Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 04–30

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS

J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

Abstract: In a recent paper [2], we studied the concept of Dirac-Nijenhuis structures. We defined them as deformations of the canonical Lie algebroid structure of a Dirac bundle D defined in the double of a Lie bialgebroid (A, A^∗) which satisfy certain properties. In this paper, we introduce the concept of generalized Dirac- Nijenhuis structures as the natural analogue when we replace the double of the Lie bialgebroid by the double of a generalized Lie bialgebroid. We also show the usefulness of the concept by proving that a Jacobi-Nijenhuis manifold has an associated generalized Dirac-Nijenhuis structure of a certain type.

Keywords: Jacobi manifold, Nijenhuis operator, generalized Courant algebroid, Jacobi-Nijenhuis manifold.

AMS Subject Classification (2000): 58H15 , 58H05, 17B62.

1. Introduction

From a geometrical point of view, it is well known that Dirac structures are intimately related to Lie algebroids and Lie bialgebroids [3, 17, 16]. A Dirac structure on a manifold M was defined in [4, 3] as a subbundle D of the Whitney sum T M ⊕ T^∗M satisfying certain properties, which correspond to the definition of a Lie algebroid structure. Later, the concept was generalized to similar subbundles defined on Whitney sums of the form A ⊕ A^∗ where (A, A^∗) is a Lie bialgebroid [17]. These Whitney sums are examples of the so called Courant algebroids, and therefore, Dirac structures arise as suitable subbundles of those. Finally, in [24, 7] the concept was generalized again and defined as subbundles of generalized Courant algebroids, which are similar to the usual ones but include a suitable 1-cocycle in the definition.

On the other hand, the deformation of structures by using Nijenhuis operators is a concept often used in the Literature. Originally proposed within the framework of integrable systems (see the introduction and references of [21]), it allows a deformation of Lie algebra structures defined on different types of manifolds. It has been recently extended to the Lie algebroid case,

Received October 14, 2004.

Research of J. M. Nunes da Costa supported by GRICES/French Embassy (Project 502 B2) and CMUC-FCT. 1

2 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

and therefore a very interesting example seems to be the study of the deformation of Lie algebroid structure which corresponds to a Dirac manifold. In [5], the problem was discussed for the case of Poisson manifolds (corresponding to the case of Poisson-Nijenhuis manifolds [13, 14]). Within the Lie algebroid domain, the Jacobi-Nijenhuis case (i.e. the deformation associated to a Jacobi manifold) was also studied in [10, 23]. Recently, we studied [2] the problem of the geometric characterization of the deformation of a Dirac structure defined in the double of a Lie bialgebroid, problem which was also studied in [18] and within the framework of the deformation of Courant algebroids in [1]. In this paper, we study the same problem for the case of Dirac structures defined on generalized Courant algebroids, aiming to characterize the case of a Jacobi-Nijenhuis manifolds as a Dirac-Nijenhuis structure on this generalized setting.

The structure of the paper is as follows. In Section 2 we review some basic facts about Jacobi manifolds and its characterization in terms of the so called generalized Lie bialgebroids (or Jacobi bialgebroids). Section 3 is devoted to the summary of the basic properties of generalized Courant algebroids and their corresponding Dirac structures. In Section 4, we study the deformation of generalized structures at three levels: Lie algebroids, Lie bialgebroids and Courant algebroids; while Section 5 presents the deformation of their corresponding Dirac structures and proves that Jacobi-Nijenhuis manifolds are a particular example of these.

2. Generalized Lie (Jacobi) bialgebroids

Let (A, [·, ·], ρ) be a Lie algebroid over M, A^∗ its dual vector bundle and denote by ⋀ A = ⊕_{k∈Z}

⋀_k A and ⋀ A^∗ = ⊕_{k∈Z}

⋀_k A^∗ the graded exterior algebras of A and A^∗, respectively.

Let ϕ ∈ Γ(A^∗) be a 1-cocycle for the Lie algebroid cohomology complex with trivial coefficients (see [19] and [9]), i.e. for all X, Y ∈ Γ(A),

⟨ϕ, [X, Y ]⟩ = ρ(X)⟨ϕ, Y ⟩ − ρ(Y )⟨ϕ, X⟩. (1)

Using the 1-cocycle ϕ, we can define a new representation ρ^ϕ of the Lie algebra (Γ(A), [·, ·]) on C^∞(M, R), by setting

ρ^ϕ : Γ(A) × C^∞(M, R) → C^∞(M, R), ρ^ϕ(X, f) = ρ(X)f + ⟨ϕ, X⟩f.

18 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

[24] J. M. Nunes da Costa and J. Clemente-Gallardo: Dirac structures for generalized Lie bialgebroids, J. Phys. A: Math. Gen. 37 (2004) 2671-2692.

[25] D. Roytenberg: Courant algebroids, derived brackets and even symplectic manifolds, PhD Thesis, University of California, Berkeley, 1999 (Preprint math.DG/9910078).

[26] A. Wade: Conformal Dirac structures, Lett. Math. Phys. 53 (2000) 331-348.

J. Clemente-Gallardo Instituto de Biocomputación y Física de los Sistemas Complejos, Universidad de Zaragoza, Corona de Aragón 42, 50009 Zaragoza, Spain E-mail address: jcg@unizar.es

J. M. Nunes da Costa Departamento de Matemática, Universidade de Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal, E-mail address: jmcosta@mat.uc.pt

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 3

We obtain a new cohomology complex, whose differential cohomology operator is given by

d^ϕ : Γ(

⋀_k A^∗) → Γ(

⋀_{k+1} A^∗), d^ϕ(β) = dβ + ϕ ∧ β.

For any X ∈ Γ(A), the Lie derivative operator with respect to X is given by

L^ϕ_X : Γ(

⋀_k

A^∗) → Γ(

⋀_k

A^∗), L^ϕ_X (β) = L_X β + ⟨ϕ, X⟩β.

It is also possible to consider a ϕ-Schouten bracket on the graded algebra Γ( ⋀ A), denoted by [·, ·]^ϕ, which is defined as follows: for P ∈ Γ(

⋀_p A) and Q ∈ Γ(

⋀_q A), [P, Q]^ϕ = [P, Q] + (p − 1)P ∧ (i_ϕQ) + (−1)^p(q − 1)(i_ϕP ) ∧ Q,

where i_ϕQ can be interpreted as the usual contraction of a multivector field by a 1-form. For more details see [9] and [6].

Suppose that the vector bundle (A, [·, ·], ρ) and its dual vector bundle (A^∗, [·, ·]_∗, ρ_∗) are both Lie algebroids over a manifold M. Let d (resp. d_∗) denote the differential of A (resp. A^∗). Let ϕ ∈ Γ(A^∗) (resp. W ∈ Γ(A)) be a 1-cocycle in the Lie algebroid cohomology complex of (A, [·, ·], ρ) (resp. (A^∗, [·, ·]_∗, ρ_∗)).

Definition 2.1 ([6, 9]). The pair ((A, ϕ), (A^∗, W )) is a generalized Lie bialgebroid (or a Jacobi bialgebroid) if for all P ∈ Γ(

⋀_p A) and Q ∈ Γ( ⋀ A), d^W_∗ [P, Q]^ϕ = [d^W_∗ P, Q]^ϕ + (−1)^{p+1}[P, d^W_∗ Q]^ϕ.

When ϕ = 0 and W = 0, we recover the notion of Lie bialgebroid, [20] and [12].

Example 2.2. If M is a differentiable manifold, then the triple (T M × R, [·, ·], π) is a Lie algebroid over M, with π the projection over the first factor and [·, ·] given by

[(X, f), (Y, g)] = ([X, Y ], X(g)−Y (f)), (X, f), (Y, g) ∈ X(M)×C^∞(M, R). (2) The pair ((T M × R, (0, 1)), (T^∗M × R, (0, 0))) is a generalized Lie bialgebroid, where T^∗M × R is endowed with the null Lie algebroid structure, i.e. [·, ·]_∗ = 0 and ρ_∗ = 0.

4 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

The next example, which appears in [9], is related with the notion of Jacobi manifold. We recall that a Jacobi manifold ([15]) is a smooth manifold M equipped with a bivector field Λ and a vector field E such that [Λ, Λ] = −2E ∧ Λ and [E, Λ] = 0.

Example 2.3. Let (M, Λ, E) be a Jacobi manifold. Consider the associated Lie algebroid (T^∗M × R, [·, ·]_{(Λ,E)}, π ∘ (Λ, E)^#) over M ([11]), where (Λ, E)^# is the vector bundle morphism given by

(Λ, E)^#(α, f) = (Λ^#(α) + fE, −⟨α, E⟩), (3)

for any section α of T^∗M and f ∈ C^∞(M, R), and [·, ·]_{(Λ,E)} is the bracket given by [(α, f), (β, g)]_{(Λ,E)} := (γ, h), (4) with

γ := L_Λ#_{(α)}β − L_Λ#_{(β)}α − d(Λ(α, β)) + fL_Eβ − gL_Eα − i_E(α ∧ β),

h := −Λ(α, β) + Λ(α, dg) − Λ(β, df) + ⟨fdg − gdf, E⟩.

The pair ((T M × R, (0, 1)), (T^∗M × R, (−E, 0))) is a generalized Lie bialgebroid.

3. Generalized Courant algebroids and Dirac structures

The notion of Courant algebroid was introduced by Liu et al. ([17]) for describing the geometric structure of the double A ⊕ A^∗ of a Lie bialgebroid (A, A^∗). In order to interpret the double of a generalized Lie bialgebroid, we introduced in [24] the notion of generalized Courant algebroid.

Definition 3.1. A generalized Courant algebroid is a pair (E, θ), where E is a vector bundle E → M equipped with a nondegenerate symmetric bilinear form (·, ·) on the bundle, a skew-symmetric bracket [·, ·] on Γ(E) and a bundle map ρ^θ : E → T M ×R, which is a first-order differential operator, and where θ ∈ Γ(E^∗) is such that, for any e_1, e_2 ∈ Γ(E), ⟨θ, [e_1, e_2]⟩ = ρ(e_1)⟨θ, e_2⟩ − ρ(e_2)⟨θ, e_1⟩, ρ(e_1) being the derivation associated with ρ^θ(e_1) (i.e., ρ^θ(e_1) = ρ(e_1) + ⟨θ, e_1⟩), satisfying, for all e, e_1, e_2, e_3 ∈ Γ(E) the following properties:

i) [[e_1, e_2], e_3] + c.p. = D^θT (e_1, e_2, e_3),

where T (e_1, e_2, e_3) =^1_3 ([e_1, e_2], e_3) + c.p. and D^θ : C^∞(M, R) → Γ(A) is the first-order differential operator given by (D^θf, e) =^1_2 ρ^θ(e)f.

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 17

References

[1] J. F. Cariñena, J. Grabowski, and G. Marmo: Courant algebroids and Lie bialgebroids contractions, J. Phys. A : Math. Gen. 37 (2004) 5189-5202.

[2] J. Clemente-Gallardo and J. M. Nunes da Costa: Dirac-Nijenhuis structures, J. Phys. A:

Math. Gen. 37 (2004) 7267-7296.

[3] T. J. Courant: Dirac manifolds, Trans. Amer. Math. Soc. 319, 2 (1990) 631–661. [4] T. J. Courant and A. Weinstein: Beyond Poisson structures, Séminaire Sud-Rhodanien de géométrie, Travaux en Cours, vol 27, Hermann, Paris, 1988, pp 39–49.

[5] I. Dorfman: Dirac structures and integrability of nonlinear evolution equations, Nonlinear Science: Theory and Applications, Wiley, Chichester, 1993.

[6] J. Grabowski and G. Marmo: Jacobi structures revisited, J. Phys. A: Math.Gen. 34 (2001) 10975–10990.

[7] J. Grabowski and G. Marmo: The graded Jacobi algebras and (co)homology, J. Phys. A:

Math.Gen. 36 (2003) 161–181.

[8] J. Grabowski and P. Urbanski: Lie algebroids and Poisson-Nijenhuis structures, Rep. Math.

Phys. 40 (1997) 195–208.

[9] D. Iglesias and J. C. Marrero: Generalized Lie bialgebroids and Jacobi structures, J. Geom.

Phys. 40 (2001) 176–200.

[10] D. Iglesias-Ponte and J. C. Marrero: Generalized Lie Bialgebroids and Strong Jacobi-Nijenhuis Structures, Extracta Mathematicae 17, 2 (2002) 259–271.

[11] Y. Kerbrat and Z. Souici-Benhammadi: Variétés de Jacobi et groupoïdes de contact, C. R.

Acad. Sci. Paris, Série I, 317 (1993) 81-86.

[12] Y. Kosmann-Schwarzbach: Exact Gerstenhaber algebras and Lie bialgebroids, Acta Appl.

Math. 41 (1995) 153–165.

[13] Y. Kosmann-Schwarzbach: The Lie Bialgebroid of a Poisson-Nijenhuis Manifold, Lett. in Math. Phys. 38 (1996) 421-428.

[14] Y. Kosmann-Schwarzbach and F. Magri: Poisson-Nijenhuis structures, Ann. Inst. Henri Poincaré A 53 (1990) 35–81.

[15] A. Lichnerowicz: Les variétés de Jacobi et leurs algèbres de Lie associées, J. Math. pures et appl. 57 (1978) 453–488.

[16] Z. Liu: Some remarks on Dirac structures and Poisson reductions, in Poisson Geometry, Banach Center Publications, Vol. 51 (2000) 165–173.

[17] Z. Liu, A. Weinstein and P. Xu: Manin triples for Lie bialgebroids, J. Diff. Geom. 45 (1997) 547–574.

[18] H. Longguang and L Baokang: Dirac-Nijenhuis manifolds, Rep. Math. Phys. 53 (2004) 123- 142.

[19] K. Mackenzie: Lie groupoids and Lie algebroids in differential geometry, Cambridge University Press, 1987.

[20] K. Mackenzie and P. Xu: Lie bialgebroids and Poisson groupoids, Duke Math. J. 73 (1994) 415–452.

[21] F. Magri and C. Morosi: A geometrical characterization of integrable Hamiltonian systems through the theory of Poisson-Nijenhuis manifolds. Technical report, University of Milano, 1984.

[22] J. C. Marrero, J. Monterde and E. Padrón: Jacobi-Nijenhuis manifolds and compatible Jacobi structures, C. R. Acad. Sci. Paris 329 Série I (1999) 797–802.

[23] J. M. Nunes da Costa: A characterization of strict Jacobi-Nijenhuis manifolds through the theory of Lie algebroids, Rep. on Math. Phys. 50, 3 (2002) 339-347.

16 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

Moreover, we know from Lemma 3.8 that the deformed skew-product of the generalized Courant algebroid factorizes. Then we have

[[N ((Λ, E)^#(α, f) + (α, f)), N ((Λ, E)^#(β, g) + (β, g))]] = = [[(Λ, E)^#(N^∗(α, f)) + N^∗(α, f), (Λ, E)^#(N^∗(β, g)) + N^∗(β, g)]]

(10)

= [N(Λ, E)^#(α, f), N(Λ, E)^#(β, g)] + [N^∗(α, f), N^∗(β, g)]_{(Λ,E)} (25) and N ([[(Λ, E)^#(α, f) + (α, f), (Λ, E)^#(β, g) + (β, g)]]_N ) = = N ([[N ((Λ, E)^#(α, f) + (α, f)), (Λ, E)^#(β, g) + (β, g)]]

+[[(Λ, E)^#(α, f) + (α, f), N ((Λ, E)^#(β, g) + (β, g))]] −N ([[(Λ, E)^#(α, f) + (α, f), (Λ, E)^#(β, g) + (β, g)]])) = N ([[(Λ, E)^#(N^∗(α, f)) + N^∗(α, f), (Λ, E)^#(β, g) + (β, g)]] +[[(Λ, E)^#(α, f) + (α, f), (Λ, E)^#(N^∗(β, g)) + N^∗(β, g)]]) −N^2([(Λ, E)^#(α, f), (Λ, E)^#(β, g)]) − (N^∗)^2([(α, f), (β, g)]_{(Λ,E)}) = N([(Λ, E)^#(N^∗(α, f)), (Λ, E)^#(β, g)]) + N^∗([(N^∗(α, f)), (β, g)]_{(Λ,E)}) +N([(Λ, E)^#(α, f), (Λ, E)^#(N^∗(β, g))]) + N^∗([(α, f), (N^∗(β, g))]_{(Λ,E)}) −N^2([(Λ, E)^#(α, f), (Λ, E)^#(β, g)]) − (N^∗)^2([(α, f), (β, g)]_{(Λ,E)}) = N([(Λ, E)^#(α, f), (Λ, E)^#(β, g)]_N ) + N^∗([(α, f), (β, g)]_{(Λ,E)})_N ∗ ), (26) where, for the sake of simplicity we write [[·, ·]] instead of [[·, ·]]_{|graph(Λ,E)}# .

The fact that N is a Nijenhuis operator ensures the equality of the first terms of (25) and (26). On the other hand, the vanishing of the Nijenhuis torsion of N and of the concomitant C((Λ, E), N), guarantee that [N^∗(α, f), N^∗(β, g)]_{(Λ,E)} = N^∗([(α, f), (β, g)]_{(Λ,E)})_N ∗ . So, N ([[(Λ, E)^#(α, f) + (α, f), (Λ, E)^#(β, g) + (β, g)]]_N ) = = [[N ((Λ, E)^#(α, f) + (α, f)), N ((Λ, E)^#(β, g) + (β, g))]] and N_{|graph(Λ,E)}# is a Nijenhuis operator for the Lie algebroid graph (Λ, E)^#.

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 5

ii) ρ^θ([e_1, e_2]) = [ρ^θ(e_1), ρ^θ(e_2)], where the bracket on the right-hand side is the Lie bracket (2) on Γ(T M × R);

iii) ρ^θ(e)(e_1, e_2) = ([e, e_1] + D^θ(e, e_1), e_2) + (e_1, [e, e_2] + D^θ(e, e_2)); iv) for any f, g ∈ C^∞(M, R), (D^θf, D^θg) = 0.

In [7], under the name of Courant-Jacobi algebroid, an equivalent definition is presented. This last version generalizes the Courant algebroid definition given by Roytenberg ([25]). The equivalence of both definitions is proved in [24].

When θ = 0, the generalized Courant algebroid (E, 0) is just the Courant algebroid E.

Let ((A, ϕ), (A^∗, W )) be a generalized Lie bialgebroid over M. On the Whitney sum bundle A⊕A^∗ we can define two non-degenerate bilinear forms, one symmetric, denoted by (·, ·)_+, and the other skew-symmetric, denoted by (·, ·)_−, by setting, for any X_1 + α_1, X_2 + α_2 ∈ A ⊕ A^∗,

(X_1 + α_1, X_2 + α_2)_± = 1 2 (⟨α_1, X_2⟩ ± ⟨α_2, X_1⟩). (5)

On the space Γ(A ⊕ A^∗) of the global cross sections of A ⊕ A^∗, which is identified with Γ(A) ⊕ Γ(A^∗), we consider the following bracket:

[[X_1 + α_1, X_2 + α_2]] = ( [X_1, X_2]^ϕ + L^W_{∗α1} X_2 − L^W_{∗α2} X_1 − d^W_∗ (e_1, e_2)_− ) + ( [α_1, α_2]^W_∗ + L^ϕ_{X1} α_2 − L^ϕ_{X2} α_1 + d^ϕ(e_1, e_2)_− ) ,(6)

where e_1 = X_1 + α_1 and e_2 = X_2 + α_2.

Using the anchor maps a and a_∗ of A and A^∗, respectively, and the 1- cocycles ϕ and W , we define the vector bundle maps ρ : A ⊕ A^∗ → T M and ρ^{ϕ+W} : A ⊕ A^∗ → T M × R, which are given, for any section X + α of A ⊕ A^∗, by ρ(X + α) = a(X) + a_∗(α), ρ^{ϕ+W} (X + α) = a(X) + a_∗(α) + ⟨ϕ, X⟩ + ⟨α, W ⟩, (7) respectively.

Theorem 3.2 ([24]). If ((A, ϕ), (A^∗, W )) is a generalized Lie bialgebroid over M, then the pair (A ⊕ A^∗, θ), with θ = ϕ + W , is a generalized Courant algebroid with the bracket [[·, ·]] on Γ(A ⊕ A^∗) given by (6), the symmetric

6 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

bilinear form (·, ·) given by (·, ·)_+ of (5), the vector bundle map ρ^θ given by (7) and the operator D^θ given by D^θ = (d^W + d^ϕ_∗ )_{|C}∞_{(M,R)}.

The last theorem and the examples of generalized Lie bialgebroids given in the previous section, provide examples of generalized Courant algebroids. We are mainly interested in example 2.2 that enables us to conclude that ((T M × R) ⊕ (T^∗M × R), (0, 1) + (0, 0)) is a generalized Courant algebroid over M.

The bracket (6) on the space of sections of this generalized Courant algebroid, that was introduced by A. Wade in [26], is given, for all (X_i, f_i) + (α_i, g_i) ∈ Γ((T M × R) ⊕ (T^∗M × R))), i = 1, 2, by

[[(X_1, f_1) + (α_1, g_1), (X_2, f_2) + (α_2, g_2)]] = = ([X_1, X_2], X_1(f_2) − X_2(f_1)) + + ( f_1α_2 − f_2α_1 + L_{X1} α_2 − L_{X2} α_1 + 1 2 d(⟨α_1, X_2⟩ − ⟨α_2, X_1⟩) + 1 2 (f_2dg_1 − g_1df_2 + g_2df_1 − f_1dg_2),

X_1(g_2) − X_2(g_1) + 1 2 (⟨α_1, X_2⟩ − ⟨α_2, X_1⟩) + 1 2 (f_1g_2 − f_2g_1) ) . (8)

Let us now recall the notions of Dirac structure for a generalized Courant algebroid and for a Courant algebroid. Consider thus a generalized Courant algebroid (E, θ) (resp. Courant algebroid E). A subbundle L ⊂ E of the generalized Courant algebroid (E, θ) (resp. Courant algebroid E) is said to be integrable if Γ(L) is closed under the bracket [·, ·] on Γ(E). Definition 3.3. A Dirac structure for the generalized Courant algebroid (E, θ) (resp. Courant algebroid E) is an integrable subbundle L of E which is maximally isotropic with respect to the symmetric bilinear form (·, ·).

An immediate consequence of the previous definition is the following. Proposition 3.4 ([24]). If L is a Dirac structure for the generalized Courant algebroid (E, θ) and θ ∈ Γ(L^∗), then (L, ρ|_L, [·, ·]|_L) is a Lie algebroid and θ is a 1-cocycle for the Lie algebroid cohomology complex with trivial coefficients.

If θ = 0 in the previous proposition, i.e. if E is a Courant algebroid, then we recover a result from [17].

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 15

Definition 5.3. A Jacobi-Nijenhuis manifold (M, (Λ, E), N) is a Jacobi manifold (M, Λ, E) with a Nijenhuis operator N satisfying the following compatibility conditions:

N ∘ (Λ, E)^# = (Λ, E)^# ∘ N^∗ (23) and C((Λ, E), N) = 0, (24) where

C((Λ, E), N)((α, f), (β, g)) = [(α, f), (β, g)]_{(Λ1,E1)} − [N^∗(α, f), (β, g)]_{(Λ,E)} − [(α, f), N^∗(β, g)]_{(Λ,E)} + N^∗[(α, f), (β, g)]_{(Λ,E)},

for all (α, f), (β, g) ∈ Ω^1(M) × C^∞(M), and [·, ·]_{(Λ,E)} (resp. [·, ·]_{(Λ1,E1)}) is the bracket (4) associated with (Λ, E)(resp. (Λ_1, E_1)).

We see that the structure is very similar to the case of Poisson-Nijenhuis structure which was proven to be a Dirac-Nijenhuis structure of type II in [2]. Therefore, as we had to move from Courant algebroids to generalized Courant algebroids to describe Jacobi manifolds as Dirac bundles defined on them, it is reasonable to expect that Jacobi-Nijenhuis structures should be seen as examples of generalized Dirac-Nijenhuis structures of type II. The next theorem establishes this fact.

Theorem 5.4. Let (M, (Λ, E), N) be a Jacobi-Nijenhuis manifold. Then, (graph(Λ, E)^#, N = N × N^∗) is a generalized Dirac-Nijenhuis structure of type II for the generalized Courant algebroid (T M × R ⊕ T^∗M × R, (0, 1) + (0, 0)).

Proof : Let (α, f) and (β, g) be two arbitrary sections of T^∗M × R. Since

N ((Λ, E)^#(α, f) + (α, f)) = N((Λ, E)^#(α, f)) + N^∗(α, f)

(23)

= (Λ, E)^#(N^∗(α, f)) + N^∗(α, f), N preserves graph (Λ, E)^#. Hence, we just need to prove that N is a Nijenhuis operator on graph(Λ, E)^#.

14 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

• a new skew-symmetric operation [[·, ·]]_N for which D is also a Dirac structure with respect to the generalized Lie bialgebroid ((A, N^∗ϕ), (A^∗, Υ^∗W )).

But we also saw that we have the possibility of deforming the Lie algebroid structure of D without paying attention to the structure of the double. Hence, it makes sense to define:

Definition 5.2. Let ((A, ϕ), (A^∗, W )) be a generalized Lie bialgebroid over a differentiable manifold M. Then, (D, N ) is said to be a generalized Dirac-Nijenhuis structure of type II (or M to be a generalized Dirac- Nijenhuis manifold of type II) if D is a Dirac structure with respect to the generalized Lie bialgebroid ((A, ϕ), (A^∗, W )) and the operator N : A ⊕ A^∗ → A ⊕ A^∗ defines a trivial deformation of the Lie algebroid structure of D, i.e. such that the Nijenhuis torsion of N with respect to the bracket (6) vanishes identically on ΓD. Of course we also assume that the transformation N preserves D.

From a formal point of view, the definitions of Dirac-Nijenhuis manifolds are obviously not affected by the introduction of cocycles in the skewsymmetric operation of the double. These changes do affect the bundles which are closed under them and that satisfy the definition, but not the formal definition itself. Being interested only in Jacobi manifolds, only the second definition is relevant for us in the present paper and henceforth we will postpone the analysis of type I manifolds to a future paper.

5.2. Jacobi-Nijenhuis manifolds. The original definition of Jacobi-Nijen-huis manifold was given by Marrero et al. in [22]. In [23], we introduced a stricter definition and called it strict Jacobi-Nijenhuis manifold, which is the one we are going to consider in this paper. For simplicity, we will omit the word strict.

Let M be a differentiable manifold and N : T M ×R → T M ×R a Nijenhuis operator on the Lie algebroid (T M × R, [·, ·], π), with [·, ·] given by (2).

Suppose thus that M is equipped with a Jacobi structure (Λ, E) and a Nijenhuis operator N and consider a bivector field Λ_1 and a vector field E_1 on M, defined by

(Λ_1, E_1)^# = N ∘ (Λ, E)^#.

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 7

Let us now recall the notion of characteristic pair, introduced in [16]. Let A be a vector bundle, D ⊂ A a subbundle of A and Ω a bivector field, Ω ∈ Γ(

⋀_2

A). Consider the subbundle L of A ⊕ A^∗, given by

L = {X + Ω^#α + α, X ∈ D, α ∈ D^⊥} = D ⊕ graph(Ω^#|_D⊥ ), (9) where D^⊥ stands for the conormal bundle of D.

Clearly L ⊂ A ⊕ A^∗ is maximally isotropic with respect to the symmetric bilinear form (5). In what follows, we will assume that D = L ∩ A is of constant rank.

Definition 3.5 ([16]). The pair (D, Ω) is called the characteristic pair of the subbundle L of A ⊕ A^∗ given by (9), while D = L ∩ A is called the characteristic subbundle of L.

Theorem 3.6 ([24]). Let ((A, ϕ), (A^∗, W )) be a generalized Lie bialgebroid and L ⊂ A ⊕ A^∗ a maximal isotropic subbundle of A ⊕ A^∗ defined by a characteristic pair (D, Ω), i.e

L = {X + Ω^#α + α, X ∈ D, α ∈ D^⊥} = D ⊕ graph(Ω^#|_D⊥ ).

Then L is a Dirac structure for the generalized Courant algebroid (A ⊕ A^∗, ϕ + W ) if and only if:

i) D is a Lie subalgebroid of A;

ii) d^W_∗ Ω + 1 2 [Ω, Ω]^ϕ = 0 (modD);

iii) for any α, β ∈ Γ(D^⊥),

[α, β]_∗ + [α, β]_Ω ∈ Γ(D^⊥),

where [α, β]_Ω = L_Ω#_{(α)}β − L_Ω#_{(β)}α − d(Ω(α, β)).

Remark 3.7. Under the assumptions of the above theorem, we can also call L a Dirac structure for the generalized Lie bialgebroid ((A, ϕ), (A^∗, W )).

If we consider now the generalized Courant algebroid structure ((T M × R) ⊕ (T^∗M × R), (0, 1) + (0, 0)) described above, theorem 3.6 implies that (M, Λ, E) is a Jacobi manifold if and only if graph(Λ, E)^# is a Dirac structure for the generalized Courant algebroid ((T M ×R)⊕(T^∗M ×R), (0, 1)+(0, 0)). In other words,

8 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

(graph(Λ, E)^#, [[·, ·]]_{|graph(Λ,E)}# , π_{|graph(Λ,E)}# ), with [[·, ·]] given by (8), is a Lie algebroid over M.

A simple computation shows that,

Lemma 3.8. For any sections (α, f) and (β, g) of T^∗M × R, the Lie bracket on the Lie algebroid graph(Λ, E)^# takes the following form:

[[(Λ, E)^#(α, f) + (α, f), (Λ, E)^#(β, g) + (β, g)]]_{|graph(Λ,E)}# =

= [(Λ, E)^#(α, f), (Λ, E)^#(β, g)] + [(α, f), (β, g)]_{(Λ,E)}. (10)

Hence, on graph(Λ, E)^#, the skew-symmetric product (8) factorizes in two operations, one defined on T M × R and the other on T^∗M × R, which are dual to each other. This result will be very useful for us in the next section when studying the deformation of the Lie algebroid structure by Nijenhuis operators.

4. Nijenhuis operators on Lie algebroids and generalized Lie bialgebroids and their doubles

The concept of Nijenhuis operator on Lie algebroids is well known ([14, 8]) as a simple generalization of the usual concept for vector fields.

Definition 4.1. Let (A, [·, ·], ρ) be a Lie algebroid. A linear transformation

N : A → A

is said to be a Nijenhuis transformation on A if and only if the torsion tensor T_N defined as

T_N (X, Y ) = [N(X), N(Y )] − N([X, N(Y )]) − N([N(X), Y ]) + N^2([X, Y ]) (11) vanishes for any X, Y ∈ ΓA.

This is equivalent to have a new Lie structure on the sections of A, N being a homomorphism for them. But in the case of a Lie algebroid, this also implies that another Lie algebroid structure is available for A.

Lemma 4.2 ([8]). Consider a Lie algebroid (A, [·, ·], ρ) and a Nijenhuis operator N : A → A. Define the following bracket on the sections of A:

[X, Y ]_N = −N([X, Y ]) + [X, N(Y )] + [N(X), Y ]. (12)

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 13

5. Generalized Dirac-Nijenhuis structures and Jacobi- Nijenhuis manifolds

5.1. Dirac-Nijenhuis structures for generalized Lie bialgebroids. In [2] we studied the concept of Dirac-Nijenhuis structures in the context of usual Lie bialgebroids. We considered them associated with deformations of the Lie algebroid structure that Dirac bundles are endowed with. We introduced two slightly different types of these structures depending on whether or not the Courant algebroid structure was affected by the deformation. In this paper, we intend to consider the analogue notion in the case of generalized Courant algebroids. As most of the results are proven in a completely analogous way, we refer the interested reader to [2] for a more detailed exposition.

At a general level, we will consider the analogue [2] for a Dirac structure D defined on the double of a generalized Lie bialgebroid ((A, ϕ), (A^∗, W )). We can consider two different frameworks:

• A transformation that defines a trivial deformation of the skew-symme-tric operation (6) on the double of the generalized Lie bialgebroid and defines a new generalized Courant algebroid structure on it, and, as a consequence, transforms the Lie algebroid structure of D into a new one.

• A transformation that deforms the skew-symmetric operation (6) in such a way that it defines a trivial deformation of the Lie algebroid structure of D. In this case, we do not care about the transformation of the generalized Courant algebroid structure of the double.

Therefore, we can define:

Definition 5.1. Let ((A, ϕ), (A^∗, W )) be a generalized Lie bialgebroid over a differentiable manifold M. Then, (D, N ) is said to be a generalized Dirac-Nijenhuis structure of type I (or M to be a generalized Dirac- Nijenhuis manifold of type I) if D is a Dirac structure for the generalized Lie bialgebroid ((A, ϕ), (A^∗, W )) and the operator N : A ⊕ A^∗ → A ⊕ A^∗ preserves D (i.e. N (D) ⊂ D) and defines:

• a trivial deformation of the skew-symmetric algebra of A ⊕ A^∗ whose Nijenhuis torsion vanishes (with respect to the skew-symmetric bracket defined on A ⊕ A^∗) and

12 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

deformation provides new Lie structures on ΓA and ΓA^∗, new Lie derivatives and new exterior differentials. This implies that we can consider the analogue of the bracket (6), for the new generalized Courant algebroid structure, i.e.

[[X_1 + α_1, X_2 + α_2]]_N = ( [X_1, X_2]^Φ_N + L^Ξ_{∗Υα1} X_2 − L^Ξ_{∗Υα2} X_1 − 1 2 d^Ξ_{∗Υ}(e_1, e_2)_− )

+ ( [α_1, α_2]^Ξ_Υ + L^Φ_{N X1} α_2 − L^Φ_{N X2} α_1 + 1 2 d^Φ_N (e_1, e_2)_− ) , (22)

with e_1 = X_1 + α_1 and e_2 = X_2 + α_2, and where the brackets [·, ·]^Φ_N and [·, ·]^Ξ_Υ are the brackets associated (via the corresponding cocycles Φ = N^∗ϕ and Ξ = Υ^∗W ) to the Lie algebroids (A, [·, ·]_N , N̂) and (A^∗, [·, ·]_Υ, Υ̂).

But we can also try to see this new bracket as the result of a deformation of the original generalized Courant algebroid structure of B = A ⊕ A^∗, in the sense of Definition 4.6 using the bracket above as the linear term of the deformation. Then, the condition for the deformation (T_λ, [·, ·]_λ) to be trivial will be that the operator N in T_λ is a Nijenhuis operator for the original bracket. This implies:

[[X_1 + α_1, X_2 + α_2]]_N = [[N (X_1 + α_1), X_2 + α_2]] + [[X_1 + α_1, N (X_2 + α_2)]] − N [[X_1 + α_1, X_2 + α_2]] and N [[X_1 + α_1, X_2 + α_2]]_N = [[N (X_1 + α_1), N (X_2 + α_2)]].

Surprisingly, it turns out that not all deformations of the Lie algebroids A and A^∗ define also a deformation for the double. For instance, if we consider the usual case (ϕ = 0 = W ) some conditions arise from the double structure:

Theorem 4.7 ([2]). Consider the double of a Lie bialgebroid A ⊕ A^∗ and consider two Nijenhuis operators N for A and Υ for A^∗. Then, if • N^∗ + Υ = 2λ_1 where λ_1 ∈ R, • N^2 = λ_2 where λ_2 ∈ R, then N = N × Υ : A ⊕ A^∗ → A ⊕ A^∗ is a Nijenhuis operator for A ⊕ A^∗.

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 9

Consider the mapping N̂ = ρ ∘ N : A → T M. (13) Then, (A, [·, ·]_N , N̂) is a Lie algebroid. This new Lie algebroid has a new exterior derivative, defined as

d^N = [i_N , d] = i_N ∘ d − d ∘ i_N , (14) where i_N is the superderivation of degree zero on the forms Γ( ⋀ A^∗) defined by i_N θ(X_1, · · · , X_p) = p∑ i=1 θ(X_1, · · · , NX_i, X_{i+1}, · · · , X_p). (15)

The new structure leads also to a new Schouten bracket:

Proposition 4.3 ([14]). Let N be a Nijenhuis operator on a Lie algebroid A. The Schouten bracket defined on Γ( ⋀ A) by extension of the deformed bracket [·, ·]_N satisfies [Q, Q^′]_N = [i_N ∗ Q, Q^′] + [Q, i_N ∗ Q^′] − i_N ∗ [Q, Q^′], (16) where i_N ∗ is the superderivation of degree zero on the sections of ⋀ A defined as: i_N ∗ Ψ(θ_1, · · · , θ_p) = p∑ i=1 Ψ(θ_1, · · · , N^∗θ_i, θ_{i+1}, · · · , θ_p). (17)

Let (A, [·, ·], ρ) be a Lie algebroid with a 1-cocycle ϕ and N a Nijenhuis operator on A. Then, Lemma 4.4. N^∗ϕ is a 1-cocycle for the Lie algebroid (A, [·, ·]_N , N̂). Proof : Let X and Y be any sections of A. Then, using (1) we know that ⟨N^∗ϕ, [X, Y ]_N ⟩ = ⟨ϕ, N[X, Y ]_N ⟩ = ⟨ϕ, [NX, NY ]⟩ = ρ(NX)⟨ϕ, NY ⟩ − ρ(NY )⟨ϕ, NX⟩ = N̂(X)⟨N^∗ϕ, Y ⟩ − N̂(Y )⟨N^∗ϕ, X⟩, which means that N^∗ϕ is a 1-cocycle for the Lie algebroid (A, [·, ·]_N , N̂).

Regarding the Lie algebroid (A, [·, ·]_N , N̂) and the 1-cocycle Φ = N^∗ϕ, we can proceed as in Section 2. Hence, we can define:

10 J. CLEMENTE-GALLARDO AND J. M. NUNES DA COSTA

• the deformed Schouten bracket with cocycle. For P ∈ Γ(

⋀_p A) and Q ∈ Γ(

⋀_q

A), it is defined as

[P, Q]^Φ_N = [P, Q]_N + (p − 1)P ∧ (i_ΦQ) + (−1)^p(q − 1)(i_ΦP ) ∧ Q,

• the deformed Lie derivative L^Φ_{NX} (β) = L^N_X β + ⟨Φ, X⟩β, • and the deformed exterior differential d^Φ_N (β) = d_N β + Φ ∧ β.

The next step is to consider the action of a Nijenhuis transformation on a generalized Lie bialgebroid. Our objective is to apply these concepts to the deformation of Dirac structure in the following sections, therefore we consider now just those situations that may be interesting later.

Consider then a generalized Lie bialgebroid ((A, ϕ), (A^∗, W )). In principle, we can consider two different transformations applied on each factor, i.e.: { N : A → A Υ : A^∗ → A^∗,

(18)

such that they define two new Lie algebroid structures on the factors, i.e. (A, [·, ·]_N , N̂) and (A^∗, [·, ·]_Υ, Υ̂) are Lie algebroids with Φ = N^∗ϕ and Ξ = Υ^∗W 1-cocycles for A and A^∗, respectively. We must verify now whether they define a new generalized Lie bialgebroid. As we know, the transformation on the Lie algebroid structures implies a transformation of the Lie algebroid cohomologies, i.e. there are two new exterior differentials d^Φ_N and d^Ξ_{∗Υ} which are the ones to consider.

Definition 4.5. Consider a generalized Lie bialgebroid ((A, ϕ), (A^∗, W )) and a transformation of the type (18), such that N and Υ are Nijenhuis operators on A and A^∗, respectively. We say that the pair (N, Υ) defines a trivial deformation of the generalized Lie bialgebroid structure if and only if the pair ( ((A, [·, ·]_N , N̂), Φ), ((A^∗, [·, ·]_Υ, Υ̂), Ξ) ) is a new generalized Lie bialgebroid, i.e. for all P ∈ Γ(

⋀_p A) and Q ∈ Γ( ⋀ A), d^Ξ_{∗Υ}[P, Q]^Φ_N = [d^Ξ_{∗Υ}P, Q]^Φ_N + (−1)^{p+1}[P, d^Ξ_{∗Υ}Q]^Φ_N . (19)

Now we want to consider the deformation of the double of a generalized Lie bialgebroid. In [2] this problem was studied in the case of a Lie bialgebroid. Consider then a generalized Lie bialgebroid ((A, ϕ), (A^∗, W )). We saw in [24] that (A ⊕ A^∗, ϕ + W ) is a generalized Courant algebroid. We are going to consider transformations of the skew-symmetric structure, and define the notion of Nijenhuis operator for this framework.

JACOBI MANIFOLDS, DIRAC STRUCTURES AND NIJENHUIS OPERATORS 11

As it happens in [2], we do not consider the most general deformations of A ⊕ A^∗, but some particular types which are of interest in the next section to deform Dirac structures.

Let us consider the skew-symmetric bracket (6) on the sections of A ⊕ A^∗. Even if it does not define a Lie algebra structure it is still a skew-symmetric one, and we can still consider a deformation of the corresponding structure, and ask it to be trivial in the sense of being homomorphic to the original one.

Definition 4.6. Consider the double of a generalized Lie bialgebroid (B = A ⊕ A^∗, ϕ + W ) and the bracket (6). Consider a deformation of the structure in the form:

[[b_1, b_2]]_λ = [[b_1, b_2]] + λ[[b_1, b_2]]_N ∀b_1, b_2 ∈ ΓB

where [[·, ·]]_N = [[N ·, ·]] + [[·, N ·]] − N [[·, ·]] and N : ΓB → ΓB is a linear operator. Consider also a deformation of the set of sections of B in the form:

T_λ = Id_{ΓB} + λN .

Then, we say that the deformation is trivial if

T_λ[[b_1, b_2]]_λ = [[T_λb_1, T_λb_2]] ∀b_1, b_2 ∈ ΓB.

We also can consider a certain Nijenhuis-like property for the operator N . Formally, we can still define the Nijenhuis torsion in the way we did above:

T_N (b_1, b_2) = [[N (b_1), N (b_2)]]−N ([[b_1, N (b_2)]])−N ([[N (b_1), b_2]])+N^2([[b_1, b_2]]) ∀b_1, b_2 ∈ ΓB. (20)

To ask this quantity to vanish identically, is equivalent to ask the operator N to satisfy:

N [[b_1, b_2]]_N = [[N b_1, N b_2]]. (21) In the following, we will also call Nijenhuis operator to an operator N : ΓB → ΓB which satisfies this condition. Of course, it is clear that many of the properties of the pure Nijenhuis operator will not be shared by these, but the formal definition is still possible. It is still true, though, that these operators define trivial deformations of the skew-symmetric structure of B, as the usual Nijenhuis operators define trivial deformations of Lie structures.

If we consider a deformation of a generalized Lie bialgebroid ((A, ϕ), (A^∗, W )) by Nijenhuis operators, in the sense discussed above, we know that such a