Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 09–15

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS

IVAN YUDIN

Abstract: We introduce the notion of algebras graded over a small category and give a criterion for such algebras to be semi-perfect.

AMS Subject Classification (2000): 18E15,16W50.

1. Introduction

There is a deep connection between algebras and the categories of their modules. The interplay between their properties contributes to both the structure theory of algebras and the theory of abelian categories.

It is often the case that the study of the category of modules over a particular algebra can lead to the use of other abelian categories, which are non-equivalent to module categories over any algebra. One of such examples is the category of modules over a C-graded algebra, where C is a small category. Such categories appear in the joint work of the author and A. P. Santana [18] on homological properties of Schur algebras.

Algebras graded over a small category generalise the widely known group graded algebras (see [16, 12, 8, 15, 14]), the recently introduced groupoid graded algebras (see [10, 11, 9]), and Z-algebras, used in the theory of operads (see [17]).

One of the important properties of some abelian categories, that considerably simplifies the study of their homological properties, is the existence of projective covers for finitely generated objects. Such categories were called semi-perfect in [7]. We give in this article the characterisation of C-graded algebras whose categories of modules are semi-perfect. This result will be of particular importance in the above mentioned work on Schur algebras.

We now introduce the definitions used in the paper and explain the main result in more detail. A C-graded algebra is a collection of vector spaces A_α parametrised by the arrows α of C with preferred elements e_s ∈ A_{1s} for every object s of C and a collection of maps μ_{α,β} : A_α ⊗ A_β → A_{αβ} for every

Received March 25, 2009.

The author was supported by FCT grant SFRH/BPD/31788/2006. Financial support by CMUC is also gratefully acknowledged. 1

2 IVAN YUDIN

composable pair of morphisms α, β of C. For every composable triple α, β, and γ of arrows in C we require associativity

A_α ⊗ A_β ⊗ A_γ^{μα,β ⊗Aγ �}

A_α⊗μ_{β,γ} � A_{αβ} ⊗ A_γ

μ_{αβ,γ} � A_α ⊗ A_{βγ}^{μα,βγ �} A_{αβγ}.

Also for every γ : s → t the unitary axiom

μ_{1t,γ}(e_t, a) = a = μ_{γ,1s} (a, e_s)

for all a ∈ A_γ, holds.

A C-graded module M over a C-graded algebra A is a collection of vector spaces M_γ parametrised by the arrows γ of C with maps r_{α,β} : A_α⊗M_β → M_{αβ} for every composable pair of morphisms in C. These are subject to the associativity

A_α ⊗ A_β ⊗ M_γ^{μα,β ⊗Mγ �}

A_α⊗r_{β,γ} � A_{αβ} ⊗ M_γ

r_{αβ,γ} � A_α ⊗ M_{βγ}^{rα,βγ �} A_{αβγ} and unitarity r_{1t,γ}(e_t, m) = m, ∀m ∈ M_γ axioms. An A-homomorphism between two C-graded A-modules M and N is a collection of linear homomorphisms f_γ : M_γ → N_γ such that for every composable pair of morphisms α, β ∈ C the diagram

A_α ⊗ M_β^{Aα⊗fβ �}

r_{1,α,β} � A_α ⊗ N_β

r_{2,α,β} � M_{αβ}^{fαβ �} N_{αβ}

is commutative.

We denote the category of all C-graded A-modules by A-mod. Given a morphism γ : s → t of C define the left stabiliser St^l_γ of γ by

St^l_γ = {α ∈ C(t, t)|αγ = γ} .

Then St^l_γ is a submonoid of C(t, t) since for every α_1, α_2 ∈ St^l_γ we have

α_1α_2γ = α_1γ = γ.

14 IVAN YUDIN

[4] Sorin Dăscălescu, Graded semiperfect rings, Bull. Math. Soc. Sci. Math. Roumanie (N.S.)

36(84) (1992), no. 3-4, 247–254. MR MR1307718 (96b:16044) [5] Samuel Eilenberg and John C. Moore, Adjoint functors and triples, Illinois J. Math. 9 (1965), 381–398. MR MR0184984 (32 #2455) [6] Peter Freyd, Abelian categories. An introduction to the theory of functors, Harper’s Series in Modern Mathematics, Harper & Row Publishers, New York, 1964. MR MR0166240 (29 #3517) [7] Manabu Harada, Perfect categories. I, Osaka J. Math. 10 (1973), 329–341. MR MR0367017 (51 #3262a) [8] L. Le Bruyn, M. Van den Bergh, and F. Van Oystaeyen, Graded orders, Birkhäuser Boston Inc., Boston, MA, 1988. MR MR1003605 (90h:16004) [9] Patrik Lundström, The category of groupoid graded modules, Colloq. Math. 100 (2004), no. 2, 195–211. MR MR2107516 (2005h:16078) [10] , Separable groupoid rings, Comm. Algebra 34 (2006), no. 8, 3029–3041. MR MR2250586 (2007d:20097) [11] , Strongly groupoid graded rings and cohomology, Colloq. Math. 106 (2006), no. 1, 1–13. MR MR2234732 (2007c:16004) [12] Andrei Marcus, Representation theory of group graded algebras, Nova Science Publishers Inc., Commack, NY, 1999. MR MR1921424 (2003c:16056) [13] Barry Mitchell, Theory of categories, Academic Press, New York and London, 1965. [14] Constantin Năstăsescu and Freddy Van Oystaeyen, Graded and filtered rings and modules, Lecture Notes in Mathematics, vol. 758, Springer, Berlin, 1979. MR MR551625 (80k:16002) [15] , Graded ring theory, North-Holland Mathematical Library, vol. 28, North-Holland Publishing Co., Amsterdam, 1982. MR MR676974 (84i:16002) [16] , Methods of graded rings, Lecture Notes in Mathematics, vol. 1836, Springer-Verlag, Berlin, 2004. MR MR2046303 (2005d:16075) [17] Alexander Polishchuk and Leonid Positselski, Quadratic algebras, University Lecture Series, vol. 37, American Mathematical Society, Providence, RI, 2005. MR MR2177131 (2006f:16043) [18] Ana Paula Santana and Ivan Yudin, The Kostant form of U(sl^+_n ) and the Borel subalgebra of the Schur algebra s(n, r), preprint (2009).

Ivan Yudin CMUC, Department of Mathematics, University of Coimbra, 3001-454, Coimbra, Portugal E-mail address: yudin@mat.uc.pt

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 3

For every C-graded algebra A the multiplication maps μ_{α,β} induce an algebra structure on the vector space

A^l(γ) := ⨁ α∈St^l_γ

A_α

with unity e_t.

The main result of this paper is

Theorem 1.1. Let C be a small category. The category of C-graded modules over a C-graded algebra A is semi-perfect if and only if for all arrows γ of C the algebras A^l(γ) are semi-perfect.

Note that if C is a group G considered as a category with one object, then we recover a criterion of Dăscălescu [4] for a G-graded algebra to be semi-perfect.

This paper is written with the reader unfamiliar with category theory in mind. Thus the author tried to give all relevant definitions and prove all the properties in full detail. The names of the sections are self-explaining.

Throughout this paper C denotes a small category.

2. Free objects

A C-graded vector space is just a collection V_γ of vector spaces parametrised by the arrows γ ∈ C. A map between two C-graded vector spaces is a collection of linear homomorphisms f_γ : V_γ → W_γ. We denote the category of C-graded vector spaces by V_C.

Given a C-graded algebra A and a C-graded vector space V , we define a free C-graded A-module F_A(V ) by the formula

F_A(V )_γ = ⨁ γ=αβ

A_α ⊗ V_β,

with the structure map r_{δ,γ} : A_δ ⊗ F_A(V )_γ → F_A(V )_{δγ} defined by the requirement that its restriction to the component A_δ ⊗ A_α ⊗ V_β is μ_{δ,α} ⊗ V_β. We say that a C-graded A-module M is free if M ∼= F_A(V ) for some V ∈ V_C. Let f : V → W be a map of C-graded vector spaces. Define F_A(f) by the formulas

F_A(f)_γ|_{Aα⊗Vβ} = f_α ⊗ V_β, for all α, β ∈ C^1 such that αβ = γ.

With these definitions, we get a functor F_A : V_C → A-mod.

4 IVAN YUDIN

Proposition 2.1. The functor F_A is a left adjoint to the forgetful functor U : A-mod → V_C.

Proof : We will denote by Id the identity functor. By Theorem 3.1.5. in [3], to prove the proposition it is enough to show the existence of natural transformations η : Id → UF_A and ϵ: F_AU → Id, such that (ϵF_A)(F_Aη) = 1_{FA} and (Uϵ)(ηU) = 1_U .

For every C-graded vector space V define η_V : V → A ⊗ V by

(η_V )_γ(v) = e_t ⊗ v,

where t is the target of γ. For every f : V → W we have

((A ⊗ f) ∘ (η_V ))_γ(v) = (A ⊗ f)_γ(e_t ⊗ v) = e_t ⊗ f(v) = (η_W ∘ f)_γ(v),

which shows that η is a natural transformation of functors.

For every A-module M define ϵ_M : A ⊗ M → M to be the action of A on M. That ϵ is a natural transformation of functors follows just from the definition of homomorphism of A modules.

It is left to check the above stated equalities. Let M be an A-module and m ∈ M_γ. Then

(Uϵ)(ηU)(m) = (Uϵ)(e_t ⊗ m) = m.

Let V be a C-graded vector space. Then F_A(V ) = A ⊗ V . The vector space F_A(V )_γ is a direct sum of vector spaces A_α ⊗ V_β with αβ = γ. Let a ∈ A_α and v ∈ V_β. Denote by t the target of β. Then

(ϵF_A)(F_Aη)(a ⊗ v) = (ϵF_A)(a ⊗ e_t ⊗ v) = a ⊗ v.

Denote by M the composition UF_A. Then M has a structure of a monad (M, μ, η), where μ: M^2 → M is given by μ_V = U(ε_{FA(V )}). For information on monads and there connection with adjoint functors the reader is referred to [2].

Let us compute the explicit formula for μ. For every αβγ = δ, a_1 ∈ A_α, a_2 ∈ A_β, w ∈ V_γ

(μ_V )_δ(a_1 ⊗ a_2 ⊗ w) = U(ε_{FA(V )})_δ(a_1 ⊗ a_2 ⊗ w) = μ_{α,β}(a_1 ⊗ a_2) ⊗ w.

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 13

8. The main result

Recall from the introduction that given an arrow γ : s → t of a small category C we denoted by A^l(γ) the algebra ⨁ α∈St^l_γ

A_α,

where St^l(γ) is the left stabiliser of γ.

Theorem 8.1. The category A-mod is semi-perfect if and only if for all γ ∈ C^1 the algebras A^l(γ) are semi-perfect.

Proof : By Theorems 7.1 and 7.2 the category A-V_C is semi-perfect if and only if all objects F_A(K[γ]) are semi-perfect. Now, we have isomorphisms of vector spaces

A-mod (F_A(K[γ]), F_A(K[γ])) ∼= V_C(K[γ], F_A(K[γ])) ∼= (F_A(K[γ]))_γ ∼= ⨁ α∈St^l_γ

A_α = A^l(γ).

We claim that this is an anti-isomorphism of algebras. Denote by v the element in K[γ]_γ that corresponds to the unit of K. Let f : F_A(K[γ]) → F_A(K[γ]) be a map of A-modules. Then the image of f under the first two isomorphisms is the evaluation of f on e_t ⊗ v, where t is the target of γ. In particular, this is an element of F_A(K[γ])_γ ∼= ⨁ αγ=γ Aα ⊗ K[γ]γ. Thus it has

the form a ⊗ v for some a ∈ A^l(γ). Now, let g be another endomorphism of the A-module F_A(K[γ]). Suppose that g(e_t ⊗ v) = b ⊗ v. Then

g(f(e_t ⊗ v)) = g(a ⊗ v) = ag(e_t ⊗ v) = ab ⊗ v.

References

[1] Frank W. Anderson and Kent R. Fuller, Rings and categories of modules, second ed., Graduate Texts in Mathematics, vol. 13, Springer-Verlag, New York, 1992. MR MR1245487 (94i:16001) [2] Michael Barr and Charles Wells, Toposes, triples and theories, Repr. Theory Appl. Categ.

(2005), no. 12, x+288 pp. (electronic), Corrected reprint of the 1985 original [MR0771116]. MR MR2178101 [3] Francis Borceux, Handbook of categorical algebra. 1, Encyclopedia of Mathematics and its Applications, vol. 50, Cambridge University Press, Cambridge, 1994, Basic category theory. MR MR1291599 (96g:18001a)

12 IVAN YUDIN

7. Harada’s criterion

We say that a ring R is semi-perfect if the category of left R-modules is semi-perfect. An object M of an abelian category C is called semi-perfect if the ring C(M, M) is semi-perfect. An object M is called completely indecomposable if the ring C(M, M) is local. Since every local ring is semi-perfect (see [1, pg. 303 ]) every completely indecomposable object is a semi-perfect.

Theorem 7.1. Let C be a Grothendieck category with a generating set {P_α|α ∈ I} of semi-perfect projective objects. Then C is a semi-perfect category.

Proof : In Corollary 1 to Theorem 4 of [7] it is proved that under the conditions of the theorem C is semi-perfect if and only if it has a generating set {P_α|α ∈ I} of completely indecomposable projective objects.

Now, suppose that the set {P_α|α ∈ I} is a generating set of semi-perfect projective objects. Then each ring C(P_α, P_α) is semi-perfect. By Theorem 27.6 of [1] for each α the ring C(P_α, P_α) has a complete orthogonal set e_{α,1}, e_{α,2}, . . . , e_{α,nα} with each e_{i,α}C(P_α, P_α)e_{i,α} a local ring. Denote by P_{α,i} the direct summand of P_α that corresponds to the idempotent e_{α,i}. Then P_{α,i} is projective as a direct summand of a projective object and C(P_{α,i}, P_{α,i}) ∼= e_{α,i}C(P_α, P_α)e_{α,i} is a local ring. It is clear that {P_{α,i}|α ∈ I, 1 ≤ i ≤ n_α} is a generating set for the category C.

Theorem 7.2. Let C be a semi-perfect Grothendieck category with a generating set of finitely generated projective objects. Then every finitely generated projective object P in C is semi-perfect.

Proof : By Corollary 1 in [7] the category C has a generating set {P_α|α ∈ I} of completely indecomposable projective objects. Now P is a quotient of a direct sum ⨁ α∈J P_α, where J is a family of elements in I. So if we denote the quotient map by ψ, we have that P is the union of the images of restrictions of ψ on P_α, α ∈ J. Since P is finitely generated there is a finite subfamily S of J such that the restriction of ψ on P̃ = ⨁ α∈S P_α is surjective. As P is projective it is a direct summand of P̃ and therefore P ∼= ⨁ α∈S^′ Pα for some

subfamily S^′ of S. From Lemma 2 [7, p.331] it follows that the ring C(P, P ) is semi-perfect.

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 5

Recall that an M-algebra is a C-graded vector space V together with a map r : M(V ) → V such that the diagrams

M^2(V )^{μV �}

M(r) � M(V ) r � M(V )^{r �} V

V^{ηV �}

1_V � � � � M(V ) r � V are commutative. The map between M-algebras V and W is a map of Cgraded vector spaces f : V → W such that the diagram

F (V )^{F (f)�} r � F (W ) r � V^{f �} W

is commutative. From the above computation it immediately follows that the category of M-algebras is the same as the category of A-modules. We will use this fact to prove some basic properties of the category of A-modules.

3. Abelian category

For the definition and examples of abelian categories the reader is referred to [13].

Recall that a discrete category is a category without non-trivial maps. We may consider the category V_C as a category of functors from the discrete category whose set of objects coincide with the set of morphisms of C to the category of vector spaces V. Since V is an abelian category it follows from the second paragraph of p.65 in [13] that the category V_C is abelian as well.

Proposition 3.1. Let A be a C-graded algebra. Then the category A-mod is abelian.

Proof : We prove the theorem by applying Proposition 5.3 of [5]. This proposition states that if C is an abelian category and M is an additive monad on C that preserves cokernels, then the category of M-algebras is abelian. We know that the category of A-modules is equivalent to the category of M-algebras, where M is the monad defined in the previous section.

Thus it is enough to check that M is additive and preserves cokernels. Note that direct sums and cokernels in V_C are defined componentwise. Now

6 IVAN YUDIN

for any two C-graded vector spaces V and W and any map f : V → W we have

M(V ⊕ W )_γ = F_A(V ⊕ W )_γ = ⨁ αβ=γ

A_α ⊗ (V ⊕ W )_β = ⨁ αβ=γ

A_α ⊗ (V_β ⊕ W_β)

= ⨁ αβ=γ

A_α ⊗ V_β ⊕ A_α ⊗ W_β = ⨁ αβ=γ

A_α ⊗ V_β ⊕ ⨁ αβ=γ

A_α ⊗ W_β

= F_A(V )_γ ⊕ F_A(W )_γ = M(V )_γ ⊕ M(W )_γ.

Also

Coker(M(f))_γ = Coker(F_A(f))_γ = Coker(F_A(f)_γ) = Coker ⨁ αβ=γ

A_α ⊗ f_β = ⨁ αβ=γ

Coker(A_α ⊗ f_β) = ⨁ αβ=γ

A_α ⊗ Coker(f_β) = ⨁ αβ=γ

A_α ⊗ Coker(f)_β = F_A(Coker(f))_γ = M(Coker(f))_γ.

4. Grothendieck category

Given an abelian category C, the set of objects {M_α|α ∈ I} is called a generating set if every object of C is a quotient of direct sums from {M_α|α ∈ I}.

Denote by K[γ] the C-graded vector space defined by

K[γ]_α = { K if α = γ 0 otherwise.

Then clearly { K [γ] | γ ∈ C^1 } is a generating set of the category V_C.

Proposition 4.1. The set { F_A (K [γ]) | γ ∈ C^1 } is a generating set of the category A-mod.

Proof : The functor F_A commutes with direct sums, and so F_A(V ) is a direct sum of modules F_A (K [γ]) for every C-graded vector space V . Let M be a C-graded A-module. Denote by ψ : V_C(M, M) → A-mod(F_A(M), M) the adjunction isomorphism. Then ψ is given by the formula

ψ(f)_γ(e_t ⊗ m) = f_γ(m)

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 11

Hence

f(m) = f ∘ ψ(i) ( ∑ k a_k ⊗ v_k )

= f ( ∑ k a_k ⊗ i(v_k) ) = ∑ k a_k ⊗ f ∘ i(v_k) ∈ ⨁ j∈J M_j,

since f is a homomorphism of C-graded A-modules and ⨁ j∈J M_j is a Cgraded A-module.

Conversely, let M be a small C-graded A-module. Since F_A(M) is a projective object the natural epimorphism ψ(1_M ): F_A(M) → M has a splitting τ : M → F_A(M). Now F_A(M) is a direct sum of the C-graded A-modules F_A(K[γ]) with the multiplicity of F_A(K[γ]) equal to dim(M_γ). Since M is small there is a finite family J of morphisms in C such that Im(τ) ⊂ ⨁ γ∈J F_A(K[γ]). Denote by V the direct sum ⨁ γ∈J K[γ] ⊂ ⨁ γ∈J F_A(K[γ]).

Then V is small C-graded vector space, since the direct sum is finite. The restriction i of ψ(1_M ) to V is an inclusion and ψ(i) is an epimorphism, since

ψ(i) ∘ τ = ψ(1_M ) ∘ τ = 1_M .

An object X of an abelian category C is said to be finitely generated if for every family of subobjects X_α with α ∈ I satisfying X = ⋃ α∈I X_α

there is a finite subset J ⊂ I such that X = ⋃ α∈J X_α.

It is straightforward that a quotient of a finitely generated object in an abelian category is again finitely generated. Moreover, a projective object is small if and only if it is finitely generated (see [6, pg.105]). Thus we get

Corollary 6.1. Every small object in A-mod is finitely generated.

10 IVAN YUDIN

is not injective. Let f be a non-zero element in its kernel. Then we get a commutative diagram: P̃

� ϕ � � � � π̃ � X^{θ �} � P^{π �} f � Y^� g � � � 0 W where doted arrows denote zero maps and g exists since Y is a cokernel of θ. Now g ∘ π̃ = g ∘ π ∘ ϕ = f ∘ ϕ = 0 and so f = g ∘ π = g ∘ π̃ ∘ ψ = 0, which is a contradiction.

6. Small and finitely generated objects

An object X of an abelian category C is said to be small if for any direct sum ⨁ i∈I M_i and arbitrary map f : X → ⨁ i∈I M_i there is a finite subset J of I such that Im(f) ⊂ ⨁ j∈J M_j. It is straightforward that a C-graded vector space V is small if and only if all V_γ are finite dimensional and there are only finitely many γ such that V_γ ≠ 0.

Proposition 6.1. Let A be a C-graded algebra. A C-graded A-module M is small if and only there is a small C-graded vector space V and an inclusion of C-graded vector spaces i: V → M such that ψ(i): F_A(V ) → M is an epimorphism.

Proof : Suppose there is an inclusion i: V → M satisfying the conditions of the proposition. Let f : M → ⨁ j∈I M_j be a map of C-graded A-modules.

Then f ∘ i: V → ⨁ j∈I M_j is a map of C-graded vector spaces, and since V is small there is a finite subset J of I such that Im(f ∘ i) ⊂ ⨁ j∈J M_j.

Let m ∈ M_γ. Then there are α_k, β_k ∈ C and a_k ∈ A_{αk} , v_k ∈ V_{βk} such that α_kβ_k = γ and

ψ(i) ( ∑ k a_k ⊗ v_k ) = m.

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 7

for all m ∈ M_γ and t = t(γ). In particular,

ψ(1_M )(e_t ⊗ m) = m.

Therefore M is a quotient of a direct sum of objects F_A(K [γ]).

A complete and cocomplete abelian category C is called Grothendieck if for every object X and every ascending family of subobjects U_i and subobject V of X we have V ∩ ∪_iU_i = ∪_i(V ∩ U_i).

Here ∪_iU_i is the image of the direct limit lim−→_{i∈I} U_i under the structure map from the direct limit to X. Analogously for ∪_i(V ∩ U_i). The intersection V ∩ U is defined as a pull-back of the diagram V � U^� X.

Note that in the modern literature the completness condition is usually omited in the definition of Grothendieck category. But the reader should be aware that Harada uses it in his article [7]. Since we quote the result from this paper we stick to his definition.

Proposition 4.2. The category A-mod is complete and cocomplete.

Proof : The category V_C is complete as a category of functors from C^1 to a complete category V. Now the category M-alg is complete by Corollary 4.3 in [2].

To show that an abelian category is cocomplete it is enough to check that it contains arbitrary direct sums. This is straightforward for A-modules since we can take direct sums componentwise.

Proposition 4.3. The category A-mod is Grothendieck.

Proof : By Propositions 4.1 and 4.2 the category A-mod is a complete and cocomplete abelian category. Thus it is enough to check that for every Cgraded module M, every A-submodule N of M and every ascending family of submodules U_i ⊂ M, i ∈ I, we have

N ∩ (∪_{i∈I} U_i) = ∪_{i∈I} N ∩ U_i.

8 IVAN YUDIN

Since limits and colimits are given componentwise in the category A-mod we have for all γ ∈ C (N ∩ (∪_{i∈I} U_i))_γ = N_γ ∩ (∪_{i∈I} U_i)_γ.

Further, (lim−→ i∈I U_i)_γ = lim−→ i∈I (U_i)_γ = ∪_{i∈I} (U_i)_γ ⊂ M_γ.

Thus (∪_{i∈I} U_i)_γ = ∪_{i∈I} (U_i)_γ and (N ∩ (∪_{i∈I} U_i))_γ = N_γ ∩ (∪_{i∈I} (U_i)_γ) = ∪_{i∈I} N_γ ∩ (U_i)_γ = (∪_{i∈I} N ∩ U_i)_γ.

5. Projective cover

Let C be an abelian category. An object P ∈ C is called projective if for any epimorphism ϕ: X ↠ Y the map C(P, X) → C(P, Y ) f → ϕ ∘ f is an epimorphism. It is straightforward that every object in V_C is projective. Proposition 5.1. Let V be a C-graded vector space. Then F_A(V ) is a projective C-graded A-module.

Proof : Let h: M ↠ N be a surjective morphism of C-graded A-modules. We have to show that the map A-mod(F_A(V ), M) → A-mod(F_A(V ), N) f → h ∘ f is surjective. Now the diagram

A-mod (F_A(V ), M)^{ϕ �} h∘− � V_C(V, M) h∘− � A-mod (F_A(V ), N)^{ϕ �} V_C(V, N) is commutative. Since the horizontal arrows are isomorphisms and the right arrow is surjective because V is projective in V_C, it follows that the left arrow is an epimorphism as well.

SEMI-PERFECT CATEGORY-GRADED ALGEBRAS 9

A family of maps {ϕ_i : T_i → X|i ∈ I} is called epimorphic in C if for any W ∈ C the map

C(X, W ) → ∏ i∈I C(T_i, W )

f → (f ∘ ϕ_i)_{i∈I}

is injective.

We say that the map ϕ: X → Y has a small image if for any map ψ : T → Y the family (ϕ, ψ) is epimorphic if and only if ψ is an epimorphism. A subobject T of Y is small if the natural inclusion T → Y has a small image.

A projective cover of an object Y is a projective object P together with an epimorphism ψ : P ↠ Y such that the kernel of ψ is a small subobject of P .

The following theorem insures that a projective cover of an object Y , if it exists, is unique up to isomorphism.

Theorem 5.1. Let P and P̃ be projective objects in C and π : P ↠ Y , π̃ : P̃ ↠ Y epimorphisms. Suppose π is a projective cover. Then P is a direct summand of P̃ , that is, there are i: P → P̃ and p: P̃ → P such that p ∘ i = 1_P . Moreover, π = π̃ ∘ i and π̃ = π ∘ p.

Proof : Since both P and P̃ are projective and both π and π̃ are epimorphisms there are ϕ: P̃ → P and ψ : P → P̃ such that π̃ = π ∘ ϕ and π = π̃ ∘ ψ. We will show that ϕ is surjective. Since P is projective, there is τ : P → P̃ such that ϕ ∘ τ = 1_P . In particular P is a direct summand of P̃ and π̃ ∘ τ = π ∘ ϕ ∘ τ = π ∘ 1_P = π.

Let X be a kernel of π. Denote by θ : X → P the inclusion of X in P . We will show that the family {ϕ, θ} is epimorphic. Then since the image of θ is small this will imply that ϕ is an epimorphism.

Suppose there is W ∈ C such that the map

C(P, W ) → C(X, W ) ⊕ C(P̃ , W ) f → (f ∘ θ, f ∘ ϕ)