GRAPHICAL FREENESS AND COHERENCE FOR LINEAR CATEGORIES

NORIHIRO YAMADA

ABSTRACT. A linear category axiomatises a canonical interplay between linear and nonlin-
ear functions recurring across logic and mathematics. Whilst graphical calculi such as Joyal
and Street’s string diagrams provide complete representations of a broad range of monoidal
structures, to our knowledge, no graphical calculus for linear categories has emerged. A chal-
lenge here is to exactly represent the complex interaction of the comonad with the symmetric
monoidal and the cartesian structures of a linear category by a purely geometric or graph-
theoretic means without quotients or other extra structures. We fill this long-standing gap by
building, from any small category B, a calculus that consists solely of labelled finite graphs
and forms a free linear category over B. It comes with reduction that strongly normalises the
graphs in a confluent way by graph-theoretic operations—copying, splitting and yanking-—not
by orienting categorical axioms. The calculus turns categorical constructs and equations into
finitary geometric calculations, making the equality in the free linear category decidable if so
is that in B. In this way, the calculus is not only a language; it reduces algebra to geometry:
two morphisms in the free linear category are equal if and only if their representatives are the
same labelled graph. It also yields a necessary-and-sufficient coherence criterion for free linear
categories, and as a corollary Kelly and Mac Lane’s criterion for free closed categories.

1. INTRODUCTION

We provide a graphical presentation of a free linear category, reducing the algebraic structure
to the geometry of finite graphs, and use it to prove a coherence theorem for linear categories.

A linear category [Ben94, Bie95, MMDPRO5] is a symmetric monoidal closed category with
finite products together with a comonad that mediates the worlds of linear and nonlinear maps,
i.e. its linear-nonlinear adjunction [Ben94] is monoidal. This structure captures the recurring
situation in mathematics, ranging from analysis and geometry to logic and computation (§1.1),
that linear maps are distinguished, but nonlinear ones are also important and linked canonically
with linear ones. For this ubiquity, linear categories act as a basic framework in various fields.

Graphical calculi [Selll] aim to reduce categorical structures to geometric or graph-theoretic
means. This programme traces back to Eilenberg, Kelly and Mac Lane [EK66, KM71] as well
as Joyal and Street [JS91]. A variety of graphical calculi have been proposed in the literature,
and they completely represent a broad range of monoidal structures [Selll], including weakly
distributive categories [BCST96] and star-autonomous categories [Hugl2], but to our knowledge
not linear categories. The completeness of a representation means that morphisms are equal if
and only if their representatives coincide. Since the birth of linear categories in the early 1990s,
a graphical calculus for a free linear category, especially without quotients or any extra means,
e.g. hierarchies of bozed graphs equipped with rewritings [CS99, Mel06], has been missing. Even
a recent calculus for a free linear category (without finite products) [Has20] is not inherently
geometric or graph-theoretic but categorical and axiomatic as it takes numerous quotients and
rewritings given by orienting categorical axioms. We rather seek a calculus that turns categorical
axioms into more primitive, geometric or graph-theoretic principles as in [EK66, KM71, JS91].
The main challenge here comes from the intricate interplay of the comonad with the symmetric
monoidal and the cartesian structures of a linear category [Bie95, pp. 82-86].
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FIGURE 1. A (simplified) graphical representation of the Seely isomorphisms

We solve this long-standing problem by building, from any small category B, a calculus that
consists solely of labelled finite graphs (whose labels do not contain nontrivial equalities except
those coming from B) and showing that this construction extends to a left adjoint to the forgetful
functor that maps small strict (i.e. with structures chosen) linear categories to their underlying
small categories, i.e. the calculus forms a free strict linear category over B, without quotients or
any extra means. The labels on the graphs are to faithfully represent B, pairing and contraction
in the free strict linear category. The calculus comes with reduction ~~ that strongly normalises
the graphs in a confluent manner by copying, splitting and yanking. All the graphs, including
non-normalised ones, are characterised not inductively but geometrically.

To get a glimpse of our graphical calculus, we recall that every linear category £ contains the
Seely isomorphisms [See89, Bie95]

T30, IX @Y 31X xY)

natural in X,Y € £, where ® and x are the tensor and the cartesian products, respectively, T
and 1 are their respective units,! and ! is the comonad. Assume that £ is the free strict one over
B. Our calculus represents the isomorphisms by the (slightly abbreviated) labelled finite graphs
in Figure 1, where - and I are labels on vertices that separate the domain and the codomain of
the isomorphisms, the thick edges = are concerned with the objects, and the thin ones — with
the isomorphisms, labelled with a morphism y in B if it represents x. The object part consists
of the parse trees of formal free objects, and the morphism part extends Filenberg—Kelly—Mac
Lane graphs [EK66, KM71] with constructs for the finite products and the comonad. We often
omit thick edges when they are evident. Note that the directions of thin edges are opposite to
those of morphisms; they fit certain graph traversals that are central in this work (§2.2).

Our labelled graph is not quotiented but saturated under Trimble rewiring [BCST96, Tri94]
(i.e. we take the union of all the labelled graphs related by Trimble rewiring) to yield the free
linear category without quotients, and crucially the reduction works on the saturated graphs
themselves. For instance, as in every monoidal category, £ has the isomorphism

(1) TeoX 3 X

natural in X € £, and the calculus represents it, its inverse and their composite (or gluing) by the
upper left, the upper right and the lower labelled finite graphs in Figure 2, respectively, where
the new vertex labelled with > links the component graphs, the additional thin edge between
the linked parts is dotted for clarity, and the dashed thin edge is added for the saturation. Our
graphical composition is made of such a gluing of labelled graphs with the saturation, followed by
the reduction. The reduction normalises the last diagram into the one representing the identity
on T ® X in L by yanking the dotted edge and deleting the vertices becoming redundant as in

1Girard [Gir87] swaps the notations for these units.
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F1cURE 3. Normalisation of a saturated composite by yanking

Figure 3, where we omit thick edges and a space between 4 and . By yanking, two edges are
combined into a single one, labelled with the composition oy in B if and only if the component
edges are labelled with morphisms x and ¢ in B, respectively. Crucially, the normalised diagram
would not be the identity without the dashed edge, which illustrates the role of the saturation.
The reduction also normalises the other composite of the isomorphism (1) and its inverse by
splitting elements under the construct > (with respect to thick edges) and yanking as in Figure 4,
where we informally insert parenthesis to indicate where omitted thick edges should occur.
Compared to Eilenberg—Kelly-Mac Lane graphs, a main feature of our graphical calculus is
the construct ! for the comonad, which allows a vertex to have a degree more than one (with
respect to thin edges) as long as the relevant thin edges have different labels, called colours. The
reduction normalises a graph containing such a vertex by copying and yanking as in Figure 5,
where we omit a space between the vertices labelled with ! and X, respectively, represent colours
informally by blue and , and in the last step consolidate multiple steps. Copying before
yanking enables the reduction to always yank a pair of single edges. In the body of this article,
we define a precise notion of colours in such a way that we do not have to take the quotient of
labelled graphs modulo renamings of colours, so that our graphical calculus is quotient-free.
Why does the freeness matter? It is because, by the freeness, our calculus reasons about all
and only equations valid in all linear categories, turning categorical constructs and axioms into
finitary geometric calculations. In addition to this completeness, the freeness also subsumes the
full completeness of the calculus, i.e. each of our labelled graphs corresponds to a morphism in
the formal free linear category, similar to definability in model theory. Our full completeness is
unusually strong: it covers all the labelled graphs, not only normalised ones. By the finitary
nature of the calculus, the equality in the free linear category is decidable if so is the one in B.
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FI1cURE 5. Normalisation by copying and yanking

The calculus also leads to a graphical coherence criterion, which characterises the equality of
canonical or allowable natural transformations for the free linear category, where the allowable
ones are built inductively from identities and coherence natural isomorphisms by constructs of
the free linear category. By restriction, this covers the same coherence for symmetric monoidal
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closed categories too. Roughly, our criterion is the absence of a certain subgraph of the form
(2) C— .

N

in the union of the graphical representatives of two allowable natural transformations, where a
double-head arrow — abbreviates a finite sequence of edges. That is, the two allowable natural
transformations are equal if and only if the union does not contain such a subgraph.

Unlike the sufficient coherence criterion for (symmetric monoidal) closed categories [KM71],
our criterion is necessary and sufficient for the equality of allowable natural transformations.
It further extends to free linear categories and recovers the sufficient criterion as an immediate
corollary. Our criterion (2) is simple and provides a geometric understanding of the coherence,
which stands in contrast to the traditional, proof-theoretic method [Sol97].

Why does the coherence matter? Initiated by Mac Lane [Mac63], coherence in general has
become a basic principle in category theory and led to profound results, e.g. [KM71, BCST96,
Sol97]. Here, coherence means that choices involved in building morphisms, parenthesising tensor
product, inserting/deleting unit, using symmetry, and so forth, do not create ambiguity. It thus
justifies the usual practice of suppressing associators, unitors and so forth. Hence, the coherence
on linear categories allows them to act as a robust framework for the interplay between linear
and nonlinear maps. Since the interplay abounds, it has significance beyond category theory.

1.1. Background and motivation. A linear-nonlinear adjunction [Ben94|
C 1 M

between a symmetric monoidal (or linear) category M and a cartesian (or nonlinear) category
C abounds in logic and mathematics. Its examples include the adjunction between the cartesian
category of sets and the symmetric monoidal category of vector spaces [ML13, VZ14].

Of our particular interest is a symmetric monoidal closed category £ with finite products
together with a comonad ! on £, called exponential, such that the linear-nonlinear adjunction

(3) L 1 L

between £ and the associated (cartesian closed [BBDPH93|) coKleisli category £ is monoidal.
Such categories, known as linear categories (originally called new Seely categories [Bie95]), con-
stitute categorical semantics of intuitionistic linear logic [Bie95, MMDPRO5]. A linear category
is said to be pointed if it has a distinguished object, called bottom.? A (pointed) linear category
is said to be strict if it comes with chosen finite products and closure (or internal hom).

Recall that every linear category £ = (£, T,®,!) induces the Seely isomorphisms

=T, (X xY)2IX RV

2There is no axiom for the bottom L of a pointed linear category to satisfy. One can think of it as the
distinguished element in a pointed set or a pointed topological space.
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natural in X,Y € £, and the exponential ! gives rise to a symmetric monoidal comonad. In the
sense of the isomorphisms, the exponential mediates the symmetric monoidal and the cartesian
structures of £. The isomorphisms illustrate a delicate interaction of the exponential with the
symmetric monoidal and the cartesian structures. The subtlety of the interaction is illustrated
furthermore by the commutativity of a number of diagrams in [Bie95, pp. 82-86].

Linear categories and their variants are found not only in logic but also in many other ar-
eas of mathematics, e.g. analysis and differential geometry [BCS06, BCLS20, FGH26], algebraic
geometry [Mel22], topology and functional analysis [BPS94, KKR96, Gir99], foundations of math-
ematics and quantum computation [SS23, Ril22], computability and computational complexity
[Gir98, Laf04, DJ03, Hof03, BG20]. Concretely, examples of a linear category include the cate-
gory of modules over a commutative ring, that of sheaves of modules over a commutative ringed
space, that of unbounded chain complexes of modules and that of representations of a discrete
group (§4). For this ubiquity of linear categories, their canonical way to connect the worlds of
linear and nonlinear maps, where one pays special attention to linear maps without losing the
generality of nonlinear maps (e.g. as in functional analysis), is of broad interest.

On the other hand, graphical tools are effective for equational reasoning, and they were infor-
mally used by mathematicians and physicists [P*71, Pen71]. This custom changed when Joyal
and Street [JS91] established a mathematical ground for the graphical means; since then a va-
riety of graphical yet rigorous calculi, called string diagrams, have been designed for a family
of monoidal structures [Selll] and widely used in mathematics and beyond [BS10]. In standard
string diagrams, objects are represented by labelled wires, unit by the empty wire, morphisms by
labelled boxes, identity morphisms by the trivial box, composition by sequential concatenation,
and tensor product by parallel juxtaposition. For instance, the equality

A B A B
C E] D C E] D

between string diagrams models the equation

idr® (foida)® (idpog) = (idgo f) ® (goide) ®idT

valid in any strict monoidal category. Note that these traditional string diagrams work only for
strict monoidal structures due to its representation of unit and tensor product.

Another origin of graphical methods is linear logic [Gir87]. Standard tools in proof theory
[Gen35, TS00] or type theory [Chud0, GTL89] are not ideal for linear logic; they have superfluous
syntactic details. For instance, a A-calculus for intuitionistic linear logic needs seventy intricate
formal rewritings, called commuting conversions, to equate inessentially different A-terms [Bie94,
Figures 3.7-3.11]. Yet, this method only takes a quotient of A-terms modulo inessential details;
it does not solve the problem of establishing an ideal representation of linear logic (or linear
categories) or capturing equality between proofs (or morphisms) in a mathematically clarifying
fashion.®> To solve this bureaucracy of syntax [Gir89], Girard [Gir87] invented proof nets, which
can be seen as an extension of string diagrams to more than one tensor product [Selll, §4.9].

However, these graphical methods have limitations. For instance, recall that standard string
diagrams represent strict monoidal structures; they cover weak monoidal structures only via

3Girard et al. [GTLS89, §10.1] describe the same problem on natural deduction systems as follows: “The true
deductions are nothing more than equivalence classes of deductions modulo commutation rules.”
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coherence.* They also need to quotient graphs for monoidal closed categories (i.e. the categorical
axioms are not captured by a purely geometric means) as in Alvarez-Picallo et al. [APGSZ22].

Another obstacle is unit T: much of the study of coherence on symmetric monoidal closed
categories has been devoted to unit [KM71, Sol91, Sol97, MS07].> The past graphical methods
[Tri94, BCST96, KO99, LS06, Hugl2] that admit unit take quotients of graphs, losing a canon-
ical representation of morphisms. Due to the Seely isomorphism T 22 !1, equality of morphisms
related to exponential is at least as complex as equality concerned with unit. Besides, the expo-
nential of a linear category interacts with the symmetric monoidal and the cartesian structures
in a subtle way, making it substantially harder to realise a graphical calculus for linear categories
than symmetric monoidal closed categories, especially without quotients or any extrinsic means
such as hierarchies of bozed graphs equipped with rewritings [CS99, Mel06].

Similarly, proof nets have been mostly on fragments of linear logic (or linear categories), and
Hughes [Hug06, p. 1070] regards them as overly syntactic because they have labels for not only
logical constants or connectives but also logical rules in a sequent calculus.

As a result, to our knowledge, a graphical calculus for linear categories has been missing since
the birth of linear categories, string diagrams or proof nets, while a variety of graphical calculi
have been established in their extensive literature. We aim to solve this long-standing problem
and extend the beautiful interplay between algebra and geometry to linear categories.

1.2. Main results. To this end, we build, from a given small category B, a calculus, called the

{p-calculus, that consists solely of labelled finite graphs, called ¢g-nets, together with reduction,

called ¢z-reduction, that copies, splits and yanks £z-nets. An {g-net is said to be normalised if

it is fully reduced. We state our main results informally below and precisely in later sections.
First, {g-reduction enjoys confluence and strong normalisation, therefore:

Theorem 1.2.1. Every {g-net between a pair of objects is {g-reduced to a unique normalised
one between the same pair of objects within a finite number of steps.

We may extend the ¢z-calculus with bottom L as in [TRO92, §2.5].5 The extension is called
the ¢%-calculus, and the theorem holds for the extension of ¢s-reduction, called £}-reduction.

Let the superscript (-)° range over the one (-)® and no superscript (-). For instance, the £5-
calculus ranges over the ¢j-calculus and the ¢p-calculus. We drop the subscript (-)g when B is
the empty category. Let s(p)LCat be the category of small strict (pointed) linear categories and
functors strictly preserving the structure of (pointed) linear categories, and U : s(p)LCat — Cat
the forgetful functor that maps a small strict (pointed) linear category to its underlying small
category. Without the strictness, the next freeness would hold only in a 2-categorical sense.

Theorem 1.2.2. The ($-calculus forms a free strict (pointed) linear category C1(£3) over B
without quotients or any other extra means, whose objects are the parse trees of formal free
objects, and morphisms are normalised {g-nets. Moreover, the construction B — CNI(K%) extends
to a left adjoint to the forgetful functor U, i.e. the isomorphism

s(p)LCat(Cl(£y), £) = Cat(B,UL)
holds naturally in B € Cat and L € s(p)LCat. In particular, C1(£°) is initial in s(p)LCat.

Since a free strict (pointed) linear category over B is unique up to isomorphisms, the two
theorems, combined with the finitary nature of £3-nets, imply:

40ne may argue that this limitation is irrelevant because every (weak) monoidal category is equivalent to a
strict one by MacLane’s coherence theorem [ML13, §7]. However, the traditional string diagrams cannot be used
for proving the coherence itself. Our aim is to establish a graphical method that overcomes this limitation.

5For instance, Méhats and Soloviev [MS07, p. 129] say that unit makes symmetric monoidal closed categories
(presented as deductive systems) surprisingly complex with respect to equivalence of derivations.

6Troelstra instead writes 0 for bottom and calls it zero (which we do not follow).
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Corollary 1.2.3. Given morphisms f,f' : A = B in any free strict (pointed) linear category
over B, it is decidable whether f and f' are equal provided that this decidability holds for B.

The freeness of Theorem 1.2.2 includes the full completeness: each hom-set in Cl(£3) is iso-
morphic to the corresponding hom-set in the formal free strict (pointed) linear category over B.
Notably, this full completeness extends from normalised ¢3-nets to arbitrary ones:

Theorem 1.2.4. Every {z-net can be freely generated from morphisms in B by the standard
inductive constructions used in the definition of the formal free strict (pointed) linear category.

We finally illustrate an application of our graphical approach to category theory by:

Corollary 1.2.5. Two allowable natural transformations between functors into any free linear
(respectively, symmetric monoidal closed) category coincide if and only if they satisfy the graphical
criterion (2), from which the sufficient coherence criterion [KMT71, Theorem 2.4] follows.

1.3. Our contributions and related work. Our first contribution is to provide a graphical
calculus for a free (pointed) linear category, whose reduction is strongly normalising and conflu-
ent. Its technical significance is the freeness/initiality, which precisely captures equality between
morphisms in any (pointed) linear category not axiomatically but purely graph-theoretically,
viz. by equality between labelled finite graphs, without quotients or any other means. In this
sense, we not only present a graphical language but also reduce algebra to geometry, furnishing
a geometric understanding of (pointed) linear categories and a graphical tool for them. A main
innovation behind this result is the novel concept of valid paths/sequences (§2.2).

The effectivity of this tool is illustrated by our second contribution: a graphical characteri-
sation of coherence on free linear categories. Our characterisation and its proof are simple, and
the proof provides a geometric explanation for the coherence. In contrast, the previous method
[Sol97] has to handle a number of formal details such as permutations of logical rules in deriva-
tions. Our coherence result advances the study of linear categories, and it is important for them
to serve as a robust framework for the interplay between linear and nonlinear maps.

Mac Lane’s celebrated coherence theorem for monoidal categories [Mac63] initiated the pro-
gramme to reduce an infinite set of categorical equations to finitary combinatorial or graphical
criteria. Kelly and Mac Lane [KM71] along with Eilenberg and Kelly [EK66] extended the pro-
gramme to symmetric monoidal closed categories. They observed that, unlike Mac Lane’s result,
coherence on symmetric monoidal closed categories does not hold unconditionally, and instead
established a sufficient criterion for the coherence through Filenberg—Kelly-Mac Lane graphs
[EK66, KM71]. This classic result was the beginning of the extensive literature on the coherence
and related issues. Our graphical calculus can be seen as an extension of Eilenberg—Kelly-Mac
Lane graphs, and our coherence theorem as part of Mac Lane’s programme.

Voreadou [Vor77] tried to strengthen the sufficient criterion into a necessary-and-sufficient
one, but one of her lemmata was false [Sol97]. Yet, based on her idea, Soloviev [Sol97] estab-
lished a necessary-and-sufficient criterion in terms of Gentzen’s sequent calculus [Gen35]. Such a
proof-theoretic method has been used extensively for coherence problems in the literature, e.g.
[BCSTI6, Sol91]. We instead employ a graphical method and provide a geometric proof.

Our graphical realisation of unit and weakening is based on the game-semantic presentation
of a free symmetric monoidal closed category [MOO03]. Specifically, we require, for the freeness
theorem, that every (%-net is saturated under an equivalence relation based on [MOO03, Defini-
tion 42], which is a game-semantic counterpart of Trimble rewiring [BCST96, Tri94]. A point is
that £3-reduction respects this saturation and thus well-defined on f-nets themselves.

Hughes [Hugl2] extended Eilenberg—Kelly-Mac Lane graphs to a graphical presentation of a
free star-autonomous category over a small category B [Bar06]. Through this presentation, he
proved, as a main result, the decidability of equality of morphisms in the free star-autonomous
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category when the decidability holds for B. While three different graphical presentations of a
free star-autonomous category were already given before, his method enjoys a particularly simple
composition of morphisms, viz. the path composition, as in Eilenberg-Kelly-Mac Lane graphs
and our calculus. Sharing almost the same lineage, the symmetric monoidal closed part of our
graphical calculus and his graphical presentation are similar, except that only the latter quotients
graphs under Trimble rewiring. A main difference between the two is that our calculus captures
the complex interaction of exponential with symmetric monoidal and cartesian structures, and
for this task we utilise some novel concepts, including the valid paths/sequences.

Essential nets [Lam08| constitute the first graphical calculus for the unit-free fragment of
intuitionistic linear logic. Even for that fragment, essential nets and ¢g-nets are different. For
instance, essential nets use not only labels for logical constants or connectives but also those for
logical rules, e.g. weakening and contraction (so they are overly syntactic (§1.1)), while ¢z-nets
do not employ the latter labels. We are not aware of a categorical study of essential nets.

Reader and Di Giorgio [RDG26] presented a graphical calculus for a free (in a 2-categorical
sense) strict symmetric monoidal closed category. Their morphisms are string diagrams quo-
tiented by formal equations. Another graphical calculus for monoidal categories by Wilson et al.
[WGZ24] is given formally via generators and relations on string diagrams. We note that even
these modern graphical calculi rely on formal quotients.

Last but not least, Fiore et al. [FGH26]" recently introduced a bicategorical account of linear
categories, which, unlike ordinary 1-categorical models, admits non-normalised morphisms (as
1-cells) and reduction (as 2-cells). We conjecture that our graphical calculus gives rise to this
bicategorical structure, in particular a free one in a suitable sense, and leave it as future work.

1.4. Article structure. We first provide an informal explanation of the £-calculus in §2. We
next present its precise definition and show its basic properties in §3. We then prove that the
£%-calculus forms a free strict (pointed) linear category over B in §4, and finally illustrate an
application of this graphical tool by the graphical coherence theorem in §5.

2. OVERVIEW OF MAIN INGREDIENTS

In this section, we overview main ingredients of the present work. Their precise definitions
begin in the next section, while the present section focuses on their main ideas.

Throughout this and the next three sections, we fix an arbitrary small category B. We first
explain components of the £x-calculus in §2.1, including pre-€-nets that act as ‘raw’ morphisms.
We then sketch how to carve out, in a non-inductive, quotient-free fashion, the pre-fz-nets that
serve as morphisms in a free (pointed) linear category (jl(ﬁ%) over B, called {j-nets, in §2.2. In
this task, valid paths/sequences in a pre-¢g-net play central roles by determining if a pre-£§-
net represents a morphism, i.e. if it is correct, and if two such pre-¢j-nets represent the same
morphism, i.e. if they have the same prime form up to an extension = of Trimble rewiring. The
extension is nontrivial due to exponential !; see Examples 3.2.38-3.2.39 in a later section. To be
accurate, an {z-net is a pre-fz-net that is the saturation of correct pre-fz-nets in prime form
with respect to ~. In this way, the novel concepts of valid paths/sequences solve subtle issues
and enable £%-nets to constitute the free (pointed) linear category. Table 1 lists the ingredients.

Notation. We employ the following notations:
e Let N be the set of all natural numbers, and N, := N\ {0};
e Arbitrarily fix a countably infinite set V of variables (which are any elements), together
with a distinguished variable vy € V;
e Let pr(X) be the set of all finite subsets of a set X;

"This work has been accepted for publication in Journal of the European Mathematical Society.
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Concept Pre-{3-nets Valid paths/sequences Correctness Prime form
Intuition Raw graphs Legal traces/traversals Criterion for free generation Canonical form
Role Raw morphisms Essence of pre-£3-nets Non-inductive filter Representative

TABLE 1. Main ingredients of the present work

o Let Col := pe(V x Ny x V), and its elements are called colours;

o Let 0:=Pandm:={1,2,...,n} (n € N,);

e Let Obj(B) and Mor(B) respectively be the sets of all objects and morphisms in B, where,
by suitably choosing symbols T, 1 and L, assume that Obj(B) is disjoint from {T,1, L}.

2.1. Ingredients. Objects or £-trees in the free (pointed) linear category C~1(€%) are parse trees
freely generated from objects in B,* and morphisms or £g-nets are finite graphs labelled with
morphisms in B, variables, colours and integers. Composition is made of gluing, saturation and
£3-reduction; the first two have been illustrated in Figure 2, and the last in Figure 3-5.

More concretely, an £g-tree is the parse tree of an object in the formal free (pointed) linear
category over B. To be precise, an {}-tree is the parse tree, written &', of an expression T,
called an £%-type, defined by the grammar (in Backus-Naur form [Bacb9])

T:= X[v] | T[U] | l[v] | J—[v] | TT | T x T | T — T | '[U]T (X € Obj(B),v e V),

where the construct #,) (# € {X, T,1, 1,!}) is interpreted as a vertex v, called an end, labelled
with #, and the one & € {®, X, —o} as an anonymous vertex, not an end, labelled with &. An
{-type is an {p-type free from the symbol L, and an ¢3-tree is the parse tree of an /3-type. In
general, a vertex (or end) labelled with a symbol ¢ is called a {-vertez (or {-end).

To define pre-fj-nets, we first introduce what enables us to glue them together, or £3-ports.
An (%-port is the parse tree &M of an expression M, called an £%-cut, defined by

M:=Ty|TeT| MM |MxM |l|y,M (veV),

where > is an arbitrarily fixed symbol to label vertices that glue pre-f3-nets together, and the
£yx-types T and T in the construct 7> T are required to coincide up to renamings of ends. An
{p-cut is an £%-cut free from L, and an {g-port is the parse tree of an {z-cut.

We then combine £j-trees and £3-ports into an ambient structure for a pre-f3-net, called an
l%-diagram, in which an edge is represented by a thick arrow =. As a compact notation for an
{3-diagram, we define an £-sequent to be an expression of the form

(4) T17T23"'aT7L_|M17M23"'7M7n}_Ta

where - and + are arbitrarily fixed symbols, and it is called an ¢z-sequent if it is free from L.
It denotes the rooted tree in Figure 6, obtained from the {j-trees &1, &8T5, ..., &T;,, T and
the £3z-ports &M, &Ms, ..., BM,, by the addition of the two anonymous vertices labelled with
-1 and F, respectively, and the thick edges, each of which points to the root of a subtree. Then,
an {i-diagram is such a rooted tree represented by an {j-sequent, and it is called an {z-diagram
if it is represented by an ¢p-sequent. For example, the {g-diagrams in Figure 7 are the precise
versions of those in Figure 2, represented respectively by the {z-sequents

T @ X[z 3= Xy Xpz) A Ty @ Xpu) Ti) ® Xz 3 Xy > Xz - T @ X

8Strictly speaking, the objects are slightly different parse trees (given in Definition 4.1.12) for adopting the
strict equality between (labelled) graphs, not graph isomorphisms, but the difference does not matter for now.
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/ 4\
o - /@(T’“) oM

&(My) & (M) & (M)

FIGURE 6. An {j-diagram

T == ® == X[y 4=+ = X, X, &—d=—1F T == @ = X

T &=— @ = X[ — X[y &=—b>=— X|; = \\i_]/’ [w]

FIGURE 7. Gluing of ¢j-diagrams

In §3, £%-trees, {g-ports and (3-diagrams are defined non-inductively without recourse to £3-
types, {p-cuts or {j-sequents; the latter three act as compact formal notations for the former
three. For adopting the strict equality between these (labelled) graphs, not graph isomorphisms,
we arbitrarily assign canonical vertices to each fj-tree, {z-port or £z-diagram. When we glue
{3-trees, {g-ports or £-diagrams together, we suitably rename vertices so that they are pairwise
distinct, and after the gluing we rename the vertices into the canonical ones.

We now define a pre-€-net (respectively, a pre-fg-net) to be the union, written v :: &, of an
ly-diagram (respectively, an ¢-diagram) & and a labeled finite acyclic directed graph v, called
a B-realiser, whose vertices are exactly ends of &, and edges or B-arcs are labelled as either

u%v, u%ﬁ)v (u,v € V,k € pr(V), e € pe(Col x V)i € Ny, x € Mor(B)),
where edges of & are often omitted when we draw t :: & since they are evident. Let u M v

(@)
range over the two forms of a B-arc. The three labels (x|, |¢) and (i) are respectively omitted
when k =0, e = () and ¢ = 1. We write (z1, o, ..., z,]| for (k| if & = {2;},, and similarly for e.

The label y, said to be arrowy, is to embed B into Gl((%). For example, given a morphism
X : X = Y in B, the last step in the calculation of the composition

ToX x5y

in Cl(@‘g) is as in Figure 8, where the direction of x is reversed (to fit valid paths/sequences
introduced below), and the B-arc between vertices of the subtree of & rooted at > is dotted.
Recall that a B-arc yielded by yanking is labelled with the composition o x in B if and only if
the component undotted B-arcs are labelled with morphisms y and ( in B, respectively.

The label (x|, said to be cartesian, is to distinguish between morphisms containing the pairing
C' — Ax B of morphisms C' — A and C' — B in C1(¢3). For this, roughly, # records the sides (i.e.
left or right) of certain x-vertices to which the B-arc labelled with (x| belongs. For instance, the
pre-{g-nets in Figure 9 (which are also {-nets) would coincide without cartesian labels, where
instead of thick edges we informally add parentheses to the {j-diagrams for readability.
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ich X
/\ X /—\
Thu) ® Xla] - X o] > X[uw] i Yiu)

Thu) ® X(a] s Yiu)

FIGURE 8. {jx-reduction for graphical composition

(ul (u]
/\ /\
(L) x L (L fa) —o L) s L) x Liay

(L) X L (Lfa) —o L) 4+ L fu) x Lray

FIGURE 9. Pre-f3-nets distinguished by cartesian labels

I({alv},d),({e15},e)) I({a1v},d))
"[e] (L1y) x Lig1), 'ta) (Lia] — Ly L ® Lia)

I({u1v},d),({@1v},e) ‘M>

|({u1v},4),({10} e)) Iatv},d))

ey (Ly) x Ligns Yfa) (L fa) —o L) Ly ® L

I({a1v},d),({z1y},e)) ‘M>

FIGURE 10. Pre-fz-nets distinguished by exponential labels

The label |e), said to be exponential, is to distinguish between morphisms including the con-
traction !D — C' of a morphism !D ® !D — C' in C1(£%), where a pair (c, ) € e signifies a colour
c on an l-vertex e (e.g. e corresponds to the outermost ! in !D in the present case) assigned to
the B-arc labelled with |€). The contraction !D — C' yields a partition of B-arcs on !D, due to
the identification of the two copies of !D in !D ® !D — C', and colours encode such a partition:
if a B-arc a is labelled with |e) such that (c,e) € € and uiv € ¢, then every B-arc of the form

U x") ((K) ") v
K3
is classified into the same group with a in the partition with respect to e. For example, the
pre-{x-nets in Figure 10 (which are also £g-nets) would coincide without exponential labels.
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The last label (7), said to be identifier, is to distinguish between different copies of the same
B-arc (n.b. the same without the identifier label). For instance, the B-arcs

o duivke)) 0,
(4)
where ¢ ranges over the finite set m for some fixed n € N, of the pre-f%-net in Example 3.2.3
(which is also an £g-net) would be all identified without identifier labels.
The distinctions between B-arcs made by labels, as illustrated above, are necessary for our
graphical calculus to form a free (pointed) linear category over B.

2.2. Correctness and prime form. There remain two technical problems:

(1) At this point, the free generation of pre-fg-nets over B (i.e. which ones represent mor-
phisms in a free (pointed) linear category over B) is defined only inductively;

(2) The equality between pre-£g-nets (even modulo ¢%-reduction) does not match the equal-
ity between morphisms in the free (pointed) linear category, as illustrated below.

We solve these problems by focusing on a class of pre-f-nets, or £3-nets, defined geometrically

and non-inductively in terms of valid paths/sequences in pre-¢g-nets. For brevity, we sketch a

simplified account of valid paths/sequences below, leaving their full details to later sections.
First, a valid path in a pre-fz-net v :: & is a finite path

Calmlen), | Galelen), G,

in v satisfying certain axioms, to some of which labels of B-arcs are relevant. The finite sequence
VU1 ... Up,

labelled (or paired) with the composition xj 0 x20- -0 X, in B if and only if all the arrowy labels
X; exist, is said to be wvalid. Instead of giving the general definition of valid paths or sequences,
we illustrate them with an example: maximal valid sequences in the first pre-{3-net in Figure 9
are wvxry and tvzy, both unlabelled, whose underlying valid paths are
(ul (ul . (4] (al .
U— V=T —> Y, U—v—x—7,
respectively; similarly, those of the second are uvzgy and tvzy, both unlabelled.

Let us then define correctness of a pre-f-net via valid sequences, which characterises if it is
freely generated (up to prime form introduced below). To this end, we employ two operations
on pre-{g-nets: slicing and shredding. We will see that the characterisation fails without slicing
or shredding. We divide a pre-f3-net into its slices, which corresponds to the reverse of pairing.
This idea is due to Girard [Gir87, §IV.6]. We also reverse contraction by copying subgraphs
rooted at !-ends, similarly to ¢%-reduction in Figure 5, turning a pre-£j-net into its shreddings.

Leaving the general definitions of slicing and shredding to later sections, we illustrate them
with examples here. For instance, the first pre-f-net in Figure 9 has the two slices

(L x L) L — Lpp) A Ly Ly x L) L — L) A0 L

N~ N~

while the second has those

N v O\ T VRN
L x L) L — Lpp) A= Ly (L x L) L — Lp) A+ L
~__
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v\ VS VRS
Y, (Vg — X@) = Xg Yy = Yig)y X A0 X
K~ K~

FIGURE 11. (In)correctness of pre-£g-nets

(ul (ul (ul

v N kT PR VN N PR
L L — Lpp) W L x L L L — Lpp) - L x L
X_

(| (| (|
FIGURE 12. Standardisation of cartesian labels

As another example, the first pre-¢-net in Figure 10 has the shredding
|({@10},d),({#12},e) I({a10},d))

g (L x L) g (L — 0 Lp)  © g (L — L) A L ®@ 0 L

I(utv},d), ({z1y},e)) [({uto},d)
where ![cﬂ(J-[i] —o Lj7)) is an arbitrary copy of !jg (L) — L[y)), while the second has the one
[({a19},d),({#12},e)) [({a15},d))

g (L~ % L) g (L — 0 Lp)  © g (L — Le) Al ®@ 0 L

[({ulv},d),({=z1y},e)) [({ulv},d))

A pre-£%-net is said to be sliced if all its slices coincide with itself, and shredded if all its shreddings
with itself. Slicing and shredding are idempotent: slices are sliced, and shreddings are shredded.

Then, a pre-fz-net is said to be correct if any shredding of any slice of it satisfies certain
axioms defined in terms of their valid sequences, including the axiom that requires, with certain
exceptions, every end of the {j-diagram to occur in some valid sequence in the pre-fj-net. For
instance, consider the pre-fz-nets in Figure 11, which are both sliced and expanded. The left
one is correct and has the maximal valid sequence Zzgy that contains all the ends. In contrast,
the right one is incorrect as it has only the maximal valid sequence Zx, which does not contain
the end ¢ or y. We will see that the left one is freely generated, while the right one is not.

Next, to fix the equality between correct pre-fj-nets, we focus on those in prime form. The
idea is to see valid sequences in a pre-fx-net as its essence, identify correct pre-f3-nets if they
have the same set of valid sequences, and among them focus on a prime representative, which is
necessarily unique. Roughly, a correct pre-fz-net is said to be in prime form if

(1) Tts vertices and identifier labels are canonically chosen ones;

(2) Its cartesian labels contain exactly the variables relevant to its valid sequences;

(3) Its exponential labels partition relevant B-arcs;

(4) No smaller (with respect to the sum of the number B-arcs and the cardinalities of sets in
cartesian and exponential labels) correct pre-¢j-net has the same set of valid sequences.

The first axiom is merely to identify correct pre-¢3-nets in prime form on the nose, not up to
(labelled) graph isomorphisms, since our aim is to establish a quotient-free graphical calculus.

The second axiom is to standardise cartesian labels. For instance, consider the pre-fx-nets in
Figure 12, which are both correct. They must be equal since otherwise they would not form a
(pointed) linear category; however, they are not. Meanwhile, the two share the same set of valid
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v\ VS
Ly (L — L) AE 1 Ly (L — L) AE 1
<~ —

F1GURE 13. Non-redundancy in prime form

sequences, whose maximal elements are uvzy and dvzy. As the ends u and @ are relevant to the
respective valid sequences in a sense made precise later, only the left one satisfies the axiom.

The last axiom is illustrated by the pre-¢-nets in Figure 13, which are both correct, where the
1-ends make an exception that no ends have to be in a valid sequence. Both of the pre-{g-nets
have only the empty valid sequence. Since an 1-end represents a terminal object, the pre-f-nets
must be equal, but they are not. Then, only the right one satisfies the second axiom (where the
remaining B-arc z — x cannot be removed for a reason clarified later).

Finally, an ¢3-net is the saturation of a correct pre-fz-net in prime form with respect to an
extension & of Trimble rewiring. The necessity of this ~-saturation, along with composition, has
been illustrated in Figures 2-3. As we will see, {j-nets fully and faithfully represent morphisms
in the formal free (pointed) linear category over B, solving the two problems posed above.

3. A GRAPHICAL CALCULUS FOR FREE LINEAR CATEGORIES

In this section, we present the precise definition of our graphical calculus built from B. We
define its objects and raw morphisms in §3.1, morphisms in §3.2, and reduction in §3.3.

Notation. We henceforth employ the following notations:

e Given a finite set 9, let |S| € N denote the cardinality of S;
e Given a (binary) relation R, let R* denote its reflexive, transitive closure, i.e.

R" .= {(xgp,xn) | Vi €M (x5_1,2;) € R} (n€N), R = U R";
neN

e Bold letters, s,t,u, etc., represent finite sequences, except that the Greek letter ¢ the
empty sequence, and ordinary letters, a, b, z, etc., elements of finite sequences;

e We also write z125 ... 7|4 for a finite sequence s = (z1,22,...,75) = (xl)lill, where |s|
is the length of s,° and define s(i) := x; and s := {s(i) | i € [s]};

e For a set S of finite sequences, let SO C S (respectively, SEve» C S) be the set of all
odd-length (respectively, even-length) elements of S, respectively;

e The concatenation of finite sequences s and t is represented by their juxtaposition st,
also written s.t, and a concatenation of the form wu(c)v is abbreviated as ucwv.

3.1. Graphical objects and raw morphisms. We begin with objects and raw morphisms of
our graphical calculus. Our graphs are directed; some of them have labels. Vertices with a label
& are called #-vertices. For a graph &, let Vg and Eg respectively denote the sets of all vertices
and edges of &. For an edge a, let src(a) and tgt(a) respectively denote the source and the target
of a. For a rooted tree ¥ and its vertex v, let TV be the subtree of ¥ rooted at v.

We first define the graphical objects:

Definition 3.1.1 (¢j-trees). An {%-tree is a finite rooted tree, in which vertices are pairwise

distinct variables, such that

(1) Each of its leaves is labelled with an element of the set Obj(B) U {T,1, L};
(2) Each of its non-leaf vertices satisfies either of the following:

9This notation |-| is the same as the one for the cardinality of a finite set defined above, but in practice this
overloading of notation does not bring confusion.
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4
o ‘/ iﬂn\ Fe—=x
o, imz/ fmﬂm
FIGURE 14. A graphical representation of an ¢j-diagram

(a) It is labelled with the symbol ®, x or —o and has two children, distinguished as the
left and the right ones, respectively;
(b) Tt is labelled with the symbol ! and has one child,

and an {p-tree is an {j-tree in which no vertex has the label L.

As already illustrated in previous sections, we also need a graphical construct that glues two
graphical (raw) morphisms together:

Definition 3.1.2 ({j-ports). An {j-port is a finite rooted tree, whose vertices are pairwise
distinct variables, such that each of its vertices satisfies one of the following:

(1) It is labelled with the symbol T and has no children;

(2) It is labelled with the symbol ® or x and has two children, distinguished as the left and
the right ones, respectively;

(3) Tt is labelled with the symbol ! and has one child;

(4) Tt is labelled with the symbol > and has two children, distinguished as the left and the
right ones, respectively, such that the two subtrees rooted at the respective children are
isomorphic ¢j-trees, where the graph isomorphism preserves labels on vertices, and a
pair of isomorphic vertices are called mates to each other,

and an {p-port is an {j-port in which no vertex has the label L.

We then combine these two classes of vertex-labelled finite rooted trees into one that serves
as an ambient structure for the graphical raw morphisms:

Definition 3.1.3 (¢j-diagrams). An {}-diagram is a finite rooted tree, written
(5) T, %9, .., % A0, My, ..., M, E T

obtained from ¢%-trees T1,%,...,%,, T and {g-ports My, Ms, ..., M, (n,m € N) by the addi-
tion of two vertices labelled with arbitrarily fixed symbols - and F, respectively, an edge from
the 4-vertex to the root of each ¥;, an edge from the 4-vertex to the F-vertex, an edge from the
F-vertex to the root of each 9M; and an edge from the F-vertex to the root of ¥, together with
the orders T; < Ty < --- < T, and My < My < -+ - < M,,,, and an I-diagram is an {-diagram
in which no vertex has the label L.

The (-diagram (5) is drawn as in Figure 14, where an edge is represented by the thick arrow
= to be distinguished from other classes of edges given later, and the left and the right children
of a vertex, if any, is placed on the left- and the right-hand sides, respectively. The subtrees

/ I / f f
Tl Tz En ml mz tee m?n

PPN T

are respectively called the domain, the centre and the codomain of the {j-diagram (5), and their
immediate rooted subtrees—%;, M, and T (i € m and j € m)-their respective factors.
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Let ¥ be a rooted subtree of an ¢j-diagram &. A vertex of ¥ is called an end if it is a leaf or
labelled with !. Let Ends be the set of all ends of €. An end with a label <} is called a <{>-end.
A vertex of T is said to be turning if it is labelled with —o, >, 4 or -, and joker if with T or .

We shall define valid paths and sequences in labelled finite graphs, for which the following
auxiliary concepts are used. An end v € Endg is said to be negative in T if #<(v) < 0, where

(6) #s(v) = (—1)"*

is called the parity of v in ¥, and n the number of turning vertices in the path from the root of
% to v in T whose left children occur in the path, positive in T if #<(v) > 0, and initial in ¥ if
n = 0. Note that every initial vertex is negative. In addition, T is said to be negative, positive
and initial in &, respectively, if so is the root of ¥ in &. Let

Endz, Endf, End¥, End?®, End; C Ends

denote the set of all negative, positive, initial, joker and !-ends of ¥, respectively. Another end
u € Vg is said to justify v in ¥ if v and u are initial in the subtrees of ¥ rooted respectively at
the left and the right children of some turning vertex of ¥.

Example 3.1.4. In the last {j-diagram in Figure 7, v and w are initial, v,  and 2z are positive,
and y, v and w are negative. The positive ends are justified by v and w, and y by z.

For convenience, we next introduce a formal notation for £-trees, called £3-types, which are
divided into negative and positive ones in a way that they match the division of £3-trees:

Definition 3.1.5 (¢}-types). A negative and a positive {%-types are the expressions N and P,
respectively, defined by the mutual recursion

N =X | T [ 1p) | L) IN@N' | Nyxo N' | P — N | I[N,
P = X[,U] | T o] | i | Ly | PP |Px P'|N—P| ![U]P (X e Obj(B),v,vl ev),

where v = w if N in Ny X N"is Xpy), Tiups 1)y L) or N, o' =o' if N"in Nyx o N" is X[y,
Tru)s Ljurpy Ly or )N, variables in N or P are pairwise distinct, and bracketed variables are
called ends. An {j-type is a negative or positive {j-type, and said to be atomic if it is of the
form Xy, T, 1jo) or Lpy. An £p-type is an £x-type in which L does not occcur. An £- and
an {p-subtypes of an {x-type T' are respectively an - and an {z-types that occur in 7.

We divide £-types into negative and positive ones for restricting the attachment of variables
to the symbol x; we can attach variables to all occurrences of x, but it yields redundancy. We
omit this attachment of variables to x in §2.1 since at that point it was not necessary.

We interpret each {j-type 1" by the £j-tree, written &7, that is the parse tree of T', where the
left and the right children of the root of its subtree of the form S(UAU’) (# € {®, X, , Xy, —o})
are the roots of ®U and &U’, respectively. A vertex of this ¢3-tree BT is

(1) The specified variable v labelled with & if it interprets &y, in T’
(2) An arbitrarily chosen fresh (i.e. not chosen yet) variable if it interprets ®, X, ,X,s or
—o in T', whose left and right children are respectively v and v’ if it interprets , x,.'°

Let Endr be the set of all ends in an £z-type T'. By induction on 7', we see that the equation

EndT = Endqu
holds, which justifies the overloading of the notation End_. We also define
End; := Endg, End} := End§,, EndP := End%,
End*" := Endgs., End; := Endy,

10This last case is possible thanks to the axiom on the operator , X,/ in £3-types (Definition 3.1.5).
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overloading negative, positive, initial and joker ends too. We see by induction on T that, if T
is negative (respectively, positive), then an end v € Endy is negative in &7 if and only if the
£g-subtype U of T such that &U = (&T')" is negative (respectively, positive). Moreover,

(1) End™ = Endy if T is atomic;

(2) Endp7, = Endy UEndy and Endf, 7 = Endy’ U Endp;

(3) Endy 7 = Endp;

(4) Endll[r:T = {e} UEnd™.
The operation Endf? (© e {—,+,Ini, Jkr, !}) is lifted to a finite sequence I' of ¢%-types by

End? := {v,}, Endy ;, := Endy U End.

Notation. In £x-types, —o is right associative; the other binary operators are left associative.
Each unary operator precedes binary ones, and —o is preceded by the other. For an {j-type T,
let T be the expression yielded from T by the deletion of variables and bracketed variables (n.b.
T is an object in the formal free (pointed) linear category over B).

We then extend this formal notation for £3-trees to £x-ports and £j-diagrams:
Definition 3.1.6 ({Z-cuts). An ¢%-cut is an expression M defined by
M:T[,U]‘NDP‘M@M’|MXM’|'[,U]M (ﬂ:E,UEV),

where variables are pairwise distinct, N and P are respectively a negative and a positive {x-types,
and bracketed variables are called ends. An fg-cut is an £%-cut that is free from L.

Definition 3.1.7 ({%-sequents). An ¢%-sequent is an expression of the form
41k N,

where the domain I' = (P;);; is a finite sequence of positive (j;-types, the centre ¥ = (M;)72,
is that of {j-ports, the codomain N is a negative {j-type, variables are pairwise distinct, and
bracketed variables are called ends. An {g-sequent is an £g-sequent that is free from L.

Convention. An {%- and an {-types occurring in an ¢%-cut/sequent K are called an £§- and an
{p-subtypes of K, respectively. We abbreviate an {z-sequent I' 43X = 1L,  as I' 4 X F.

Just like the interpretation & of {j-types, we interpret each £3-cut M by its parse tree &M,
except that its vertices may be labelled with >, and each (-sequent S = (P;)j; 4 (M;)jL; N
by the rooted tree (14), written &S, where T, := PF;, M, := GM; and T := &N. Vertices of
these rooted trees &M and &S are labelled just like those of &T', except that >, 4 and - in M
and S are also interpreted by arbitrarily chosen fresh variables labelled with those symbols.

Again, overloading the notation End_, we define Endg to be the set of all ends in S, and then
the equation

Ends = End@s
holds. Moreover, we define
Endy := Endgyg, End{ := Endgs, End? .= End%L,
End}" := Endgs, Endy := Endy g,

again overloading negative, positive, initial, joker and !-ends too. Clearly, v € Endg is negative
(respectively, positive) in &S if and only if so is the £g-subtype U of S such that U = (6.5)".
We next define raw morphisms in our graphical calculus, called pre-f3-nets.
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Definition 3.1.8 (B-arcs). A B-arc on an £g-diagram & is a labelled edge in either of the forms

u % v, u % v (u,v € Ende, k € pr(Ves), € € pr(Col x End{'),i € Ny, x € Mor(B)),
where Endg! = Endg N End!6, & X[, and BY],) occur in &, with v and u positive and negative,
respectively, if and only if x : X — Y lies in B, and the labels x, (x|, |¢) and (i) are respectively
said to be arrowy, cartesian, exponential and identifier, such that

(1) For each e € Endg! such that e # v and v € Endge, some colour ¢ satisfies (¢, e) € ¢;
(2) Every (c,e) € e satisfies uiv € ¢ and y € EndZl Ay # e for all zjy € c.

See Footnote 11 on why y is initial in &¢, and Example 3.2.2 for the axiom y # e. We keep
using the notations on B-arcs introduced in §2.1. A B-web on & is a finite set of B-arcs on &.

Notation. Given a B-arc ag = (u M v), let

(i)
arr(ag) = x, car(agp) := K, exp(agp) := €, ide(ag) = 1.

For a (j-diagram &, let <g be the relation between positive !-ends of & such that e <g f
holds if e # f, e € &/, and any positive l-end ¢/ € &/ with e # ¢/ and e € &¢ is f. We also
define the colour Col(#) of a B-web & by

Col(ag) = uiv, Col(#) := {Col(a) | a € o }.

Definition 3.1.9 (B-realisers). A pseudo-B-realiser on an (-diagram & is a graph v such that
V. = Endg, its edges are B-arcs a on & from negative to positive ends whose exponential label
|e) satisfies, for all (¢,e) € €, ¢ C Col({a € v | tgt(a) € Endge, tgt(a) # e,src(a) € Endge }). The
completion of v in & is the graph Tg yielded from v by the addition of B-arcs p — o on & such
that o is negative, justified by p, and the mate of p, if p has, all in &.

A pseudo-B-realiser vt on & is called a B-realiser on & if

(1) There is a finite rooted forest § such that Vg is a partition of the set of all nonempty
colours occurring in the exponential labels of B-arcs in v with |J V5 C Col(t), in which
(a) A vertex is a union of some colours assigned to the same positive !-end, and called
the junction of the vertex;
(b) An edge S — S’ exists only if S D S’ holds, and the junctions e and e’ of S and S’,
respectively, satisfy e <g e';
(2) The completion Tg is acyclic.

Remark. The examples of B-realisers given in previous sections are, strictly speaking, comple-
tions. From now on, (pseudo-)B-realisers refer to those defined in Definition 3.1.9.

Convention. As in previous sections, we represent a B-arc between mates by a dotted arrow.

Definition 3.1.10 (pre-£g-nets). A pre-f%-net on an {j-diagram & is a graph, written ¢ :: S,
that is the union of & and a B-realiser vt on &. It is called a pre-fg-net if G is an ¢z-diagram,
and said to be normalised if the centre of & has no factors.

Example 3.1.11. The examples of pre-f-nets given in previous sections conform to this defi-
nition (except that B-realisers are replaced with their completions).

Remark. In the rest of this article, we draw some involved examples of pre-fj-nets. Hence, for
simplicity, we usually draw their B-realisers, not completions, and (abbreviated) ¢%-diagrams.

Convention. We write t,t’ :: & for two pre-{g-nets v :: & and v/ :: &, and tRt’ :: & if a relation
R between pre-g-nets holds for the pair of t:: & and v/ :: &.
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We then introduce a compact notation for pre-f3-nets, or pre-f3-terms. First, an £-context
on an fg-sequent S = ()i, 4 (M;)7L; = N is a finite sequence (&; : ;) of pairs, written
P« P;, of a B-web &; and the positive £-type P; such that each B-arc in &; is from a negative
to a positive ends of S with the target occurring in P;, where the {j-context is written «y : I' if
v = (Zi)iL; and I' = (). Similarly, an £g-interaction on S is a finite sequence (.Z; : M;)7",
of pairs, written .#; : M;, of a Z-web .#; and the {}-cut M; such that each B-arc in .#; is
from a negative to a positive ends of S with the target occurring in M}, where the ¢j-interaction
is written o : ¥ if 0 = (#;)7; and ¥ = (M;)L,. An {p-context and an {g-interaction are an
{%-context and an {j-interaction, respectively, that have no occurrences of L. We then define:

Definition 3.1.12 (pseudo-£3-terms). A pseudo-ly-term on an fg-sequent S =T 4 X F N is
an expression of the form

(7) v:T'H4o:XF AN,

where v : I' is an £j-context on S, o : ¥ is an £j-interaction on S, A4 is a Z-web such that each
B-arc in .4 is from a negative to a positive ends of S with the target occurring in N. It is said
to be normalised if o : ¥ is empty, and called a pseudo-fg-term if S is an £g-sequent.

The pseudo-¢g-term (7) is written r :: S if r is the B-web of all B-arcs in v, ¢ and A (i.e.
r =|Jv.0.N), and we interpret it as the graph, written &(r :: S) or &r :: &S, that is the union
of &S and the pseudo-B-realiser &r on &5 that consists exactly of B-arcs in 7.

Definition 3.1.13 (pre-fj-terms). A pre-Ly-term is a pseudo-fg-term r :: S such that &(r :: S)
is a pre-fx-net, and a pre-fg-term is a pre-fx-term whose {j-sequent is an ¢z-sequent.

Without loss of generality, we can represent our graphical concepts—{%-trees/ports/diagrams
and pre-¢g-nets—by the formal notations—(%-types/cuts/sequents and pre-¢%-terms—via the in-
terpretations &, where the vertices of the graphs that are not ends are left anonymous in the
notations. For simplicity, we informally represent the {3-diagram of a pre-fz-net in a diagram
by the corresponding ¢-sequent; this convention is already used in previous sections.

Notation. The pseudo-£%-term (7) is also written

_{Fy:gl_ 7:F2—| ~v:T y:T'Ho: %
o: o
NN, - N, H40:XF AN, FA N,

and so on. It is also written v : T' 4o : ¥ Fif 4 =0 and N = L,,). Given two £g-contexts

§:A= (% :D)F  and & : A = Z D;-)?/:D we concatenate them into the one

(6:A), (0" A') =68 : AA'
=% : D1, %> :Day..., By : Dy, Z,: D\, % : Db, ..., %, : Dy .

3.2. Graphical morphisms. We next define a class of pre-f3z-nets, called £3-nets, that act as
our graphical morphisms. As an auxiliary step towards this end, we first freely generate another
class of pre-fz-nets from morphisms in B. For ease of notation, we describe the latter class via
the corresponding free generation of pre-fj-terms, though it is only a matter of notation.

We will see via Definition 4.2.1 and Theorem 4.1.16 that our free generation is equivalent to
the one in terms of the constructs of (pointed) linear categories. Our free generation is based on
the sequent calculus for intuitionistic linear logic [Gir87, Bie94|, which is technically convenient.
We will characterise the free generation non-inductively and geometrically by Theorem 3.2.44.
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, finite sets ko € pr(V) and €y € p(Col x V), and

Notation. For a B-arc a = (u % v)

£3-types T and T such that T = T', we obtain the B-arcs

(x){wUrole) v), (x)(n‘\no\@ v)

a+ (ko| = (u a— {ko| = (u

0 ) ’

(x)(x|eVeo) V), (0 (xle\eo) v),

a+ leg) == (u a—le) == (u

(4) (3)
and the one a{T'/ T} from a by the replacement of ends of 7" occurring in a with the corresponding
ones of T (under T = T). We lift the operators (_) + (ko|, (_) — (kol, (=) + |e0), (L) — |eo) and
(){T/T} on B-arcs to B-webs and further to finite sequences of B-webs in the pointwise fashion.

Remark. We will eventually focus on pre-¢£§-nets/terms in prime form (Definition 3.2.28) whose
l3-diagrams/sequents and identifier labels are assigned uniquely fixed ends and positive integers,
respectively. Thus, although the following free generation of pre-£%-nets/terms requires suitable
renamings of ends and identifier labels in pre-¢j-nets/terms, they do not matter in the end.

Definition 3.2.1 (free generation). A pre-j-term is said to be freely generated (from B) if it
is derivable inductively by typing rules in Figure 15 (as in proof theory [T'S00]), where

(1) In each typing rule, we assume that the ends of the £%-sequents are pairwise distinct by
suitably renaming them, and fresh ends in the conclusion, if any, are arbitrary;

(2) In the typing rule !D (respectively, IM), r $ P (respectively, r § M) is the set of B-arcs in
r whose source or target occurs in P (respectively, M), and r T P (respectively, r T M)
is the set of B-arcs in r whose target occurs in P (respectively, M);!!

(3) In the typing rule !C, we assume that the union & U @{![w} P/![w]p} is a disjoint union
by suitably renaming the identifier labels (i) of B-arcs and the corresponding occurrences
of the number 4 in colours of the exponential labels in &2 and P,

and a pre-£g-net is said to be freely generated if so is the corresponding pre-£g-term (under ).

Remark. By the typing rules TM, ® M and xM, we can always modify the centres of a pair of
{3-sequents to apply the typing rule xR. We will see that the first three typing rules do not
modify pre-¢%-nets/sequents up to ¢g-reduction, so the one xR does not lose generality.

We define a derivation (tree) of a freely generated pre-£g-net &(r :: S) to be that of the pre-£§-
term r :: .S. Unlike proof theory, derivations of pre-£%-terms/nets are not central or important in
the present work; they only play the auxiliary role to define freely generated pre-f3-terms/nets.
We often omit the typing rules XL and XM in derivations.

Example 3.2.2. Consider the freely generated pre-£z-term derived as

[({z1y}.e)) [({ulv},h))
(®R) {f = ee —20% 4y N1 Xy A 02 15 X (o) {9 = hyu —————— v} ) Xy A0 0 g Xy
[({z1y}.e)) [({u1v},h))
(1) {f = ez ———"y} : [ Xy, {g = hyu ——5 0} g Xy 00 1 X(a) @ g1 X(u)
i [({=1y},e)) [({uly},e))
(IR) {foer 0y goeu ——0 g} g Xy A 0 1 X(a) ® gy X[

|({z1y}.e)) |({uly}.e))
{k—e f—ex LAEYRel, Y, g — e, u S EReIN Yy} e X 0 i (i X ) © g1 X )

where the double lines abbreviate evident derivations. It explains the axiom y # e (2) below.

HIn this typing rule, we add colours from r 1 P (respectively, r T M), not r § P (respectively, r § M),
partly because the choice makes the exponential labels of freely generated pre-£%-nets/terms simpler, and because
otherwise the component ~~5 of £3-reduction in Figure 18 would be more involved.
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(XL) y: I, P :PRZ:RS:Adc: X NN (XM) y:I'H4o: X%, #4 - M,% :L,x:1II-.4:N
y:I'N%2: R, :P,éd:AHdoc: X+ NN : N y:I'H4o: %, L : L, :M,7:1II- 4 : N
(Cur) y:THo: 2+ A& : N AP :PAn:IIF2:Q (N = P)
uT _
y:L6d:AHdo: S, N ULP : NpP,r:1lF2:Q -
(BC) (x € B(X,Y)) W y:I'4do: X+ A& : N Ini
-w Ed]ll
{ugv}:X[v]%F@:Y[u] (W) 'y:F,{v—>w}:I[w]P—10:ZI—(/V:N (v € Endy’)
D) ro(T,PA4SF N)
TP\ (rEPYU{a+|(Col(r t P),w)) [a€ (rfP)}) s (TP ASF N)
o) r:(CH4E,MFN)
' (r\(rTM))U({a+[(Col(r t M),w)) |a€(rTM)}) =T A5 ![,MEN
FiD, PP, P NP Ho: SN N .
(B=2P)

(1€) - - - - -
(’y{'[w]P/'[w]P} I, 22U =@{‘[W]ID/'[@]P} H ![w]P — rr{![w]P/![,,i,]P} X F L/V{'[w]P/'[w]P} : N)

(Zi ) Pi)iea 3 (M ) M) 5o, B A N (1R)

@:P) A0 i

('R) — —
(2, U{u = w;}: '[wl]Pl)‘Lzl A (A U {u— v} ![vj]Mj)jlzl oA '[u]N

(TL) y:I'd4o: XA N
y:D{u—=v}:Tydo: 3 A N

(u € Endi)

y:I'H4o: X A4 : N
y:THo: S {u—=v}: TN N

(TR)

(u € End}y") A0 T

(T™M)

y:I'do: 2+
{’U() — ’U} : J_[.,,] == (lR> ‘ X N
Y{v/vo}: T H4o{v/vo} : T F0: Ly

(LL)

(®L) y: I, P :PZ - RAc:XF AN : N (®M) y:I'H4o: %, L : L, : M+ N :N
y: I, P2UZ:PRRAc: XA : N y:I'Hdo: 2, UM . LQIME N : N

y:I'4do: XA N :AAT:IIF2:Q
y:Ié6:Ado: T, n:IIF A ULZ: NRQ

(®R)

y:I'Z:PH4oc: X+ A4 : N (xL) y:I'Z:RHdoc: %+ A4 : N
X
y: I Z:PXR-40c: X+ A4 : N y:I'NZ:PxR4oc: XA N

(xL)

y:I'4do: 2, Z: L+ A& N (xM) y:I'Ho: X2, 4 - M+ AN : N
XM
y:I'do: 2, L:LxME AN :N y:I'Hdo: X, #4:LxXMkF AN :N

(xM)

(PPl d0: 2NN (@i:Pi)?:14&:EFQ:Q
(Zi+ (@)U (Zi+ ) s Py A 0+ (@)U (G + (y)) : S (A + (e U(2+ (y]) : Nox,Q

(xR)

y:I'4do: X+ A& : N AP :PAn:IIF2:Q (—oR) y: I, :PHdoc:SF A : N
—o
Yy ANUP :N—-oPHo:Z,n:1IF2:Q y:PH4o: X+ PUAN:P—-oN

(—L)
FicUrEe 15. Typing rules for free generation

The exponential labels of the B-arcs z m y and u M) y distinguish between

them as they come from different hypotheses (or components) of the typing rule !C.

In contrast, the B-arc k& — e has the trivial exponential label, which makes sense as it does
not belong to any of the hypotheses of !C. However, the B-arc f — e or ¢ — e has no nontrivial
exponential label either, though they come from different hypotheses of !C. Yet, it is not a
problem since the first two B-arcs have enough information to tell (via the parts ![; X[, and
'l Xy and valid sequences) the hypothesis of !C from which each of f — e and g — e comes.
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(1R)

(TR) ———— — A0 : 1y
=+ @ : T[,U] (!R,) _—
(W) 402 eyl
{v = w} Ny lpz) s AE 0 Ty (TL)
{6 — Z} T[z -+ 0 ]1[,0]
(BC) (BC)
idy idy
(xL) {x —= &} : X5 - 0: Xpy (xL) {y —— 9} : Y H0: Y,
id id
D) {fo =55 &} 1 Xpay X Yy A 02 Xy D) {y =5 g} Xpay x Yy HF0: Yy,
: idx | ({eld},2)) ’ idy [({y19},2))
(R) {o X0 8 s 1 (X X Yig)) AF 0 Xy R {y 0 ) N (X X Yigy) AF 02 Yy,
' idy |({z12},2)) A ' idy [({y19}.2)) . y
{J:X—);E U—)z}:li](X[i] ><Y'[Q]) {yy—>y,w—>z}:l[5](X[i] ><Y[il])
(®R) idy [({x12},2)) S idy |({919},2)) e
i xld}, 2z N R 1 ylyr,z . o
(10) {z X—> T,v — 2}t I[g](X[i] X Y[g]), {y Y—) y,w — £} : ![z‘](X[i-] X Y[g]) =0 [U]X ® ' Y[y]
' dx|({z18}.2)) . idy|({1d}.2) j
{z X d v — 2,y it AL A EAREUN gyw — 2} s (Xe) X Yigy) A8 02 M1 Xz © Nl Y1y
(BC) ” (BC) =
D) {o =55 &) : Xppy A 02 Xp D) {y —5 9}« Yig) - 02 Yy
) idyx | ({e18},2)) ) idy [({y19},%))
(W) {z ———— 2} ![i]X[i] —H- 0 : Xz (W) {y ————— §}: ![ﬁ,]Y[g] —H-0 : Yiy)
i dx|({z12}.2)) i idy [({y19} %)) .
—H—(Z).Xl, -0 : Yy,
(®L) idx |({z12},2)) (®L) idy [({y19},%))
i w12),2)) i y1g}.))
{2 —=——"5 3,3 — 0} : 1 X[s) ® () Vg {y ————> 9,y = 2} 1151 X(5) @ ) Vi)
4 0 2 X[ A0 : Yy
(XR)

idx (z|({z12},2)) | (| idy (y|({y19},w)) (yl
{t ———— ¢, 0 — 0,y —————— 9,y — 2} : 1[5 X[3] ® ] Yig) I 01 Xjaje Xy Y]y

FIGURE 16. Freely generated pre-fz-terms for the Seely isomorphisms

Example 3.2.3. The (j-diagram &(! T, A Tpy) has the freely generated pre-£-net

@({U —>|({uz<v>},e)) v | xS ﬁ} : ![e]T v] H-0: T[u]>
1

for each n € N, whose derivation is left as an exercise. These pre-f-nets would be all identified
without the identifier labels (i) (and the corresponding integers ¢ in the colours). We shall see
that the distinction between the pre-f3z-nets is vital for our graphical calculus to form the free
(pointed) linear category. This example thus explains why identifier labels are necessary. This
complication comes from the combination of the unit and the exponential of a (pointed) linear
category, which does not exist in monoidal, star-autonomous or weakly distributive categories.

Example 3.2.4. The pre-{3-terms for the Seely isomorphisms
11T, (X xY)2IX!lY (X,Y €O0bj(B))

and their inverses are freely generated in Figure 16.

Instead of the upper rlght pre—£° -term {e — 2z} : T, A 0 : g1}, we may freely generate the
one {v — z}: Tz - ?: 1[y) too. Nevertheless, the choice between the two does not matter:
they both correspond to the same {z-net {e — z} : T, - 0 'e) 1), as we shall see later.

By Definition 4.1.8, the objects X,Y € Obj(B) in the pre-¢j-terms can be generalised to any
£3-types, but Theorem 4.1.15 reduces the generalised case to the present case.
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{z = y}: Ly {u = v} Ly {z = y}: Ly {t — v} Ly
(_OL) bl @ : L[m] i @ : L[u] (_OL) =+ @ : L[.c] =+ @ : L[a]
(xR) {z =y} Ly, {u—= v} L) —o Ly AF0: Ly {z =y} Ly {ad = v} L) —o Ly AF 0 Ly
{z ﬂ) Yy, T ﬂ) y}: Ly {u ﬂ) v, 0 ﬂ) v} Lig) —o L) -0 LiyjuXalig
( ) {u—>u} : l[v] -~ 0 : l[u] {ﬂ—)v} H L[v] —“—wl[ﬂ]
xR
(ul L (4]
(<L) {x = y}: Ly A+ 0: Ly {u — v, 0 —= v} Ly AF 0 LpgguXalig
%
(ul . (al
{z = y}: Ly, {u — v, 0 ——=v}: Ly —o Ly AR 0 LiyjuXalia
1R) —MmM8M8Mm
{z =y}t Ly 0 Ly (1R) ®<LH+®:1M (IR)
(—oL) 0: y],@ J_[J] —o J_[z =0 1,

{z =y} Ly, 0: Lpg) — Ly A-0: 1,
FIGURE 17. Superficially different freely generated pre-{j-terms

As seen in Example 3.2.4, freely generated pre-¢%-nets/terms do not faithfully represent mor-
phisms in a free (pointed) linear category over B. Another instance of this sort has been given
in Figures 12-13; the corresponding pre-£3-terms are freely generated in Figure 17.

As sketched in §2.2, we solve this problem by focusing on £3-nets through walid sequences in
pre-{g-nets. For an end v of an £j-diagram &, let x5 (v) be the set of the children of all negative
x-vertices in the finite path in & from the root of & to v; i.e. xg(v) records the binary choices
on the negative occurrences of cartesian product x in & made on the side of v. For instance, if
6= 6(((T[w]wva—[u] —o0 J—[u]) X T[a] —0 J_[O])OXqJ_[q]) then x ( ) = {O ’U} We first need:

Definition 3.2.5 (valid paths). For a pre-¢g-net v :: &, a finite path in the completion te, i.e.
® Uy —>(X1)<< ;‘€1> — V3 —>(X2)<'K2‘€2> Vg —> -+ —> Vgp_1 OT
11 2
(x1)(r1ler) (x2)(r2le2) (Xn)(Knlen)
® U1 T}’Ug — V3 T}U;;*}"' — VU2pn—1 Tvgn,
71 12 Tn
is said to be valid, where the B-arcs consumed in the path, if, for all 7,7’ € 2n — 1 and j,j’ € 7,
(1) vy is initial in &, and no 1-ends occur in the path (as some of vy, for k € 2n);
(2) vgj—1 has a label Y € Obj(B) if and only if vg; has X € Obj(B) with some x; : X =Y
in B being the arrowy label of the B-arc from vy;_1 to vy, and vy, is joker if so is vo;_1;
(3) For any (g-tree ‘I that is a subtree of & and i < ¢, if v; and v; are ends of T such that
no v w1th 1 <" <4 is of ¥, then v; and v;; have different parities (6) in ¥;
(4) 55 UL xg(on);
(5) For any positive l-end e of &, if vy;_1 or vy; is of &° yet not e, then (¢, e) € ¢; for some
colour ¢, where voj_17jv2; € cif voj_1 & &° and ve; € &¢, and (¢, e) € € implies ¢ = ¢'.

By the first axiom, v; is initial, and v; and v;41 have labels different from 1. Note that v; and
v;+1 must have different parities. This alternation holds locally as well by the third axiom; see
Example 3.2.9. Similarly to [MOO03, Axiom (j1), §8], the first part of the second axiom respects
X-ends in the both directions, and the second part joker ends in the forward direction. The last
two axioms come respectively from the typing rules xR and !C; see Examples 3.2.10-3.2.11.

Convention. A valid path is a certain finite path in the completion of the B-realiser of a pre-£3-
net, but by convention we also say that it is in the pre-£3-net itself.

We now define valid sequences based on valid paths, for which moves—certain finite sequences
of ends of length one or two—are introduced. The main idea here, which is justified ultimately by
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our freeness result (Theorem 4.2.6), is as follows. First, an £-tree of the form &(!,T"), where
T := &T, is to be seen informally as the infinite tree

(8) STRT®---).

As it suffices for a morphism in a free (pointed) linear category to handle each copy of ¥ in (8) in
the same way, we may focus on the first copy (or the base case) and the next copy among those
not used yet (or the inductive step), similarly to mathematical induction. Let a move v € Endg
of length one belong to the base case, and a move ev of length two to the inductive step. Yet, as
multiple !-ends may occur in an £j-tree in a nested way, apparently we also need ejez . ..e,v for
n > 1, where each e; (i € W) is an !-end. However, it suffices for our aim to focus on causality or
B-arcs between l-ends, with respect to which the !-ends e; are pairwise orthogonal. As a result,
we may decompose the finite sequence ejes . .., e,v into those e;v and thus focus on the case of
n € 2; see Example 3.2.12. In contrast, e; and v in e;v are inseparable, as the third axiom in
Definition 3.2.6 is on moves, not their elements separately.

Definition 3.2.6 (valid sequences). A valid sequence in a pre-fg-net v :: & is a finite sequence
s = (v;), of nonempty sequences v;, called mowves, of ends of & of length at most two, whose
first and last elements are written !v; and fv;, called its outer and core, respectively,'? such that

(1) There is a valid path in v :: & whose vertices are the cores fv; for i =1,2,...,n;
(2) If v; = e;x; (i €M), then ¢; is an l-end with z; € Endge; and e; # x;, where v; = e;z;
with z; € Endge; and e; # x; for some j < ¢ implies |v;| = 2;
(3) If 1 < 2i < n, then |vgi—1| = |v2il, and |vg;—1] = 2 implies
(a) Unless lvg;_1 is initial, lvg;—1 = lwg; or lvg;_; is justified by fva; for some j < i;
(b) For every j < i such that |vg;_1| = 2, we have fvy; € Endrgﬁ;k and fvg; # lvg for
some j < k < 4 such that v has a B-arc from lvg;_1 to lva, whose exponential label
k) satisfies & C 21" x g (fur);
(¢c) Whenever 1 < 2i < n, if fvg; (respectively, lvg;) has a mate in & (Definition 3.1.2),
then fwvg; 41 (respectively, lvg;y1) is the mate with |ve;| = |vait1],
labelled with the finite sequence of the arrowy labels of the B-arcts in the valid path (1), where
the B-arcs consumed in the valid path and the one in (3b) are said to be consumed in s. Two
valid sequences are equal if they are the same finite sequence with the same label.

Convention. We often suppress the label part of a valid sequence, especially when it is empty,
unless it is essential. If a B-arc a is consumed in a valid sequence s for the first or the third
axiom in Definition 3.2.6, where the cartesian label (k| of a satisfies the required condition
Kk C Ui];ll X & (vg), then the set Uijzzl X & (vy) is called the cartesian condition for a in s.

The finite sequence s := fvy.fvs ... fv, is called the core of a valid sequence s. A move v is
said to be initial (respectively, negative, positive and joker) in & if so is its core fv.

Notation. Since a valid sequence is a finite sequence of finite sequences (viz. moves), we write
V1.0 . .. v, for it, where a dot indicates a boarder between moves. Let VS(t :: &) denote the set
of all valid sequences in a pre-£3z-net v :: 6.

So far, for simplicity, we illustrated valid sequences containing only moves of length one. The
first axiom in Definition 3.2.6 says that the core of a valid sequence comes from a valid path,
and the second imposes the form of moves of length two. The equation |vg;—1| = |ve;| of the last
axiom means that, when a new copy of a negative {j-tree is used, then a new copy of a positive
{%-tree must be used. The condition (3a) says that the outer of a negative move of length two

12Y¥e thus have lv; = fv; when |v;| = 1.
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must be initial or justified, and the one (3b) that the outer of a positive move of length two must
be calculated by B-arcs in vr. We illustrate these axioms by examples below.

Example 3.2.7. Check that examples of valid paths/sequences given in previous sections con-
form to Definitions 3.2.5-3.2.6.
Example 3.2.8. Consider the four pre-fj-nets

T A T Ly A T T A L Ly A Ll

By the first two axioms in Definition 3.2.5, the finite sequence z.y is valid in all but the second

pre-{g-net from the left. Note that all but the second one are freely generated.

Example 3.2.9. Consider the two pre-{3-nets

/\
Iy = Ly © Lty = Ly (L) Lo A Ly

The finite path ¢ — j — k — [ is invalid in the left one by the third axiom in Definition 3.2.5
with respect to the £j-tree &(Lj;) ® L), but it is valid in the right one (and so is the sequence
i.j.k.l). As we will see, this difference captures that only the right one is freely generated.
Example 3.2.10. Consider the freely generated pre-{z-net

(o' (o]

— S
R L B R R e T
| (o]

(ol
whose derivation is left to the reader. The finite sequences o.p.q.r’" and o’ .p.q.r are valid in this
pre-{x-net, but not the one o.p.q.r or o’.p.¢.r" by the fourth axiom in Definition 3.2.5.
Example 3.2.11. Consider the freely generated pre-£3-net
I({o"1p},)) I({o1p},e))
>~
Lo Loy e (g o L) (A L @ Lo
[({o1p),e)) I({o"1p},0))
whose derivation is left to the reader. Its maximal valid sequences include o.p.q.r and o'.p.q.7’,
but not o0.p.q.r’ or o’ .p.q.r by the last axiom in Definition 3.2.5.

Example 3.2.12. Consider the two freely generated pre-f3-nets

‘/—/\—\ ‘/\
o v« L Ml L L) dE e L
‘/\ ‘/\
o Lot G L o L) TR e L

whose derivations are left to the reader. The upper one has the maximal valid sequences

e.f, e.q, o.p.k.g, 0.p.q.T, 0.p.kq.gr, eo.fp.fk.g, eo.fp.fq.gr, eo.fp.kq.gr.
The move gr in eo. fp.q.gr illustrates the point in the axiom (3b) that the outer of a move is not
necessarily triggered by the immediately preceding move (i.e. the axiom has k < 4, not k = i).
Those ¢ and kq in eo.fp.k.g, eo.fp.q.gr or eo.fp.kq.gr are meant to be abbreviations of fq and
fkq, respectively (as discussed before Definition 3.2.6). These abbreviations are harmless by the
focus on initial ends in the second axiom in Definition 3.2.6; e.g. k, not f, triggers g in eo. fp.k.g.
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In contrast, the lower pre-¢g-net has the maximal valid sequences

e.h.k.g, e.h.q.r, e.h.kq.gr, o0.p.k.g, 0.p.q.1, o0.p.kq.gr,
eo.hp.k.g, eo.hp.q.r, eo.hp.kq.gr.

We now proceed to a geometric characterisation of freely generated pre-f3-nets, up to prime
form, in terms of valid sequences. The first step towards this goal is:

Definition 3.2.13 (colourings). A colouring on a pre-fg-net v :: & is a function ¢ that maps
each positive l-end e of G to a colour te such that the pair (te, e) occurs in the exponential label
of some B-arc in t, and a valid sequence s in ¢ :: & is said to at ¢ if every pair (c,e) in the
exponential label of a B-arc used in s satisfies ¢ = te.

Definition 3.2.14 (coverage). A pre-fg-net v :: & is said to cover a positive end v € End§ with
respect to a colouring ¢ on v :: © if at least one of the following holds:

(1) v occurs (as an element of one of the moves) in a valid sequence in t:: & at ¢;

(2) G has a negative 1-end o that justifies a positive end p such that v € Endgpr;

(3) & has a subtree of the form &(U x U’), where both U and U’ are either {j-types or
{%-cuts, rooted at a positive x-vertex such that one of &U and BU’ contains v, and the
other has an end occurring in a valid sequence in t :: G at ¢;

(4) S has a positive -end e # v occurring in a valid sequence in t :: & at ¢ with v € Endge;

(5) v is an !-end, and & has a positive end p # v in a valid sequence in v :: & at ¢,

and v :: G is said to cover v if it covers v for every colouring on it.

The idea is that a freely generated pre-fj-net v :: & has enough valid sequences to visit all
positive ends of & except those related to the typing rules 1R, xL, 'W and !D, corresponding
to the last four cases in Definition 3.2.14.

Example 3.2.15. Consider the pre-£%-term freely generated by
(1R)

0 (Lpy) — L)) — L FH0: 1

The positive ends v and p are both covered by the empty valid sequence ¢ in the corresponding
freely generated pre-fx-net due to the second axiom in Definition 3.2.14.

Example 3.2.16. Consider the pre-fx-term freely generated by

{g—=7r}: Ly AE0: Lig

(xL)
('D) {q — 7"} H l[,,.] X L[T/] =+ @ H L[q]
i I({a1r}.e))
{g —55 v} g (Lpg X L)) F- 00 Ly

(W)

{q [({glr}.e))

The positive ends e, r and 7 are covered by the valid sequence ¢.r in the corresponding pre-£%-
net due to the last, the first and the third axiom in Definition 3.2.14, respectively, while those €’
and r” by the valid sequence g.e¢’ due to the first and the fourth axiom, respectively.

’l‘} H '[e](l_[r] X J‘[r’])! {q — e'} H ![e’]L[v"’] -0 J_[q]

We shall then graphically characterise freely generated pre-fz-nets up to prime form by cor-
rectness and injectivity. For the injectivity of pre-fz-nets to work well, we need two auxiliary
idempotent operators on pre-fj-nets—slicing and shredding—as illustrated in Example 3.2.27. The
two operators reverse the typing rules xR and !C for pairing and contraction, respectively.

Definition 3.2.17 (slices). A slice assignment on an (j-diagram & is an assignment ¥ to each
negative x-vertex v of & one v of its children, where let Chi(xg) denote the set of all these
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children. A slice of a pre-{-net v :: & at ¥ is the pre-{j-net, written t/y :: &, defined by
) Ey,={0 % p) € B | 50 (Chi(xg) \ Ran(9)) = 0,0,p € Ends, }.
A pre-f3-net is said to be sliced if any of its slices is the pre-fx-net itself. Slicing is clearly an

idempotent operation in the sense that every slice of a pre-fx-net is sliced.

Example 3.2.18. The example of slicing in §2.2 conforms to Definition 3.2.17, where the two
pre-{-nets in Figure 12 share the same two slices. The condition £ N (Chi(xg) \ Ran(d)) = 0 in
the formula (9) cannot be replaced with the simpler one x NRan(d) # () since the latter does not
work for the right pre-¢g-net in Figure 12; this point is crucial for the injectivity of pre-fj-nets
(Definition 3.2.25) to work, as illustrated in Example 3.2.27.

Definition 3.2.19 (shredding). A shredding assignment on a pre-fg-net ¢ :: & is a function ¢
that maps a positive l-end e of & to a colour ¢(e) such that the pair (¢(e), e) is in the exponential
label of a B-arc in v, and the shredding of v :: & at ¢ is the pre-fg-net t/¥ :: G is defined by
Eje = U {a € t|ais not consumed in an element of VS(t :: &) for any ¢ # ¢(e) },
eEEndg!

where VS(t :: &)(c,) is the set of all valid sequences in t :: & in which every consumed B-arc
with its exponential label containing a pair of the form (¢/,e) satisfies ¢ = ¢'.

Example 3.2.20. The example of shredding in §2.2 conforms to Definition 3.2.19,

Example 3.2.21. The freely generated pre-£j-net
({y12}.0)
Mgt g (g L ® 0 L)
{=12}.5)

has the two shredding assignments

= {x1z}, f—=A{ylz},
and the corresponding shreddings are
{wiz},6)
(1 w 1w ® L) a0
({123,
If we defined the edge set E./» in Definition 3.2.19 instead by

LA g (g L © 0 L)

E. o = U {a € v|ais consumed in an element of VS(t :: &) (p(e),e) }
eGEnd:;!
then the second shredding would be (incorrectly)
({v1z}.6)
4

(1 U (‘g)

The last point is important for the injectivity of pre-f3-nets to work well; see Example 3.2.27.

Ll @ Ly

A pre-fz-net is said to be shredded if it coincides with all its shredding. Shredding is an
idempotent operator in the sense that every shredding of a pre-£3-net is shredded.

Notation. Given an £g-diagram &, let Endy’™ := Endg \ Endg” and End®™ := Endg \ Endg’.
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Definition 3.2.22 (correctness). A pre-fg-net v :: & is said to be correct if any shredding
t/% 2 & of any slice t/y :: & of v :: & satisfies:

(1) Each positive end of & is covered by a valid sequence in v/} :: &;

(2) The relation Fun(t :: &) := {(s.@,y) | s.x.y € VS(t :: &)F¥" iz fy € EndZ™ } defines
a (total) injection on non-joker cores in the sense that it satisfies

(a) |{ty | (s.z,y) € Fun(r :: &) }| =1 for each s.x € VS(t :: &)° with fz € Endx™;
(b) If (s.z,y), (t.-u,v) € Fun(r :: &) with fz, fu € End¥* and f # fu, then ty # fv;

(3) The partial function Fun(r :: &) : MV(r :: &) —~ MV(&)* that maps an odd-length

valid sequence s in v :: G to
its extension s.x, if any, is a (total) injection;

(4) For a valid sequence s in t/j :: & and a subtree &(U; x Us) or &!U of &, where Uy,
U, and U range over positive {i-types and {z-cuts, at most &U; or BU, has an end in
s, and at most one of three forms, e, z or ex (x € Endy), is a move in s;

(5) Given a negative and a positive {g-subtrees of & of the forms &(Q ® Q') (respectively,
&(!Q)) and B(N > P), respectively, if & has two B-arcs between &P and &Q and
between &P and Q' (respectively, between &P and e and between &P and &Q), then
it has none between &N and &(Q ® Q') (respectively, between &N and &!},Q).

The four axioms are used in a proof of the geometric characterisation (Theorem 3.2.44). Their
roles are illustrated by examples below. For the correctness of a pre-fx-net, we first slice and
shred it since otherwise some of the last three axioms might fail even when it should not.

Example 3.2.23. Consider the four sliced, shredded pre-£z-nets

DR
Iy A T Ly A0 L © Ly
K_\
el melm TMwL[o]

4 (T ® L) wk) Ly — L) ® _ Ly

\/

VS
A T @ L) > (T @ L) B oy by — L)

\_/

Neither of them is freely generated (as we will see by the geometric characterisation). The upmost
two are incorrect due to the first and the second axioms in Definition 3.2.22; respectively, the
next two due to the third axiom, and the remaining two due to the last axiom.

Example 3.2.24. All the pre-{j-nets but the second from the left in Example 3.2.8 are correct;
the second does not satisfy the first axiom in Definition 3.2.22. The right one in Example 3.2.9
is correct, but the left one is not since it does not satisfy the first axiom. All the pre-¢j-nets in
Examples 3.2.10-3.2.12 are correct.

Definition 3.2.25 (injectivity). A B-arc in a pre-fg-net v :: & between !-ends e and f is said to
be promotional if v has another B-arc from an end z of &€ such that = # e to an end y of &7. A
pre-{z-net is said to be injective if any shredding of any slice of it has no pair of non-promotional
B-arcs sharing the same target unless their sources occur in the same valid sequence.
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Example 3.2.26. Consider the two pre-f-nets

[({x12},9))

Mo (L X L) A e L ® 0 MmNy Ly

W
[{ylw},9))

The upper one is correct yet not injective, while the lower one is correct and injective. We leave
it as an exercise to check that the upper one is not finitely generated, but the lower one is.

We will show that injective, correct pre-f3-nets coincide, up to prime form, with freely gen-
erated ones (Theorem 3.2.44), where promotional B-arcs are generated by the typing rule !R.
Therefore, the exception for promotional ones in the injectivity of pre-f3-nets comes from this
typing rule, as illustrated in the lower right pre-f3-net in Example 3.2.27 below.

Example 3.2.27. Consider the four pre-£3-nets

/\ l/\
Trell Tm - Tw el 8 T

[({z12},9))
e~ T~ /Q

! Tz A= (Ye T) ® (¢ Tiy1) ! T2 = e (e ® ! Tiy1)
lg] []\[ ] []/ [£] [v] lg] []\[ ] [J/ [£] [v]
[{y1z},9)) [{y1z},9))

All of them are correct, while only the upper left one is not injective (but it is an ¢g-net as we
will see). We leave it to the reader to show that all the pre-¢j-nets except the upper left one are
finitely generated, where their injectivity is protected against the typing rules xR, !C and 'R
respectively by slicing, shredding and the exception for promotional B-arcs in the injectivity.

Next, we henceforth focus on pre-fg-nets in prime form:

Notation. Given a B-arc a, let

a = (u W v) ifa= (u —>(X)<<;‘€> v),

where the operator _{ulv/uiv} replaces the element uiv in a colour, if any, with the one ulv,
and it is lifted to a pair (¢, e) € Col x ¥ by (¢, e){ulv/uiv} := (c{ulv/uiv},e) and further to a
finite set € of these pairs in the pointwise fashion.

Definition 3.2.28 (prime). Among ¢%-diagrams isomorphic to a given ¢g-diagram & in the
category of labelled graphs and label-preserving graph morphisms, fix an arbitrary representative,
written p&. An ¢j-diagram of the form p& for some ¢3-diagram & is said to be prime.

A pre-f-net v :: € is said to be prime if so is &, and moreover:
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(xz.<f<>|6>
io
a; = a (n.b. a is one of a;), then € is of the form e = ¢y U {({uigv} U o, e)}, and

(aiYien = {u <"9‘€0U{({?:U}UCO1€)}> vlie ﬁ};

(2) For each valid sequence s in t :: &, all subset relations required by the fourth axiom in
Definition 3.2.5 and the condition (3b) in Definition 3.2.6 on s are equality;

(3) For each positive !-end e of &, the finite family of colours ¢ such that (¢, e) occurs in the
exponential label of a B-arc in t, whose target is of G¢ yet not e, and source is not of
&€, forms a partition of Col({a € v | tgt(a) € Endee \ {e},src(a) € Endee });

(4) Among pre-fg-nets on & satisfying the above three conditions and sharing exactly the
same valid sequences, t is minimal in its size ||t|] € N defined by

(10) el == > (lcar(a)| + |exp(a)| + 1).

acE,

(1) For each B-arc a = (u v) in ¢, if v has exactly n (= 1) B-arcs a; (i € 1) with

Example 3.2.29. Recall that not B-realisers themselves but their completions are drawn in the
following examples. Assume that the {j-diagrams of the pre-f3-nets given below are all prime.

The left pre-fx-net in Figure 12 is prime, while the right one is not due to the second axiom
in Definition 3.2.28. The right pre-fj-net in Figure 13 is prime, but the left one is not due to
the last axiom. The pre-¢z-net in Example 3.2.3 is prime, while those

[({ulv,u2v,23y},e)) [({u3v},e)) [({ulv,u2v},e))

K (DTN VIR K (TN
g T AF 0 T o T A T g Ty AF 0 T
[({u2v},e)) [({u2v},e)) [({ulv,u2v},e))

except the last one are not due to the first and the third axioms. All the pre-fg-nets mentioned
above are correct, where only the last one is not injective (Definition 3.2.34).

Proposition 3.2.30 (uniqueness of prime pre-fg-nets). If prime pre-ly-nets v,v' :: & satisfy
VS(t:: &) =VS(t' :: &), then v =1,

Proof. First, by the last axiom in Definition 3.2.28, every B-arc in t or v/ is consumed in some

valid sequence in VS(t :: &). Next, the arrowy label of each (consumed) B-arc in v or v/, if any, is

uniquely determined by the labels of valid sequences due to the second axiom in Definition 3.2.5.

Moreover, by the first two axioms in Definition 3.2.28, the cartesian and the identifier labels of

each B-arc in t or t/ are completely determined too. It remains to consider exponential labels.
Assume for a contradiction that v and v/ contain B-arcs of the forms

@ @
respectively, such that € # €. At least € or ¢ must be nonempty; assume (c, e) € € without loss
of generality. By the first axiom in Definition 3.1.8, some colour ¢’ satisfies (¢/,e) € €, where
uiv € cNc’ by the second axiom. Thus, ¢ and ¢ are not disjoint, so ¢ = ¢’ by the third axiom in
Definition 3.2.28. We have shown € C €/, and €' C ¢ is symmetric, deriving a contradiction. [

w (X)(_fﬁk) v w (ke "

Example 3.2.31. Ounly the left pre-¢-net is prime in Figure 12, and only the right one is prime
in Figure 13, where recall that in these figures B-realisers are completed.

Notation. Abusing notation, let p be the operator that transforms a valid sequence s in a pre-£3-
net t :: & into another finite sequence ps by the renaming of ends corresponding to the mapping
G — pG, and it is lifted to a set of valid sequences in t :: G in the pointwise fashion.
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Proposition 3.2.32 (existence of prime form). Every pre-g-net v :: & has a prime one ¢’ :: p&
such that pVS(t :: &) = VS(v/ i1 p&), where v :: p& is injective (respectively, correct) if so is
t:: S, and every prime one v” :: p& such that pVS(v :: &) = VS(¥” :: p&) satisfies v =1".

Proof. We prove the first part by induction on the largest length of an element of VS(t :: &),
from which the second follows by Proposition 3.2.30. The base case is simple: take v/ := ().

For the inductive step, assume that we have shown the claim for the length n € N, and the
largest length of an element of VS(tr :: &) is n + 1. Take all B-arcs in t consumed in some valid
sequences in t :: G of length at most n, and define t,, to be the subgraph of v induced by these
B-arcs. Clearly, v, :: 6 is a pre-fg-net. Thus, by applying the induction hypothesis to t, :: &,
we obtain a prime one v}, :: p&. Next, let T :: p& be the pre-¢j-net obtained from ¢ :: & by the
replacement of ends that corresponds to the map & — p&, and on each a € t of length n + 1,

(1) If @ is not consumed in any valid sequences in t :: p&, then exclude a from v and delete
Col(a) from colours in the exponential labels of B-arcs in t;
(2) If a is not excluded in the previous step, by which assume that for some k > 1 there are
k cartesian conditions for a in valid sequences in t :: p&, then duplicate a into k copies
of it, corresponding to the cartesian conditions, and change the cartesian label of each
copy into the one whose finite set of variables is the corresponding cartesian condition.
We then add to ], these copies of consumed B-arcs of length n + 1, whose labels are potentially
modified, obtaining a B-realiser v’ such that ' :: p& is a prime pre-£g-net by construction. Note
that the order of the choice a € T does not matter for this procedure. O

Definition 3.2.33 (prime form). Proposition 3.2.32 transforms every pre-fg-net ¢ :: & into a
unique prime one, called the prime form of v :: & and written p(tv :: &) or ptr :: p&, such that
pVS(t :: &) = VS(pr :: p&), where p(r :: &) is correct and injective if so is v :: &.

Remark. The prime form of a freely generated pre-fz-net may not be freely generated. For
instance, the pre-fz-net

/\

Ty - Ta) > Tz F L)
is freely generated, but its prime form, obtained from it by the deletion of the B-arc, is not.
We finally introduce saturation as the last step towards {j-nets:

Definition 3.2.34 ({j-skeletons). An {%-skeleton is an injective, correct, prime pre-£g-net, and
it is called an {p-skeleton if it is a pre-fz-net.

Let ~ be the relation between (§-skeletons s, s’ :: & such that s ~ s’ :: G holds if §' is obtained
from s by the replacement of the source of a B-arc in s whose target is joker and the corresponding
change of labels, if any, and ~ the equivalence relation between {3-skeletons generated by ~.

Remark. Any non-promotional B-arc is not replaced with another B-arc by the relation ~ as the
change of the source of a non-promotional B-arc breaks the second axiom in Definition 3.2.22.
A related remark is that the replacement of the source of a B-arc in s for obtaining s’ such that
s ~ 5 :: & from s may yield a B-arc that already exists in § since promotional B-arcs are exempt
from the injectivity axiom; this is why =~ is not only the reflexive, transitive closure of ~ but
also the symmetric closure, where see the second half of Example 3.2.38.

We are now ready to introduce morphism in our free (pointed) linear category:

Definition 3.2.35 (¢3-nets). An {%-net (respectively, an {z-net) is a pre-fg-net (respectively,
a pre-fp-net) v :: & such that v is ~-saturated in the sense that the equation

(11) v=(s0)g:= |J s

so~5::6
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holds for an ¢%-skeleton (respectively, an ¢g-skeleton) sq :: &, called a ~-representative of v :: &.
Remark. 1t is easy to see that the union (11) is a B-realiser on & (not only a pseudo-B-realiser).

Notation. Given an {j-skeleton s :: &, we abbreviate the ~-saturation sZ as s~ when the (j-
diagram & is evident. For a pre-f-term 7 :: S such that p&(r :: §) is an £3-skeleton, let

p®(r 2 S)F = (p&r)~ i pBS,
and we call it the £-net represented by r :: S.

Definition 3.2.36 ({j-terms). A pre-fj-term r :: S is called an (j-term if p&(r :: S) is an
£z-net, where, by abuse of terminology, a pre-fz-term s :: S is called a ~-representative of r :: S
if p&(s :: S) is an {-skeleton that is an ~-representative of p&(r :: .S).

Proposition 3.2.37 (decidability I). Given an (3-diagram &,

(1) It is decidable whether a given pre-(g-net s :: & is an {5-skeleton;
(2) It is decidable whether a given pre-lg-net v :: & is an {g-net.

Proof. The set VS(s :: &) of all valid sequences in s :: & is finite. From this, it is straightforward
to see that the first clause holds: it is decidable whether s :: G is injective, correct and prime.
The second clause follows from the first since t :: © has only finitely many ~s-representatives:
it suffices to obtain an arbitrary ~s-representative sg :: & from t :: & by pruning some of the
B-arcs in v breaking injectivity, construct all £%-skeletons §' :: & such that s ~ §' :: & from
so :: & and finally check if the union (J, .,..¢ " coincides with . O

We will prove that a pre-fx-net is the prime form of a freely generated one if and only if it
is an {j-skeleton, and the equality between ¢%-nets matches a free (pointed) linear category, in
which morphisms are normalised {-nets. In this setting, ~-saturation is crucial for joker ends,
as illustrated already in Figures 2-3, and further in Example 3.2.38 below.

Example 3.2.38. Every free linear category has just one morphism of the form T — !I'T, while
there are three (s-skeletons on the £p-diagram &( T, = 41! T )

— T~ T v N

T Ay e T T 7y e T T A e T

Nevertheless, these ¢5-skeletons are all identified under ~-equivalence. Note that the correspond-
ing £p-net is not an ¢p-skeleton since it does not satisfy the second axiom in Definition 3.2.22.
In contrast, the £z-diagram &(!, 11, - s1'e) T o)) has the five {5-skeletons

— T T '/\'

"Wl "l g e T "wi L ol e T "Wl o g e T
)/_\ ~
ity At e T 'wr o lwr Tt e T

\_/

but they are all identified under ~-equivalence. For the Seely isomorphism !1 = T, this identifi-
cation must hold. In the latter case, the symmetric closure of the relation ~ for a-equivalence
is crucial, illustrating its difference from the instances of Trimble rewiring in [MOO03, Hug12].

Example 3.2.39. The /s-diagram &(! X[, @ )Y 5 e (X)e Xy Y]y)) has just the £5-
skeleton
(x| [

e =

o X ® My Yy A e (X owxy i)
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which is also an £z-net. This ¢z-skeleton has the maximal valid sequences
., 9.0, e.g, e.h, ex.gu, ey.hv.

In contrast, the {g-diagram 6(![9]){[“] & ![h]YV[U] -+ ![E]X[m] X ![f] Y[y]) has the two

/\/_\
o) Xl ¢ ® ) ¢ Yoy A (g X)) © (i Y
/

—
—  « =
(fe]

lg] [ul 'n w (i Yiw)
/

where the lower one is an ¢g-net, and the upper one is its ~-representative. Thus, the last two
{-skeletons are identified by ~-saturation. In light of the Seely isomorphism (A x B) 2 |A®!B,
this identification must hold. The last {z-net has the maximal valid sequences

.U, Y., e.g, e.h, 1.9, f.h, ex.gu, ey.hv.

Let us now prove that {x-nets precisely characterise freely generated pre-f3z-nets up to prime
form. To this end, the following two technical lemmata are used:

Lemma 3.2.40 (acyclicity). An {%-tree is said to be closed if it is of the form &(T — T7).
Given an ly-skeleton s :: &, let

&(N — P) <s.¢ B(N' — P’)
be the relation between closed positive {-trees that are subtrees of & that holds if
(1) The £y-trees &(N — P) and &(N' —o P’) are disjoint as graphs;
(2) The ly-skeleton s :: & has a nonempty valid sequence x1.x3 ... T2y, of even-length with
the last two moves To,_1 and Ta, initial in SN’ and &P, respectively.

Then, the relation <..g, seen as a directed graph, is acyclic.

Proof. If &(N — P) <7 & B(N — P) for some positive integer n and closed positive {j-tree
®(N — P) in &, then it contradicts the acyclicity of 5 (at some initial end of BN). O

Lemma 3.2.41 (division I). Let s :: & be a sliced, shredded (%-skeleton, where & has a closed
positive Ly-tree B(N —o P) and an initial one of the form &(Q® Q") (respectively, &(!Q)), and
initial ends of the latter justify those of the former in &. Ifs :: & has two valid sequences starting
respectively with ends of 8Q and Q' (respectively, e and an end of Q), with both having ends
of P, then s has none containing ends of BN and &(Q ® Q') (respectively, &(!,Q)).

Proof. We focus on the case where the initial £g-tree in & is &(Q ® Q') since the other case is
analogous. Under the assumption of the claim, suppose for a contradiction that s :: G has a valid
sequence containing ends of & N and &Q); the other case in which s :: & has a valid sequence
containing ends of &N and BQ’ is symmetric. Then, since s :: & is sliced and shredded, it also
has a valid sequence starting with an end of Q’, containing ends of &N and &(Q), contradicting
its local alternation with respect to &(Q ® Q).

O

Lemma 3.2.42 (division II). Let s :: G be a sliced, shredded (y-skeleton, where & has positive
Lp-trees (N —o P) and &(!,|R). If 5 has two B-arcs whose targets are v and an end of &(R),
respectively, then all B-arcs in s between &(N —o P) and &(!,)R) go through only either &(N)
or B(P), not both.
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Proof. By a straightforward case analysis, for which the first condition |vg;_1| > |v;]| of the third
axiom in Definition 3.2.6 as well as the injectivity of the £j-skeleton and the local alternation of
valid sequences are crucial. O

Example 3.2.43. Consider the two pre-f3-nets

The upper one is an ¢§-skeleton (and also an ¢g-net), while the lower one is not since due to

the dashed B-arc it is not prime (and even without the dashed one it is not correct either). By

Lemma, 3.2.41, the dashed one cannot exist unless the pre-¢x-net is not an £j-skeleton.
Meanwhile, the pre-¢g-net

is an {}-skeleton, which does not satisfy the assumption of Lemma 3.2.41.
We are now ready to prove:

Theorem 3.2.44 (graphical full completeness). Every {%-skeleton s :: & has a freely generated
pre-l%-net s :: S that satisfies p®&(S) = & and p&(s) = s.

Proof. We proceed by induction on the size (or number of edges) of &. First, assume that s :: &
is sliced and shredded; we later remove this restriction. Under this assumption, we focus on
factors of the domain of & of the forms

ST, G1p, 61, BX ), B(N — P), &(1P),
where v € V and X € Obj(B), those of the codomain of the forms
B(N®Q), ST, S Xy, S N),
and those of the centre of the forms
ST, B(N b P), & (1 M)

because the other factors are trivial in the sense that in the induction they are straightforward
to handle by typing rules. For instance, we deal with those of the form &(P x R) in the domain
by xL thanks to the third axiom in Definition 3.2.22, If these trivial factors are in &, then we
deal with them in some order. Thus, in the following, we focus on nontrivial factors.

We next handle factors of the form & (N —o P) in the domain. Among the minimal ones with
respect to the order <s..¢ in Lemma 3.2.40, we choose an arbitrary one &(Ny — Py). We want
to apply —oL to &(Ny — Fp), and we proceed as follows:

(1) If & has a factor of the form &(![,)R) in the domain, then by the third axiom in Defini-
tion 3.2.22 only one of the three forms of moves of &(!,jR) may occur in a valid sequence
in 5 :: &. If all these moves are of length one, then we may apply !D or 'W to (!}, R);
thus, in the following, we assume the remaining form of the moves (of length two), so
that we may apply Lemma 3.2.42.
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(2) If the codomain is of the form &7, or &X},|, then we may apply —L to &(Ng — Fp).
(3) If the codomain is of the form &(N @ N') or &(![,)N), then apply Lemma 3.2.41, so that
we may apply —L to &(Ny — Fp).

By the last axiom in Definition 3.2.22, we can similarly handle nontrivial cases on factors of the
centre of the form & (N > P) and apply CUT to it. Besides the trivial factors listed above, we
henceforth skip those &(N — P) and &(N > P) below too, by which the centre is empty.

For the remaining cases, we proceed by case analysis on the factor of the codomain:

e Assume that the factor is & L[, ;). Then, s has a B-arc from vy to a factor of the domain
of the form & Ly, or &(!P), where the domain has no other factor by the first axiom
in Definition 3.2.22. We can apply LL to &_L},}, and !D to &(![¢P): s has a B-arc from
g to B P, but none to e by the third axiom in Definition 3.2.22.

o Assume that the factor is of the form &(T,)). Then, each factor of the domain, if any,
is of the form &(!|)P), where those of &(X|,)), &(1,)) or &(L,)) are excluded since
otherwise w would not be covered. If the domain has no factor, then we apply TR to
B (T ). If it has a factor of the form &(!;;P), then s has a B-arc from v to e, but none
to P by the third axiom in Definition 3.2.22, so we can apply !'W to &(!}P).

e Assume that the factor is of the form & (/N ® Q). Then, each factor of the domain is of
the form &(![P) with a B-arc in s from some f to e and another from some o to an end
p of BP. The two B-arcs are both from either &N or & by Definition 3.2.6: if ep is in
a valid sequence s in s :: &, then so is fo. Thus, we can apply ®R to &(N @ Q).

e Assume that the factor is of the form &(![jNV). Then, s has a B-arc from e to an factor
of the domain of the form &(![;P). If it is to &P, then every B-arc in s to &(![sP) is
to 8P by the third axiom in Definition 3.2.22, so apply !D to &(![sjP). Thus, we may
assume that all B-arcs in s from e are promotional, so apply 'R to &(![¢V).

We have completed the case where s :: & is sliced and expanded. It remains to handle the
other case. We then proceed by induction on the sum |s :: G|, of the number of negative
x-vertices of G and that of different exponential labels of B-arcs in s. Because we have handled
the case of [t :: &|T, =0 (i.e. 5:: G is sliced and expanded), we now assume |s :: G|, > 0.

If & has negative x-vertices, then take the highest ones and choose the leftmost one v among
them. Let &(O,x,Q) be the subtree of & rooted at v. We then take the two slices of 5 :: & with
respect to v, say §1 :: &1 and s5 :: S5. By the induction hypothesis (with respect to |s :: (‘5|Jj'X),
we obtain freely generated pre—EEB)—terms, s1 :+ S and sy i Sy, such that &(S;) = &; and
p®(s;) = s; for all 4 € 2. Because of the nature of our (nested) induction, the free generations
of s1 :: S1 and sg :: S may differ only in typing rules regarding O and Q. As a result, we can
apply xR to suitable components of the free generations, with the help of the last axiom in
Definition 3.2.22, and obtain a free generation of a pre—E(’B)—term s 2 S such that &(S) = & and
p®(s) = s. We require the application of xR in the free generation to be earliest possible.

In a similar vein, if s has B-arcs with nontrivial exponential labels, then take the expansion
Exp(s) :: Exp(&) and apply the induction hypothesis to it, obtaining freely generation of a pre-
{2p)-term s"::8" such that B(S’) = Exp(6) and p&(s’) = Exp(s). In the free generation of s ::
S’, we insert !C that reverses the expansion at the earliest possible points in the free generation,
yielding a free generation of a pre-£7 -term s :: S such that &(S) = G and pB(s) = s. O

Example 3.2.45. For the {}-skeleton

l[o] —o L[v] i L[u] u X g L[ﬁ],
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the proof of Theorem 3.2.44 yields a free generation of the pre-¢j-term
{fo—=p}: Ly {uSo,a LN v} L) —o Ly =0 Ligjuxalia-
This pre-¢g-term does not coincide with the £j-skeleton, but it does up to prime form.
At the end of this section, we establish a useful technical lemma:

Lemma 3.2.46 (congruence). Let r :: S be a pre-lg;-net obtained from a family {r; :: S;}; of
freely generated ones by a typing rule, and similarly v’ :: S” from {r. :: Si}; by the same rule. If
&(S;) = 6(S)) and p&(r;) = p®(r}) for all i, then &(S) = B(S") and p&B(r) = p&B(r').

Proof. The lemma holds intuitively because the only point is that a typing rule may increase the
number of joker ends that witness the relation ~ (e.g. consider the one CUT or ®R), but the
equivalence = absorbs this. It is formally by induction on the free generation of r :: S. O

3.3. Graphical reduction. We finally define {-reduction. For presenting its generic definition
precisely and concisely, we employ pre-fz-terms in the definition as a compact notation for pre-
{3-nets. After the definition is given, we describe examples of £j-reduction directly in terms of
pre-£%-nets since they are intuitive and easy to manipulate (as already illustrated before).

Remark. In some of the examples of {x-reduction given in previous sections, for simplicity some
multiples steps in £j-reduction defined below are abbreviated into a single step.

Notation. Given a pre-fg-term r :: S, a B-web &7, a variable x, an {j-type T and finite sets
ko € pan(V) and €y € pgn(Col x V), we define

o r[*:={acr|tgt(a)=a}, rIT = Uyemnar 1Y rle =7\ 7[® and 7|7 =r\r7;

e rly:={a€r|scla)=a}, rir '_UyEEndT Ty, T1% =1\ rly and r|T =1\ r1;
rlleo) :={a € r|exp(a) Ce} and rleg :=r \ rleo;

o We write S[M] for an £g-sequent S together with the information that it contains an
occurrence of an £g-cut M as a subexpression, and, after S[M] is fixed, S[M’] for the
{%-sequent obtained from S by the replacement of the occurrence of M with that of an
(%-cut M’ (used exclusively in an expression of the form S[M] ~; S[M'] below);"?

e If ¢ is an !-end, then Coly[e] :={c € Col | a € &, (c,€) € exp(a) }.

Definition 3.3.1 (¢%-reduction). Let ¢}-reduction (respectively, £g-reduction) be the union

-

of the relations ~-; between pre-f%-terms (respectively, pre-¢g-terms) in Figure 18, where in ~+5
the £z-types !jc,)N; and ![s,) P; are arbitrarily chosen and satisfying ![o,N; = [N = !¢, P, and

it is lifted to a relation, also written ~-, between pre-£%-nets via the interpretation &.

Table 2 lists the roles of the components of £3-reduction together with relevant constructs.

Case ~1 ~i (2<7<4) ~5 ~6
Construct | X/T/1/L ®/ x [/ —o 'W/ID/IC All
Role Yanking Splitting Yanking/splitting/Copying Minimisation

TABLE 2. Components of £z-reduction

B3For clarity, it is better to write S[M]{M’/M} or S{M’/M} for the latter, instead of S[M’]. Yet, M and M’
are often gigantic, so we adopt the more compact one S[M’]. This choice does not bring confusion in practice.
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FIGURE 18. (%-reduction

Example 3.3.2. The examples of {j-reduction in previous sections conform to Definition 3.3.1.

Example 3.3.3. Figure 19 draws the exact version of {j-reduction sketched in Figure 5, where
we write the binary operation ® in ¢j-ports vertically. Note in this example how the rule ~¢
implements copying (including the adjustment of exponential labels).

We next verify basic properties of £g-reduction: subject reduction, strong normalisation and
confluence. They together imply that normalisation of {z-nets by £3z-reduction is well-defined.

Theorem 3.3.4 (subject reduction). If an {p-net v :: & with & = &(I' AI1 - @) has v :: & ~
t: 6, thent:: S is also an (g-net with & = & HIL+ @) for some centre II.

Proof. 1t is tedious yet straightforward to see by case analysis that ¢%-reduction preserves the
correctness and the prime form of pre-fz-nets. We focus on the cases of ~»; and ~5 since the
other cases are analogous or simpler. For the case of ~»1, the only nontrivial point is the second
axiom in Definition 3.2.22, but ~»; preserves the axiom because z (respectively, v) is non-joker
if so is © (respectively, y) by the second axiom in Definition 3.2.5. For the case of ~~g, the only
nontrivial point is the first axiom in Definition 3.2.22, but ~¢ trivially retains the axiom since
the axiom is on the expansion of a (sliced) pre-¢g-net, not the pre-fj-net itself.
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FIGURE 19. Revisiting normalisation by copying and yanking
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We next show that, when ¢j-reduction is applied to an fj-skeleton, it yields a union of £j-
skeletons pairwise ~-equivalent. In this regard, nontrivial cases are ~+; and ~»5. Each step of
them may increase the number of witnesses of ~, but as in the proof of (iii) and (iv) in [MOO03,
Theorem 43] it preserves = as it is not ~ itself but its transitive, reflexive, symmetric closure.

It remains to prove that ¢j-reduction preserves ~-saturation. Again, nontrivial cases are ~»1
and ~v5, but it is easy to handle these cases by the second axiom in Definition 3.2.5. g

Theorem 3.3.5 (strong normalisation). No pre-fg-net ¢ :: & has a countably infinite sequence
(t; 11 &~ tipq 6i+1)i€N of £y-reduction such that &g = & and tg = .

Proof. We first define the magnitude ||T| € N4 of each £-type T inductively by

Hwll =1 (I € Obj(B) U{T,1, 1}), Tl =T+ 1,
TN || = T+ 1T +1 (& € {@, X, 2xy,—<}),
and lift it to that || M| € N4 of each £g-port M by
ITwll =1, [N P =2 x [[N]| = 2 x |||
[M M| = [ M| + [|M']| +1 (& € {®,x}), e M| = [ M| +1,

and to that ||.# : M| € Ny of a pair # : M of a B-web .# and an {j-cut M by
s M| = (| + 1) x (D2 (IColalell +1)2) x (IM] +1).
eEEnd!M

We then define the rank of a pre-fj-term r :: S, written Rank(r :: S), where S =T (% :
M;)7, = N, by

Rank(r :: S) := > |l : M| if m =0, Rank(r :: §) := > |l : Mj|| if m >0,
j=1 j=1
and finally lift it to a pre-f3-net v:: & by
Rank(t :: &) := Rank(& (v :: &))

It is then straightforward to see by case analysis that ¢x-reduction strictly decreases the rank
of a pre-fg-net: if v :: & ~» ¢/ :: &', then Rank(r :: &) > Rank(v' :: &').

Finally, we assume for a contradiction that there is a countably infinite sequence

(v 1 &~ vig1 1 Gig1)ien
of £3-reduction. Then, we have the infinite chain
Rank(to i 60) > Rank(t1 IZ 61) > Rank(tg : 62) > .-

of ranks, which contradicts the finiteness and the non-negativity of a rank. 0
Theorem 3.3.6 (confluence). Ift:: & is an £y-net, v : G~/ : & andv = & ~ " = G, then
Vi@ s 8" and ! 2 & " 2 & for some pre-ly-net o G

Proof. By straightforward case analysison t:: & ~ v/ :: & and v :: & ~ t” :: &”. An overlap of
cases may occur due the one ~+5, but it can be handled by finite sequences of £j-reduction. [

Remark. If the case ~+5 were excluded, then ¢%-reduction would enjoy not only confluence but
also diamond property: if v :: & is an fg-net, v = & ~» v :: & and v 1 & ~ v = &, then
Vi@ st @ and v i & s ¢ i & for some pre-£g-net v i &,

As a result, we obtain the following:
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Corollary 3.3.7 (correctness). Every {g-net vo : &g has a mazimal finite sequence
(tic1 2 6g ~ 6y,
of E%—reduction,14 and any of these maximal finite sequences satisfies:
(1) v, == &, is normalised, where 816G, =T 4+ ® if 871G, =T 4 T - ¢;

(2) v, = &, is unique: if (v, = &, ~ v} S, is a finite sequence of £§-reduction
with v, :: &, normalised and (v, :: &) = (v :: &), then (v/, = &.,) = (v, :: &y,).

Proof. By Theorems 3.3.4-3.3.6, where the uniqueness of normalisation is a consequence of the
confluence and the strong normalisation of £§-reduction by Newman’s lemma [New42]. O

We call the normalised one v, :: &, in the corollary the normal form of vy :: &y and write
7(t 2 &g) or nrg :: nSg for it. The corollary guarantees that the following is well-defined:

Definition 3.3.8 ({%-equivalence). Two £g-nets v:: & and v/ :: & are said to be £%-equivalent
and written v :: & >y t/ :: & if their normal forms coincide. The equivalence relation e IS
called £j;-equivalence, and the equivalence class of an f-net v :: & with respect to {z-equivalence
is called the {j-equivalence class of v:: & and written [t :: &l

4. GRAPHICAL FREE LINEAR CATEGORIES

In the present section, we study the ¢j-calculus through category theory [ML13], specifically
in terms of (pointed) linear categories [Ben94, Bie95, MMDPRO5]. We first recall the notion of
(strict) (pointed) linear categories and show that the ¢%-calculus forms a strict (pointed) linear
category C1(£%) in §4.1. We then establish a main theorem in §4.2: freeness of C1(¢) over B.

4.1. Linear categories. We first recall (pointed) linear categories [BBDPH93, Definition 3].
They are equivalent to new Seely categories [Bie95, MMDPRO5] (also known as monoidal storage
categories [BCS09]) when they have finite products, as shown by Bierman [Bie95, §3]. Strictly
speaking, we adopt the definition of new Seely categories for its simplicity and elegance, but by
abuse of terminology we call them ‘linear categories’ since the name signifies our subject.

Definition 4.1.1 (linear categories [Bie95, MMDPRO5]). A linear category is a symmetric
monoidal closed category £ with finite products, equipped with a comonad ! on itself, called
a (linear) exponential (comonad), such that the canonical adjunction

(12) L 1L L

between £ and the (necessarily cartesian closed [Bie95]) coKleisli category £, is monoidal. A
linear category is said to be pointed if it comes with a distinguished object L, called bottom.

Bierman [Bie95, §2] proved that every linear category £ = (£, T,®,!) contains the Seely
isomorphisms [See89, Bie95]

=T, (Ax B)ZIA®!B (A,BeL),
and the exponential ! forms a symmetric monoidal comonad. In the sense of the isomorphisms,

the exponential mediates the symmetric monoidal and the cartesian structures of L.

M\When n = 0, this finite sequence is empty.
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Example 4.1.2. Categories arising in algebra, homological algebra and geometry provide ex-
amples of linear categories through a general construction as follows.

Porst [Por08, §2.7] proved that every locally presentable symmetric monoidal closed category
admits cofree cocommutative comonoids, hence forming a Lafont category [Laf88], a particular
type of linear category. Since it also has finite products, it gives rise to a linear category.

This construction applies, in particular, to the following categories:

e The category Modgr of modules over a commutative unital ring R and R-linear maps.
Its tensor product is the usual tensor product of modules over R, its tensor unit is R,
and its internal hom is given by the R-modules of R-linear maps with pointwise addition
and scalar multiplication. Finite products are given by the zero module and direct sums.
This example includes the categories of vector spaces over a field and of abelian groups.

e The category Mod(Ox) of sheaves of modules on a commutative ringed space Ox =
(X, Ox) and morphisms of Ox-modules. Its tensor product is the sheaf tensor product,
its tensor unit is Oy, and its internal hom Mod(Ox )(F,G) is the sheaf whose sections
over an open subset U C X are the morphisms F|y — G|y of Ox|y-modules [The26, Tags
01CA and 01CN]. This includes examples on schemes, complex manifolds and smooth
manifolds, using their respective structure sheaves. In the smooth case, the sheaves of
sections of finite-rank vector bundles are precisely the finite locally free C'P-modules,
though this subcategory need not be closed under the exponential.

e The category Ch(R) of unbounded chain complexes of R-modules and chain maps, with
the usual tensor product of complexes, Koszul symmetry and internal hom complex; see
Hovey [Hov99, Proposition 4.2.13]. Finite products are computed degreewisely.

e The category Rep,(G) of representations of a fixed discrete group G on vector spaces
over a field k, with G-equivariant linear maps as morphisms. Its tensor product is the
usual tensor product over k, equipped with the diagonal action

g-(vew)=(g-v)® (g w),

and its tensor unit is & with the trivial action. The internal hom Rep, (G)(V, W) is the
vector space of all linear maps V' — W equipped with the action

(9-Hw)y=g-flg~"v).

These operations make Rep,(G) symmetric monoidal closed. Its underlying category
is equivalent to the category of modules over the group algebra k[G], and thus locally
presentable. Here, representations are allowed to be infinite-dimensional.

These categories are Grothendieck abelian and hence locally presentable [Bek00, Proposition
3.10]. For sheaves of modules, see [The26, Tag 079Q)]; for chain complexes, see [Bek00, Proposi-
tion 3.13]. The case of group representations follows from the equivalence with Modyg). Thus
Porst’s theorem applies to each of the symmetric monoidal closed structures, yielding a linear
category whose exponential is given by the cofree cocommutative comonoid construction.

Example 4.1.3. The category Rel of sets and binary relations gives rise to a linear category
[Mel09, MTT18]. Its tensor product is the cartesian product x of sets, with a singleton set {*}
as tensor unit. It is compact closed, with each object self-dual; its internal hom from X to Y is
X x Y. Its categorical finite products are given by the empty set () and disjoint union &.

Given a set X, the exponential !X is the set of all finite multisets of elements of X. For a
relation 7 C X X Y, the relation !r relates two multisets precisely when their occurrences can
be paired so that each pair belongs to r. Splitting a multiset on a disjoint union into its two
components gives the Seely isomorphisms

10 = {}, (X WY) 21X x Y.
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F1GURE 21. Compatibility of a linear functor with lax structures

We next define a suitable notion of morphisms between (pointed) linear categories, which are
functors that preserve the structure of a (pointed) linear category:

Notation. Given a monoidal functor F' : M — M’ between monoidal categories M = (M, T, ®)
and M’ = (M', T' ®'), we write

pt T = FT, php: FA® FB— F(A®B) (A,B€M)
for its lax coherence morphisms.

Definition 4.1.4 (linear functors). A linear functor between linear categories £ = (£, T, ®,!)
and L' = (£, T",®",!) is a strong symmetric monoidal closed functor K : £ — £’ that preserves
finite products, equipped with a natural isomorphism

(13) 7K' S VK L — L
that is

(1) Compatible with the counits and the comultiplications of the exponentials ! = (!¢, )
and !" = (V',€,¢') in the sense that the diagrams in Figure 20 commute;

(2) Monoidal with respect to the symmetric monoidal functors K! and 'K, i.e. compatible
with their lax structures in the sense that the diagrams in Figure 21 commute.

A linear functor between pointed linear categories is said to be pointed if it preserves bottoms
up to isomorphisms.

Recall that a strong symmetric monoidal closed functor between symmetric monoidal closed
categories is a strong symmetric monoidal functor that preserves closure up to natural isomor-
phisms. This requirement is reasonable for a (pointed) linear functor, or a morphism between
(pointed) linear categories, since closure is a part of a (pointed) linear category. In contrast, the
functor part of the exponential ! of a (pointed) linear category is in general not closed. In fact,
the instance of our graphical (pointed) linear category is not closed (Example 4.1.10).

The natural isomorphism 7 : K! = 'K (13) and the first axiom in Definition 4.1.4 come from
the standard (2-)category of (co)monads [Str72]. The second axiom means that j is a monoidal
natural transformation between the symmetric monoidal functors K!,'K : £ — L'.
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FI1GURE 22. Commutative diagrams for an axiom on the composition of linear functors

In the present work, we henceforth focus on strict (pointed) linear categories and (pointed)
linear functors in the following sense:

Definition 4.1.5 (strictness). A strict (pointed) linear category is a (pointed) linear category
with chosen finite products and closure (as well as bottom). A strict (pointed) linear functor is
a (pointed) linear functor between strict (pointed) linear categories, whose symmetric monoidal
closed functor and natural isomorphism (13) are both strict, that strictly preserves the chosen
finite products (as well as bottom).

Then, our main goal is to prove that the £-calculus forms a free strict small (pointed) linear
category over B in the following sense:

Definition 4.1.6 (categories of linear categories). Let LCat be the category in which

e An object is a small linear category;
e A morphism £ — £’ is a linear functor between £ and £/,

and pLCat the subcategory of LCat that consists of small pointed linear categories and pointed
linear functors between them. Similarly, let sLCat be the category of small strict linear categories
and strict linear functors, and spLCat the subcategory of sL.Cat that consists of small strict
pointed linear categories and strict pointed linear functors.

Strong symmetric monoidal closed functors are closed under composition [Kel82], and it is
straightforward to verify that the axioms on (pointed) linear functors are preserved under com-
position. For example, given linear functors K = (K,j) : L — £ and K' = (K', ) : L' — L,
the composition K'K : £ — L" satisfies the first axiom in Definition 4.1.4 by the commutative di-
agrams in Figure 22, where the exponentials of £, £ and £" are written ! = (l,¢€,0), " = (V,€,4")
and ! = (1 €”,§"), respectively. Using the naturality of the coherence (iso)morphisms, we may
similarly show that K’'K satisfies the second axiom; we leave the details to the reader. It then
follows that (p)LCat is a well-defined category. Similarly, s(p)LCat is well-defined too.

Definition 4.1.7 (freeness). Let U : s(p)LCat — Cat be the functor that maps small strict
(pointed) linear categories to their underlying small categories, and strict (pointed) linear func-
tors to their underlying functors. If there is a left adjoint F': Cat — s(p)LCat to U, i.e.

F

TN

(14) Cat 1 s(p)LCat,

~_

U
then the value F'C € Obj(s(p)LCat) for each C € Obj(Cat) is said to be free over C.
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We shall prove that our graphical (pointed) linear category is free in this sense. We choose
the category s(p)LCat, not the other (p)LCat, since otherwise the freeness would hold not as
defined above but only up to suitable 2-cells, for which we need to digresses from the main line
of the present work and develop some 2-categorical structure. We make that choice in order to
focus on our main contributions, though the other choice is certainly interesting to study too.

Having fixed our categorical structure, we next build a small strict (pointed) linear category
Cl(¢g) from the £g-calculus and show that the map B — Cl(£g) extends to the left adjoint F' to
the functor U in (14). To this end, in contrast to type-theoretic categories [LS88, Pit01, Jac99,
MMDPRO5], a problem in our category is identities: an identity A — A in the former is simply
(an equivalence class of) the variable Ad-term x : A+ x : A, but it does not fit the latter since

(1) Such a variable A-term does not exist in the £3-calculus;
(2) If we formally add variable A-terms to the £%-calculus, then we would need formal equa-
tions or rewritings for the extension to match (pointed) linear categories.

Then, we instead derive a class of freely generated pre-€j-nets that yield identities. Again,
for ease of notation, we describe those pre-£-nets through the corresponding pre-{3-terms.

Notation. A formula in intuitionistic linear logic (ILL) [Gir87, GL87] over B is an expression A
defined by
A=X|T|1|AA |Ax A |A— A |4,
where X € Obj(B), and a one B in intuitionistic linear logic with bottom (ILB) by
B:=X|T|1|L|B®B' |BxB|B—B|!B,

where T is called top, 1 one, L bottom, ® tensor, X product, —o linear implication, and ! of-course
(or exponential). Let ®A and &B denote the parse trees of A and B, called ILL- and ILB-trees
over B, respectively. We apply the names of A and B to A and BB, respectively, too.

These formulae are objects in the formal free (pointed) linear category over B. Let us assign
a unique (up to renamings of variables) ¢j-type, written T4, to each formula A in ILL or ILB
and distinguish between different copies of T4 by auxiliary symbols, e.g. T, TA, and so on.

Remark. If two {%-types are written without such a subscript (_)4, e.g. T and T”, then they
may be completely unrelated ¢3-types; the above convention is only for the assigned ones T'4.

Definition 4.1.8 ({£3-copy-cats). The £§-copy-cat'® on a formula A in ILB, written cp 4, is the
normalised pre-f-term

Z

A,TA . TA =~ %jﬁmjﬂA : TA,
where the B-webs Z; 5, and ., 1, are abbreviated respectively as F4 and 64 (where the
auxiliary symbols on T4 and €4/%4 are synchronised), defined inductively by
(1) ecpx :=={v Idx, w} : Xy A 02 X}y, where X € Obj(B);
) cpyi={v = w} : I F=0: I, where T € {T, L};
) Cpq ‘= (Z) : 1[w] =+ @ : 1[1}];
) CPagB ‘= QAUQB : TA@)TB —H—?AU?B :TA®TB;
5) Paxp = (Za+ (@) U(TB + (yl) : Ta x T A (€a+ () U (€5 + () : TawxyTs;
) CPA-B Z:%AU.@BZTA—OTB —“—.@AU?BITA—OTB;
) cpia = (Da +|(Col(Da),€))) U{e — ¢} : 1gTa A Ca + [(Col(Za), &) : g Ta,
where the variables in cp,4 are arbitrarily chosen and pairwise distinct, and it is called an ¢3-
copy-cat if A is a formula in ILL.

15 his terminology comes from game semantics [Hyl97, AT97], where identities in a category of games and
strategies are called copy-cat strategies since they compute simply by ‘copy-catting’ previous moves in a play.
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Notation. The informal, auxiliary symbols (i) and (i) used for £%-copy-cats may vary; e.g. cpy
is also written
Dp:Ty =€) : T}, DTy =€y Ty, DN TH A€y T,
and so forth, where again the symbols on each pair of a B-web and an {-type are synchronised.

It is easy to see by induction that {j-copy-cats are freely generated pre-{z-terms containing
no exponential label whose set is of cardinality more than one. Moreover, they satisfy:

Proposition 4.1.9 (generalised unit laws). Any £%-net of the form
(15) pO(v: D, P Ty, 6 : AHo: X+ B :Tp)~,
where by Theorem 3.2.44 the pre-ly-term v :1I', P : Ty, 6 : Ado:X+ %B:Tp is assumed to be
freely generated without loss of generality, is {g-equivalent to those
(1) p@(’y:R@A :TA,5:A4<fAU<@:TA>TA,J:Z H%:Tg)~,
(2) p&(y: T, P Ty, 6 : AH0:2,BUYDp:Teg>TptCp: 1)~
obtained from the one (15) and Ly-copy-cats by the typing rules CUT and XL via the map p®.

Proof. By Theorem 3.2.44, we may proceed by induction on a derivation of a freely generated
pre-{j-term s :: S representing the ¢g-net v :: & (15), i.e. p&(s:: S)® =r:: S. In the following,
we only pick up some key cases in the induction since the other cases are simpler or analogous.

First, for the inductive step on the first clause (1) with respect to the typing rule ®L, assume
the derivation

D, P Ty, 2:Tp,6: AHdo: S F€:Tc (O
(®L. XL*) v A B o c (0)

cp v:D,PUL:Tagp, 0 : Ao : S+ € :Tc (%)
(Cur, XL™) ASB

’Y:F7-0ZA®B :TA®B,5:A‘(%A@BUQUQ:TA(@BDTA@B,J:E'—CK:TC (*)
of a freely generated pre-fj-term (%), where the one (x) represents the {-net (15) in this case.
The ¢g-net p® (%)~ is £y-reduced to the one represented by the freely generated pre-£%-term

’YZF,.@AUQBZTA(X)TB,a:A—{(fAU@U?BUQZ(TADTA)(X)(TBDTB),O':E}—(ngc,

which can be derived as

(Cur, XL*) ﬁv 'y:F,ﬂ:TA,QiTB,(S:AA—(a:E)—%”:Tc(EI)
(un, xLty B VD DT 2:Tp i A GV P TarTa o i BFE : Te (9)
(®L, XL) v F,@AV: TA,?B :VTB,J A 4<€AAU32 : TAADTA’%BAUQ : TBADTB,U (X EE:Te ()
(®M, XM*) Y:D, 94U 95 : Tagp, 0 : A4 AU P : TarTa, g UL2: TppTp,0: 8¢ : Tc

YT, P4 U Dp : Tagp,0 : A4FaUPUCBUL2: (TadTa)® (Te>Tr),0:SFF: To

By the induction hypothesis, we see that the ¢g-net p&(0)~ is ¢g-equivalent to the one
£6(0)¥, which is similarly ¢%-equivalent to the one p®(<{)®. From this observation, we con-
clude that the (j-equivalence p&(x)~ =~ p®(*)~ holds by the definition of £z-reduction (and
Theorem 3.3.6) since the ¢g-nets p&(x)~ and p&(H)~ are different only in a way insignificant
for £j-reduction. This completes the main case of the induction step.

The minor cases follow more readily from the induction hypotheses. The second clause (2) in
the same induction step is similar to the minor cases.

The base cases and the other inductive steps of the induction are simpler or analogous. O

Remark. The (ordinary) unit laws are obtained from the generalised ones by the restriction of
the ¢g-net (15) to the one p&(F : Ty 40 : X+ B : Tg)~, but the induction of the proof does
not work for the unit laws (as seen in the inductive step on QL given above). Another remark is
that for the inductive steps on —oL and —R the induction proceeds on the two ¢%-equivalences
(1) and (2) respectively and simultaneously.
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Example 4.1.10. Let us take the ¢%-copy-cat CPy(1—o1)s OF

e ep M a1 (1 —o L) A {7 2N (L — L),

as the one representing the £%-net (15), for which the two clauses of Proposition 4.1.9 coincide.
Figure 23 shows {j-reduction that demonstrates the {j-equivalence given by the proposition.

Example 4.1.11. Consider the freely generated pre-¢-term (x) derived as

(] (9] L (2] . (3l E
{w L>'U,w LN w} : Ly X L[v],{w LN z, 9 LN z}: Liw) — Lz —H-0 : Ligje X g-Lig (%) P w1

Cur
( ) (@] (91 . L (2] . (9l .
{w—v,w ——=u}: Ly X L, {2 — 2,9 — 2} L) — L) A

_ @l <l
{z - 2,9 —= y}: Liggaxgli > L X Ly 00 Ligaxgly ()

The £}-net p& (%)~ is Lg-reduced in Figure 24, whose result is the one p® (%)~ by the generalised
unit laws. The adjustment of cartesian labels for the prime of p®(x)® made before the execution
of ¢%-reduction is vital since without it the second ¢j-net would not be an ¢-net.

We now define our graphical categories. For convenience, we first present their preliminary
version, in which we take the quotient of {j-nets with respect to £j-equivalence, and later their
official version in which we dispense with the quotient by focusing on normalised ¢%-nets.

Definition 4.1.12 (graphical categories). Let Cl(¢%) be the category in which
e An object is an ILB-tree & A, where A is a formula in ILB;
e A morphism 84 — &B is the (-equivalence class [v :: &]¢s of an (p-net v :: & with
6 = 6(T4 41X F Tg) for some finite sequence X of ¢E-cuts, where for convenience t :: &
is written without loss of generality in the form

pS(P TaHdo: X+ RB:Tp)~,
where & : Ty 4o : X+ % :Tp is a pre-{3-term freely generated by Theorem 3.2.44;

e The composition of morphisms [p&(L : Ty 1o : 3+ B : TB)z]g-B : A — BB and
[p&(2:TpAn:1FE: Tc)%les, : 8B — BC is given by arbitrarily renaming vertices
of (T4 4 X+ Tp) and &(Tp 4 I - T¢) in such a way that their vertex sets become
disjoint, where let &(2' : T 4o’ : X'+ B : Tp)~ and 8(2' : T An' : ' €' : TL)~
be the resulting pre-¢%-nets, and defining the composition to be

(p&(P Ty o' X, B VD Ty Ty a1 %" TE) ey, 6A — &C;

e The identity idgq : A — A is

[pB(cpa)~les, : BA — GA.
In addition, the full subcategory Cl(¢g) — Cl(¢}) consist of ILL-trees as objects.

Notation. We abbreviate objects A in the above categories as A unless it brings confusion.

We will soon focus on normalised £g-nets and build the wide subcategory C1(£%) < C1(£g) of
normalised ones (Definition 4.1.17), which is isomorphic to Cl1(€3) yet free from €%-equivalence.
While C1(£%) is simpler than Cl({3) and quotient-free, C1(¢) analyses our graphical constructs
more deeply than Cl(¢g) via categorical structures on non-normalised ¢g-nets. For example, the
composition in Cl(£%) is well-defined for all (composable) £g-nets, not only for normalised ones.
In other words, we conduct a strict screening on the graphical calculus by temporarily choosing
C1(¢%) over CI(£%). In addition, C1(£%) is richer in structures; e.g. it extends to a bicategorical
generalisation of a (pointed) linear category just by the discard of {3-equivalence, as in Yamada
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FIGURE 23. (j-reduction witnessing the generalised unit law
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FIGURE 24. {j-reduction on cartesian product

and Abramsky [YA20],'6 and this is the first step towards the study of links between the calculus
and Fiore et al. [FGH26] mentioned in §1.3. Yet, our eventual focus in this work is C1(£3).

The next technical device is useful for the rest of this work. In a free generation of a pre-£3-
term, a rooted subtree of the free generation induced by a vertex can be seen as a ‘leaf’, called
a generalised leaf. Abusing notation,'” we write n (n € N) for an arbitrarily fixed expression for
n such that n # m if n # m, and AV for the discrete category of the numerals.

Definition 4.1.13 (uniform families). A family f = {fa}acobjci(e) of morphisms fa in
C1(¢%), where n € N is called its arity, is said to be uniform if, for any A = (4;)},,B =
(Bi)i~, € Obj(Cl(¢%))", there are pre-fg-terms ug :: Sa and up :: Sp that are
(1) Both free from arrowy labels of morphisms in B except those of identities;
(2) Freely generated by the same derivation from the £j-copy-cats cp 4, and cpp,, serving as
generalised leaves, respectively, in the order of the indexing ;
(3) fA = [p@(uA e SA)z]KOB and fB = [p@(uB = SB)z}g;s.

A uniform family of morphisms is uniform in the sense that its elements are constructible by
the same free generation from £j-copy-cats, where only the £-copy-cats may vary. Two uniform
families f = {fa}aconj(ciey)» and ' = {fg}Aeom(Cl(,g%))n, of morphisms are said to be equal
and written f = f' if n = n’ and fa = f) for all A € Obj(Cl(£3))". It is easy to see that,

16This direction is straightforward to pursue since the bicategorical generalisation is obtained from (pointed)
linear categories just by the replacement of equality between morphisms with equivalence relations as in [YA20].
Yet, since it diverges from our focus to spell out the details, we leave the generalisation to future work.

1TWhile the following notation for a numeral conflicts with the one s for a finite sequence s, it does not bring
confusion in practice. The notation is to make it easy to distinguish the numeral 1 from the formula 1.
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given two uniform families f = {fa}acobjcieg)» and g = {gatacovjcie), fa and ga are
composable for some A € Obj(Cl(¢g))™ if and only if so are they for all A € Obj(ClL(¢g))™. In
the positive case, the composition of f and g is defined to be the uniform family

go f:={gao fa}aconjcieg)) -
We shall be interested in a class of uniform families that are certain natural transformations.
We then translate each uniform family f = {fa}a of morphisms into a single morphism
dep(f). The idea is to represent the indices A by natural numbers (just like variables).

Definition 4.1.14 (deputy). The deputy of a uniform family f = {fA}Aeobj(Cl(goB))n of mor-
phisms in C1(£%) is the morphism dep(f) in Cl(¢3,) given by the following procedure:
(1) Pick any member fa of f, where assume A = (4;)i_; and fa = [p&(ua :: Sa)~]ey for
a pre-fg-term ua i1 Sa freely generated from the (-copy-cats cpy,;
(2) Replace each generalised leaf cp 4, in the derivation of ua :: S4 with the one cp; (which

is possible by the first axiom in Definition 4.1.13), freely generating a pre-f}-term w :: S;
(3) Define dep(f) := [p&(u :: S)¥]es,.

Clearly, the deputy dep(f) of any uniform family of morphisms does not depend on the choice
of an element f4 of f or its derivation in the first step. Besides, it is easy to see that, if f and
g are composable families of morphisms, then

dep(g o f) = dep(g) o dep(f).

In this sense, the operation dep is compositional. Moreover, it is faithful:

Theorem 4.1.15 (faithfulness of deputy). Two uniform families f and f' of morphisms in
Cl(¢y) of the same arity satisfy f = f' if and only if dep(f) = dep(f’).

Proof. The necessity (f = f' = dep(f) = dep(f’)) is obvious, and the sufficiency (f = f/ <
dep(f) = dep(f’)) holds as every {g-copy-cat consists of B-arcs between pairs of corresponding
ends, as templated by those cp,;, where Proposition 4.1.9 ensures that ¢3-reduction with any
{3-copy-cat is also templated by that with cp;, and the ends i are not joker. O

This theorem reduces the infinitary equation f = f’ to the finitary one dep(f) = dep(f’). We
are now ready to prove the first main result of the present section:

Theorem 4.1.16 (graphical linear categories). The structure Cl(£y) gives rise to a strict pointed
linear category, and the one Cl(¢g) a strict linear category.

Proof. We focus on the case Cl({%) since the other is simpler. We first show that Cl({%) is a
well-defined category. By the typing rule CuT, the only nontrivial point for the composition to
be well-defined is whether it is independent of a choice of ~-representatives of the component
morphisms, and it is by Corollary 3.3.7. The other operations on morphisms introduced below
are shown to be well-defined by similar arguments, and we henceforth skip this issue. It then
follows that C1(¢g) is a well-defined category, which satisfies the associativity of the composition
by construction, and the unit laws by Proposition 4.1.9.

We next show a symmetric monoidal closed structure on Cl(¢%). The bifunctor is given by
tensor ®, whose arrow-map transforms a pair of morphisms

[pB(P Tado :2FC :Tc) s : A= C, [p&(2:TpAm: 112 :Tp)~eg : B— D,

where without loss of generality we assume that their vertex sets are disjoint and keep using
this assumption without mentioning it further in analogous situations in the remainder of this
article, into the one (with the help of the typing rules ® R and ®L)

[p@(z@UQITA@)TB_|UZE,7TIH|_<5U.@ITO®TD)z]gZ;1A®B—>C®D.
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It is straightforward to see its functoriality: it preserves identities by the definition of ¢%-copy-
cats, and composition by the definition of ¢g-reduction (and Corollary 3.3.7).

The unit is given by top T. Fixing an arbitrary end u’ € End%ﬁlj, the natural isomorphisms

ARTEAXNTR®A

are given by the morphisms (with the help of the typing rules on T and ®)'8

[pB(ZaU{u = v} Ta® T[U] -+ %A : T;‘)z]gos TAQT — A,
[p@(@A Ty - %1/4 : TA ® T[v])%]gé A ART,
[p&(DaU{u' — v} T @Ta A€ T)) s : TR A A,
[p@(.@A Ty 4+ %114 : T[v] (9 Tg)z]g% A—->TRA

The natural isomorphisms

A (Bo(C)=2(A®B)®C, ARBXB®A

are the evident analogues of the identities on A ® (B ® C) and A ® B, respectively. For some of
their invertibility, the ~-saturation of {g-nets is vital, as illustrated in Figures 2-3. Similarly to
the proof of Proposition 4.1.9, they satisfy the naturality and the coherence axioms.

The closure is given by linear implication —o, the evaluation (A — B) ® A — B by the
typing rules —oL, XL and ®L applied to cp4 and cpg, and the currying by the one —oR. Again,
similarly to the proof of Proposition 4.1.9, we see that the axioms on this closure hold.

Next, we define a comonad on Cl(¢%). The functor is given by of-course !, whose arrow-map
transforms a given morphism

[p@(@ 2Ty A (% : Mj)j % TB)Z]Z% :A— B
into the one (with the help of the typing rules !D, DM and !R)
[p@(gzl U{z — z}: ![z]TA — (%]/ U{z — yj} : '[yJ]MJ)J % ’[JV]TB)z]/;3 ;1A — 1B,

where

P =P+ |(Col(2), 2)), M= M+ |(Col(Aj), y5)),

B = (Blr, + |(Col(2),2))) U J(BIn; +(Col(4),y;)))-
J

Its functoriality is shown in a way similar to the case of the bifunctor ®. The components of the
counit € and the comultiplication p of the comonad at each object A € Cl(¢}) are the morphisms
(given with the help of the typing rules !D and !R)

° [p@(.@A + |(COI(@A),Z)> : '[z]TA - %A + |(COI(@A>,Z>> : Tg)z]g% 1A — A7

° [p@((@,q + |(C01(9A), Z)>) U {{E — 2, Y — Z} : ![z]TA =+ (gA + |(CO](@A), Z)) : ![x]![y]TA)%]gg :

1A — 1A,

respectively. Note that the counit and the comultiplication are both uniform families of mor-
phisms. Because the operation dep is compositional, faithful, and satisfying dep(!f) = !dep(f)
for a uniform family f = {fA}AeObj(m(z;;))n of morphisms, where !f := {!fa}a, it suffices to
check the axioms of a comonad on the deputies of the counit and the comultiplication:

idy |({v'v},z
. [p@({’l)l 1|({v'v},2))

o [pB({

U} : '[Z]l[v] [l :l[v/])%]é% : 'l — 1,

idl ’Ull) 2
S wh U = 2y = 2b s gy A0 L)l 1o L

181t is a nontrivial problem to design a calculus for (pointed) linear categories having these natural isomor-
phisms without recourse to a quotient. For instance, the composition A ® T 5 A5 A® T would not coincide
with the identity id ogT if we define the typing rules on T in the same way as those on L in Figure 15.
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[2] l[’u] -+ ![2///] l[,u/u]

~N_

FIGURE 25. {j-reduction for a comonad

Then, for instance, the axiom le o § = id, is verified by the ¢-reduction in Figure 25, where
we add slash / to an edge to be deleted during the conversion into the prime form. The other
axioms are verified in a similar vein, and we leave the details to the reader.

Remark. In this way, we reduce the axioms of a comonad to geometry of quotient-free labelled
finite graphs. In contrast, the standard string diagrams [JS91], extended to a comonad [BCLS20],
translate the axioms into formal equations between string diagrams [BCLS20, Formula (1)].

It remains to show that the adjunction (12), where £ = CI(¢%), is monoidal. To this end, we
first check the required axioms on the mediating morphisms for the lax monoidal functor F:
L] [p@({e — v} : T[v] =0 ![e]l[u])z]zg T = !1;
o [p&(Za+(Z)V(ZB+(G)U{g = e,g—= [} [gTa®![yTs At (Ca+ (Z)) U (B + () :

li5)(Tazx3TB)~]e, : 1A® !B — (A x B), which is natural in A, B € Cl(¢g).

Again, since the axioms are only concerned with interactions between the mediating morphisms
and coherence natural isomorphisms (which are represented by freely generated pre-¢j-terms),
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we may replace the second mediating morphism with its deputy

PS{Z — 2,9 = y,§ = e, G [} el @ 1p2 0 g Lszxa2i) ey

The first axiom is the compatibility of the mediating morphisms with the coherence natural
isomorphisms for unit laws; in our setting, it is the commutativity of the diagrams

nNely 225 11 xY) Vel 225 1y x 1)
M0®id!YT J]!)\y id!y®u01\ J/!’yy
TR ——— IV Y QT ——— IV
'Y g

in Cl(¢,). We focus on the first diagram because the second is analogous. Then, ¢%-reduction in
Figure 26 verifies the commutativity of the first diagram. Similarly, we can also prove the com-
patibility of the mediating morphisms with the coherence natural isomorphisms for associativity.
It is simpler to verify the axioms on G. We leave those details to the reader.

It remains to show that the (co)unit the adjunction (12) is monoidal. We focus on the case
of the counit and leave that of the unit to the reader. We have to show that the diagrams

ex Qey

IXQYy —— X QY

2N ] =

T —T (XQY) —57— XV

in Cl(¢%) commute. Again, by Theorem 4.1.15, it suffices to reason about the deputy
Qj({i’ — .’E} : ![e]X[ac] -0 X[i])%

of the counit. Then, the first commutativity is verified by

/\ L K_\
T 7. (e T >l Tw) B T ~ Ty AF 0 Ty
and the second as in Figure 27. |

Remark. There is no £z-net on (X, ® 1p,) = X)), where X € B, because only x — y is a
possible B-arc, but it does not cover v. For this reason, one 1 is not the unit for tensor ®.

Definition 4.1.17 (quotient-free graphical categories). Let CI(£3) be the category obtained
from the wide subcategory of Cl(¢%) whose morphisms are normalised {j-nets by the discard of
l%-equivalence (since £-equivalence is vacant for the normalised ones).

By construction, we have the isomorphism Cl(ﬁ%) = Cl(€3) of categories. Since we can easily
apply the proof of Theorem 4.1.16 to C1(¢3), we obtain:

Corollary 4.1.18 (quotient-free graphical linear categories). The structure C1(¢g) forms a strict
pointed linear category, and the one Cl(¢g) a strict linear category.

We have seen that every categorical construction of the (pointed) linear category Cl({%) or
(jl(ﬁzg) is realised in terms of typing rules. We also see in the next section that conversely every
typing rule corresponds to one of the categorical constructions. This result justifies typing rules
as constructs for the free generation.
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Ly A
idq | ({ou}.1))
! /\;M) >

FIGURE 26. {j-reduction for exponential
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k//—/ !{/4\\\ Tl
e} ¢ X2t ® Mg F\Y[yJwY[r]) > ![glc(Xm ® Y[?'"])j
el T RS- BER )
$
{,/”/ T T
Mol ¢ X2l © M Y e (K ® Vi) DC(Xm ® Ym)ﬁ
\\\\ So \/

FIGURE 27. Another /-reduction for exponential

4.2. Soundness, completeness and freeness. Let us next interpret the £j-calculus in strict
(pointed) linear categories and show its soundness and completeness. We then lift this result to
freeness of the strict (pointed) linear category C1(£%) over B in the sense of Definition 4.1.7.

The interpretation assigns to {-trees objects by induction on the underlying {3-types. The
denotations of {j-nets are not straightforward: a priori they cannot be defined by induction on
free generations of pre-¢g-nets (since a free generation of a pre-¢g-net may not be unique), and
the free generations are on ¢g-skeletons, not on ¢g-nets (via Theorem 3.2.44), in the first place.

For this problem, we first define an interpretation of free generations of pre-¢j-nets and show
that if £j-skeletons 5,8’ :: & satisfy s ~ ¢’ :: G, then the denotations of any free generations of
pre-f%-nets that are equal to 5,6’ :: & up to prime form, respectively, coincide. By this result, a
choice of an ~-representative of an £j-net or its free generation does not matter, and hence we
can lift the interpretation of free generations to ¢3-nets in the evident way.

For ease of notation, we first describe the interpretation in terms of (typing rules of) pre-f§-
terms, as it can be presented concisely, and then lift it to pre-¢z-nets through the map &.
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Notation. Let D | s :: S denote a free generation D of a pre-fg-term s :: .S, where D, or a proof
tree with the root s :: S [TS00], is represented compactly as follows:
(1) D is written Ax if D is a singleton rooted tree of an axiom (i.e. a typing rule that does
not have any hypotheses) Ax in Figure 15;
(2) D is written TR(D1,Dg,...,D,) if D is given from free generations D; for 1 < i < n,
where 1 < n < 2, by a typing rule TR with n hypotheses in Figure 15 (n.b., by allowing
n to be 0, the first clause can be seen as the second for n = 0).

Definition 4.2.1 (semantics of {j-types and free generations). The interpretation of {%-types
and free generations of pre-fg-terms in a strict pointed linear category £ = (£, T,®, —o, 1, x,!, 1)
over a functor v : B — UL (where recall U : spLCat — Cat in Definition 4.1.7) consists of:
(1) The assignment [_]% of an object [A]% in L to each formula A in ILB over B defined
inductively by
[X]Z :==v(X) (X € Obj(B)), [z =1 (Ie{T,1,1}), ['A]Z = '[AlZ,

[AMB]Z := [A]z&[B]z (& € {®,—, x}),
and lifted to each £%-type T and to each finite sequence (T;)7; of them by

[T]% = [T1%, [Tz = ®[[Tiﬂ2;

(2) The assignment [-]% of a morphism [D | s = S]% : [I]% — [N]% in £ to each free
generation D | s :: S of a pre-f-term s :: S, where S = I' 4 II N for some finite
sequence II of £-cuts, defined inductively in Figure 28, where

aapc:A®(B®C) > (A® B)® C is the natural isomorphism for associativity;

sap:A®B S B® A is that for symmetry;

A :T®AS Aand y4: A® T 5 A are those for unit laws;

wy 1A — T is the morphism for weakening [Bie95, MMDPRO5];

€4 : !A — A is the natural transformation for dereliction [Bie95, MMDPRO5];

¥4 1A = 1A ® A is that for contraction [Bie95, MMDPRO5];

04 : 1A — 1A is that for digging [Bie95, MMDPRO5];

peanyr - @iy A = (@, Ai) is the natural transformation constructed from

the mediating one pa,5:!1A® !B — (A ® B);

T4 : A — 1 is the unique morphism to the terminal object 1;

71'541’)3 :Ax B— A and 7T1(42’)B : A x B — B are the projections of a product A x B;

(f,9) : C = A x B is the pairing of morphisms f: C — A and g: C — B;

evap:(A— B)® A — B is the evaluation on objects A and B;

e Aypc:L(A®B,C) = L(A, B — O) is the currying on objects A, B and C,
and we mostly suppress the associativity isomorphism in the interpretation of the domain

I (n.b. tensor product ) in the interpretation of the domain I is left associative).

By restriction, these assignments induce those [[,]]Zl,, constituting the interpretation over a
functor v/ : B — UL’, of objects and morphisms in a strict linear category L’ respectively to
{p-types and free generations of pre-fz-terms.

This interpretation is ‘nvariant under the choice of a free generation or an ~-representative:

Proposition 4.2.2 (invariance of semantics). If {%-skeletons s,8' :: & satisfy s ~ s’ :: &, then,
for any free generation D of a pre-ly-net v :: R and that D' of a pre-ly-net v :: R such that
plt=R)=5:6 and p(v/ : W) =5 :: &, we have

[D]vaR]2=[D | = R]%
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for any strict (pointed) linear category L and a functor v : B — UL.

Proof. By induction on the free generation D followed by case analysis on the other D’. In the
following, we focus on key cases of the induction since the other cases are simpler or similar.

First, consider the case where D is the singleton derivation of a pre-fg-net v :: ] = &((0 :
P;); 4= 0 : 1},)) that consists of 1R. The denotation [D | ¢ :: R ]} is the unique morphism to the
terminal object. Note that D’ can be a different derivation, but, whatever D’ is, the denotation
[D' | :: 9]% must be the unique morphism to the terminal object.

Next, take the case where D is a derivation of t :: R = &(y : ', {u = v} : T,; 4= A" : N) that
ends with TL. In this case, R’ is of the form &(I", T, 4+ N’) (since p? = pR’). By induction
on D', we yield a derivation D" of some " :: R” that ends with TL with p(t” = R") = s = &
and [D' | = R =[D" | = R']% (n.b. p(d” = R”’) = ¢ = & is possible, but in general
p(t” = R") =6’ :: & is not since D’ ends with TL). For some cases of the induction on D’,
p(t s M) = p(v/ :: B) is vital. It then suffices to apply the induction hypothesis to the derivations
D and D" obtained from D and D”, respectively, by the deletion of the last occurrences of TL.

As the last key case, assume that D is a derivation of a pre-£j-net v :: )R that ends with @R.
Again, we see by induction on D’ that there is a derivation D" of some t” :: R” that ends with
®R, whose hypotheses are the same up to prime form as those of the last occurrence of ®R in
D, and satisfies p(¢v” :: R") = & :: G and [D' |/ = R ]2 =[D" | ¢ :: ®']%. Again, for some
cases of the induction on D', p(t :: R) =~ p(v/ :: R’) is crucial. Thus, similarly to the last case,
we can apply the induction hypotheses to the respective pairs of the derivations obtained from
D and D", respectively, by the deletion of the last occurrences of ®R. |

This proposition ensures that the following is well-defined:

Definition 4.2.3 (semantics of ¢g-nets). The interpretation [&A]% of each ILB- or ILL-tree
B A in a strict (pointed) linear category £ over a functor v : B — UL is defined by

[6A]7 = [A]%,

and that [t :: &]% of each £-net ¢ :: &, where let p :: R be any pre-£3-net freely generated by
any derivation D such that p(p :: R)™ = v :: &, is defined by

[t::8)%:=[D|p:R]%.

Remark. By Theorem 3.2.44 and Proposition 4.2.2, we can and will use induction on free gener-
ations of pre-fj-nets for reasoning about the interpretation of £j-nets.

Then, equational soundness follows by construction:

Corollary 4.2.4 (soundness). Let v,v' :: & be {y-nets, L a strict (pointed) linear category, and
v:B—=UL a functor. If v =1':: &, then [v:: &% = [/ :: 6]%.

Proof. Immediate from Proposition 4.2.2. O
The interpretation is also equationally complete:

Corollary 4.2.5 (completeness). Two normalised {g-nets ¢, :: & are equal if the equation
[v:: 8])% = [t : &]% holds for every strict (pointed) linear category L and functor v: B — UL.

Proof. Let vy : B— UCI(£g) be the functor that maps
X — 6X, (X: X =>Y) = pS({y 5 a}: Xy - 0:Y],),

and take the interpretation [ ) in C1(¢%). We see by induction on free generations of pre-

Vo
Cl(eg
{%-nets that every free generation D of a normalised pre-{g-net p :: R enjoys [D | p = R

Yo —

Cl(ey)



58 NORIHIRO YAMADA

p(p : R)™, and thus the interpretation [[_] Zjol ) is the identity map on normalised £§-nets. Thus,
B
the equation vt = ¢’ :: & follows from the one [t :: 6]}%“1([%) == 6]]%"1(%). O

Finally, we lift these soundness and completeness to freeness of Cl(ﬁ%) in the sense defined in
Definition 4.1.7:

Theorem 4.2.6 (freeness). The strict (pointed) linear category Cl(£%) is free over B.

Proof. Let L be a small strict (pointed) linear category, and v : B — UL a functor. We first
construct a morphism CI(£3) — £ in s(p)LCat. By Corollary 4.2.4, the interpretation []%
yields the desired morphism [ ]z . : Cl(¢%) — L since by construction it strictly preserves all
constructs of a free (pointed) linear category, except that the preservation of identities is proven
by induction on objects. For convenience, we also write []j . for [-]%.

Conversely, every morphism L : C1(¢%) — £ in s(p)LCat induces a functor |L|: B — UL by
|L|(X) == L(BX), ILI(x: X = Y):=L(ps({y = z} : Xz = 0:Yy)),

where it is easy to see its functoriality. For convenience, we also write |L|g . for |L]|.

These constructions [z » and |-|s c are inverses to each other: [} .| = v holds by con-

struction, and [[,]]‘BLL: = L holds as L is completely determined by its action on the base objects

®(X) and morphisms p&({y = z} : Xz = 0:Y],), where note that all objects and morphisms
in C~1(€°B) are freely generated from those in B by constructs of a free (pointed) linear category.
The two equations hold since we focus on the strict structures in the sense of Definition 4.1.7.

We next lift the map C1(¢°) : B +— CI(£3) to a functor C1(£°) : Cat — s(p)LCat: for a functor
F : C — B, the morphism C1(¢3%) : C1(¢2) — C1(£%) in s(p)LCat is the unique one that maps

B(X)— 6(FX), pS({y X ) Xppy A 0: Vi) = p8({y =5 2} : FXp, 4 0: FYy).
Finally, the naturality of the adjunction
C1(¢°)
Cat L s(p)LCat,
\IT/

i.e. the equation
|[KoLoCl({})|=UKol|L|loF:C—UL
for any functor F : C — B and morphism K : £ — £’ in s(p)LCat, holds by construction. O

Corollary 4.2.7 (decidability II). If the equality between morphisms in B is decidable, then so
is the one in any free (pointed) linear category over B.

Proof. Assume that the equality between morphisms in B is decidable. Since Gl(ﬁ%) is free over
B by Theorem 4.2.6, it suffices to show the decidability of the equality between morphisms in
C~1(€%). The decidability holds since every ¢g-net is a finite (labelled) graph, except components
of B (but it is not a problem since the equality between morphisms in B is decidable). g

5. APPLICATION TO COHERENCE

We lastly provide a new graphical proof of coherence on symmetric monoidal closed categories
[Mac63, KM71, MS07] and extend this result to (pointed) linear categories. In this section, we
extensively use the natural transformations/isomorphisms listed in Definition 4.2.1.
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5.1. Graphical coherence. Recall that the coherence is concerned with allowable natural trans-
formations [KMT71, §2]. For convenience, we reformulate the allowability in a slightly different
way and call it SMC-allowability. We then extend it to linear-allowability in the expected way.

Definition 5.1.1 (SMC-allowability [KM71]). A morphism in a free symmetric monoidal closed
category M over B is said to be SMC-allowable if

(1) Tt is between objects both of which are constructed inductively from objects in B and
(monoidal) unit by tensor product and closure;
(2) It is constructed inductively from identities, the isomorphisms

QA B,C, )\Av YA, SA,B (A,B,C € ObJ(B))

in Definition 4.2.1 and their inverses, the evaluation ev4 g : (A — B) ® A — B and the
currying A(idagp) : A = (A — A ® B) by composition, tensor product and closure,

and a natural transformations between symmetric monoidal closed functors from M to itself is
said to be SMC-allowable in M if so are all its components.

A symmetric monoidal closed category M is said to be coherent if any two parallel allowable
natural transformations in M coincide. A symmetric monoidal closed category is not (uncondi-
tionally) coherent [KMT71, §1]. Kelly and Mac Lane then established a sufficient criterion for the
coherence [KM71, Theorem 2.4]. For this classic result, they defined a graphical representation
of allowable natural transformations, called Eilenberg—Kelly-Mac Lane graphs [EK66, KMT71].

Voreadou [Vor77] tried to strengthen the sufficient criterion into a necessary, sufficient one, but
one of her lemmata was false. Based on her idea, however, Mehats and Soloviev [MS07] finally
established a necessary, sufficient criterion for the coherence in terms of a sequent calculus.

Definition 5.1.2 (linear-allowability). A morphism in a free linear category £ over B is said to
be linear-allowable if

(1) It is between objects both of which are constructed inductively from objects in B and
monoidal and cartesian units by tensor and cartesian products, closure and exponential;
(2) Tt is constructed inductively from identities, the isomorphisms

QAB,C, A4, Y4, sas (A, B,C € O0bj(B))
and their inverses, the evaluation evy4 g, the currying A(idagg), and the morphisms
1 2
wa, da, Va, HA,B, €a, TA, 7T,(4,)B’ 7T,(4,)B

in Definition 4.2.1 by composition, tensor product, closure and exponential,

and a natural transformations between linear functors between £ and itself is said to be linear-
allowable in L if so are all its components.

SMC-allowable morphisms in the symmetric monoidal closed part of (jl(f A7) can be seen as
an equivalent analogue of Eilenberg-Kelly-Mac Lane graphs, and they are extended to linear-
allowable morphisms in Cl(£yr). We make use of these morphisms via the following:

Proposition 5.1.3 (allowability of deputy). The deputy dep(n) of any SMC- (respectively,
linear-)allowable natural transformation n in Cl(€g) is SMC- (respectively, linear-)allowable.

Proof. By induction on the construction of 7. O

Note that the operation dep of taking deputy is analogous to the functor from the category
of formal functors and allowable natural transformations to the category of formal shapes and
Eilenberg—Kelly-Mac Lane graphs [KM71, p. 105].
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Convention. A valid sequence is said to be bare if it is a finite sequence of ends (i.e. moves of
length one). An end y is hereditarily justified by another z in an ¢%-diagram & if there is a finite
sequence (x;)"_; of ends such that x; = z, x,, = y, and x; justifies x;41 in & when 1 <1 < n.

Theorem 5.1.4 (graphical coherence). Two linear-allowable morphisms f, f' : A= B in Cl({xr)
differ if and only if some =~-representatives s,5" :: & of the shreddings of the slices of f and f’
at the same slice assignment, respectively, have bare valid sequences s.o.p.t.p’ . u.q.r € VS(s :: &)
and s.o.p’ ¥ .pu’.qr € VS(s' :: &) of even length, where p # p' and q # ¢', such that

(1) Every valid path from o to p of length more than one goes through p’;
(2) The ends q and r are decorated with the same numeral such that every hereditary justi-
fication of q (respectively, ) contains p (respectively, p’).

i.e. the two valid sequences diverge at o — p and o — p' yet converge at ¢ — r, or graphically

/p\
(16) ré——gq ¢ t 04— -
p/

where the double-head arrow — abbreviates a finite sequence of edges.

Proof. We first show that the conjunction of the graphical conditions (1)—(2) implies that s and
s’ are not ~-equivalent. Assume for a contradiction that they are ~-equivalent. There is a finite
sequence of £xr-skeletons (s; :: &), such that s; ~ 6,41 : S if 1 <i<n,s =sands, =5
By the first condition above and the first axiom in Definition 3.2.22, some s;, (1 < iy < n) must
contain both 0 — p and 0 — p’ as well as ¢ — r. Then, s;, :: & has a valid sequence of the form
s.o.p.u”.q.r, where r is not justified yet, a contradiction.

For the other direction, assume that some ~-representatives 6,5’ :: & of the shreddings of
the slices of f and f’ at the same slice assignment, respectively, are not ~-equivalent. By the
definition of valid sequences, the failure of ~-equivalence must come from the conjunction of the
two graphical conditions. O

The previous, proof-theoretic method [MS07] has to deal with superfluous syntactic details in
formal derivations such as permutations of logical rules in a formal derivation. In contrast, our
graphical approach completely dispenses with those details. When we focus on the symmetric
monoidal closed part of the initial (pointed) linear category, Theorem 5.1.4 provides a novel
graphical characterisation of coherence on the free symmetric monoidal closed category.

In addition, our graphical coherence immediately derives the following classic result by Kelly
and Mac Lane [KM71]. They [KM71, p. 106] defined constant formal free symmetric monoidal
closed functors to be those not containing an identity functor, and proper ones inductively by

(1) idt and idx (X € B) are proper;
(2) F ® G is proper if so are F and G;
(3) F — G is proper if so are F' and G unless only G is constant.

Then, they provide the following sufficient criterion for coherence:
Corollary 5.1.5 (Kelly-Mac Lane sufficient condition [KM71]). Let M be a symmetric monoidal

closed category, andn,n' : F = G be SMC-allowable natural transformations in M. If the formal
free symmetric monoidal closed functors functors F' and G are both proper, then n=1'.

Proof. We derive the corollary by a new graphical argument: the corollary follows immediately
from Theorem 5.1.4 because the sufficient condition makes the graphical condition (16) false. O
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FIGURE 28. The interpretation of free generations of pre-fj-terms



