Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 06–10

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS

J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

Abstract: Given a Lie algebroid and a bundle over its base which is endowed with a localizable Poisson structure and a flat connection, we construct an extended bundle whose dual is endowed with an almost-Poisson structure that is a quadratic Poisson structure when a certain compatibility property is satisfied. This new formalism on Lie algebroids describes systems with internal degrees of freedom.

Keywords: Lie algebroids, internal dynamics, Poisson structures. AMS Subject Classification (2000): 17B66,70F99, 53D17.

1. Introduction

In the last twenty years the Lie algebroids were shown to be an important instrument in the geometrical formulation of many problems in mathematics, mechanics and theoretical physics. Roughly speaking, a Lie algebroid is a generalization of both a Lie algebra and a tangente bundle, these being the simplest examples of Lie algebroids. For a detailed study of this subject we refer the books of Cannas et. al. [1] and of Mackenzie [18].

Since Pradines [22], who introduced the Lie algebroids as infinitesimal objects corresponding to Lie grupoids, several authors have studied the theory of Lie algebroids giving important contributions for the knowledge of their properties and applications. Among others, Higgins et.al. [10] introduced the notion of prolongation of a Lie algebroid over a map; Weinstein [23] was the first to study Lagrangian mechanics on Lie algebroids (see also [17]) and obtained the Euler-Lagrange equations using the natural linear Poisson structure existing on the dual of a Lie algebroid and the Legendre transformation of a regular Lagrangian; Martínez [21] answered a question posed by Weinstein of whether it was possible to develop a Lagrangian mechanics on Lie algebroids similar to Klein’s formalism for classical Lagrangian mechanics, and developed the formalism for the Lagrangian mechanics on Lie

Received February 23, 2006.

The authors acknowledge the financial support from Calouste Gulbenkian Foundation, PRODEP/5.3/2003, POCI/MAT/ 58452/2004, CMUC/FCT and the project BFM-2003-02532. 1

2 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

algebroids, generalizing the fundamental geometrical elements of Lagrangian mechanics (see also [15] and references therein).

In this paper we generalize the concept of Lie algebroid in such a way that its dual vector bundle is endowed with a non-linear Poisson structure, such that the Poisson bracket of basic functions is non-zero and moreover the dual of the anchor map of this generalized Lie algebroid is a symplectic realization of its dual bundle. In classical mechanics these non-linear Poisson structures are usually related with dynamical systems that have additional degrees of freedom (associated to spin and isospin) to which we call internal degrees of freedom (see [4]). We will study in a future work dynamical systems on Lie algebroids with internal degrees of freedom, as well as we shall solve the generalized Feynman problem on Lie algebroids, i.e. the problem of given a second order differential equation dynamical system, finding all Poisson tensors on a Lie algebroid such that it is a Hamiltonian vector field.

This article is organized in the following way. In Section 2 we describe the motivation for introducing generalized Lie algebroids and recall the definition of symplectic realization. In section 3 the definition and some properties of Lie algebroids are reviewed. In section 4, we “deform” the linear Poisson structure on a Lie co-algebroid A^∗ by a Poisson structure on a fibre bundle F, using a flat connection on the bundle. This process is called an internal deformation. We will show that when the connection satisfies a certain compatibility condition the deformed structure is a quadratic Poisson structure on the extended vector bundle F ▷◁ A^∗. The Poisson manifold F ▷◁ A^∗ is called a quadratic co-algebroid. Then, given a flat connection on the fibre bundle F, we define on the extended vector bundle F ▷◁ A a structure to which we call generalized Lie algebroid and, by imposing the compatibility condition, we obtain a quadratic algebroid. In a parallel way with the case of Lie algebroids, we study the properties of these generalized Lie algebroids. We prove that the dual bundle of a generalized Lie algebroid is endowed with a linear Poisson structure and that the dual of a quadratic algebroid is a quadratic co-algebroid. In section 5, we show that the anchor of a quadratic algebroid is a Poisson morphism between quadratic co-algebroids. Finally, in the last section some examples of internal deformation of Lie algebroids are given. The paper closes with an Appendix where we review the concept of a connection of a surjective submersion.

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 3

2. Lie algebroids

We recall that a Lie algebroid over a differentiable manifold M is a vector bundle p : A → M whose linear space of sections is endowed with a real Lie algebra structure [·, ·]_A and a vector bundle morphism ρ : A → T M over the identity map on M, called the anchor, that induces a map between the space of sections, represented by the same symbol, and that satisfy the following Leibniz-like compatibility condition:

[v_1, fv_2]_A = f[v_1, v_2]_A + (ρ(v_1)f) v_2, (1)

for all pairs (v_1, v_2) of sections of the bundle A and for all differentiable functions f on the base M. The Lie algebroid is denoted by (A, ρ, [·, ·]_A) or simply by A whenever is clear to which Lie algebroid we refer to.

The space Γ(A) of sections of the bundle p : A → M is a C^∞(M)-module and the anchor map ρ is a C^∞(M)-linear map from the space Γ(A) into the space X(M) of vector fields on M. From the condition (1) and the Jacobi identity of the Lie bracket [·, ·]_A, one can easily show that the anchor is a Lie algebra homomorphism.

Given a Lie algebroid (A, ρ, [·, ·]_A) over a manifold M, let {x^i | i : 1, ..., m} be a local coordinate set on the open set U of M and {e_α | α : 1, ..., r} a basis of local sections on U of the vector bundle A. In such local coordinates, the anchor map and the Lie bracket on Γ(A) are given by^∗:

[e_α, e_β]_A = c_{αβ}^γ e_γ, ρ(e_α) = ρ^i_α ∂_xi ,

where c_{αβ}^γ and ρ^i_α are differentiable functions on an open set of M, that we call structure functions of the Lie algebroid. Since ρ is a homomorphism of Lie algebras, these functions satisfy:

ρ^j_α

∂ρ^i_β ∂q^j

− ρ^j_β

∂ρ^i_α ∂q^j

= ρ^i_γ c_{αβ}^γ , i = 1, . . . , m . (2)

Moreover, the Leibniz condition and the Jacobi identity imply: � cycl(α,β,γ) � ρ^i_γ

∂c_{βα}^μ ∂q^i

+ c_{αβ}^ν c_{νγ}^μ � = 0 , μ = 1, . . . , r . (3)

The equations (2) and (3) are known as the compatibility equations of the structure functions or structure equations of the Lie algebroid.

∗Hereafter summation in repeated indices will be understood.

4 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

The simplest (non-trivial) examples of Lie algebroids are the tangent bundle T M → M, with ρ = id_{T M} and the Lie bracket on Γ(T M) being the usual bracket of vector fields on M, and the finite dimensional Lie algebra g considered as a vector bundle over a single point g → {·}. In this case, the anchor is the zero map and the Lie bracket on sections coincides with the bracket on the Lie algebra. Now we will recall other examples of Lie algebroids that we will use ahead in the last section.

Example 2.1 (Lie algebra bundle). Let (A, p, M) be a vector bundle and [·, ·] a bilinear and skew-symmetric bracket, defined on the fibreed product A×_M A with values in A, such that each fibre of A endowed with the bracket is a Lie algebra. In these conditions, we define a Lie bracket [·, ·]_A on the sections of A by setting [v, w]_A(x) = [v(x), w(x)], for all x ∈ M and v, w ∈ Γ(A). The bundle (A, p, M) endowed with the bracket [·, ·]_A and the zero map between A and the tangent bundle T M is a Lie algebroid, which is called the Lie algebra bundle over the manifold M.

Example 2.2 (The action groupoid). Let ϕ : M × G → M be a right action of a Lie group G on the manifold M. For each X in the Lie algebra g of G, there exists a vector field on M that we call the fundamental vector associated with X, defined by X_M (m) = d/dt[ϕ(m, exp(tX))]|_{t=0} = ϕ_{m∗}(X), for all m ∈ M. Moreover, it is well known that [X_M , Y_M ] = [X, Y ]_M . We may identify the linear space Γ(M × g) of sections of the bundle M × g → M with the space C^∞(M, g) of differentiable functions on M with values in g. Note that each section V ∈ Γ(M × g) is of the form V (x) = (x, V (x)), for all x ∈ M, where V ∈ C^∞(M, g), and this is a one-to-one correspondence which allows us to identify V with V .

The trivial vector bundle M × g → M can be endowed with a Lie algebroid structure whose anchor map ρ is given by the infinitesimal action of g on M. This action is considered as a bundle map from M × g → M into T M → M; ρ(x, X) = X_M (x), for all x ∈ M and X ∈ g. The Lie bracket on the space Γ(M × g) ∼= C^∞(M, g) is given by

[V, W ]_{M×g}(x) = (x, [V (x), W(x)]_g + (V (x))_M W (x) − (W (x))_M V (x)) , (4)

for all V, W ∈ Γ(M × g). This Lie algebroid structure can also be characterized as the unique Lie algebroid structure such that [X, Y ]_{M×g} = [X, Y ]_g for any pair of constant sections and ρ(x, X) = X_M (x) [3].

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 29

E-mail address: jfc@unizar.es

J.M. Nunes da Costa Departamento de Matemática, Universidade de Coimbra, 3001-454 Coimbra, Portugal E-mail address: jmcosta@mat.uc.pt

Patrícia Santos Departamento de Física e Matemática, Instituto Superior de Engenharia de Coimbra 3030-199 Coimbra, Portugal E-mail address: patricia@isec.pt

28 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

References

[1] A. Cannas da Silva and A. Weinstein, Lectures on geometrical models for noncommutative algebra, University of California at Berkeley, 1998.

[2] F. Cantrijn and B. Langerock, Generalised connections over a vector bundle map, Diff. Geom.

Appl. 18 (2003) 295–317.

[3] J.F. Cariñena, J. Grabowski and G. Marmo, Contractions: Nijenhuis and Saletan tensors for general algebraic structures, J. Phys. A: Math. Gen. 34 (2001) 3769–3789.

[4] J.F. Cariñena, L.A. Ibort, G.Marmo, A. Stern, The Feynman problem and the inverse problem for Poisson dynamics, Phys. Rep. 263 (1995) 153–212.

[5] T.J. Courant, Tangent Lie algebroids, J. Phys. A: Math. Gen. 27 (1994) 4527–4536. [6] M. Crampin, On the differential geometry of the Euler–Lagrange equations, and the inverse problem of Lagrangian dynamics, J. Phys. A: Math. Gen. 14 (1981) 2567–2575.

[7] M. Crampin, Tangent bundle geometry for Lagrangian dynamics, J. Phys. A: Math. Gen. 16 (1983) 3755–3772.

[8] M. Crampin and F.A.E. Pirani, Applicable Differential Geometry, London Mathematical Society Lectures Notes Series, 59, 1986.

[9] B. Fuchssteiner, The Lie algebra structure of degenerate Hamiltonian and bi-Hamiltonian systems, Progr. Theoret. Phys. 68 (1982) 1082–1104.

[10] P.J. Higgins and K. Mackenzie, Algebraic constructions in the category of Lie algebroids, J.

Algebra 129 (1990) 194–230.

[11] G. Landi and G. Marmo, Lie algebra extensions and abelian monopoles, Phys. Lett. B 195 (1987) 429–434.

[12] G. Landi and G. Marmo, Algebraic reduction of the ’t Hooft-Polyakov monopole to the Dirac monopole, Phys. Lett. B 201 (1988) 101–104.

[13] G. Landi and G. Marmo, Einstein algebras and the algebraic Kaluza-Klein monopole, Phys.

Lett. B 210 (1988) 68–72.

[14] G. Landi and G. Marmo, Algebraic instantons, Phys. Lett. B 215 (1988) 338–342. [15] M. León, J.C. Marrero and E. Martínez, Lagrangian submanifolds and dynamics on Lie algebroids, J. Phys. A: Math. Gen. 38 (2005) R241–R308.

[16] P. Libermann and C-M Marle, Symplectic geometry and analytical mechanics, D. Reidel Publishing Company, 1987.

[17] P. Libermann, Lie algebroids and mechanics, Arch. Math. 32 (1996) 147–162. [18] K. Mackenzie, Lie groupoids and Lie algebroids in differential geometry, London Mathematical Society Lecture Notes Series. 124, Cambridge University Press, 1987.

[19] F. Magri, C. Morosi and O. Ragnisco, Reduction tecnhiques for infinite-dimensional Hamiltonian systems: some ideas and applications, Commun. Math. Phys. 99 (1985) 115–140.

[20] C.M. Marle, Differential calculus on a Lie algebroid and Poisson manifolds, The J.A. Pereira da Silva Birthday Schrift, Departamento de Matemática, Universidade de Coimbra, Textos de Matemática Série B 32 (2002) 83–149.

[21] E. Martínez, Lagrangian mechanics on Lie algebroids, Acta Appl. Math. 67 (2001) 295–320. [22] J. Pradines, Théorie de Lie pour les groupoïdes différentiables. Calcul différentiel dans la catégorie des groupoïdes infinitésimaux, C.R. Acad. Sci. Paris Sér. A 264 (1967) 245–248.

[23] A. Weinstein, Lagrangian mechanics and groupoids, in the book: Mechanics Day, Shadwick W.F. Krishnaprasad P.S. and Ratiu T.S. eds., Amer. Math. Soc., Fields Inst. Comm. 7 (1996) 207–231.

J.F. Cariñena Departamento de Física Teórica, Universidad de Zaragoza, 50009 Zaragoza, Spain

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 5

Example 2.3 (Poisson manifold). Let (M, Λ) be a Poisson manifold. The bivector Λ defines a Poisson structure in M by {f, g} := Λ(df, dg) and induces a vector bundle morphism Λ^♯ : T^∗M → T M by means of � β_x, Λ^♯_x(α_x) � = Λ_x(α_x, β_x), for all α_x, β_x ∈ T^∗_x M and x ∈ M. This vector bundle map induces a liner map between the linear spaces of their sections, to be represented by the same symbol, Λ^♯ : Ω^1(M) −→ X(M). The cotangent bundle T^∗M can be endowed with a Lie algebroid structure whose anchor map is Λ^♯ and the Lie bracket of sections is defined by (see [9, 19])

[α, β]_T ∗_M = £_Λ♯_{(α)}β − £_Λ♯_{(β)}α − d(Λ(α, β)). (5)

For exact forms, this bracket reduces to [df, dg]_T ∗_M = d{f, g}, for all f, g ∈ C^∞(M). The triple (T^∗M, Λ^♯, [·, ·]_T ∗_M ) is called the Lie algebroid of the Poisson manifold (M, Λ).

Another very remarkable property is that the dual bundle τ : A^∗ → M of a given Lie algebroid (A, ρ, [·, ·]_A) over a m-dimensional manifold M is endowed with a natural linear Poisson structure {·, ·}_A∗ , i.e. the Poisson bracket of linear functions on A^∗ is still a linear function on A^∗.

In fact, in order to describe the Poisson structure of A^∗ it suffices to give the Poisson brackets of a class of functions such that their differentials span the cotangent space at each point of A^∗. Such a class of functions is given by functions which are affine in the fibres. Those functions which are constant on the fibres, basic functions, correspond to pull-back of functions on M. On the other hand, each section v of A can be identified as a function on A^∗ that is linear in the fibres, i.e. χ : Γ(A) → L(A^∗) maps each section v of A into the linear function χ(v) on A^∗ given by χ(v)(α) = ⟨α, v⟩, for all α ∈ Γ(A^∗), with ⟨·, ·⟩ the duality bracket between Γ(A^∗) and Γ(A). The bracket {·, ·}_A∗ is given by (see e.g. [5]):

{f ∘ τ, g ∘ τ}_A∗ = 0, {χ(v), f ∘ τ}_A∗ = ρ(v)f ∘ τ, {χ(v), χ(w)}_A∗ = χ([v, w]_A),

for all f, g ∈ C^∞(M) and v, w ∈ Γ(A).

The linear Poisson bracket {·, ·}_A∗ defines a Poisson tensor that we represent by Λ_A∗ . Let � x^i | i = 1, ..., m � be a local coordinate set on an open set U of the manifold M and {e_α | α = 1, ..., r} a basis of local sections of A. In local coordinates, the Poisson tensor Λ_A∗ is given by

Λ_A∗ = ρ^i_α∂_{μα} ∧ ∂_xi + c_{αβ}^γμ_γ ∂_{μα} ∧ ∂_{μβ} ,

6 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

where μ_α = χ(e_α) is the linear function on A^∗ associated with the section e_α of the basis of sections of A, and ρ^i_α and c_{αβ}^γ are the structure functions of the Lie algebroid A.

We shall call Lie co-algebroid to the pair formed by the dual bundle A^∗ and the linear Poisson structure.

Let (A, ρ, [·, ·]_A) be a Lie algebroid over M and let us consider the cotangent bundle T^∗M endowed with its canonical symplectic structure. Then we have the following result:

Proposition 2.4 ([20]). The dual map of the anchor of a Lie algebroid (A, ρ, [·, ·]_A) over M, (ρ^∗,id_M ) : (T^∗M, π, M) → (A^∗, τ, M), is a symplectic realization of the Lie co-algebroid (A^∗, {·, ·}_A∗ ).

3. Internal deformation of Lie algebroids

In this section, we consider a Lie algebroid (A, ρ, [·, ·]_A) over a manifold M and a fibre bundle π : F → M, where F is endowed with both a flat connection and a Poisson structure Λ. The Poisson structure Λ on F will satisfy the property of localizability on the bundle, that is, Λ is π-projectable onto 0: if x^i represents the local coordinates on the base manifold M and (x^i, ξ^a) represent local coordinates on the fibre bundle F, then the Poisson tensor Λ is given in local coordinates by

Λ(x, ξ) = C_{ab}(x, ξ) ∂_ξa ∧ ∂_ξb .

Note that the localizability property of the Poisson tensor Λ on F just means that Λ(dx^i, dx^j) = Λ(dx^i, dξ^a) = 0. This property corresponds in the quantum case to the fact that the position variables x^i must be compatible (“simultaneously measurable”) among themselves, and also with the variables ξ^a.

Definition 3.1 ([4]). A localizable Poisson tensor on a fibre bundle π : F → M is a bundle Poisson tensor, i.e. a smooth assignment to each fibre of a Poisson tensor Λ.

When the matrix C = (C_{ab}) is regular, we will say that the Poisson structure Λ on F is regular along the fibres. The bundle F is called the internal bundle and the local coordinates ξ^a are called internal variables [4].

The main goal of this section is to “deform” the linear Poisson structure on the Lie co-algebroid A^∗ by the Poisson structure on F, in such a way that we

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 27

is commutative: F ▷◁ T M

κ_2 � h � T F T π � T M_{idT M}^� T M

where κ_2 : F ▷◁ T M → T M is a projection given in local coordinates by κ_2(x^i, ξ^a, v^j) = (x^i, v^j), where (x^i, v^j) represents the local coordinates on the tangent bundle T M and (x^i, ξ^a) represents the local coordinates on the fibre bundle F. In local coordinates, h is given by h(x^i, ξ^a, v^j) = (x^i, ξ^a, v^j, Γ^a_j v^j) ≡ v^j∂_xj + Γ^a_j v^j∂_ξa , where the symbols Γ^a_j are called the “coefficients” of the connection h.

Let X be a vector field on M that locally is written as X = X^j∂_xj . The horizontal lift ~X of the vector field X associated with the connection h is given locally by ~X = h(x^i, ξ^a, X^j) = X^j∂_{xj} + Γ^a_j X^j ∂_{ξa} .

There is a map C : X^2(M) → T^πF associated with the connection h of π : F → M called curvature form (see [18]), defined by setting

C(X, Y ) = ~[X, Y ] − [ ~X, ~Y ].

The curvature form mesures the lack of integrability of the horizontal distribution H associated with the connection h. The distribution H is integrable if the connection is flat, i.e. if the curvature form is zero. Given X, Y ∈ X(M), the horizontal lift of the vector fields X and Y are locally given by ~X = X^i∂_xi + Γ^a_kX^k∂_ξa and ~Y = Y^j∂_xj + Γ^b_rY^r∂_ξb , respectively. In local coordinates, the connection is flat if:

X^iY^j � ∂Γ^b_j ∂x^i − ∂Γ^b_i ∂x^j

+ Γ^a_i

∂Γ^b_j ∂ξ^a

− Γ^a_j

∂Γ^b_i ∂ξ^a � = 0,

that is, � ∂Γ^b_j ∂x^i − ∂Γ^b_i ∂x^j

+ Γ^a_i

∂Γ^b_j ∂ξ^a

− Γ^a_j

∂Γ^b_i ∂ξ^a � = 0.

26 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

with the following generalized Lie algebroid structure: � dq^i, dq^j � F▷◁A

= η^{ir} � ∂η_{kl} ∂q^r − ∂η_{kr} ∂q^l � η^{lj} dq^k ,

ϱ( dq^i )q^j = −η^{ij} , ϱ( dq^i )I_a = 0.

6. Appendix: Connection of a surjective submersion

Let us consider a fibre bundle π : F → M. We denote by T^πF the vertical distribution of vector fields on F with zero projection by the differential of π. A connection of π (or Ehresmann connection) is given by a differential distribution H of F, that we call horizontal distribution. This distribution is a complementary distribution of T^πF that projects onto T M, that is, H_q ≃ T_{π(q)}M for all q ∈ F. Then, the tangente bundle T F can be decomposed as a direct sum T F = H ⊕ T^πF. There are other (equivalent) ways of defining a connection of π (see [2, 8, 16]). For example, we can define a connection as a global section of the first jet bundle J^1π → F or as a splitting of the exact sequence

0 −→ T^πF −→ T F^{~π}−→ F ▷◁ T M −→ 0,

where F ▷◁ T M = π^!(T M) = {(f, X) ∈ F × T M | π(f) = κ_0(X)} is the pull-back of the tangent bundle κ_0 : T M → M by the map π : F → M,

F ▷◁ T M

κ_1 � κ_2 � T M κ_0 � F_π^� M

and ~π represents the projection of the tangent bundle T F onto the bundle F ▷◁ T M, i.e., a splitting of the exact sequence is a section for π̃: a differentiable map h : F ▷◁ T M → T F such that ~π ∘ h is the identity map on the vector bundle F ▷◁ T M. Examples of these connections and their applications in Physics can be found in [11, 12, 13, 14].

From the definition of ρ-connection of π given by Cantrijn et. al. [2], the map h : F ▷◁ T M → T F is a id_{T M} -connection of π, i.e. it is a morphism of vector bundles over the identity map on F such that the following diagram

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 7

obtain a non-linear Poisson structure on the extended bundle F ▷◁ A^∗ → F. We call this process an internal deformation of the Lie co-algebroid.

3.1. Quadratic Poisson structure on F ▷◁ A^∗. Let us consider the pullback of the Lie co-algebroid τ_0 : A^∗ → M by the bundle map π : F → M, π^!A^∗ = {(q, α) ∈ F × A^∗ | π(q) = τ_0(α)}:

π^!A^∗

τ_1 � τ_2 �

A^∗

τ_0 � F^{π �} M

We will represent the pull-back bundle π^!A^∗ by F ▷◁ A^∗. This space is a vector bundle over F whose fibres are isomorphic to the fibres of τ_0 : A^∗ → M; τ^{−1}_1 (q) ≃ A^∗_x with x = π(q).

The vector bundle τ_1 : F ▷◁ A^∗ → F can be endowed with a bivector Λ_{F▷◁A}∗ which is τ_1-projectable onto Λ and τ_2-projectable onto Λ_A∗ , defined by:

{f ∘ τ_1, g ∘ τ_1}_{F▷◁A}∗ = {f, g} ∘ τ_1,

{χ(v) ∘ τ_2, g ∘ τ_1}_{F▷◁A}∗ = �ρ(v)g ∘ τ_1, (6) {χ(v) ∘ τ_2, χ(w) ∘ τ_2}_{F▷◁A}∗ = χ([v, w]_A) ∘ τ_2,

for all f, g ∈ C^∞(F) and v, w ∈ Γ(A), where {·, ·} is the Poisson bracket defined by the Poisson tensor Λ on F, and �ρ(v)(q) := (T π|_{Hq} )−1( ρ(v)(π(q)) ),

is the horizontal lift of the vector field ρ(v) on M to a vector field on F defined by the connection of π : F → M (see appendix). I.e., it is defined by a distribution H of F which is complementary to the vector bundle T^πF of π-vertical vector fields on F, such that T_qπ : H_q → T_{π(q)}M is an isomorphism for all q ∈ F; therefore, T F = H ⊕ T^πF.

We observe that the bracket {·, ·}_{F▷◁A}∗ is completely defined by equations (6), because the cotangente space to F ▷◁ A^∗ is generated by the differentials of the linear functions of the form χ(v) ∘ τ_2 and the differentials of basic functions f ∘τ_1 on F ▷◁ A^∗. Moreover, {·, ·}_{F▷◁A}∗ is an almost-Poisson bracket, i.e. all the properties of a Poisson bracket are satisfied except possibly the Jacobi identity.

Let now {(x^i, μ_α) | i = 1, ..., m, α = 1, ..., r} be a set of local coordinates on the vector bundle A^∗, where the x^i’s represent a set of local coordinates on

8 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

the manifold M and the μ_α = χ(e_α)’s are the linear functions associated with the elements e_α’s of a basis of local sections of A; we call this local coordinates external variables. In local coordinates, the bivector Λ_{F▷◁A}∗ defined by (6) is given by

Λ_{F▷◁A}∗ = Γ^b_j ρ^j_α∂_{μα} ∧ ∂_ξb + ρ^i_α∂_{μα} ∧ ∂_xi + c_{αβ}^γμ_γ ∂_{μα} ∧ ∂_{μβ} + C_{ab} ∂_ξa ∧ ∂_ξb ,

where ~ρ(e_α)(x, ξ) = ρ^i_α(x)∂_xi +Γ^b_j(x, ξ)ρ^j_α(x)∂_ξb , ρ^i_α and c_{αβ}^γ are the structure functions of A and the symbols Γ^b_j represent the connection “coefficients”.

Proposition 3.2. The bivector Λ_{F▷◁A}∗ is a Poisson bivector, i.e. the bracket defined on F ▷◁ A^∗ verifies the Jacobi identity, if and only if £_{�ρ(v)}Λ = 0, for all v ∈ Γ(A), which is equivalent to

�ρ(v) {f, g} = � �ρ(v)f, g � + � f, �ρ(v)g � , (7)

for all f, g ∈ C^∞(F) and v ∈ Γ(A).

Proof : In order to prove the statement, we have to consider the Jacobi identity for any triple of differentiable functions on F or, equivalently, for: three basic functions, three linear functions, one basic function and two linear functions and finally one linear function and two basic functions. In the first case, the Jacobi identity holds because {·, ·} is a Poisson bracket on F. In the second case, it also holds because [·, ·]_A is a Lie bracket. When we have two linear functions and one basic function, the Jacobi identity is satisfied because the connection is flat. In the last case, we have that

{χ(v) ∘ τ_2, {f ∘ τ_1, g ∘ τ_1}_{F▷◁A}∗ }_{F▷◁A}∗ = {{χ(v) ∘ τ_2, f ∘ τ_1}_{F▷◁A}∗ , g ∘ τ_1}_{F▷◁A}∗ + {f ∘ τ_1, {χ(v) ∘ τ_2, g ∘ τ_1}_{F▷◁A}∗ }_{F▷◁A}∗

is equivalent, from the definition of {·, ·}_{F▷◁A}∗ , to

�ρ(v) {f, g} ∘ τ_1 = � �ρ(v)f ∘ τ_1, g ∘ τ_1 � F▷◁A^∗ + � f ∘ τ_1, �ρ(v)g ∘ τ_1 � F▷◁A^∗ , that is,

�ρ(v) {f, g} ∘ τ_1 = � �ρ(v)f, g � ∘ τ_1 + � f, �ρ(v)g � ∘ τ_1

which is condition (7).

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 25

Let η be a Riemannian metric on Q. Free motion on Q would be described by the geodesics of such a metric. Consider now, the following singular Lagrangian associated to the free system

L = T + ^c,

where T is the kinetic energy of the system defined by the metric η, and ^c is the linear function on T V defined by a 1-form c on V , by setting ^c(w) = ⟨c_I , w⟩ for all w ∈ T_I V ≡ V , such that, the 2-form dc is symplectic on V . The 2-form dc defines a regular Poisson structure on V ,

Λ = C_{ab}(I) ∂_{Ia} ∧ ∂_{Ib} ,

this Poisson structure can be consider as a localizable Poisson structure on the bundle F = Q × V → Q. In local coordinates, the Lagrangian is written in the following way

L(q, v, I, İ) = 1 2 η_{ij}(q)v^iv^j + c^a(I)İ_a

and the Cartan forms of order one and two are given by:

θ_L = η_{ij}v^idq^j + c^a(I)dI_a ,

ω_L = v^i � ∂η_{ij} ∂q^k − ∂η_{ik} ∂q^j � dq^j ∧ dq^k + η_{kj}dq^j ∧ dv^k + C^{ab}dI_a ∧ dI_b ,

where C^{ab} are the entries of the inverse matrix of (C_{ab}). Let Π : T F → F ▷◁ T Q be the projection of T F onto F ▷◁ T Q. The pre-symplectic form ω_L in T F is Π-projectable: there exists a symplectic form ω on F ▷◁ T Q such that Π^∗ω = ω_L. Thus, the fundamental Poisson brackets characterizing such symplectic structure on F ▷◁ T Q are: � v^i, q^j � F ▷◁T Q = −η ij, � v^i, v^j � F ▷◁T Q = η

ira_{rl}η^{lj}, {I_a, I_b}_{F ▷◁T Q} = C_{ab},

where v^i = χ^′(dq^i) is the linear function on F ▷◁ T Q associated to the local section dq^i of T^∗Q, η^{jk} represents the entries of the inverse matrix of η = (η_{kj}) and a_{rl} = v^k � ∂η_{kl}/∂q^r − ∂η_{kr}/∂q^l � . Note that � q^i, q^j � F ▷◁T Q = 0 = � q^i, I_a � F ▷◁T Q.

The vector bundle F ▷◁ T Q endowed with the above Poisson structure is a quadratic co-algebroid. Therefore, the dual bundle F ▷◁ T^∗Q is endowed

24 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

{·, ·}_F on F which is compatible with the bracket {·, ·}:

{f ∘ π, g ∘ π}_F = {f, g}_M ∘ π , {f ∘ π, G}_F = 0 ,

{F, G}_F = 0 ,

for all f, g ∈ C^∞(M) and where F and G are functions on F that only depend on N.

The internal deformation of the Lie algebroid M × g → M by the bundle F is a quadratic algebroid. Indeed, ~ ρ(s_X ) = {H_X ∘ π, ·}_F

because ρ(s_X ) = X_M = {H_X , ·}_M for all constant section s_X (x) = (x, X) of the trivial bundle M × g → M. Since the Poisson brackets {·, ·}_F and {·, ·} are compatible, we have ~ ρ(s_X ) {F, G} = {H_X ∘ π, {F, G}}_F = {{H_X ∘ π, F }_F , G}+{F, {H_X ∘ π, G}_F } ,

that is, ~ ρ(s_X ) {F, G} = � ~ ρ(s_X )F, G � + � F, ~ ρ(s_X )G � , for all F, G ∈ C^∞(F). The quadratic algebroid structure of F ▷◁ (M × g) is given by:

[v, w]_{F▷◁(M×g)} = [v, w]_{M×g} ,

ϱ(s_X )x^i = ρ(s_X )x^i = X_M x^i , ϱ(s_X )ξ^a = 0 ,

for all X ∈ g and v, w ∈ Γ(M×g). The dual vector bundle F ▷◁ (M×g^∗) → F is a quadratic co-algebroid, and so it is endowed with a quadratic Poisson structure.

5.4. Free motion. Let F be the trivial vector bundle Q×V → Q where Q is a m-dimensional manifold with local coordinates q^i and V is a n-dimensional real linear space with coordinates I_a. The free motion on V is characterized by İ_a = 0.

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 9

In local coordinates, the compatibility condition (7) is expressed in the following way:

ρ^i_α � ∂C_{ab} ∂x^i

+ Γ^d_i

∂C_{ab} ∂ξ^d

− C_{db}

∂Γ^a_i ∂ξ^d

− C_{ad}

∂Γ^b_i ∂ξ^d � = 0,

which allows one to conclude that it is satisfied when the anchor is zero.

If Λ_{F▷◁A}∗ is a Poisson tensor, then the Poisson bracket is quadratic {·, ·}_{F▷◁A}∗ , i.e. the Poisson bracket of linear functions is quadratic on linear functions:

{f(χ(v) ∘ τ_2), g(χ(w) ∘ τ_2)}_{F▷◁A}∗

= {f, g} (χ(v) ∘ τ_2)(χ(w) ∘ τ_2) − ([g ~ρ(w)f] ∘ τ_1)(χ(v) ∘ τ_2)

+([f �ρ(v)g] ∘ τ_1)(χ(w) ∘ τ_2) + fg(χ([v, w]_A) ∘ τ_2) ,

for all f, g ∈ C^∞(F) and v, w ∈ Γ(A). Therefore, the Poisson structure Λ_{F▷◁A}∗ on F ▷◁ A^∗ is non-linear.

Definition 3.3. Given a Lie co-algebroid τ_0 : A^∗ → M and a fibre bundle π : F → M equipped with a flat connection and a localizable Poisson structure Λ that satisfies the compatibility condition (7), then the vector bundle F ▷◁ A^∗ → F endowed with the non-linear Poisson structure Λ_{F▷◁A}∗ given above is called a quadratic co-algebroid.

3.2. Generalized Lie algebroid structure on F ▷◁ A. In this section, we will relate the quadratic co-algebroid structure on F ▷◁ A^∗ with a Lie algebroid structure on its dual bundle. Note that, the dual (F ▷◁ A^∗)^∗ of the extended bundle F ▷◁ A^∗ coincides with p_1 : F ▷◁ A → F the pull-back of the vector bundle p_0 : A → M by the projection π : F → M, because, (F ▷◁ A^∗)^∗_q ∼= (A^∗)^∗_{π(q)} = (A^∗_{π(q)})^∗ = A_{π(q)} ∼= (F ▷◁ A)_q, for all q ∈ F. The pull-back of the vector bundle p_0 : A → M by the projection π : F → M, F ▷◁ A = π^!A = {(q, v) ∈ F × A | π(q) = p_0(v)}, is a vector bundle over F whose fibres are isomorphic to the fibres of A, and we have the following commutative diagram:

F ▷◁ A

p_1 � p_2 � A p_0 � F^{π �} M where p_1(q, v) = q and p_2(q, v) = v. Note that the space of sections of F ▷◁ A is a C^∞(F)-modulo generated by sections of the form v(q) = (q, v(π(q)))

10 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

with v ∈ Γ(A), and this allows us to conclude that the space Γ(F ▷◁ A) is isomorphic to the space of sections of A along the map π, Γ_π(A) = {Z : F → A | p_0 ∘ Z = π} (see [10]):

v ∈ Γ(F ▷◁ A) → v ∘ π ∈ Γ_π(A).

Let us consider a Lie algebroid (A, ρ, [·, ·]_A) over a manifold M and a fibre bundle π : F → M endowed with a localizable Poisson structure Λ of the form Λ = C_{ab}ξ^a ∧ ξ^b. Given a flat connection in the bundle F, the horizontal lift of a vector field X ∈ X(M) is given by a vector field ~X ∈ X(F) defined by ~X(q) = (T π|_{Hq} )^{−1}(X(π(q))) ,

for all q ∈ F. Since the connection is flat, these vector fields satisfy: ~ [X, Y ] = [ ~X, ~Y ] , (8)

for all X, Y ∈ X(M), where the bracket on the left hand side is the bracket of vector fields on M and the bracket on the right one is the bracket of vector fields on F.

We are going to endow the vector bundle F ▷◁ A over F with a structure that we call a generalized Lie algebroid structure. The generalized anchor ϱ : F ▷◁ A → F ▷◁ T M is defined by

ϱ(q, v(π(q))) = (q, ρ(v)(π(q))),

for all q ∈ F and v ∈ Γ(A). This generalized anchor induces a map between the spaces of sections, that we represent by the same symbol,

ϱ(fv) = f ρ(v),

whose action on differentiable functions on F is defined by

ϱ(fv)g := f �ρ(v)g,

for all f, g ∈ C^∞(F) and v ∈ Γ(A). In the space of sections of F ▷◁ A we introduce the following bilinear and skew-symmetric bracket

[v, gw]_{F▷◁A} := g[v, w]_A + (ϱ(v)g)w , (9)

for all v, w ∈ Γ(A) and g ∈ C^∞(F).

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 23

where C = (C_{ab}) and c = (c_{αβ}) with c_{αβ} = c_{αβ}^γχ(e_γ).

5.2. Poisson manifold. Let (M, Π) be a Poisson manifold and N a differentiable manifold. We will deform the Lie algebroid structure on T^∗M, defined by the Poisson tensor Π, by the internal bundle π : F = M × N → M endowed with a localizable Poisson structure of the form Λ(x, ξ) = C_{ab}(ξ) ∂_ξa ∧ ∂_ξb . The natural connection of the bundle F is defined by the distribution H_q = T_{π(q)}M, for all q ∈ F. In this case, the horizontal lift of X ∈ X(M) to F is a vector field on F given by ~X(q) = (X(π(q)), 0) ≡ X(π(q)), for all q ∈ F.

Let us consider a generalized Lie algebroid structure on the vector bundle π_1 : F ▷◁ T^∗M → F. Since the compatibility condition (7) holds, F ▷◁ T^∗M is a quadratic algebroid. The dual vector bundle κ_1 : F ▷◁ T M → F is endowed with a non-linear (quadratic) Poisson structure, given in the matricial form by:

Λ_{F▷◁T M} = � � 0 0 Π 0 C 0 Π 0 Υ � � ,

where C = (C_{ab}), Π = (Π_{ij}) and Υ = (Υ_{ij}) with

Υ_{ij} = � χ(dx^i) ∘ κ_2, χ(dx^j) ∘ κ_2 � F▷◁T M .

If Π is a non-degenerated tensor and C is invertible, then the non-linear Poisson tensor Λ_{F▷◁T M} is regular.

5.3. Group action. Let G be a Lie group with a Lie algebra g that acts on the Poisson manifold (M, {·, ·}_M ) and let π : F = M × N → M be the product bundle, where N is a differentiable manifold, endowed with a localizable Poisson structure {·, ·}. As we have already remarked, the natural connection of the bundle F is defined by the distribution H_q = T_{π(q)}M, for all q ∈ F. In this case, the horizontal lift of X ∈ X(M) to F is a vector field on F given by ~X(q) = (X(π(q)), 0) ≡ X(π(q)), for all q ∈ F.

Let us suppose that the group action is Hamiltonian, i.e. for each X ∈ g there is a function H_X ∈ C^∞(M) such that the fundamental vector field X_M on M is Hamiltonian with Hamiltonian function H_X . Such correspondence is linear. Suppose also that the Poisson bracket on M defines a Poisson bracket

22 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

bundle is defined by the distribution H_q = {0}, for all q ∈ F, and the horizontal lift to F of the vector field X = 0 is ~X = 0. Therefore, the connection is obviously flat. Given a finite dimensional Lie algebra g, we can consider g as a Lie algebroid over the set {·}– the anchor ρ is zero and the bracket on the sections is given by the Lie bracket of the Lie algebra. The internal deformation of g by F is represented by the following diagram:

F ▷◁ g

p_1 � p_2 � g p_0 � F^{π �} {·}

where p_1(q, X) = q and p_2(q, X) = X, for all q ∈ F and X ∈ g. The generalized Lie algebroid structure on F ▷◁ g is given by:

[e_α, e_β]_{F▷◁g} = c_{αβ}^γ e_γ , ϱ(e_α)ξ^a = 0 ,

where c_{αβ}^γ are the structure constants of the Lie algebra g and e_α are the elements of a basis of sections in the space Γ(F ▷◁ g) ≃ C^∞(F; g). Note that the space C^∞(F; g) is generated by a set of constant functions s_α(q) = e_α, where the elements e_α define a basis of g. Since the trivial bundle F × g → F coincides with the vector bundle F ▷◁ g → F, one can show that the structures of Lie algebra bundle and Lie algebroid on F ▷◁ g are the same.

In these conditions, we easily prove the compatibility condition (7):

ϱ(X) {f, g} = � ϱ(X)f, g � + � f, ϱ(X)g � , for all X ∈ Γ(g) and f, g ∈ C^∞(F); note that ϱ(X)f = ~ρ(X)f = 0. Therefore, the vector bundle p_1 : F ▷◁ g → F is endowed with a quadratic algebroid structure and its dual τ_1 : F ▷◁ g^∗ → F is endowed with a quadratic co-algebroid structure, whose non-linear Poisson bracket is given by:

{χ(e_α), χ(e_β)}_{F▷◁g}∗ = c_{αβ}^γχ(e_γ) , {χ(e_α), ξ^a}_{F▷◁g}∗ = 0 , {ξ^a, ξ^b}_{F▷◁g}∗ = C_{ab} .

In the matricial form, the Poisson structure on F ▷◁ g^∗ is given by

Λ_{F▷◁g}∗ = � C 0 0 c � ,

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 11

Remark 3.4. From the definition of the generalized anchor, we conclude that it is C^∞(F)-linear because ϱ(fv) = fρ(v) = fϱ(v), for all f ∈ C^∞(F) and v ∈ Γ(A).

Proposition 3.5. The bracket defined by (9) on the space of sections of F ▷◁ A is a Lie bracket.

Proof : The bracket (9) is bilinear and skew-symmetric. To verify the Jacobi identity, we have to show that � cycl

[[fv, gw]_{F▷◁A}, hz]_{F▷◁A} = 0 ,

for all f, g, h ∈ C^∞(F) and v, w, z ∈ Γ(A). From the definition of [·, ·]_{F▷◁A}, we have � cycl

[[fv, gw]_{F▷◁A}, hz]_{F▷◁A} = � cycl � fgh[[v, w]_A, z]_A + {fgϱ([v, w]_A)h}z − hϱ(z)(fg)[v, w]_A �

+ � cycl � (fhϱ(v)g)[w, z]_A + (fϱ(v)g)(ϱ(w)h)z − hϱ(z)(fϱ(v)g)w �

− � cycl � gh(ϱ(w)f)[v, z]_A + (gϱ(w)f)(ϱ(v)h)z − hϱ(z)(gϱ(w)f)v � .(10)

Since the bracket on the sections of A satisfies the Jacobi identity and ρ is a homomorphism of Lie algebras, we have � cycl � fgh[[v, w]_A, z]_A + {fgϱ([v, w]_A)h}z � = � cycl � fg{ ~

[ρ(v), ρ(w)]h}z � .

12 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

If we reorganize the terms of (10) we obtain � cycl

[[fv, gw]_{F▷◁A}, hz]_{F▷◁A} (8) = � cycl � fg{[ �ρ(v), ~ρ(w)]h}z − fh(ϱ(z)ϱ(v)g) w + gh(ϱ(z)ϱ(w)f)v �

+ � cycl � fh(ϱ(v)g)[w, z]_A − hϱ(z)(fg)[v, w]_A − gh(ϱ(w)f)[v, z]_A �

+ � cycl

( f(ϱ(v)g)(ϱ(w)h)z − h(ϱ(z)f)(ϱ(v)g)w ) + � cycl

( h(ϱ(z)g)(ϱ(w)f)v − g(ϱ(w)f)(ϱ(v)h)z ) = 0,

because each cyclic sum is zero. Therefore, the bracket [·, ·]_{F▷◁A} satisfies the Jacobi identity.

Definition 3.6. The vector bundle p_1 : F ▷◁ A → A endowed with the generalized anchor ϱ : F ▷◁ A → F ▷◁ T M and the Lie bracket on the sections of F ▷◁ A defined by (9) is called a generalized Lie algebroid. Let � (x^i, ξ^a) | i = 1, ..., m, a = 1, ..., n � be a set of local coordinates on the bundle π : F → M and {e_α | α = 1, ..., r} a basis of local sections of the vector bundle p_0 : A → M. In local coordinates, the generalized Lie algebroid structure on F ▷◁ A is given by:

[e_α, e_β]_{F▷◁A} = c_{αβ}^γ e_γ, ϱ(e_α)x^i = ρ^i_α, ϱ(e_α)ξ^a = Γ^a_j ρ^j_α. (11)

The local functions c_{αβ}^γ, ρ^i_α and Γ^a_j ρ^j_α are called the structure functions of the generalized Lie algebroid F ▷◁ A.

Example 3.7. Let us consider the tangent bundle τ_M : T M → M endowed with its usual Lie algebroid structure. The fibre bundle F ▷◁ T M → F is endowed with a generalized Lie algebroid structure. The generalized anchor is the identity map on F ▷◁ T M,

ϱ(q, X(π(q))) = (q, X(π(q))),

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 21

T^∗M is a symplectic manifold, and therefore the dual map of the generalized anchor is a symplectic realization of the quadratic co-algebroid F ▷◁ A^∗.

We notice that, in general, the generalized Lie algebroid F ▷◁ T M is not a quadratic algebroid because it does not satisfy the compatibility condition (7). Nevertheless, the vector bundle F ▷◁ T^∗M is endowed with an almost- Poisson structure given by (6), when A = T M. In this case, we say that the dual map of the anchor is an almost-Poisson morphism.

Now, let us suppose that the fibre bundle F satisfies the conditions of Proposition 4.1 and that the Poisson tensor on F is of the form Λ = C_{ab}(ξ) ∂_ξa ∧∂_ξb , regular along the fibres, with C_{ab}(0) = 0. Then, the morphism (Φ, ϕ) : (T^∗M, π_0, M) → (F ▷◁ T^∗M, π_1, F), introduced in Proposition 3.12, is a symplectic realization of the quadratic co-algebroid F ▷◁ T^∗M. Moreover, we conclude that the composition ϱ^∗ ∘ Φ : T^∗M → F ▷◁ A^∗ is a Poisson morphism over the map ϕ : M → F and, therefore, it is a symplectic realization of the quadratic co-algebroid F ▷◁ A^∗. The dual map of ϱ^∗ ∘ Φ is the vector bundle morphism σ = κ_2 ∘ ϱ : F ▷◁ A → T M over the map π : F → M,

F ▷◁ A

p_1 � ϱ � F ▷◁ T M

κ_1 � κ_2 � T M κ_0 � F_{idF}^� F_π^� M

given by σ(q, v(π(q))) = ρ(v)(π(q)), for all q ∈ F and v ∈ Γ(A). The following conditions hold

(i) σ = T π ∘ ~ρ, (ii) σ ∘ [v, w]_{F▷◁A} = [ρ(v), ρ(w)] ∘ π, for all v, w ∈ Γ(A). Thus, σ is a Lie algebroid homomorphism.

5. Some examples of internal deformation

In this section, we will give some examples of internal deformations of a Lie algebroid (A, ρ, [·, ·]_A) over a manifold M by internal bundles F → M endowed with a localizable Poisson structure Λ and a flat connection.

5.1. Lie algebra bundle. Let π : F → {·} be a fibre bundle with a unique fibre F endowed with a localizable Poisson structure of the form Λ = C_{ab} ∂_ξa ∧ ∂_ξb , where C_{ab} are constants. The natural connection of this

20 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

Proposition 4.1. Let (F ▷◁ T M, ϱ_0, [·, ·]_{F▷◁T M} ) and (F ▷◁ A, ϱ, [·, ·]_{F▷◁A}) be quadratic algebroids obtained by internal deformation of the Lie algebroids T M and A, respectively, by the bundle F → M endowed with a localizable Poisson structure and a flat connection. Then, ϱ^∗ : F ▷◁ T^∗M → F ▷◁ A^∗ is a Poisson morphism.

Proof : We have to show that ϱ^∗ is a Poisson morphism, that is, {F, G}_{F▷◁A}∗ ∘ ϱ^∗ = {F ∘ ϱ^∗, G ∘ ϱ^∗}_{F▷◁T} ∗_M , (20) for all affine functions F, G ∈ C^∞(F ▷◁ A^∗). With f, g ∈ C^∞(F), we have {f ∘ τ_1 ∘ ϱ^∗, g ∘ τ_1 ∘ ϱ^∗}_{F▷◁T} ∗_M = {f ∘ id_F ∘ π_1, g ∘ id_F ∘ π_1}_{F▷◁T} ∗_M = {f, g} ∘ π_1 and therefore, {f ∘ τ_1 ∘ ϱ^∗, g ∘ τ_1 ∘ ϱ^∗}_{F▷◁T} ∗_M = {f, g} ∘ τ_1 ∘ ϱ^∗ = {f ∘ τ_1, g ∘ τ_1}_{F▷◁A}∗ ∘ ϱ^∗. Now, let us suppose that F = χ(v) ∘ τ_2 is a linear function on F ▷◁ A^∗, associated to the section v of A, and G = g ∘ τ_1 is a basic function on F ▷◁ A^∗. Then, from (19),

{F ∘ ϱ^∗, G ∘ ϱ^∗}_{F▷◁T} ∗_M = {χ_0(ρ(v)) ∘ π_2, g ∘ π_1}_{F▷◁T} ∗_M = �ρ(v)g ∘ τ_1 ∘ ϱ^∗. On the other hand,

{F, G}_{F▷◁A}∗ ∘ ϱ^∗ = {χ(v) ∘ τ_2, g ∘ τ_1}_{F▷◁A}∗ ∘ ϱ^∗ = �ρ(v)g ∘ τ_1 ∘ ϱ^∗ and condition (20) holds. Finally, let now F ∘ τ_2 = χ(v) ∘ τ_2 and G ∘ τ_2 = χ(w) ∘ τ_2 be two linear functions on F ▷◁ A^∗, where v and w are sections of A. Then,

{F ∘ ϱ^∗, G ∘ ϱ^∗}_{F▷◁T} ∗_M = {χ_0(ρ(v)) ∘ π_2, χ_0(ρ(w)) ∘ π_2}_{F▷◁T} ∗_M = χ_0([ρ(v), ρ(w)]) ∘ π_2.

Since ρ is a Lie algebra homomorphism, we also have

{F ∘ ϱ^∗, G ∘ ϱ^∗}_{F▷◁T} ∗_M = χ_0(ρ([v, w]_A)) ∘ π_2 = χ([v, w]_A) ∘ τ_2 ∘ ϱ^∗ = {χ(v) ∘ τ_2, χ(w) ∘ τ_2}_{F▷◁A}∗ ∘ ϱ^∗ and therefore (20) holds.

As we said before, when the Poisson structure on F is regular along the fibres, the non-linear Poisson structure on F ▷◁ T^∗M is regular. Then F ▷◁

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 13

and the Lie bracket on the sections of F ▷◁ T M is given, for all X, Y ∈ X(M) and f ∈ C^∞(F), by

[X, fY ]_{F▷◁T M} = f[X, Y ] + ( ~Xf)Y ,

where [·, ·] is the usual bracket of vector fields on M. In local coordinates (x^i, ξ^a) on the bundle π : F → M and in the basis of sections {∂_xi | i = 1, ..., n} of the tangent bundle T M, the generalized anchor and bracket are respectively given by:

[∂_xi , ∂_xj ] = 0, ϱ(∂_xi )x^j = δ^i_j, ϱ(∂_xi )ξ^a = Γ^a_i .

Since the anchor ρ of the Lie algebroid A is a homomorphism of Lie algebras, from the definition of the generalized anchor ϱ and the bracket [·, ·]_{F▷◁A}, we can easily prove that the generalized anchor is a homomorphism of the Lie algebra (Γ(F ▷◁ A), [·, ·]_{F▷◁A}) into the Lie algebra (Γ(F ▷◁ T M), [·, ·]_{F▷◁T M} ):

ϱ([fv, gw]_{F▷◁A}) = ϱ � fg[v, w]_A + (ϱ(fv)g)w − (ϱ(gw)f)v � = fgρ([v, w]_A) + (ϱ(fv)g)ρ(w) − (ϱ(gw)f)ρ(v) = fg[ρ(v), ρ(w)] + (ϱ(fv)g)ρ(w) − (ϱ(gw)f)ρ(v) = [ϱ(fv), ϱ(gw)]_{F▷◁T M} ,

for all f, g ∈ C^∞(F) and v, w ∈ Γ(A).

Let us recall the following result:

Proposition 3.8 ([5]). The vector bundle p : A → M is a Lie algebroid over M if and only if the dual bundle admits a Poisson structure whose linear functions form a Lie subalgebra.

As in the case of Lie algebroids, the dual vector bundle F ▷◁ A^∗ of the generalized Lie algebroid can be endowed with a linear Poisson structure given by:

{f ∘ τ_1, g ∘ τ_1}^1_{F▷◁A}∗ = 0

{χ(v) ∘ τ_2, g ∘ τ_1}^1_{F▷◁A}∗ = �ρ(v)g ∘ τ_1 (12) {χ(v) ∘ τ_2, χ(w) ∘ τ_2}^1_{F▷◁A}∗ = χ([v, w]_A) ∘ τ_2.

This linear Poisson bracket is obtained from (6) in the case where the Poisson structure on F is the trivial one. Note that, in this particular case, the compatibility condition 7 is trivially satisfied.

14 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

Since F ▷◁ A^∗ is equipped with a linear Poisson structure, the vector bundle F ▷◁ A is endowed with a Lie algebroid structure over F. So, there exists an anchor map ~ρ : F ▷◁ A → T F and a Lie bracket [·, ·]_{F▷◁A} that satisfy the Leibniz rule:

[v, fw]_{F▷◁A} = f[v, w]_{F▷◁A} + ~ρ(v)f w ,

for all v, w ∈ Γ(F ▷◁ A) and f ∈ C^∞(F). In fact, the anchor is just the map ~ρ(v) := �ρ(v), for all v ∈ Γ(F ▷◁ A), and the Lie bracket [·, ·]_{F▷◁A} on sections of F ▷◁ A is the one defined by (9). This Lie algebroid (F ▷◁ A, ~ρ, [·, ·]_{F▷◁A}) over F is an action Lie algebroid A ⋉ π, defined by an action Φ : Γ(A) → X(F) of the Lie algebroid A over π, where Φ is the R-linear map defined by Φ(v) = �ρ(v), for all v ∈ Γ(A), which satisfy the following conditions:

Φ(fv) = (f ∘ π) �ρ(v), Φ(v)(f ∘ π) = ρ(v)f ∘ π, Φ([v, w]_A) = [Φ(v), Φ(w)],

for all v, w ∈ Γ(A) and f ∈ C^∞(M). From what we have seen so far, the only difference between the Lie algebroid (F ▷◁ A, ~ρ, [·, ·]_{F▷◁A}) and the generalized Lie algebroid (F ▷◁ A, ϱ, [·, ·]_{F▷◁A}) is on the anchor map. But this is not so important, because the action on functions is the same and, therefore, the structure functions of the generalized Lie algebroid, given by (11), coincide with the structure functions of the Lie algebroid (F ▷◁ A, ~ρ, [·, ·]_{F▷◁A}). Furthermore, the structure equations of the Lie algebroid F ▷◁ A coincide with equations (2) and (3). We notice that ϱ = ~π ∘ ~ρ, where ~π : T F → F ▷◁ T M represents the projection of the tangent bundle T F onto the bundle F ▷◁ T M and ~ρ = h ∘ ϱ, where h : F ▷◁ T M → T F is a section of the map ~π associated with the flat connection of π : F → M. Therefore, given a Lie algebroid A and an internal bundle F, a generalized Lie algebroid structure on the extended bundle F ▷◁ A corresponds to a Lie algebroid structure on F ▷◁ A.

Since F ▷◁ A is a Lie algebroid, we can consider its exterior derivative d_{~ρ}, which is a derivation of degree one of the exterior algebra Ω^•(F ▷◁ A) and nilpotent of order two, d^2_{~ρ} = 0. On F ▷◁ A-k-forms, this operator is defined in the usual way by:

d_{~ρ}α(v_1, ..., v_k, v_{k+1}) = k+1� i=1 (−1)^{i+1}~ρ(v_i)α(v_1, ..., ^v_i, ..., v_{k+1}) (13) + � 1≤i<j≤k+1

(−1)^{i+j}α([v_i, v_j]_{F▷◁A}, ..., ^v_i, ..., ^v_j, ..., v_{k+1}),

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 19

Finally, we have to prove (18) in the case where F = χ_0(v)∘π_2 and G = g∘π_1. Then,

{F ∘ Φ, G ∘ Φ}_T ∗_M = {χ_0(v) ∘ π_2 ∘ Φ, g ∘ π_1 ∘ Φ}_T ∗_M = {χ_0(v), g ∘ ϕ ∘ π_0}_T ∗_M := v(g ∘ ϕ) ∘ π_0.

Since T ϕ ∘ v = ~v ∘ ϕ, we obtain

{F ∘ Φ, G ∘ Φ}_T ∗_M = ~vg ∘ ϕ ∘ π_0 = ~vg ∘ π_1 ∘ Φ ,

and from the definition of {·, ·}_{F▷◁T} ∗_M , we conclude that

{F ∘ Φ, G ∘ Φ}_T ∗_M = {χ_0(v) ∘ π_2, g ∘ π_1}_{F▷◁T} ∗_M ∘ Φ = {F, G}_{F▷◁T} ∗_M ∘ Φ.

4. Symplectic realizations of F ▷◁ A^∗

Let us consider a quadratic algebroid (F ▷◁ A, ϱ, [·, ·]_{F▷◁A}) obtained by internal deformation of the Lie algebroid (A, ρ, [·, ·]_A) over M by the internal bundle F → M endowed with a localizable Poisson tensor and a flat connection. We are going to prove that the dual map of the generalized anchor, ϱ^∗ : F ▷◁ T^∗M → F ▷◁ A^∗, of the quadratic co-algebroid F ▷◁ T^∗M is a Poisson morphism.

T^∗M

π_0 � F ▷◁ T^∗M

π_2 � π_1 � ϱ^∗

� F ▷◁ A^∗

τ_1 � τ_2 �

A^∗

τ_0 � M F π � id_F

� F_π^� M

When the Poisson structure on F is regular along the fibres, i.e. when the matrix of entries C_{ab} = � ξ^a, ξ^b � is invertible, the map ϱ^∗ provides a symplectic realization of the quadratic co-algebroid F ▷◁ A^∗.

Let H = χ(v) be a linear function on A^∗ associated to v ∈ Γ(A). Then:

H ∘ τ_2 = χ^′(v), H ∘ τ_2 ∘ ϱ^∗ = χ^′_0(ϱ(v)) = χ^′_0( ρ(v) ) = χ_0(ρ(v)) ∘ π_2, (19)

where χ^′ : Γ(F ▷◁ A) → L(F ▷◁ A^∗) and χ^′_0 : Γ(F ▷◁ T M) → L(F ▷◁ T^∗M) are isomorphisms, and L(F ▷◁ A^∗), L(F ▷◁ T^∗M) denote the spaces of linear functions on F ▷◁ A^∗ and F ▷◁ T^∗M, respectively.

18 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

κ_2 : F ▷◁ T M → T M where ϕ is such that π ∘ ϕ = id_M and satisfies ϕ^∗x^i = x^i and ϕ^∗ξ_a = 0. Then, we can establish the following: Proposition 3.12. The morphism (Φ, ϕ) is a Poisson morphism, i.e. {F ∘ Φ, G ∘ Φ}_T ∗_M = {F, G}_{F▷◁T} ∗_M ∘ Φ , (18) for all F, G ∈ C^∞(F ▷◁ T^∗M), where T^∗M is endowed with its canonical symplectic structure and F ▷◁ T^∗M is equipped with the Poisson structure (17).

Proof : We just have to prove the above condition for either two basic functions, f ∘ π_1, or two linear functions χ_0(v) ∘ π_2 and for one basic and a linear one. Let us first consider two basic functions on F ▷◁ T^∗M, F = f ∘ π_1 and G = g ∘ π_1. Then, from the above definition of the bracket {·, ·}_{F▷◁T} ∗_M , we have

{F, G}_{F▷◁T} ∗_M ∘ Φ = {f ∘ π_1, g ∘ π_1}_{F▷◁T} ∗_M ∘ Φ = {f, g} ∘ π_1 ∘ Φ and because π_1 ∘ Φ = ϕ ∘ π_0, we still have

{F, G}_{F▷◁T} ∗_M ∘ Φ = {f, g} ∘ ϕ ∘ π_0 = C_{ab}(ξ) ∂f ∂ξ_a ∂g ∂ξ_b

∘ ϕ ∘ π_0.

Since C_{ab}(ξ ∘ ϕ) = C_{ab}(0) = 0, we can conclude that {F, G}_{F▷◁T} ∗_M ∘ Φ = 0.

On the other hand, from the definition of the Poisson bracket on T^∗M, we have

{F ∘ Φ, G ∘ Φ}_T ∗_M = {f ∘ ϕ ∘ π_0, g ∘ ϕ ∘ π_0}_T ∗_M = 0 and the condition (18) holds. Let us now consider two linear functions F = χ_0(v) ∘ π_2 and G = χ_0(w) ∘ π_2, with v, w ∈ Γ(A). Since π_2 ∘ Φ = id_T ∗_M , we have

{F ∘ Φ, G ∘ Φ}_T ∗_M = {χ_0(v), χ_0(w)}_T ∗_M := χ_0([v, w]), that is, {F ∘ Φ, G ∘ Φ}_T ∗_M = χ_0([v, w]) ∘ π_2 ∘ Φ.

Once again, from the definition of the bracket {·, ·}_{F▷◁T} ∗_M , we have {F ∘ Φ, G ∘ Φ}_T ∗_M = {χ_0(v) ∘ π_2, χ_0(w) ∘ π_2}_{F▷◁T} ∗_M ∘ Φ = {F, G}_{F▷◁T} ∗_M ∘ Φ.

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 15

where α ∈ Ω^k(F ▷◁ A) and v_1, ..., v_k, v_{k+1} ∈ Γ(F ▷◁ A); the symbol ^· means omission of such element. Let d_ρ be the exterior derivative of the Lie algebroid (A, ρ, [·, ·]_A) and d the de Rham operator on the manifold M. Then:

Proposition 3.9. The exterior derivative d_{~ρ} of the Lie algebroid F ▷◁ A satisfies the following properties:

(i) d_{~ρ} ∘ p^∗_2 = p^∗_2 ∘ d_ρ;

(ii) d_{~ρ} ∘ (ρ ∘ p_2)^∗ = (ρ ∘ p_2)^∗ ∘ d,

where p_2 : F ▷◁ A → A.

Proof : (i) Since d_{~ρ} and d_ρ are derivations of degree one on the exterior algebras Ω^•(F ▷◁ A) and Ω^•(A), respectively, we just need to prove the equality d_{~ρ} ∘ p^∗_2 = p^∗_2 ∘ d_ρ for forms of degrees zero and one. With forms of degree zero we obtain

T π ∘ ~ρ = ρ ∘ p_2, (14)

and in forms of degree one we have

p_2 ∘ [v, w]_{F▷◁A} = [v, w]_A ∘ π , (15)

for all v, w ∈ Γ(A). From the definitions of the anchor map ~ρ and of the Lie bracket [·, ·]_{F▷◁A}, we can conclude that (14) and (15) hold.

(ii) From condition (i) we have d_{~ρ} ∘ p^∗_2 ∘ ρ^∗ = p^∗_2 ∘ d_ρ ∘ ρ^∗. Since ρ is a homomorphism of Lie algebroids then d_ρ ∘ ρ^∗ = ρ^∗ ∘ d. Therefore, d_{~ρ} ∘ p^∗_2 ∘ ρ^∗ = p^∗_2 ∘ ρ^∗ ∘ d.

Let {e_α | α = 1, ..., r} be a basis of local sections of F ▷◁ A associated to the local basis of sections {e_α | α = 1, ..., r} of A and let {e^α | α = 1, ..., r} be the corresponding dual basis of sections of F ▷◁ A^∗. The exterior derivative is characterized by its value on 0-forms and 1-forms, so in local coordinates:

d_{~ρ} = Γ^b_i ρ^i_α ∂_ξb ⊗ e^α + ρ^i_α ∂_xi ⊗ e^α − 1 2 c_{αβ}^γe_γ ⊗ e^α ∧ e^β.

Note that the structure equations (2) and (3) of the Lie algebroid F ▷◁ A are equivalent to d^2_{~ρ} x^i = d^2_{~ρ} ξ^a = 0 and d^2_{~ρ} e^ν = 0, respectively.

16 J.F. CARIÑENA, J.M. NUNES DA COSTA AND PATRÍCIA SANTOS

One can define on the dual bundle F ▷◁ A^∗ another non-linear Poisson structure by setting:

{f ∘ τ_1, g ∘ τ_1}^0_{F▷◁A}∗ = {f, g} ∘ τ_1 {χ(v) ∘ τ_2, g ∘ τ_1}^0_{F▷◁A}∗ = 0 (16) {χ(v) ∘ τ_2, χ(w) ∘ τ_2}^0_{F▷◁A}∗ = 0.

This non-linear Poisson bracket is obtained from (6) in the case where the Lie algebroid structure of A is the trivial one. Note that, in this case, the compatibility condition (7) is trivially satisfied. Therefore, the almost-Poisson structure on F ▷◁ A^∗ given by (6) is the sum of the linear Poisson structure (12) with the Poisson structure (16),

{·, ·}_{F▷◁A}∗ = {·, ·}^0_{F▷◁A}∗ + {·, ·}^1_{F▷◁A}∗ .

So, when the Lie algebroid (A, ρ, [·, ·]_A) and the internal bundle (F, {·, ·}) satisfy the compatibility condition (7), i.e. the bracket {·, ·}_{F▷◁A}∗ is Poisson, we have that the two Poisson structures (12) and (16) are compatible.

Definition 3.10. Given a Lie algebroid p_0 : A → M and a fibre bundle π : F → M equipped with a flat connection and a localizable Poisson structure that satisfy the compatibility condition (7), then the vector bundle F ▷◁ A → F endowed with the generalized Lie algebroid structure (ϱ, [·, ·]_{F▷◁A}) is called a quadratic algebroid.

From the above definition, we can conclude that the internal deformation of a Lie algebroid A by a fibre bundle F, endows the extended bundle F ▷◁ A with a structure of quadratic algebroid. Moreover, we conclude that the dual bundle of a quadratic algebroid is a quadratic co-algebroid. Note that a Lie algebroid is a particular case of a generalized Lie algebroid. In fact, a Lie algebroid is a generalized Lie algebroid deformed by the bundle π = id_M : M → M, where M ▷◁ A ≡ A and M ▷◁ T M ≡ T M.

Example 3.11 (Tangent bundle). Let us consider the tangent bundle T M endowed with its natural Lie algebroid structure and a differential manifold N. Let be F = M ×N and π : F = M ×N → M the product bundle endowed with the natural connection and a localizable Poisson structure of the form Λ = C_{ab}(ξ) ∂_ξa ∧ ∂_ξb . The connection is given by the horizontal distribution of F, H_q = T_{π(q)}M, for all q ∈ F and the horizontal lift of a vector field X ∈ X(M) to F is given by ~X = (X, 0) ≡ X and therefore the connection is

INTERNAL DEFORMATION OF LIE ALGEBROIDS AND SYMPLECTIC REALIZATIONS 17

flat. The vector bundle κ_1 : F ▷◁ T M → F

F ▷◁ T M

κ_1 � κ_2 � T M κ_0 � F^{π �} M

is endowed with a generalized Lie algebroid structure over F. The bundle F ▷◁ T M is a quadratic algebroid because the compatibility condition (7) is satisfied ~X {h_1, h_2} = � ~Xh_1, h_2 � + � h_1, ~Xh_2 � , for all h_1, h_2 ∈ C^∞(F) and X ∈ X(M). This condition holds because the function C_{ab}(ξ) = � ξ^a, ξ^b � does not depend on the local coordinates x^i; note that ~X � ξ^a, ξ^b � = 0, for all X ∈ X(M). Since F ▷◁ T M is a quadratic algebroid, we may define on the dual bundle F ▷◁ T^∗M

F ▷◁ T^∗M

π_1 � π_2 �

T^∗M

π_0 � F^{π �} M

a quadratic co-algebroid structure, whose non-linear Poisson structure is given in matricial form (using Darboux coordinates for the symplectic manifold T^∗M) by:

Λ_{F▷◁T} ∗_M = � � 0 0 −I 0 C 0 I 0 0 � � . (17)

When the matrix C is invertible the Poisson structure Λ_{F▷◁T} ∗_M is regular, i.e. the Poisson structure is non-degenerated. In this case, F ▷◁ T^∗M is a symplectic manifold.

Given a Lie algebroid (A, ρ, [·, ·]) over a manifold M and an internal bundle π : F → M, it is important to observe that when the extended bundle F ▷◁ T M is a quadratic algebroid, then the extended bundle F ▷◁ A is also a quadratic algebroid, however the converse is false.

In the conditions of the above example, let us suppose that the Poisson structure Λ = C_{ab}(ξ) ∂_ξa ∧ ∂_ξb on F is such that C_{ab}(0) = 0. Let (Φ, ϕ) : (T^∗M, π_0, M) → (F ▷◁ T^∗M, π_1, F) be the dual morphism of