j+ SqM! oqi g3
_ <a(1<1>,’5 a(Ko;) 5 (6(19){ oK, a<K2>{> 2

4 + (KD = — . -
5qQi sqW1 VI 54 agi | 9g®i

ogDl gD

Hence,

3) s P aKy) 0Ky
K3 o -, = L - 0
5qDi” §qDI ag! agi J

Thus, we obtain

4 8 5 1
- (1)a Jj
K; <[5q(1)i’ 5q(1)1]u> 74 (Rlal +R,)9; ’p

_1 gMaRI
2 athaajip
after applying the first Bianchi identity.
Next,
s 5 [ 0 5
[5q(0>i’ 5q(1>l] ~ [oqi - (K ‘)15 ¢ Ka); 5q (2)1 - (K =5 oq (3)1 5q(1>l]

0 5 ] K s SK 5 0Ky o9 pf 6 s
9007 5407 | ™ 50 57 " 5q0l 5g®1 * 5g0 5g®i 1 {503 50

[ 0 5 5K, 5 8Ky s 5(K3)] L] M 9
= -, -+ : S (KD R -
| 0qOi" 501 | T 5 5q0i T 5q(D 5q@i sql R 93

Moreover,

0 s | [ o 0 K,y (K
a0 5a | T | 9g©i” ggDi VI sq@i (2)1 21 oq (3)1
q q q q
_a(Kl); 5 IK) g Ky s
g0 55 9gOi g Vi1 aq «nz 5q@i

_ KDy s (( K 0<Kz>1> :
- i

0qOi 5qi 0qOi g0 | 9g®i°

Hence, we obtain

s & | 9K 5 N 8(Ky; 0K\ s
5qOi7 5qDL | — 9qI 5q(Di sql — 9qOi | 5q@i
j
(K )" a(Kl)j _ a(I<2)l + 6(K3) —(K )m (Da p. ad
VI 9q0i g0 7 gqI ! Rota 0gB3’

from which it follows that

) AKL 0K 6K
Ko L,L = (KD} ( 1).'"— 21, 3 —(Kl)”’ Magl ).
6qOi° g1 ! 0q(0 0q0)i sq! mla | %J

Camarinha and Goodman: Preprint submitted to Elsevier Page 37 of 49




Connection towers and higher-order Sasaki metrics

0O g0

aK,), Ky 0 A(K3)!
— m m a
= (&) + KR, + S

K] " o KD
arrom agm + ((KpyKy)] = (K2)/)W>aj'

By direct calculation, we get
oK)}, . _
(K 9 ((1)), = gMagn (dqrn(Vaaa,)dq/(Vai Vy,0,) —dq"(V, 0)dq (V,,0,)dq’(V,9,)),

0K Gt . ;
g0 =4 [dq’(V,V,0)—dq"(V, 0)dg’ (V,09,)]

1 (e ; . _
+ 504" [da/ (V4 V4, V0,00 = dg"(V,,V5,0)dq (V5,9,)]
o(K3)!

a j 1 a j
oq! =q? [dq/(vo,vo 9) + Rﬁn] + gq(l) q(l)bdq/(voavo,vobai +V4,V9,V00i +V5,V5,V5,0)

q@° [dq’(V(,, V,,0) + Ra,,] + %q“)”q““’dq" (V4,V4,Va,0)

1 e
+ 6q“) q""dq’(V, (R(0,,0,)0,) + R(9,,0,)V,,9,),

o(K3)!
K75, = g eg (dq (V,,0)dq'(V,, ¥, 9) + dq v, 6)Rmbl>,

(KK, = (Ko = =g (V,,0) + 4Pg ™ (dq"(9,,0)dq"(V,0) = 3da"(¥,,Y,0) ) .

Collecting all terms with leading coefficients ¢>¢, we obtain

I
0 [dq (V,V5,0) = da/ (V395,00 + TR, | 0, = ¢ [Ri, + TR, ] 0,

Moreover, we note that ¢ = % (Fl’" - q(l)"q“)bdq”’(Valz 0,,)), so that

3 ali 2 lim 3 mli

Collecting all the terms with leading coefficients g()?¢()? now, we obtain

2 1 1 1 L (ha (1)b
( )a [R?m + = RJ ] 5 Fm [RJ + = RJ ] a Eq( )aq( ) dqm(vaaab) [R + 3Rinll] a

; 1. .
gDaghb [dq’"(Vdaal)dq/(VdiVabam = V9,Vo,0) = 544/ (V5Y9,V9,0, = V4,Y9,Y5,0)

1 1
+ 2dqm(Vab6 )lea + dqm(Vabd )Rlam

1 1
- gdq’”(Vaba,)Rfm + dq’(Va (R(9y, 0))9;))

- —dq (Vo 0p)R], — —dqm(Va IR’ 19,

lim
1

= gDaghb [dq’”(V al)Rzam + ZRZ aip T dq”’(Vaba,)R

mli

o+ dq’”(Vaba)lea+ dq’"(Va 9, R

1
- —dq (V4,0DR,

lim

1 1
—a’q”’(V(,b(),)R{am+ Sdq"(V, 0pR), + — cdd” (Vg,0)R]

lam mai

lim

1 1

~ 344" (V5,00 R],, - gdq’"(Vaadb)lei 3
i I :

+ 2dq"(V),0)R),, + Edq’"(vaba,.)Rjzlm]aj.

Ry + gdqm(vaaab)le,

Grouping terms with common leading coefficients, we see that all terms with leading coefficients dq™(V,,9;)
dq™(V 9, dy), and d q’”(Vab 0;) cancel due to the first Bianchi identity. Hence,

o) o o Lo [ i 1 | 1
K30 |:5q(0)i’ 6q(1)1] - (2Fl [Rllm+ 3Rm11] + 2F0F0 [Raltb+ 3Rabll:|>a"
from which the result follows.

O
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Lemma C4. Let X,Y € X(M). Then

3) 3) 3)
K ([X "0,y h0] )= ——R(X

pp

Y )u® — —(V o R)(X

pp

Y)u® + = (V o R)(X

p>op

Y ud — —(VZ(])R)(X

3) 3) 3) 3)
where u!) = Fo(u), u?® = F(u), u® = Fyw),ueT,”M,pe M.

PROOEF. First, observe that

0 1) _ mopl é | R a b 12 @)l 0
5q(0)i’ 5q(0)j] - Fo Rijm sqV1 - <2F1 Rsz + F F Ra t/b) +S

€ oo (1 (3)
where S(O) 0)) € C®(T"YM). Then

3
Pl s 6 |1_ %00y o
0qm” | 5400 5407 || T Tog0m ag01”

On the other hand, from the Jacobi identity,

9 5 o 11 [.s 5 9
9gom” | 5q0i° 5q<0>/ 5q<0>/ 5q<0)z 0g®m 5q0i” | 5q0i” gg@m

<2> @
0 m Pl- L ) (Va am ) ’
5q(0)1 5qO i

3)

_ I
um aq(s)l ’
IS0y o
so that ———— = —R:. . It follows that
aq(3) ijm®
e _ 1

_ 1l m l
iy = ~37 Rijmt2 + Py

0o,
for some functions @], € C*(T'®M) satisfying sqor =0 forall =1,

Similarly,
6 6 2 _| ¢ 6 2 | o 2
5q@m’ [ 8qOi7 5qOi || T | 8q©i | 6g©i sq@m || | 6O | 6¢©5° 5q@m ||

5 @ )

hy _ M Laom )
57 (Vo) <R(a,.,u )0, + 3R,

3)
5 (v 9 )"~ (R@.u"0 + LR0UD.9 )0 %
- W,< o m) —< (0;,u )m+§ (u, m),)

3)

(R(,,9)9,,) " = (R©;,u")V, 9,

(?)

+= R(u“) V5,0,)9; = R(0,,u")V, 0, —R(u(l) V,,0 )a) ’

3)

3)
_ 0 hy ) hy
] Jie e

pop

5q1 T T OO0 g’

Y u®,

(47)

(48)
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, (R(9;, uMa, + = R(u“) 9,,)9; )‘*

u

+

M M @
[5 oL , (R, u'”)o,, + = R(u ,0,,)0,) "3 52 (0)

Then, we calculate the first two Lie brackets.

@ ®

3)
5 h 5 ha h 1
[54(0»' +(Vo,0) 2] " 5q0r (V@jam> =(R(9;,9)9,,),” - <R(6/’”“))Va,-0m + gR(”m’ V4,0,)9;

(")

~R(0,. 4"V, 9, —-R(u<'> v, )a) -

Note that we cannot directly use Lemma 11 to calculate the two final Lie brackets, as also happened in the proof of
Lemma 15. Rather, we must use the following similar identity.

3) (3>
lxho (R(Y, u(l))Z)”‘] = (VxR u")Z + RV Y, u")Z + RY,u")V y Z ) XY, Z e X(M) (49)

By making use of the symmetries of the curvature tensor, we obtain similar results when u(! is in any of the other
arguments of R. Then, we apply these results to calculate the two final Lie brackets. Combining the four Lie brackets,
we obtain

(?)

e <[5q?2>m [5;20» 5q<o>,” ) (¥, R0, )0,, = (7, R0, + 1V, R,9,0, = 27, Rw".9,09,)

On the other hand, from Equation (47), we also have

(13<) s s s 55},3)1
3° | 54@m° | 500" 5400 || T 540m aq0

3l
— lRl 6an aq)ij
31 ija 5q(2)m aq(z)m aq(3)l

@)l
_ aq)i j d
Agm g1’

Then, it follows that

1 I I 1 [ I
(I)ij EF(?FM <lellm Rj siam 3R1 amj - ERJ umt) +lPij’ (50)
. l o0 (3) \PI dqj[ . . . .

for some functions ‘PI € C*®(T"Y M) satisfying 3 5 = aq<3> - =0, forall A =1,...,n. For the sake of simplicity, in

what follows, we will use the notation Q). =R/ _—RL 4 —R - —R’ . Hence,

ijam i;jam jiiam i;amj jiami®
3 _ 1y m L g pmp 1

S(O)i(O)j =30 o RinEy + 2F0 F'Ojjum + ‘Pij. 51

Finally,

55!
5) 5 5 s ) bk P P
V40 . . || = —F'R |2 2
sqm’ | 5q0i° §qOi sqhm ggd! 0ijb | sgm’ Gk

OFf \ 1 o, 0
k 2 k ! a b pl
|: ijk (( 2) 3' 3 (l)m) + EF] ijmk Ry a (Hm + 2F F, RmkaR,/b W

Moreover, since
k
1 95, b pk

1
k _- —
(K2)m - ﬁaq“)m T 317070 amb?
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we conclude that

1
o) s 5 6 1 (1w | R 9%, \ o
vs® [5q(1)M’[5q<0)i’5q(0)j”_(2F1 ijmk+6F0FRamb+2FFRmkaRub-l_aq(l)m PYETh

G 5 5 5
C=Kse [5q(1)m’ [5q(0)t’ 5q<0)j”

Hence, using the notation

with C = C,lm. .d;, we have
J

1
alPi j 1

— _Llpk a b pk abpl k i
ag(hm Y Qljmk - gFo Fy Ry = §F0 FORmkaRtjb + lej

from which it follows that

I _ k M pa pb pk L M papbpl  pk I I
lIJij 2F(;nF Qljmk - BFO FaF Ramb 2F0 F(;ZFO RmkaRub + FmCmtj + hij’ (52)
) / 3 h’ on!. ahl
for some functions Aj; € C*(T® M) satisfying J

% <1>m = 5om = aq<3>m =0, forallm=1,.
In summary, from Equations (51)-(52), we have

@) 1

_ I 1 I k M fa b pk L oM papbpl  pk I .
0i(0); — 3 lemFZm + 2F(;1Flejam - _FmF Qljmk - _F FaF Ramb - EFO F(;ZFO RmkaRub Fmlej + h
where C,ln ;j are the coefficient functions of C.
Finally, through Lemma C.1, we know that S((g)) 1(0) is weakly fiberwise linear, which implies that
o __ 1o 1 I 1 k LM papbpk _ L pMpapbpl  pk I
0i(0);j — 3| lemF2m + 2F(;lFmQuam - EF(I)WF Qljmk - EFO FaF Ramb EFO FgFO Rmkaleb Fmlej (33)

On the other hand, to obtain the functions Cr’n ;;» We apply once again the Jacobi identity. Thus, we get
J

8 § s 1l_[s8 [.5 s 1] [ s 8 8 (54)
sqOm’ | 5qOi” 5qOi ||~ | 8q0i° | 5q0i sghm 5qOi” ji? ’

5q0i° qhm
Now, we calculate

3) [ 3)
s [ s s 1 | s W1 s o L
[54(0»" [5q<o>i’ 5qmm” = |:5q(0)j’ (V2,0 ] ) 59 =07 . (R@™",0)0,, — R(,,9,)u")

3)
1 1) 1 1 vs
2 5q<0)j’< 0,,9,)? + §R(am’”(2))at+(Vu<nR)(0wam)"(l) + g(Vu(l)R)(am,,,(”)ai)

The first Lie bracket simplifies as follows.

3) A3)
5 h @1 n
[_64“’”’ (V,,9.,) '] = (Vq/VOidm)h' +3 (R@",0)V, 0, = R9;,V,0,)u") "

3)

1 1 1 v3
-3 (R(aj, V,,0,)u® + 3R, 0, u*)0; + (V) R)(9;, V,, 9, )u + 3V RV, u“))aj)

With regard to the second Lie bracket, we have

(3)
o ha
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3)
h
[(Vaj RW".0)d,, + RV, ), + Ru",0)V, 9, — (V, R)@,.9,)u = RV, 9,.0,)u" - R(2,.V, am)u<'>] ’
3)

- [R(a,,u“))R(u(”,a,.)am ~ R(,,u™)R(0,, 9, u” + %R(u('), R, 9,)9,)9, %R(u(l), R(a,,,am)u“))aj] .

Regarding the third Lie bracket, we first need to see how terms involving u®® transform within the Lie bracket. For
all X,Y,Z € X(M), we have

3) 3) 3) 3)
X "o (R(Y, Z)u®) s | = | X "o, FA(R(Y, Z)d;) ">

3) 3) 3) 3)
= X "O(F)(R(Y, 2)0,)"3 + F] | X "0 (R(Y, Z)d,)"?

) 5F1’1 ©) ® )
=X'——(R(Y,Z)d,)"* + F{ | X "0 (R(Y, Z)0,)"3 | .
5qOi
Then, we use Equations (31)-(32) to obtain
y! y!
OF] oF]

1 _ 1 A
sqOi  9qO)i 2K

which we simplify due to
F/l
1
()q(O)i

Thus, we apply the result to the first term and use Lemma 11 to calculate the second term in order to have

_ A_ pApA o (Da, (Db pi
=2(Ky); = F{Tg+4 ¢ "R},

&) ©) . ©) &)
lxho, (R(Y. Z)u(”)”s] = (=F{T} +4¢D%q" R DXI(R(Y. 2)0,) " + F{ (V(R(Y. 2)9;)) .

Hence,
3) 3 3)
[X ko (R(Y, Z)u<2>)(3>3 = (R, Z)RX,uuV + (Vx R, Zu® + RV Y, Z)u® + R(Y,V y Z)u?) = (55)
Similarly,
©) ©) ®
X" (RY,u®)2)"3 | = (R, RX,u"u)Z + (Vx R(Y ,u®)Z + R(Vx Y ,u®)Z + RY ,uP)Vy Z) >
(56)

Next,

3 3 ® [©)
[X "0, (V0 RY, Z)uP) 3] = [X "o, FFJ(V,, RNY, Z)d,)"?]

(z) @) N (Z) ©)
=X °(F0"F(§’)((V(3HR)(Y, Z)03,) "3 + ¢ qVPrx 0, (Vo BY, Z)dy) *3]
3)
= [—q(””(VngaR)(Y, Z)W — ¢V (V, R)(Y, Z)V 0, + q“)"q(”"VX((VgaR)(Y, Z)0,)]"?
and we obtain

A ©)
U3

3)
[X "0, (V) R)(Y, Z)u) 3] = [(V2RY(X,uV; Y, Z)uD +(V,0, RV x Y, Z)uD +(V,0, RYY, V x Z)uV]V3. (57)

Now, we apply the identities (55)-(56)-(57) to simplify the third Lie bracket and use the identities given in Lemma B.2.

3)

o 1 1 vs
(RGO 0,0 + RO, t®)0; + (V0 ROy 0,1 + (V00 RO, ) | =

5(1(0)] ’
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[R(ai, 0,)R(;, uuD + (V5 R)(0;, 9,)u'® + R(V 5, 0;, 9, )u'® + R(9;, Vg 9y, )u®
1 1 1 1
+3 ROps R0y, V)10, + 2(Vo RYOy, u®)0; + ZR(V), 0,1, )0, + 2R, u)V .0,

1
+(Vun R)(;, Vg, 9,)uD + (Vun R)(V,0;, 9,)uD + g(vumR)(Vaj 0, u)o,

3)

3

1 1 Vs
+3 (Va0 RO u<1>)v¢,jai +(V2R)©9;,u;0,,9,)u" + §(V2R)(aj, uV; o, uD)o,

Combining the three Lie brackets to simplify the two Lie brackets in Equation (54), we obtain

Cw =3[ = ROUIRG?, 009, + RO, VIR@, 0,0 = S R, RW™, 00,00, + 3 R, RO, 0,00,

m

i

- R(9,,9,)R(9;,uyu) — (Va/R)(a,.,am)u(Z) - %R(am, R, u" )0, — %(Vde)(am,u<2))a,.
+ R(0,, )R, 9,)0,, — R(9;,u)R(0;,0,)u'" + %R(u(”, R, 0,)9,)9, — %R(u('), R(9;,0,)u")o,

+ R(9;,9,)R(0;,u")u" + (V, R)(9;,0,)u® + %R(am, R0, uyu)o; + %(Vd’ R)(9,,,u®)o;

i

s Um» s s s Umos

—(V2R)(0,;uV,0,,0, )u) — l(VZR)(a.,u“)-a M. + (V2R)(0,,u"; 0,0, )uV + l(VZR)(a.,u<1>~a u)o,
J > m 3 J i i m 3 i J »

Now, if we conjugate Equation (53) with the previous equation and take into account Lemma 4, we conclude that

3) 3) 3) 1
Kso[X "o,y 0] = 3

— R, R(Y, uyu"™MX — R, RCX, Y)uM)u® + (V, R, u)u® — (Vy, RY(X, uD)u®

[ - %R(X, Y)u® + 3R, u")RX, ")V = 3RX, u)RY ,u )V + R, R(X,uM)uV)y

+ %(VXR)(M(”,uQ))Y - %(VYR)(u(”,u(z))X + (V2 RX,u; Y, uMyu® — (V2R)(Y, u; X, u“))u(“].
We will now make use of the identities given in Lemma B.1 to group as many terms together as possible. Hence,

3RY,uMRX, uMu® = 3R(X, u)RY, )P + RwV, R(X,uV)uV)y — R@®, R(Y, uM)yuM)x
- R(u(l), R(X, Y)u(l))u(l)
= (R, u")R)Y(X, uDyu'D — (RX, uMR)(Y, uVyuD.

Then, using the identities given in Lemma B.3, we obtain
R, u)RY(X, uPyuD — (RX, uD)RY(Y, uD)u)
= (VZR)(Y,uV; X, uMu®D — VZR)(X, uV: Y, uV)u® — V2R, uV; X, Y)uD.
Therefore,
3) 3) 3) 1 1
Kyo[X "o,y 0] = —§R(X, Y)u® — E(VZR)(u(”,u(l); X, V)u®
+ % (VR uMu® — (v, (X, uD)u® + %(VXR)(u(l)’ U@y — %(VYR)(M(U,uQ))X]
Next, from the first and second Bianchi identities given in Lemma B.2, we get
1 1
(Vx R)(Y,uDyu® — (Vy, (X, uD)u® + 5(v Y R@, uP)y — g(VYR)(u“), u®)Xx
2 1
= =3V B YU = 2(V,0 R, Yul

Finally, using the definition of the second covariant derivative of R, we conclude that

®) EING)
K30[X 10, 10] = = ROC YU = 2V, R YV + 2V, R Vo) = 2(V2, R, Youl

O
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(3)
PROOF (PROOF OF THEOREM 16). The identities involving U 3 follow from Lemma 11. The brackets involving &,

3 3 G
are given by Lemma C.2; the brackets involving A are given by Lemma C.3; and the h - h bracket is given by

Lemma C.4. The lower components are inherited from the second-order bracket formulas through Lemma 6. O

C.3. General reduction of k-vertical bracket components

This appendix gives the coordinate reduction used to obtain the general partial bracket formulas in Propositions 17
and 18.

Lemma C.5. Consider the vector fields defined by
(k=1) (k) (k)

5k—1 o Vi 0
Sq@i T §qi * (Cha); 5q®i’

a=0,1,...,k—1,
where (Ca)f are the dual coefficients given by (45). Then
(k) (k) (k—=1) . (k=D ; (k) . (k) .
(Ik() 1) o 6 (Ck_a)f 6 (Ck—ﬂ)f +(C, ) 6 (Ck—ﬂ){ (Cp_ ) 5(Ck_a){ P
o = — a______ - _ - .
K7 6q@i” 5qb) sqP! Sq@i k=adi 5 g k=P sqta |7
(k=1) (k=1)

(k) Sy O
+ KkO k l- ) k—1
5qi 5qP1

foralla,p=0,1,...,k—1.

k) (k=1)

Op_
PROOF. First of all, we observe that each vector field S decomposes into the auxiliary vector field # and
q q
(g)
the k-vertical vector fields -, j=1,...,n, as follows.
5qli
(k) k=1) (k)
5 by j
sg@ ~ agar G <k>
q 6q 6q\k
Hence, we have
*®  ® ~ (k) (k=D <k>
I) ) o Ok_1
. ==, — — (C_p)] ——
5q@i” 5qB1 | | 5q@i” T sqbi 5q (k)/
[ W *-n ) j ®  ®
— 5 5k—1 _ 5 (Ck_ﬂ)l 6 _ (C )J
| sg@i” g sq@i sqUoi K Sa@i” 500
Moreover,
W k=D [ -1) G
o Op-1 _ Ox—1 (Y2 o Op-1
Sq@i” §qWi 5qi k=ali 5qU0i” " 5qPi
[ (k-1) (k—1) (k=1) k) =D
01 01 51 (Croo)] (G s 01
Sq@i T 5qbi 5qBI 5q(k)J k=ali | 5qi> 5qbi

Camarinha and Goodman: Preprint submitted to Elsevier Page 44 of 49



Connection towers and higher-order Sasaki metrics

and, since
(k=1) ;W j (k) j
5k—] (Ck—a)i _ 5(Ck—a)i +(C )j 5(Ck—a)i
5qb) T 5 =P s qi
and
(ky k=1
I S U
sqli” sqpi |
we conclude that
w0 k=D [ (e-1) w0 (k=1
0 Ok—1 _ Ok—1 —(C )j 0 Ok
Sq@i’ 5qbi Sq@i k=adi 540057 5qPi
_(k—l) (k-1) (k—1) ; () k=D
| bk Ok—1 6p-1 (Cra)i 5 —(C ) o Ok—1
T sq@i T sqbi 5qP1 5qki k=adil sqi” 5qbi
(k) ; (k) ;D ;
_ 6(Ck—a)i +(C )jé(ck—a)i 5k—l (Ck—a)i o
| s =P s q0i 5qB1 5q”
On the other hand, we have
() (k) [ e-1) (k) (k)
5 b 011 i 6 5
-, - | = —(Chee)i———
Sq(a)l 5q(k)l 5q(0’)1 l(Sq(k)J 5q(k)]
[ -1) ® ®) LW
| s 5 | s s
| sq@i C sqki sqki  sqi
(k) —_—
(G s
T sqWi sqki”
Hence,
k) (k) (k=1) o (k=D . (k) ; (k) W
6 o | |0 Cai 5 Gt (o 08 Ce (  SCe| s
5q@i’ §qP) 5qP! 5q(@i k=ali s qha k=P sqta | g0
(k=1) (k=1)
5k—l 5k—1
sq@i T s |

and the result follows immediately.

O
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(k) (k) (k)
Proposition C.6. Let SYWI b the jth-coordinate function of K ,o ll L] , foreach a,f,u = 0,1,... k.

@i (p)! 3@ 50
Then
(k=1) ;=D ; 05) ; (k) i ket
w0 G 8 Cp] | 6C] 5G] DR
(@i () sq1 5q(@i k—a’i sqa i 5q T s (a (@i (N " k—u'a>

foralla,p=0,1,...,k—1.

(k—1) (k 1))

(
PROOF. Note that Tk_l*((sk—_l.)

g Then

(a)l
(k=1) (k=1 (k-1
k—1 n k-1
® S-1 Sk—1 wi © 6 Gl
Kko[ 5q@i > 5qP! ] =’;)S(a)i,(ﬂ)lK i Sqwi ; ZO (@)i, (ﬂ)l(ck ”)

Now, if we combine this equation with Lemma C.5, the result follows. O

PROOF (PROOF OF PROPOSITION 17). Using Proposition C.6, we get
®) 5 5 acy]  aCyy aACy)] € & .

— _ — J .
Ko [6q(k—1)i’ Sqk=DI ] - <6q(k—1)l dgqk=Di OIS aow dgta « 1)’ dgta * Z 2 S ie-in Ce=a )9

and, since S((;:)a])l (ty = O.for w=0.1,....k 1, and (Cl){ do not depend on ¢»?, for 4 > 1, the result is valid

for ¢ = 1 (for all k € N). Now, we suppose that the result is valid for « — 1 (for all k € N) and @ < k — 1. Then,

k g(wa _ k-1 ¢g(pa
S i1y = S —tatyice1y = 0and

(k=1

05 a(c )j 5 (C )j ( )J 0( )J n k-1 '
Kpo|—2— 0 | = =l -~ Ll ()t —(C it ZZS(”)”~ el )9,
SqU—mi” 5qtk=D1 9qU=DI "~ ggtk—ai i gqtoa [ 9qWa (k=a)i (k= 1) wa )%j

a=1 p=0

is still zero, so the result is valid for a. This means that the identity is hereditary in « (up to @« = k — 2). Therefore, we
conclude the result is valid for @ < k — 1. w w
. a a
Finally, for @ = k — 1, and because kS(f)l ey = k- 1S(f)[ ety = 0. for p=0,1,....k — 1, we have
(k 1

®) P 5 AC) 5 (C) aC)), 59 e .
Ko [5q(1)f’5q<k—1>l] =< agk=Dl" g (G agha - 1)’ g o 2, 2 Sihiacn el )9,

a=1 pu=0

. (k=1)
K, 5 (K
“\ ogkr T gqWi 9,

_( 0K KD
- dgtk=11 - agi Jj’

which is zero due to Equation 28. O
kgk=1)j _ k=1gk=1)j )
PROOF (PROOF OF PROPOSITION 18). Due to Lemma 11, we have that S(O) el = S(O), ety = Fil and
ko(Wj —  k=1¢Wj _ — —
S(O)i,(k—l)l = S(O)l k-1l =0,foru=0,1,...,k—2.

On the other hand, using Proposition C.6 and Equations (28)—(29), we get

k o(k=1)j _ ()(Ck){ _ a(Cl)/ ( ) ( l)l _( ) ( k)j +S(k,1)a (C )j
(i, (k=1)1 — dgk=i dqi i dgha 1/ dgha )i, (k=1)1N"1a
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a j 1 a j
=—q"dq’ (V,V,0,) + zq(l) dq’ (V,,V,,0,+ (k= 1)V, V,9,)
1 - k-1 ;
= zq<'>adqf (Vo V4,0, =V, V,0,) + Tq(”“dq’ (Vo,V4,0,=V,V,0,)

~—ja" (R, + = DR).

D. Koszul computations for the k-Sasaki metric

D.1. Metric reductions for the k-Sasaki metric
This appendix contains the general Koszul-formula reductions used in Section 4.

PROOF (PROOF OF LEMMA 22). The result follows from the metric compatibility of the Levi—Civita connection on
M, together with Lemma 4 and the identity

(Z) (;'?
<<Y ﬂ,Z ”>> =5ﬁﬂ<Y’ Z>0Tk.

(k)
Indeed, only the & -lift differentiates functions pulled back from M non-trivially, and so

(k) (k) (k)
XM (QY "0, Z"0)) = 6,08, X(Y, Z)o1,.

Metric compatibility on M gives the stated formula. O

PROOF (PROOF OF LEMMA 23). To prove the first kK — 1 identities, it is enough to show that
105 (k) (k) (k=1) (k=1) (k=1)
(V w Y0, 200, =V 4 Y "o, Z Py, (58)
X h o X h
forall X,Y,Z € X(M)and a,f, u = 0,1, ...,k — 1. This follows by applying the Koszul formula (18), Lemma 22,

k
and the compatibility of the lift brackets under (T)k_l.
For the last identity, let W be k-horizontal. By the Koszul formula, Lemma 22, and the bracket formulas involving

k
@ lifes,
(k) (k)
(VyW,Z%p), =0, Z e X(M).
Thus
(k) (k)
Ko <VWW> =0. 59)

(k) (k)
Polarizing this identity with W = X "« + Y s gives

(k) (k) k) (k) ) (3)
2Kk0 V (k) Yhﬂ = Kko [Xha,Yhﬂ] s
Xha

which proves the claim. O

PROOF (PROOF OF PROPOSITION 24). Let X,Y,Z € X(M). Using the Koszul formula and the bracket identities
k

involving (v)k—lifts, one obtains

* ®  ®
(V @ YUk, Z%) =0, a=1,.... k-1,
Xha
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and

(k) (k) (k) ) (k) (k) k) (k) (k) ) (k) (k)
2V 0 YUK, ZVk) = XY VR, Z 0K + (X0, Y Uk, Z k) = ([X "0, Z VK], Y Uk
Xho

=2<VxY,Z>.

(k)
This gives the k-vertical components. Finally, applying the same formula with Z b, u=0,... k-1, gives

(k) 10 )
(V @ YUr,Z"huy =0,
XYk

which yields the remaining components. |

D.2. Third-order Levi-Civita computations

PROOF (PROOF OF THEOREM 28). The proof is obtained by the same method as Theorem 25. Lemma 23 gives the
3

components involving only # ,-lifts from the third-order bracket formulas in Theorem 16. Proposition 24 gives the

3

(0)3-comp0nents of the derivatives involving one 3-vertical lift. It remains only to compute the lower components of

these latter derivatives.

3 3 ©) (&)
For example, the hj-component of V ) Y 3 is obtained by pairing against Z ho:
Xto
)] (OINCY OINE)) ®
(V o Y7,z = (Y. V o Z")
X "o X "o

= <Y, %R(X, 2u® + é(Vuu)R)(X, Zu® — é(Vua)R)(X, Z)uV
1
(V2 RIX, Zu)
= <éR(u(3), Y)X + é(Vua)R)(u(z), Y)X — é(Vua)R)(u(]), Y)X
1,2 1
+2(V2, R VX, Z> .
Thus
3 6) 1 3 1 ) 1 1 |} 1
7 (Vo0 Y7 ) = SRED DX + =(Vo B, X = 2(V,0 R, DX + 2V, BED, V)X,
Xho

3 & O
The remaining components are obtained analogously by applying the Koszul formula against hy-, i -, h,-, and

3
(0)3-lifts and using the bracket formulas of Section 3. Combining all components gives the theorem. O

E. Geodesic computations

E.1. Third-order geodesic computations

3
PROOF (PROOF OF THEOREM 29). Using Equation (39) and the torsion-free property of V, the covariant acceleration
is

3 . 3 (C) 3) 3) 3) 3)
Vil =V 6 gm0 +2V o (r D) —[gho, (x D))
gho q"o
3 ) ) &2 3 ©) G (©)
+2V o (Y2 —[gho, (¥@)"2] 42V ) (YD) ?s — g0, (¥ D) ¥5]
. h h
qg"o q"o
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3) 3) 3) ) 3) 3) 5 3)
+V o @M 2V 5 @) [y (¥ @) h2)
Yy hy yMyht

(3) ~ | <Z> N (3) . ) (;;) ~
+2V ® (Y( ))vs _ [(Y( )) 1,(Y( ))Uz] +2V @ (Y( ))Us _ [(Y( )) 2,(Y( ))Ua]_
(yyh Y@yha

(3) ® 3) 3
The terms involving V @ (YP)h2 and V 3 (Y3)V3 vanish by Theorem 28. Applying Theorem 28 and the
Y@)h2 ¥Y®)vs3
bracket formulas from Section 3 to the remaining terms gives the four component equations displayed in Theorem 29.

O
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Table 1
Notation used throughout the paper.
Notation Meaning
TOM The k-th order tangent bundle of M, whose elements are k-jets j{(q) of curves g at 0.
7, TOM > M The canonical projection onto the base point, given by rk(j(']‘(q)) = ¢(0).
(k) . . . (k)
7, TOM > TOM The canonical truncation map, given by Ta(j(’)‘(q)) =ji(@), for0 <a < k.
) ) ) ) de i
@O, g™ ..., q®" Induced coordinates on T® M, with ¢@' = %%(0).
al! di*
j*q The k-jet of a curve g, given by 1 = ji(q,), where g,(s) = q(t + s).
J The canonical almost-tangent structure on T® M. In coordinates,
J= _90 Qdq™ + - + ® dgtk-Di
ag(i g :
T™M The Whitney sum of k tangent bundles, i.e. TM := D, TM.
v, The a-vertical bundle, defined as V, = Im(J*) = ker(r,f*"), fora=1,...,k.
(k) (k) (k)
K=(K,,....K,) A connection map on T® M. When compatible with the tower of projections, it is
called a connection tower.
(k) (k)
H, The horizontal bundle ker(K) c TT® M.
(k) (k) (k)
H, The a-th component of the associated multiconnection, defined by H, = J*(H,), for
a=0,....,k—1.
(k) (k) (k) (k)
N, The a-horizontal bundle N,=H,® - ® H,_,.
® w o GENG) (k) )
aw Vg Ny Projection operators onto H,, V,, and N, respectively.
(k)
6 q @t The adapted coframe determined by a connection map, defined such that
(k) (k)
K,=6q% ®0,
(k)
5 ®
_ The adapted frame dual to 64",
5[1(01):
) ®) ] ®
Xhe The h -lift of a vector field X € X(M) to T® M, characterized by K, (X"*) = Xor,

(k)
and K,(X") =0 for f # a.
(k)

®)
XUk The k-vertical lift of X to T® M. This is also denoted by X "+ when treating all lift
components uniformly.

(k) (k) (k)
dy Tulczyjew's operator dy : TOM — TT*DM defined by d;(jtq) = % O(jk’lq)(t).
1=l
(k)
F:TOM - (TM) The diffeomorphism induced by a connection tower which pulls back the vector bundle
structure of (TM)léa to TOM.
\Y The Levi—Civita connection of the Riemannian metric g on M.
R The curvature tensor of V, with the convention:

RX,Y)Z =VyVyZ = VyVyZ = Viyy Z.
(k)

g The k-Sasaki metric on T® M induced by the adapted splitting and the base metric g.
© S . . LW
\% The Levi—Civita connection of the k-Sasaki metric g.
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