Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 07–16

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE

ISABEL N. FIGUEIREDO AND GEORG STADLER

Abstract: The purpose of this paper is to derive and study a new asymptotic model for the equilibrium state of a thin anisotropic piezoelectric plate in frictional contact with a rigid obstacle. In the asymptotic process, the thickness of the piezoelectric plate is driven to zero and the convergence of the unknowns is studied. This leads to two-dimensional Kirchhoff-Love plate equations, in which mechanical displacement and electric potential are partly decoupled. Based on this model numerical examples are presented that illustrate the mutual interaction between the mechanical displacement and the electric potential. We observe that, compared to purely elastic materials, piezoelectric bodies yield a significantly different contact behavior.

Keywords: contact, friction, asymptotic analysis, anisotropic material, piezoelectricity, plate.

AMS Subject Classification (2000): 74K20, 78M35, 74M15, 74M10, 74F15.

1. Introduction

The generation of electric charges in certain crystals when subjected to mechanical force was discovered in 1880 by Pierre et Jacques Curie and is nowadays known as piezoelectric effect (or direct piezoelectric effect). The inverse phenomenon, that is, the generation of mechanical stress and strain in crystals when subjected to electric fields is called inverse piezoelectric effect and was predicted in 1881 by Lippmann (see [17]). Piezoelectric materials are solids exhibiting this kind of interaction between mechanical and electric properties. This provides them with sensor (direct effect) and actuator (inverse effect) capabilities making them extremely useful in a wide range of practical applications in aerospace, mechanical, electrical, civil and biomedical engineering (see [29]). In many of these applications, additionally contact phenomena can occur or may be used on purpose, e.g., for measurement devices.

Received April 15, 2007.

This work is partially supported by the project ”Mathematical Analysis of Piezoelectric Problems” (POCTI/MAT/59502/2004, Fundação para a Ciência e a Tecnologia, Portugal). 1

2 I. N. FIGUEIREDO AND G. STADLER

The aim of this paper is to derive, mathematically justify and numerically study a new bi-dimensional model for the equilibrium state of an anisotropic piezoelectric thin plate possibly in frictional contact with a rigid foundation. The derivation of the reduced (or lower-dimensional) model is done using an asymptotic procedure. It will turn out that the resulting equations are defined in the middle plane of the plate.

Let us start with motivating our interest in this problem. It was observed that, if no contact and friction conditions have to be taken into account, for certain problems the mechanical and the electric parts of the equations decouple in an asymptotic process [11, 8, 28, 26] (see [1, 7, 23, 25, 33] for related results where only partial or no decoupling occurs). In the presence of contact and friction it is not at all obvious if similar results hold true. We are also interested in numerically studying the behavior of piezoelectric materials, and by these means gain a better understanding for their properties and features.

Asymptotic methods have been widely used to deduce reduced models for plates, shells or rods. For the main ideas and bibliographic references see [3, 4, 5] for elastic plates, [6] for shells, and [32] for rods. For thin plates, asymptotic analysis applies to the thickness variable and can be briefly summarized as follows: Starting with the variational three-dimensional equations for a plate with thickness h, these equations are scaled to a domain independent of h. Assuming appropriate scalings for the data and unknowns, one then lets h → 0 and studies the convergence of the unknowns as well as the properties of the limit variables. Rescaling to the original domain then results in reduced model equations. For a general theory of asymptotic expansions for variational problems that depend on a small parameter we refer to [21].

We consider, in this paper, an anisotropic piezoelectric plate whose mechanical displacements are restricted due to possible contact with a rigid insulated foundation. The contact is unilateral (i.e., the contact region is not known in advance) and is modelled by the classical Signorini conditions. For the frictional behavior of the plate, the Tresca friction law is used. The variational formulation of this plate problem is a variational inequality of the second kind, see [9, 18]. The unknowns are the mechanical displacement and the electric potential. The original, three-dimensional plate is subject to contact and friction on a part of its surface. While in the asymptotic procedure

34 I. N. FIGUEIREDO AND G. STADLER

[23] G. A. Maugin and D. Attou. An asymptotic theory of thin piezoelectric plates. Quart. J.

Mech. Appl. Math., 43(3):347–362, 1990.

[24] B. Miara. Justification of the asymptotic analysis of elastic plates. I. The linear case. Asymptotic Anal., 9(1):47–60, 1994.

[25] M. Rahmoune, A. Benjeddou, and R. Ohayon. New thin piezoelectric plate models. J. Int.

Mat. Sys. Struct., 9:1017–1029, 1998.

[26] A. Raoult and A. Sène. Modelling of piezoelectric plates including magnetic effects. Asymptot.

Anal., 34(1):1–40, 2003.

[27] N. Sabu. Vibrations of thin piezoelectric flexural shells: two-dimensional approximation. J.

Elasticity, 68(1-3):145–165 (2003), 2002.

[28] A. Sene. Modelling of piezoelectric static thin plates. Asymptot. Anal., 25(1):1–20, 2001. [29] R. Smith. Smart material systems, volume 32 of Frontiers in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2005.

[30] M. Sofonea and El-H. Essoufi. A piezoelectric contact problem with slip dependent coefficient of friction. Math. Model. Anal., 9(3):229–242, 2004.

[31] M. Sofonea and El-H. Essoufi. Quasistatic frictional contact of a viscoelastic piezoelectric body.

Adv. Math. Sci. Appl., 14(2):613–631, 2004.

[32] L. Trabucho and J. M. Viaño. Mathematical modelling of rods. In Handbook of numerical analysis, Vol. IV, Handb. Numer. Anal., IV, pages 487–974. North-Holland, Amsterdam, 1996.

[33] T. Weller and C. Licht. Analyse asymptotique de plaques minces linéairement piézoélectriques.

C. R. Math. Acad. Sci. Paris, 335(3):309–314, 2002.

Isabel N. Figueiredo Centro de Matemática da Universidade de Coimbra (CMUC), Department of Mathematics, University of Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal. E-mail address: isabelf@mat.uc.pt

Georg Stadler Institute for Computational Engineering and Sciences (ICES), The University of Texas at Austin, 1 University Station, C0200 Austin, TX 78712, USA. E-mail address: georgst@ices.utexas.edu

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 3

the system equations become two-dimensional, the contact and friction conditions remain similar to contact conditions occurring in three-dimensional elasticity.

Note that for modeling friction in physical applications, often the Coulomb rather than the Tresca friction law is used (see [9]). Since for the numerical realization of Coulomb friction usually a sequence of Tresca friction problems is used, Tresca friction is not only of theoretical but also practical relevance. Such as sequence of Tresca problems is also solved in our numerical study to discuss a problem with Coulomb friction.

In the literature, several authors deal with asymptotic models for piezoelectric structures. We mention [26] for piezoelectric plates including magnetic effects, [28] for piezoelectric thin plates with homogeneous isotropic elasticity coefficients, [23, 25, 33, 11, 12] for anisotropic piezoelectric plates and rods, [7] for geometrically nonlinear thin piezoelectric shells, and [27] for the modelling of eigenvalue problems for thin piezoelectric shells. However, these papers do not take into account the effects of possible contact or friction with a rigid foundation; nevertheless for elastic rods and shells, one finds asymptotic frictionless contact models in [32] and [20], respectively. On the other hand, there are papers dealing with contact and friction of piezoelectric materials that do not use an asymptotic procedure to reduce the model; we refer to [22], where two different variational formulations for the modelling of unilateral frictionless contact are established as well as [2] for primal and dual formulations of frictional contact problems. In [30, 31], mathematical analysis of frictional contact problems with piezoelectric materials can be found; for error estimates and numerical simulations we refer to [15]. In all of the above references either none or only few numerical simulations can be found.

The main contributions of this paper are twofold: Firstly, the application of the asymptotic method to the variational inequality of the second kind that describes the anisotropic piezoelectric plate. Due to the presence of friction and contact conditions, the convergence proof in the asymptotic procedure is significantly more involved than in the unconstrained case (see [11, 28]). Our second main contribution is the numerical study of the limit problem taking into account contact and friction. These conditions are similar to threedimensional elasticity contact problems, where their numerical treatment is known to be a challenging task.

4 I. N. FIGUEIREDO AND G. STADLER

We finish this introduction with a sketch of the structure of this paper. In the next section, the three-dimensional plate model is described. In Section 3, we apply the asymptotic analysis and prove strong convergence of the unknowns. Finally, in Section 4 we report on numerical tests for the asymptotic equations.

2. The 3D plate problem

Notations and geometry. Let ω ⊂ IR^2 be a bounded domain with Lipschitz continuous boundary ∂ω, γ_0, γ_e subsets of ∂ω with meas(γ_0) > 0. We denote γ_1 := ∂ω \ γ_0, γ_s := ∂ω \ γ_e. For 0 < h ≪ 1, we consider Ω = ω × (−h, h) a thin plate with middle plane ω and thickness 2h and the boundary sets

Γ_+ = ω × {+h}, Γ_− = ω × {−h}, Γ_± = Γ_+ ∪ Γ_−,

Γ_D = γ_0 × (−h, h), Γ_1 = γ_1 × (−h, h), Γ_N = Γ_1 ∪ Γ_+,

Γ_s = γ_s × (−h, h), Γ_e = γ_e × (−h, h). (1)

For a schematic visualization of Ω with the boundary sets (1) see Figure 1.

Γe x1 x3

x2 Γ−

Γ+ ω

ΓD −h h

Figure 1. Three-dimensional plate Ω with rectangular middle plane ω and thickness 2h.

We consider different disjoint partitions Γ_{eN} , Γ_{eD} of the boundary ∂Ω. The splitting correspond to different electric boundary conditions and are thus denoted by (ebci) for i = 1, 2, 3:

(ebc1) : Γ_{eN} = Γ_s and Γ_{eD} = Γ_± ∪ Γ_e,

(ebc2) : Γ_{eN} = Γ_s ∪ Γ_+ and Γ_{eD} = Γ_− ∪ Γ_e,

(ebc3) : Γ_{eN} = Γ_s ∪ Γ_− and Γ_{eD} = Γ_+ ∪ Γ_e. (2)

Note that in all partitions, the set Γ_{eD} (where we will assume given Dirichlet data) contains Γ_− or Γ_+. The case that neither on Γ_− nor on Γ_+ Dirichlet

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 33

[2] P. Bisegna, F. Lebon, and F. Maceri. The unilateral frictional contact of a piezoelectric body with a rigid support. In Contact mechanics (Praia da Consolação, 2001), volume 103 of Solid Mech. Appl., pages 347–354. Kluwer Acad. Publ., Dordrecht, 2002.

[3] P. G. Ciarlet and P. Destuynder. Une justification d’un modèle non linéaire en théorie des plaques. C. R. Acad. Sci. Paris Sér. A-B, 287(1):A33–A36, 1978.

[4] P. G. Ciarlet and P. Destuynder. A justification of the two-dimensional linear plate model. J.

Mécanique, 18(2):315–344, 1979.

[5] Philippe G. Ciarlet. Mathematical elasticity. Vol. II, volume 27 of Studies in Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 1997. Theory of plates.

[6] Philippe G. Ciarlet. Mathematical elasticity. Vol. III, volume 29 of Studies in Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 2000. Theory of shells.

[7] Ch. Collard and B. Miara. Two-dimensional models for geometrically nonlinear thin piezoelectric shells. Asymptot. Anal., 31(2):113–151, 2002.

[8] L. Costa, I. Figueiredo, R. Leal, P. Oliveira, and G. Stadler. Modeling and numerical study of actuator and sensor effects for a laminated piezoelectric plate. Comput. Struct., 85(7–8):385– 403, 2007.

[9] G. Duvaut and J.-L. Lions. Inequalities in mechanics and physics. Springer-Verlag, Berlin, 1976. Grundlehren der Mathematischen Wissenschaften, 219.

[10] I. Ekeland and R. Temam. Convex Analysis and Variational Problems. Classics in Applied Mathematics, Vol. 28. SIAM, Philadelphia, 1999.

[11] I. Figueiredo and C. Leal. A piezoelectric anisotropic plate model. Asymptot. Anal., 44(3- 4):327–346, 2005.

[12] I. Figueiredo and C. Leal. A generalized piezoelectric Bernoulli-Navier anisotropic rod model.

J. Elasticity, 85(2):85–106, 2006.

[13] R. Glowinski. Numerical Methods for Nonlinear Variational Inequalities. Springer-Verlag, New York, 1984.

[14] J. Haslinger, M. Miettinen, and P. Panagiotopoulos. Finite element method for hemivariational inequalities, volume 35 of Nonconvex Optimization and its Applications. Kluwer Academic Publishers, Dordrecht, 1999.

[15] S. Hüeber, A. Matei, and B. I. Wohlmuth. A mixed variational formulation and an optimal a priori error estimate for a frictional contact problem in elasto-piezoelectricity. Bull. Math. Soc. Sci. Math. Roumanie (N.S.), 48(96)(2):209–232, 2005.

[16] S. Hüeber, G. Stadler, and B. Wohlmuth. A primal-dual active set algorithm for threedimensional contact problems with Coulomb friction. Technical report, Pré-publicações do Departamento de Matemática da Universidade de Coimbra 06-16, 2006.

[17] T. Ikeda. Fundamentals of Piezoelectricity. Oxford University Press, 1990. [18] N. Kikuchi and J. T. Oden. Contact problems in elasticity: a study of variational inequalities and finite element methods, volume 8 of SIAM Studies in Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1988.

[19] S. Klinkel and W. Wagner. A geometrically non-linear piezoelectric solid shell element based on a mixed multi-field variational formulation. Int. J. Numer. Meth. Engng, 65(3):349–382, 2005.

[20] A. Léger and B. Miara. Justifying the obstacle problem in the case of a shallow shell. Technical report, 2006.

[21] J.-L. Lions. Perturbations singulières dans les problèmes aux limites et en contrôle optimal.

Springer-Verlag, Berlin, 1973. Lecture Notes in Mathematics, Vol. 323.

[22] F. Maceri and P. Bisegna. The unilateral frictionless contact of a piezoelectric body with a rigid support. Math. Comput. Modelling, 28(4-8):19–28, 1998.

32 I. N. FIGUEIREDO AND G. STADLER

with the modified coefficients defined on Ω: B_{αβγρ} := A_{αβγρ} +^{p3αβ p3γρ}_{p33}

C^{ecbi}_{αβγρ} := B_{αβγρ} + C̃^{ecbi}_{αβγρ} with C̃^{ecbi}_{αβγρ} = { −^{p3αβ aγρ}_{p33} c_0 for (ebc1), 0 for (ebc2), (ebc3),

D^{ecbi}_{αβγρ} := x_3 B_{αβγρ} + D̃^{ecbi}_{αβγρ} with D̃^{ecbi}_{αβγρ} = { −^{p3αβ bγρ}_{p33} c_0 for (ebc1), 0 for (ebc2), (ebc3).

The linear form l^{ebci}(.) is defined by

l^{ebci}(v) := ∫ Ω f · v dΩ + ∫ Γ_N

g · v dΓ_N + l^{ebci}_e (v),

with

l^{ebci}_e (v) := ∫ Ω ( P_3r + (φ^−_0 − φ^+_0 − R) c_0

)_{p3αβ}

p_{33} eαβ(v) dx for (ebc1), { ∫ Ω p_{3αβ} p_{33} ( P_3r(x_1, x_2, x_3) + (h^∗θ − P_3r)(x_1, x_2, h^∗) ) e_{αβ}(v),

with h^∗ = +1 for (ebc2) and h^∗ = −1 for (ebc3).

Part C. The formulas for F^{ebci}_3 and F^{ebci}_β , which appear in Remark 2, are defined by

F^{ebci}_3 =

∫_{+h} −h (x_3∂_αf_α + f_3) dx_3 + g^+_3 + g^−_3 + h ∂_α(g^+_α − g^−_α ) + ∂_{αβ} ( − x_3 G^{ebci}_{αβ} ) , F^{ebci}_β =

∫_{+h} −h f_β dx_3 + (g^+_β + g^−_β ) − ∂_αG^{ebci}_{αβ} for β = 1, 2,

where

G^{ebci}_{αβ} =

∫_{+h} −h ( P_3r + (φ^−_0 − φ^+_0 − R) c_0

)_{p3αβ}

p_{33} dx3 for (ebc1)

{ ∫_{+h} −h p_{3αβ} p_{33} ( P_3r(x_1, x_2, x_3) + (h^∗θ − P_3r)(x_1, x_2, h^∗) ) dx_3,

with h^∗ = +1, if i = 2 and h^∗ = −1, if i = 3.

References

[1] M. Bernadou and C. Haenel. Modelization and numerical approximation of piezoelectric thin shells. I. The continuous problems. Comput. Methods Appl. Mech. Engrg., 192(37-38):4003– 4043, 2003.

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 5

data for the electric potential are given requires a slightly different treatment than the one chosen in this paper, see Remark 1 on page 23.

Points of Ω are denoted by x = (x_1, x_2, x_3), where the first two components (x_1, x_2) ∈ ω are independent of h and x_3 ∈ (−h, h). We denote by n = (n_1, n_2, n_3) the unit outward normal vector to ∂Ω. Throughout the paper, the Latin indices i, j, k, l, . . . are taken from {1, 2, 3}, while the Greek indices α, β, . . . from {1, 2}. The summation convention with respect to repeated indices is employed, that is, a_ib_i =

∑_3 i=1 a_ib_i. Moreover we denote by a · b = a_ib_i the inner product of the vectors a = (a_i) and b = (b_i), by Ce = (C_{ijkl}e_{kl}) the contraction of a fourth order tensor C = (C_{ijkl}) with a second order tensor e = (e_{kl}) and by Ce : d = C_{ijkl}e_{kl}d_{ij} the inner product of the tensors Ce and d = (d_{ij}). Given a function θ(x) defined in Ω we denote by ∂_iθ =^{∂θ}_{∂xi} its partial derivative with respect to x_i.

In the sequel, for an open subset Υ ⊂ IR^n, n = 2, 3, we define D(Υ) to be the space of infinitely often differentiable functions with compact support on Υ. We denote by D^′(Υ) the dual space of D(Υ), often called the space of distributions on Υ. For m = 1, 2, the Sobolev spaces H^m(Υ) are defined by

H^1(Υ) = { v ∈ L^2(Υ) : ∂_iv ∈ L^2(Υ) for i = 1, . . . , n } , H^2(Υ) = { v ∈ L^2(Υ) : ∂_iv, ∂_{ij}v ∈ L^2(Υ) for i, j = 1, . . . , n } , where L^2(Υ) = {v : Υ → IR, ∫ Υ |v|^2dΥ < ∞} and the partial derivatives are interpreted as distributional derivatives. Moreover, for v ∈ (H^1(Ω))^3 we denote by v_n := v · n and v_t := v − v_nn the normal and tangential components of v on the boundary of Ω, respectively. Similarly, for a second order symmetric tensor field τ = (τ_{ij}) ∈ (L^2(Ω))^9 we denote its normal and tangential components on the boundary of Ω as τ_n := (τn) · n and τ_t := (τn)−τ_nn, respectively. Using the summation convention, this becomes τ_n := τ_{ij}n_in_j and τ_t = (τ_{ti}) where τ_{ti} := τ_{ij}n_j − τ_nn_i. In addition, we denote by | · | the Euclidean norm in IR^3.

3D plate in frictional contact – classical formulation. We consider a piezoelectric anisotropic plate which in its reference configuration occupies the domain Ω. It is held fixed on Γ_D and submitted to a mechanical volume force of density f in Ω and a mechanical surface traction of density g on Γ_N . On its lower face Γ_− it may be in frictional contact with the rigid foundation (which is assumed to be an insulator). We denote by s : Γ_− −→ IR^+ the initial gap between the rigid foundation and the boundary Γ_− measured in the

6 I. N. FIGUEIREDO AND G. STADLER

direction of the outward unit normal vector n. To model the frictional contact we use the classical Signorini contact conditions and the Tresca friction law (see [9]).

We assume that the plate is subject to an electric volume charge of density r. Moreover, we suppose given an electric surface charge of density θ on Γ_{eN} and an electric potential equal to φ_0 applied to Γ_{eD}, where the pair Γ_{eN} , Γ_{eD} is defined as in one of the cases (ebci), i = 1, 2, 3 above. Note that the lower subscripts_{eN} and_{eD} in Γ_{eN} and Γ_{eD} refer to electric (e) Neumann (N) and Dirichlet (D) boundary conditions, respectively, while the lower subscripts_N and_D in Γ_N and Γ_D refer to mechanical (Neumann and Dirichlet) boundary conditions.

We now give the classical (i.e., strong) equations defining the mechanical and electric equilibrium state of the plate Ω. The equilibrium is described by the following five groups of equations and boundary conditions, whose unknowns are the mechanical displacement vector u : Ω → IR^3 and the (scalar) electric potential φ : Ω → IR.

Mechanical equilibrium equations and boundary conditions

−div σ(u, φ) = f (i.e., − ∂_jσ_{ij}(u, φ) = f_i) in Ω,

σ(u, φ) n = g (i.e., σ_{ij}(u, φ) n_j = g_i) on Γ_N ,

u = 0 on Γ_D.

(3a)

Maxwell-Gauss equations and electric boundary conditions (ebci), i = 1, 2, 3

div D(u, φ) = r (i.e., ∂_iD_i(u, φ) = r) in Ω,

D(u, φ)n = θ (i.e., D_i(u, φ)n_i = θ) on Γ_{eN} ,

φ = φ_0 on Γ_{eD}.

(3b)

Constitutive equations [ σ_{ij}(u, φ) = C_{ijkl}e_{kl}(u) − P_{kij}E_k(φ) in Ω,

D_k(u, φ) = P_{kij}e_{ij}(u) + ε_{kl}E_l(φ) in Ω.

(3c)

Signorini’s contact conditions

u_n ≤ s, σ_n ≤ 0, σ_n(u_n − s) = 0 on Γ_−. (3d)

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 31

Appendix. Part A. The modified tensors A_{αβγρ}, p_{iαβ} and p_{i3}, in Theorem 1, are defined by

A_{αβγρ} := C_{αβγρ} −

C_{αβ33}C_{33γρ} C_{3333} + ( C_{αβ33}

C_{ν333} C_{3333}

− C_{αβν3} ) b_{δν} a_{δγρ},

p_{iαβ} := P_{iαβ} −

C_{αβ33} C_{3333}

P_{i33} + ( P_{i33}

C_{33ν3} C_{3333}

− P_{iν3} ) b_{δν} a_{δαβ} ,

p_{i3} := ε_{i3} +

P_{i33}P_{333} C_{3333} − ( P_{i33}

C_{33ν3} C_{3333}

− P_{iν3} ) b_{δν} c_δ,

where

a_{δγρ} := C_{33γρ}C_{δ333} − C_{δ3γρ}C_{3333}, c_δ := C_{δ333}P_{333} − C_{3333}P_{3δ3}, [ b_{δν} ] := [ C_{δ333}C_{33ν3} − C_{δ3ν3}C_{3333}

]_{−1}

(identity between two matrices).

We remark that p_{3αβ} can equivalently be computed as

p_{3αβ} := P_{3αβ} −

C_{αβ33} C_{3333}

P_{333} + ( C_{αβ33}

C_{33ν3} C_{3333}

− C_{αβν3} ) b_{δν} c_δ.

Part B. The terms (N^{ebci}_{αβ} (u)) and (M^{ebci}_{αβ} (u)), in Theorem 2, are the components of second-order tensor fields corresponding to the Kirchhoff-Love displacement u, given by the following matrix formula [ N^{ebci}_{αβ} (u)

M^{ebci}_{αβ} (u) ] = O^{ebci} [ e_{γρ}(ζ)

∂_{γρ}ζ_3, ] ,

where the components of the 6 × 6 matrix O^{ebci} are functions of the middle plane ω, namely

O^{ebci} =

[ ∫_{+h} −h C^{ebci}_{αβγρ}dx_3 −

∫_{+h} −h D^{ebci}_{αβγρ}dx_3 − ∫_{+h} −h x_3 C^{ebci}_{αβγρ}dx_3

∫_{+h} −h x_3D^{ebci}_{αβγρ}dx_3 ] 6×6 ,

30 I. N. FIGUEIREDO AND G. STADLER

Figure 4. Example 3: Different obstacles (left row), the corresponding deformed plates (middle row) and contour plots of the electric potentials on Γ_+.

In this example we neglect the frictional forces and only assume Signorini contact conditions. We focus on the electric potential on the upper surface of the plate and study if it is possible to draw conclusions about the shape of the obstacle.

In Figure 4 we show various obstacles, the corresponding deformed plates contour plots of the electric potentials on Γ_+. Note that if the obstacle obeys a relatively simple structure, the electric potential on the upper surface allows to draw conclusions about the obstacle. In this sense, piezoelectric plates can be used as sensors for scanning and studying surfaces.

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 7

Tresca’s law of friction

|σ_t| ≤ q, and

|σ_t| < q ⇒ u_t = 0,

|σ_t| = q ⇒ ∃c ≥ 0 : u_t = −cσ_t on Γ_−. (3e)

The mechanical equilibrium equations (3a) express the balance of mechanical loads and internal stresses. The electric displacement field D is governed by the Maxwell-Gauss equations (3b), and the constitutive equations (3c) characterize piezoelectricity. They define the interaction between the stress tensor σ : Ω → IR^9, the electric displacement vector D : Ω → IR^3, the linear strain tensor e(u) and the electric field vector E(φ), the latter two tensors given by

e(u) =^1_2 ( ∇u + (∇u)^⊤ ) (i.e., e_{ij}(u) =^1_2 ( ∂_iu_j + ∂_ju_i))

E(φ) = −∇φ (i.e., E_i(φ) = −∂_iφ).

In (3c), C = (C_{ijkl}) is the elastic fourth order, P = (P_{ijk}) the piezoelectric third order and ε = (ε_{ij}) is the dielectric second order tensor field. The Signorini law (3d) describes the contact and frictional behavior of the plate with a rigid foundation. If the plate is not in contact with the rigid foundation (i.e., u_n < s), the normal stress vanishes, i.e., σ_n = 0. For u_n = s, that is, the plate is in contact with the obstacle, the normal stress component σ_n is nonpositive. These conditions are the complementarity conditions for contact. Finally, the conditions (3e) model the frictional behavior of the plate, where q ≥ 0 is a function representing the prescribed friction bound. Briefly, (3e) expresses the fact that on the contact boundary Γ_− the Euclidean norm of the tangential stress component cannot exceed the given friction bound q, that slip occurs if this norm equals q, and stick if it is smaller than q. Moreover, slip can only occur in the negative direction of σ_t. Note that the regions where contact and slip or stick occur are not known a priori. This makes contact problems with friction free boundary problems, which are theoretically and practically challenging.

We assume the following hypotheses on the data f ∈ ( L^2(Ω)

)_3

, g ∈ ( L^2(Γ_N )

)_3

, r ∈ L^2(Ω), θ ∈ L^2(Γ_{eN} ),

φ_0 ∈ H^{1/2}(Γ_{eD}), s ∈ H^{1/2}(Γ_−), q ∈ L^2(Γ_−).

8 I. N. FIGUEIREDO AND G. STADLER

Moreover, the tensor fields C = (C_{ijkl}), P = (P_{ijk}) and ε = (ε_{ij}) are defined on ω̄ × [−1, 1] for x = (x_1, x_2,^{x3}_h ). Defining them on the reference plate ω̄ × [−1, 1] makes them independent of h in the transformed variables also used in the next section. The tensors C_{ijkl}, P_{ijk}, ε_{ij} are assumed to be sufficiently smooth functions that satisfy the following symmetries C_{ijkl} = C_{jikl} = C_{klij}, P_{ijk} = P_{ikj}, ε_{ij} = ε_{ji}. Moreover, C and ε are assumed to be coercive, that is there exist c_1, c_2 > 0 such that

C_{ijkl}(x)M_{kl}M_{ij} ≥ c_1 3∑ i,j=1

(M_{ij})^2 and ε_{ij}(x)θ_iθ_j ≥ c_2 3∑ i=1 θ^2_i

for every symmetric 3 × 3 real valued matrix M, every vector θ ∈ IR^3 and every x ∈ ω̄ × [−1, 1].

3D-plate in frictional contact – weak formulation. We now give the weak or variational formulation of (3a)-(3e). We define the space of admissible mechanical displacements

V := { v ∈ ( H^1(Ω)

)_3 : v_{|ΓD} = 0 } that we endow with the norm ‖v‖_V = ‖∇v‖_{(L}2_{(Ω))}9 , which, due to the Poincaré inequality is equivalent to the usual H^1-norm. Moreover, we introduce the convex cone

K := { v ∈ V : v_n ≤ s on Γ_− } , where v_n = −v_3,

as well as the space of admissible electric potentials

Ψ := { ψ ∈ H^1(Ω) : ψ_{|ΓeD} = 0 } , in which we use the norm ‖ψ‖_Ψ = ‖∇ψ‖_{(L}2_{(Ω))}3 (which is also equivalent to the usual H^1-norm).

Next, we briefly sketch how the variational formulation of (3a)-(3e) is obtained. Using the Green formula in (3a), we obtain for any v ∈ K ∫ Ω σ_{ij} e_{ij}(v − u) dx − ∫ ∂Ω σ_{ij} n_j (v_i − u_i) dΓ_N = ∫ Ω f_i(v_i − u_i) dx. (4)

Since v = u = 0 on Γ_D, σ_{ij} n_j = g_i on Γ_N , ∂Ω = Γ_D ∪ Γ_N ∪ Γ_− and due to

σ_{ij} n_j (v_i − u_i) = σ_t (v_t − u_t) + σ_n (v_n − u_n)

= σ_t (v_t − u_t) + σ_n (v_n − s) − σ_n (u_n − s),

FRICTIONAL CONTACT OF AN ANISOTROPIC PIEZOELECTRIC PLATE 29

Figure 3. Example 2: Deformed plate for Example 1 with Coulomb friction, i.e. q = |σ_n|. Obstacle corresponding to s = 0.015 (upper left), to s = 0.06 (upper right), to s = 0.11 (lower left) and deformation if not restricted with an obstacle (lower right). Note the small contact regions.

the contact region consists of only 2 grid points. Even on finer meshes this number does not increase (e.g., 4 contact points for s ≡ 0.015 when refining the mesh to 160 × 80 elements). A possible explanation for this behavior is that large inner stresses resulting from the applied electric potential θ avoid a larger contact region with an (affine) obstacle. We’ve observed a similar phenomenon also for the Tresca friction law and for other (non affine) obstacles: If an electric potential is applied to the plate, contact regions are remarkably small.

4.3. Example 3. In this example we show how the piezoelectric effect can be used for the detection and study of obstacles using the sensor effect of piezoelectric plates. We use a plate with middle plane ω = [0, 1] × [0, 1] that is clamped along the boundary {0} × [0, 1]. It is subject to the constant gravity force f_3 = −10^6. All other mechanical forces are zero; moreover, there are also no applied electric forces. We use the boundary conditions (ebc2) with grounded lower surface (φ_0 = 0 on Γ_−). On the upper surface Γ_+, where we will measure the electric potential, we assume homogeneous electric Neumann boundary conditions. The plate deforms from its original state due to the applied mechanical force and the shape of the obstacle.

28 I. N. FIGUEIREDO AND G. STADLER