Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 03–24

CURRENT ISSUES ON SINGULAR AND DEGENERATE EVOLUTION EQUATIONS

EMMANUELE DIBENEDETTO, JOSÉ MIGUEL URBANO AND VINCENZO VESPRI

To appear in the Handbook of Differential Equations.

Contents

1. Introduction 2 1.1. Historical background on regularity and Harnack estimates 6 1.2. A new approach to regularity 8 1.3. Limiting cases and miscellanea remarks 9 1.4. Singular equations of the Stefan–type 10 1.5. Outline of these notes 11 2. Regularity of weak solutions 12 2.1. Weak solutions and local estimates 13 2.2. The classical approach of De Giorgi 18 2.3. The degenerate case p > 2 20 2.4. The singular case 1 < p < 2 42 2.5. The porous medium equation and other generalisations 57 3. Boundedness of weak solutions 59 3.1. The degenerate case p > 2 60 3.2. The singular case 1 < p < 2 62 4. Intrinsic Harnack Estimates 64 4.1. Harnack estimates: the degenerate case 71 4.2. Harnack estimates: the singular case 76 4.3. Elliptic-type Harnack estimates and extinction time 78 4.4. Raleigh quotient and extinction profile 85 5. Stefan-like problems 90 5.1. The continuity of weak solutions 92 5.2. A bridge between singular and degenerate equations 94 5.3. Parabolic equations with one-point singularity 96 5.4. Parabolic equations with multiple singularities 99 References 119 1

2 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

1. Introduction

Let Ω be an open set in R^N and consider the quasilinear, parabolic, partial differential equation of the second order

(1.1)_p � � � u ∈ L^∞_{loc}(0, T ; W^{1,p}_{loc} (Ω)) , p > 1;

u_t − div A(x, t, u, ∇u) = B(x, t, u, ∇u) weakly in Ω_T .

Here T > 0 is given, Ω_T = Ω×(0, T ) and ∇ denotes the gradient with respect to the space variables x = (x_1, . . . , x_N ). The functions A = (A_1, . . . , A_N ) and B are real valued, measurable with respect to their arguments, and satisfying the structure conditions

(1.2)_p � � � C_0|∇u|^{p−2}|∇u|^2 − C ≤ A(x, t, u, ∇u) · ∇u ; |A(x, t, u, ∇u)| + |B(x, t, u, ∇u)| ≤ C(1 + |∇u|^{p−1}) , where C_0 and C are given positive constants. The quantity C_0|∇u|^{p−2} is the modulus of ellipticity of the equation. If p > 2 it vanishes whenever |∇u| = 0 and the equation is said to be degenerate at those (x, t) ∈ Ω_T where this occurs. If 1 < p < 2 the modulus of ellipticity becomes infinity whenever |∇u| = 0 and the equation is said to be singular at those (x, t) ∈ Ω_T where |∇u| = 0.

Along with (1.1)_p–(1.2)_p, consider also the quasilinear equation,

(1.1)_m � � � u ∈ L^∞_{loc}(0, T ; W^{1,2}_{loc} (Ω)) ;

u_t − div A(x, t, u, ∇u) = B(x, t, u, ∇u) weakly in Ω_T , with structure conditions,

(1.2)_m � � � C_0|u|^{m−1}|∇u|^2 − C ≤ A(x, t, u, ∇u) · ∇u ; |A(x, t, u, ∇u)| + |B(x, t, u, ∇u)| ≤ C|u|^{m−1}(1 + |∇u|) , where m is a given positive number. The prototype example of (1.1)_m–(1.2)_m is (1.3)_m u_t−Δ|u|^{m−1}u = 0 for some m > 0 , and a the prototype example of (1.1)_p–(1.2)_p is, (1.3)_p u_t−div |∇u|^{p−2}∇u = 0 for some p > 1 .

The first is called the porous medium equation. If m > 1 the modulus of ellipticity vanishes for u = 0 and the equation is degenerate at those points

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 127

[170] J.M. Urbano, Hölder continuity of local weak solutions for parabolic equations exhibiting two degeneracies, Adv. Differ. Equ. 6 (3) (2001), pp. 327-358.

[171] J.M. Urbano, A free boundary problem: contributions from modern analysis, in: European Congress of Mathematics, pp. 319-329, Progress in Mathematics 202, Birkhäuser, 2001.

[172] J.M. Urbano, Regularity for partial differential equations: from De Giorgi-Nash-Moser theory to intrinsic scaling, in: CIM Bulletin 12, June 2002, pp. 8-14.

[173] J. Van Duijn - Zhang Hongfei, Regularity properties of a doubly degenerate equation in hydrology, Comm. Part. Diff. Equs. 13 (1988), pp. 261-319.

[174] J.L. Vázquez, Asymptotic behaviour and propagation properties of one dimensional flow of gas in a porous medium, Transactions of the A.M.S. 277 (1983), pp. 507-527.

[175] V. Vespri, L^∞ estimates for nonlinear parabolic equations with natural growth conditions, Rend. Sem. Mat. Univ. Padova 90 (1993), pp. 1-8.

[176] V. Vespri, Harnack type inequality for solutions of certain doubly nonlinear parabolic equations, J. Math. Anal. Appl. 181 (1994), pp. 104-131.

[177] V. Vespri, On the local behaviour of a certain class of doubly nonlinear parabolic equations, Manuscripta Math. 75 (1992), pp. 65-80.

[178] A. Visintin, Models of Phase Transitions, in: Progress in Nonlinear Differential Equations and their Applications 28, Birkhäuser Boston Inc., Boston, MA, 1996.

[179] A. Visintin - A. Fasano - E. Magenes - C. Verdi, About mathematical models of phase transitions, Boll. UMI 8 1-B (1998), pp. 1-47; pp. 49-69; pp. 71-81; pp. 83-108.

[180] M. Wiegner, On C_α-regularity of the gradient of solutions of degenerate parabolic systems, Ann. Mat. Pura Appl. 4 (145) (1986), pp. 385-405.

[181] L. Wu, A new result for the porous medium equation, derived from the Ricci flow, Bull.

Amer. Math. Soc. 28 (1993), pp. 90-94.

[182] L. Wu, The Ricci flow on the complete R^2, Comm. in Analysis and Geometry 1 (1993), pp.

439-472.

[183] X. Zhou, An evolution problem for plastic antiplanar shear, Appl. Math. and Optimization 25 (1992), pp. 263-285.

[184] W.P. Ziemer, Interior and boundary continuity of weak solutions of degenerate parabolic equations, Transactions of the A.M.S. 271 (2) (1982), pp. 733-748.

Emmanuele DiBenedetto Department of Mathematics, Vanderbilt University, 1326 Stevenson Center, Nashville TN 37240-0001, USA

José Miguel Urbano Departamento de Matemática, Universidade de Coimbra, 3001-454 Coimbra, Portugal

Vincenzo Vespri Dipartimento di Matematica, Università di Firenze, Viale Morgagni 67a, 50134 Firenze, Italy

126 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

[148] J.F. Rodrigues, Variational Methods in the Stefan Problem, in: Phase Transitions and Hysteresis (A. Visintin, Ed.), pp. 147-212, Lect. Notes Math. 1584, Springer-Verlag, Berlin, 1994.

[149] P. Sachs, Continuity of solutions of singular parabolic equations, Non-Linear Anal. 7 (1983), pp. 387-409.

[150] P. Sachs, The initial and boundary value problem for a class of degenerate parabolic equations, Comm. Part. Diff. Eq. 8 (1983), pp. 693-734.

[151] M.V. Safonov, The Harnack inequality for elliptic equations and the Hölder continuity of their solutions. Boundary problems of mathematical physics and adjacent questions in the theory of functions, Zap. Nauchn. Sem. Leningrad Otdel. Math. Inst. Steklov (LOMI) 96 (1980), pp. 272-287 (Engl. transl.: J. Soviet Math. (LOMI) 20 (1983), pp. 851-863).

[152] G. Sargenti, Continuity results for solutions of certain degenerate parabolic equations, Rend. sem. Mat. Univ. Padova 99 (1998), pp. 105-131.

[153] G. Sargenti, Local boundedness and regularity results for a class of singular anisotropic parabolic equations, Atti Sem. Mat. Fis. Univ. Modena XLVII (2000), 45-78.

[154] G. Sargenti - V. Vespri, Regularity results for multiphase Stefan-like equations, in: Modelling and optimization of distributed parameter systems, K. Malanowski, Z. Nahorski and M. Peszynska Eds., Chapman & Hall (1997), pp. 111-117.

[155] G. Savaré - V. Vespri, The asymptotic profile of solutions of a certain class of doubly nonlinear equations, Non-Linear Anal. 22 (1994), pp. 1553-1565.

[156] A.E. Scheidegger, The Physics of Flow Through Porous Media, 3^{rd} Ed., Univ. of Toronto Press, Toronto, Ontario, 1974.

[157] J. Serrin, Local behaviour of solutions of quasilinear elliptic equations, Acta Math. 111 (1964), pp. 101-134.

[158] S. Spanne, Some function spaces defined using the mean oscillation over cubes, Ann. Scuola Norm. Sup. Pisa 19 (3) (1965), pp. 593-608.

[159] G. Stampacchia, Equation Elliptiques du Second Ordre à Coefficientes Discontinues, Sem.

Mth. Sup 16, Les Presses de l’Univ. de Montréal, Montréal, 1966.

[160] B. Stroffolini - V. Vespri, On the continuity of the solution of the singular equation (β(u))_t = Lu, Le Matematiche 55 (2) (2001), pp. 165-195.

[161] R. Temam, Plasticity, Gauthier–Villars, Paris, 1983.

[162] P. Tolksdorff, Everywhere regularity for some quasi-linear systems with lack of ellipticity, Ann. Mat. Pura Appl. 4 (134) (1983), pp. 241-266.

[163] N.S. Trudinger, On Harnack type inequalities and their application to quasilinear elliptic partial differential equations, Comm. Pure Appl. Math. 20 (1967), pp. 721-747.

[164] N.S. Trudinger, Pointwise estimates and quasilinear parabolic equations, Comm. Pure Appl. Math. 21 (1968), pp. 205-226.

[165] K. Uhlenbeck, Regularity for a class of nonlinear elliptic systems, Acta Math. 138 (1977), pp. 219-240.

[166] N.N. Ural’tceva, Degenerate quasilinear elliptic systems, Zap. Nauk. Sem. Leningrad Otdel. Math. Inst. Steklov 7 (1968), pp. 184-222. (Russian) [167] J.M. Urbano, A free boundary problem with convection for the p-Laplacian, Rend. Mat.

Appl. (VII) 17 (1997), pp. 1-19.

[168] J.M. Urbano, Continuous solutions for a degenerate free boundary problem, Ann. Mat. Pura Appl. CLXXVIII (2000), pp. 195-224.

[169] J.M. Urbano, A singular-degenerate parabolic problem: regularity up to the Dirichlet boundary, in: Free Boundary Problems - Theory and Applications I, pp. 399-410, GAKUTO Int. Series Math. Sci. Appl. 13, 2000.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 3

of Ω_T where the solution u vanishes. If 0 < m < 1 the modulus of ellipticity is infinity whenever u = 0 and the equation is singular at those points of Ω_T where u = 0. If m > 1 the equation is referred to as the slow diffusion case of the porous medium equation. The case 0 < m < 1 is the fast diffusion.

The equation in (1.3)_p is the p–Laplacian equation and its modulus of ellipticity is |∇u|^{p−2}. If p > 2 such a modulus vanishes whenever |∇u| = 0 and at such points the equation is degenerate. If 1 < p < 2 the modulus of ellipticity becomes infinity whenever |∇u| = 0 and the equation is singular at these points.

If m = 1 in (1.3)_m or p = 2 in (1.3)_p one recovers the classical heat equation for which information are essentially encoded in the fundamental solution

Γ(x, y; t, τ) = 1 (t − τ)^{N/2} exp � � �− |x − y|^2 4(t − τ) � � � x, y ∈ R^N , t > τ . (1.4)

The porous medium equation in (1.3)_m admits an explicit similarity solution that “resembles” the fundamental solution of the heat equation. Such a solution is called the Barenblatt similarity solution and it is given by ([17])

(1.4)_m Γ_m(x, y; t, τ) = 1 (t − τ)^{N/λ} � � �1 − γ_m � � |x − y| (t − τ)^{1/λ} � � 2 � � � 1 m−1

+ t > τ

where for a real number α, {α}_+ = max{α; 0}, and

(1.4)^′_m λ = N(m−1)+2 , γ_m = 1 λ m − 1 2 . An examination of this solution reveals that it is well defined for all positive values of m for which λ > 0. One also verifies that Γ_m → Γ as m → 1. In this sense Γ_m is the fundamental solution of the porous medium equation.

Also the p–Laplacian equation (1.3)_p admits explicit similarity solutions,

(1.4)_p Γ_p(x, y; t, τ) = 1 (t − τ)^{N/κ} � � �1 − γ_p � � |x − y| (t − τ)^{1/κ} � � p p−1 � � � p−1 p−2

+ t > τ

where

(1.4)^′_p κ = N(p−2)+p , γ_p = � 1 κ � 1_{p−1} p − 2 p .

4 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

This is well defined for all p > 1 such that κ > 0 and Γ_p → Γ as p → 2. In this sense Γ_p is the fundamental solution of the p–Laplacian equation.

• Issues of compact support and regularity

Assume first m > 1 and p > 2. The first difference between these fundamental solutions and the fundamental solution of the heat equation is in their support with respect to the space variables. For fixed t > τ and y ∈ R^N , the functions x → Γ_m(x), Γ_p(x) are compactly supported in R^N , whereas x → Γ(x) is positive in the whole R^N . The moving boundaries separating the regions where Γ_m and Γ_p are positive from the regions where they vanish are,

(t − τ)^{2/λ} = γ_m|x − y|^2 for Γ_m τ ∈ R, y ∈ R^N fixed .

(t − τ)^{p/κ} = γ^{p−1}_p |x − y|^p for Γ_p

The second difference is in their degree of regularity. For fixed t > τ and y ∈ R^N the function x → Γ_m(x) is Hölder continuous with Hölder exponent 1/(m−1). The function x → Γ_p(x) is differentiable and its partial derivatives are Hölder continuous with Hölder exponent 1/(p−2). Such a modest degree of regularity is in contrast to the fundamental solution of the heat equation which is analytic in the space variables.

Let now 0 < m < 1 by keeping λ > 0. Then Γ_m is positive and locally analytic in the whole R^N × {t > τ}. Thus Γ_m seems to share the same properties as Γ.

If 1 < p < 2 by keeping κ > 0 then Γ_p is positive in the whole R^N ×{t > τ} but still it maintains a limited degree of regularity.

• Issues of Harnack inequalities

Non–negative, local solutions of the heat equation in Ω_T satisfy the Harnack inequality. This is a celebrated result of Hadamard [89] and Pini [144] and it takes the following form. Fix (x_0, t_0) ∈ Ω_T and for ρ > 0 consider the ball B_ρ(x_0) centered at x_0 and with radius ρ and the cylindrical domain

Q_ρ(x_0, t_0) = B_ρ(x_0) × (t_0 − ρ^2 , t_0 + ρ^2) . (1.5)

These are the parabolic cylinders associated with the heat equation and also to (1.3)_m since these equations remain unchanged under a similarity transformation of the space–time variables that keeps constant the ratio |x|^2/t.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 125

[123] J.L. Lions, Quelques Méthodes de Résolution dés Problèmes aux Limites Nonlineaires, Dunod, Paris, 1969.

[124] J. Malý - W.P. Ziemer, Fine Regularity of Solutions of Elliptic Partial Differential Equations, AMS Math. Surveys Mono., Vol. 51, Providence RI, USA, 1997.

[125] J.J. Manfredi - V. Vespri, Large time behaviour of solutions to a class of doubly nonlinear parabolic equations, Electronic J. Diff. Equs. 2 (1994), pp. 1-17.

[126] L.K. Martinson - K.B. Paplov, The effect of magnetic plasticity in non-Newtonian fluids, Magnit. Gidrodinamika 3 (1969), pp. 69-75.

[127] L.K. Martinson - K.B. Paplov, Unsteady shear flows of a conducting fluid with a rheological power law, Magnit. Gidrodinamika 2 (1970), pp. 50-58.

[128] V.G. Mazja, Sobolev Spaces, Springer-Verlag, New York, 1985. [129] A. Meirmanov, The Stefan Problem, Walter de Gruyter, Berlin, 1992. [130] G.J. Minty, Monotone operators in Hilbert spaces, Duke Math. J. 29 (1962), pp. 341-346. [131] C.B. Morrey, Multiple integrals in the calculus of variations, Springer-Verlag, New York, 1966.

[132] J. Moser, A new proof of DeGiorgi’s theorem concerning the regularity problem for elliptic differential equations, Comm. Pure Appl. Math. 13 (1960), pp. 457-468.

[133] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math.

14 (1961), pp. 577-591.

[134] J. Moser, A Harnack inequality for parabolic differential equations, Comm. Pure Appl.

Math. 17 (1964), pp. 101-134.

[135] J. Moser, On a pointwise estimate for parabolic differential equations, Comm. Pure Appl.

Math. 24 (1971), pp. 727-740.

[136] J. Nash, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 (1958), pp. 931-954.

[137] W.M. Ni, On the elliptic equation Δu + Ke^u = 0 and conformal metrics with prescribed Gaussian curvatures, Invent. Math. 66 (1982), pp. 343-352.

[138] W.M. Ni - L. Peletier - J.L. Vazquez Eds., Degenerate Diffusion, The IMA Volumes in Mathematics and its Appl. 47, Springer–Verlag, New York, 1993.

[139] H. Okuda - J.M. Dawson, Theory and numerical simulation on plasma diffusion across a magnetic field, Phys. Fluids 16 (1973), pp. 567-597.

[140] O.A. Oleinik, On the equation Δu + K(x)e^u = 0, Russ. Math. Surveys 33 (1978), pp.

243-244.

[141] L. Orsina - M.M. Porzio, L^∞(Q)-estimate and existence of solutions for some nonlinear parabolic equations, Boll. Un. Mat. Ital. 6 (7) (1992), pp. 631-647.

[142] R. Ossermann, On the inequality Δu ≥ f(u), Pacific J. Math. 12 (1959), pp. 1641-1647. [143] R.E. Pattle, Diffusion from an instantaneous point source with a concentration dependent coefficient, Quart. Appl. Math. 12 (1959), pp. 407-409.

[144] B. Pini, Sulla soluzione generalizzata di Wiener per il primo problema di valori al contorno nel caso parabolico, Rend. Sem. Math. Padova 23 (1954), pp. 422-434.

[145] S.I. Pohozaev, On the eigenfunctions of the equation Δ(u) + λf(u) = 0, Dokl. Akad. Nauk SSSR 165 (1965), pp. 36-39.

[146] M.M. Porzio, A priori bounds for weak solutions of certain degenerate parabolic equations, Non-Linear Anal. T.M.A. 17 (11), pp. 1107-1991.

[147] M.M. Porzio - V. Vespri, Hölder estimates for local solutions of some doubly nonlinear degenerate parabolic equations, J. Diff. Equations 103 (1993), pp. 146-178.

124 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

[104] A.S. Kalashnikov - O.A. Oleinik - Yui-Lin Chzhou, The Cauchy problem and boundary value problems for equations of the type of non-stationary filtration, Izv. Akad. Nauk. USSR Ser. Mat. 22 (1958), pp. 667-704.

[105] S. Kamenomostkaya, On the Stefan problem (in Russian), Naučnye Dokl. Vysšei Školy 1 (1958), pp. 60-62; Mat. Sb. 53 (95) (1961), pp. 489-514.

[106] D. Kinderlehrer - L. Nirenberg, Analiticity at the boundary of solutions of non linear second order parabolic equations, Comm. Pure Appl. Math. 31 (1978), pp. 283-338.

[107] D. Kinderlehrer - G. Stampacchia, An introduction to variational inequalities and their applications, Reprint of the 1980 original. Classics in Applied Mathematics 31, SIAM, Philadelphia, 2000.

[108] J. Kinnunen - J.L. Lewis, Higher integrability for parabolic systems of p-Laplacian type, Duke Math. J. 102 (2) (2000), pp. 253-271.

[109] J. Kinnunen - J.L. Lewis, Very weak solutions of parabolic systems of p-Laplacian type, Ark. Mat. 40 (1) (2002), pp. 105-132.

[110] N.V. Kruzkov, On the a priori estimation of solutions of linear parabolic equations and of solutions of boundary value problems for a certain class of quasilinear parabolic equations, Dokl. Akad. NAUK SSSR 138 (1961), pp. 1005-1008; (English Transl.: Soviet Math. Doklady 2 (1961), pp. 764-767).

[111] N.V. Kruzkov, A priori estimates and certain properties of the solutions of elliptic and parabolic equations of second order, Math. Sbornik 65 (107) (1968), pp. 522-570; (English. Transl. Math. Amer. Soc. Transl. 2 (68) (1968), pp. 169-220.

[112] N.V. Kruzkov, Results concerning the nature of the continuity of solutions of parabolic equations and some of their applications, Math. Zametki 6 (1969), pp. 97-108 (Russian).

[113] N.V. Kruzkov, First order quasilinear equations with several space variables, Mat. Sbornik 123 (1970), pp. 228-255; (English Transl.: Math. USSR Sb. 10 (1970), pp. 217-273).

[114] N.V. Kruzkov, Uniqueness of the solutions of mixed problems for the degenerate system of thetTheory of two–phase porous flow, Vestnik Moskovskoga Univ. Mat. 40 (2) (1985), pp. 28-33 [115] N.V. Kruzkov - S.M. Sukorjanski, Boundary value problems for systems of equations of two phase porous flow type: statement of the problems, questions of solvability, justification and approximation methods, Math. Sbornik 44 (1977), pp. 62-80.

[116] N.V. Krylov, Non linear elliptic and parabolic equations of the second order, D. Reidel, Dordrecht, Holland, 1987.

[117] N.V. Krylov - M.V. Safonov, A certain property of solutions of parabolic equations with measurable coefficients, Math. USSR Izvestija 16 (1) (1981), pp. 151-164.

[118] Y.C. Kwong, Asymptotic behaviour of a plasma type equation with finite extinction, Arch.

Rat. Mech. Anal. 104 (1988), pp. 277-294.

[119] O.A. Ladyzhenskaja, New equations for the description of motion of viscous incompressible fluids and solvability in the large of boundary value problems for them, Proc. Steklov Inst. Math. 102 (1967), pp. 95-118 (English transl.: Trudy Math. Inst. Steklov 102 (1967), pp. 85-104).

[120] O.A. Ladyzhenskaja - N.N. Ural’ceva, Linear and Quasilinear Elliptic Equations, Academic Press, New York, 1968.

[121] O.A. Ladyzhenskaja - V.A. Solonnikov - N.N. Ural’ceva, Linear and Quasilinear Equations of Parabolic Type, AMS Transl. Math. Mono, Vol. 23, Providence RI, USA, 1968.

[122] M.C. Leverett, Capillary behaviour in porous solids, Trans. Amer. Inst. Mining and Metallurgicals Engrs. 142 (1941), pp. 151-169.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 5

There exists a constant C depending only upon N and independent of (x_0, t_0) and ρ, such that

C u(x_0, t_0) ≥ sup_{Bρ(x0)} u(x_0, t_0 − ρ^2) provided Q_{2ρ}(x_0, t_0) ⊂ Ω_T . (1.6)

The proof is based on local representations by means of the heat potentials (1.4). In particular, for fixed τ ∈ R and y ∈ R^N , the fundamental solution (x, t) → Γ(x, t) satisfies such a Harnack estimate. It is then natural to ask whether the fundamental solution (1.4)_m would satisfy a Harnack estimate. Take for example the Γ_m for τ = 0 and y the origin of R^N . Assume first that m > 1 and fix (x_0, t_0) on the moving boundary, so that Γ_m(x_0, t_0) = 0. If ρ and |x_0| are sufficiently large, the ball B_ρ(x_0) intersects the support of Γ_m at t = t_0 − ρ^2. Therefore for such choices the left hand hand side of (1.6) is zero and the right hand side would be positive.

If 0 < m < 1 and λ > 0, take x_0 = 0 and t_0 > 4ρ^2. Then a direct calculation shows that (1.6) cannot be verified for a constant C independent of ρ and t_0.

Consider now (1.3)_p and the corresponding Γ_p. The similarity rescaling that keeps (1.3)_p invariant is |x|^p/t = const. Therefore the natural parabolic cylinders associated with (1.3)_p are of the type

(1.5)_p Q_ρ(x_0, t_0) = B_ρ(x_0)×(t_0−ρ^p , t_0+ρ^p) .

Similar arguments show that Γ_p does not satisfy the Harnack inequality for all p > 1 such that κ > 0, even in its own natural parabolic geometry (1.5)_p.

• Local behavior of solutions

These issues suggest a unifying theory of the local behavior of weak solutions of degenerate or singular parabolic equations. A cornerstone of such a unifying theory would be that weak solutions of (1.1)_{m,p}–(1.2)_{m,p} are Hölder continuous.

Another key component would be an understanding of the Harnack estimate in the degenerate or singular setting of (1.1)_{m,p}–(1.2)_{m,p}. Whether for example there is a form of such an estimate that replaces (1.6) and that would reduce to it when either m → 1 or p → 2. The general structure in (1.1)_{m,p}–(1.2)_{m,p} is not an artificial requirement. To illustrate this point we return briefly on the issue of regularity of solutions of (1.3)_p. We have observed that the space–gradient of the fundamental solution Γ_p for p > 2 is

6 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

locally Hölder continuous in R^N × (τ, ∞). It is then natural to conjecture that the same would be true for local solutions u of (1.3)_p. For such solutions, it turns out that v = |∇u|^2 formally satisfies ([55],[165])

v_t − � a_{ij}v^{p−22} v_{xi} � x_j

≤ 0 where a_{ij} = δ_{ij} + (p − 2) u_{xi} u_{xj} |∇u|^2 . This is a quasilinear version of (1.3)_m with m = p/2. Thus an investigation of the local regularity of solutions of (1.3)_p requires an understanding of degenerate or singular equations with the general quasilinear structure (1.1)_m-(1.2)_m.

1.1. Historical background on regularity and Harnack estimates. Considerable progress was made in the early 1950s and mid 1960s in the theory of elliptic equations, due to the discoveries of DeGiorgi [47] and Moser [132], [133]. Consider local weak solutions of

(a_{ij}u_{xi} )_{xj} = 0 weakly in Ω ; u ∈ W^{1,2}_{loc} (Ω) (1.7)

where the coefficients x → a_{ij}(x), i, j = 1, 2, . . . , N are only bounded and measurable and satisfying the ellipticity condition

a_{ji}ξ_iξ_j ≥ C_0|ξ|^2 a.e. in Ω , ∀ξ ∈ R^N , for some C_0 > 0 . (1.8)

DeGiorgi established that local solutions are Hölder continuous and Moser proved that non-negative solutions satisfy the Harnack inequality. Such inequality can be used, in turn, to prove the Hölder continuity of solutions. Both authors worked with linear p.d.e.’s. However the linearity has no bearing in the proofs. This permits an extension of these results to elliptic quasilinear equations of the type

div A(x, u, ∇u) + B(x, u, ∇u) = 0 weakly in Ω ; u ∈ W^{1,p}_{loc} (Ω) ; p > 1 (1.9) with structure conditions � � � C_0|∇u|^p − C ≤ A(x, u, ∇u) · ∇u ;

|A(x, u, ∇u)| + |B(x, u, ∇u)| ≤ C(1 + |∇u|^{p−1}) ,

(1.10)

for a given C_0 > 0 and a given non–negative constant C. By using the methods of DeGiorgi, Ladyzhenskaja and Ural’tzeva [120] established that weak solutions of (1.9)–(1.10) are Hölder continuous, whereas Serrin [157] and Trudinger [163], following the methods of Moser, proved that non-negative solutions satisfy a Harnack principle. The generalisation is twofold i.e., the

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 123

[84] A. Friedman, Variational Principles and Free Boundary Problems, Wiley - Interscience, New York, 1982.

[85] A. Friedman, Mathematics in Industrial Problems - Part 2, IMA Volumes in Mathematics and its Applications, Springer-Verlag, Heidelberg, 1989.

[86] U. Gianazza - B. Stroffolini - V. Vespri, Interior and boundary continuity of the weak solution of the singular equation (β(u))_t = Lu, Nonlinear Anal., Theory Methods Appl., to appear.

[87] U. Gianazza - V. Vespri, Continuity of weak solutions of a singular parabolic equation, Adv. Differ. Equ., to appear.

[88] D. Gilbarg - N. Trudinger, Elliptic Partial Differential of Second Order, Springer-Verlag, Berlin, 1983.

[89] J. Hadamard, Extension à l’équation de la chaleur d’un théorem de A. Harnack, Rend.

Circ. Mat. Palermo (2) 3 (1954), pp. 337-346.

[90] R.S. Hamilton, The Ricci flow on surfaces, Contemporary Mathematics 71 (1988), pp.

237-262.

[91] R. Hardt - X. Zhou, An evolution problem for linear growth functionals, Comm. PDE 19 (11,12), (1994), pp. 1879-1907.

[92] R. Hardt - Y. Tonegawa, Partial regularity for evolution problems with discontinuity, Manuscripta Math. 90 (1996), pp. 85-103.

[93] A. Hoff, A scheme for computing solutions and interface curves for a doubly degenerate parabolic equation, SIAM J. Numer. Anal. 22 (4) (1985), pp. 687-712.

[94] K.H. Hoffman - J. Spekels Eds., Free Boundary Problems: Application and Theory, Research Notes in Mathematics 185, 186, New York, 1990.

[95] C. Huang, Asymptotic drying of gelatin in a photographic film, J. Math. Anal and Appl.

187 (1994), pp. 663-675.

[96] A.V. Ivanov, Uniform Hölder estimates for generalized solutions of quasilinear parabolic equations admitting a doubly degeneracy, Algebra Anal. 3 (1991), pp. 139-179.

[97] A.V. Ivanov, The class B_{ml} and Hölder estimates for quasilinear doubly degenerate parabolic equations, Zap. Nauchn. Sem. St. Petersburg, Otdel. Math. Inst. Steklov (LOMI), 197 (1992), pp. 42-70.

[98] A.V. Ivanov - P.Z. Mkrtchen, On the regularity up to the boundary of weak solutions of the first initial-boundary value problem for quasilinear doubly degenerate parabolic equations, Zap. Nauchn. Sem. St. Petersburg, Otdel. Math. Inst. Steklov (LOMI) 196 (1991), pp. 3-28.

[99] T. Iwaniec, Projections onto gradient fields and L^p-estimates for degenerate elliptic equations, Studia Math. 75 (1983), pp. 293-312.

[100] A.S. Kalashnikov, Cauchy’s problem in classes of increasing functions for certain quasilinear degenerate parabolic equations of the second order, Diff. Uravneniya 9 (4) (1973), pp. 682-691.

[101] A.S. Kalashnikov, On uniqueness conditions for the generalized solutions of the Cauchy problem for a class of quasi-linear degenerate parabolic equations, Diff. Uravneniya 9 (12) (1973), pp. 2207-2212.

[102] A.S. Kalashnikov, On a heat conduction equation for a medium with non-uniformly distributed non-linear heat sources or absorbers, Bull. Univ. Moscow, Math. Mech. 3 (1983), pp. 20-24.

[103] A.S. Kalashnikov, Some problems of the qualitative theory of nonlinear degenerate second order parabolic equations, Russian Math. Surveys 42 (1987), pp. 169-222.

122 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

[62] E. DiBenedetto - A. Friedman, Regularity of solutions of non−linear degenerate parabolic systems, J. Reine Angew. Math. 349 (1984), pp. 83-128.

[63] E. DiBenedetto - A. Friedman, Hölder estimates for non-linear degenerate parabolic systems, J. Reine Angew. Math. 357 (1985), pp. 1-22.

[64] E. DiBenedetto - M.A. Herrero, On the Cauchy problem and initial traces for a degenerate parabolic equation, Transactions of the A.M.S. 314 (1989), pp. 187-224.

[65] E. DiBenedetto - M.A. Herrero, Non negative solutions of the evolution p-Laplacian equation. Initial traces and Cauchy problem when 1 < p < 2, Arch. Rat. Mech. Anal. 111 (3) (1990), pp. 225-290.

[66] E. DiBenedetto - Y.C. Kwong, Intrinsic Harnack estimates and extinction profile for certain singular parabolic equations, Transactions of the A.M.S. 330 (1992), pp. 783-811.

[67] E. DiBenedetto - Y.C. Kwong - V. Vespri, Local space analiticity of solutions of certain parabolic equations, Indiana Univ. Math. J. 40 (1991), pp. 741-765.

[68] E. DiBenedetto - J. Manfredi, On the higher integrability of the gradient of weak solutions of certain degenerate elliptic systems, Amer. J. Math. 115 (5) (1993), pp. 1107-1134.

[69] E. DiBenedetto - J. Manfredi - V. Vespri, Boundary gradient bounds for evolution p-laplacian equations, in: Proc. Int. Conf. of Evolution Equations and Their Ground States, Gregynog, Wales, 1989.

[70] E. DiBenedetto - M. O’Leary, Three dimensional conduction–convection problems with change of phase, Arch. Rat. Mech. Anal. 123, pp. 99-116.

[71] E. DiBenedetto - N.S. Trudinger, Harnack inequalities for quasi–minima of variational integrals, Annales de l’Institut H. Poincaré 1 (4) (1984), pp. 295-308.

[72] E. DiBenedetto - V. Vespri, On the singular equation β(u)_t = △u, Arch. Rat. Mech.

Anal. 132 (3) (1995), pp. 247-309.

[73] D.J. Diller, A remark on the continuous dependence on ϕ of solutions to u_tΔϕ(u) = 0, Differ. Integral Equ. 11 (3) (1998), pp. 425-438.

[74] J.R. Drake - J.R. Greenwood - G.A. Navratil - R.S. Post, Diffusion coefficient scaling in the Wisconsin levitated octupole, Phys. Fluids 20 (1977), pp. 148-175.

[75] C. Ebmeyer - J.M. Urbano, Regularity in Sobolev spaces for doubly nonlinear parabolic equations, J. Differential Equations 187 (2) (2003), pp. 375-390.

[76] C. Ebmeyer - J.M. Urbano, The smoothing property for a class of doubly nonlinear parabolic equations, Preprint of DMUC 02-15, submitted.

[77] L. Esposito - G. Mingione - B. Stroffolini, On the continuity of the singular equation β(u)_t = △u, Non-Linear Anal. 36 (1999), pp. 1037-1048.

[78] J.E. Esteban - A. Rodriguez - J.L. Vázquez, The fast diffusion equation with logarithmic non-linearity and the evolution of a conformal metric in the plane, Advances in Diff. Equ. 1 (1) (1996), pp. 21-50.

[79] L.C. Evans - J. Spruck, Motion of level sets by mean curvature. I; II; III; IV, J. Differential Geom. 33 (3) (1991), pp. 635-681; Trans. Amer. Math. Soc. 330 (1) (1992), pp. 321-332; J. Geom. Anal. 2 (2) (1992), pp. 121-150; J. Geom. Anal. 5 (1) (1995), pp. 77-114.

[80] E.B. Fabes - N. Garofalo, Parabolic B.M.O. and Harnack’s inequality, Proceedings of the A.M.S. 95 (1985), pp. 63-69.

[81] E.B. Fabes - D.W. Stroock, A new proof of Moser’s parabolic Harnack inequality using the old ideas of Nash, Arch. Rational Mech. Anal. 96 (1986), pp. 327-338.

[82] A. Fasano - M. Primicerio Eds., Free Boundary Problems: Theory and Applications, Research Notes in Mathematics, 78, Pitman, Boston, 1983.

[83] A. Friedman, On the regularity of the solutions of nonlinear elliptic and parabolic systems of partial diffusion equations, J. Math. Mech. 7 (1958), pp. 43-60.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 7

principal part A(x, u, ∇u) is permitted to have a non-linear dependence with respect to ∇u, and a non-linear growth with respect to |∇u|. The latter is of particular interest since the equation in (1.9) might be either degenerate or singular.

A striking result of Moser [134] is that the Harnack estimate (1.6) continues to hold for non-negative, local, weak solutions of � � � u ∈ L^{∞ �}0, T ; L^2(Ω)^� ∩ L^{2 �}0, T ; W^{1,2}(Ω)^� ;

u_t − (a_{ij}(x, t)u_{xi} )_{xj} = 0 in Ω_T ,

(1.11)

where a_{ij} ∈ L^∞(Ω_T ) satisfy the analog of the ellipticity condition (1.8). As before, it can be used to prove that weak solutions are locally Hölder continuous in Ω_T . Since the linearity of (1.11) is immaterial to the proof, one might expect, as in the elliptic case, an extension of these results to quasilinear equations of the type

u_t − div A(x, t, u, ∇u) = B(x, t, u, ∇u) in Ω_T (1.12)

where the structure condition is as in (1.10). Surprisingly however, Moser’s proof could be extended only for the case p = 2, i.e., for equations whose principal part has a linear growth with respect to |∇u|. This appears in the work of Aronson and Serrin [16] and Trudinger [164]. The methods of De- Giorgi also could not be extended. Ladyzenskaja et al. [121] proved that solutions of (1.12) are Hölder continuous, provided the principal part has exactly a linear growth with respect to |∇u|. Analogous results were established by Kruzkov [110], [111], [112] and by Nash [136] by entirely different methods. Thus it appears that unlike the elliptic case, the degeneracy or singularity of the principal part plays a peculiar role, and for example, for the p–Laplacian equation in (1.3)_p one could not establish whether non-negative weak solutions satisfy the Harnack estimate or whether a solution is locally Hölder continuous.

In the mid-1980, some progress was made in the theory of degenerate p.d.e.’s of the type of (1.12), for p > 2. It was shown that the solutions are locally Hölder continuous (see [51]). Surprisingly, the same techniques can be suitably modified to establish the local Hölder continuity of any local solution of quasilinear porous medium-type equations. These modified methods in turn, are crucial in proving that weak solutions of the p–Laplacian equation (1.3)_p are of class C^{1,α}_{loc} (Ω_T ).

8 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Therefore understanding the local structure of the solutions of (1.12) has implications to the theory of equations with degeneracies quite different than (1.12).

In the early 1990s the theory was completed ([37]) by establishing that solutions of (1.1)_{m,p}–(1.2)_{m,p} are Hölder continuous for all p > 1 and all m > 0. For a complete account see [55].

1.2. A new approach to regularity. These results follow, one way or another, from a single unifying idea which we call intrinsic rescaling. The diffusion processes in (1.3)_{m,p} evolve in a time scale determined instant by instant by the solution itself, so that, loosely speaking, they can be regarded as the heat equation in their own intrinsic time-configuration. A precise description of this fact as well as its effectiveness is linked to its technical implementations which we will present in §2.

The indicated regularity results assume the solutions to be locally or globally bounded. A theory of boundedness of weak solutions of (1.1)_{m,p}–(1.2)_{m,p} is quite different from the linear theory and it is presented in §3. For example weak solutions of (1.1)_p–(1.2)_p are locally bounded only if κ = N(p − 2) + p > 0 and weak solutions of (1.1)_m–(1.2)_m are locally bounded only if λ = N(m − 1) + 2 > 0. It is shown by counterexamples that these conditions are sharp.

The same notion of intrinsic rescaling is at the basis of a new notion of Harnack inequality for non–negative solutions of (1.3)_{m,p} established in the late 1980s and early 1990s ([54], [66]). Consider non–negative weak solution of (1.3)_m for m > 1. The Harnack inequality (1.6) continues to hold for such solutions provided the time is rescaled by the quantity u^{m−1}(x_0, t_0). Similar statements hold for (1.3)_p in their intrinsic parabolic geometry (1.5)_p. In §4 we present these intrinsic versions of the Harnack inequality and trace their connection to the Hölder continuity of solutions.

A major open problem is to establish the Harnack estimate for non–negative solutions of (1.1)_{m,p} with the full quasilinear structure (1.2)_{m,p}. The proofs in ([54], [66]) use in an essential way the structure of (1.3)_{m,p} as well as their corresponding fundamental solutions Γ_{m,p}. The leap forward of Moser’s Harnack inequality was in bypassing the classical approaches based on heat potentials, by introducing new harmonic analysis methods and techniques. It is our belief that a proof of the intrinsic Harnack estimate for non–negative

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 121

[40] Y.Z. Chen - E. DiBenedetto, On the Harnack inequality for nonnegative solutions of singular parabolic equations, in: Degenerate diffusions (Minneapolis, 1991), pp. 61-69, IMA Vol. Math. Appl. 47, Springer, New York, 1993.

[41] K.S. Cheng - W.M. Ni, On the structure of the conformal Gaussian curvature equation on R^2, Duke Math. J. 62 (1991), pp. 721-727.

[42] H. Choe, Hölder regularity for the gradient of solutions of certain singular parabolic equations, Comm. Part. Diff. Equations 16 (11) (1991), pp. 1709-1732.

[43] H. Choe, Hölder continuity of solutions of certain degenerate parabolic systems, Non-Linear Anal. 8 (3) (1992), pp. 235-243.

[44] R.E. Collins, Flow of Fluids Through Porous Materials, Reinhold, New York, 1961. [45] I.I. Danilyuk, The Stefan Problem, Russian Math. Surveys 40 (5) (1985), pp. 157-223. [46] P. Daskalopoulos - M. del Pino, On a singular diffusion equation, Commun. in Analysis and Geometry 3 (1995), pp. 523-542.

[47] E. DeGiorgi, Sulla differenziabilitá e l’analiticitá delle estremali degli integrali multipli regolari, Mem. Accad. Sci. Torino, Cl. Sci. Fis. Mat. Nat., Ser. 3, 3 (1957), pp. 25-43.

[48] E. DiBenedetto, Continuity of weak solutions to certain singular parabolic equations, Ann.

Mat. Pura Appl. CXXI (4) (1982), pp. 131-176.

[49] E. DiBenedetto, Local regularity of weak solutions of degenerate elliptic equations, Non- Linear Anal. TMA 7 (8) (1983), pp. 827-850.

[50] E. DiBenedetto, Continuity of weak solutions to a general porous medium equation, Indiana Univ. Math. J. 32 (1) (1983), pp. 83-118.

[51] E. DiBenedetto, On the local behaviour of solutions of degenerate parabolic equations with measurable coefficients, Ann. Sc. Norm. Sup. 13 (1986), pp. 487-535.

[52] E. DiBenedetto, A boundary modulus of continuity for a class of singular parabolic equations, J. Differ. Equations 63 (1986), pp. 418-447.

[53] E. DiBenedetto, The flow of two immiscible fluids through a porous medium: regularity of saturation, in: Theory and Applications of Liquid Crystals, Ericksen, J. L., Kinderlehrer, D., Eds., Springer-Verlag, New York (1987), pp. 123-141.

[54] E. DiBenedetto, Intrinsic Harnack type inequalities for solutions of certain degenerate parabolic equations, Arch. Rat. Mech. Anal. 100 (1988), pp. 129-147.

[55] E. DiBenedetto, Degenerate Parabolic Equations, Springer Verlag, Series Universitext, New York, 1993.

[56] E. DiBenedetto, Degenerate and Singular Parabolic Equations, in: Recent advances in partial differential equations, El Escorial, Res. Appl. Math. 30, Masson, Paris, (1994), pp. 55-84.

[57] E. DiBenedetto, Parabolic Equations with Multiple Singularities, in: Proceedings Equadiff 9, Brno 1997, pp. 25-48.

[58] E. DiBenedetto, Real Analysis, Birkhäuser, Basel, 2002.

[59] E. DiBenedetto - D.J. Diller, About a singular parabolic equation arising in thin film dynamics and in the Ricci flow for complete R^2, in: Partial differential equations and applications. Collected papers in honor of Carlo Pucci on the occasion of his 70th birthday, P. Marcellini et al. (Eds.), Lect. Notes Pure Appl. Math. 177, pp. 103-119, Marcel-Dekker, New-York, 1996.

[60] E. DiBenedetto - D.J. Diller, Singular semilinear elliptic equations in L^1(R^N ), in:

Topics in nonlinear analysis. The Herbert Amann anniversary volume, J. Escher et al. (Eds.), Prog. Nonlinear Differ. Eq. Appl. 35, pp. 143-181, Birkhäuser, Basel, 1999.

[61] E. DiBenedetto - R. Gariepy, On the local behavior of solutions for an elliptic-parabolic equation, Arch. Rat. Mech. Anal. 97 (1) (1987), pp. 1-17.

120 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

[17] G.I. Barenblatt, On some unsteady motions of a liquid or a gas in a porous medium, Prikl. Mat. Mech. 16 (1952), pp. 67-78.

[18] J. Bear, Dynamics of Fluids in Porous Media, Amer. Elsevier, New York, 1972. [19] J. Bear, Hydraulics of Groundwater, McGraw Hill, New York, 1979. [20] Ph. Bénilan - M.G. Crandall, The continuous dependence on ϕ of solutions of u_t − Δϕ(u) = 0, Indiana Univ. Math. J. 30 (1981), pp. 161-177.

[21] S.N. Bernstein, Collected works. III Differential equations, calculus of variations and geometry (1903−1947), IzdatȦkadṄauk SSSR, Moscow, 1960 (Russian).

[22] J.G. Berryman, Evolution of a stable profile for a class of nonlinear diffusion equations with fixed boundaries, J. Math. Physics 18 (1977), pp. 2108-2115.

[23] J.G. Berryman - C.J. Holland, Stability of the separable solutions for fast diffusion equations, Arch. Rat. Mech. Anal. 18 (1976), pp. 379-388.

[24] M. Bertsch - N. Nambu - L.A. Peletier, Decay of solutions of a nonlinear diffusion equation, Non-Linear Anal. 6 (1982), pp. 539-554.

[25] M. Bertsch - L.A. Peletier, The asymptotic profile of solution of degenerate diffusion equation, Arch. Rat. Mech. Anal. 91 (1986), pp. 207-229.

[26] L. Boccardo - F. Murat - J.P. Puel, L^∞ estimate for some nonlinear elliptic partial differential equations and application to an existence result, SIAM J. Math. Anal. 23 (1992), pp. 326-333.

[27] E. Bombieri, Theory of minimal surfaces and a counterexample to the Bernstein conjecture in high dimension, Mimeographed Notes of Lectures held at Courant Institut, New York University, 1970.

[28] E. Bombieri - E. Giusti, Harnack’s inequality for elliptic differential equations on minimal surfaces, Inventiones Math. 15 (1972), pp. 24-46.

[29] A. Bossavit - A. Damlamian - M. Fremond Eds., Free Boundary Problems: Applications and Theory, Research Notes in Mathematics 120, 121, Pitman, Boston, 1985.

[30] H. Brézis, Elliptic equations with limiting Sobolev exponents−The impact of topology, Comm. Pure Appl. Math. 39 (1986), pp. 17-39.

[31] L.A. Caffarelli - L.C. Evans, Continuity of the temperature in the two phase Stefan problem, Arch. Rat. Mech. Anal. 81 (1983), pp. 199-220.

[32] L.A. Caffarelli - A. Friedman, Continuity of the density of a gas flow in a porous medium, Tansactions of the A.M.S. 252 (1979), pp. 99-113.

[33] L.A. Caffarelli - A. Friedman, Regularity of the free- boundary of a gas in a ndimensional porous medium, Indiana Univ. Math. J. 29 (1980), pp. 361-369.

[34] G. Chavent - J. Jaffré, Mathematical Models and Finite Elements Methods for Reservoir Simulation, North-Holland, Amsterdam, 1986.

[35] Y.Z. Chen, Hölder estimates for solutions of uniformly degenerate quasilinear parabolic equations, Chin. Ann. Math. 5B (4) (1984), pp. 661-678.

[36] Y.Z. Chen, Hölder continuity of the gradients of solutions of nonlinear degenerate parabolic systems, Acta Math. Sinica 2 (1986), pp. 309-331.

[37] Y.Z. Chen - E. DiBenedetto, On the local behaviour of solutions of singular parabolic equations, Arch. Rat. Mech. Anal. 103 (1988), pp. 319-345.

[38] Y.Z. Chen - E. DiBenedetto, Boundary estimates for solutions of non linear degenerate parabolic systems, J. Reine Angew. Math. 395 (1989), pp. 102-131.

[39] Y.Z. Chen - E. DiBenedetto, Hölder estimates of solutions of singular parabolic equations with measurable coefficients, Arch. Rat. Mech. Anal. 118 (1992), pp. 257-271.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 9

solutions of (1.1)_{m,p}–(1.2)_{m,p} that would bypass the potentials Γ_{m,p}, would have the same impact.

The values of p > 1 for which non–negative solutions of (1.3)_p satisfy Harnack’s inequality are those for which κ = N(p − 2) + p > 0. Likewise the values of m > 0 for which non–negative solutions of (1.3)_m satisfy Harnack’s inequality are those for which λ = N(m − 1) + 2 > 0. These limitations are sharp for a Harnack estimate to hold (§4).

1.3. Limiting cases and miscellanea remarks. The cases κ, λ ≤ 0 are not well understood and form the object of current investigations. The case 1 < p ≤ 2N/(N +1) seems to suggest questions similar to those of the limiting Sobolev exponent for elliptic equations (see Brézis [30]) and questions in differential geometry. As p ↘ 1, (1.3)_p tends formally to a p.d.e. of the type of motion by mean curvature. Investigations in this directions are due to Evans and Spruck ([79]). As m → 0 the porous medium equation (1.3)_m for u ≥ 0 tends to the singular equation

u_t − Δ ln u = 0 weakly in Ω_T . (1.13)

When N = 2 the Cauchy problem for this equation is related to the Ricci flow associated to a complete metric in R^2 ([90], [182], [59], [60]). A characterization of the initial data for which (1.13) is solvable has been identified and the theory seems fairly complete ([59], [46], [78]). The case N ≥ 3 however is still not understood and while solvability has been established for a rather large class of data ([59]), a precise characterization of such a class still eludes the investigators.

Degenerate and singular elliptic and parabolic equations are one of the branches of modern analysis both in view of the physical significance of the equations at hand ([8], [10], [11], [91], [92], [113], [114], [119], [126], [127], [161], [183]) and the novel analytical techniques that they generate ([55]).

The class of such equations is large, ranging from flows by mean curvature to Monge–Ampére equations to infinity-Laplacian. These are implicitly degenerate or singular equations in that the solution itself determines, implicitly, the regions of degeneracy. Explicitly degenerate equations would be those for which the degeneracy or singularity is a priori prescribed in the coefficients. For example if the modulus of ellipticity C_0 in (1.8) were a non–negative function of x vanishing at some specified value x_∗, such a point would be a point of explicit degeneracy. There is a vast literature on all these

10 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

aspects of degenerate equations. We have chosen to present a subsection of the theory that has a unifying set of techniques, issues, physical relevance, and future directions.

1.4. Singular equations of the Stefan–type. In this framework fall singular parabolic evolution equations where the singularity occurs on the time– part of the operator. These take the form � � � u ∈ C_{loc}(0, T ; W^{1,2}_{loc} (Ω_T )) ;

β(u)_t − div A(x, t, u, ∇u) ∋ B(x, t, u, ∇u) in D^′(Ω_T ) ,

(1.14)

where A and B have the same structure conditions as (1.2)_m for m = 1 and β(·) is a coercive, maximal monotone graph in R × R. The prototype example is β(u)_t − Δu ∋ 0 in D^′(Ω_T ) (1.15) for a β(·) given by

β(s) = � � � s for s < 0 ; [0,1] for s = 0 ; 1 + s for s > 0 .

(1.16)

Graphs β(·) such as this one, i.e., exhibiting a single jump at the origin, arise from a weak formulation of the classical Stefan problem modelling a solid/liquid the phase transition such as water–ice. In the latter case a natural question would be to ask whether the transition of phase occurs with a continuous temperature across water/ice interface. This issue, raised initially by Oleinik in the 1950s and reported in the book [LSU] is at the origin of the modern and current theory of local regularity and local behaviour of solutions of degenerate and/or singular evolution equations. The coercivity of β(·) for a solution to be continuous is essential, as pointed out by examples and counterexamples in [61].

It was established in [31], [48], [149], [150], [184] that for β(·) exhibiting a single jump, the solutions of (1.14) are continuous with a given quantitative modulus of continuity (not Hölder). This raises naturally the question of a graph β(·) exhibiting multiple jumps and or singularities of other nature (§5). For these rather general graphs, in the mid 1990s it was established in [72] that solutions of (1.14) are continuous provided N = 2. For dimension N ≥ 3 the same conclusion holds provided the principal part of the differential equation is exactly the Laplacian, as in the first of (1.15). Several recent investigations have extended and improved these results for specific

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 119

if we choose η_0 small enough, the alternative (5.34) holds. So one can find a small cylinder where u ≥^1_{16} . Then, via the logarithmic estimates, one can bring this positivity up to the level zero if ε_0 is chosen small enough.

Remark 5.21. The fact that β(·) has only two jumps is not essential. Any finite number of jumps would be acceptable.

Remark 5.22. This approach seems to work not only with jumps but also with singularities that grow in a very fast way. It could be of some interest to start an investigation on such a direction.

References

[1] R. Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] L.V. Alfors, Lectures on quasiconformal mappings, Wadsworth & Brooks/ Cole, Monterey CA, 1987.

[3] H.W. Alt - E. DiBenedetto, Nonsteady flow of water and oil through inhomogenehous porous media, Ann. Scuola Normale Sup. Pisa XII (3) (1985), pp. 335-392.

[4] D. Andreucci, A priori bounds for weak solutions of the filtration equation, SIAM J. Math.

Anal. 22 (1) (1991), pp. 138-145.

[5] D. Andreucci - E. DiBenedetto, A new approach to initial traces in nonlinear filtration, Ann. Inst. H. Poincaré 4 (1990), pp. 305-334.

[6] D. Andreucci - E. DiBenedetto, On the Cauchy problem and initial traces for a class of evolution equations with strongly nonlinear sources, Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 18 (3) (1991), pp. 363-441.

[7] S.N. Antoncev, On the solvability of boundary value problems for degenerate two–phase porous flow equations, Dynamika Splosnoi Sredy Vyp. 10 (1972), pp. 28-53. (Russian) [8] S.N. Antoncev, Axially symmetric problems of gas dynamics with free boundaries, Doklady Akad. Nauk SSSR 216 (3) (1974), pp. 473-476.

[9] S.N. Antoncev - A.V. Kazhikov - V.N. Monakov, Boundary–Value Problems in the Mechanics of Nonuniform Fluids, Studies in Mathematics and its Applications, Amsterdam, 1990.

[10] G. Anzellotti, On the extremal stress in Hencky plasticity, Duke Math. J. 551 (1984), pp.

133-147.

[11] G. Anzellotti - M. Giaquinta, On the existence of the fields of stress and displacement for an elasto–plastic body in static equilibrium, J. Math. Pures et Appliquées 61 (1982), pp. 219-244.

[12] D.G. Aronson, The Porous Medium Equation, in: Nonlinear Diffusion Problems (Montecatini Terme), 1-46, Lecture Notes in Math. 1224, C.I.M.E. series, Springer, Berlin, 1986.

[13] D.G. Aronson - L.A. Caffarelli, The initial trace of a solution of the porous medium equation, Transactions of the A.M.S. 280 (1) (1983), pp. 351-366.

[14] D.G. Aronson - M.G. Crandall - L.A. Peletier, Stability of a degenerate nonlinear diffusion problem, Non-Linear Anal. 6 (1982), pp. 1001-1022.

[15] D.G. Aronson - L.A. Peletier, Large time behaviour of solutions of the porous medium equation in bounded domain, J. Differ. Equations 39 (1981), pp. 378-412.

[16] D.G. Aronson - J. Serrin, Local behaviour of solutions of quasilinear parabolic equations, Arch. Rat. Mech. Anal. 25 (1967), pp. 81-123.

118 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

allowed from conditions (5.8)–(5.14), but we consider a very special β of the type

β(s) = � � � � � � � � �

−s − ν_1 if s < 0 [−ν_1, 0] if s = 0 s if 0 < s < 1 [1, 1 + ν_2] if s = 1 s + ν_2 if s > 1 .

This special β allows us to write explicitly the logarithmic and energy estimates. The use of the estimates, together with the geometrical constructions of the previous sections, will allow to prove the local continuity of the solutions. This approach is developed in a very detailed way in [87]. A similar approach can be found in [52] in a different context. We feel that the right approach to the local continuity is this one, that is, it must be based only on logarithmic and energy estimates and geometric constructions.

We only give a sketch of the ideas on which the proof is based. Without loss of generality, we may assume that μ^+ = 1 + ε_0 and μ^− = −ε_0, with ε_0 very “small”. The idea is to reduce the oscillation of u such that either u > 0 or u < 1. In this way, the problem has been reduced to the case of only a singularity. Without loss of generality, we can focus our attention to find a subcylinder where u > 0. Apply proposition 5.19. Choose s_0 > ε_0 such that either the oscillation of u is so reduced in Q(δ^2(s_0)ρ^2, δ(s_0)ρ) that u > 0 in such a cylinder or

Meas^�(x, t) ∈ Q_{(ρ}2_{,δ(s0)ρ)} : u(x, t) ≤ μ^− + sω^� ≥ η(s_0)|Q_{(ρ}2_{,δ(s0)ρ)}| . (5.83)

Note that η(s_0) is very small (in a quantitatively way that will be clear in the sequel) if ε_0 is chosen really small.

Partition the cylinder Q_{(ρ}2_{,δ(s0)ρ)} in subcylinders Q_{(δ}2_{(s0)ρ}2_{,δ(s0)ρ)}. Apply the iteration method based on energy and logarithmic estimates, choosing as test function (u −^1_4 )_−. There are two possibilities:

either in one of the subcylinders the set where u is less than or equal to zero is negligible; then the iteration method works as in the nonsingular case. So one can find a small cylinder where u ≥^1_8 . Then, via the logarithmic estimates, one can bring this positivity up to the level zero if ε_0 is chosen small enough;

or, in each of the subcylinders, the set where u is less or equal to zero is not negligible. Then by (5.83) one can deduce that there exists a subcylinder where the measure of the set where u is less than^1_8 is a function of η_0. So

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 11

graphs ([86], [87]). It is still an open question however, whether solutions of (1.14) with its full quasilinear structure and for a general coercive maximal monotone graph β(·) and for N ≥ 3, are continuous in their domain of definition.

1.5. Outline of these notes. The issues touched on here will be expanded in the next sections. We will provide precise statements and self–sufficient structure of proofs.

In section 2 we deal with the question of the regularity of the weak solutions of singular and degenerate quasilinear parabolic equations, proving their Hölder character. We start with the precise definition of weak solution and the derivation of the building blocks of the theory: the local energy and logarithmic estimates. In §2.2 we briefly present the classical approach of De Giorgi to uniformly elliptic equations. We introduce De Giorgi’s class and show that functions in De Giorgi’s class are Hölder continuous. The two main sections §2.3 and §2.4 deal, respectively, with the degenerate and the singular case. There we present in full detail the idea of intrinsic scaling and, at least in the degenerate case, prove all the results leading to the Hölder continuity. We have decided to present the theory for the model case of the p-Laplace equation to bring to light what is really essential in the method, leaving aside technical refinements needed to deal with more general equations. We close the section with remarks on the possible generalisations, namely to porous medium type equations.

Section 3 addresses the boundedness of weak solutions. The theory discriminates between the degenerate and the singular case. If p > 2, a local bound for the solution is implicit in the notion of weak solution. If 1 < p < 2, local or global solutions need not be bounded in general.

In section 4, we first give a review about classical results concerning Harnack inequalities. Then we consider the degenerate case and we point out the differences with respect to the nondegenerate one. We sketch a proof of the Harnack inequality both in the degenerate and singular case. We show that for positive solutions of the singular p-Laplace equation an ”elliptic” Harnack inequality holds. We also analyze the phenomenon of the extinction of the solution in finite time. Through a suitable use of the Raleigh quotient, we are also able to give sharp estimates on the extinction time and to describe the asymptotic profile of the extinction. In the whole section we point out the

12 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

major open questions about Harnack inequalities for singular and degenerate parabolic equations.

In section 5 we give physical motivations concerning Stefan-like equations and show, through the Kruzkov- Sukorjanski transformation, the deep links between degenerate equations and Stefan-like equations. Then, we describe the approaches made by Aronson, Caffarelli, DiBenedetto, Sachs and Ziemer in the 1980’s. Thanks to their contributions the case of only one singularity was completely solved. Lastly we analyze the new pioneering approach of [72] where, through a lemma of measure theory, the case of multiple singularities was totally solved in the case N = 2. Moreover we show that this approach also works in the case N ≥ 3 but only under strong assumptions. In this section we also point out the major open questions.

We have chosen not to present existence theorems for boundary value problems associated with these equations. Theorems of this kind are mostly based on Galerkin approximations and appear in the literature in a variety of forms. We refer, for example, to [121] or [123]. Given the a priori estimates presented here these can be obtained alternatively by a limiting process in a family of approximating problems and an application of Minty’s Lemma.

These notes can be ideally divided in three parts:

1.: Hölder continuity and boundedness of solutions (§2-3) 2.: Harnack type estimates (§4) 3.: Stefan-like problems (§5) These parts are technically linked but they are conceptually independent, in the sense that they deal with issues that have developed in independent directions. We have attempted to present them in such a way that they can be approached independently.

Acknowledgements. The research of J.M. Urbano was partially supported by CMUC-FCT and Project POCTI/34471/MAT/2000.

2. Regularity of weak solutions

We address the question of the regularity of weak solutions of singular and degenerate parabolic equations by proving that they are Hölder continuous.

We will concentrate on quasilinear parabolic equations, with principal part in divergence form, of the type

u_t − div |∇u|^{p−2}∇u = 0 , p > 1 . (2.1)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 117

In fact, if it were not true, reproducing the same argument of [72, §6–8], and using the measure lemma, we conclude that there exist a y^∗ ∈ A_{ε0,4d} and a small cube K_ρ(y^∗) ⊂ A_{ε0,4d} such that

∀ x ∈ K_ρ(y^∗) , (ζ − v)(x, t^∗) > σ_0 2 . Connecting, through a path, the boundary K_ρ(y^∗) with the boundary of A_{ε0,4d}, i.e., with a portion of the boundary where |x| = 4d, and working as in section 9 of [72] we get a lower bound for^�_{Aε0,4d} |∇z(x, t^∗)|^2 dx, thus obtaining a contradiction by choosing δ_0 small enough. Therefore (5.82) holds.

The proof of the local continuity of a bounded solution of (5.70) follows from the remark that estimate (5.76) is a direct consequence of (5.78) and (5.82).

Remark 5.20. The boundary regularity for singular equations like the ones we are dealing with here still presents several open questions. In the case of β with a single jump, interior regularity is again a matter of energy and logarithmic inequalities and this allows for a complete solution of boundary regularity for variational data, as in [48].

In the case of a general β it remains an open problem to devise a technique of proof only based on energy and logarithmic estimates. Therefore, for the moment, it is only possible to consider homogeneous Dirichlet boundary conditions under mild assumptions on ∂Ω, without taking into account initial conditions. Assume, for instance, the compactness and the Lipschitz continuity of the boundary. By the compactness of the the boundary of Ω, we can cover ∂Ω with a finite number of neighborhoods centered at points of ∂Ω. The Lipschitz continuity of the boundary allows us to find a map from every neighborhood into a half ball of R^N . The transformed equation via this map has coefficients which are still measurable with respect to x, properly summable with respect to the pair (x, t), and continuous with respect to t. Now we reflect the operator through the entire ball and notice that this reflection does not affect the (β(u))_t term, since it is done only with respect to the x variable. We have therefore reduced the study to a problem in the interior and we can apply the previous results to prove the boundary regularity.

5.4.7. The case N ≥ 3 continued. In this section, we prove the regularity for particular cases of equation (5.1). Here we permit the maximal generality

116 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

with δ^∗ a positive constant that can be determined a priori only in terms of the data. As in [72] (sections 24 and 25), by using the logarithmic estimates, one can bring this piece of information up to level zero and in this way reduce the oscillation of u in the small cylinder Q(δ^∗ρ).

In order to prove (5.76), let ζ be the solution of the elliptic problem � � � Lζ = 0 in A_{ε0,4d} ζ(x) = 0 on |x| = 4d ζ(x) = 1 on |x| = ε_0

(5.77)

By well-known classical results, there is a unique solution ζ satisfying (5.77) (see [88], Theorems 8.1 and 8.3). Moreover, ζ is Hölder continuous (see [121]). Finally, the hypotheses on the coefficients ensure that w belongs to an elliptic De Giorgi’s class, which in turn guarantees that w satisfies a Harnack inequality (under this point of view, see for example [124], Chapter 3). Therefore we may assume that there is σ_0 such that

ζ(x) ≥ 2σ_0 , ∀1 ≤ |x| ≤ 2d . (5.78)

The aim now is to transfer this information to v. With this purpose, put z = v − ζ and set Γ(x, ·) = β̃(· − ζ(x)). It is easy to see that z satisfies � � � � � (Γ(z))_t = Lz in A_{ε0,4d} × (0, k) z(x, t) = 0 on |x| = 4d z(x, t) = 0 on |x| = ε_0 z(x, 0) = −ζ(x) on x ∈ A_{ε0,4d}

(5.79)

By the energy estimates, one gets that � k 0 � A_{ε0,4d} |∇z|

2 dx dt ≤ C . (5.80)

There must exist a time level t^∗ such that � A_{ε0,4d} |∇z|

2 dx ≤ δ_0 , (5.81)

with τ_0 a proper small quantity. In fact, if it were not so, integrating on (0, k) we obtain_{� k} 0 � A_{ε0,4d} |∇z|

2 dx ≥ kδ_0

and it suffices to choose k large enough to get a contradiction.

Now we claim that, if we choose δ_0 small enough, a consequence of (5.81) is that ∀ x ∈ A_{ε0,2d} , (ζ − v)(x, t^∗) ≤ σ_0 . (5.82)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 13

If p > 2, the equation is degenerate in the space part, due to the vanishing of its modulus of ellipticity |∇u|^{p−2} at points where |∇u| = 0. The singular case corresponds to 1 < p < 2: the modulus of ellipticity becomes infinity at points where |∇u| = 0.

The results in this section extend to a variety of equations and, in particular, to equations with general principal parts satisfying appropriate structure assumptions and with lower order terms. We have chosen to present the results and the proofs for the particular model case (2.1) to bring to light what we feel are the essential features of the theory. Remarks on generalisations, which in some way or another correspond to more or less sophisticated technical improvements, are made at the end of the section.

Results on the continuity of solutions at a point consist basically in constructing a sequence of nested and shrinking cylinders with vertex at that point, such that the essential oscillation of the function in those cylinders converges to zero when the cylinders shrink to zero. At the basis of the proof is an iteration technique, that is a refinement of the technique by De- Giorgi and Moser (cf. [47], [132] and [121]), based on energy (also known as Cacciopolli) and logarithmic estimates for the solution, that we briefly review in §2.2. In the degenerate or singular cases these estimates are not homogeneous in the sense that they involve integral norms corresponding to different powers, namely the powers 2 and p. The key idea is then to look at the equation in its own geometry, i.e., in a geometry dictated by its intrinsic structure. This amounts to rescale the standard parabolic cylinders by a factor that depends on the oscillation of the solution. This procedure, which can be called accommodation of the degeneracy, allows one to recover the homogeneity in the energy estimates written over these rescaled cylinders. We can say heuristically that the equation behaves in its own geometry like the heat equation. In the sequel, we first treat the degenerate case in §2.3 and then the more involved singular case in section §2.4. We conclude the section with some remarks on generalisations, namely to porous medium type equations.

2.1. Weak solutions and local estimates. A local weak sub(super)- solution of (2.1) is a measurable function

u ∈ C_{loc}^�0, T ; L^2_{loc}(Ω)^� ∩ L^p_{loc}^�0, T ; W^{1,p}_{loc} (Ω)^�

14 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

such that, for every compact K ⊂ Ω and for every subinterval [t_1, t_2] of (0, T ], � K uφ dx � � � t_2

t_1 + � t_2

t_1 � K � uφ_t + |∇u|^{p−2}∇u · ∇φ^� dx dt ≤ (≥) 0 , (2.2)

for all φ ∈ W^{1,2}_{loc}^�0, T ; L^2(K)^� ∩ L^p_{loc}^�0, T ; W^{1,p}_0 (K)^�, φ ≥ 0. A function that is both a local subsolution and a local supersolution of (2.1) is a local solution of (2.1).

It would be technically convenient to have at hand a formulation of weak solution involving the time derivative u_t. Unfortunately, solutions of (2.1), whenever they exist, possess a modest degree of time-regularity and in general u_t has a meaning only in the sense of distributions. To overcome this limitation we introduce the Steklov average of a function v ∈ L^1(Ω_T ), defined for 0 < h < T by

v_h = � � � � 1 h � t+h

t v(·, τ) dτ if t ∈ (0, T − h]

0 if t ∈ (T − h, T ] ,

and observe that the notion (2.2) of solution is equivalent to:

for every compact K ⊂ Ω and for all 0 < t < T − h, � K×{t} � (u_h)_t φ +^�|∇u|^{p−2}∇u^�_h · ∇φ^� dx ≤ (≥) 0 , (2.3)

for all φ ∈ W^{1,p}_0 (K) ∩ L^∞_{loc}(Ω), φ ≥ 0.

We will show that locally bounded solutions of (2.1) are locally Hölder continuous within their domain of definition. No specific boundary or initial values need to be prescribed for u. Although the arguments below are of local nature, to simplify the presentation we assume that u is a.e. defined and bounded in Ω_T and set

M ≡ ‖u‖_L∞_{(ΩT )} .

See section 3 for results on the boundedness of weak solutions.

2.1.1. Local energy and logarithmic estimates. Given a point x_0 ∈ R^N , denote by K_ρ(x_0) the N-dimensional cube with centre at x_0 and wedge 2ρ:

K_ρ(x_0) := � x ∈ R^N : max_{1≤i≤N} |x_i − x_{0i}| < ρ � ;

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 115

The most important of the three assumptions is the last one and this shows once more how the Harnack inequality is crucial when proving regularity results for solution of partial differential equations.

For the sake of simplicity we consider only the case of time independent coefficients (the reader finds a detailed proof of the general case in [86] and [160]). Without loss of generality, assume that (5.66) holds, i.e.,

u(x, t) ≥ μ^− + εω , ∀(x, t) ∈ (x_1, t_1) + Q_{(θδ}2_{0 ρ}2_{,δ0ρ)}

(if not, it means that the oscillation of the solution is automatically reduced in a smaller cylinder). As in [72], apply the change of variables

x −→

4(x − x_1) |x_1|

; t −→ t − t_1 δ^2_0ρ^2 and introduce the function ũ ≡ u − μ^− εω . We have that ũ solves the differential equation

(β̃(ũ))_t = ♥L(ũ) ,

where β̃ and L̃ satisfy the same structural conditions of the operator (5.71) (for more details see [72]). Moreover, ũ(x, t) ≥ 1 in K_{ε0} × (0, θ). Without loss of generality, we may assume that ε_0 ≤^1_2 . Define A_{(d1,d2)} × (t_1, t_2) as the annulus {d_1 < |x| < d_2} × (t_1, t_2). Finally, we are interested in the behaviour of ũ in an annulus contained in A_{(ε0,4d)} × (0, θ) where we may assume d ≥ 4 (see [72]). For this reason we introduce a proper comparison function. Namely, let v solve the following boundary value problem � � � � � (β̃(v))_t = L̃v in A_{(ε0,4d)} × (0, θ) v(x, t) = 0 on |x| = 4d v(x, t) = 1 on |x| = ε_0 v(x, 0) = 0

(5.75)

By the maximum principle, ũ ≥ v. Hence if we are able to prove that there is a level t_0 ∈ (0, θ) such that there is a σ_0 > 0, depending only upon the data, such that v(x, t_0) ≥ σ_0 , ∀1 ≤ |x| ≤ 2d , (5.76) we have that a similar bound works for ũ. By returning to the original coordinates, we conclude that there exists a time level t_1 such that

u(x, t_1) > μ_− + σ_0εω , ∀x ∈ K_δ∗_ρ ,

114 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

basic reason to use the comparison function is to mimic a parabolic Harnack inequality, whose validity is not known in this context. For a detailed proof of the results of this section we refer the reader to [72], [86] and [160]).

Consider the singular parabolic equation β(u)_t = Lu (5.70) where L is an elliptic operator with principal part in divergence form. We assume

Lu =^�_{ij} D_i(a_{ij}(x, t)D_ju + a_i(x, t)u) + b_i(x, t)D_iu + e(x, t)u , (5.71)

where a_{ij}(x, t), a_i(x, t), b_i(x, t), e(x, t) are continuous functions with respect to the time variable and are measurable functions with respect to the spatial variables, and satisfy 1 μ_1

|ξ|^2 ≤^�_{ij} a_{ij}(x, t)ξ_iξ_j ≤ μ_1|ξ|^2 (5.72) � � � a^2_i ,^� b^2_i , e^��_{q,r,ΩT} ≤ μ_2 , (5.73) with q and r such that 1 r + N 2q = 1 − κ_1

and q ∈ � � N 2(1 − κ_1) , ∞ � � , r ∈ � 1 1 − κ_1 , ∞ � , 0 < κ_1 < 1, N ≥ 2.

Moreover, we suppose that

∀ 0 < t < s < T , � s t � Ω � �ev −^�_i a_iD_iv � � dx dt ≤ 0 , (5.74)

for all v ∈ C^1_0 (Ω × (t, s)), v ≥ 0. Assumptions (5.72) and (5.73) mean that the structure conditions (5.8)–(5.14) are satisfied, while (5.74) is assumed in order to have the maximum principle in any parabolic cylinder contained in Ω_T . Before giving a sketch of the proof, we stress that the only properties of L(x, t, u, Du) on which we will rely are the following:

(1) L satisfies the maximum principle; (2) the coefficients of L are continuous in t;

(3) in the case of time–dependent coefficients, the elliptic operator L satisfies a uniform Harnack inequality t by t.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 15

given a point (x_0, t_0) ∈ R^{N+1}, the cylinder of radius ρ and height τ > 0 is (x_0, t_0) + Q(τ, ρ) := K_ρ(x_0) × (t_0 − τ, t_0) .

Consider a cylinder (x_0, t_0)+Q(τ, ρ) ⊂ Ω_T and let 0 ≤ ζ ≤ 1 be a piecewise smooth cutoff function in (x_0, t_0) + Q(τ, ρ) such that |∇ζ| < ∞ and ζ(x, t) = 0 , x ∉ K_ρ(x_0) . (2.4) We start with the energy estimates. Without loss of generality, we will state them for cylinders with “vertex” at the origin (0, 0), the changes being obvious for cylinders with “vertex” at a generic (x_0, t_0).

Proposition 2.1. Let u be a local weak solution of (2.1). There exists a constant C ≡ C(p) > 0 such that for every cylinder Q(τ, ρ) ⊂ Ω_T , sup −τ<t<0 � K_ρ×{t}(u − k) 2 ± ζ^p dx + � 0 −τ � K_ρ |∇(u − k)±ζ|

p dx dt ≤ � K_ρ×{−τ}(u − k) 2 ± ζ^p dx + C � 0 −τ � K_ρ (u − k) p ± |∇ζ|^p dx dt +p � 0 −τ � K_ρ (u − k) 2 ± ζ^{p−1} ∂_tζ dx dt . (2.5)

Proof. Use φ = ±(u_h − k)_±ζ^p as a testing function in (2.3) and perform standard energy estimates (cf. [55, pages 24–27]).

Given constants a, b, c, with 0 < c < a, define the nonnegative function ψ^±_{{a,b,c}}(s) ≡ � �ln � � � a (a + c) − (s − b)_± � � � � � +

= � � � � � ln � a (a+c)±(b−s) � if b ± c^<> s^<> b ± (a + c)

0 if s^≤≥ b ± c whose first derivative is � ψ^±_{{a,b,c}} �′ (s) = � � � � �

1 (b−s)±(a+c) if b ± c < > s^<> b ± (a + c)

0 if s^<> b ± c ≥ ≤ 0 ,

and second derivative, off s = b ± c, is � ψ^±_{{a,b,c}} �′′ = � ψ^±_{{a,b,c}}

�′�2

≥ 0 .

16 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Now, given a bounded function u in a cylinder (x_0, t_0) + Q(τ, ρ) and a number k, define the constant H^±_{u,k} ≡ ess sup

(x_0,t_0)+Q(τ,ρ)

|(u − k)_±| .

The following function was introduced in [48] and since then has been used as a recurrent tool in the proof of results concerning the local behaviour of solutions of degenerate PDE’s:

Ψ^{± �}H^±_{u,k}, (u − k)_±, c^� ≡ ψ^±{_{H±u,k,k,c}}(u) , 0 < c < H^±_{u,k} .

From now on, when referring to this function we will write it as ψ^±(u), omitting the subscripts whose meaning will be clear from the context.

Let x → ζ(x) be a time-independent cutoff function in K_ρ(x_0) satisfying (2.4). The logarithmic estimates in cylinders Q(τ, ρ) with “vertex” at (0, 0), are Proposition 2.2. Let u be a local weak solution of (2.1), k ∈ R and 0 < c < H^±_{u,k}. There exists a constant C > 0 such that for every cylinder Q(τ, ρ) ⊂ Ω_T , sup −τ<t<0 � K_ρ×{t} � ψ^±(u)^{�2} ζ^p dx ≤ � K_ρ×{−τ} � ψ^±(u)^{�2} ζ^p dx + C � 0 −τ � K_ρ ψ

±(u)^��(ψ^±)^′(u)^��^{2−p} |∇ζ|^p dx dt . (2.6)

Proof. Take φ = 2 ψ^±(u_h)^�(ψ^±)^′(u_h)^� ζ^p as a testing function in (2.3) and integrate in time over (−τ, t) for t ∈ (−τ, 0). Since ∂_tζ ≡ 0, � t −τ � K_ρ ∂tuh � 2 ψ^±(u_h)^�(ψ^±)^′(u_h)^� ζ^{p�} dx dt = � t −τ � K_ρ ∂t � ψ^±(u_h)^{�2} � ζ^p dx dt = � K_ρ×{t} � ψ^±(u_h)^{�2} ζ^p dx − � K_ρ×{−τ} � ψ^±(u_h)^{�2} ζ^p dx .

From this, letting h → 0, � t −τ � K_ρ ∂tuh � 2 ψ^±(u_h)^�(ψ^±)^′(u_h)^� ζ^{p�} dx dt −→ � K_ρ×{t} � ψ^±(u)^{�2} ζ^p dx − � K_ρ×{−τ} � ψ^±(u)^{�2} ζ^p dx .

As for the remaining term, we first let h → 0, to obtain � t −τ � K_ρ |∇u|

p−2∇u · ∇^�2 ψ^±(u)^�(ψ^±)^′(u)^� ζ^{p�} dx dt

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 113 and u(x, t) ≤ μ^+ − εω , ∀(x, t) ∈ (x_2, t_2) + Q_{(θδ}2_{0 ρ}2_{,δ0ρ)} . (5.67)

Summarizing, the previous proposition says that if one wants that the concentration of the solution still has the shape of a long cylinder and does not want to pay the price of having ε depending upon the length of the cylinders, then one looses the information about the precise localization of such a cylinder.

The next proposition is based on energy estimates, a De Giorgi lemma (see Lemma 2.2 of [55]) and estimates (5.64) and (5.65). For a detailed proof see Lemma 4.10 of [87].

Proposition 5.19. Let u be a locally bounded weak solution of (5.1), with β(·) any maximal monotone graph satisfying conditions (5.2) and (5.3), and assume that the structure conditions (5.8)–(5.14) are satisfied. Then there exist two continuous strictly increasing functions δ(·), η(·), δ(0) = η(0) = 0, that can be determined a priori only in terms of the data and ω, such that either the oscillation of u is reduced (in a way that can be quantitatively determined) in Q(δ^2(s)ρ^2, δ(s)ρ) or

Meas^�(x, t) ∈ Q_{(ρ}2_{,δ(s)ρ)} : u(x, t) ≤ μ^− + sω^� ≥ η(s)|Q_{(ρ}2_{,δ(s)ρ)}| (5.68) and Meas^�(x, t) ∈ Q_{(ρ}2_{,δ(s)ρ)} : u(x, t) ≥ μ^+ − sω^� ≥ η(s)|Q_{(ρ}2_{,δ(s)ρ)}| . (5.69)

Summarizing, one is able to estimate the sets where the solution is close to μ^+ and μ^− paying the price of considering “thin” cylinders.

5.4.6. The case N ≥ 3. As already stressed, we are not able to prove the regularity in the general case. We follow the approach of [72] (see also [86] and [160]) and we prove continuity results using a suitable comparison function.

In [72], the local continuity for weak solutions of the prototype equation (5.17) is proved. The key point in the proof of the continuity theorem are some estimates on a proper function v, which is then compared with the solution u of the original singular parabolic equation. In these estimates the radial symmetry of the problem is heavily used, but a careful examination of the whole procedure shows that this assumption can be done away with, provided the maximum principle and a Harnack inequality for the corresponding elliptic operator hold for all time levels (see [86]). Let us just remark that the

112 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI and Meas^�x ∈ K_{δ0ρ} : u(x, τ) ≤ μ^+ − εω^� ≥ η|K_{δ0ρ}| . (5.65)

Sketch of the proof. Reasoning as in the previous proposition, we may assume that (5.60) and (5.61) hold. Therefore, for each i = 0, . . . , 16m^2_0 − 1, there are 1 ≤ l, r ≤ m^N and 1 ≤ j, s ≤ 16m^2 such that

u(x, t) ≥ μ^+ − 1 8 ω , ∀(x, t) ∈ (x_l, −(i − jδ^2)δ^2_0ρ^2) + Q_{δ0δρ} and u(x, t) ≤ μ^− + 1 8 ω , ∀(x, t) ∈ (x_r, −(i − sδ^2)δ^2_0ρ^2) + Q_{δ0δρ} .

Applying the logarithmic estimates from this box up to t = −(i − 2)δ^2_0ρ^2 one gets the statement.

Remark 5.16. The real open question is to prove under general assumptions that (5.62), (5.63), (5.64) and (5.65) imply a space extension of positivity. What seems to be missing is some sort of weak form of the Harnack inequality for solutions of singular parabolic equations.

Remark 5.17. The estimates (5.64) and (5.65) give us the same piece of information in the interior of Ω_T that a suitable Dirichlet condition gives on the boundary in [52]. This allows to extend the techniques introduced in [52] to the case of multiple singularities (see [87]).

If one accepts to work with cylinders whose base is very small with respect to the length, the previous results can be improved. The next Proposition is proved in [72] (see Proposition 24.1, page 291) and it is based on a tricky combinatorial argument.

Proposition 5.18. Let u be a locally bounded weak solution of (5.1), with β(·) any maximal monotone graph satisfying conditions (5.2) and (5.3), and assume that the structure conditions (5.8)–(5.14) are satisfied. Then there exists ε ∈ (0, 1), depending only upon the data and ω, such that for each θ > 0 there exists a δ_0 > 0 such that either the oscillation of u is reduced (in a way that can be quantitatively determined) in Q(δ^2_0ρ^2, δ_0ρ) or there exists (x_i, t_i) ∈ Q_{(ρ}2_{,δ0ρ)}, with i = 1, 2 such that the cylinders (x_i, t_i) + Q_{(θδ}2_{0 ρ}2_{,δ0ρ)} are contained in the cylinder Q_{(ρ}2_{,δ0ρ)} and

u(x, t) ≥ μ^− + εω , ∀(x, t) ∈ (x_1, t_1) + Q_{(θδ}2_{0 ρ}2_{,δ0ρ)} (5.66)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 17 = � t −τ � K_ρ |∇u| p � 2^�1 + ψ^±(u)^{� �}(ψ^±)^′(u)^{�2} ζ^p � dx dt + p � t −τ � K_ρ |∇u|

p−2∇u · ∇ζ^�2 ψ^±(u)^�(ψ^±)^′(u)^� ζ^{p−1�} dx dt ≥ � t −τ � K_ρ |∇u| p � 2^�1 + ψ^±(u) − ψ^±(u)^{� �}(ψ^±)^′(u)^{�2} ζ^p � dx dt − 2(p − 1)^{p−1} � t −τ � K_ρ ψ

±(u)^��(ψ^±)^′(u)^��^{2−p} |∇ζ|^p dx dt ≥ − C � t −τ � K_ρ ψ

±(u)^��(ψ^±)^′(u)^��^{2−p} |∇ζ|^p dx dt .

Since t ∈ (−τ, 0) is arbitrary, we can combine both estimates to obtain (2.6).

2.1.2. Some technical tools. We gather a few technical facts that, although marginal to the theory, are essential in establishing its main results.

Given a continuous function v : Ω → R and two real numbers k < l, we define [v > l] ≡ {x ∈ Ω : v(x) > l} , [v < k] ≡ {x ∈ Ω : v(x) < k} , (2.7) [k < v < l] ≡ {x ∈ Ω : k < v(x) < l} .

Lemma 2.3 (DeGiorgi, [47]). Let v ∈ W^{1,1} (B_ρ(x_0))∩C (B_ρ(x_0)), with ρ > 0 and x_0 ∈ R^N and k < l ∈ R. There exists a constant C, depending only on N and p (so independent of ρ, x_0, v, k and l), such that (l − k) |[v > l]| ≤ C ρ^{N+1} |[v < k]| � [k<v<l] |∇v| dx .

Remark 2.4. The conclusion of the lemma remains valid, provided Ω is convex, for functions v ∈ W^{1,1}(Ω) ∩ C(Ω). We will use it in the case Ω is a cube. In fact, the continuity is not essential for the result to hold. For a function merely in v ∈ W^{1,1}(Ω), we define the sets (2.7) through any continuous representative in the equivalence class. It can be shown that the conclusion of the lemma is independent of that choice.

The following lemma concerns the geometric convergence of sequences.

18 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Lemma 2.5. Let {X_n}, n = 0, 1, 2, . . ., be a sequence of positive real numbers satisfying the recurrence relation X_{n+1} ≤ C b^n X^{1+α}_n where C, b > 1 and α > 0 are given. If X_0 ≤ C^{−1/α} b^{−1/α2} then X_n → 0 as n → ∞.

Let V^p_0 (Ω_T ) denote the space V^p_0 (Ω_T ) = L^∞ (0, T ; L^p(Ω)) ∩ L^{p �}0, T ; W^{1,p}_0 (Ω)^� endowed with the norm ‖u‖^p_V p_{(ΩT )} = ess sup_{0≤t≤T} ‖u(·, t)‖^p_{,Ω} + ‖∇u‖^p_{,ΩT} ,

for which the following embedding theorem holds (cf. [55, page 9]): Theorem 2.6. Let p > 1. There exists a constant γ, depending only upon N and p, such that for every v ∈ V^p_0 (Ω_T ), ‖v‖^p_{,ΩT} ≤ γ | |v| > 0 |^{pN+p} ‖v‖^p_V p_{(ΩT )} .

With C or C_j we denote constants that depend only on N and p and that might be different in different contexts.

2.2. The classical approach of De Giorgi. Results concerning the Hölder continuity of weak solutions u consist essentially in showing that for every point (x_0, t_0) ∈ Ω_T we can find a sequence of nested and shrinking cylinders (x_0, t_0) + Q(τ_n, ρ_n) such that the essential oscillation of u in these cylinders approaches zero as n → ∞ in a way that can be quantified.

The approach to regularity introduced by De Giorgi is based on the following embedding theorem (see [47] for the elliptic case and [121] for the parabolic case):

Proposition 2.7. Assume that u ∈ L^2_{loc}(0, T ; W^{1,2}_{loc} (Ω)) ∩ W^{1,2}_{loc} (0, T ; L^2_{loc}(Ω)) is locally bounded and satisfies the Caccioppoli inequalities (2.5) with p = 2. Then u is locally Hölder continuous, with the modulus of continuity depending only upon the data.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 111

Proposition 5.14. Let u be a locally bounded weak solution of (5.1), with β(·) any maximal monotone graph satisfying conditions (5.2) and (5.3), and assume that the structure conditions (5.8)–(5.14) are satisfied. Then either the oscillation of u is reduced (in a way that can be quantitatively determined) in Q(δ^2_0ρ^2, δ_0ρ) or there exist ε > 0, depending only upon the data, ω and δ_0, and x_l, x_j ∈ K_{δ0ρ} such that

u(x, t) ≥ μ^− + εω , ∀(x, t) ∈ (x_l, 0) + Q((1 − δ^2_0)ρ^2, δ_0ρ) (5.62) and u(x, t) ≤ μ^+ − εω , ∀(x, t) ∈ (x_j, 0) + Q((1 − δ^2_0)ρ^2, δ_0ρ) . (5.63) Sketch of the proof. If in some of the subcylinders

(0, t_i) + Q(ρ^2, δ_0ρ) , t_i = −iδ^2_0ρ^2 , i = 0, 1, . . . , 16m^2_0 − 1 (5.57) or (5.58) holds, then, as shown in the previous sections, one can deduce the reduction of the oscillation of the solution in Q(δ_0ρ, δ^2_0ρ^2). So we assume that (5.59) holds. Under such an assumption, (5.60) and (5.61) hold. Therefore, there are 1 ≤ l, r ≤ m^N and 1 ≤ j, s ≤ 16m^2 such that

u(x, t) ≥ μ^+ − 1 8 ω , ∀(x, t) ∈ (x_l, −(1 − jδ^2δ^2_0)ρ^2) + Q_{δ0δρ} and u(x, t) ≤ μ^− + 1 8 ω , ∀(x, t) ∈ (x_r, −(1 − sδ^2δ^2_0)ρ^2) + Q_{δ0δρ} .

Applying the logarithmic estimates from this box up to level zero, one gets the statement.

If one is only interested in having, at any time level, a set where the solution is away from μ^+ and μ^− (thus losing the geometrical information that this set has the shape of a very long and thin cylinder) one can prove that the constant ε does not depend on δ_0. More precisely Proposition 5.15. Let u be a locally bounded weak solution of (5.1), with β(·) any maximal monotone graph satisfying conditions (5.2) and (5.3), and assume that the structure conditions (5.8)–(5.14) are satisfied. Then either the oscillation of u is reduced (in a way that can be quantitatively determined) in Q(δ^2_0ρ^2, δ_0ρ) or there exist ε, η > 0, depending only upon the data and ω, and x_l, x_j ∈ K_{δ0ρ} such that, for each time τ ∈ [0, (1 − δ^2_0)ρ^2],

Meas^�x ∈ K_{δ0ρ} : u(x, τ) ≥ μ^− + εω^� ≥ η|K_{δ0ρ}| (5.64)

110 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

holds. Analogously this assumption implies that the solution has regions of concentration in any of the cylinders (0, t_i) + Q(ρ^2, ρ).

Let us state this result in a different way. Let m be an integer and define δ = (4m)^{−1}. Consider a partition of the original cube K_ρ into m^N pairwise disjoint subcubes of wedge 8δρ and centered at points x_l ∈ K_ρ. That is [x_l + K_{4δρ}] ⊂ K_ρ , ∀ l = 1, . . . , m^N [x_l + K_{4δρ}] ∩ [x_j + K_{4δρ}] = ∅ , if j ≠ l

K_ρ =^m N � l=1 [x_l + K_{4δρ}] .

Partition any cylinder (0, t_i) + Q(ρ^2, ρ) into 16m^{N+2} subcylinders (x_l, t_i + jδ^2ρ^2) + Q_{4δρ} , ∀l = 1, . . . , m^N ∀j = 1, . . . , 16m^2 (x_l, t_i + jδ^2ρ^2) + Q_{4δρ} ∩ (x_r, t_i + sδ^2ρ^2) + Q_{4δρ} = ∅ , if r ≠ l, or j ≠ s

Q_ρ =^m N � l=1 16m^2� j=1 (x_l, t_i + jδ^2ρ^2) + Q_{4δρ} .

If (5.59) holds then, for m large enough it is possible to show (see Proposition 23.1 of [72]) that for each i = 0, 1, . . . , θ − 1 there are 1 ≤ l, r ≤ m^N and 1 ≤ j, s ≤ 16m^2 such that

u(x, t) ≥ μ^+ − 1 8 ω , ∀(x, t) ∈ (x_l, t_i + jδ^2ρ^2) + Q_{4δρ} (5.60) and u(x, t) ≤ μ^− + 1 8 ω , ∀(x, t) ∈ (x_r, t_i + sδ^2ρ^2) + Q_{4δρ} . (5.61) Using the logarithmic estimates one can bring this kind of information up to the level zero (see sections 22–29 of [72]). Let m_0 be an integer and define δ_0 = (4m_0)^{−1}. Consider the thin cylinder (0, 0) + Q(ρ^2, δ_0ρ) ⊂ (0, 0) + Q(ρ^2, ρ) and consider a partition

(0, t_i) + Q(ρ^2, δ_0ρ) , t_i = −iδ^2_0ρ^2 , i = 0, 1, . . . , 16m^2_0 − 1 .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 19

A solution of a non-degenerate parabolic equation with the full quasilinear structure satisfies these inequalities. One uses the structure of the equation to prove the Caccioppoli estimates for a solution u and this is the only role of the equation. Once such inequalities are derived, the Hölder continuity of u is solely a consequence of (2.5) for p = 2.

Alternative approaches are in Kruzkov ([110], [111], [112]) and, through the use of the Harnack inequality, in Moser ([132], [134]), Trudinger ([164]), Aronson-Serrin ([16]) and, for equations in non-divergence form, in Krylov- Safonov ([117]).

Set Q_r = Q(r^2, r), fix a point (x_0, t_0) ∈ Ω_T , and let ρ_0 be the largest radius so that (x_0, t_0) + Q_{ρ0} is contained in Ω_T . For a constant δ ∈ (0, 1), consider the sequence of decreasing radii,

ρ_n = δ^nρ_0 , n = 0, 1, 2, . . . (2.8)

and the family of nested shrinking cylinders, with the same “vertex”

(x_0, t_0) + Q_{ρn} , n = 0, 1, 2, . . . (2.9) Set μ^−_n := ess inf

(x_0,t_0)+Q_{ρn}

u ; μ^+_n := ess sup

(x_0,t_0)+Q_{ρn}

u ; ω_n := ess osc

(x_0,t_0)+Q_{ρn}

u = μ^+_n − μ^−_n .

Proposition 2.8. Let u satisfy the Caccioppoli inequalities (2.5) for p = 2. Then there exist constants C > 1 and δ, η ∈ (0,^1_2 ), that can be determined a priori only in terms of the data, such that for every (x_0, t_0) ∈ Ω_T and every n ∈ N, at least one of the following two inequalities holds

ess sup

(x_0,t_0)+Q_{ρn+1}

u ≤ μ^+_n − ηω_n, (2.10)

ess inf

(x_0,t_0)+Q_{ρn+1}

u ≥ μ^−_n + ηω_n. (2.11)

A nontrivial proof can be found in [121]. This proposition can be interpreted as a weak maximum principle. For example (2.10) asserts that the supremum of u over the cylinder Q_{ρn+1} is strictly less than the supremum of u over the larger coaxial cylinder Q_{ρn} . In other words, the supremum of u over Q_{ρn} can only be achieved in the parabolic shell Q_{ρn} \ Q_{ρn+1} that can be considered as a sort of parabolic boundary of Q_{ρn} .

A consequence of such a weak maximum principle is:

20 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Proposition 2.9. Let u be as above. Then there exist constants C > 1 and δ, η ∈ (0,^1_2 ), that can be determined a priori only in terms of the data, such that for every (x_0, t_0) ∈ Ω_T and every n ∈ N,

ω_{n+1} ≤ (1 − η)ω_n . (2.12)

This in turn implies that u is locally Hölder continuous in Ω_T .

Proof. Fix (x_0, t_0) ∈ Ω_T . Assume that (2.10) holds. By subtracting μ^−_{n+1} from the left hand side and μ^−_n from the right hand side,

ω_{n+1} = μ^+_{n+1} − μ^−_{n+1} ≤ μ^+_n − μ^−_n − ηω_n = (1 − η)ω_n .

If (2.11) holds one can argue in a similar way. By iteration,

ω_n ≤ (1 − η)^nω_0 , ∀n ∈ N . (2.13)

The numbers η and δ are related by (1 − η) = δ^α and α =^{ln(1−η)}_{ln δ} ∈ (0, 1). Therefore,

ω_n ≤ ω_0

� ρ_n ρ_0 �α , ∀n ∈ N . (2.14)

Since (x_0, t_0) ∈ Ω_T is arbitrary, we conclude that u is locally Hölder continuous in Ω_T with exponent α.

Remark 2.10. The cylinder (x_0, t_0) + Q_{ρ0} must be contained in Ω_T . Thus from (2.14) it follows that the Hölder continuity can be claimed only within compact subsets of Ω_T and that the Hölder constant ω_0ρ^{−α}_0 deteriorates as (x_0, t_0) approaches the parabolic boundary of Ω_T .

2.3. The degenerate case p > 2. We go back to equation (2.1) and focus on the degenerate case p > 2. The energy and logarithmic estimates of §2.1 are not homogeneous in the space and time parts due to the presence of the power p ≠ 2. To go about this difficulty we will consider the equation in a geometry dictated by its own structure, which is designed, roughly speaking, to restore the homogeneity of the various parts of the Caccioppoli inequalities (2.5). This means that, instead of the usual cylinders, we have to work in cylinders whose dimensions take the degeneracy of the equation into account, in a process that we call intrinsic rescaling. Let’s make this idea precise.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 109

5.4.5. The geometric approach continued. In order to face the case N ≥ 3, the geometric approach needs to be improved. We stress, that all the results of this section hold under the most general assumptions.

To prove the continuity of u at a point (x, t) ∈ Ω_T we assume that such a point coincides with the origin up to a translation. The novelty of this improved approach is that we work with a longer cylinder Q(θρ^2, ρ), where θ is a positive integer number to be chosen. The idea is to find a “long” cylinder where u is away from μ^− (and μ^+) and this property should allow a space extension of positivity of the solution. It is clear that the structure itself of these singular parabolic equations forces us to deal with “long” cylinders. Actually, if one tries to repeat the argument of intrinsically rescaled cylinders (used in the case of the porous medium equation) for graphs of the Stefan type, one realizes that β^′(·) is the Dirac mass at the origin. As a consequence the time should be intrinsically rescaled into another one that would remain constant on the transition set u = 0. In other words, one has to work with cylinders whose length depends upon the singularity of β(·). We recall that a similar approach was used for the first time in [52] in the context of the boundary regularity in the case of a single singularity.

Consider the cylinders

(0, t_i) + Q(ρ^2, ρ) , t_i = −iρ^2 , i = 0, 1, . . . , θ − 1 (5.56)

that make a partition of the cylinder Q(θρ^2, ρ). Analogously to what was made in the previous sections we can state an alternative:

there exists i = 0, 1, . . . , θ − 1 such that either

Meas � (x, t) ∈ (0, t_i) + Q(ρ^2, ρ) : u(x, t) ≥ μ^+ − 1 6 ω � ≤ ν|Q(ρ^2, ρ)| (5.57) or Meas � (x, t) ∈ (0, t_i) + Q(ρ^2, ρ) : u(x, t) ≤ μ^− + 1 6 ω � ≤ ν|Q(ρ^2, ρ)| .

(5.58) Otherwise

both (5.57) and (5.58) are violated ∀i = 0, 1, . . . , θ − 1 . (5.59)

If (5.57) and (5.58) hold then, as shown in the previous sections, one can deduce the reduction of the oscillation of the solution. So we assume that (5.59)

108 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

type (0, t̃) + Q_{4δρ} is of order δ^{−2}, we add (5.51) over the corresponding boxes to get γ(ω)δ^{N−2}ρ^N ≤ � 0 −ρ^2 � K_{δρ}\K_δ2_ρ2 |∇u|

2 dx dτ . (5.52)

We may repeat the argument replacing δ^2 with δ. Iterating this procedure, we have that for each n ∈ N γ(ω)δ^{n(N−2)}ρ^N ≤ � 0 −ρ^2 � K_δn_ρ\K_δn+1_ρ2 |∇u|

2 dx dτ . (5.53)

For more details about the estimates of this section, we refer the reader to Sections 9-12 of [72].

5.4.4. The case N = 2. Adding (5.53) for n = 1, . . . , n_0 one obtains γ(ω)n_0ρ^N ≤ � � Q_ρ |∇u|

2 dx dτ . (5.54)

On the other hand, via a standard energy estimate, we have � � Q_ρ |∇u|

2 dx dτ ≤ Cρ^N , (5.55)

where C is a constant only depending on the data. Therefore, combining (5.54) and (5.55), one gets γ(ω)n_0 ≤ C .

This is a contradiction if n_0 is sufficiently large depending on the data and ω. It follows that at least one of the alternatives (5.33) or (5.34) holds in the range (5.50) and for some radius ρ_0 ∈ [ρ, δ^{n0} ρ]. But we have already shown that if one of the alternatives (5.33) or (5.34) holds, then the oscillation of u is reduced in the cylinder Q^ρ0_2 . Hence, the local continuity of the solution is proved in the case N = 2.

Remark 5.12. The same argument works in the case in which one has information that essentially reduces the space dimension N to 1 or 2. Remark 5.13. In the case N = 2 the previous argument works for a more general maximal monotone graph β = β_{AC} + β_s of bounded variation, with β_{AC} an absolutely continuous and strictly increasing function, and β_s ≥ 0 a nondecreasing function where, roughly speaking, the jumps occur (for more details, see [77]). This method works also for more general (other than second order) operators (see [154], [152] and [153]).

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 21

2.3.1. The geometric setting and the alternative. Consider R > 0 such that Q(R^2, R) ⊂ Ω_T , define

μ_+ :=ess sup

Q(R^2,R)

u ; μ_− :=ess inf_{Q(R2,R)} u ; ω :=ess osc_{Q(R2,R)} u = μ_+ − μ_−

and construct the cylinder

Q(a_0R^p, R) ≡ K_R(0) × (−a_0R^p, 0) with a_0 = � ω 2^λ

�2−p

, (2.15)

where λ > 1 is to be fixed later depending only on the data (see (2.55)). Note that for p = 2, i.e., in the non-degenerate case, these are the standard parabolic cylinders reflecting the natural homogeneity between the space and time variables.

We will assume, without loss of generality, that R < ω 2^λ

(2.16)

because if this doesn’t hold there is nothing to prove since the oscillation is comparable to the radius.

Now, (2.16) implies the inclusion Q(a_0R^p, R) ⊂ Q(R^2, R) and the relation ess osc

Q(a_0R^p,R)

u ≤ ω (2.17)

which will be the starting point of an iteration process that leads to our main results. Note that we had to consider the cylinder Q(R^2, R) and assume (2.16), so that (2.17) would hold for the rescaled cylinder Q(a_0R^p, R). This is in general not true for a given cylinder since its dimensions would have to be intrinsically defined in terms of the essential oscillation of the function within it - the stretching procedure is commonly referred to as an accommodation of the degeneracy.

We now consider subcylinders of Q(a_0R^p, R) of the form

(0, t^∗) + Q(dR^p, R) , with d = � ω 2 �2−p

(2.18)

that are contained in Q(a_0R^p, R) if � 2^{p−2} − 2^{λ(p−2)�}

R^p ω^{p−2}

< t^∗ < 0 . (2.19)

22 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

The proof now follows from the analysis of two complementary cases. We briefly describe them in the following way: in the first case we assume that there is a cylinder of the type (0, t^∗) + Q(dR^p, R) where u is essentially away from its infimum. We show that going down to a smaller cylinder the oscillation decreases by a small factor that we can exhibit. If that cylinder can not be found then u is essentially away from its supremum in all cylinders of that type and we can compound this information to reach the same conclusion as in the previous case. We state this in a precise way.

For a constant ν_0 ∈ (0, 1), that will be determined depending only on the data, we will assume that either

The first alternative:

There is a cylinder of the type (0, t^∗) + Q(dR^p, R) for which � � � (x, t) ∈ (0, t^∗) + Q(dR^p, R) : u(x, t) < μ_− +^ω_2^�� |Q(dR^p, R)|

≤ ν_0 (2.20) or The second alternative:

For every cylinder of the type (0, t^∗) + Q(dR^p, R) � � � (x, t) ∈ (0, t^∗) + Q(dR^p, R) : u(x, t) > μ_+ −^ω_2^�� |Q(dR^p, R)|

< 1 − ν_0 (2.21)

2.3.2. Analysis of the first alternative.

Lemma 2.11. Assume (2.20) holds for some t^∗ as in (2.19) and that (2.16) is in force. There exists a constant ν_0 ∈ (0, 1), depending only on the data, such that

u(x, t) > μ^− + ω 4 a.e. (x, t) ∈ (0, t^∗) + Q � d � R 2 �p , R 2 � .

Proof. Take the cylinder for which (2.20) holds and assume, by translation, that t^∗ = 0. Let R_n = R 2 + R 2^{n+1}

, n = 0, 1, . . . ,

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 107

By setting v(x, t) = 16 ω (u(x, t) − μ^−) we have Meas {x ∈ K_δ2_ρ2 : v(x, t) ≤ 1} ≥ ν|K_δ2_ρ2 | . (5.48) Changing the constant ν into a smaller positive constant α, it is possible to find a time τ such that the following inequalities hold: Meas {x ∈ K_δ2_ρ2 : v(x, t) ≤ 1} ≥ α|K_δ2_ρ2 | ; � K_δ2_ρ2 |∇v(x, τ)|

2 dx ≤ γ_{data}(ω)(ρδ)^{2N−4} , where γ_{data} is independent of τ. Therefore by the lemma of measure theory, there exists ηδ_0 ∈ (0, 1) and a cube [x^∗ + K_δ2_ρ2_{δ0} ] ⊂ K_δ2_ρ2 , such that Meas {x ∈ [x^∗ + K_δ2_ρ2_{δ0} ] : v(x, τ) ≤ 2} ≥ (1 − η)|K_δ2_ρ2_{δ0} | .

It means that u(x, τ) ≤ μ^− +^1_{16} ω except, at most, at a set of measure less than η|K_δ2_ρ2_{δ0} |. The information at the time τ is almost complete (with the exception of an arbitrarily small set). Removing this set of small measure through the energy and logarithmic estimates, it is possible to get (5.47).

Summarizing, if the alternative (5.35) holds, then (5.46) and (5.47) are verified. Therefore 1 4 ω ≤ u(y_1, t) − u(y_2, t) ∀y_i ∈ [x_i + K_δ2_ρ] , i = 1, 2 (5.49) for all time levels t ∈ (t̃ − δ^4ρ^2, t̃) . (5.50) In such temporal range, integrate (5.49) over a path, piecewise parallel to the coordinates axes and joining y_1 ∈ [x_1 + K_δ2_ρ] and y_2 ∈ [x_2 + K_δ2_ρ]. Integrate the resulting segment-integrals over the remaining N − 1 variables, and then over the time in the range (5.50). Therefore

γ(ω)(δρ)^N ≤ � t̃ t̃−δ4ρ2 � K_{δρ}\K_δ2_ρ2 |∇u|

2 dx dτ . (5.51)

This inequality has been derived for all t̃ for which (5.33) and (5.34) are both violated. Noting that, in the temporal range, the number of cylinders of the

106 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

5.4.3. The geometric approach. In this section, we will apply the previous lemma to get some geometric information about the localization of the energy of the solution. This is, in essence, the novelty of the approach in [72]. We recall that we assumed that for each small δ and for each t̃ ∈ (−(1−16δ^2)ρ^2, 0)

Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≥ μ^+ − 1 8 ω � ≥ ν|Q_{4δρ}| and Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≥ μ^− + 1 8 ω � ≥ ν|Q_{4δρ}| .

Roughly speaking (for more details see sections 5-8 of [72]) it means that the region where the function u is close to μ^+ (respectively to μ^−) is relatively large. By applying the lemma of the previous section (together with energy and logarithmic estimates) one can get that the set where u is close to μ^+ (respectively, to μ^−) must have a concentration region, even though it might be scattered in the whole cylinder. Moreover, it is possible to prove that these two concentration regions are localized at the same time levels. More precisely it is possible to prove:

Proposition 5.11. Let u be a locally bounded weak solution of (5.1) where β(·) is any maximal monotone graph satisfying conditions (5.2) and (5.3)and suppose that the structure conditions (5.8)–(5.14) are satisfied. Assume that the alternative (5.35) holds. Then there exists a time t̃ ∈ (−(1 − 16δ^2)ρ^2, 0), and two points x_1, x_2 ∈ K_{4δρ} such that [x_i + K_δ2_ρ], i = 1, 2, have their cross sections mutually separated by a distance of at least δ^2ρ, and

u(x_1, t̃) ≥ μ^+ − 1 8 ω , ∀(x, t) ∈ (x_1, t̃) + Q_δ2_ρ (5.46) and u(x_2, t̃) ≤ μ^− + 1 8 ω , ∀(x, t) ∈ (x_2, t̃) + Q_δ2_ρ . (5.47)

Sketch of the proof. Suppose that (5.34) is violated. Then for some time levels t ∈ (t̃ − 16δ^2ρ^2) we have

Meas � x ∈ K_δ2_ρ2 : u(x, t) ≤ μ^− + 1 16 ω � ≥ ν|K_δ2_ρ2 | .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 23

and construct the family of nested and shrinking cylinders Q(dR^p_n, R_n). Consider piecewise smooth cutoff functions 0 < ζ_n ≤ 1, defined in these cylinders, and satisfying the following set of assumptions

ζ_n = 1 in Q (dR^p_{n+1}, R_{n+1}) ζ_n = 0 on ∂_pQ (dR^p_n, R_n)

|∇ζ_n| ≤^{2n+1}_R 0 ≤ ∂_tζ_n ≤^{2p(n+1)}_{dRp} .

Write the energy inequality (2.5) for the functions (u − k_n)_−, with k_n = μ_− + ω 4 + ω 2^{n+2}

, n = 0, 1, . . . , in the cylinders Q (dR^p_n, R_n) and with ζ = ζ_n. They read sup −dR^pn<t<0 � K_{Rn} ×{t}(u − kn) 2 −ζ^p_n dx + � 0 −dR^pn � K_{Rn} |∇(u − kn)−ζn|

p dx dt ≤ C � 0 −dR^pn � K_{Rn} (u − kn) p −|∇ζ_n|^p dx dt + p � 0 −dR^pn � K_{Rn} (u − kn) 2 −ζ^{p−1}_n ∂_tζ_n dx dt ≤ C 2^{p(n+1)} R^p � 0 −dR^pn � K_{Rn} (u − kn) p − dx dt + 1 d � 0 −dR^pn � K_{Rn} (u − kn) 2 − dx dt � . (2.22) Next, observing that (u − k_n)_− = (μ_− − u) + ω 4 + ω 2^{n+2} ≤ ω 2 and (u − k_n)^2_− = (u − k_n)^{2−p}_− (u − k_n)^p_− ≥ � ω 2 �2−p

(u − k_n)^p_− , we obtain from (2.22) � ω 2 �2−p sup −dR^pn<t<0 � K_{Rn} ×{t}(u − kn) p −ζ^p_n dx + � 0 −dR^pn � K_{Rn} |∇(u − kn)−ζn|

p dx dt ≤ C 2^{p(n+1)}

R^p � � � � ω 2 �p + 1 d � ω 2 �2� � � 0 −dR^pn � K_{Rn} χ{(u−k^n)^−>0} dx dt . (2.23)

Recall that d =^{� ω}_2^{�2−p} and divide (2.23) by d to get sup −dR^pn<t<0 � K_{Rn} ×{t}(u − kn) p −ζ^p_n dx + 1 d � 0 −dR^pn � K_{Rn} |∇(u − kn)−ζn|

p dx dt ≤ C 2^{p(n+1)}

R^p � ω 2 �p 1 d � 0 −dR^pn � K_{Rn} χ{(u−k^n)^−>0} dx dt . (2.24)

24 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Now we perform a change of the time variable in (2.24), putting t = t/d and defining u(·, t) = u(·, t) and ζ_n(·, t) = ζ_n(·, t) , and obtain the simplified inequality � �(u − k_n)_− ζ_n^��^p_V p_{0 (Q(R}p_{n,Rn))} ≤ C

2^{pn} R^p � ω 2 �p � 0 −R^pn � K_{Rn} χ{(u−k^n)^−>0} dx dt .

(2.25) Define, for each n,

A_n = � 0 −R^pn � K_{Rn} χ{(u−k^n)^−>0} dx dt

and observe that 1 2^{p(n+2)} � ω 2 �p A_{n+1} ≤ |k_n − k_{n+1}|^p A_{n+1}

≤ ‖(u − k_n)_−‖^p_{,Q(R}p_{n+1,Rn+1)}

≤^��(u − k_n)_−ζ_n^��^p_{,Q(R}p_{n,Rn)} ≤ C^��(u − k_n)_− ζ_n^��^p_V p_{0 (Q(R}p_{n,Rn))} A^{pN+p}n ≤ C 2^{pn} R^p � ω 2 �p A^{1+ pN+p} n . (2.26) The first three of these inequalities follow from the definition of A_n and k_{n+1} < k_n; the fourth inequality is a consequence of Theorem 2.6 and the last one follows from (2.25). Next, define the numbers

X_n =

A_n |Q(R^pn, R_n)| , divide (2.26) by |Q(R^p_{n+1}, R_{n+1})| and obtain the recursive relation

X_{n+1} ≤ C 4^{pn} X^{1+ pN+p}n , for a constant C depending only upon N and p. By Lemma 2.5 on fast geometric convergence, if

X_0 ≤ C^{− N+pp} 4^{− (N+p)2p} ≡ ν_0 (2.27) then X_n −→ 0 . (2.28) Therefore,_� � � � (x, t) ∈ Q^�d(^R_2 )^p,^R_2^� : u(x, t) ≤ μ_− + ω 4 � � � = 0 .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 105

where δ will be chosen later. Denote with H_δ(y^∗) the set of I_{δ0ρ}(y^∗)) such that, in the corresponding intervals J_{δρ}(x), the function v(x, ·) is less than λ, i.e.,

H_δ(y^∗) = {x ∈ I_{δ0ρ}(y^∗) : v(x, y) < λ , ∀y ∈ J_{δρ}(x)} .

Now, we want to prove that, for each η < 1, there exists a small δ such that |H_δ(y^∗)| ≥ (1 − η)|I_{δ0ρ}(y^∗)| .

Let H^C_δ (y^∗) be the complement of H_δ(y^∗). Fix x ∈ H^C_δ (y^∗) and some y ∈ J_{δρ}(x) such that v(x, y) ≥ λ. Then 1 2 (λ − 1) ≤ v(x, y) − v(x, y^∗) = � y y^∗ vy(x, s) ds .

By integrating over H^C_δ (y^∗) and majorising the obtained result via Hölder’s inequality, we get 1 2 (λ − 1)|H^C_δ (y^∗)| ≤ � I_{δ0ρ}(y^∗)

� δρ

−δρ |∇v| dy dx ≤ (4δ_0δρ^2)^{1− 1p} ‖∇v‖_{p,Kρ} .

Therefore, using (5.42), one obtains

|H^C_δ (y^∗)| <

8γδ^{1− 1p} (λ − 1)(4δ_0)^{1p}

|I_{δ0ρ}(y^∗)| .

So we have that |H_δ(y^∗)| ≥ (1 − η)|I_{δ0ρ}(y^∗)| choosing δ such that δ_0 ≤^{8γδ1− 1p}_{(λ−1)(4δ0)} 1_p ≤ η.

Without loss of generality (assuming δ smaller) we may assume that^{δ0}_δ is a positive integer. Consider the interval I_{δ0ρ}(y^∗) and a partition of it with^{δ0}_δ intervals with length 2δρ. Let (x_i, y^∗) be the centres of such intervals. Let x^∗ be one of such indices such that Meas {(x^∗ − δρ, x^∗ + δρ) ∩ H_δ(y^∗)} > (1 − η)(2δρ) .

Then, from the definition of H_δ(y^∗), the cube K_{δρ}(x^∗, y^∗) satisfies the assumption of the lemma.

104 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

As |[v < 1] ∩ K_ρ| ≥ 2αρ, there exists some x_0 ∈ (−ρ, ρ) such that |Y (x_0)| ≥ 2αρ . (5.45) For each y ∈ Y (x_0), consider the segment I_{δ0ρ}(y) = [x_0 − δ_0ρ, x_0 + δ_0ρ] × {y} , where δ_0 will be chosen later. Denote with Y_{δ0} (x_0) the set of Y (x_0) such that, in the corresponding intervals I_{δ0ρ}(y), the function v(·, y) is less than 1 2 (1 + λ), i.e.,

Y_{δ0} (x_0) = � y ∈ Y (x_0) : v(x, y) < 1 2 (1 + λ) , ∀x ∈ I_{δ0ρ}(y) � . Now, we want to prove that that, for each η_0 < 1 there exists a small δ_0 such that |Y_{δ0} (x_0)| ≥ (1 − η_0)|Y (x_0)| .

Let Y^C_{δ0} (x_0) be the complement of Y_{δ0} (x_0). Fix y ∈ Y^C_{δ0} (x_0) and some x ∈ I_{δ0ρ}(y) such that v(x, y) ≥^1_2 (1 + λ). Then 1 2 (λ − 1) ≤ v(x, y) − v(x_0, y) = � x x_0 vx(s, y) ds .

By integrating over Y^C_{δ0} (x_0) and majorising the obtained result via Hölder’s inequality, we get 1 2 (λ − 1)|Y^C_{δ0} (x_0)| ≤ � Y (x_0)

� δ_0ρ

−δ_0ρ |∇v| dx dy ≤ (|Yδ^0 (x0)|2δ0ρ)

1−^1_p ‖∇v‖ p,K_ρ .

Therefore, using (5.42) and (5.45) one gets:

|Y^C_{δ0} (x_0)| <

4γδ^{1− 1p}_0 (λ − 1)(4α)^{1p}

|Y (x_0)| .

So we have that |Y_{δ0} (x_0)| ≥ (1 − η_0)|Y (x_0)| ,

choosing δ_0 such that^{4γδ1−} 1 p 0 (λ−1)(4α)^{1p}

≤ η_0.

Next, fix y^∗ ∈ Y_{δ0} (x_0). We recall that v(x, y^∗) ≤^{(1+λ)}_2 for each x ∈ I_{δ0ρ}(y^∗). Consider the vertical segment J_{δρ}(x) = {x} × [y^∗ − δρ, y^∗ + δρ] ,

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 25

Our next aim is to show that the conclusion of lemma 2.11 holds in a full cylinder Q(τ, ρ). The idea is to use the fact that at the time level

−^^t := t^∗ − d^{� R}_2^{�p} (2.29)

the function u(x, −^^t ) is strictly above the level μ^− +^ω_4 in the cube K R_2 , and look at this time level as an initial condition to make the conclusion hold up to t = 0. As an intermediate step we need the following lemma.

Lemma 2.12. Assume (2.20) holds for some t^∗ as in (2.19) and that (2.16) is in force. Given ν_∗ ∈ (0, 1), there exists s_∗ ∈ N, depending only on the data, such that � � � � x ∈ K R_4 : u(x, t) < μ_− + ω 2^{s∗} � � � ≤ ν_∗ � �K R_4 � � , ∀t ∈ (−^^t, 0) .

Proof. We use the logarithmic estimate (2.6) applied to the function (u−k)_− in the cylinder Q(^^t,^R_2 ), with the choices

k = μ_− + ω 4 and c = ω 2^{n+2} where n ∈ N will be chosen later. We have

k − u ≤ H^−_{u,k} = ess sup_{Q(^t, R} 2 )

� � � � u − μ_− − ω 4 � − � � � ≤ ω 4 . (2.30)

If H^−_{u,k} ≤ ω 8 the result is trivial for the choice s^∗ = 3. Assuming H^−_{u,k} > ω 8 the logarithmic function is defined in the whole Q(^^t,^R_2 ) and it is given by

Ψ^− = ψ^−{_{H−u,k,k, ω2n+2} }(u) = � � � � � � � ln � � � H^−_{u,k} H^−_{u,k} + u − k +^ω_{2n+2} � � � if u < k −^ω_{2n+2}

0 if u ≥ k −^ω_{2n+2} .

From (2.30), we estimate

Ψ^− ≤ n ln 2 since

H^−_{u,k} H^−_{u,k} + u − k +^ω_{2n+2} ≤ ω 4 ω 2^{n+2}

= 2^n (2.31)

and_� � � ψ^{−�′} (u) � � 2−p =^�H^−_{u,k} + u − k + c^{�p−2} ≤ � ω 2 �p−2

. (2.32)

26 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Now observe that as a consequence of Lemma 2.11, we have u(x, −^^t) > k in the cube K R_2 , which implies that Ψ^−(x, −^^t) = 0 , x ∈ K R_2 .

Choosing a piecewise smooth cutoff function 0 < ζ(x) ≤ 1, defined in K R_2 and such that ζ = 1 in K R_4 and |∇ζ| ≤^8_R , inequality (2.6) reads sup −^t<t<0 � K_{R2} ×{t} � ψ^−(u)^{�2} ζ^p dx ≤ C � 0 −^t � K_{R2} ψ

−(u)^��(ψ^−)^′(u)^��^{2−p} |∇ζ|^p dx dt .

(2.33) The right hand side is estimated above, using (2.31) and (2.32), by

C n(ln 2) � ω 2 �p−2 � 8 R �p ^t � �K R_2 � � ≤ C n 2^{λ(p−2)} � �K R_4 � � , since, by (2.29) ^t ≤ a_0R^p = � ω 2^λ

�2−p

R^p .

We estimate below the left hand side of (2.33) by integrating over the smaller set S(t) = � x ∈ K R_4 : u(x, t) < μ_− + ω 2^{n+2} � ⊂ K R_2 and observing that in S, ζ = 1 and H^−_{u,k} H^−_{u,k} + u − k +^ω_{2n+2} ≥ ω 8 � H^−_{u,k} −^ω_4^� +^ω_{2n+2} ≥ ω 2^3 ω 2^{n+2}

= 2^{n−1} ,

since^�H^−_{u,k} −^ω_4^� ≤ 0. Therefore, � ψ^−(u)^{�2} ≥^�ln^�2^{n−1�2} = (n − 1)^2(ln 2)^2 on S(t) .

Combining these estimates in (2.33) we get � � � � x ∈ K R_4 : u(x, t) < μ_− + ω 2^{n+2} � � � ≤ C n (n − 1)^2

2^{λ(p−2)} � � �K R_4 � � � , for all t ∈ (−t̂, 0) and to prove the lemma we choose

s_∗ = n + 2 with n > 1 + 2C ν_∗

2^{λ(p−2)} . (2.34)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 103

By using a lemma of measure theory, the above inequalities will imply regions where the energy is concentrated. From this fact, we are able to find a contradiction in assuming (5.35) and hence to prove the regularity of the solutions. In the next section we state and prove the lemma of measure theory. We feel that it is of intrinsic interest and that it can be applied in different fields.

5.4.2. A lemma of measure theory.

Lemma 5.10. Let v be a function in W^{1,p}(K_ρ), p > 1, satisfying � K_ρ |∇v|

p dx ≤ γ^pρ^{N−p} , (5.42)

for a given positive constant γ, and let

Meas {x ∈ K_ρ : v(x) < 1} > α|K_ρ| , (5.43)

for a given α ∈ (0, 1). Then, for every η ∈ (0, 1) and λ > 1, there exists x^∗ ∈ K_ρ and a number δ ∈ (0, 1), that can be determined a priori only in terms of N, p, γ, α, λ, η, such that within the cube K_{δρ}(x^∗) centered at x^∗ with wedge 2δρ, there holds

Meas {x ∈ K_{δρ}(x^∗) : v(x) < λ} > (1 − η)|K_{δρ}(x^∗)| . (5.44)

If v were continuous, this lemma would be an easy consequence of the permanence of positivity. For the sake of simplicity, we prove this lemma assuming N = 2 (the case N ≥ 3 can be proved using an inductive procedure) and v ∈ C^1(K_ρ). Obviously we establish (5.44) with δ independent of the modulus of continuity of v. The assumption v ∈ C^1(K_ρ) is made only to justify some calculations and can be removed via a limiting procedure. For more details on this proof, we refer the reader to Proposition A.1 of [72]. Before proving the lemma we stress that δ goes to 0 when either η goes to 0 or λ goes to 1.

Proof. Let (x, y) be the coordinates in R^2. Denote by Y (x) the cross section of the set [v < 1] ∩ K_ρ with lines parallel to the y-axis, i.e.,

Y (x) = {y ∈ (−ρ, ρ) : v(x, y) < 1} .

Hence |[v < 1] ∩ K_ρ| = � ρ −ρ |Y (x)| dx .

102 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Analogously, if (5.34) holds for some t̃ ∈ (−(1 − 16δ^2)ρ^2, 0), then either ω ≤ Cρ^λ or

u(x, t) ≥ μ^− + 1 16 ω , (x, t) ∈ (0, t̃) + Q_{2δρ} . (5.37)

We recall to the reader that C is a constant depending upon the structure conditions of equation (5.1).

By using the logarithmic estimates (see Proposition 3.2^± of [72]) it is possible to bring the information of the reduction of the oscillation of the solution up to the level t = 0. More precisely:

Proposition 5.9. Assume that there is t̃ ∈ (−(1−16δ^2)ρ^2, −4δ^2ρ^2) such that

u(x, t̃) ≤ μ^+ − 1 16 ω , ∀x ∈ K_{2δρ} . (5.38)

Then there are constants η, λ ∈ (0, 1) and C > 1, depending upon the data and δ, but independent of ω and ρ, such that either ω ≤ Cρ^λ or u(x, t) ≤ μ^+ − ηω , (x, t) ∈ (0, 0) + Q_{δρ} . (5.39) Analogously, if there is t̃ ∈ (−(1 − 16δ^2)ρ^2, −4δ^2ρ^2) such that

u(x, t̃) ≤ μ^− + 1 16 ω , ∀x ∈ K_{2δρ} (5.40)

then either ω ≤ Cρ^λ or u(x, t) ≥ μ^− + ηω , (x, t) ∈ (0, 0) + Q_{δρ} . (5.41)

Summarizing, if the alternatives (5.33) and (5.34) are satisfied, then respectively (5.38) and (5.40) hold. Therefore the oscillation of u is reduced in the smaller cylinder (0, 0) + Q_{δρ}. If we are able to prove that even when (5.35) holds we have a reduction of the oscillation of u in a smaller cylinder, by repeating the arguments of the previous sections, one can deduce the local continuity of the solution. Therefore, in the sequel, we assume that for each small δ and for each t̃ ∈ (−(1 − 16δ^2)ρ^2, 0)

Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≥ μ^+ − 1 8 ω � ≥ ν|Q_{4δρ}| and Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≥ μ^− + 1 8 ω � ≥ ν|Q_{4δρ}| .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 27

We now state the main result of this section.

Proposition 2.13. Assume (2.20) holds for some t^∗ as in (2.19) and that (2.16) is in force. There exist constants ν_0 ∈ (0, 1), s_1 ∈ N, depending only on the data, such that, u(x, t) > μ^− + ω 2^{s1+1}

, a.e. (x, t) ∈ Q � ^t, R 8 � .

Proof. Consider the cylinder for which (2.20) holds, let R_n = R 8 + R 2^{n+3}

, n = 0, 1, . . .

and construct the family of nested and shrinking cylinders Q(^^t, R_n), where ^t is given by (2.29). Take piecewise smooth cutoff functions 0 < ζ_n(x) ≤ 1, independent of t, defined in K_{Rn} and satisfying ζ_n = 1 in K_{Rn+1} |∇ζ_n| ≤^{2n+4}_R .

Write the local energy inequalities (2.5) for the functions (u − k_n)_− in the cylinders Q^{�^}t, R_n^�, with k_n = μ_− + ω 2^{s1+1} + ω 2^{s1+1+n}

, n = 0, 1, . . . , and ζ = ζ_n. Observing that, due to Lemma 2.11, we have u(x, −^^t) > μ_−+^ω_4 ≥ k_n in the cube K R_2 ⊃ K_{Rn} , which implies that (u − k_n)_−(x, −^^t) = 0 , x ∈ K_{Rn} , n = 0, 1, . . . , they read sup −^t<t<0 � K_{Rn} ×{t}(u − kn) 2 −ζ^p_n dx + � 0 −^t � K_{Rn} |∇(u − kn)−ζn|

p dx dt ≤ C � 0 −^t � K_{Rn} (u−kn) p −|∇ζ_n|^p dx dt ≤ C

2^{p(n+4)}

R^p � 0 −^t � K_{Rn} (u−kn) p − dx dt . (2.35) From (2.29) we estimate^^t ≤ a_0R^p =^{� ω}_{2λ}^{�2−p}R^p where a_0 is defined in (2.15). From this,

(u − k_n)^2_− ≥ � ω 2^{s1}

�2−p

(u − k_n)^p_− ≥

� 2^{s1}

2^λ

�p−2 ^t

R^p

(u − k_n)^p_−

≥^^ t R^p

(u − k_n)^p_− ,

28 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

provided s_1 > λ. Dividing now (2.35), by^^ t (^R_2 )^p gives sup −^t<t<0 � K_{Rn} ×{t}(u − kn) p −ζ^p_n dx +

R^p ^t � 0 −^t � K_{Rn} |∇(u − kn)−ζn|

p dx dt ≤ C 2^{pn} ^t � 0 −^t � K_{Rn} (u − kn) p − dx dt .

The change of the time variable t = t^{( R2 )p}_{^t} , along with the new function u(·, t) = u(·, t) , leads to the simplified inequality ‖(u − k_n)_− ζ_n‖^p_V p_0 (_Q(_{( R2 )p,Rn})) ≤ C

2^{pn} (^R_2 )^p � ω 2^{s1}

�p � 0 −(^R_2 )^p � K_{Rn} χ{(u−k^n)^−>0} dx dt .

Define, for each n, A_n = � 0 −(^R_2 )^p � K_{Rn} χ{(u−k^n)^−>0} dx dt .

By a reasoning similar to the one leading to (2.26): 1 2^{p(n+2)} � ω 2^{s1} �p A_{n+1} ≤ |k_n − k_{n+1}|^p A_{n+1} ≤ ‖(u − k_n)_−‖^p_{,Q}(_{( R2 )p,Rn+1}) ≤ ‖(u − k_n)_−ζ_n‖^p_{,Q}(_{( R2 )p,Rn}) ≤ C ‖(u − k_n)_− ζ_n‖^p_V p_0 (_Q(_{( R2 )p,Rn})) A^{pN+p}n ≤ C 2^{pn} (^R_2 )^p � ω 2^{s1} �p A^{1+ pN+p} n . Next, define the numbers X_n =

A_n � �Q^�(^R_2 )^p, R_n^�� , divide the previous inequality by^��Q^�(^R_2 )^p, R_{n+1}^�� to obtain the recursive relations X_{n+1} ≤ C 4^{pn} X^{1+ pN+p}n .

By Lemma 2.5 on fast geometric convergence, if X_0 ≤ C^{− N+pp} 4^{− (N+p)2p} ≡ ν_∗ ∈ (0, 1) (2.36)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 101

Consider the following coaxial cylinders with vertex in (0, t̃) and congruent to Q_{4δρ} (0, t̃) + Q_{4δρ} = K_{4δρ} × (t̃ − (4δρ)^2, t̃) , where t̃ ∈ (−(1 − 16δ^2)ρ^2, 0) (5.32)

and δ ∈ (0,^1_4 ) is a positive number to be chosen.

By moving the time, one seeks to find a cylinder where one can apply the techniques developed in the previous sections. More precisely, we look for t̃ such that the subset of (0, t̃) + Q_{4δρ} where u is close to μ^+ or to μ^− is small. Denote by ω the oscillation of u in Q_ρ. Then, one of these two possible alternatives takes place:

there exists a t̃ ∈ (−(1 − 16δ^2)ρ^2, 0) and a positive δ such that either

Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≥ μ^+ − 1 6 ω � ≤ ν|Q_{4δρ}| (5.33) or Meas � (x, t) ∈ (0, t̃) + Q_{4δρ} : u(x, t) ≤ μ^− + 1 6 ω � ≤ ν|Q_{4δρ}| . (5.34)

Otherwise,

both (5.33) and (5.34) are violated ∀t̃ ∈ (−(1 − 16δ^2)ρ^2, 0) , (5.35)

where ν ∈ (0, 1) is a number that will be determined a priori only in terms of the data.

Assume for the moment that one of (5.33) and (5.34) holds. By using an iterative argument based on the energy estimates, we can show that it is possible to reduce the oscillation of u in the smaller cylinder (0, t̃) + Q_{2δρ} if one chooses ν very small and depending upon ω (see Proposition 2.5^± of [72]):

Proposition 5.8. There exists a number ν ∈ (0, 1), that can be determined a priori only in terms of the data and ω, such that, if (5.33) holds for some t̃ ∈ (−(1 − 16δ^2)ρ^2, 0), then either ω ≤ Cρ^λ or

u(x, t) ≤ μ^+ − 1 16 ω , (x, t) ∈ (0, t̃) + Q_{2δρ} . (5.36)

100 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

results. The results obtained in [72] are optimal in the case N = 2 and hold for the prototype equation (5.17).

Theorem 5.6. Let N = 2. Let u be a locally bounded weak solution of (5.1), where β(·) is any maximal monotone graph satisfying conditions (5.2) and (5.3), and let the structure conditions (5.8)–(5.14) are satisfied. Then u is continuous in Ω_T . Moreover, for every compact subset K ⊂ Ω_T , there exists a continuous, nonnegative, increasing function

s → ω_{data,K} (s) ; ω_{data,K} (0) = 0

that can be determined a priori only in terms of the data and the distance from K to the parabolic boundary of Ω_T , such that

|u(x_1, t_1) − u(x_2, t_2)| ≤ ω_{data,K} (|x_1 − x_2| + |t_1 − t_2|^{12} ) ,

for every pair of points (x_i, t_i) ∈ K, i = 1, 2.

In the case N ≥ 3, it is necessary to assume some conditions either on the maximal graph β(·) or on the structure of the elliptic operator. In [72] the following result is proved.

Theorem 5.7. Let N ≥ 3. Let u be a locally bounded weak solution of the prototype equation (5.17), where β(·) is any maximal monotone graph satisfying conditions (5.2) and (5.3). Then u is continuous in Ω_T . Moreover, for every compact subset K ⊂ Ω_T , there exists a continuous, nonnegative, increasing function

s → ω_{data,K} (s) ; ω_{data,K} (0) = 0

that can be determined a priori only in terms of the data and the distance from K to the parabolic boundary of Ω_T , such that

|u(x_1, t_1) − u(x_2, t_2)| ≤ ω_{data,K} (|x_1 − x_2| + |t_1 − t_2|^{12} ) ,

for every pair of points (x_i, t_i) ∈ K, i = 1, 2.

5.4.1. The statement of the alternative. For the moment we consider the general equation (5.1) in any number of dimensions. We assume that β(·) is any maximal monotone graph satisfying conditions (5.2) and (5.3) and that the structure conditions (5.8)–(5.14) hold. Only later we will point the differences between N = 2 and N ≥ 3. Without loss of generality, we assume that the generic point (x_0, t_0) is equal to (0, 0).

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 29

then X_n −→ 0 . (2.37) To verify (2.36), apply Lemma 2.12 with such a ν_∗ and conclude that there exists s_∗ ≡ s_1, depending only on the data, such that � � � � x ∈ K R_4 : u(x, t) < μ_− + ω 2^{s1} � � � ≤ ν_∗ � � �K R_4 � � � , ∀t ∈ (−^^t, 0) .

Since (2.37) implies that A_n → 0, we conclude that � � � � (x, t) ∈ Q � R 2 �p , R 8 � : u(x, t) ≤ μ_− + ω 2^{s1+1} � � � = � � � � (x, t) ∈ Q � ^t, R 8 � : u(x, t) ≤ μ_− + ω 2^{s1+1} � � � = 0 .

Corollary 2.14. Assume (2.20) holds for some t^∗ as in (2.19) and that (2.16) is in force. There exist constants ν_0, σ_0 ∈ (0, 1), depending only on the data, such that ess osc Q(d(^R_8 )^p,^R_8 ) u ≤ σ_0 ω . (2.38)

Proof. By Proposition 2.13 there exists s_1 ∈ N such that

ess inf

Q(^t,^R_8 )

u ≥ μ^− + ω 2^{s1+1} . From this,

ess osc

Q(^t,^R_8 ) u ≤ � 1 − 1 2^{s1+1} � ω . Since d^{� R}_8^{�p} ≤^^t = −t^∗ + d^{� R}_2^{�p}, t^∗ < 0, we have Q � d � R 8 �p , R 8 � ⊂ Q � ^t, R 8 � , and the corollary follows with σ_0 =^�1 −^1_{2s1+1}^�.

30 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

2.3.3. Analysis of the second alternative. Assume now that the second alternative (2.21) holds true. We will show that a conclusion similar to (2.38) can be reached. Recall that the constant ν_0 has already been quantitatively determined by (2.27), and it is fixed. We continue to assume that (2.16) is in force.

Lemma 2.15. Assume (2.21) holds and let (2.16) be in force. Fix a cylinder (0, t^∗) + Q(dR^p, R) ⊂ Q(a_0R^p, R) for which (2.21) holds. There exists a time level t^∘ ∈ � t^∗ − dR^p, t^∗ − ν_0 2 dR^p � such that_� � � � � x ∈ K_R : u(x, t^∘) > μ_+ − ω 2 � � � ≤ � � 1 − ν_0 1 − ν_0/2 � � |K_R| .

Proof. Suppose not. Then, for all t ∈^�t^∗ − dR^p, t^∗ −^{ν0}_2 dR^{p�}, � � � � (x, t) ∈ (0, t^∗) + Q(dR^p, R) : u(x, t) > μ_+ − ω 2 � � � ≥ � t∗−^ν0_2 dRp

t^∗−dR^p � � � � x ∈ K_R : u(x, τ) > μ_+ − ω 2 � � � dτ > (1 − ν_0) |Q(dR^p, R)| ,

which contradicts (2.21).

The next lemma asserts that the set where u(·, t) is close to its supremum is small, not only at the specific time level t^∘, but for all time levels near the top of the cylinder (0, t^∗) + Q(dR^p, R).

Lemma 2.16. Assume (2.21) holds and let (2.16) be in force. There exists 1 < s_2 ∈ N, depending only on the data, such that � � � � x ∈ K_R : u(x, t) > μ_+ − ω 2^{s2} � � � ≤ � �1 −

� ν_0 2 �2� � |K_R| ,

for all t ∈^�t^∗ −^{ν0}_2 dR^p, t^{∗�}.

Proof. The proof consists in using the logarithmic inequalities (2.6) applied to the function (u − k)_+ in the cylinder K_R × (t^∘, t^∗), with the choices

k = μ_+ − ω 2 and c = ω 2^{n+1}

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 99

Remark 5.4. The constants C and λ appearing in (5.30) are due only to the functions ϕ_i appearing in the structure conditions (5.8)-(5.10), and they are zero for the prototype equation (5.17).

Remark 5.5. With respect to the case of a uniformly parabolic equation, here the modulus of continuity is not explicit but it can be derived quantitatively from (5.30). More precisely, in [48], it is proved that δ(s), η(s) have the form K^{− hs} with K and h large constants, but it is not obtained an explicit modulus of continuity for u in terms of K and h.

5.4. Parabolic equations with multiple singularities. Graphs β(·) that are singular at multiple points, besides their intrinsic mathematical interest, arise naturally in phenomena of multiple transitions of phase. An example is a water-ice-vapour triple point and another one is the Buckley-Leverett model of two immiscible fluids in a porous medium (see the previous sections for more details about these models).

The first attempt to prove continuity results in such a setting was made in [5], where some restrictions were made on the singularities. Actually, the authors considered the case of the Buckley-Leverett model, i.e., the case of only two singularities. They assumed that β(·) could be singular at any rate in one point, while in the second point the singularity allowed was only of logarithmic type. This result was improved in [53], by allowing the second singularity to have a power-like behaviour, and in [170] where Hölder continuity was proved assuming that both degeneracies are power-like. The alternative argument is quite similar to the one of only one singularity. Let Q_ρ be the cylinder where we want to reduce the oscillation of the solution. If the non restricted singularity occupies a small portion of such a cylinder it means that it plays a negligible role and the continuity results for porous medium equation hold. If the singularity occupies a large portion, outside the singular set, the solution cannot grow too fast due to the regularity properties of porous medium equations. This gives a control on the oscillation of the solution and allows one to obtain some recursive inequalities that imply the local continuity. It is clear, however, that any parabolic approach cannot face the case of two unrestricted singularities. In the pioneering paper [72], the approach is based on the energy estimates and on some measure-theoretical

98 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

shrinking technique introduced by Krylov and Safonov ([117]) is applied in [149] and [150]. As this method is genuinely based on the nondivergence structure of the operator, also in this case the approach works only for the prototype equation (5.17). Lastly in [184] the Harnack-type techniques of Moser are applied, following the setting of [16], [132], [134] and [164].

The singularity of β(·) changes the iterative procedure of the nonsingular case. Actually the singularity affects the sequence of the radii of the nested cylinders and the reduction of the oscillation. More precisely, let

η , δ : (0, 2M] → (0, 1) ; η(0), δ(0) = 0 (5.29)

and define ω_0 = max^�2M; Cρ^λ_0^� ;

ρ_{n+1} = δ(ω_n)ρ_n ;

ω_{n+1} = max^�(1 − η(ω_n))ω_n; Cρ^λ_n^� ,

(5.30)

where C > 1 and λ ∈ (0, 1) are two given constants. Define also the corresponding family of shrinking nested cylinders (x_0, t_0) + Q_{ρn} .

Proposition 5.3. Let u be a weak solution of (5.1) with β(·) a graph of Stefan type (5.4). Then there exist constants C > 1 and λ ∈ (0, 1), and two continuous functions δ(·), η(·) as in (5.29), that can be determined a priori only in terms of data, such that for every (x_0, t_0) ∈ Ω_T and every n ∈ N,

ess osc

(x_0,t_0)+Q_{ρn}

u ≤ ω_n , (5.31)

where λ is a number determined only in terms of the integrability conditions (5.8)-(5.13) and is independent of δ and η. As a consequence u is locally continuous in Ω_T .

Proof. For a detailed proof we refer the reader to [48]. Here we assume that (5.31) holds so that to prove the proposition it is sufficient to show that {ω_n} → 0 when n → ∞. From the definition, the sequences {ω_n} and {ρ_n} are non-increasing, so their limits exist when n → ∞. It is clear that lim_{n→∞} ρ_n = 0 because the function δ(·) ∈ (0, 1). Now, assume that lim_{n→∞} ω_n = ω_∞ > 0. Then

ω_{n+1} = max^�(1 − η(ω_∞))ω_n; Cδ(ω^{λn}_∞ ρ^λ)^�

and hence we get that lim_{n→∞} ω_n = 0, which contradicts the assumption.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 31

where n ∈ N will be chosen later. We have

u − k ≤ H^+_{u,k} = ess sup

K_R×(t^∘,t^∗) � � � � u − μ_+ + ω 2 � + � � � ≤ ω 2 . (2.39)

If H^+_{u,k} ≤^ω_8 the result is trivial for the choice of s_2 = 3. Assuming H^+_{u,k} >^ω_8 the logarithmic function Ψ^+ is defined in the whole K_R × (t^∘, t^∗), and it is given by

Ψ^+ = ψ^+{_{H+u,k,k, ω2n+1} }(u) = � � � � � � � ln � � � H^+_{u,k} H^+_{u,k} − u + k +^ω_{2n+1} � � � if u > k +^ω_{2n+1}

0 if u ≤ k +^ω_{2n+1} From (2.39), estimate

Ψ^+ ≤ n ln 2 since

H^+_{u,k} H^+_{u,k} − u + k +^ω_{2n+1} ≤ ω 2 ω 2^{n+1}

= 2^n , (2.40)

and,_� � � � ψ^{+�′} (u) � � 2−p =^�H^+_{u,k} − u + k + c^{�p−2} ≤ � ω 2 �p−2

. (2.41)

Choosing a piecewise smooth cutoff function 0 < ζ(x) ≤ 1, defined in K_R and such that, for some σ ∈ (0, 1), ζ = 1 in K_{(1−σ)R} and |∇ζ| ≤ (σR)^{−1} , inequality (2.6) reads sup t^∘<t<t^∗ � K_R×{t} � ψ^+(u)^{�2} ζ^p dx ≤ � K_R×{t^∘} � ψ^+(u)^{�2} ζ^p dx + C � t∗

t^∘ � K_R ψ

+(u)^��(ψ^+)^′(u)^��^{2−p} |∇ζ|^p dx dt . (2.42)

The first integral on the right hand side can be bounded above using Lemma 2.15 and taking into account that Ψ^+ vanishes on the set {x ∈ K_R : u(x, ·) < k} .

This gives � K_R×{t^∘} � ψ^+(u)^{�2} dx ≤ n^2(ln 2)^2 � � 1 − ν_0 1 − ν_0/2 � � |K_R| .

32 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

To bound the second integral we use (2.40) and (2.41): C � t∗

t^∘ � K_R ψ

+(u)^��(ψ^+)^′(u)^��^{2−p} |∇ζ|^p dx dt

≤ C n(ln 2) � ω 2 �p−2

(σR)^{−p} (t^∗ − t^∘) |K_R|

≤ C n � ω 2 �p−2 � 1 σR �p dR^p |K_R|

≤ C n 1 σ^p

|K_R| , since t^∗ −t^∘ ≤ dR^p. The left hand side is estimated below by integrating over the smaller set S = � x ∈ K_{(1−σ)R} : u(x, t) > μ_+ − ω 2^{n+2} � ⊂ K_R

and observing that in S, ζ = 1 and H^+_{u,k} H^+_{u,k} − u + k +^ω_{2n+1} ≥ ω 8 � H^+_{u,k} −^ω_2^� +^ω_{2n+2} ≥ ω 2 ω 2^n

= 2^{n−1} ,

since^�H^+_{u,k} −^ω_2^� ≤ 0. Therefore � ψ^+(u)^{�2} ≥^�ln^�2^{n−1�2} = (n − 1)^2(ln 2)^2 .

From this sup t^∘<t<t^∗ � K_R×{t} � ψ^+(u)^{�2} ζ^p dx ≥ (n − 1)^2(ln 2)^2 |S| .

Combining these three estimates, we arrive at

|S| ≤ � n n − 1

�2 �

� 1 − ν_0 1 − ν_0/2 � � |K_R| + C n (n − 1)^2 1 σ^p

|K_R| ≤ � n n − 1

�2 �

� 1 − ν_0 1 − ν_0/2 � � |K_R| + C nσ^p

|K_R| .

On the other hand � � � � x ∈ K_R : u(x, t) > μ_+ − ω 2^{n+1} � � � ≤ � � � � x ∈ K_{(1−σ)R} : u(x, t) > μ_+ − ω 2^{n+1} � � � +^��K_R \ K_{(1−σ)R}^��

≤ |S| + Nσ |K_R|

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 97 sup s−θρ^2≤t≤s � y+K_{σρ} (u − k) 2 ±(x, t) + � � (y,s)+Q(σθρ^2,σρ) |∇(u − k)±| 2

≤ γ (1 − σ)^2ρ^2 � � (y,s)+Q(θρ^2,ρ)(u − k) 2 ± +γ � y+K_ρ (u − k)±(x, s − θρ

2) ;

(5.27)

sup s−θρ^2≤t≤s � y+K_{σρ} Ψ

2(H^±_k , (u − k)_±, c)(x, t)

≤ γ (1 − σ^2)ρ^2 � � (y,s)+Q(θρ^2,ρ) Ψ(H ± k , (u − k)_±, c)

+ γ c � y+K_ρ Ψ

2(H^±_k , (u − k)_±, c)(x, s − θρ^2) .

(5.28)

Note that, for the sake of simplicity, we have written the above estimates only in the case of the prototype equation (5.17).

If N = 2, the existence of the modulus of continuity can be derived from the above estimates (see [72]). If N ≥ 3 there are bounded discontinuous functions satisfying the previous estimates (see [158]). So in order to prove the local continuity of the solutions one has to use the structure of the parabolic equation. In [31], [48], [50], [52], [149], [150] and [184] the proof of continuity has this common point: assume that β(·) is singular only at a point, say, for example, at 0. Fix a cylinder (y, s) + Q_ρ. There are two possibilities: (i) either the singularity occupies a small portion of such a cylinder (and in such a case it plays a negligible role); or (ii) the singularity occupies a large portion. In such a situation, outside the singular set, the evolution equation is uniformly parabolic so the solution remains close to 0 because it cannot grow too fast due to the classical regularity properties of non singular parabolic equations. This gives us a control on the oscillation of the solution and allows us to obtain some recursive inequalities that will imply the local continuity. As it is absolutely evident, the whole argument is based on the fact that β(·) has only a singularity. The proofs of these recursive inequalities differ in [31], [48], [50], [149], [150] and [184]. In [31], the authors use the local representation in terms of heat potentials (for this reason their approach works only in the case of the prototype equation (5.17)). In [48] and [50], De Giorgi’s iterations are used following the setting of [121]. The

96 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Then, by setting v = β(u) and ϕ(·) = β^{−1′}(·), the singular equation (5.1) in terms of u is recasted as the degenerate equation (5.20) in terms of v. Moreover, all the assumptions on a and b are satisfied. Viceversa, putting u = � v 0 ϕ(s) ds , β(u) = v ,

one gets the singular equation from the degenerate one. In this case, however, while the assumptions on A are verified, the assumption on the free term B can not be verified in the case of a superlinear growth with respect to ∇v. We refer the reader to [5] for a detailed technical analysis of this case.

5.3. Parabolic equations with one-point singularity. Let us consider the case where β(·) is singular at only one point (the prototype cases are given by the examples (5.4) and (5.6)). The local continuity of the solutions was proved in the papers [31], [48], [50], [52], [149], [150] and [184]. However the situations of (5.4) and (5.6) are very different; actually, for β(·) of the type (5.6) it is possible to repeat De Giorgi’s argument (i.e. to find suitable Caccioppoli and logarithmic estimates such that an embedding in the space of Hölder continuous functions holds) while that procedure is impossible in the case of (5.4). In this case, the Caccioppoli and logarithmic estimates are more complicated than in the nonsingular case:

there exists a constant γ, only depending upon the data, such that for each

(y, s) + Q(σθρ^2, σρ) ⊂ (y, s) + Q(θρ^2, ρ) , σ ∈ (0, 1)

sup s−θρ^2≤t≤s � y+K_{σρ} (u − k) 2 ±(x, t) + � � (y,s)+Q(σθρ^2,σρ) |∇(u − k)±| 2

≤ γ (1 − σ)^2ρ^2 � � (y,s)+Q(θρ^2,ρ)(u − k) 2 ± + γ (1 − σ)θρ^2 � � (y,s)+Q(θρ^2,ρ)(u − k)± ;

(5.26)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 33

thus_� � � x ∈ K_R : u(x, t) > μ_+ − ω 2^{n+1} � � � ≤ � � � � n n − 1

�2 �

� 1 − ν_0 1 − ν_0/2 � � + C nσ^p

+ Nσ � � � |K_R| ,

for all t ∈ (t^∘, t^∗). Choose σ so small that Nσ ≤^3_8 ν^2_0 and n so large that � n n − 1 �2 ≤ � 1 − ν_0 2 � (1 + ν_0) ≡ β and C nσ^p ≤ 3 8 ν^2_0 . (2.43)

Note that β > 1. With this choice of n, the lemma follows with s_2 = n + 1.

The same type of conclusion holds in an upper portion of the full cylinder Q(a_0R^p, R), say for all t ∈^�−^{a0}_2 R^p, 0^�. Indeed, (2.21) holds for all cylinders of the type (0, t^∗) + Q(dR^p, R) so that the conclusion of the previous lemma holds true for all time levels t ≥ −(a_0 − d)R^p − ν_0 2 dR^p .

So if we choose 2^{(λ−1)(p−2)} ≥ 2 (2.44) we get a_0 d ≥ 2 − ν_0, which is equivalent to

−(a_0 − d)R^p − ν_0 2 dR^p ≤ − a_0 2 R^p .

Corollary 2.17. Assume (2.21) holds and let (2.16) be in force. For all t ∈^�−^{a0}_2 R^p, 0^�, � � � � x ∈ K_R : u(x, t) > μ_+ − ω 2^{s2} � � � ≤ � �1 −

� ν_0 2 �2� � |K_R| .

The main result of this section states that in fact u is strictly below its supremum μ^+ in a smaller cylinder with the same vertex and axis as Q^{� a0}_2 R^p, R^�.

Proposition 2.18. Assume (2.21) holds and let (2.16) be in force. The choice of λ can be made so that

u(x, t) ≤ μ_+ − ω 2^{λ+1} a.e. (x, t) ∈ Q

� a_0 2 � R 2 �p , R 2 � . (2.45)

34 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Proof. Define R_n = R 2 + R 2^{n+1}

, n = 0, 1, . . . , and construct the family of nested shrinking cylinders Q^{� a0}_2 R^p_n, R_n^�. Consider piecewise smooth cutoff functions 0 < ζ_n ≤ 1, defined in these cylinders and satisfying the following set of assumptions:

ζ_n = 1 in Q^{�a0}_2 R^p_{n+1}, R_{n+1}^� ζ_n = 0 in ∂_pQ^{� a0}_2 R^p_n, R_n^�

|∇ζ_n| ≤^{2n+1}_R 0 ≤ ∂_tζ_n ≤

2^{p(n+1)}

a_0

2 R^p . The energy inequality (2.5) for the functions (u − k_n)_+, with k_n = μ_+ − ω 2^{λ+1} − ω 2^{λ+1+n}

, n = 0, 1, . . . , in the cylinders Q^{� a0}_2 R^p_n, R_n^� and with ζ = ζ_n, read sup −^{a0}_2 R^pn<t<0 � K_{Rn} ×{t}(u − kn) 2 +ζ^p_n dx + � 0 −^{a0}_2 R^pn � K_{Rn} |∇(u − kn)+ζn|

p dx dt ≤ C � 0 −^{a0}_2 R^pn � K_{Rn} (u − kn) p +|∇ζ_n|^p dx dt + C � 0 −^{a0}_2 R^pn � K_{Rn} (u − kn) 2 +ζ^{p−1}_n ∂_tζ_n dx dt ≤ C 2^{p(n+1)}

R^p � 0 −^{a0}_2 R^pn � K_{Rn} (u − kn) p + dx dt + 2 a_0 � 0 −^{a0}_2 R^pn � K_{Rn} (u − kn) 2 + dx dt � . (2.46) Observe that

(u − k_n)^2_+ = (u − k_n)^{2−p}_+ (u − k_n)^p_+ ≥ � ω 2^λ

�2−p

(u − k_n)^p_+ .

Therefore, from (2.46), � ω 2^λ

�2−p sup −^{a0}_2 R^pn<t<0 � K_{Rn} ×{t}(u − kn) p +ζ^p_n dx + � 0 −^{a0}_2 R^pn � K_{Rn} |∇(u − kn)+ζn|

p dx dt

≤ C 2^{p(n+1)}

R^p � � � � ω 2^λ �p + 2 a_0 � ω 2^λ �2� � � 0 −^{a0}_2 R^pn � K_{Rn} χ{(u−k^n)^+>0} dx dt . (2.47)

Now recall that a_0 =^{� ω}_{2λ}^{�2−p}, and divide (2.47) by a_0 to get sup −^{a0}_2 R^pn<t<0 � K_{Rn} ×{t}(u − kn) p +ζ^p_n dx + 1 a_0 � 0 −^{a0}_2 R^pn � K_{Rn} |∇(u − kn)+ζn|

p dx dt

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 95

|b(x, t, v, v̄)| ≤ ϕ(|v|)|v̄|^2 − ϕ_2(x, t), (5.23)

where ϕ : R_+ → R_+ is a continuous function and ϕ_i (i = 0, 1, 2) are nonnegative and satisfy assumptions (5.11)- (5.12).

As the function (x, t) → v(x, t) represents the local relative saturation of one of the two fluids (see, for instance, [5], [18], [19], [44], [115], [156]), it is natural to assume it is bounded, for example v ∈ [0, 1]. The equation is degenerate because ϕ(·) is allowed to vanish. More precisely we assume that

ϕ(v) > 0 , ∀ v ∈ [0, 1] ; ϕ(0) = ϕ(1) = 0 . (5.24)

Obviously v satisfies (5.20) in the weak sense defined previously and we require that ∇(ϕ(v)) ∈ L^2_{loc}(Ω_T ) . (5.25)

The problem of proving the local continuity of the saturations was studied in [5], [53] and [170], for example. The continuity of the saturations comes from the continuity of the solution of (5.20) arguing as in [5] and [53]. Proving the continuity of the solution is difficult, non only for the double degeneracy of ϕ(·), but also because of the lack of a precise quantitative and qualitative information on its modulus of continuity. Actually the function ϕ is related to the permeability of both fluids and the permeability vanishes as one fluid is totally replaced by the other one (that is, when v = 0 or v = 1); this is the physical origin of the degeneracy of ϕ(·). The information on the rate of vanishing is limited because it is derived only from hydrostatic experiments (see [18], [19], [44], [156]), dimensional analysis (see [122]) and heuristic arguments. As a matter of fact, such a limited information on the nature of the degeneracy is typical of models of flows of a mixture of fluids in a porous medium. Hence ϕ(·) could degenerate at v = 0 and v = 1 at different rates (exponentially fast or faster). By the phenomenon of connate water it might be even completely flat in a small right neighborhood of 0 or in a small left neighborhood of 1 (see Chap. 9 of [18], Chap. 2 of [44], Chaps. 3 and 10 of [156]). So the problem of the continuity of weak solutions of (5.20) consists in showing that v is continuous whatever the nature of the degeneracy of ϕ(·) is. Let u ∈ [0, 1] be a solution of (5.1) with β(·) ∈ C^1(0, 1) and singular in 0 and 1. For example assume

lim_{u→0+} β^′(u) = lim_{u→1−} β^′(u) = +∞ .

94 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

justify some of the calculations and to deal with equations instead of inclusions. We stress that the modulus of continuity of u must be independent of any approximating procedure and must depend only upon the data. Such a result gives us some compactness that, in many cases, is fundamental to obtain existence of a solution. Actually if one approximates the equation with a sequence of regular ones, through the estimate of the modulus of continuity, one obtains that the approximating solutions are uniformly continuous. Then, via the Ascoli-Arzelá Theorem one gets the convergence in the uniform norm of a subsequence of approximating functions to a continuous function v. Thus, in many cases, by applying the method exploited by Kinderlehrer and Stampacchia [107] and based on Minty’s lemma [130], it is possible to prove that v is a weak solution of the original equation.

Lastly we recall that if

B(x, t, u, ∇u) ≤ μ_2|∇u|^q + ϕ_2(x, t) ,

where 0 ≤ q <^{N+4}_{N+2} , the questions of existence and uniqueness are well understood. We refer the readers to the Monographs [84], [121], [123], to the Proceedings [29], [82], [94] and to the references therein.

5.2. A bridge between singular and degenerate equations. The understanding of the physical model requires the analysis of the equation (5.1) in its full generality. For instance, the flow of two immiscible fluids is described by a system of two parabolic equations, written in terms of the saturations and pressures of the two fluids (see, for instance, Chap. 9 of [18], Chap. 6 of [19], Chap. 6 of [44], Chap. 10 of [156] and the article by Leverett [122]). The transformation by Kruzkov-Sukorjanski [115] reduces the above system of two equations to a system of a degenerate-elliptic equation in terms of the mean pressure and a parabolic equation of the type

v_t − div a(x, t, v, ∇v) + b(x, t, v, ∇v) = 0 , in Ω_T (5.20)

in terms of the saturation v of only one of the two fluids. In equation (5.20), the forcing term b(x, t, v, ∇v) depends essentially on the mean pressure.

The diffusion field a and the forcing term b in (5.20) are real valued and measurable over Ω_T × R × R^N and satisfy the structure conditions:

|a(x, t, v, v̄)| ≥ ϕ(|v|)|v̄|^2 − ϕ_0(x, t) ; (5.21)

|a(x, t, v, v̄)| ≤ ϕ(|v|)|v̄| − ϕ_1(x, t) ; (5.22)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 35 ≤ C2^{pn} R^p � ω 2^λ

�p 1

a_0 � 0 −^{a0}_2 R^pn � K_{Rn} χ{(u−k^n)^+>0} dx dt . (2.48)

Next, perform a change in the time variable in (2.48), putting t = t a_0/2 and defining u(·, t) = u(·, t) and ζ_n(·, t) = ζ_n(·, t) , and obtain the simplified inequality � �(u − k_n)_+ ζ_n^��^p_Xp_{0 (Q(R}p_{n,Rn))} ≤

C2^{pn} R^p � ω 2^λ

�p � 0 −R^pn � K_{Rn} χ{(u−k^n)^+>0} dx dt .

(2.49) Define, for each n, A_n = � 0 −R^pn � K_{Rn} χ{(u−k^n)^+>0} dx dt

and estimate 1 2^{p(n+2)} � ω 2^λ �p A_{n+1} ≤ |k_{n+1} − k_n|^p A_{n+1} ≤ ‖(u − k_n)_+‖^p_{,Q(R}p_{n+1,Rn+1)} ≤^��(u − k_n)_+ζ_n^��^p_{,Q(R}p_{n,Rn)} ≤ C^��(u − k_n)_+ ζ_n^��^p_Xp_{0 (Q(R}p_{n,Rn))} A^{pN+p}n ≤ C2^{pn} R^p � ω 2^λ �p A^{1+ pN+p} n . (2.50) The first three inequalities are obvious; and the last is a consequence of the imbedding theorem 2.6. Define the numbers X_n =

A_n |Q(R^pn, R_n)| , divide (2.50) by |Q(R^p_{n+1}, R_{n+1})|, and obtain the recursive relation X_{n+1} ≤ C 4^{pn} X^{1+ pN+p}n .

By Lemma 2.5 on fast geometric convergence, if X_0 ≤ C^{− N+pp} 4^{− (N+p)2p} ≡ ν_∗ (2.51) then X_n −→ 0 . (2.52)

36 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Thus if (2.51) holds, � � � � (x, t) ∈ Q

� a_0 2 � R 2 �p , R 2 � : u(x, t) > μ_+ − ω 2^{λ+1} � � � = 0

and the result follows.

We are left to prove (2.51). To simplify the symbolism introduce the sets

B_σ(t) = � x ∈ K_R : u(x, t) > μ^+ − ω 2^σ �

and B_σ = � (x, t) ∈ Q

� a_0 2 R^p, R � : u(x, t) > μ_+ − ω 2^σ � . With this notation (2.51) reads

|B_λ| ≤ ν_∗ � � �Q � a_0 2 R^p, R � � � . We’ll use the information contained in Corollary 2.17 to show that this holds, i.e., that the subset of the cylinder Q^{� a0}_2 R^p, R^� where u is close to its supremum μ^+ can be made arbitrarily small. Consider the local energy inequalities (2.5) for the functions (u − k)_+ in the cylinders Q (a_0R^p, 2R), with

k = μ_+ − ω 2^s , where s will be chosen later satisfying s_2 ≤ s ≤ λ (recall that s_2 was chosen on Lemma 2.16). Take a piecewise smooth cutoff function 0 < ζ ≤ 1, defined in Q (a_0R^p, 2R), and such that ζ = 1 in Q^{� a0}_2 R^p, R^� ζ = 0 in ∂_pQ (a_0R^p, 2R)

|∇ζ| ≤^1_R 0 ≤ ∂_tζ ≤^2_{a0Rp} .

Neglecting the first term on the left hand side of the estimates, we obtain for the indicated choices,_� 0 −^{a0}_2 R^p � K_R |∇(u − k)+|

p dx dt ≤ C R^p � 0 −a_0R^p � K_{2R} (u − k) p + dx dt + C a_0R^p � 0 −a_0R^p � K_{2R} (u − k) 2 + dx dt . (2.53)

We estimate the two terms on the right hand side of this inequality as follows: C R^p � 0 −a_0R^p � K_{2R} (u − k) p + dx dt ≤ C R^p � ω 2^s

�p � � �Q � a_0 2 R^p, R � � �

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 93

We recall that this assumption is not restrictive if we define Ω_T as the domain of definition of u. In a similar way, we assume the following integrability assumption ‖ϕ_0 + ϕ^2_1 + ϕ_2‖_{q̄,r̄,ΩT} = Φ . (5.19) We set the numbers

N , γ_i , M , Φ , μ_i (i = 0, 1, 2)

as the data. Consequently, we say that a constant C = C(data) or a continuous function ω(·) = ω_{data}(·) if they can be determined a priori only in term of the above parameters. Let Θ ⊂⊂ Ω_T be an arbitrary subset. In the sequel we investigate the problem of the continuity of u in Θ with a modulus of continuity ω_{data}(·) depending only upon the data and the distance from Θ and the parabolic boundary of Ω_T .

Remark 5.1. If β(·) is the identity, we are in DeGiorgi’s setting so any locally bounded weak solution is Hölder continuous in Ω_T . The assumptions (5.11) - (5.14) are optimal for this result to hold (see for instance the Monograph by Ladyzhenskaja, Solonnikov, and Ural’tzeva [121], Chapters 1,2 and 5). In this section we want to study how the singularity of β affects the regularity of u.

Remark 5.2. The assumption that u is bounded is essential. Even in the most favourable case when β(·) is the identity, weak solutions need not to be bounded (even in the elliptic case; see a counterexample by Stampacchia [159]). This is due to the critical growth of the forcing term B(x, t, u, ∇u) with respect to ∇u. We recall that in the nonsingular case, if we assume that

B(x, t, u, ∇u) ≤ μ_2|∇u|^q + ϕ_2(x, t) ,

where 0 ≤ q <^{N+4}_{N+2} , instead of (5.10), then any weak solution is locally bounded. This statement follows by means of a simple adaptation of the method of [121] (see also [47] and [132]). Even when the solution is not necessarily locally bounded, if one has some a priori qualitative knowledge of the boundedness of the solution such a qualitative information can, in many cases, be turned into a quantitative one (see, for instance, [141], [26], [175] and the references therein).

In the sequel we assume in addition that the solutions of (5.1) can be constructed as the limit in the topology of (5.15) of a sequence of smooth local solutions of (5.1) with smooth β(·). This assumption is made in order to

92 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

with

q̂ ∈ � � N 2(1 − κ_1) , ∞ � � , r̂ ∈ � 1 1 − κ_1 , ∞ � , if N ≥ 2 (5.13)

q̂ ∈ (1, ∞) , r̂ ∈ � 1 1 − κ_1 , 1 1 − 2κ_1 � , 0 < κ_1 < 1 2 , if N = 1 . (5.14) The inclusion (5.1) is in the sense of the graphs and in the weak sense.

More precisely a function

u ∈ L^2_{loc}^�0, T ; W^{1,2}_{loc} (Ω)^� (5.15)

is a weak solution of (5.1) if there exists a measurable selection w ⊆ β(u), such that t → w(·, t) is weakly continuous in L^2_{loc}(Ω) and_�

Ω w(x, τ) ϕ(x, τ) dx |^{t2}_{t1} +

� t_2

t_1 � Ω � −w(x, τ) ∂ ∂τ ϕ(x, τ) � dx dτ (5.16) + � t_2

t_1 � Ω {A(x, τ, u, ∇u) · ∇ϕ + B(x, τ, u, ∇u) ϕ } dx dτ = 0 ,

for all ϕ ∈ W^{1,2}_{loc}^�0, T ; L^2_{loc}(Ω)^� ∩ L^2_{loc}^�0, T ; W^{1,2}_0 (Ω)^� and all intervals [t_1, t_2] ⊂ (0, T ].

In the sequel, when possible and for the sake of simplicity, we will work with the simplest example of (5.1), i.e., ∂ ∂t β(u) − Δu ∋ 0 , in Ω_T . (5.17)

We will obviously point out the situations in which the claimed results hold only for this simplest inclusion.

5.1. The continuity of weak solutions. It is quite natural to investigate if locally bounded weak solutions of (5.2) are continuous and if their modulus of continuity can be estimated quantitatively. Let us state this more precisely. For the sake of simplicity, assume that u is a solution of (5.2) and that it is bounded in Ω_T . Set ‖u‖_{∞,ΩT} = M . (5.18)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 37

and, recalling the definition of a_0, C a_0R^p � 0 −a_0R^p � K_{2R} (u − k) 2 + dx dt ≤ C R^p � ω 2^λ

�p−2 � ω

2^s

�2 � � �Q � a_0 2 R^p, R � � � ≤ C R^p � ω 2^s

�p � � �Q � a_0 2 R^p, R � � � , since s ≤ λ. Putting this in (2.53) gives, � � B_s |∇u|

p dx dt ≤ C R^p � ω 2^s

�p � � �Q � a_0 2 R^p, R � � � . (2.54)

We next apply Lemma 2.3 to the function u(·, t), for all −^{a0}_2 R^p ≤ t ≤ 0, and with k = μ_+ − ω 2^s

, l = μ_+ − ω 2^{s+1}

, l − k = ω 2^{s+1} . Observing that, owing to Corollary 2.17, � � � � x ∈ K_R : u(x, t) < μ_+ − ω 2^s � � � ≡ |K_R| − |B_s(t)| ≥

� ν_0 2 �2 |K_R| ,

we obtain ω 2^{s+1}

|B_{s+1}(t)| ≤

4C R^{N+1} ν^2_0 |K_R| � B_s(t)\B_{s+1}(t) |∇u| dx dt ,

for t ∈^�−^{a0}_2 R^p, 0^�. Integrating over this interval, we conclude that ω 2^{s+1}

|B_{s+1}| ≤ CR ν^2_0 � � B_s\B_{s+1} |∇u| dx dt ≤ CR ν^2_0 � � B_s |∇u|

p dx dt

� 1_p

|B_s \ B_{s+1}|^{p−1p} ≤ C ν^2_0 � ω 2^s � � � �Q � a_0 2 R^p, R � � � 1 p |B_s \ B_{s+1}|^{p−1p} ,

using also (2.54). Taking the^p_{p−1} power and dividing through by^{� ω}_{2s+1}^{� pp−1} , we obtain

|B_{s+1}|^{pp−1} ≤ C (ν_0)^{− 2pp−1} � � �Q � a_0 2 R^p, R � � � 1 p−1 |B_s \ B_{s+1}| .

Since these inequalities are valid for s_2 ≤ s ≤ λ, we add them for s = s_2, s_2 + 1, s_2 + 2, . . . , λ − 1 ,

38 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

and since the sum on the right hand side can be bounded above by the quantity^��Q^{� a0}_2 R^p, R^��, we obtain

(λ − s_2) |B_λ|^{pp−1} ≤ C (ν_0)^{− 2pp−1} � � �Q � a_0 2 R^p, R � � � p p−1 , that is,

|B_λ| ≤ C (λ − s_2)^{p−1p}

(ν_0)^{−2} � � �Q � a_0 2 R^p, R � � � . We obtain (2.51) if λ is chosen so large that C ν^2_0 (λ − s_2)^{p−1p}

≤ ν_∗ .

We finally make the choice

λ = max � � �s_2 + � C ν^2_0 ν_∗

�^p_{p−1}

, 1 + 1 p − 2 � � � (2.55)

(recall that s_2 is given through (2.43), ν_0 is given by (2.27), and ν_∗ is given by (2.51)) thus concluding the proof of the proposition.

Remark 2.19. Observe that the choice of λ was made so that (2.44) holds, and a larger λ is admissible. Choosing λ determines the length of the cylinder Q(a_0R^p, R), since a_0 =^{� ω}_{2λ}^{�2−p}. The proposition has a double scope: we determine a level μ_+ −^ω_{2λ+1} and a cylinder (fixing λ and consequently a_0) such that the conclusion holds in that particular cylinder.

Corollary 2.20. Assume (2.21) holds and let (2.16) be in force. There exist constants ν_0, σ_1 ∈ (0, 1), depending only on the data, such that if (2.21) holds then ess osc Q(^{a0}_2 (^R_2 )^p,^R_2 ) u ≤ σ_1 ω .

Proof. It is similar to the proof of Corollary 2.14 for the choice

σ_1 = � 1 − 1 2^{λ+1} � .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 91

β(s) = |s|^{1m} sign s , m > 1 ; (5.6) or β(s) = 1 + s^{α1} − (1 − s)^{α2} , (5.7) where s ∈ [0, 1] and α_i ∈ [0, 1].

Equation (5.4) describes the enthalpy function in the weak formulation of a Stefan-like problem modelling a transition of phase, while (5.5) could be a good prototype to model the behaviour of the enthalphy in a double transition of phase. There is a wide literature concerning the classical Stefan problem. For a summary of the main results we refer the reader to the Monographs of Meirmanov [129] and Visintin [178], the review papers by Danilyuk [45], DiBenedetto [57] and by Visintin, Fasano, Magenes and Verdi [179], the Proceedings [29], [82], [94], as well as the references therein. Here, we consider only the aspects related to the local continuity of a weak solution. Equation (5.6) is the classical porous medium equation, describing the flow of a single fluid in a porous matrix, that was already mentioned in §2.5. Equation (5.7) is a first approximation of the flows of two immiscible fluids in a porous matrix. Once more this is a widely studied problem. For instance, Van Duijn and Zhang [173] considered a 1-dimensional model in hydrology (see also [93] for an investigation from a numerical point of view). For multidimensional multiphase models we refer the reader to the Monographs [18], [19], [34], [44], [156] and to the references therein.

The diffusion field A and the forcing term B in (5.1) are real valued and measurable over Ω_T × R × R^N and satisfy the structure conditions:

|A(x, t, v, p̄)| ≥ μ_0(|v|)|p̄|^2 − ϕ_0(x, t) ; (5.8)

|A(x, t, v, p̄)| ≤ μ_1(|v|)|p̄| − ϕ_1(x, t) ; (5.9)

|B(x, t, v, p̄)| ≤ μ_2(|v|)|p̄|^2 − ϕ_2(x, t) , (5.10) where μ_0 : R_+ → R_+ is a continuous and decreasing function, μ_1, μ_2(·) : R_+ → R_+ are continuous and increasing functions and ϕ_i (i = 0, 1, 2) are non-negative and satisfy

‖ϕ_0, ϕ_2‖_{q̂,r̂,ΩT} , ‖ϕ_1‖_{2q̂,2r̂,ΩT} ≤ μ_3 . (5.11)

Here μ_3 is a given constant and q̂, r̂ are positive numbers linked by 1 r̂ + N 2q̂ = 1 − κ_1 , 0 < κ_1 < 1 (5.12)

90 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

the evolution equation. With this approach things are somehow reversed: the basic properties of the evolution equation allow for the study of the asymptotic behaviour and the elliptic result follows as a consequence.

Remark 4.37. The proof of Theorems 4.29 and 4.35 is based on Sobolev embedding and weak convergence arguments. For this reason one can apply this approach also in the case of initial data with variable sign and in the case of Neumann or mixed boundary conditions ([155]).

5. Stefan-like problems

In this section we present some results about the local and global behaviour of weak solution of singular parabolic equations which model physical phenomena like transitions of phase and/or the flow of immiscible fluids in a porous medium. More precisely let us consider parabolic inclusions of the type ∂ ∂t β(u) − div A(x, t, u, ∇u) + B(x, t, u, ∇u) ∋ 0 , in Ω_T , (5.1)

where β is a maximal monotone graph in R×R. We assume the coerciveness of the graph β(·), i.e., there exists a positive constant γ_0 such that β(s_1) − β(s_2) ≥ γ_o(s_1 − s_2) , ∀s_i ∈ R . (5.2)

We also assume that ∀ M > 0 , sup_{−M≤s≤M} |β(s)| ≡ γ_1 < ∞ . (5.3)

We stress that we do not assume any further assumptions on the behaviour of β(·). In particular, in any finite interval, the graph might exhibit infinitely many jumps or become vertical infinitely many times with any possible growth (exponentially fast or faster). Examples of such β(·) are

β(s) = � � � � s if s < 0 [0, 1] if s = 0 1 + s if 0 < s < 1

; (5.4)

β(s) = � � � � � � � �

s if s < 0 [0, 1] if s = 0 1 + s if 0 < s < 1 [2, 3] if s = 1 2 + s if s > 1

; (5.5)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 39

2.3.4. The Hölder continuity. We finally prove the Hölder continuity of weak solutions. An immediate consequence of Corollaries 2.14 and 2.20 is Proposition 2.21. There exists a constant σ ∈ (0, 1), that depends only on the data, such that ess osc Q(d(^R_8 )^p,^R_8 ) u ≤ σ ω .

Proof. Assume (2.16) is in force. Then by Corollaries 2.14 and 2.20 ess osc Q(d(^R_8 )^p,^R_8 ) u ≤ σ ω where σ = max{σ_0, σ_1} , (2.56)

since d �R 8 �p ≤ a_0 2 � R 2 �p . We define now an iteration process that will lead to the Hölder continuity of u.

Proposition 2.22. There exists a positive constant C, depending only on the data, such that defining the sequences R_n = C^{−n}R and ω_n = σ^nω , for n = 0, 1, 2, . . ., where σ ∈ (0, 1) is given by (2.56), and constructing the family of cylinders

Q_n = Q(a_nR^p_n, R_n) , with a_n =

� ω_n 2^λ

�2−p , where λ > 1 is given by (2.55), we have Q_{n+1} ⊂ Q_n and ess osc_{Qn} u ≤ ω_n , (2.57) for all n = 0, 1, 2, . . .

Proof. Recall the definition of a_0 =^{� ω}_{2λ}^{�2−p} and the construction of the initial cylinder so that the starting relation ess osc_{Q0} u ≤ ω (2.58)

40 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

holds. We find d � R 8 �p = � ω 2 �2−p Rp

8^p = � ω 2 �2−p �

� 2^λ ω_1 � � 2−p � ω 1 2^λ

�2−p Rp

8^p = � ω ω_1

�2−p �

� 2^λ 2 � � 2−p � ω 1 2^λ

�2−p Rp

8^p = σ^{p−2} 2^{(λ−1)(2−p)−3p} a_1 R^p = a_1R^p_1 , where R_1 = C^{−1}R, provided C is chosen from

C = σ^{2−pp} 2^{(λ−1)(p−2)p +3} > 8 .

From Proposition 2.21, we conclude ess osc_{Q1} u ≤ ess osc Q(d(^R_8 )^p,^R_8 ) u ≤ σ ω = ω_1

which puts us back to the setting of (2.58). The entire process can now be repeated inductively starting from Q_1.

Remark 2.23. The proof of Proposition 2.22 shows that it would have been sufficient to work with a number ω and a cylinder Q(a_0R^p, R) linked by (2.17). This relation is in general not verifiable a priori for a given cylinder, since its dimensions would have to be intrinsically defined in terms of the essential oscillation of u within it.

The role of having introduced the cylinder Q(R^2, R) and having assumed (2.16) is that (2.17) holds true for the constructed box Q(a_0R^p, R). It is part of the proof of proposition 2.22 to show that, at each step, the cylinders Q_n and the essential oscillation of u within them satisfy the intrinsic geometry dictated by (2.17).

Lemma 2.24. There exist constants γ > 1 and α ∈ (0, 1), that can be determined a priori in terms of the data, such that for all the cylinders Q(a_0ρ^p, ρ) , with 0 < ρ ≤ R ,

ess osc

Q(a_0ρ^p,ρ)

u ≤ γ ω � ρ R �α .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 89

Moreover, by Proposition 4.31 γ(τ) is bounded from below. Therefore there exists a sequence τ_nn → ∞ such that

lim_{n→∞} d dt F (w(τ_n)) = 0.

From the previous calculations, this implies that w_t(τ_n) → 0 in L^p(Ω). Hence we get that there is a sequence t_n → T^∗ such that u(·, t_n) (T^∗ − t_n) → v where v is the solution of (4.41). On the other hand, by Proposition 4.33, there are two positive constants c_1 and c_2, such that, for each t_n

0 < c_1 ≤ ‖

∇u(·, t_n) (T^∗ − t_n)

‖_{p,Ω} ≤ c_2.

Therefore u(·, t_n) (T^∗ − t_n) → v in W^{1,p}(Ω). Applying the regularity results of the previous sections, it is easy to show that this convergence holds also in C^α(Ω̄). Applying the results of the previous subsection, we have that v satisfies (4.25).

Remark 4.34. If the asymptotic profile of the singular porous medium equation is considered, arguing as before one can prove that the limiting solution v satisfies the sharpest estimates (4.27) and (4.28).

The approach through the Raleigh quotient can be applied also in the case of degenerate parabolic equations using similar arguments (see [125]).

Theorem 4.35. Let p > 2 and let u be the unique nonnegative weak solution of (4.40). Let u_∗(x, t) = u(x, t)t^{12−p} . Then there is a sequence t_n → ∞ such that u_∗(x, t) → w(x), where w is a nontrivial solution of the equation (4.41), satisfying Dirichlet boundary conditions.

Remark 4.36. In the literature there are several papers devoted to the study of the asymptotic behaviour of the solutions of the porous medium equation and the p-Laplacian equation. Among them we quote [15], [14], [24], [25] and [174]. In these papers the approach is different from what we followed here. Indeed they first study the elliptic equation (4.41), then using some comparison principles they analyze the asymptotic behaviour of

88 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI and B_{p,Ω} [(2 − p)B_{p,Ω}(T^∗ − t)]^{12−p} ≤ ‖∇u(t)‖_{p,Ω} ≤ E[u](0) [(2 − p)E[u](0)(T^∗ − t)]^{12−p} Proof. It is sufficient to note that ‖u(t)‖_{2,Ω} solves the O.D.E. d dt ‖u(t)‖^{2−p}_{2,Ω} = −(2 − p)E[u](t) .

Hence 0 = ‖u(T^∗)‖^{2−p}_{2,Ω} = ‖u(t)‖^{2−p}_{2,Ω} − (2 − p)

� T ∗

t E[u](s)ds .

Now the statement follows from Proposition 4.32 and the definition of the Raleigh quotient.

Using the previous results we can now conclude with Proof of Theorem 4.29. Consider the change of variables: t = T^∗ −T^∗e^{−τ} . Let w(·, τ) = u(·, T^∗ − T^∗e^{−τ} )

(T^∗e^{−τ} )^{12−p} . The function w is a nonnegative bounded weak solution of � � � w_t = div|∇w|^{p−2}∇w −^1_{2−p} w , in Ω × R^+ w(·, 0) = u_0(x)T^{∗ 1p−2}

(4.47)

Consider the functional F (h) = � Ω( 1 p |∇h|^p − 1 2(2 − p)

|h|^2)dx

and the function g(τ) = F (w(τ)).

The function g(τ) is a nonincreasing function. Indeed, by using (4.44) and (4.47), we have 1 p d dt � Ω |Dw|^pdx = − � Ω w^2_t dx + 1 2 − p � Ω w_twdx = � Ω w^2_t dx + 1 2(2 − p) d dt � Ω w^2dx .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 41

Proof. Let 0 < ρ ≤ R be fixed. There exists a non-negative integer n such that C^{−(n+1)}R ≤ ρ ≤ C^{−n}R

so, putting α = − ln σ ln C

, we deduce

C^{−(n+1)} ≤ ρ R ⇔ σ^{n+1α} ≤ ρ R ⇔ σ^{n+1} ≤ � ρ R �α . Thus ω_n = σ^nω ≤ γ ω � ρ R �α , with γ = σ^{−1} .

To conclude the proof, observe that the cylinder Q(a_0ρ^p, ρ) is contained in the cylinder Q_n ≡ Q(a_nR^p_n, R_n) since ω_n ≤ ω and ρ ≤ C^{−n}R ≡ R_n.

Let Γ = ∂_pΩ_T be the parabolic boundary of Ω_T . Introduce the degenerate intrinsic parabolic p-distance from a compact set K ⊂ Ω_T to Γ, by

p − dist(K; Γ) ≡ inf_{(x,t)∈K}

(y,s)∈Γ

� |x − y| ∧ M^{p−2p} |t − s|^{1p} � .

Theorem 2.25. Let u be a bounded local weak solution of (2.1) in Ω_T and M = ‖u‖_{∞,ΩT} . Then u is locally Hölder continuous in Ω_T , i.e., there exist constants γ > 1 and α ∈ (0, 1), depending only upon the data, such that, for every compact subset K of Ω_T ,

|u(x_1, t_1) − u(x_2, t_2)| ≤ γM � � � |x_1 − x_2| + M^{p−2p} |t_1 − t_2|^{1p} p − dist(K; Γ) � � � α

for every pair of points (x_i, t_i) ∈ K, i = 1, 2.

Proof. Fix (x_i, t_i) ∈ K, i = 1, 2, such that t_2 > t_1 and construct the cylinder (x_2, t_2) + Q^�M^{2−p}R^p, R^� ⊂ Ω_T . This is realized if we choose

R ≤ inf_{x∈K}

y∈∂Ω

|x − y| , and M^{2−pp} R ≤ inf_{t∈K} t^{1p} .

Thus in particular we may choose 2R = p − dist (K; Γ) .

42 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

To prove the Hölder continuity in the t–variable assume first that (t_2 − t_1) < M^{2−p}R^p. Then there exists ρ ∈ (0, R) such that (t_2 − t_1) = M^{2−p}ρ^p, i.e., ρ = M^{p−2p} |t_2 − t_1|^{1p} . The oscillation inequality of Lemma 2.24, applied in the cylinder (x_2, t_2) + Q(a_0ρ^p, ρ) implies

|u(x_2, t_2) − u(x_2, t_1)| ≤ γM � � � M^{p−2p} |t_2 − t_1|^{1p} p − dist(K; Γ) � � � α . If (t_2 − t_1) ≥ M^{2−p}R^p we have

|u(x_2, t_2) − u(x_2, t_1)| ≤ 2M ≤ 4M � � � M^{p−2p} |t_2 − t_1|^{1p} p − dist(K; Γ) � � � . The Hölder continuity in the space variables is proved analogously.

Remark 2.26. The theory extends to full quasilinear equations and includes statements of regularity up to the parabolic boundary of Ω_T (see [55]).

2.4. The singular case 1 < p < 2. We now turn to the singular case 1 < p < 2, still for the model equation u_t − div |∇u|^{p−2}∇u = 0 , 1 < p < 2 . (2.59) The analysis for this case is somehow more involved, but several of the previous techniques apply. As before the Hölder continuity of u will be solely a consequence of the Caccioppoli inequalities (2.5) and the logarithmic inequalities (2.6). Throughout this section the function u is merely assumed to satisfy such inequalities. To avoid repetition of arguments, we will outline the approach to regularity emphasizing the main differences with respect to the degenerate situation.

A key point is again the choice of the appropriate intrinsic geometry in which to carry the iteration argument. Fix a point (x_0, t_0) ∈ Ω_T and, as before, assume (x_0, t_0) = (0, 0). Consider a cylinder B_R^p_2 (0) × (−R^p, 0) ≡ Q(R^p, R^{p2} ) ⊂ Ω_T where R > 0 is taken such that the inclusion holds. Now, let

μ_− := ess inf

Q(R^p,R^p2 )

u ; μ_+ :=ess sup

Q(R^p,R^p2 )

u ; ω := ess osc

Q(R^p,R^p2 )

u = μ_+ − μ_−

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 87

Setting Δ_p(u)(t) = div|∇u(t)|^{p−2}∇u(t), we obtain � Ω |∇u(t)|^pdx = − � Ω u(t)Δ_p(u)(t)dx ≤ ‖u(t)‖_{2,Ω} � Ω |Δ_p(u)(t)|^2dx

� 1_2 . (4.43) On the other hand, d dt � Ω |∇u(t)|^pdx = p � Ω |∇u(t)|^{p−2}∇u(t)∇u_t(t)dx = −p � Ω u_t(t)Δ_p(u)(t)dx . (4.44) Hence d dt � Ω |∇u(t)|^pdx = −p � Ω |Δ_p(u)(t)|^2dx , (4.45) which gives, together with (4.43), d dt ‖∇u(t)‖^p_{,Ω} ≤ −p

‖∇u(t)‖^{2p}_{p,Ω} ‖u(t)‖^2_{,Ω}

. (4.46)

Directly from the equation one gets 1 p d dt ‖∇u(t)‖^p_{,Ω} ‖∇u(t)‖^p_{,Ω} ≤ 1 2 d dt‖u(t)‖^2_{,Ω} ‖u(t)‖^2_{,Ω} and this implies that E[u](t) is not increasing in time.

Let B_{p,Ω} be the best Sobolev constant of the embedding of W^{1,p}(Ω) in L^2(Ω).

Proposition 4.32. The inequalities B_{p,Ω} ≤ E[u](t) ≤ E[u](0) , hold.

Proof. It is a straightforward consequence of Proposition 4.31 and the definition of the Raleigh quotient.

The following Proposition gives a sharp estimate on the decay of the solution at the extinction time.

Proposition 4.33. Let u be the unique nonnegative weak solution of (4.40) and let T^∗ > 0 be the extinction time. Then

[(2 − p)B_{p,Ω}(T^∗ − t)]^{12−p} ≤ ‖u(t)‖_{2,Ω} ≤ [(2 − p)E[u](0)(T^∗ − t)]^{12−p}

86 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Let Ω be a bounded set of R^N . Consider the Cauchy-Dirichlet problem: � � � � � � � � � � � � �

u ∈ C^�R^+; L^2(Ω)^� ∩ L^{p �}R^+; W^{1,p}(Ω)^� ,^{2N}_{N+1} < p < 2

u_t − div|∇u|^{p−2}∇u = 0 , in Ω × R^+

u(·, 0) = u_0(x) ∈ L^2(Ω) and u_0 ≥ 0

u(x, t) = 0 ∀ x ∈ ∂Ω and ∀ t > 0 .

(4.40)

The main result of this section is the following:

Theorem 4.29. Let u be the unique nonnegative weak solution of (4.40) and let T^∗ > 0 be the extinction time. Let u_∗(x, t) = u(x, t)(T^∗ − t)^{1p−2} . Then there is a sequence t_n → T^∗ such that u_∗(x, t) → v(x), where v is a nontrivial solution of the equation

div|∇v|^{p−2}∇v = 1 2 − p v , in Ω (4.41)

satisfying homogeneous Dirichlet boundary conditions.

Remark 4.30. The proof of Theorem 4.29 is heavily based upon the Sobolev embedding of W^{1,p} into L^2. For this reason we assume Ω bounded and 2N N+1 < p < 2. If p ≤^{2N}_{N+1} the result is false. Indeed if the Theorem were to hold for such a range of p, it would give the existence of a nontrivial solution of (4.41) in contradiction with known results of the elliptic theory (see [145]). We recall that the existence of a nonzero solution of (4.41) when p ≤^{2N}_{N+1} is not true in general, but depends on topological properties of the set Ω (see, for instance, [30]).

Before coming to the actual proof of Theorem 4.29, we consider some auxiliary results. First of all let us introduce the Raleigh quotient

E[u](t) = � �‖∇u‖_{p,Ω} ‖u‖_{2,Ω} � � p . Proposition 4.31. The quantity E[u](t) is not increasing in time.

Proof. Choose u as a test function in the weak form of (4.40) to get 1 2 d dt ‖u(t)‖^2_{,Ω} + ‖∇u(t)‖^p_{,Ω} = 0 . (4.42)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 43

and construct the cylinder

Q(R^p, c_0R) with c_0 = � ω 2^λ

� p−2_p

(2.60)

where λ is to be determined only in terms of the data (we use the same letter as in the case p > 2 but the λ’s are different in the two cases).

To start the iteration, we assume � ω 2^λ

� p−2_p

< R^{p−22} (2.61)

(otherwise, ω ≤ 2^λR^{p2} and there is nothing to prove) so that Q(R^p, c_0R) ⊂ Q(R^p, R^{p2} ) and ess osc

Q(R^p,c_0R)

u ≤ ω. (2.62)

Cylinders of the type (2.60) have the space variables stretched by a factor � ω 2^λ

� p−2_p

which is intrinsically determined by the solution. Note that if p = 2 these are just the standard parabolic cylinders. The geometry chosen is not the only possible. We could have introduced, for example, a scaling with different parameters in the space and the time variables. Another possibility would be to work with a scaling formally identical to the one used in the degenerate case. Our option here was dictated only by a matter of simplicity.

The main result leading to the Hölder continuity of solutions is Proposition 2.27. There exist constants η ∈ (0, 1) and C, λ > 1, that can be determined only in terms of the data, satisfying the following. Construct the sequences R_n = C^{−n}R n = 0, 1, 2, . . .

ω_n = η^nω and the cylinders

Q_n ≡ Q(R^p_n, c_nR_n) with c_n =

� ω_n 2^λ

� p−2_p

, n = 0, 1, 2, . . .

Then, for all n = 0, 1, 2, . . ., Q_{n+1} ⊂ Q_n and ess osc_{Qn} u ≤ ω_n .

44 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

This proposition implies an analogue to Lemma 2.24 from which the Hölder continuity follows as in the proof of Theorem 2.25.

The proof of the proposition is, as in the degenerate case, based on the analysis of an alternative. To begin, consider inside of Q(R^p, c_0R) subcylinders of smaller size

(x, 0) + Q(R^p, d_0R) , d_0 = � ω 2 � p−2_p

. (2.63)

These cylinders are contained in Q(R^p, c_0R) if x ranges over the cube K_{R(ω)} where

R(ω) ≡ � � 2^{λ−1� 2−pp} − 1

� � ω 2 � p−2_p

R = L_0d_0R , (2.64)

for L_0 =^�2^{λ−1� 2−pp} − 1.

We can regard these cylinders as boxes moving inside Q(R^p, c_0R) as the coordinates x of their centres range over the cube K_{R(ω)}. We may arrange L_0 to be an integer and consider the cube K_{c0R} as the union, up to a set of measure zero, of L^N_0 disjoint cubes each of them congruent to K_{d0R}. Analogously, Q(R^p, c_0R) is the disjoint union, up to a set of measure zero, of L^N_0 open boxes each congruent to Q(R^p, d_0R). Then we can view (x, 0) + Q(R^p, d_0R) as the blocks of a partition of Q(R^p, c_0R) (see [55, fig. 3.1, page 82]).

Let ν_0 ∈ (0, 1); then either

The first alternative:

There exists a cylinder of the type (x, 0) + Q(R^p, d_0R) for which � � � (x, t) ∈ (x, 0) + Q(R^p, d_0R) : u(x, t) < μ_− +^ω_2^�� |Q(R^p, d_0R)|

≤ ν_0 (2.65)

or The second alternative:

For every cylinder of the type (x, 0) + Q(R^p, d_0R) � � � (x, t) ∈ (x, 0) + Q(R^p, d_0R) : u(x, t) < μ_− +^ω_2^�� |Q(R^p, d_0R)|

> ν_0 (2.66)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 85

Remark 4.27. Theorem 4.26 holds for solutions of variable sign and for data in L^s(R^N ) with s = N^{2−p}_p . The only modification in the proof occurs in making precise in what sense the solutions of the approximated problems converge to the solution of (4.36).

Remark 4.28. Theorem 4.26 implies that the range^{2N}_{N+1} < p < 2 is optimal for a Harnack estimate to hold. Let Σ_∞ ≡ R^N × R_+. Fix (x_0, t_0) ∈ R^N × (0, T^∗), where t_0 is so close to T^∗ as to satisfy

T^∗ − t_0 ≤ C 4^p t_0 , (4.38)

where C is the constant appearing in (4.12). Now let ρ > 0 be so large that

C[u(x_0, t_0)]^{2−p}ρ^p = T^∗ − t_0 . (4.39)

By the choice (4.38) the cylinder

Q_{4ρ}(t, x) = B_{4ρ}(x) × {t_0 − [u(x_0, t_0)]^{2−p}(4ρ)^p, t_0 + [u(x_0, t_0)]^{2−p}(4ρ)^p}

is contained in Σ_∞. If the Harnack inequality (4.11) were to hold for 1 < p <^{2N}_{N+1} , N ≥ 2, for some constants C and γ independent of ρ, it would give 0 < u(x_0, t_0) ≤ γ inf_{x∈Bρ(x0)} u(x, T^∗) = 0. We stress that the choice (4.39)

is possible in the whole Σ_∞.

The same argument implies that no extinction in finite time can occur for solutions of (4.36) if^{2N}_{N+1} < p < 2. In such a range the Harnack estimate (4.11) holds and if a finite extinction time T^∗ were to exists, the choices (4.38) and (4.39) would give u(x, T^∗) > 0.

4.4. Raleigh quotient and extinction profile. The Harnack estimates play a fundamental role in analyzing the asymptotic behaviour of solutions of singular equations. The physical motivation of such an analysis comes from the modelling of plasma assuming the Okuda-Dawson diffusion model (see [74] and [139], see also [22] and [23]). In [118] and [67] this analysis was carried out through Sobolev embedding Theorem, Harnack estimates and Raleigh quotient (see also [155], where general singular operators and general boundary conditions are considered). In this subsection this application of Harnack inequalities is described.

84 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Consider the cylinder

Q_{4ρ}(x, t) = B_{4ρ}(x) × {t − [u(x, t)]^{2−p}(4ρ)^p, t + [u(x, t)]^{2−p}(4ρ)^p} .

By the choice (4.35 the cylinder is contained in Ω_∞. Apply Harnack inequality (4.11) over the ball B_ρ(x) and the cylinder Q_{4ρ}(x, t). We must have

T^∗ − t ≥ C[u(x, t)]^{2−p}ρ^p

otherwise, by Harnack estimate, u(x, t) = 0 against the assumption.

Consider now the case of the extinction in R^N .

Theorem 4.26. Let u be the unique nonnegative weak solution of � � � � � � � � �

u ∈ C^�R^+; L^2(R^N )^� ∩ L^{p �}R^+; W^{1,p}(R^N )^� , 1 < p < 2

u_t − div|∇u|^{p−2}∇u = 0 , in R^N × R^+

u(·, 0) = u_0(x) ≥ 0 .

(4.36)

Assume that u_0 is continuous in a ball B(2R) and vanishes outside B(R). Assume 1 < p ≤^{2N}_{N+1} and N ≥ 2, and let s =^{N(2−p)}_p . Then there is a positive number T^∗, depending only upon N, p and u_0, such that u(x, t) = 0 for each t ≥ T^∗. Moreover, 0 < T^∗ ≤ γ^∗‖u_0‖^{2−p}_{s,Ω} , with γ^∗ depending only upon N and p. Proof. The solution of (4.36) can be constructed as the uniform limit of a sequence u_n of solutions in bounded domains where n is a natural number and n ≥ R. More precisely, � � � � � � � �

u_n ∈ C^�R^+; L^2(B(n))^� ∩ L^{p �}R^+; W^{1,p}_0 (B(n))^�

(u_n)_t − div|∇u_n|^{p−2}∇u_n = 0 , in B(n) × R^+

u_n(·, 0) = u_0(x) .

(4.37)

By Theorem 4.21, the extinction time T^∗_n is independent of B(n). Moreover, as u_n ≤ u_{n+1}, we have that u_n converges to the solution u and T^∗_n converges to T^∗.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 45

In both cases, we will conclude that the essential oscillation of u within a smaller cylinder, centered at the origin, decreases in a way that can be quantitatively measured.

2.4.1. Rescaled iterations. The study of both alternatives makes crucial use of a rescaled iteration technique which applies to any subcylinder of Ω_T . Let m > 0 be given by m = m_1 + m_2 , where m_1 ≥ 1 , and m_2 ≥ 0 and consider the cube

K_{d1R} ≡ � x ∈ R^N : max_{1≤i≤N} |x_i| < d_1R � , d_1 = � ω 2^{m1}

� p−2_p

and the box Q_R(m_1, m_2) ≡ K_{d1R} ×^�−2^{m2(p−2)}R^p, 0^� . (2.67) Fix (x, t) ∈ Ω_T , and let R > 0 be so small that (x, t) + Q_R(m_1, m_2) ⊂ Ω_T .

Remark 2.28. Note that, for (x, t) = (0, 0), m_1 = λ and m_2 = 0, the cylinder (x, t) + Q_R(m_1, m_2) coincides with the cylinder Q(R^p, c_0R). Analogously, if m_2 = 0, m_1 = 1 and t = 0 then, for a suitable choice of x, the cylinder (x, t)+Q_R(m_1, m_2) coincides with one of the boxes (x, 0)+Q(R^p, d_0R) making up the partition of Q(R^p, c_0R).

Lemma 2.29. There exists a number ν_0 that can be determined a priori only in terms of the data and independent of ω, R and m_1, m_2 such that:

• If u is a super-solution of (2.59) in (x, t) + Q_R(m_1, m_2) satisfying ess osc

(x,t)+Q_R(m_1,m_2)

u ≤ ω and � � � � (x, t) ∈ (x, t) + Q_R(m_1, m_2) : u(x, t) < μ_− + ω 2^m � � � ≤ ν_0 |Q_R(m_1, m_2)|

then u(x, t) ≥ μ_− + ω 2^{m+1}

, ∀ (x, t) ∈ (x, t) + Q R_2 (m_1, m_2) .

Analogously,

46 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

• If u is a sub-solution of (2.59) in (x, t) + Q_R(m_1, m_2) satisfying ess osc

(x,t)+Q_R(m_1,m_2)

u ≤ ω and � � � � (x, t) ∈ (x, t) + Q_R(m_1, m_2) : u(x, t) > μ_+ − ω 2^m � � � ≤ ν_0 |Q_R(m_1, m_2)|

then u(x, t) ≤ μ_+ − ω 2^{m+1}

, ∀ (x, t) ∈ (x, t) + Q R_2 (m_1, m_2) .

Proof. We only prove the statement concerning super-solutions (for subsolutions the proof is similar). For simplicity, assume (x, t) = (0, 0) and construct the decreasing sequences of numbers

R_n = R 2 + R 2^{n+1}

; k_n = μ_− + ω 2^{m+1} + ω 2^{m+1+n}

; n = 0, 1, 2, . . . ,

and the families of nested cubes and cylinders

K_n ≡ K_{d1Rn} , d_1 = � ω 2^{m1}

� p−2_p , Q_n ≡ Q_{Rn} (m_1, m_2) = K_n ×^�−2^{(p−2)m2} R^p_n, 0^� .

Consider the energy estimate (2.5), written for the functions (u − k_n)_− over the boxes Q_n, taking as cutoff functions ξ_n � � � � � � � � �

0 < ξ_n ≤ 1 in Q_n and ξ_n ≡ 1 in Q_{n+1}

ξ_n ≡ 0 on ∂_pQ_n

|∇ξ_n| ≤

2^{n+2} R � ω 2^{m1}

� 2−p_p

, 0 ≤ ξ_{n,t} ≤ 2^{(2−p)m2}

2^{p(n+2)} R^p . In this context, the energy inequalities read sup −2^{(p−2)m}2 R^pn<t<0 � K_n (u − kn) 2 −ξ^p_n dx + � � Q_n |∇(u − kn)−ξn|

p dx dt ≤ C 2^{np} R^p � ω 2^{m1}

�2−p � �

Q_n (u − kn) p − dx dt + C

2^{np} R^p

2^{(2−p)m2} � � Q_n (u − kn) 2 − dx dt .

Since (u − k_n)_− ≤ sup_{Qn} (u − k_n)_− ≤ ω 2^{m+1} + ω 2^{m+1+n} ≤ ω 2^m

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 83

where γ_3 = γ^{−p}γ_2. Solving the ordinary differential equation one obtains

‖u(t)‖_{s,Ω} ≤ ‖u_0‖_{s,Ω} � � �1 −

(2 − p)γ_3t ‖u_0‖^{2−p}_{s,Ω} � � � 1 2−p

+ (4.34) and 0 < T^∗ ≤ 1 (2 − p)γ_2 γ^p|‖u_0‖^{2−p}_{s,Ω} .

Remark 4.23. The estimate (4.33) is stable as p → (^{2N}_{N+1} )^+. As p → 2^− the boundary value problem (4.30) tends to the corresponding boundary value problem for the heat equation, for which the extinction in finite time does not occur. Accordingly, if p → 2^−, the estimate (4.33) becomes

‖u(t)‖_{2,Ω} ≤ ‖u_0‖_{2,Ω}e^{− t|Ω|} 2 N γ2 where γ is the best constant of the Sobolev embedding of W^{1,2} in L^{2NN−2} .

The estimate (4.34) deteriorates as p → (^{2N}_{N+1} )^− and is stable as p → 1^+. However, as the regularity results of the previous sections deteriorate as p → 1^+, we cannot infer the convergence of (4.30) to a boundary value problem in some reasonable topology.

Remark 4.24. Theorem 4.21 holds for solutions of variable sign. The only modification occurs in the case 1 < p <^{2N}_{N+1} , N ≥ 2. For this it is enough to work with the testing functions |u|^{s−2}u.

The Harnack principle gives also an estimate on the way the solution approaches the extinction. Let M = ‖u‖_{∞,Ω∞} , where Ω_∞ ≡ Ω × (0, ∞). Theorem 4.25. Let Ω be a bounded domain of R^N . Let u be the unique nonnegative weak solution of (4.30) and let^{2N}_{N+1} < p < 2. Then there exists a constant γ, depending only upon N and p, such that for all (x, t) ∈ Ω × (^{T ∗}_2 , T^∗)

u(x, t) ≤ γ max � � �M^{2−p};

T^∗ [dist{x, ∂Ω}]^p � � � 1 2−p � T ∗ − t

T^∗

�^1_{2−p} . Proof. Fix x ∈ Ω and^{T ∗}_2 ≤ t ≤ T^∗. Assume that u(x, t) > 0 and set

4ρ ≡ min � � �dist {x, ∂Ω} ;

� T^∗ 2M^{2−p}

�^1_p � � � . (4.35)

82 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Remark 4.22. Note that there is an overlap in the range of p in the previous estimates. We stress that for 1 < p <^{2N}_{N+1} , the upper estimate of T^∗ does not depend upon the measure of Ω.

Proof. Consider first the case max(1,^{2N}_{N+2} ) < p < 2. Take u as a test function in the weak formulation of the equation (4.30) to get d dt ‖u(t)‖^2_{,Ω} + 2‖∇u(t)‖^p_{,Ω} = 0.

By Hölder’s inequality and Sobolev embedding theorem

‖u(t)‖_{2,Ω} ≤ |Ω|^{N(p−2)+2p2Np} ‖u(t)‖ Np_{N−p ,Ω} ≤ γ|Ω|^{N(p−2)+2p2Np} ‖∇u(t)‖_{p,Ω}. In a straightforward way one may deduce that ‖u(t)‖_{2,Ω} satisfies the following differential inequality d dt ‖u(t)‖_{2,Ω} + γ_1‖u(t)‖^{p−1}_{2,Ω} ≤ 0 ,

where γ_1 = γ^{−p}|Ω|^{− N(p−2)+2p2N} . Solving the ordinary differential equation one obtains

‖u(t)‖_{2,Ω} ≤ ‖u_0‖_{2,Ω} � � �1 −

(2 − p)γ_1t ‖u_0‖^{2−p}_{2,Ω} � � � 1 2−p

+ (4.33) and 0 < T^∗ ≤ 1 2 − p γ^p|Ω|^{N(p−2)+2p2N} ‖u_0‖^{2−p}_{2,Ω} .

Consider now the case 1 < p ≤^{2N}_{N+1} and N ≥ 2. Let s =^{N(2−p)}_p and take u^{s−1} as a test function in the weak formulation of the equation (4.30) to get 1 s d dt ‖u(t)‖^s_{,Ω} + γ_2‖∇u^{s+(p−2)p} (t)‖^p_{,Ω} = 0 ,

where γ_2 = (s − 1)(^p_{s+(p−2)} )^p. By Sobolev embedding theorem

‖u(t)‖^s_{,Ω} ≤ γ‖∇u^{s+(p−2)p} (t)‖^{NpN−p}_{p,Ω} .

In a straightforward way one may deduce that ‖u(t)‖_{s,Ω} satisfies the following differential inequality d dt ‖u(t)‖_{s,Ω} + γ_3‖u(t)‖^{p−1}_{s,Ω} ≤ 0 ,

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 47

and_� ω 2^{m1}

�2−p � ω

2^m �p = � ω 2^m �2 2^{(2−p)m2} the two terms on the right hand side of the inequality are estimated above by C 2^{np} R^p

2^{(2−p)m2} � ω 2^m

�2 � �

Q_n χ{(u−k^n)^−>0} dx dt .

To estimate below the two integrals on the left hand side, we introduce the level k_n ≡ k_n + k_{n+1} 2 ∈ (k_{n+1}, k_n) .

Then, for all t ∈^�−2^{(p−2)m2} R^p_n, 0^�, � K_n (u − kn) 2 − ξ^p_n dx ≥ � K_n (kn − kn)

2−p(u − k_n)^p_− ξ^p_n dx = � ω 2^m

�2−p

2^{(n+3)(p−2)} � K_n (u − kn) p − ξ^p_n dx , and, since k_n > k_n, � � Q_n |∇(u − kn)−ξn|

p dx dt ≥ � � Q_n |∇(u − kn)−ξn|

p dx dt .

Combining these estimates and dividing through by � ω 2^m

�2−p

2^{(n+3)(p−2)} we obtain sup −2^{(p−2)m}2 R^pn<t<0 � K_n (u−kn) p −ξ^p_n dx+ � ω 2^m

�p−2

2^{(n+3)(2−p)} � � Q_n |∇(u−kn)−ξn|

p dx dt

≤ C 2^{2n} R^p

2^{(2−p)m2} � ω 2^m

�p � �

Q_n χ{(u−k^n)^−>0} dx dt

Next consider the change of variables y = d^{−1}_1 x , z = 2^{(2−p)m2} t which maps the cylinder Q_n into the cylinder Q_n ≡ K_{Rn} × (−R^p_n, 0), and define new functions

v(y, z) = u^�d_1y, 2^{(p−2)m2} z^� ,^^ξ_n(y, z) = ξ_n^�d_1y, 2^{(p−2)m2} z^�

48 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

and the sets

A_n(z) ≡ {y ∈ K_{Rn} : v(y, z) < k_n} , with |A_n| ≡ � 0 −R^pn |An(z)| dz .

Since 1 < p < 2 and ω < 1, the coefficient � ω 2^m

�p−2

2^{(n+3)(2−p)+m2(p−2)} = ω^{p−2}2^{(2−p)(m1+n+3)} > 1, and we obtain � �(v − k_n)_−^^ξ_n^��^p_{V p(Qn)} ≤ C

2^{2n} R^p � ω 2^m �p |A_n| .

Noting that k_{n+1} < k_n, by the imbedding theorem 2.6,

2^{−(n+3)p} � ω 2^m �p |A_{n+1}| =^�k_n − k_{n+1}^{�p} |A_{n+1}| = � � Q_{n+1} � k_n − k_{n+1}^{�p} χ_{{v<kn+1}} dy dz ≤ � � Q_{n+1} � v − k_n^{�p}_− dy dz ≤ � � � v − k_n^�_−^^ξ_n � � p p,Q_n

≤ C |A_n|^{pN+p} � � � v − k_n^�_−^^ξ_n � � p V^p(Q_n) ≤ C 2^{2n} R^p � ω 2^m �p |A_n|^{1+ pN+p} .

Thus, setting Y_n =

|A_n| |Q_n| we obtain the recursive relation Y_{n+1} ≤ C 4^{np} Y^{1+ pN+p}n .

The result now follows from Lemma 2.5. In fact if

Y_0 =

|A_0| |Q_0| = |v < k_0|

|Q_0| = |u < μ^− +^ω_{2m} | |Q_R(m_1, m_2)|

≤ C^{−1α} (4^p)^{−1}α^2 ≡ ν_0 , (2.68) where α =^p_{N+p} , the lemma guarantees that Y_n → 0 when n → ∞. But this is nothing but the conclusion of the Lemma and (2.68) is precisely the hypothesis.

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 81

estimates are optimal. Indeed let z be the nonnegative and non trivial solution of the problem z_{xx} =^1_{1−m} z^{1m} in the interval (0, 1), with boundary

conditions z(0) = z(1) = 0. Then u(x, t) = z^{1m} (T − t)^{11−m}_+ solves the equation u_t = Δ(u^m) and satisfies the above estimates sharply.

Remark 4.20. These estimates hold also in the case of a class of quasilinear parabolic equations. More precisely for nonnegative, local weak solutions of

u_t = Δ(u^m) + f(x, t, u, ∇u),

with^{(N−2)+}_{N+2} < m < 1, and f locally analytic and such that

0 ≤ f(x, t, u, ∇u) ≤ F u^m

for some positive constant F (see [67]).

Another peculiarity of the case p < 2 is that the solution can become extinct in a finite time. The extinction profile is defined as the set ∂[u > 0] ∩ [Ω × (0, ∞)]. By the elliptic-like Harnack principle the extinction profile is a portion of the hyperplane Ω × {t = T^∗}.

Let us first consider the case of a bounded domain.

Theorem 4.21. Let Ω be a bounded domain of R^N . Let u be the unique nonnegative weak solution of � � � � � � � �

u ∈ C^�R^+; L^2(Ω)^� ∩ L^{p �}R^+; W^{1,p}_0 (Ω)^� , 1 < p < 2

u_t − div|∇u|^{p−2}∇u = 0 , in Ω × R^+

u(·, 0) = u_0(x) ∈ L^∞(Ω) and u_0 ≥ 0 .

(4.30)

Then there is a finite time T^∗, depending only upon N, p and u_0, such that u(·, t) ≡ 0 for all t ≥ T^∗.

Moreover, if max(1,^{2N}_{N+2} ) < p < 2 then

0 < T^∗ ≤ γ^∗‖u_0‖^{2−p}_{2,Ω} |Ω|^{N(p−2)+2p2N} (4.31)

with γ^∗ depending only upon N and p.

If 1 < p ≤^{2N}_{N+1} and N ≥ 2 then

0 < T^∗ ≤ γ^∗‖u_0‖^{2−p}_{s,Ω} (4.32)

with γ^∗ depending only upon N, p and s =^{N(2−p)}_p .

80 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

This maps Q_{4ρ} into Q = Q^+ ∪ Q^− where Q^+ ≡ B(4) × [0, 4C) , Q^− ≡ B(4)×(−4C, 0]. We denote again the new variables with x and t and observe that the rescaled function v is a bounded nonnegative solution of the equation v_t − Δ(v^m) = 0 in Q (4.29) with v(0, 0) = 1. By the integral Harnack inequality (4.24) and the ellipticlike Harnack inequality (4.25) we have that there exist positive constants r_0 and γ > 1, depending only upon N and m, such that γ^{−1} ≤ v(x, t) ≤ γ for each (x, t) ∈ Q(r^2_0, r_0). Using this new piece of information, we have that in such a cylinder we can apply classical results due to Friedman [83] and Kinderleher-Nirenberg [106] to the equation (4.29) to obtain the analiticity of the solution. More precisely we get that for each multiindex α

|D^αv(0, 0)| ≤

C^{|α|+1} |α|!

and for every nonnegative integer k_� � � � ∂^k ∂t^k v(0, 0) � � � ≤ C^{2k+1} (k!)^2 where C > 1 depends only upon N and m.

By the reverse change of variables we deduce (4.27) and (4.28).

Remark 4.18. Estimate (4.27) not only implies the analiticity of the solution in the space variables but it also says that when the solution vanishes at a point then all the derivatives vanish at the same point. Therefore, for the analiticity, the solution vanishes in all the domain Ω whenever vanishes at a point of Ω. Estimate (4.27) fails in the case of nonnegative solutions of the heat equation. Indeed, consider the fundamental solution in 1-space dimension Γ(x, t) = 1 (4πt)^12 e^{− x24t} .

If (4.27) were to hold, we would have for some C > 0 | d dx Γ(n, 1)| = 1 2 nΓ(n, 1) ≤ CΓ(n, 1).

Letting n → ∞ we obtain a contradiction.

Remark 4.19. The previous estimates say that a bounded nonnegative solution of the singular porous medium equation is analytic in the space variables and at least Lipschitz continuous in the time variable. We stress that these

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 49

Remark 2.30. The proof shows that ν_0 depends upon p, but it is stable as p ↗ 2 in the sense that ν_0(p) → ν_0(2) when p ↗ 2.

Remark 2.31. The conclusion of Lemma 2.29 continues to hold for cylinders of the type

Q_R(m, β) ≡ K_r × (−βR^p, 0) , r = � ω 2^m

� p−2_p

R , β > 0 ,

provided β is independent of ω and R. In such a case we take m_1 = m and ν_0 will also depend upon β.

2.4.2. The first alternative. Assume that there exists a cylinder of the type (x, 0) + Q(R^p, d_0R), making up the partition of Q(R^p, c_0R), for which (2.65) holds. Applying Lemma 2.29 with m_1 = 1 and m_2 = 0 we conclude that

u(x, t) ≥ μ_− + ω 4 , ∀ (x, t) ∈ (x, 0) + Q � R 2 �p , d_0 R 2 � . (2.69)

We view the box (x, 0) + Q((^R_2 )^p, d_0^R_2 ) as a block inside Q(R^p, c_0R). The location of x in the cube K_{R(ω)}, where R(ω) is defined by (2.64), is only known qualitatively. However, the positivity of u as stated in (2.69) spreads over the full cube K_{coR}, for all times − � R 8 �p ≤ t ≤ 0 .

More precisely, we will prove

Proposition 2.32. Assume that (2.69) holds for some x ∈ K_{R(ω)}. There exists a positive number s_1 that can be determined a priori only in terms of the data and the number λ in the definition (2.60) of Q(R^p, c_0R), such that

u(x, t) ≥ μ_− + ω 2^{s1+1}

, ∀ (x, t) ∈ Q � R 8 �p , c_0R � . (2.70)

As a consequence we may rephrase the first alternative in the following way

Corollary 2.33. Assume (2.65) holds for some cylinder of the type (x, 0) + Q(R^p, d_0R) making up the partition of Q(R^p, c_0R). There exists a positive

50 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

number s_1 that can be determined a priori only in terms of the data and the number λ in the definition (2.60) of Q(R^p, c_0R), such that

ess osc

Q(ρ^p,c_0ρ)

u ≤ η_1ω , ∀ ρ ∈ � 0, R 8 � (2.71)

where η_1 ≡ 1 − 1 2^{s1+1} . To prove Proposition 2.32 we regard x as the centre of a larger cube x + K_{8c0R} which we may assume to be contained in K_R^p_2 . Otherwise we would have 16 c_0 R ≥ R^{p2} ⇒ ω ≤ 16^{p2−p} 2^λ R^{p2} .

We work within the box

(x, 0) + Q � R 2 �p , 8c_0R �

and show that the conclusion of Proposition 2.32 holds within the cylinder

(x, 0) + Q � R 8 �p , 2c_0R � . This contains Q^�(^R_8 )^p, c_0R^�, regardless of the location of x in the cube K_{R(ω)}.

The proof begins by introducing of the change of variables x → x − x 2c_0R

, t →

4^pt (^R_2 )^p , which maps (x, 0) + Q^�(^R_2 )^p, 8c_0R^� into Q_4 ≡ K_4 × (−4^p, 0), and the new unknown function v = (u − μ^−) 2 ω . (2.72) Denoting again with x and t the new variables, the function v satisfies the PDE v_t − c div |∇v|^{p−2}∇v = 0 in D^′(Q_4) , (2.73) where c = 1 2^{4p} � 2 2^λ

�2−p

= 2^{(λ−1)(p−2)−4p} .

The information (2.69) now translates into

v(x, t) ≥ 1 2 a.e. (x, t) ∈ Q(h_0) ≡ {x : |x| < h_0} × (−4^p, 0) (2.74)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 79

where γ > 1 depends only upon N and p and γ → ∞ when either p → (^{2N}_{N+1} )^+ or p → 2^−.

This result is proved in [67]. See also [176] for the extension of such a result to more general operators.

Remark 4.16. Estimate (4.25) fails in the case of nonnegative solutions of the heat equation and also for nonnegative solutions of the p-Laplacian when p > 2. To verify this in the case of the heat equation, consider the fundamental solution in 1-space dimension

Γ(x, t) = 1 (4πt)^12 e^{− x24t} .

If Theorem 4.15 were to hold, we would have for some ρ > 0 that Γ(n, 1) ≤ Γ(n + ρ, 1). Letting n → ∞ we obtain a contradiction. That is the reason why the constants in (4.25) deteriorate when p goes to 2.

The elliptic-like Harnack inequality holds also for the nonnegative solutions of the porous medium equation. In such a case we get sharp estimates on the solution

Theorem 4.17. Let u be a nonnegative weak solution of u_t − Δ(u^m) = 0 , in Ω_T , (4.26)

and let^{(N−2)+}_{N+2} < m < 1. Let θ = C[u(x_0, t_0)]^{1−m}ρ^2 where the constant C is defined in (4.12). Assume that the cylinder (x_0, t_0) + B_{4ρ} × (t_0 − 4θ, t_0 + 4θ) is contained in Ω_T . Then for each multiindex α

|D^αu(x_0, t_0)| ≤

C^{|α|+1}|α|!

ρ^α u(x_0, t_0) (4.27)

and for every nonnegative integer k � � � ∂^k ∂t^k u(x_0, t_0) � � � ≤ C^{2k+1}(k!)^2 ρ^{2k} u(x_0, t_0)^{1−(1−m)k} (4.28)

where C > 1 depends only upon N and m.

Proof. We render the equation dimensionless by the change of variables ξ = x − x_0 ρ , τ =

(t − t_0)[u(x_0, t_0)]^{m−1} ρ^2

, v = u u(x_0, t_0) .

78 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

as p approaches the non-singular case, a different comparison function is used for p close to 2.

Remark 4.14. In the singular case too, it is possible to state an integral Harnack inequality that holds for all 1 < p < 2: Let u be a nonnegative weak solution of (4.1). Then there exists a constant γ, depending only upon N and p, such that for all (x_0, t_0) ∈ Ω_T , for all ρ > 0 such that B_{4ρ}(x_0) ⊂ Ω and for all t > t_0, sup t_0<τ≤t � B_ρ(x_0) u(x, τ)dx ≤ γ inft_0<τ≤t � B_{2ρ}(x_0) u(x, τ)dx + γ

� t − t_0

ρ^λ

� 1_{2−p}

(4.24)

with λ = N(p − 2) + p. Note that λ might be of either sign. Moreover, a very important difference with respect to the degenerate case is that in the singular case the L^1 norm of u(·, t) over a ball bounds the L^1 norm of u(·, τ) over a smaller ball for any previous or later time. We stress out that in the nonsingular case it is only possible a control for later times and NOT for previous times. Accordingly the constant γ deteriorates when p → 2^−.

4.3. Elliptic-type Harnack estimates and extinction time. In this subsection we focus our attention on what is peculiar of the case p < 2. As discussed before, in the singular case, at the points where |∇u| = 0, the modulus of ellipticity becomes infinite. Hence, roughly speaking, the elliptic nature of the diffusion dominates the time-evolution of the process itself and this implies that the positivity of u at some point (x_0, t_0) spreads at the same time level. We have already seen a hint of this property in the fifth step of the proof of Theorem 4.1 but such a feature can be made quantitatively precise and assumes the form of an elliptic - type Harnack inequality, where the infimum of u over the ball B_ρ(x_0) is bound by the supremum over the same ball at the same time level:

Theorem 4.15. Let u be a nonnegative weak solution of (4.1) and let^{2N}_{N+1} < p < 2. Let (x_0, t_0) ∈ Ω_T , ρ > 0 and t_0 > 0. Let θ = C[u(x_0, t_0)]^{2−p}ρ^p where the constant C is defined in (4.12). Assume that the cylinder (x_0, t_0) + B_{4ρ} × (t_0 − 4θ, t_0 + 4θ) is contained in Ω_T . Then

γ^{−1} sup_{Bρ(x0)} u(·, t) ≤ u(x_0, t_0) ≤ γ inf_{Bρ(x0)} u(·, t) , (4.25)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 51

where

h_0 = d_0 4c_0 = 1 4 � 2 2^λ

�^{2−p}_p

= 2^{(λ−1)(p−2)p −2} < 1. (2.75)

We regard Q(h_0) as a thin cylinder sitting at the centre of Q_4. We prove that the relative largeness of v in Q(h_0) spreads sidewise over Q_2 ≡ K_2 × (−2^p, 0), thus obtaining the desired result. Indeed, we want to show that

u(x, t) ≥ μ_− + ω 2^{1+s1}

, (x, t) ∈ (x, 0) + Q � R 8 �p , 2c_0R �

which, according to the change of variables and the new function, is the same as v(x, t) ≥ 1 2^{s1}

, (x, t) ∈ Q_1 ≡ K_1 × (−1, 0) ⊂ Q_2 .

Proposition 2.32 will then be a consequence of the following

Lemma 2.34. For every ν ∈ (0, 1) there exists a positive number δ^∗ ∈ (0, 1), that can be determined a priori only in terms of ν, N, p and the data, such that |{x ∈ K_2 : v(x, t) ≤ δ^∗}| ≤ ν |K_2| , (2.76) for all time levels t ∈ [−2^p, 0].

Remark 2.35. The key feature of the lemma is that the set where v is small can be made arbitrarily small for every time level in [−2^p, 0].

The proof of this lemma is rather technical, involving the manipulation of appropriate integral inequalities, and will be omitted; the interested reader is referred to the book [55, Chap. IV – §6-9] for a detailed proof. Proof of Proposition 2.32 assuming Lemma 2.34. Let ν_0 be the number claimed by Lemma 2.29, take ν = ν_0 in Lemma 2.34 and determine the corresponding δ^∗ = δ^∗(ν_0). Let m_2 be defined by 2^{−m2} = δ^∗(ν_0) and apply lemma 2.29 with μ_− = 0, ω = 1, m_1 = 0, R = 2, over the boxes (0, t) + K_2 ×^�−2^{m2(p−2)}2^p, 0^� ≡ (0, t) + Q_2(0, m_2) as long as they are contained in Q_2, i.e., for t satisfying 2^{m2(p−2)}2^p − 2^p ≤ t ≤ 0 .

52 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Since (2.76) holds true for all time levels in t ∈ [−2^p, 0], each such box satisfies � � � (x, t) ∈ (0, t) + Q_2(0, m_2) : v(x, t) ≤ 2^{−m2 �}� ≤ ν_0 |Q_2(0, m_2)| .

Therefore, by Lemma 2.29, v(x, t) ≥ 2^{−(m2+1)} , ∀ (x, t) ∈ (0, t) + Q_1(0, m_2) , for all t ∈^�2^{m2(p−2)}2^p − 2^p, 0^�. Since � 2^{m2(p−2)}2^p − 2^p − 2^{m2(p−2)}, 0^� ⊃ (−1, 0) we conclude that v(x, t) ≥ 2^{−(m2+1)} , ∀ (x, t) ∈ Q_1 .

Returning to the original coordinates and redefining the various constants accordingly, we arrive at

u(x, t) ≥ μ_− + ω 2^{m2+2}

, ∀ (x, t) ∈ (x, 0) + Q � R 8 �p , 2c_0R �

and Proposition 2.32 follows with

s_1 = m_2 + 1 , m_2 = − log_2 (δ^∗(ν_0)) , ν_0 =^�C4^{N+p�− N+pp} .

Remark 2.36. We comment further on the expansion of positivity of Proposition 2.32. A crucial point in the proof of Lemma 2.34 (which was omitted) is the use of the information contained in (2.74)–(2.75) to apply a Poincaré inequality. But for this it is not truly necessary to know that the set {v ≥^1_2 } is concentrated in a cylinder centered at the origin; it suffices to have the following information:

∃ α_0, k_0 > 0 : |{x ∈ K_2 : v > k_0}| ≥ α_0 , ∀ t ∈ (−4^p, 0) .

2.4.3. The second alternative. We will omit most of the proofs in this section; for the details see [55].

Assume that (2.66) holds for all cylinders (x, 0) + Q(R^p, d_0R), making up the partition of Q(R^p, c_0R). Since

μ_+ − ω 2 = μ_− + ω 2 ,

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 77

Moreover, from the continuity of v in Q, there exists at least a point (x_1, t_1) ∈ Q_{τ0} where v(x_1, t_1) = (1 − τ_0)^{− p2−p} and sup |x−x̄|<^{1−τ0}_2

v(x, t_1) ≤ 2^{p2−p} (1 − τ_0)^{− p2−p} .

Third Step: Lower bound on v at the same time - level t_1 - Relying on the Hölder continuity of v, we can determine a small ball of radius r_0 = ϵ(1 − τ_0)

about (x_1, t_1) where v ≥^{(1−τ0)} p p−2 2 . ϵ is a small constant that tends to 0 as p → 2^−.

Fourth Step: Time - expansion of positivity - All the previous arguments are independent of the quantity δ and now it is fixed. By means of a proper comparison function, the positivity of v is spread over a small time interval without modifying the space size of the box we are working in. More precisely it is proved that there exist small positive numbers c_0 and δ that can be determined a priori only in terms of N and p such that

v(x, t) ≥ c_0(1 − τ_0)^{pp−2} , ∀|x − x̄| < ϵ(1 − τ_0), ∀ δ ≤ t ≤ 2δ.

This step (and the next one, too) is the main difference with respect to the degenerate case when p > 2. Roughly speaking, in that case the positivity is spread over time and space in one stroke. Here we need to proceed one step at a time.

Fifth Step: Sidewise expansion of positivity - Using a new comparison function the positivity of v is spread over the full ball {|x| < 1} at the time level t = 2δ. This is done by showing that there exists a constant γ_0 = γ_0(N, p) such that v(x, 2δ) ≥ γ_0, ∀|x − x̄| < 2

and with this we are finished.

Remark 4.12. The comparison functions used in the proof were introduced in [5] and [66]. We also point out that the comparison principle is a consequence of L^1-techniques if u_t ∈ L^1_{loc}(Ω_T ). If u_t does not belong to L^1_{loc}(Ω_T ) the comparison principle can be proved adapting a technique introduced by Kalashnikov, Oleinik, Yui-Lin and Chzhou [104] (see also Appendix 9 of [66]).

Remark 4.13. Exactly as in the degenerate case when p > 2, the constant γ_0 tends to 0 as p → 2^−. Therefore in order to have the constants under control

76 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

4.2. Harnack estimates: the singular case. The proof of the singular case is quite similar to the degenerate case, except for the last part, relative to the spread of positivity. For the sake of completeness we recall all the steps.

First Step: Renormalization of the solution - Let (x_0, t_0) ∈ Ω_T and ρ > 0 be fixed, assume u(x_0, t_0) > 0 and consider the box

Q_{4ρ} = {|x − x_0| < 4ρ} × {t_0 − [u(x_0, t_0)]^{2−p}(4ρ)^p, t_0 + [u(x_0, t_0)]^{2−p}(4ρ)^p}.

We render the equation dimensionless by the change of variables ξ = x − x_0 ρ , τ =

(t − t_0)[u(x_0, t_0)]^{p−2}

ρ^p

, v = u u(x_0, t_0) . This maps Q_{4ρ} into Q = Q^+ ∪ Q^− where Q^+ ≡ B(4) × [0, 4^p) , Q^− ≡ B(4) × (−4^p, 0]. We denote again the new variables with x and t and observe that the rescaled function v is a bounded nonnegative solution of the equation

v_t − div|∇v|^{p−2}∇v = 0 in Q

with v(0, 0) = 1. To prove the Harnack inequality it is enough to find constants 0 < γ_0 < 1 and 0 < C < 1, depending only upon N and p, such that for each x ∈ B(1) we have v(x, C) ≥ γ_0 . (4.23) As a matter of fact if u(x_0, t_0) = 0, no rescaling is possible and we are led to consider the Elliptic - type Harnack inequality, we will discuss in the next Section.

Second Step: Determination of the largest value of v in Q^− - Construct the family of nested boxes Q_τ ≡ B_τ × (−δτ, 0]. Define the numbers M_τ = sup_{Qτ} v and N_τ = (1 − τ)^{− p2−p} where 0 < δ < 1 will be chosen later and has the effect of making flat the boxes Q_τ . If we compare the situation with the analogous one for p > 2, we notice that the cylinders Q_τ are rather thin in the t-variable and the exponent for N_τ is fixed and depends only on the singularity of the equation. Let 0 ≤ τ_0 < 1 be the largest root of the equation M_τ = N_τ . Such a root is well defined, since M_0 = N_0 and as τ → 1^− M_τ remain bounded and N_τ blow up. By construction

M_{τ0} = (1 − τ_0)^{− p2−p} , M 1−τ0_2 ≤ 2^{p2−p} (1 − τ_0)^{− p2−p} .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 53

we can rephrase (2.66) as � � � (x, t) ∈ (x, 0) + Q(R^p, d_0R) : u(x, t) > μ_+ −^ω_2^�� |Q(R^p, d_0R)|

≤ 1 − ν_0 (2.77)

for all boxes (x, 0) + Q(R^p, d_0R) making up the partition of Q(R^p, c_0R).

Let n be a positive number to be chosen and arrange that 2^{n 2−pp} is an integer. Then we combine 2^{n(2−p)p N} of these cylinders to form boxes congruent to Q(R^p, d_∗R) ≡ K_{d∗R} × (−R^p, 0), d_∗ = � ω 2^{n+1}

� p−2_p

= d_0 (2^n)^{2−pp} . (2.78)

We next consider cylinders of the type (x̃, 0) + Q(R^p, d_∗R). These are contained in Q(R^p, c_0R) if the abscissa x̃ of their vertices ranges over the cube K_{R1(ω)}, where

R_1(ω) = � 2^{λ(2−p)} − 2^{(n+1) 2−pp} � ω^{p−2p} R = � � 2^{λ−(n+1)� 2−pp} − 1

� � ω 2^{n+1}

� p−2_p R = L_1 d_∗ R , where L_1 ≡^�2^{λ−(n+1)� 2−pp} − 1 .

We will take λ > n + 1 and arrange that L_1 is an integer. Then we regard Q(R^p, c_0R) as the union, up to a set of measure zero, of L^N_1 pairwise disjoint boxes each congruent to Q(R^p, d_∗R). Since each box (x̃, 0)+Q(R^p, d_∗R) is the pairwise disjoint union of boxes (x, 0) + Q(R^p, d_0R), each of them satisfying (2.77), we can rephrase again (2.66), this time as � � � (x, t) ∈ (x̃, 0) + Q(R^p, d_∗R) : u(x, t) > μ_+ −^ω_2^�� |Q(R^p, d_∗R)|

≤ 1 − ν_0 (2.79)

for all cylinders (x̃, 0) + Q(R^p, d_∗R) making up the partition of Q(R^p, c_0R).

Remark 2.37. The need of introducing a larger cylinder than the one involved in (2.66) is justified by the appearance of the factor 2^{n(2−p)} in the logarithmic estimates (2.6) employed in the proofs. The use of a geometry in which the space dimensions are stretched by this factor accommodates the singularity and restores the homogeneity in (2.5)–(2.6).

54 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Lemma 2.38. Let (x̃, 0) + Q(R^p, d_∗R) be any box contained in Q(R^p, c_0R) and satisfying (2.79). There exists a time level

t^∗ ∈ � −R^p, − ν_0 2 R^p � , such that, for all s ≥ 2, � � �x ∈ x̃ + K_{d∗R} : u(x, t^∗) > μ_+ − ω 2^s � � � ≤ � � 1 − ν_0 1 − ν_0/2 � � |K_{d∗ R}| . (2.80)

Proof. If not, � � �x ∈ x̃ + K_{d∗R} : u(x, t^∗) > μ_+ − ω 2^s � � � > � � 1 − ν_0 1 − ν_0/2 � � |K_{d∗ R}|

for all t ∈^�−R^p, −^{ν0}_2 R^{p�}. Then � � �(x, t) ∈ (x̃, 0) + Q(R^p, d_∗R) : u(x, t) > μ_+ − ω 2 � � � = � 0 −R^p � � �x ∈ x̃ + K_{d∗R} : u(x, t) > μ_+ − ω 2 � � � dt ≥ � −^ν0_2 Rp

−R^p � � �x ∈ x̃ + K_{d∗R} : u(x, t) > μ_+ − ω 2^s � � � dt > � −^ν0_2 Rp

−R^p � � 1 − ν_0 1 − ν_0/2 � � |K_{d∗ R}| dt

= (1 − ν_0) |Q(R^p, d_∗R)|

which contradicts (2.79).

The next lemma asserts that a property similar to (2.80) still holds for all time levels from t^∗ up to 0. The proof of the lemma, that we omit, will also determine the number n.

Lemma 2.39. There exists a positive integer n such that for all t^∗ < t < 0, � � �x ∈ x̃ + K_{d∗R} : u(x, t) > μ_+ − ω 2^{n+1} � � � ≤ � �1 −

� ν_0 2 �2� � |K_{d∗R}| . (2.81)

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 75

otherwise there is nothing to prove. Relying on this and using the comparison principle with the function B_{k,ρ}(x, t; 0, t^∗) and k = γ^{−1}u_∗, we can prove that

u(x, θ) ≥ γ_1 u^{p/λ}_∗

� ρ^p θ �N/λ

with γ_1 ≡ γ_1(N, p).

We have finished once we set B = max{γ^{−λ/p}_1 ; (2C)^{1p−2} }.

The assumption that the cylinder Q_{4ρ}(θ) be contained in the domain of definition of the solution is essential for the Harnack estimates of Theorems 4.1 and 4.4 to hold. When the solution is defined in R^N any restriction on t_0 can be avoided because we do not need to impose any restriction on ρ to have that the cylinder Q_{4ρ}(θ) belongs to the domain if definition. More precisely, if we consider nonnegative weak solutions of the type � � � � u ∈ C_{loc}^�0, T ; L^2_{loc}(R^N )^� ∩ L^p_{loc}^�0, T ; W^{1,p}_{loc} (R^N )^� , p > 2

u_t − div|∇u|^{p−2}∇u = 0 , in Σ_T ,

(4.20)

where Σ_T ≡ R^N × (0, T ], we have Theorem 4.10. Let u be a nonnegative weak solution of (4.20). Let (x_0, t_0) ∈ Σ_T , ρ > 0 and t > t_0. Then 1 ρ^N � B_ρ(x_0) u(x,t0)dt ≤ γ

� � � � ρ^p t − t_0

� 1_{p−2} + � t − t_0 ρ^p

� N_p �

inf_{Bρ(x0)} u(·, t)

� λ_p � � � , (4.21)

where γ > 1 is depending only upon N, p and λ = N(p − 2) + p. Remark 4.11. Even if we are still dealing with local estimates as with the previous Harnack inequalities, it is the switch from Ω_T to Σ_T that gives us a useful piece of global information and allows us to get arbitrarily close to 0 with t_0. Estimate (4.21) contains information on the initial data of (4.20). Let x_0 ∈ R^N , r > 0 and ε > 0. Apply (4.21) with (t − t_0) = T − ε, divide by ρ^{pp−2} and take the supremum of both sides for ρ > r and τ ∈ (0, T − ε). In this way one obtains that sup 0<τ≤T −ε

sup_{ρ>r} � B_ρ(x_0)

u(x, τ) ρ^{λp} dx ≤ γ ε^{1p−2} � � �1 + � T r^p

�^1_{p−2}

u(x_0, T − ε) � � � λ p . (4.22)

The previous estimate implies that the nonnegative solutions of (4.21) are locally bounded and, as |x| → +∞ they cannot grow faster than |x|^{pp−2} .

74 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

determined. The proof is concluded once we choose the constant β > 1 and C > 1 in such a way that we come up with a quantitative lower bound on v over the full ball B_1 at a later time C: otherwise stated, we have to spread the positivity of v and this is the crucial step in the proof of the Harnack inequality.

Fourth Step: Expansion of the positivity set - The spread of positivity is achieved by means of a proper comparison function. For t ≥ t_1 consider the function

B_{k,ρ}(x, t; x_1, t_1) ≡ kρ^n S^{N/λ}(t) � � �1 − � �|x − x_1| S^{1/λ}(t) � � p p−1 � � � p−1 p−2

+ where as usual λ = N(p − 2) + p, S(t) = B(N, p)k^{p−2}ρ^{N(p−2)}(t − t_1) + ρ^λ, b(N, p) = λ(^p_{p−2} )^{p−1} and choose k =^{(1−τ0)−β}_2 and ρ = r_0. By direct calculation one verifies that B_{k,ρ}(x, t; x_1, t_1) is a weak solution of (4.1) in R^N × {t_1, t}. This comparison function was introduced in [17], [143] and [54].

By a proper choice of β and C, the support of B_{k,ρ}(·, C; x_1, t_1) contains B_2 and by the comparison principle

inf_{B1} v(x, C) ≥ inf_{B1} B_{k,ρ}(x, C; x_1, t_1) ≥ γ_0

for a suitable value of γ_0 and we are finished.

Remark 4.9. The constant γ_0 tends to 0 as p → 2^+. Therefore in order to have the constants under control as p approaches the non - degenerate case, a comparison function other than B_{k,ρ} is used for p close to 2.

Once we have proved Theorem 4.1, we can show how it implies Theorem 4.4 and therefore conclude about the equivalence between the two different Harnack estimates. Let (x_0, t_0) ∈ Ω_T , ρ > 0 and θ > 0 be fixed in such a way that the cylinder (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) is contained in Ω_T . Without loss of generality we can assume that (x_0, t_0) ≡ (0, 0) and set u_∗ = u(0, 0). With C and γ as determined in Theorem 4.1, we can assume that

t^∗ ≡

Cρ^p u^{p−2}∗ ≤ θ 2

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 55

The information of Lemma 2.39 will be exploited to show that in a small cylinder about (0, 0), the solution u is strictly bounded above by

μ_+ − ω 2^m

, for some m > n + 1 .

The process also determines the number λ that defines the size of Q(R^p, c_0R). To make this quantitative consider the box

Q(βR^p, c_0R) , β = ν_0 2 , c_0 = � ω 2^λ

� p−2_p . We view Q(βR^p, c_0R) as being partitioned into sub-boxes (x̃, 0)+Q(βR^p, d_∗R) where x̃ takes finitely many points within the cube K_{R1(ω)}. For each of these cylinders Lemma 2.39 holds.

Lemma 2.40. For every ν ∈ (0, 1) there exists a number m depending only on the data and independent of ω and R such that, for all cylinders (x̃, 0) + Q(βR^p, d_∗R) making up the partition of Q(βR^p, c_0R), � � �(x, t) ∈ (x̃, 0) + Q(βR^p, d_∗R) : u(x, t) > μ_+ − ω 2^m � � � ≤ ν |Q(βR^p, d_∗R)| . (2.82)

Remark 2.41. The proof shows that m must be chosen so that

m ≥ n + 1 + C ν^{pp−1} . This estimate deteriorates as p ↘ 1, i.e, m ↗ ∞ as p ↘ 1. Nevertheless the choice of m is stable as p ↗ 2.

To proceed we return to the box Q(βR^p, c_0R) and recall that it is the finite union, up to a set of measure zero, of pairwise disjoint boxes (x̃, 0) + Q(βR^p, d_∗R). Therefore lemma 2.40 implies

Corollary 2.42. For every ν ∈ (0, 1) there exists a number m depending only upon the data and independent of ω and R such that � � �(x, t) ∈ Q(βR^p, c_0R) : u(x, t) > μ_+ − ω 2^m � � � ≤ ν |Q(βR^p, c_0R)| . (2.83)

56 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

We finally determine the size of the cylinder Q(βR^p, c_0R) and consequently the number λ. First, in Corollary 2.42, take ν = ν_0 and determine m accordingly. Then let m_2 be given by β = ν_0 2 = 2^{m2(p−2)} (2.84)

and assume that m ≥ m_2 (if necessary take m even larger). Determine λ from λ = m_1 and m = m_1 + m_2 . (2.85) With these choices, the cylinder Q(βR^p, c_0R) coincides with the cylinder Q_R(m_1, m_2) introduced in (2.67). By Corollary 2.42, we have � � �(x, t) ∈ Q_R(m_1, m_2) : u(x, t) > μ_+ − ω 2^m � � � ≤ ν_0 |Q_R(m_1, m_2)|

which implies, using Lemma 2.29, u(x, t) ≤ μ_+ − ω 2^{m+1}

, ∀ (x, t) ∈ Q R_2 (m_1, m_2) .

We summarize:

Proposition 2.43. Assume that (2.66) holds true for all cylinders (x, 0) + Q(R^p, d_0R) making up the partition of Q(R^p, c_0R). Then, for all 0 < ρ <^R_2

ess osc

Q(βρ^p,c_0ρ)

u ≤ η_0 ω , where η_0 ≡ 1 − 1 2^{m+1}

. (2.86)

2.4.4. Proof of the main proposition. The proof of Proposition 2.27 follows by combining the two alternatives. The conclusion of the first alternative is that ess osc

Q(ρ^p,c_0ρ)

u ≤ η_1 ω , ∀ ρ ∈ � 0, R 8 � , (2.87)

where η_1 = 1 −^1_{2m2+2} . The conclusion of the second alternative is that

ess osc

Q(βρ^p,c_0ρ)

u ≤ η_0 ω , ∀ ρ ∈ � 0, R 2 � , (2.88)

where η_0 = 1 −^1_{2m+1} . Set η = max{η_0, η_1} and C = β^{1p} 4 = � ν_0 2^{2p+1}

� 1_p .

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 73

stated, a method similar to ours is already present in the work of Krylov and Safonov [117].

We can basically recognize four steps.

First Step: Renormalization of the solution - Let (x_0, t_0) ∈ Ω_T and ρ > 0 be fixed, assume u(x_0, t_0) > 0 and consider the box

Q_{4ρ} = {|x − x_0| < 4ρ} × {t_0 −

4Cρ^p [u(x_0, t_0)]^{p−2}

, t_0 +

4Cρ^p [u(x_0, t_0)]^{p−2} } where C is a positive constant to be determined later. We render the equation dimensionless by the change of variables ξ = x − x_0 ρ , τ =

(t − t_0)[u(x_0, t_0)]^{p−2}

ρ^p

, v = u u(x_0, t_0) . This maps Q_{4ρ} into Q = Q^+ ∪ Q^− where Q^+ ≡ B(4) × [0, 4C) , Q^− ≡ B(4)×(−4C, 0]. We denote again the new variables with x and t and observe that the rescaled function v is a bounded nonnegative solution of the equation v_t − div|∇v|^{p−2}∇v = 0 in Q

with v(0, 0) = 1. To prove the Harnack inequality it is enough to find constants 0 < γ_0 < 1 and C > 1, depending only upon N and p, such that for each x ∈ B(1) we have v(x, C) ≥ γ_0 . (4.19) As a matter of fact if u(x_0, t_0) = 0, no rescaling is possible and we are led to consider Theorem 4.4, which is trivially satisfied in this case as already remarked.

Second Step: Determination of the largest value of v in Q^− - Construct the family of nested boxes Q_τ ≡ B_τ × (−τ^p, 0]. Define the numbers M_τ = sup_{Qτ} v and N_τ = (1 − τ)^{−β} where β > 1 will be chosen later. Let 0 ≤ τ_0 < 1 be the largest root of the equation M_τ = N_τ . Such a root is well defined, since M_0 = N_0 and as τ → 1^− M_τ remain bounded and N_τ blow up. By construction sup_{Qτ} v ≤ N_τ for all τ > τ_0 Moreover, from the continuity of v in Q, there exists at least a point (x_1, t_1) ∈ N_{τ0} where v(x_1, t_1) = (1 − τ_0)^{−β}. Third Step: Lower bound on v at the same time - level t_1 - Relying on the Hölder continuity of v ([51]), we can determine a small ball of radius r_0 about (x_1, t_1) where v ≥^{(1−τ0)−β}_2 . Roughly speaking, we have found a small ball B_{r0} (x_1) at time t_1, close to (0, 0), where the largeness of v(·, t_1) is qualitatively

72 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

weak solution of the boundary value problem � � � � � � � � � � � � �

u_t − (|u_x|^{p−2}u_x)_x = 0 in Q ≡ (0, 1) × (0, ∞),

u(0, t) = u(1, t) = 0 for all t ≥ 0

u(x, 0) = u_0(x) ∈ C^∞_0 (0, 1)

u_0(x) ∈ [0, 1], ∀x ∈ (0, 1) and u_0(x) = 1 for x ∈ (^1_4 ,^3_4 ).

(4.18)

Thanks to the results of [20], we can say that

u_t ≥ − 1 p − 2 u t in D^′(Q).

Since 0 ≤ u ≤ 1, by the comparison principle we have

−(|u_x|^{p−2}u_x)_x ≤ 1 (p − 2)t

, t > 0.

At any fixed level t, the function x → u(x, t) is majorised by

v(x, t) = γx^δ t^{1p−1}

, δ ∈

� p − 1 p , 1 � , (γδ)^{p−1}(1 − δ)(p − 1) ≥ 1 p − 2 , as −(|v_x|^{p−2}v_x)_x ≥ 1 (p − 2)t and v(0, t) = 0, v(1, t) > 0.

Therefore for every δ ∈ � p−1 p , 1 � there exists a constant C = C(δ), such that u( 1 2 , t) ≤

C(δ) t^{1p−1} . Now if (4.14) held for t_0 = 0, x_0 =^1_2 and ρ =^1_4 , for t > 1 we would have

1 ≤ const � t^{− 1p−2} + t^{− 1p} � → 0 as t → +∞.

In the sequel we will see that the limitation on t_0 in (4.14) can be dropped when (4.1) is considered in the whole R^N .

We can now finally come to the proof of Theorem 4.1 when p > 2. The technical tools used in the proof are only two: the Hölder continuity of solutions as proved in Section 2 and the comparison principle. This point of view is somehow reversed with respect to Moser’s approach where the Hölder continuity is implied by the Harnack estimate. Even though not so explicitly

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 57

Observe that, assuming ν_0 ≤^1_2 , C ≤ 1 2^{2+ 2p} < 1 8 < 1 2 and C < β^{1p} 2 . Define R_1 = C R ; ω_1 = η ω and the cylinder

Q_1 = Q(R^p_1, c_1R_1) , c_1 =

� ω_1 2^λ

� p−2_p . Since η < 1,

c_1R_1 =

� ω_1 2^λ

� p−2_p

R_1 = � ω 2^λ

� p−2_p

η^{p−2p} R_1 ≤ c_0 R_1 .

Therefore, combining both alternatives,

ess osc_{Q1} u ≤ ω_1 .

The process can now be repeated inductively starting from such relation. This yields the Hölder continuity of u as in the degenerate case p > 2.

2.5. The porous medium equation and other generalisations. As indicated earlier, the Hölder continuity of u is solely a consequence of the Caccioppoli inequalities (2.5) and the logarithmic inequalities (2.6). For this reason the techniques just presented are rather flexible and adjust to a variety of singular and degenerate parabolic partial differential equations. The first generalisation we want to mention is to equations with the full p-Laplacian type quasilinear structure

u_t − div a(x, t, u, ∇u) = b(x, t, u, ∇u) in D^′(Ω_T ) , (2.89)

where a : Ω_T × R^{N+1} → R^N and b : Ω_T × R^{N+1} → R are measurable and satisfy the structure assumptions

(A_1): a(x, t, u, ∇u) · ∇u ≥ C_0|∇u|^p − φ_0(x, t); (A_2): |a(x, t, u, ∇u)| ≥ C_1|∇u|^{p−1} + φ_1(x, t); (A_3): |b(x, t, u, ∇u)| ≥ C_2|∇u|^p + φ_2(x, t),

58 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

for p > 1 and a.e. (x, t) ∈ Ω_T . The C_i, i = 0, 1, 2, are given positive constants and the φ_i, i = 0, 1, 2, are given non-negative functions, defined in Ω_T and subject to the integrability conditions

φ_0 , φ^{pp−1}_1 , φ_2 ∈ L^{q,r}(Ω_T )

with q, r ≥ 1 satisfying 1 r + N pq ∈ (0, 1) (1 < p ≤ N) .

See [55] for the details.

Another family of equations to which the theory applies are degenerate or singular equations of porous medium type that can be cast in the form (2.89), for the structure assumptions

(B_1): a(x, t, u, ∇u) · ∇u ≥ C_0|u|^{m−1}|∇u|^2 − φ_0(x, t), m > 0; (B_2): |a(x, t, u, ∇u)| ≥ C_1|u|^{m−1}|∇u| + φ_1(x, t); (B_3): |b(x, t, u, ∇u)| ≥ C_2 |∇|u|^m|^2 + φ_2(x, t), and the functions φ_i, i = 0, 1, 2, satisfy the same conditions as before with p = 2. We require

u ∈ L^∞_{loc}^�0, T ; L^2_{loc}(Ω)^� and |u|^m ∈ L^2_{loc}^�0, T ; W^{1,2}_{loc} (Ω)^� .

There is a wide literature concerning this problem. We refer the reader to the Proceedings [12], [29], [82], [94], as well as the references therein.

Further generalisations can be obtained by replacing s^{m−1}, s > 0 with a function that blows up like a power when s ↘ 0 and is regular otherwise. To be specific, consider doubly degenerate equations of the form (2.89) with structure assumptions

(C_1): a(x, t, u, ∇u) · ∇u ≥ C_0Φ(|u|)|∇u|^p − φ_0(x, t); (C_2): |a(x, t, u, ∇u)| ≥ C_1Φ(|u|)|∇u|^{p−1} + Φ^{1p} (u)φ_1(x, t); (C_3): |b(x, t, u, ∇u)| ≥ C_2Φ(|u|)|∇u|^p + φ_2(x, t).

Here φ_i, i = 0, 1, 2, satisfy the same conditions as before and the function Φ(·) is degenerate near the origin in the sense that

∃ σ > 0 : γ_1s^{β1} ≤ Φ(s) ≤ γ_2s^{β2} , ∀ s ∈ (0, σ) ,

for given constants 0 < γ_1 ≤ γ_2 and 0 ≤ β_2 ≤ β_1. For s > σ, i.e., away from zero it is assumed that Φ is bounded above and below by given positive

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 71

mathematical interest (the porous medium equation and the p-Laplacian equations belong to this larger class) and physical interest (see the review paper [103]). Also for this larger class, local Hölder continuity results hold (see [96], [97], [147] and [177]).

Remark 4.8. The theory of Harnack estimates is fragmented and incomplete. The estimates for p ≠ 2 hold only for homogeneous pdes and this strongly depends on the method we will present in the following, which basically relies on the construction of special solutions and subsolutions. The shortcoming of such a technique is evident even in the framework of homogeneous equations since a Harnack-type estimate is not known to hold for nonnegative weak solutions of (see [123])

u_t =^{N�}_{i=1} D_i(|D_iu|^{p−2}D_iu) .

The open question is if it is possible to extend the Harnack estimates to the case of parabolic equations with the full quasilinear structure, as it happens when p = 2. Results of this kind would probably require a new method independent of local representations and local subsolutions. Whenever developed, such a technique would parallel the discovery of the Moser estimates [134], based on real and harmonic analysis tools, versus the estimates by Hadamard [89] and Pini [144], based on local representations.

4.1. Harnack estimates: the degenerate case. First of all, let us briefly comment upon the assumption that the cylinder (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) is contained in Ω_T . Under a geometrical point of view, this means that t_0 should be of the order of θ and this is essential. In fact if we consider the Barenblatt solution given in (4.10) with x_0 = 0 and t_0 arbitrarily close to the origin, it is evident that it cannot satisfy (4.13). One might think that this is due to the pointwise nature of (4.12) and (4.13), but this is not the case and the reason actually lies in the local character of the solutions we are considering. Indeed quite surprisingly also the averaged form of the Harnack inequality (4.14) does not hold without the assumption that the cylinder (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) is contained in Ω_T . To see this, let u be the unique

70 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

We postpone the proof of the opposite implication to the next section.

A consequence of Theorem 4.4 is Corollary 4.5. Let u be a nonnegative weak solution of (4.1) and let p > 2. There exists a constant B = B(N, p) > 1 such that

∀(x_0, t_0) ∈ Ω_T , ∀ρ, θ > 0 s.t. (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) ⊂ Ω_T we have 1 ρ^N � B_ρ(x_0) u(x,t0)dt ≤ γ

� � � � ρ^p θ � 1_{p−2} + � θ ρ^p

�^N_p

[u(x_0, t)]^{λp} � � � . (4.14)

Harnack inequalities like the ones stated in Theorems 4.1 and 4.4 hold for nonnegative solutions of the porous medium equation � � � u ∈ C_{loc}^�0, T ; L^2_{loc}(Ω)^� , u^m ∈ L^2_{loc}^�0, T ; W^{1,2}_{loc} (Ω)^� ,

u_t − △u^m = 0 , in Ω_T , m > 1.

(4.15)

In particular Theorem 4.1 becomes Theorem 4.6. Let u be a nonnegative weak solution of (4.15) and let m >

(N−2)_+

N+2 . Fix (x_0, t_0) ∈ Ω_T and assume that u(x_0, t_0) > 0. There exists constants γ > 1 and C > 0, depending only upon N and m, such that u(x_0, t_0) ≤ γ inf_{Bρ(x0)} u(·, t_0 + θ) , (4.16) where θ ≡ Cρ^2 [u(x_0, t_0)]^{m−1}

(4.17) provided that the cylinder (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) is contained in Ω_T .

The different behaviour of the constant C dependent upon p > 2 or^{2N}_{N+1} < p < 2 discussed in Remark 4.2 comes up in this context too, where the degenerate case is given by m > 1 and the singular case by^{(N−2)+}_{N+2} < m < 1. Remark 4.7. Similar estimates have been proved also for the solutions of doubly nonlinear parabolic equations of the type u_t = div(|∇u|^{p−2}|u|^{m−1}∇u) (see [176]). Equations of this type are classified as doubly nonlinear ([123]) or with implicit nonlinearity ([103]). This class of equations have their own

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 59

constants. We require that

u ∈ C_{loc}^�0, T ; L^2_{loc}(Ω)^� and Φ^{1p−1} (u)|∇u| ∈ L^p_{loc}(Ω_T )

and, denoting with F (·) the primitive of Φ^{1p−1} (·), that

F (u) ∈ L^p_{loc}^�0, T ; W^{1,p}_{loc} (Ω)^� ,

which allows for an interpretation of the equation in the weak sense. One recognizes that if Φ(s) ≡ 1 the equation is of p-Laplacian type and if Φ(s) = s^{m−1} and p = 2 the equation is of porous medium type. The Hölder continuity of solutions was obtained independently in [147] and [96].

3. Boundedness of weak solutions

The regularity theorems of the previous section apply to bounded weak solutions of (2.1). The theory of local boundedness discriminates between the degenerate case p > 2 and the singular case 1 < p < 2. If p > 2, a local bound for the solution is implicit in the notion of weak solution. If 1 < p < 2, local or global solutions need not be bounded in general. Another substantial difference between the two cases surfaces when studying the Dirichlet problem � � � � � � � � � � � � �

u ∈ C^�0, T ; L^2(Ω)^� ∩ L^{2 �}0, T ; W^{1,p}(Ω)^� ≡ V^{2,p} (Ω_T )

u_t − div |∇u|^{p−2}∇u = 0 in Ω_T

u(·, t) |_{∂Ω}= g(·, t) traces of functions in V^{2,p} (Ω_T )

u(·, 0) = u_0 in the sense of L^2(Ω) ,

(3.1)

or the Cauchy problem � � � � � � �

u ∈ C^�0, T ; L^1_{loc}(R^N )^� ∩ L^{2 �}0, T ; W^{1,p}_{loc} (R^N )^�

u_t − div |∇u|^{p−2}∇u = 0 in Σ_T ≡ R^N × (0, T )

u(·, 0) = u_o in the sense of L^1_{loc}(R^N ) .

(3.2)

The following weak maximum principle is common to both cases.

60 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Theorem 3.1. Let p > 1 and let u be a weak solution of (3.1) and assume that g ∈ L^∞ (∂Ω × (0, T )) and u_0 ∈ L^∞(Ω). Then

ess sup_{ΩT} |u| ≤ max � � �ess sup_Ω |u_0| ; ess sup

∂Ω×(0,T ) |g| � � � .

Theorem 3.2. Let p > 1 and let u be a weak solution of (3.2). Then if u_0 ∈ L^∞(R^N ), ess sup_{ΣT} |u| ≤ ess sup_{RN} |u_0| .

In the next sections we let u be a non–negative weak subsolution of (2.1) and will state several upper bounds for it. The assumption that u is non– negative is not essential and is used here only to deduce that u is locally or globally bounded. If u is a subsolution, not necessarily bounded below, our results supply a priori bounds above for u. Analogous statements hold for non–positive local supersolutions and in particular for solutions.

3.1. The degenerate case p > 2.

Theorem 3.3. Let p > 2. Every non–negative, local weak subsolution u of (2.1) in Ω_T is locally bounded in Ω_T . Moreover for all ε ∈ (0, 2], there exists a constant γ depending only upon N, p, Λ and ε, such that ∀ (x_0, t_0) + Q(τ, ρ) ⊂ Ω_T and ∀ σ ∈ (0, 1), sup (x_0,t_0)+Q(στ,σρ) u ≤ γ (τ/ρ^p)^{1/ε}

(1 − σ)^{N+pε} � (x_0,t_0)+Q(τ,ρ) u p−2+εdxdt

�1/ε ∧ � ρ^p τ � 1_{p−2} .

Remark 3.4. In the linear case p = 2 and τ = ρ^2 such an estimate holds for any positive number ε (see [134]). In our case ε is restricted in the range (0, 2].

It is of interest to have sup–estimates that involve “low” integral norms of the solution. The next theorem is a result in this direction.

Theorem 3.5. Let p > 2 and let u be a non–negative, local subsolution of (2.1) in Ω_T . There exists a constant γ = γ(data), such that ∀ (x_0, t_0) +

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 69

one may naturally ask about the lower bound for p: why p >^{2N}_{N+1} and not just p > 1? Indeed p >^{2N}_{N+1} is optimal for Harnack inequality to hold, as we will see in the next sections, discussing the phenomenon of extinction in finite time.

Remark 4.3. Let apart the intrinsic height of the cylinder, inequality (4.11) is obviously equivalent to (4.2). Let us just remark that in the case of parabolic equations in non-divergence form, Krylov and Safonov gave to Harnack inequality exactly the same formulation as in (4.11).

In Theorem 4.1 the level θ is defined in terms of u(x_0, t_0) by (4.12). Notwithstanding the previous discussion about the intrinsic scaling, it is natural to ask if an estimate holds where the geometry can be a priori prescribed independent of the solution. In [54] a positive answer is given when p > 2 by the following

Theorem 4.4. Let u be a nonnegative weak solution of (4.1) and let p > 2. There exists a constant B = B(N, p) > 1 such that

∀(x_0, t_0) ∈ Ω_T , ∀ρ, θ > 0 s.t. (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) ⊂ Ω_T

we have

u(x_0, t_0) ≤ B � � � � ρ^p θ � 1_{p−2} + � θ ρ^p

�^N_p �

inf_{Bρ(x0)} u(·, t)

� λ_p � � � , (4.13)

where λ = N(p − 2) + p.

At a first glance Theorem 4.1 and Theorem 4.4 could look markedly different, as in the second one the positivity of u(x_0, t_0) is not required and θ > 0 can be assumed arbitrarily. Indeed (4.13) holds trivially when u(x_0, t_0) = 0 and both statements are equivalent when u(x_0, t_0) > 0 in the sense that (4.11) ⇒ (4.13) in any case and (4.13) ⇒ (4.11) with a constant γ(N, p) which may not be stable as p → 2^+.

Assuming u(x_0, t_0) > 0, let us prove the second implication. Under the hypothesis that (4.13) is valid for all θ > 0 s. t. (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) ⊂ Ω_T , if we choose θ = (2B)^{p−2}ρ^p [u(x_0, t_0)]^{p−2} we immediately conclude that

u(x_0, t_0) ≤ γ inf_{Bρ(x0)} u(·, t_0 + θ) with γ = 2B^{N(p−2)+λ}.

68 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

such specific functions a Harnack estimate holds with an intrinsic time scale exactly of the order u(x_0, t_0)^{2−p}.

A general result of this kind for (4.1) is proved in [54], [40] and [66]:

Theorem 4.1. Let u be a nonnegative weak solution of (4.1) and let p >^{2N}_{N+1} . Fix (x_0, t_0) ∈ Ω_T and assume that u(x_0, t_0) > 0. There exists constants γ > 1 and C > 0, depending only upon N and p, such that

u(x_0, t_0) ≤ γ inf_{Bρ(x0)} u(·, t_0 + θ) , (4.11)

where θ ≡ Cρ^p [u(x_0, t_0)]^{p−2}

(4.12)

provided that the cylinder (x_0, t_0) + B_{4ρ} × (−4θ, 4θ) is contained in Ω_T .

In the next sections we will give a sketch of the proof both for the degenerate and singular cases. For the moment let us make some general remarks and point out some open questions.

Remark 4.2. There is a big difference between the degenerate case (p > 2) and the singular case (p < 2) and this is due to the different behaviour of the modulus of ellipticity |Du|^{p−2}. In the degenerate situation the modulus vanishes when Du is zero; hence the evolution phenomenon dominates over the diffusion process and this holds more and more as p grows to infinity. We have a direct consequence in (4.11), as the constant C is larger than one when p > 2; moreover C → ∞ as p → ∞. Roughly speaking Harnack inequality states that the original positivity of u at (x_0, t_0) is spread over the full ball B_ρ(x_0) and is preserved for a large time. On the other hand, when p → 2^+, γ(N, p), C(N, p) → γ(N, 2), C(N, 2) so that, at least formally, we recover the classical Harnack inequality for nonnegative solutions of the heat equation. On the contrary, in the singular case the modulus blows up when Du vanishes, so that now the previous situation is reversed, the diffusion dominates over the evolution phenomenon and this is felt more and more as p →^{2N}_{N+1} . Once more we can see this clearly expressed in (4.11), since C ∈ (0, 1) and C → 0^+ as p →^{2N}_{N+1} : under a geometrical point of view, we can say that the original positivity of u at (x_0, t_0) spreads over the full ball B_ρ(x_0) but is now preserved only for a relatively small time. Exactly as in the degenerate case, when p → 2^− we have that γ(N, p), C(N, p) → γ(N, 2), C(N, 2), so that once again we recover the classical results in the limit situation. Finally

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 61

Q(τ, ρ) ⊂ Ω_T and ∀ σ ∈ (0, 1), sup (x_0,t_0)+Q(στ,σρ) u ≤ γ^�τ/ρ^p

(1 − σ)^{N(p+1)+p2} � � sup

t_0−τ<t<t_0 � B_ρ(x_0) u(x, t) dx � � p/2 ∧ � ρ^p τ � 1_{p−2} .

3.1.1. Global estimates for solutions of the Dirichlet problem. Consider a non–negative weak subsolution of the Dirichlet problem (3.1) and let p > 2. If the boundary data are bounded then the weak maximum principle of Theorem 3.1 holds true. If however u^+_0 is not bounded, it is of interest to investigate how the supremum of u behaves when t → 0.

Theorem 3.6. Let u be a non–negative weak subsolution of the Dirichlet problem (3.1). There exists a constant γ = γ(data), such that ∀t ∈ (0, T ),

sup_Ω u(·, t) ≤ sup_{ST} g + γ t^{N/λ} � t 0 � Ω u dxds

�p/λ

, λ = N(p − 2) + p .

Results of this kind could be used to construct solutions of the Dirichlet problem with initial data in L^1(Ω) or even finite measures. Indeed the regularity results of the previous section supply the necessary compactness to pass to the limit in a sequence of approximating problems.

3.1.2. Estimates in Σ_T . Consider a non–negative weak subsolution u of the Cauchy problem (3.2) in the whole strip Σ_T . By this we mean that u is a local weak subsolution of the p.d.e. in (3.2) in Ω_T for every bounded domain Ω ⊂ R^N . To derive global sup–estimates, we must impose some control on the behaviour of u as |x| → ∞. We assume that the quantity

|||u|||_{{r,t}} ≡ sup_{0<s<t} sup_{ρ≥r} � B_ρ

u(x, s) ρ^{λ/(p−2)} dx , λ = N(p − 2) + p , (3.3)

is finite for some r > 0 and for all t ∈ (0, T ). This assumption is not restrictive. It is shown in [64] that it is necessary and sufficient for a non– negative solution of (3.2) to exist in Σ_T .

The subsolution u at hand, is not necessarily bounded. However it is locally bounded and as |x| → ∞ grows no faster that |x|^{pp−2} . This is the content of the next Theorem.

62 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Theorem 3.7. Let u be a non–negative subsolution of (3.2) in Σ_T , and assume (3.3) holds. There exist constants γ_∗ and γ, depending only upon N, p and Λ, such that

‖u(·, t)‖_{∞,Bρ} ≤ γ ρ^{p/(p−2)} t^{N/λ}

|||u|||^{p/λ}_{{r,t}} , λ = N(p − 2) + p ,

for all 0 < t < γ_∗ |||u|||^{2−p}_{{r,t}} and all ρ ≥ r.

Information of this kind are of interest in investigating the behaviour of the solutions for t near zero and in studying the structure of the non–negative solutions in Σ_T . In this estimate, the functional dependence as t ↘ 0 is sharp as it can be verified from the explicit Barenblatt solution (recall (1.4)_p in the introduction). The functional dependence as |x| → ∞ is also optimal as it follows from the explicit solution

D(x, t) = � � �A � T T − t

�^{N(p−2)}

λ(p−1) + � p − 2 p � λ^{− 1p−1} � � |x|^p T − t � � 1 p−1 � � �

p−1 p−2 , (3.4)

where A and T are two positive parameters.

3.2. The singular case 1 < p < 2. We will give below an example of a solution with p =^{2N}_{N+1} , that is unbounded. Thus in the singular range 1 < p < 2, the boundedness of a weak solutions is not a purely local fact and, if at all true, it must be deduced from some global information. One of them is the weak maximum principle of Theorems 3.1 and 3.2. Another is a sufficiently high order of integrability. A sharp sufficient condition can be given in terms of the numbers

λ_r = N(p − 2) + rp , r ≥ 1 .

We assume that u satisfies

u ∈ L^r_{loc}(Ω_T ) , for some r ≥ 1 such that λ_r > 0 . (3.5)

The global information needed here is � � � u can be constructed as the weak limit in L^r_{loc}(Ω_T ) of a sequence of non–negative bounded subsolutions of (2.1) . (3.6)

The notion of weak subsolution requires u to be in the class u ∈ V^{2,p}_{loc} (Ω_T ). This space is embedded into L^q_{loc}(Ω_T ), where q = p^{N+2}_N . Therefore if p is so

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 67

via a measure lemma based on a result of Bombieri ([27], [28]), he showed that it is possible to estimate in a quantitative way the supremum of u. Repeating the same argument for u^{−1} one gets the quantitative estimates for the infimum of u. By combining these results the Harnack estimates are proved.

A few years later Fabes and Garofalo ([80]) came back to Moser’s Main Lemma and gave a simplified proof, using Calderon’s proof of the original John-Nirenberg lemma, see also ([81]).

In Moser’s approach the main feature that makes the method work is the homogeneity of the time and space terms of the equation; in fact Trudinger ([164] - Section 5) shows that things run in the same way in the proof of Harnack inequality for doubly nonlinear equations of the type

(u^{p−1})_t − div(|∇u|^{p−2}∇u) = 0 , in Ω_T (4.9)

which is p-homogeneous, exactly as (4.3) is 2-homogeneous.

On the other hand, coming back to equation (4.1), quite surprisingly Moser’s method does not work when p ≠ 2 and this is not simply a matter of technique. As already discussed in the Introduction, as (4.1) is invariant by the scaling x → hx and t → h^pt, one would guess that Harnack estimates would hold in the cylinder [(x_0, t_0) + B_ρ × (−ρ^p, 0)], but this is not the case. Let us consider the explicit solution of (4.1) introduced by Barenblatt in [17]:

B(x, t) = t^{− Nλ} � � �1 − γ_p � � |x| t^{1/λ} � � p p−1 � � � p−1 p−2

+ , t > 0, p > 2 , (4.10)

where γ_p = λ^{11−p} (p − 2)/p and λ = N(p − 2) + p. Let (x_0, t_0) be a point of the free boundary {t = |x|^λ}. If t_0 is large enough, the ball B_ρ(x_0) taken at the time level t_0 − ρ^p intersects the support of x → B(x, t_0 − ρ^p) in an open set. Hence sup_{Bρ(x0)} B(x, t_0 − ρ^p) > 0 and B(x_0, t_0) = 0

which contradicts (4.2) and we conclude that things must be more complicated.

However a comparison between (4.4) and (4.1) suggests that one may heuristically regard (4.1) as if it were written in a time scale intrinsic to the solution itself and, loosely speaking, of the order of t[u(x, t)]^{2−p}. Indeed if one looks at the Barenblatt solutions once more, one realizes that for

66 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

Quite analogously to what happened in the first step, this estimate holds also for positive supersolutions.

If we consider the mean values

M(p, D) = � � 1 |D| � � D u^p dxdτ � � 1 p , it is obvious that (4.6) and (4.7) can be rewritten as

M(+∞, Q_{σρ}) ≤ γ_1 M(ϵ, Q_ρ), M(−ϵ, Q_ρ) ≤ γ_2 M(−∞, Q_{σρ}).

The main point is then to establish a so - called ”crossover inequality”, namely M(p, D_−) ≤ γ_3 M(−p, D_+) for sufficiently small p > 0 and appropriate domains D_−,D_+. Indeed this is the result of the Third Step: Crossover Lemma - Let u be a positive solution, D_+ = {|x| < 1,^1_2 < t < 1} and D_+ = {|x| < 1, −1 < t < −^1_2 }. Then there exist constants δ > 0 and C > 0, depending only on N such that � � D_− u

δdxdτ

� � �

D_+ u

−δdxdτ � ≤ C. (4.8)

We stated (4.8) in a normalized form just for the sake of simplicity.

It is worth saying that the third step is the most difficult part of Moser’s proof. Inequality (4.8) is a straightforward consequence of an adaptation to the parabolic case of the well - known lemma of F. John and L. Nirenberg, which concerns the exponential decay of the distribution function of a function with bounded mean oscillation. Going from the elliptic to the parabolic situation the difficulty lies in the special role played by the time variable. In fact as clearly stated in (4.2), Harnack inequality for a nonnegative solution of a parabolic equation is an inf-bound on the value of such a solution at a given time in terms of its value at a previous time and this necessary time lag has to be reflected in a proper parabolic John-Nirenberg Lemma. This is precisely what Moser did in his Main Lemma in [134]. Indeed Moser’s proof is hard to follow and the need for a possible simplification was immediately felt.

Moser himself published a new proof of Harnack inequality in 1971 (see [135]), with the expressed purpose to avoid the use of his parabolic John- Nirenberg Lemma; through estimates on the logarithm of the solution and

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 63

close to one that λ_q ≤ 0, the order of integrability in (3.5) is not implicit in the notion of subsolution and must be imposed.

Theorem 3.8. Let u be a non–negative local weak subsolution of (2.1) in Ω_T and assume that (3.5) and (3.6) hold. There exists a constant γ = γ(data, r), such that ∀ (x_0, t_0) + Q(τ, ρ) ⊂ Ω_T and ∀ σ ∈ (0, 1), sup (x_0,t_0)+Q(στ,σρ) u ≤ γ (ρ^p/τ)^{N/λr} (1 − σ)^{pλr (N+p)} � (x_0,t_0)+Q(τ,ρ) u

rdxdt

�p/λ_r ∧ � τ ρ^p

� 1_{2−p}

. (3.7)

3.2.1. Estimates near t = 0. Fix t ∈ (0, T ) and let us rewrite (3.7) for the pair of boxes B_{σρ} × (σt, t) , B_ρ × (0, t) .

Corollary 3.9. Let u be a non–negative local weak subsolution of (2.1) in Ω_T and let (3.5)–(3.6) hold. There exists a constant γ = γ(data, r) such that for all 0 < t ≤ T and for all σ ∈ (0, 1),

sup_{Bσρ} u(·, t) ≤ γt^{−N/λr} (1 − σ)^{N+pλr} � t 0 � B_σ u

rdxds

�p/λ_r ∧ � t ρ^p

� 1_{2−p}

. (3.8)

Remark 3.10. Assume that (3.5) holds with r = 1, i.e., p > 2N N + 1 . Then the behaviour of the supremum of u as t ↘ 0 is formally the same as that of solutions of the Dirichlet problem (3.1) for degenerate equations as in Theorem 3.6.

3.2.2. Global estimates: Dirichlet data. A peculiar phenomenon of these equations is that, unlike their degenerate counterparts, local and global estimates take essentially the same form. This appears for example by comparing (3.8) with the next global estimate.

Theorem 3.11. Let u be a non–negative weak subsolution of the Dirichlet problem (3.1) and let (3.5)–(3.6) hold. There exists a constant γ = γ(data, r) such that ∀ t ∈ (0, T ),

sup_Ω u(·, t) ≤ sup_{ST} g + γ t^{N/λr} � t 0 � Ω u^rdxds

�p/λ_r .

64 E. DIBENEDETTO, J.M. URBANO AND V. VESPRI

3.2.3. A counterexample. Let a ∈ (0, 1) be a positive constant and let B_a denote the ball of radius a in R^N centered at the origin. Consider the functions z = � a^2 − |x|^{2�2}_+

|x|^N |ln |x|^2|^β and v = (1 − ht)_+ z ,

where β, h > 1 are parameters to be chosen. One verifies that

z ∈ L^1(B_a) , and z /∈ L^{1+ε}(B_a) , ∀ ε > 0 .

Consider also the Cauchy problem � � � u_t − div |∇u|^{p−2}∇u = 0 in Σ_1 u(·, 0) = z . (3.9)

Lemma 3.12. Assume that N(p − 2) + p = 0. The constants a ∈ (0, 1) and β, h > 1 can be determined a priori so that v is a non–negative, weak subsolution of (3.9) in Σ_1.

Next we return to (3.9) and observe that by the comparison principle u ≥ v and therefore u is not bounded.

4. Intrinsic Harnack Estimates

In this section we present some results about Harnack inequalities. More precisely we consider nonnegative weak solutions of the type: � � � � u ∈ C_{loc}^�0, T ; L^2_{loc}(Ω)^� ∩ L^p_{loc}^�0, T ; W^{1,p}_{loc} (Ω)^� , p > 1

u_t − div|∇u|^{p−2}∇u = 0 , in Ω_T

(4.1)

The first parabolic version of the Harnack inequality is due to Hadamard ([89]) and Pini ([144]). Their result is the following:

Let u be a non-negative solution of the heat equation in Ω_T . Let (x_0, t_0) ∈ Ω_T and assume that the cylinder (x_0, t_0)+Q_{2ρ} ⊂ Ω_T where Q_ρ ≡ B_ρ×(−ρ^2, 0). Then there exists a constant γ, depending only upon N, such that

u(x_0, t_0) ≥ γ sup_{Bρ(x0)} u(x, t_0 − ρ^2) . (4.2)

The proof is based on local representations by means of heat potentials. A breakthrough in the theory is due to Moser, who in his celebrated paper [134]

SINGULAR AND DEGENERATE EVOLUTION EQUATIONS 65

proved that (4.2) continues to hold for nonnegative weak solution of the type � � � � � � �

u ∈ C_{loc}^�0, T ; L^2_{loc}(Ω)^� ∩ L^2_{loc}^�0, T ; W^{1,2}_{loc} (Ω)^�

u_t −^{N�}_{i,j=1} D_i(a_{ij}(x, t)D_ju) = 0 , in Ω_T

(4.3)

where a_{ij} ∈ L^∞(Ω_T ) and satisfy the ellipticity condition N� i,j=1

a_{ij}ξ_iξ_j ≥ ν|ξ|^2 , ∀ξ ∈ R^N (4.4)

with ν a positive constant. The result of Moser can be extended (see [16], [164] and [163]) to nonnegative weak solutions of the quasilinear parabolic equation

u_t − diva(x, t, u, ∇u) + b(x, t, u, ∇u) = 0 , in Ω_T , (4.5) where the diffusion field a and the forcing term b are real valued and measurable over Ω_T × R × R^N and satisfy the structure conditions considered in Section 2.4 for m = 1 or for p = 2.

The proof of Moser’s result is based on suitable integral estimates for powers and logarithm of the solution u; the general structure follows the same one Moser used in his earlier work on Harnack’s inequality in the elliptic case ([133]) and it is basically articulated in three steps.

First Step: Estimates on positive powers of u - Let u be a nonnegative solution; then for all ε > 0 there exists a positive constant γ, depending only upon N and ε, such that for every cylinder Q_ρ(x_0, t_0) ⊂ Ω_T and for every σ ∈ (0, 1) sup Q_{σρ}(x_0,t_0) u ≤ γ (1 − σ)^{N+2}2ε � � 1 |Q_ρ(x_0, t_0)| � � Q_ρ(x_0,t_0) u

ε dxdτ � � 1 ε . (4.6)

Let us remark that this estimate holds also for nonnegative subsolutions. Second Step: Estimates on negative powers of u - Let u be a positive solution; then for all ε > 0 there exists a positive constant γ, depending only upon N and ε, such that for every cylinder Q_ρ(x_0, t_0) ⊂ Ω_T and for every σ ∈ (0, 1) sup Q_{σρ}(x_0,t_0) 1 u ≤ γ (1 − σ)^{N+2}2ε � � 1 |Q_ρ(x_0, t_0)| � � Q_ρ(x_0,t_0) 1 u^ε dxdτ � � 1 ε . (4.7)