Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 07–23

BOOLEAN ALGEBRAS AND SPECTRUM

ALESSANDRO CONFLITTI

Abstract: For any Boolean algebra we compute the spectrum of its associated undirected Hasse graph.

AMS Subject Classification (2000): 05C50, 06A11, 11C20, 15A18, 65F15.

1. Overview

Given a finite graph, one of the most celebrated problem, see e.g. [7], is to study its spectrum, i.e. the eigenvalues of its adjacency matrix. We remark that in general this can turn out to be a very tough and daunting problem because even the computation of the determinant can be extremely hard, see e.g. [10, 11, 12, 13, 14] and references therein.

We follow [2, 9, 20] for poset notations and terminology and we refer to [5, 8] for comprehensive references about graph theory.

Given a finite poset (P, ⪯) we consider its undirected Hasse graph, called also “cover graph”, see e.g. [6, 15, 16, 17, 19], viz. the graph having P as vertex–set and such that there is an edge between x, y ∈ P if and only if one element covers the other one, i.e. x ◁ y or y ◁ x. We define the spectrum of (P, ⪯) as the spectrum of its associated graph, and we denote it by Spec (P ).

For any n ∈ N, let B_n be the Boolean algebra of rank n, i.e. B_n is the poset of all subset of [n] = {t ∈ N : 1 ≤ t ≤ n} (thus [0] = ∅) under the inclusion ordering.

In this paper we compute the spectrum of B_n, for all n ∈ N. Quoting [4, §2.1] “Boolean lattices are certainly the most popular example of Macaulay posets”, therefore these objects are very natural to study: information about spectrum of Macaulay posets are very valuable in order to gain a deeper insight of their structure, see [4].

We point out there is another way to associate an undirected graph to any given finite poset (P, ⪯), which is to write to consider its comparability graph.

Received August 22, 2007.

Partly supported by Portuguese FCT (Fundação para a Ciência e a Tecnologia) Grant SFRH/BPD/30471/2006 and partly by Dipartimento di Matematica, Università di Genova, Italy. 1

2 A. CONFLITTI

For any Boolean algebra in [3] the determinant, but not the spectrum, of the adjacency matrix of such graph is computed.

2. Preparation

In this section we establish some results about the undirected Hasse graph G_n of B_n and its adjacency matrix A_n, n ∈ N.

We collect some definitions and notation. The cardinality of a set X will be denoted by #X . For two sets X , Y we denote with X ⊎ Y the disjoint union of X and Y, with X \ Y = {x : x ∈ X , x /∈ Y} the difference set, and with X ΔY = (X ⋃ Y) \ (X ⋂ Y) = (X \ Y) ⊎ (Y \ X ) the symmetric difference. For any n, m ∈ N, n ≤ m, we let [n, m] = {t ∈ N : n ≤ t ≤ m}, thus [n] = [1, n].

We denote with I_n the identity n × n square matrix, n ∈ N \ {0}.

We choose the following linear extension φ of B_n in order to represent A_n:

φ : B_n^∼−→ [2^n] (1)

X −→ 1 + n−1∑ j=0 γ_j2^j

where

γ_j = { 1 if j + 1 ∈ X , 0 if j + 1 /∈ X .

Proposition 2.1. For all n ∈ N,

: ⊛ G_n is a n–regular graph and diam (G_n) = n, : ⊛ for any X , Y ∈ B_n, the number of different paths between X and Y is (# (X ΔY))!

: ⊛ A_0 = 0 and

A_{n+1} = ( A_n I_2n I_2n A_n ) . Proof : For any X ∈ B_n

{Z ∈ B_n | X ◁ Z} = ⊎ j∈[n]\X ( X ⊎ {j} ) (2) {T ∈ B_n | T ◁ X } = ⊎ j∈X (X \ {j}) ,

BOOLEAN ALGEBRAS AND SPECTRUM 7

[7] D. Cvetković, M. Doob and H. Sachs, Spectra of graphs, Theory and applications, Third edition, Johann Ambrosius Barth, Heidelberg 1995.

[8] R. Diestel, Graph theory 3rd edition, Graduate Texts in Mathematics 173, Springer–Verlag, Berlin 2005.

[9] C. Greene and D. J. Kleitman, ‘Proofs techniques in the theory of finite sets’, in Studies in Combinatorics, MAA Studies in Mathematics Vol 17, The Mathematical Association of America, (1978), 22–79.

[10] F. Harary, ‘The determinant of the adjacency matrix of a graph’, SIAM Rev. 4 (1962), 202–210.

[11] E. Kaltofen and G. Villard, ‘Computing the sign or the value of the determinant of an integer matrix, a complexity survey’, J. Comput. Appl. Math. 162 (2004), 133–146.

[12] E. Kaltofen and G. Villard, ‘On the complexity of computing determinants’, Comput. Complexity 13 (2004), 91–130.

[13] C. Krattenthaler, ‘Advanced determinant calculus’, Séminaire Lotharingien de Combinatoire 42 (1999), Art. B42q, 67 pp.

[14] C. Krattenthaler, ‘Advanced determinant calculus: a complement’, Linear Algebra Appl.

411 (2005), 68–166.

[15] J. Nešetřil and V. Rödl, ‘Complexity of diagrams’, Order 3 (1987), 321–330. [16] J. Nešetřil and V. Rödl, ‘Corrigendum: ”Complexity of diagrams” [Order 3 (1987), no. 4, 321–330; MR0891379 (88h:05080)]’, Order 10 (1993), 393.

[17] J. Nešetřil and V. Rödl, ‘More on the complexity of cover graphs’, Comment. Math. Univ.

Carolin. 36 (1995), 269–278.

[18] V. V. Prasolov, Problems and theorems in linear algebra, Translations of Mathematical Monographs 134, American Mathematical Society, Providence, RI, 1994.

[19] V. Rödl and L. Thoma, ‘The complexity of cover graph recognition for some varieties of finite lattices’, Order 12 (1995), 351–374.

[20] R. P. Stanley, Enumerative Combinatorics Vol. 1, Cambridge University Press, 1997.

Alessandro Conflitti CMUC, Centre for Mathematics, University of Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal E-mail address: conflitt@mat.uc.pt URL: http://www.mat.uc.pt/~conflitt

6 A. CONFLITTI

Theorem 3.3. For all n ∈ N

Spec (B_n) = {−n + 2k with multiplicity ( n k ) | k = 0, . . . , n}.

Proof : Evidently the statement holds for n ∈ {0, 1}. Using induction and Theorem 3.1 the desired result follows noticing that ( n + 2 k ) = ( n + 1 k − 1 ) + ( n + 1 k ) = ( n k − 2 ) + 2 ( n k − 1 ) + ( n k ) .

The following consequence is immediate.

Corollary 3.4. Let k ∈ N;

: ⊛ det (A_{2k}) = 0 and rank (A_{2k}) = 4^k −

(_{2k} k ) , : ⊛ det (A_1) = −1, : ⊛ for all k ≥ 1

det (A_{2k+1}) =

(_k ∏ j=1 (2j + 1)(^{2k+1k−j} )

)_2 .

4. Remarks

Studying the spectrum of other types of posets is a very interesting and challenging question. In particular, a very tempting and appealing choice would be to consider the poset of S_n, the symmetric group of n elements equipped with the Bruhat ordering. However, this should probably be a very hard and difficult task to tackle, because so far not so much is known about the structure of the Bruhat graph of S_n, see [1].

References

[1] R. M. Adin and Y. Roichman, ‘On degrees in the Hasse diagram of the strong Bruhat order’, Séminaire Lotharingien de Combinatoire 53 (2004/06), Art. B53g, 12 pp.

[2] I. Anderson, Combinatorics of Finite Sets, Dover Publ., New York 2002. [3] C. M. Ballantine, S. Frechette and J. B. Little, ‘Determinants associated to zeta matrices of posets’, Linear Algebra Appl. 411 (2005), 364–370.

[4] S. L. Bezrukov and U. Leck, ‘Macaulay Posets’, Electron. J. Combin., Dynamic Surveys DS12, (2005), 40pp.

[5] B. Bollobás, Modern graph theory, Graduate Texts in Mathematics 184, Springer–Verlag, New York 1998.

[6] G. Brightwell, ‘On the complexity of diagram testing’, Order 10 (1993), 297–303.

BOOLEAN ALGEBRAS AND SPECTRUM 3

therefore G_n is a n–regular graph.

From (2) we get that for any X , Y ∈ B_n there is an edge between them in G_n if and only if # (X ΔY) = 1, hence any path from X to Y in G_n is given adding all elements in Y \ X and removing all elements in X \ Y in whatever order, thus dist (X , Y) = # (X ΔY) and the number of all possible paths is (# (X ΔY))!

Furthermore diam (G_n) = n and it is achieved when {X , Y} is a partition of B_n.

Now consider the adjacency matrix A_{n+1}; for any X , Y ∈ B_{n+1} there are four cases

(1) n + 1 /∈ X ⋃ Y, therefore X , Y ∈ B_n � B_{n+1}, (2) n + 1 ∈ X ⋂ Y, (3) n + 1 ∈ Y \ X , (4) n + 1 ∈ X \ Y.

In the first case, from (1) we have φ (X ) , φ (Y) ∈ [2^n], and the corresponding adjacency submatrix is given from the first 2^n rows and columns of A_{n+1} and obviously it equals A_n.

In the second case from (1) we have φ (X ) , φ (Y) ∈ [ 2^n + 1, 2^{n+1} ] so the corresponding adjacency submatrix is given by [ 2^n + 1, 2^{n+1} ] × [ 2^n + 1, 2^{n+1} ] rows and columns. Clearly there is an edge in G_{n+1} between X and Y if and only if there is an edge between X \ {n + 1} ∈ B_n and Y \ {n + 1} ∈ B_n, hence again the corresponding adjacency submatrix equals A_n.

In the third case we have X ∈ B_n and Y ∈ B_{n+1} \ B_n, and from (2) we get that there is an edge between X and Y if and only if Y = X ⊎ {n + 1}, thus φ (Y) = 2^n + φ (X ), and hence the corresponding adjacency submatrix is given by [2^n] × [ 2^n + 1, 2^{n+1} ] rows and columns and it equals the identity I_2n .

Patently the forth case is equivalent to the third one, and the desired result follows.

We need the following result, whose proof can be found in [18, Chap. 1, §3].

Theorem 2.2 ([18, Chap. 1, Thm 3.1.1]). Let p, q ∈ N \ {0} and M = ( A B C D )

4 A. CONFLITTI

be a (p + q) × (p + q) square matrix, such that A is a p × p square matrix, B is a p × q matrix, C is a q × p matrix, and D is a q × q square matrix.

If det (A) ≠ 0 then D − CA^{−1}B is called the Schur complement of A in M and det (M) = det (A) det ( D − CA^{−1}B ) . 3. Main Results

In this section we compute the spectrum of A_n. Let t ∈ R; we set A_n (t) = A_n + t · I_2n ,

hence A_n = A_n (0).

Theorem 3.1. For any n ∈ N and t ∈ R

det (A_{n+2} (t)) = (det (A_n (t)))^2 det (A_n (t − 2)) det (A_n (t + 2))

holds.

Proof : From Proposition 2.1 we have

A_{n+2} (t) =

A_n (t) I_2n I_2n 0 I_2n A_n (t) 0 I_2n I_2n 0 A_n (t) I_2n 0 I_2n I_2n A_n (t) , and now we perform block–wise row and column operation. We replace the first row with the first row minus the forth one and the second one with the second one minus the third one and we obtain A_n (t) 0 0 −A_n (t) 0 A_n (t) −A_n (t) 0 I_2n 0 A_n (t) I_2n 0 I_2n I_2n A_n (t) . Now we replace the forth column with the first one plus the forth one and we get A_n (t) 0 0 0 0 A_n (t) −A_n (t) 0 I_2n 0 A_n (t) 2I_2n 0 I_2n I_2n A_n (t) ,

BOOLEAN ALGEBRAS AND SPECTRUM 5

and expanding along the first row we have

det (A_{n+2} (t)) = det (A_n (t)) · det

A_n (t) −A_n (t) 0 0 A_n (t) 2I_2n I_2n I_2n A_n (t) . Now consider the matrix A_n (t) −A_n (t) 0 0 A_n (t) 2I_2n I_2n I_2n A_n (t) and replace the second column with the first one plus the second one to obtain

det (A_{n+2} (t)) = det (A_n (t)) · det

A_n (t) 0 0 0 A_n (t) 2I_2n I_2n 2I_2n A_n (t)

= (det (A_n (t)))^2 det ( A_n (t) 2I_2n 2I_2n A_n (t) ) . It is very easy to see that det ( A_n (t) 2I_2n 2I_2n A_n (t) ) = (−1)^{2n} det ( 2I_2n A_n (t) A_n (t) 2I_2n )

(note that we can have n = 0), and applying Theorem 2.2 we get

(−1)^{2n} det ( 2I_2n A_n (t) A_n (t) 2I_2n ) = (−1)^{2n} det ( 2I_2n ( 2I_2n − 1 2 A_n (t)^2 ))

= det ( A_n (t)^2 − 4I_2n ) = det (A_n (t − 2)) det (A_n (t + 2)) .

The desired result follows.

Corollary 3.2. det (A_n (t)) ∈ Z [ t^2 ] for any n ∈ N \ {0}.

Proof : Obviously det (A_n (t)) ∈ Z [t] therefore it is enough to prove that

det (A_n (t)) = det (A_n (−t))

for any n ∈ N \ {0} and all t ∈ R. It is easily seen that this is true if n ∈ [2], and using induction and Theorem 3.1 the desired result follows.

Therefore we have Spec (B_n) = {t ∈ R : det (A_n (t)) = 0} for all n ∈ N. From Corollary 3.2 we get that if λ is an eigenvalue of A_n with multiplicity m_λ, then −λ is an eigenvalue too with the same multiplicity.