Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 06–44

REAL PALEY-WIENER THEOREMS FOR THE KOORNWINDER-SWARTTOUW q-HANKEL TRANSFORM

LUÍS DANIEL ABREU

Abstract: We derive two real Paley-Wiener theorems in the setting of quantum calculus. The first uses techniques due to Tuan and Zayed [21] in order to describe the image of the space L^2_q (0, R) under Koornwinder and Swarttouw q-Hankel transform [14] and contains as a special case a description of the domain of the q-sampling theorem associated with the q-Hankel transform [1]. The second characterizes the image of compactly supported q-smooth functions under a rescaled version of the q-Hankel transform and is a q-analogue of a recent result due to Andersen [6].

Keywords: Paley-Wiener theorems, q-Hankel transform. AMS Subject Classification (2000): 44A15, 33D15 .

1. Introduction

The original Paley-Wiener theorem asserts that the Paley-Wiener space

P W = � f ∈ L^2 (R) : f(x) = 1 √ 2π �_π −π e^{ixt}u (t) dt, u ∈ L^2 (−π, π) �

is composed by functions allowing analytic continuation to the whole complex plane as entire functions of exponential type at most π. Since the proof of this theorem does not lend very naturally to other integral transformations, alternative approaches using real variable methods have been developed in order to give a description of the space P W and its generalizations. For instance, Bang [8] proved that

lim_{n→∞} � � � d^n dx^n f � � � 1 n p = sup{|λ| : λ ∈ suppFf},

and, as a consequence,

P W = � f ∈ L^2 (R) : lim_{n→∞} � � � d^n dx^n f � � � 1 n 2 = π � . Received September 14, 2006.

Partial financial assistance by Fundação Ciência e Tecnologia and Centro de Matemática da Universidade de Coimbra. 1

2 LUÍS DANIEL ABREU

Tuan proved a complementary statement using the primitive operator [18] and extended Bang´s result to other transforms, replacing the operator^d_{dx} by a second order operator possessing the kernel of the integral transformation as eigenfunction [16], [17]. A unified approach to obtain such propositions for a general Sturm-Liouville transform is due to Tuan and Zayed [21]. A problem that attracted many attention in recent years was the extension of Paley-Wiener theorems to the Dunkl transform on the real line [15], [7], [19].

A class of Paley-Wiener theorems sitting inside the Schwarz space was obtained by Andersen in [5], where it is shown that the Fourier transform is a bijection between smooth functions supported in [−R, R] and the space of all Schwartz functions satisfying, for all N ∈ N_0, sup x∈R, n∈N_0

R^{−n}n^{−N} (1 + |x|)^N � � � d^n dx^n f � � � < ∞.

An analogous result for the Hankel transform was given in [6], where it is proved that the Hankel transform with kernel (xy)^{−ν}J_ν(xy), in the space L^1(R_+, x^{2ν+1}dx), is a bijection between the space of even smooth functions supported in [−R, R] and the space of all even Schwartz functions satisfying, for all N ∈ N_0, sup x∈R, n∈N_0

R^{−n}n^{−N} (1 + |x|)^N |Δ^n_ν f| < ∞,

where Δ_ν stands for the second order differential operator having (xy)^{−ν}J_ν(xy) as eigenfunctions with eigenvalue y^2.

In many cases, the Paley-Wiener theorems give a description of the functions for which a sampling formula is valid. For instance, P W is the domain space for the celebrated Whittaker-Shannon-Koltenikov theorem. In [1], a sampling theorem valid for functions in the following q-Bessel version of the Paley-Wiener space has been derived:

P W^ν_q = � f ∈ L^2_q � R^+ � : f (x) =

�_1 0 (tx)^{12} J^{(3)}_ν � xt; q^2 � u (t) d_qt, u ∈ L^2_q (0, 1) � , (1) where J^{(3)}ν (z; q) is the third Jackson (or Hahn-Exton) q-Bessel function. The functions in P W^ν_q can be recovered from a very sparse grid of sampling points, located near the arithmetic progression {q^{−n}, n ∈ N}. It is desirable to describe such functions in terms of growth conditions. Since the space P W^ν_q is the image under Koornwinder and Swarttouw´s q-Hankel transform

REAL PALEY-WIENER THEOREMS 11

[14] T. H. Koornwinder, R. F. Swarttouw, On q-analogues of the Fourier and Hankel transforms, Trans. Amer. Math. Soc. 333 , no. 1, 445–461 (1992).

[15] K. Trimèche, Paley-Wiener theorems for the Dunkl transform and Dunkl translation operators.

Integral Transforms Spec. Funct. 13 (2002), no. 1, 17–38.

[16] V. K. Tuan, On the range of the Hankel and extended Hankel transforms. J. Math. Anal. Appl.

209 , no. 2, 460–478 (1997).

[17] V. K. Tuan. Paley-Wiener-type theorems. Frac. Cal. & Appl. Anal. 2, no. 2, p. 135-143 (1999). [18] V. K. Tuan Spectrum of signals. J. Fourier Anal. Appl. 7 , no. 3, 319–323 (2001). [19] V. K. Tuan. A real-variable Paley-Wiener theorem for the Dunkl transform. Abstract and Applied Analysis, 365–371, World Sci. Publishing, River Edge, NJ, (2004).

[20] V. K. Tuan. Paley-Wiener and Boas theorems for singular Sturm-Liouville integral transforms.

Adv. in Appl. Math. 29 (2002), no. 4, 563–580.

[21] V. K. Tuan, A. I. Zayed Paley-Wiener-type theorems for a class of integral transforms. J.

Math. Anal. Appl. 266 , no. 1, 200–226 (2002).

Luís Daniel Abreu Departamento de Matemática da Universidade de Coimbra E-mail address: daniel@mat.uc.pt

10 LUÍS DANIEL ABREU

Inserting estimate (16) on (14)-(15) gives, using (17) and (12), � �y^{2N} Δ^n_{q,ν,y}h^ν_q (f)(y) � � ≤ ~C � 1 q �_{2n−2N} R^{2n−2N+2ν+2}

(q^{2n}; q^{−2})_N (1 − q)^{2N−1} 2N� k=0 � � � d^k dx^k f � � � ∞ , where ~C is another constant depending in ν and R but not on n. This shows that h^ν_q (f) ∈ pw^ν_{q,R}. □

Remark 5. In section 3.2 of [10] it is shown that

j_{ν+p}(x; q^2) =

�_1 0 t^{2ν+1}W_{p−1}(t; q^2)j_ν(xt; q^2)d_qt

where W_{p−1}(t; q^2) is a smooth function. As a result, j_{ν+p}(x; q^2) ∈ pw^ν_{q,1} and satisfies sup x∈R,n∈N_0 � �Δ^n_{q,ν,x}[j_{ν+p}(x; q^2)] � � < C � 1 q �_{2n} 1 A_{n,N,q} 1 (1 + |x|)^{2N} . References

[1] L. D. Abreu, A q-Sampling theorem related to the q-Hankel transform, Proc. Amer. Math.

Soc. 133, (4) 1197-1203, (2005).

[2] L. D. Abreu, Functions q-orthogonal with respect to their own zeros, Proc. Amer. Math. Soc.

134 , 2695-2701, (2006).

[3] L. D. Abreu, R. Alvarez-Nodarse, J. L. Cardoso, Pointwise convergent expansions of q- Fourier-Bessel series, preprint 06-25 DMUC.

[4] M. H. Annaby, Z. S. Mansour, Basic Sturm-Liouville problems, J. Phys. A, Math Gen. 38 (17), 3775-3797, (2005).

[5] N. B. Andersen, Real Paley-Wiener theorems, Bull. London Math. Soc. 36 , no. 4, 504–508, (2004).

[6] N. B. Andersen, Real Paley-Wiener theorems for the Hankel transform, J. Fourier Anal. Appl.

12, no. 1, 17-25 (2006).

[7] N. B. Andersen, M. de Jeu, Elementary proofs of Paley-Wiener theorems for the Dunkl transform on the real line, Int. Math. Res. Not., no. 30, 1817–1831. (2005).

[8] H. H. Bang A property of infinitely differentiable functions. Proc. Amer. Math. Soc. 108 (1990), no. 1, 73–76.

[9] A. Fitouhi, N. Bettaibi, W. Binous, Wavelet transforms associated with the basic Bessel operator, arXiv:math.QA/0603036 (2006).

[10] A. Fitouhi, M. M. Hamza, F. Bouzeffour, The q-j_α Bessel function, J. Approx. Theor. 115, 144-166 (2002).

[11] A. Fitouhi, L. Dhaoudi, On a q-Paley-Wiener theorem, J. Math. Anal. Appl. 294 17-23 (2004). [12] G. Gasper, M. Rahman, ”Basic Hypergeometric Series. With a foreword by Richard Askey.”

Encyclopedia of Mathematics and its Applications, 35. Cambridge University Press, Cambridge, 1990.

[13] M. E. H. Ismail, The Zeros of Basic Bessel functions, the functions J_{v+ax}(x) and associated orthogonal polynomials, J. Math. Anal. Appl. 86, 1-19 (1982).

REAL PALEY-WIENER THEOREMS 3

[14] of the space L^2_q (0, 1), it can be described using a Paley-Wiener type theorem.

In the present paper we provide two real Paley-Wiener theorems for the q-Hankel transform in terms of second order q-difference equations whose eigenfunctions are q-Bessel functions. In the third section we obtain, using some of Tuan and Zayed´s techniques from [21], a Paley-Wiener theorem for square q-integrable functions that includes a description of P W^ν_q as a special case. Then, section 4 uses a different normalization of the q-Hankel transform in order to obtain a q-analogue of Andersen´s Paley-Wiener theorem for the Hankel transform. To this end we will make use of the properties of the q- Bessel functions studied by Fitouhi, Hamza and Bouzeffour [10]. We should stress that Fitouhi and Dhaoudi [11] obtained a q-Paley-Wiener for the q-sine transform, but their result goes in a different direction of ours, characterizing growth by means of a certain q-hyperbolic cosine.

2. Preliminaries

Choose a number 0 < q < 1. In what follows, the standard conventional notations from [12] will be used

(a; q)_0 = 1, (a; q)_n = n� k=1 (1 − aq^{k−1}),

(a; q)_∞ = lim_{n→∞}(a; q)_n.

The q-difference operator D_q is

D_qf(x) = f(x) − f(qx) (1 − q)x

. (2)

The set R_q is defined as

R_q = {q^k, k = 0, ±1, ±2, ....}.

The third Jackson q-Bessel function is defined by the power series

J^{(3)}_ν (z; q) = z^ν

(q^{ν+1}; q)_∞ (q; q)_∞ ∞� k=0 (−1)^k q^{k(k+1)2} (q^{ν+1}; q)_k(q; q)_k z^{2k}, (3)

In the preprint [3] it is shown how this function can be used to construct a theory of Fourier series on q-linear grids.

4 LUÍS DANIEL ABREU

Jackson´s q-integral in the interval (0, a) is defined as �_a 0 f (t) d_qt = (1 − q) a ∞� n=0 f (aq^n) q^n, (4)

and in the interval (0, ∞) as �_∞ 0 f (t) d_qt = (1 − q) ∞� n=−∞

f (q^n) q^n. (5)

The notation L^p_q(X) will stand for the Banach space induced by the norm

‖f‖_Lp_{q (X)} = � X |f (t)|^p d_qt �

and in the presence of a weight we will write

‖f‖_Lp_{q (X,w(t))} = � X |f (t)|^p w(t)d_qt �

Define, after Koornwinder and Swarttouw [14], a q-Hankel transform for functions f in L^1_q(0, ∞): � H^ν_q f � (x) =

�_∞ 0 (xt)^{12} J^{(3)}_ν � xt; q^2 � f (t) d_qt. (6)

It was shown in [14] that such a q-Hankel transform satisfies the inversion formula

f (t) =

�_∞ 0 (xt)^{12} J^{(3)}_ν � xt; q^2 � � H^ν_q f � (x) d_qx = � H^ν_q � H^ν_q f � (t) , (7)

where t takes the values q^k, k = 0, ±1, ±2, .... As a result, it satisfies Parseval identity ‖f‖_L2_{q (0,1)} = � H^ν_q f � L^2_q (0,1) (8)

and provides a Hilbert space isometry between L^2_q(0, 1) and the space P W^ν_q .

Setting A = 1, B = 0 and M = 1 in Lemma 1 of [2] we infer that u(x) = x^{12} J^{(3)}ν � x; q^2 � satisfies � q^{32 −ν} (1 − q^2) − (1 − q^{ν− 12} )(1 − q^{−ν− 12} ) (1 − q^2)x^2

�_{−1}

D^2_q u(x) = −u(qx)

REAL PALEY-WIENER THEOREMS 9

Fix N ∈ N_0. Then, for n ∈ N_0,

y^{2N} Δ^n_{q,ν,y}h^ν_q (f)(y) =

�_∞ 0 f(x)y^{2N} Δ^n_{q,ν,y}j_ν (xy; q^2)x^{2ν+1}d_qx (14) = �_∞ 0 x^{2n}f(x)y^{2N} j_ν (xy; q^2)x^{2ν+1}d_qx = �_∞ 0 x^{2n}f(x)Δ^N_{q,ν,x}j_ν (xy; q^2)x^{2ν+1}d_qx = �_∞ 0 Δ^N_{q,ν,x} � x^{2n}f(x) � j_ν (xy; q^2)x^{2ν+1}d_qx. (15)

It remains to estimate Δ^N_{q,ν,x} � x^{2n}f(x) � . A calculation gives

Δ_{q,ν,x} � x^{2n}f(x) � = � x q �_{2n−2}

(1 − q^{2n})(1 − q^{2n−1}) (1 − q)^2 { � 1 − q^{2ν+1} 1 − q^{2n−1}

+ q^{2ν+1} � f(x) + � 1 − q^{2ν+1} 1 − q^{2n−1}

1 − q 1 − q^{2n} q^{2n−1} +

1 − q^2 1 − q^{2n−1} q^{2ν+2n−1} � xD_qf(x) + (1 − q)^2 (1 − q^{2n})(1 − q^{2n−1}) q^{2ν+4n−1}x^2D^2_q f(x)}.

Taking into account that for nonnegative n holds^{1−q}_{1−q2n} < 1, iteration of the above calculation gives, if n > N,

Δ^N_{q,ν,x} � x^{2n}f(x) � = � x q �_{2n−2N}

(q^{2n}; q^{−2})_N (1 − q)^{2N} f_N (x),

where f_N is a function such that suppf_N ⊂suppf, and

‖f_N ‖_∞ ≤ C 2N� k=0 � �D^k_q f � �_∞ ,

with C a constant depending in ν and R but not on n. We thus get � �Δ^N_{q,ν,x} �x^{2n}f(x)� � � ≤ C � x q �_{2n−2N}

(q^{2n}; q^{−2})_N (1 − q)^{2N} 2N� k=0 � � � d^k dx^k f � � �_∞ (16)

Now, a short calculation using the definition of the q-integral (4) gives �_R 0 x^{2ν+1}d_qx =

1 − q 1 − q^{2ν+2}

R^{2ν+2}. (17)

8 LUÍS DANIEL ABREU

Define the real Paley-Wiener space pw^ν_{q,R} as

pw^ν_{q,R} = {f ∈ S_q(R_q): sup_{x∈R,n∈N0} � R q �_{−2n}

A_{n,N} , q(1 + |x|)^{2N} � Δ^n_{q,ν,x}f(x) � < ∞},

(13) where A_{n,N,q} =^{(q2n;q−2)N}

q^{2N} (1−q)^{2N} . The elements in pw ν q,R satisfy the growth condition on their q-differences:

sup x∈R,n∈N_0 � Δ^n_{q,ν,x}f(x) � < C � R q �_{2n} 1 A_{n,N,q} 1 (1 + |x|)^{2N} .

The next theorem is a generalization of Theorem 3 in [6] and the proof follows making the necessary adaptations to deal with the q-setting.

Theorem 2. The q-Hankel transform h^ν_q is a bijection of l^R_q onto pw^ν_{q,R}.

Proof.Let f ∈ pw^ν_{q,R} and consider y ∈ R_q outside [0, R]. Iterating (11) n times we obtain

h^ν_q (f)(y) = q^{2n(2ν+1)} y^{2n} h^ν_q ([(Δ_{q,ν})^nf]) = q^{2n(2ν+1)} y^{2n}

�_∞ 0 (Δ_{q,ν})^nf(x)j_ν(xy; q^2)x^{2ν+1}d_qx.

Therefore, (if 2N ≥ 2ν + 3), for a positive constant C, we have, using (12) and (13), � h^ν_q (f)(y) � ≤ q^{2n(2ν+1)} y^{2n} 1 (q; q^2)^2_∞

�_∞ 0 (Δ_{q,ν})^nf(x)x^{2ν+1}d_qx ≤ C � Rq^{2ν+1} y �_{2n} (1 − q)^{2N} ((q^{2n}; q^{−2})_N (q; q^2)^2_∞

�_∞ 0 (1 + |x|)^{−2N+2ν+1}d_qx.

Since ν > −^1_2, |q| < 1 and R < y, this last quantity clearly approaches zero as n → ∞. It follows that supp h^ν_q (f) ⊂ [0, R] . Conversely let f ∈ C^∞_q (0, ∞).

REAL PALEY-WIENER THEOREMS 5

This justifies defining the operator L_{q,ν,x} by

L_{q,ν,x}f(x) = − � q^32^{−ν} (1 − q^2) − (1 − q^{ν− 1}2 )(1 − q^{−ν− 1}2 ) (1 − q^2)x^2

�_{−1}

D^2_q f(q^{−1}x).

Clearly, L_{q,ν,x}u(xy) = y^2u(xy).

We use x on the subscript to indicate that the q-differences are taken with respect to x. When there is no possible confusion we drop the subscript.

3. A real Paley-Wiener theorem for L^2 functions.

Let R > 0 and L^n_{q,ν}f denote n repeated applications of the operator L_{q,ν} to f. Define the Paley-Wiener space P W^ν_{q,R} as

P W^ν_{q,R} = {f ∈ C^∞_q (R^+) : L^n_{q,ν}f ∈ L^2_q(R^+), n = 0, 1, ... and lim_{n→∞} � L^n_{q,ν} f

� 1_{2n} = R}

The main result in this section will depend on the following Lemma..

Lemma 1 Let x^nF (x) ∈ L^2_q(0, ∞) for all n = 0, 1, 2, .... Then

lim_{n→∞}

�_∞ 0 x^{4n} |F (x)|^2 d_qx

� 1_{4n} = sup

x∈sup pF

|x| (9)

Proof. Proceed exactly as in the proof of Lemma 2 in [21], with m = 1, λ = x^2 and replacing the measure

�_∞ −∞ dρ_j(λ) by

�_∞ 0 d_qx. □

Theorem 1. The q-Hankel transform is a bijection of L^2_q(0, R) onto P W^ν_{q,R}.

Proof. Let R > 0 and assume that H^ν_q (f) ∈ L^2_q(0, R). Then x^nH^ν_q (f) ∈ L^2_q(0, ∞) for n = 0, 1, .... A repeated application of the operator L_{q,ν,x} to the identity (7) gives, if y ∈ R_q,

L^n_{q,ν,y}f(y) =

�_∞ 0 L^n_{q,ν,y}(xy)^{12} J^{(3)}_ν (xy; q^2)H^ν_q (f)(x)d_qx

= (−1)^n

�_∞ 0 x^{2n}(xy)^{12} J^{(3)}_ν (xy; q^2)H^ν_q (f)(x)d_qx

= (−1)^nH^ν_q (x^{2n}H^ν_q (f)) using Parseval identity (8) we have � �L^n_{q,ν}f � �^2 =

�_∞ 0 x^{4n} � �H^ν_q (f)(x) � �^2 d_qx. (10)

6 LUÍS DANIEL ABREU

Applying (9) gives

lim_{n→∞} � �L^n_{q,ν}f � �^12n = sup

x∈sup pF

|x| = R

and f ∈ P W^ν_{q,R}.

Conversely, let f ∈ P W^ν_{q,R}. The definition of P W^ν_{q,R} implies that (L_{q,ν})^nf ∈ L^2_q(0, R) and by (10) also x^nH^ν_q (f) ∈ L^2_q(0, R). Using (9) and again (10) gives sup x∈sup pH^ν_q (f)(x)

|x| = lim_{n→∞}

�_∞ 0 x^{4n} � �H^ν_q (f)(x) � �^2 d_qx

� 1_{4n}

= lim_{n→∞} � �L^n_{q,ν}f � �^12n = R

and (9) shows that H^ν_q (f) ∈ L^2_q(0, R). □

Remark 1. In particular, H^ν_q provides a bijection between L^2_q(0, 1) and the space P W^ν_{q,1}. In face of (1), this is equivalent to the identity

P W^ν_{q,1} = P W^ν_q

and we have reached our first goal of finding a description of the space P W^ν_q . In Theorem 2 of [1] it is proved that x^{ν−u+ 12} J^{(3)}u (x; q^2) ∈ P W^ν_q .

Remark 2. The proof of the above theorem uses ideas from section 2 of [21], where the authors dealt with general Sturm-Liouville problems and therefore had to deal with many assumptions that are verified automatically in the case of our q-Hankel transform. Many of these assumptions were later removed in [20] We remark that the paper [4] lays the foundations for a q-analogue Sturm-Liouville theory.

Remark 3. Theorem 1 is reminiscent of Theorem 5 in [6] and of Theorem 2 in [16].

4. A real Paley-Wiener space contained in the q-Schwartz space

Denote by l^R_q the the sequence space on R_q ∩(0, R) (observe that this is the proper q-analogue of the space C^∞(0, R), since any sequence function can be extended to a C^∞ one).

Denote by S_q(R_q) the q-Schwartz space, the space of restrictions on R_q of functions such that sup x∈R_q ;0≤k≤n � (1 + x^2)^mD^k_q f(x) � < +∞

REAL PALEY-WIENER THEOREMS 7

In this section we will use a q-Bessel function which results after minor changes from J^{(3)}ν . We will follow exactly the normalization of [10] where the authors derived the basic properties that we are going to list. The preprint [9] also contains a detailed introduction to the concepts we are using. The only difference in our presentation is that we replace ”even functions on R” by ”functions on R^+”, an equivalent class.

The q-Hankel transform h^ν_q is defined, for functions in L^1_q((0, ∞), x^{2ν+1}), as

h^ν_q (f)(y) =

�_∞ 0 f(x)j_ν(xy; q^2)x^{2ν+1}d_qx

where

j_ν (x; q^2) = (1 − q^2)^ν

Γ_q2 (α + 1) ((1 − q)q^{−1}z)^ν

J^{(3)}_ν ((1 − q)q^{−1}z; q^2)

This is a q-analogue of the transform considered in [6]. It is shown in Theorem 3 of [9] that h^ν_q is an isomorphism of S_q(R_q) into itself.

Define the operator

Δ_{q,ν,x}f(x) = −

D_q � x^{2ν+1}D_qf � (q^{−1}x) x^{2ν+1}

The functions j_ν (x; q^2) are eigenvalues of Δ^q_ν with eigenvalues y^2 [10, (43)]

Δ_{q,ν,x} � j_ν (x; q^2) � = y^2j_ν (x; q^2)

We also have [9, (23)]

h^ν_q (Δ_{q,ν,x}f) = y^2 q^{2ν+1} h^ν_q (f) (11)

For all x ∈ R_q, we have the growth estimate [10, (48)] � �j_ν (x; q^2) � � ≤ 1

(q; q^2)^2_∞

. (12)

Remark 4. Some emphasis should be put on the fact that estimate (12) is only valid on the set R_q. Actually, the function j_ν (x; q^2) is unbounded on the real line, since it is an entire function of order zero. Nevertheless, remains bounded at the grid {q^k}. Luckily, this is all we are going to need, since the support points of the q-integral are located over R_q.