A noncoercive Volterravariationalinequality arising in a Hele-Shaw problem

J. CARVALHO E SILVA^{(∗)}, C. LEAL^{(∗)} and J.F. RODRIGUES^{(∗∗)} (∗) CMUC and Departamento de Matemática, Universidade de Coimbra, Apartado 3008, 3001-401Coimbra, Portugal

(∗∗) CMAF and Universidade de Lisboa,

Av. Prof Gama Pinto, 2, 1649-003Lisboa, Portugal

Abstract

We study a free boundary problem arising from the injection-compression moulding process of a fluid into a finite Hele-Shaw closed cell. We show that there exists a unique solution with some additional properties of the corresponding noncoercive evolutionary variational inequality with a Volterra term.

1 Intro duction

We considerthe analysis ofa noncoercive evolution problem arising in a mathematical model of the injection and compression moulding of molten polymers. Recently Steinbach [6],[7] has extended the variational inequality approach to the following variant of a non-homogeneousHele-Shaw flow, corresponding to find a pressure field p = p(x,t), x ∈ IR^2 and a free boundary domain Λ(t) (the liquid region) satisfying at each instant t ∈]0,T] : −∇ ·(a∇ p) = j in Λ(t), (1) p = 0 and − a∇ p·⃗n = dV_n on ∂Λ(t), (2)

where V_n is the normal velocity of ∂Λ(t) in the outward direction ⃗n, ∇ = (^∂_{∂x1} ,^∂_{∂x2} ), j = j(x,t) is a given function accounting for the flow rate and a = a(x,t) > 0 is the known flow conductivity which may depend on the fluid shear viscosity and on the possible variable gap thickness d = d(x,t) > 0 of the cavity, described by a given two-dimensionalbounded domain Ω ⊃ Λ(t) , t ∈]0,T].

The initial condition Λ(0) = Λ_0 is given and on the known boundary ∂Ω of Ω ⊂ IR^2, a Neumann type condition is prescribed a∇ p·⃗n + λp = 0 on ∂Ω ∩ ∂Λ(t), (3) where the constant λ = 0, if the flow is tangential (no leakage), or λ > 0, if the wall of the lateral container is not completely impermeable.

In the classicalHele-Shaw problem (a = d = 1,λ = 0), Elliott - Janovský [2] have used the Baiocchi type transformation for the nonnegative pressure p extended by zero in Ω \Λ(t): u(x,t) = ∫_t 0 p(x,τ)dτ, (4) and considered the problem as a one parameter (the time) family, of elliptic noncoercive variational inequalities, for which there exists a unique solution, monotone in time, up to the instant at which the mould is filled. In fact this case can be regarded as a one phase Stefan problem with zerospecificheat for which the variational approach is also well developped (see, for instance, Rodrigues [5] and its references).

Assuming the natural condition p ≥ 0 and the front advances with time, considering the integral-differential operator Au(x,t) = −∇ ·(a(x,t)∇ u(x,t)) + ∫_t 0 ∇ ·( ∂a ∂t (x,τ)∇ u(x,τ))dτ, the time integration (4) transforms the boundary problem (1) - (2) in the unilateral condition for u = u(x,t) (see [6],[7] for details)

u ≥ 0, Au ≥ f and u(Au − f ) = 0 in Ω, for t > 0, (5)

where f = f (x,t) = ∫_t 0 j(x,τ)dτ − d(x,t) + d(x,0)χ_{Λ 0} , χ_{Λ 0} being the characteristic function of the initial set Λ_0. The associated variational inequality corresponding to the fixed boundary condition (3) with λ > 0 is coercive in the Sobolev space H^1(Ω) and was studied in detail in [7].

Here we consider the Neumann boundary condition (3) with λ = 0 which leads to a noncoercive problem of the type considered by Duvaut [1] in linear viscoelasticity. In section 2 we showthat up to a compatible time there exists a unique solution, while in section 3 we give some regularity and monotonicity properties of the variational solution. In particular, we extend the results ofSteinbach [7]to the noncoercive case.

2 The nonco erciv e Volterra variational inequalit y

Letting K be the closed convex subset of H^1(Ω) such that

K = {v ∈ H^1(Ω) : v ≥ 0 a.e. in Ω}, (6) the unilateral problem (5) with homogeneousNeumann condition can be written in variational form, for each t, and the problem for u may be stated as being:

Problem (V): Find u = u(t) ∈ K for a.e. t ∈]0,T], such that

∫ Ω a∇ u(t) ·∇ (v − u(t))dx ≥ ∫ Ω ( ∫_t 0 ∂a ∂t ∇ udτ) ·∇ (v − u(t))dx + ∫ Ω f (t)(v − u(t))dx, ∀v ∈ K (7) We remark that time enters in Problem(V) basically as a parameter and with a memory effect. However the freeboundary flow domain may be obtained at a.e. time t > 0 by setting Λ(t) = {x ∈ Ω : u(x,t) > 0}. We also observe that from (4) we have u(0) = 0 and the initial condition has been incorporated in the definition of f . Since the gap thickness d(x,t) should be decreasing in time, we expect f (x,t) ≤ 0, but from (7) with v = u(t) + 1 we see that ∫ Ω f (x,t)dx ≤ 0 is a necessary condition for the existence of a solution. This should hold up to the time T^∗ at which the mould is filled. The instant T^∗ > 0 is the solution of the equation 0 = ∫ Ω f (x,T^∗)dx = ∫ Ω { ∫_T∗ 0 j(x,τ)dτ − d(x,T^∗) + d(x,0)χ_{Λ 0} }dx, and we shall consider the problem only up to times T < T^∗ for which the condition sup 0<t<T ∫ Ω f (x,t)dx ≡ − β_T < 0 (8) holds, for a given function f ∈ L^∞ (0,T;L^2(Ω)).

With respect to the coefficient a = a(x,t) ∈ W^{1,∞} (0,T;L^∞ (Ω)) we assume a(x,t) ≥ α > 0 and | ∂a ∂t (x,t) |≤ α^′ for a.e. x ∈ Ω, t ∈]0,T[, (9) for some positive constants α,α^′.

Theorem 1: Under the assumptions (8) and (9) there exists a unique solution u ∈ L^∞ (0,T;H^1(Ω)) to Problem(V).

Pro of: We show first the uniqueness. Supposeu = u(x,t) and û = û(x,t) are two solutions to (7). Taking v = u(t) in the problem (7) for û, at time t, and vice-versa, we obtain for w = u − û ∫ Ω a | ∇ w(t) |^2 dx ≤ ∫_t 0 ∫ Ω ∂a ∂t ∇ w(τ) ·∇ w(t)dxdτ. Using (9), we get first with the Hölder inequality,

α ‖ ∇ w(t) ‖_L2_{(Ω)} ≤ α^′ ∫_t 0 ‖ ∇ w(τ) ‖_L2_{(Ω)} dτ, and, applying Gronwall inequality, we conclude

‖ ∇ w(t) ‖_L2_{(Ω)} = 0 for a.e. t > 0. Then w = w(t) is a function of t only. Let’s suppose w(t^∗) ≠ 0 for some t^∗. Since w(t^∗) = u(t^∗) − û(t^∗) ∈ IR, from (7) it follows

0 = w(t^∗) ∫ Ω f (x,t^∗)dx which contradicts the assumption (8). It must then be u = û for a.e. t.

For the existence we follow the method suggested, without proofs, by Duvaut in [1]. Let u_n = u_n(x,t) denote the unique solution of the

Problem (V_n): Find u_n = u_n(t) ∈ K for a.e. t ∈]0,T], such that ∫ Ω a∇ u_n(t) ·∇ (v − u_n(t))dx ≥ ∫ Ω ( ∫_t 0 ∂a ∂t ∇ u_{n− 1}dτ) ·∇ (v − u_n(t))dx + ∫ Ω f (t)(v − u_n(t))dx, ∀v ∈ K (10) where u_0 = 0 and n ∈ IN. By the assumption (8), well-known results for noncoercive variational inequalities (see, for instance, [3], § III.2) yield a sequenceof solutions to Problem (V_n)

u_n ∈ L^∞ (0,T;H^1(Ω)) , n = 1,2,3,... (11) Letting v = u_{n+1} (t) in (10) for Problem V_n and v = u_n(t) for Problem V_{n+1} , using the assumption (9), we easily get for z_n = u_{n+1} − u_n:

α ‖ ∇ z_n(t) ‖_L2_{(Ω)} ≤ α^′ ∫_t 0 ‖ ∇ z_{n− 1}(τ) ‖_L2_{(Ω)} dτ, n = 1,2,3,... (12) Denoting φ_n(t) =‖ ∇ z_n(t) ‖_L2_{(Ω)} , n = 0, 1, 2, ... , we remark that φ_0 is bounded in L^∞ (0,T) by a constant c_0 (depending only on β_T and on L^∞ (0,T;L^2(Ω)) norm of f ). From (12), first we get φ_1(t) ≤ α^′ α c_0t, and, by sucessive iterations, for any n ∈ IN

φ_n(t) ≤ c_0

(^{α ′}_α )^nt^n n! , ∀t ∈]0,T]. This implies that sup 0<t<T φ_n(t) =‖ ∇ z_n ‖_L∞_{(0,T;L}2_{(Ω))} → 0, as n → ∞ and, consequently, ∇ u_n is a Cauchy sequencein L^∞ (0,T;(L^2(Ω))^2). In particular, it is bounded independently of n and we have

∇ u_n → ξ in L^∞ (0,T;(L^2(Ω))^2). (13) Introducingthe orthogonal projection in L^2(Ω) ofH^1(Ω) into IR by Pv =^1_{|Ω |} ∫ Ω vdx, the remainder Rv = v − Pv, for all v ∈ H^1(Ω) satisfies the Poincaré -Wirtinger inequality. Hence, for a.e. t, we have

‖ u_n − Pu_n ‖_L2_{(Ω)} ≤ c ‖ ∇ u_n ‖_L2_{(Ω)} , n ∈ IN. (14) Since u_n(t) ∈ K implies Pu_n(t) > 0, it suffices to obtain an upper bound for Pu_n(t) in order to show that the sequence (11) is bounded in L^∞ (0,T;H^1(Ω)) independently of n ∈ IN.

Letting v = 0 in (10) and using the above decomposition, we get

− Pu_n(t) ∫ Ω f (t)dx + ∫ Ω a | ∇ u_n(t) |^2 dx ≤ ∫ Ω ( ∫_t 0 ∂a ∂t ∇ u_{n− 1}dτ) ·∇ u_n(t)dx + + ∫ Ω f (t)(u_n(t) − Pu_n(t))dx, and using the properties (13) - (14) and the assumptions (8) - (9) we conclude 0 < Pu_n(t) ≤ c β_T for a.e. t ∈]0,T], (15) where the constant c > 0 is independent of n ∈ IN and of t.

Then we may assume that there exists a subsequence, still denoted by {u_n}, such that

u_n ⇀ u in L^∞ (0,T;H^1(Ω)) − weakly^∗ for some function u ∈ L^∞ (0,T;H^1(Ω)). Clearly u(t) ∈ K, for a.e. t , and from (13) we get ξ = ∇ u a.e.. By letting n → ∞ in (10) it is clear that u is the unique solution of Problem(V), and Theorem 1 is proved.

Remark 1: The analogous problem corresponding to λ > 0 in the Neumann condition (3) corresponds to the variational inequality for u_λ = u_λ(t) ∈ K such that, for a.e. t ∈]0,T] ∫ Ω a∇ u_λ(t) ·∇ (v − u_λ(t))dx + λ ∫ ∂Ω u_λ(t)(v − u_λ(t))ds ≥ ∫ Ω ( ∫_t 0 ∂a ∂t ∇ u_λdτ) ·∇ (v − u_λ(t))dx + ∫ Ω f (t)(v − u_λ(t))dx, ∀v ∈ K (16) Due to the Poincaré type inequality fora Lipschitz boundary ∂Ω, (see, forinstance [5],pg.75)

‖ v ‖_L2_{(Ω)} ≤ C_Ω (‖ ∇ v ‖_L2_{(Ω)} + ‖ v ‖_L2_{(∂Ω)} ) this problem is now coercive in H^1(Ω) and using the argument of the proof of Theorem 1 we find, in the corresponding Problem(V_n) with the additional boundary term, that u_n is also a Cauchy sequencein L^∞ (0,T;H^1(Ω)). This impliesthat we may solve (16) for any f ∈ L^∞ (0,T;L^2(Ω)) satisfying (8), which extends the results of Steinbach [6],[7], that require f ∈ C([0,T],L^2(Ω)), that is, we may allow discontinuous compressionsin this model.

Remark 2: We may also consider a non-homogeneousNeumann condition with a lateral injection rate ζ = ζ(x,t) on the right-hand side of (3). In the noncoercive case (λ = 0) we need to add the additional boundary integral ∫ ∂Ω g(t)(v − u(t))ds in the right-hand side of (7), with g(x,t) = ∫_t 0 ζ(x,τ)dτ ∈ L^∞ (0,T;L^2(∂Ω)) and to replace the assumption (8) by sup 0<t<T { ∫ Ω f (x,t)dx + ∫ ∂Ω g(x,t)ds} < 0 This assumption is also sufficient for the approximation of the solution to Problem(V) by the solutions ofthe regularized-penalized Neumann problem in H^1(Ω), for a.e. t ∈]0,T] : −∇ ·(a∇ u_ϵ(t) − ∫_t 0 ∂a ∂t ∇ u_ϵdτ) − 1 ϵ u^−_ϵ (t) = f (t) in Ω (a∇ u_ϵ(t) − ∫_t 0 ∂a ∂t ∇ u_ϵdτ) ·⃗n + ϵu_ϵ(t) = g(t) on ∂Ω where ϵ > 0 is a small parameter tending to zero, and w^− = sup(0,− w) (see, for instance, [2] or [4], pg. 280).

3 Prop erties of the variational solutions

We start by showing a Lipschitz continuity in the time variable by assuming also f ∈ W^{1,∞} (0,T;L^2(Ω)) i. e. there is a positive constant F^′ such that

‖f (t_1) − f (t_2)‖_L2_{(Ω)} ≤ F^′|t_1 − t_2| for all t_1,t_2 ∈]0,T] (17) Theorem 2 Under the assumptions (8)-(9) and (17) the solution u of Problem (V) is such that

u ∈ W^{1,∞} (0,T;H^1(Ω)) . (18) Pro of: We observe that, by Poincaré-Wirtinger inequality, the H^1(Ω) norm is equivalent to the norm |‖v|‖ = |Pv| + ‖∇ v‖_L2_{(Ω)} where Pv =^1_{|Ω |} ∫ Ω vdx, with the orthogonal decomposition v = Pv + Rv.

We estimate first, for all t_1,t_2 ∈]0,T] |Pu(t_1) − Pu(t_2)| ≤ C β_T ‖∇ u(t_1) − ∇ u(t_2)‖_L2_{(Ω)} (19) for some positive constant C depending only on the L^∞ (0,T;H^1(Ω)) norm of u, and other known constants. If Pu(t_1) > Pu(t_2), we take v = u(t_2) in (7) at time t_1 and we get, due to (8),

β_T[Pu(t_1) − Pu(t_2)] ≤ − ∫ Ω f (t_1)[Pu(t_1) − Pu(t_2)]dx ≤ ∫ Ω f (t_1)[Ru(t_1) − Ru(t_2)]dx + + ∫ Ω [ a(t_1)∇ u(t_1) − ∫_{t1} 0 ∂a ∂τ ∇ udτ ] ·∇ (u(t_2) − u(t_1))dx ≤ C‖∇ u(t_1) − ∇ u(t_2)‖_L2_{(Ω)} (20) by using the Hölder and Poincaré-Wirtinger inequalities. If Pu(t_2) > Pu(t_1) we change t_1 with t_2 in the argument (20) and we may conclude (19).

In order to estimate the gradients, we take v = u(t_2) in (7) at t = t_1 and v = u(t_1) at t = t_2 and we get for their difference w = u(t_1) − u(t_2).

α‖∇ w‖^2_L2_{(Ω)} ≤ ∫ Ω a(t_1)|∇ (u(t_1) − u(t_2))|^2dx ≤ ∫ Ω [ (a(t_1) − a(t_2))∇ u(t_2) + ∫_{t2} t_1 ∂a ∂τ ∇ udτ ] ·∇ w+ ∫ Ω |f (t_1) − f (t_2)||Pw+ Rw|dx ≤ 2α^′C_1|t_2 − t_1|‖∇ w‖_L2_{(Ω)} + F^′|t_2 − t_1| ( ‖Pw‖_L2_{(Ω)} + ‖Rw‖_L2_{(Ω)} ) ≤ C^′|t_2 − t_1|‖∇ w‖_L2_{(Ω)} (21) wherewehaveused the assumption (17), the estimate (19) and the Poincaré-Wirtinger inequality to control the L^2-norms of Pw and Rw, respectively.

From (21) we find first that t −→ ‖∇ u(t)‖_L2_{(Ω)} is Lipschitz continuous and, using again (19), the conclusion(18) follows by the equivalence of the norms in H^1(Ω).

Remark 3 Usingthe same argument ofthe proofofTheorem 2, if instead of(17) we assume only f ∈ C^{0,γ}([0,T];L^2(Ω)), 0 < γ < 1, or only f ∈ C^0([0,T];L^2(Ω)), we easily conclude from (21), instead of (18) that u ∈ C^{0,γ}([0,T];H^1(Ω)) or u ∈ C^0([0,T];H^1(Ω)), respectively.

Assuming further assumptions on the data it is possibleto improve the regularity of the variational solution, namely its monotonicity in time,

t_2 > t_1 implies f (x,t_2) ≥ f (x,t_1) for a.e. x ∈ Ω (22)

and the W^{2,p}-regularity in the space variables, provided the associated linear problem has also this regularity, for instance, under the additional assumptions

f ∈ L^∞ (0,T;L^∞ (Ω)) , a ∈ W^{1,∞} (0,T;C^1(Ω)) , ∂Ω ∈ C^{1,1} (23)

In fact, arguing as in Steinbach [7], we may also approximate the solution of Problem (V) by letting ϵ → 0^+ in the semilinear regularized Problem (V_ϵ): find u_ϵ(t) ∈ H^1(Ω), such that for t ∈]0,T] ∫ Ω [( a∇ (u_ϵ(t)) − ∫_t 0 ∂a ∂t ∇ u_ϵ dτ ) ·∇ v + ( Fθ_ϵ(u_ϵ(t)) + ϵu_ϵ(t) ) v ] dx = = ∫ Ω f (t)vdx (24) where θ_ϵ ∈ C^{0,1}(IR) is a nondecreasing function satisfying θ_ϵ(r) = − 1 for r ≤ 0 and θ_ϵ(r) = 0 for r ≥ ϵ > 0 and F = ‖f (0)‖_L∞_{(Ω)} . Using the same arguments as in Theorems 1 and 2, under the assumption (8), we have an a priori estimate of u_ϵ in W^{1,∞} (0,T;H^1(Ω)) independently of ϵ. Hence, arguing as in Theorem 3.5 of [7], we may prove that u_ϵ(t) ∈ K, ∂u_ϵ/∂t ≥ 0 a.e. in Ω× ]0,T], u_ϵ → u as ϵ → 0 (see also [4], § 5.3). Therefore, as in Theorem 4.5 of [7], we also have u_ϵ bounded in L^∞ (0,T;W^{2,q}(Ω)) for all finite q, and we may state the following result.

Theorem 3 Under the previous assumptions, namely (8), (9), (17), (22) and (23) the unique solution u of Problem (V) is such that

u ∈ W^{1,∞} (0,T;H^1(Ω)) ∩ L^∞ (0,T;W^{2,q}(Ω)) , ∀q < ∞ and ∂u ∂t ≥ 0 a.e. in Ω× ]0,T]

Remark 4 The assumption (22) is satisfied, for instance, if j ≥ 0 (injection of polymer) and if d = d(x,t) is non-increasing in time (which holds in moulding compressing). The conclusion p = ∂u/∂t ≥ 0 not only is physically natural but also implies that the subsets Λ(t) = {x : u(x,t) > 0} are increasing in time.

References

[1] G. DUVAUT, ”Probléme de Signorini en viscoelasticité linéaire” in C. R. Acad.

Sc. Paris, 268A, (1969), 1044-1046.

[2] C.M.ELLIOTT and V.JANOVSKÝ, ”A variational inequality approach to Hele- Shaw flow with a moving boundary” in Proceedings of the Royal Society of Edinburg, 88A, (1981), 93-107.

[3] D. KINDERLEHRER and G.STAMPACCHIA, ”An Introduction to Variational Inequalities and their Applications ”, Academic Press, New York, 1980.

[4] J.F.RODRIGUES, ”Obstacle Problems in Mathematical Physics”, North- Holland, Amsterdam, 1987.

[5] J.F.RODRIGUES, ”Variational Methods in the Stefan Problem”, Lectures Notes in Math. #1584, Springer Verlag, Heidelberg, 1994,pp. 147-212.

[6] J.STEINBACH, ”A generalized temperature-dependent, non-newtonian Hele- Shaw flow in injection and compressionmoulding,” in Math. Meth. Appl. Sci, 20 (1997), 1199-1222.

[7] J.STEINBACH and W.WEINELT, ”Evolutionary obstacle problems arising in non-isothermal Hele-Shaw flow”, in Adv. Math. Sci. Appl., 8, (1998), 387-341.