24 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

E-mail address: silvia@mat.uc.pt URL: http://www.mat.uc.pt/~silvia

J.A. Ferreira CMUC,Department of Mathematics, University of Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal E-mail address: ferreira@mat.uc.pt URL: http://www.mat.uc.pt/~ferreira

L. Pinto Department of Mathematics, University of Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal E-mail address: luisp@mat.uc.pt

Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 09–25

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS

S. BARBEIRO, J.A. FERREIRA AND L. PINTO

Abstract: In this paper we study numerical methods for integro-differential initial boundary value problems that arise, naturally, in many applications such as heat conduction in materials with memory, diffusion in polymers and diffusion in porous media. We propose finite difference methods to compute approximations for the continuous solutions of such problems. For those methods we analyze the stability and study the convergence. We prove a supraconvergent estimate. As such methods can be seen as lumped mass methods, our supraconvergent result is a superconvergent result in the context of finite element methods. Numerical results illustrating the theoretical results are included.

Keywords: Non Fickian models, Finite difference method, Piecewise linear finite element method, Supraconvergence, Superconvergence.

1. Introduction

We consider the semi-discretization of the integro-differential equation ∂u ∂t (t) + Au(t) =

∫_t 0 B(s, t)u(s) ds + f(t), t ∈ (0, T ], (1)

where u(t) denotes a function defined on [a, b] when t ∈ [0, T ] is fixed, A and B(s, t) represent the following operators

Au(x, t) = − ∂ ∂x (a_2(x) ∂u ∂x (x, t)) + ∂ ∂x (a_1(x)u(x, t)) + a_0(x)u(x, t),

B(s, t)u(x, t) = − ∂ ∂x (b_2(s, t, x) ∂u ∂x (x, t)) + ∂ ∂x (b_1(s, t, x)u(x, t))

+b_0(s, t, x)u(x, t), for x ∈ (a, b), s, t ∈ (0, T ]. We assume that (1) is complemented with homogeneous boundary conditions and an initial condition u(x, 0) = u_0(x), x ∈ [a, b]. For the coefficient functions we assume some smoothness that will be specified later.

Received July 20, 2009. 1

2 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

Integro-differential equations of type (1) arise in several applications as for instance transport in heterogeneous media ([7], [19], [28]) and heat propagation in materials with memory ([21]).

Transport in media or heat propagation phenomena are traditionally modeled by the convection-diffusion equation ∂u ∂t + ∇J = f, (2)

where u denotes the concentration, J represents the mass flux and f denotes the reaction term. In (2) J can be expressed as

J = J_{adv} + J_{dif} + J_{dis}, (3)

where J_{adv} = vu (4) represents the advection mass due to the the fluid velocity v,

J_{dif} = −D_m∇u (5)

denotes the mass flux due to molecular diffusion, being D_m the effective molecular diffusion coefficient, and J_{dis} satisfies the so called Fick’s law

J_{dis} = −D_d∇u

and represents the dispersive mass flux associated with random deviations of fluid velocities within the porous space from their macroscopic value v. In the definition of J_{dis}, D_d denotes the dispersive tensor.

Combining (2) with (3) we obtain the parabolic equation ∂u ∂t + ∇(vu) = ∇((D_mI + D_d)∇u) + f, (6)

where I is the identity tensor.

Equation (6) gives good accurate results in laboratory environment for perfectly homogeneous media. Nevertheless when non homogeneous media are considered, deviations of the Fickian behavior are observed. In this case the main sources for such deviations are the small-scale and large-scale heterogeneities ([19], [28]). From the theoretical point of view, as the equation (6) is of parabolic type, it induces infinite propagation speed.

In order to circumvent the pathologic behavior of the convection-diffusion-reaction (6) several approaches were proposed in the literature. The reference [28] summarizes some of them. The approach that leads to a simplified

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 23

[16] J.A. Ferreira and P. de Oliveira, 2008, Qualitative analysis of a delayed non Fickian model, Applicable Analysis, 87, 873-886.

[17] P.A. Forsyth and PH. Samon, 1988, Quadratic convergence for cell-centered grids, Applied Numerical Mathematica, 4, 377-394.

[18] R.D. Grigorieff, 1986, Some stability inequalities for compact finite difference operators, Mathematische Nachrichten, 135, 93-101.

[19] S.M. Hassahizadeh, 1996, On the transient non-Fickian dispersion theory, Transport in Porous Media, 23, 107-124.

[20] F. de Hoog and D. Jackett, 1985, On the rate of convergence of finite difference schemes on nonuniform grids, J. Aust. Math. Soc. B, 26, 247-256.

[21] D.D. Joseph and L. Preziosi, 1989, Heat waves, Reviews of Modern Physics, 61, 41-73. [22] B.S. Jovanović, L.D. Ivanović and E.E. Sülli, 1987, Convergence of finite difference schemes for elliptic equationswith variable coefficients, IMA Journal of Numerical Analysis, 7, 301- 305.

[23] H.O. Kreiss, T.A. Manteuffel, B. Swartz, B. Wendroff and A.B. White, 1986, Supraconvergent schemes on irregular grids, Mathematics of Computation, 45, 105-116.

[24] Y. Lin, 1998, Semi-discrete finite element approximations for linear parabolic integrodifferential equations with integrable kernels, Journal of Integral Equations and Applications, 10, 51-83.

[25] Y. Lin, V. Thomée and L.B. Wahlbin, 1991, Ritz-Volterra projections to finite-element spaces and applications to integrodifferential and related equations, SIAM Journal of Numerical Analysis, 28, 1047-1070.

[26] C. Maas, 1999, A hyperbolic dispersion equation to model the bounds of a contaminated groundwater body, Journal of Hydrology, 226, 234-241.

[27] T.A. Manteuffel and A.B. White Jr., 1986, The numerical solutions of second order boundary balue problems, Mathematics of Computation, 47, 511-535.

[28] S.P. Neuman and D.M. Tartakovski, 2009, Perspectives on theories of non-Fickian transport in heterogeneous medias, Advances in Water Resources, 32, 5, 678-680.

[29] A.K. Pani and T.E. Peterson, 1996, Finite element methods with numerical quadrature for parabolic integro-differential equations, SIAM Journal of Numerical Analysis, 33, 1084-1105.

[30] R.K. Sinha, R.E. Ewing and R.D. Lazarov, 2006, Some new error estimates of a semidiscrete finite volume method for a parabolic integro-differential equation with nonsmooth initial data, SIAM Journal of Numerical Analysis, 43, 2320-2344.

[31] V. Thomée, 1997, Galerkin Finite Element Methods for Parabolic Problems, Berlin:

Springer.

[32] V. Thomée and N-Y. Zhang, 1989, Error estimates for semidiscrete finite element methods for parabolic integro-differential equations, Mathematics of Computation, 53, 121-139.

[33] L.B. Wahlbin, 1995, Superconvergence in Galerkin finite element methods, Lect. Notes in Math. 1605, Berlin: Springer.

[34] M.F. Wheeler, 1973, A priori L^2 error estimates for Galerkin approximation to parabolic partial differential equations, SIAM Journal of Numerical Analysis, 10, 723-559.

[35] N-Y Zhang, 1993, On fully discrete Galerkin approximation for partial integro-differential equations of parabolic type, Mathematics of Computation, 60, 133-166.

S. Barbeiro CMUC,Department of Mathematics, University of Coimbra, Apartado 3008, 3001-454 Coimbra, Portugal

22 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

paper is essential to conclude the unexpected convergence order obtained because the convergence was established considering the norm ‖.‖_1.

7. Acknowledgements

The authors gratefully acknowledge the support of Centre for Mathematics of University of Coimbra and the projects PTDC/Mat/74548/2006 and UTAustin/MAT/0066/2008.

References

[1] A. Araújo, J.R. Branco and J.A. Ferreira, 2009, On the stability of a class of splitting methods for integro-differential equations, Applied Numerical Mathematics, 59, 436-453.

[2] S. Barbeiro, J.A. Ferreira and R.D. Grigorieff, 2005, Supraconvergence of a finite difference scheme for solutions in H^s(0, L), IMA Journal of Numerical Analysis, 25, 797-811.

[3] S. Barbeiro and J.A. Ferreira, 2007, Integro-differential models for percutaneous drug absorption, International Journal of Computer Mathematics, 84, 451-467.

[4] S. Barbeiro and J.A. Ferreira, 2009, Coupled vehicle-skin models for drug release, Computer Methods in Applied Mechanics and Engineering, 198, 2078-2086.

[5] J.R. Branco, J.A. Ferreira and P. de Oliveira, 2007, Numerical methods for the generalized Fisher-Kolmogorov-Petrovskii-Piskunov equation, Applied Numerical Mathematics,57, 89- 102.

[6] J.R. Branco, J.A. Ferreira, 2008, A singular perturbation of the heat equation with memory, Journal of Computational and Applied Mathematics, 218, 376-394.

[7] H-T. Chen, K-C. Liu, 2003, Analysis of non-Fickian diffusion problems in a composite medium, Computer Physics Communications, 150, 31-42.

[8] E. Emmrich and R.D. Grigorieff, 2006, Supraconvergence of a finite difference scheme for ellitic boundary value problems of the third kind in fractional order Sobolev spaces, Computational Methods in Applied Mathematics, 6, 154-177.

[9] E. Emmrich, 2007, Supraconvergence and supercloseness of a discretization for ellitic third kind boundary value problems on polygonal domains, Computational Methods in Applied Mathematics, 7, 153-162.

[10] R.E. Ewing, R.D. Lazarov and Y. Lin, 2000, Finite volume element approximations of nonlocal in time one-dimensional flows in porous media, Computing, 64, 157-182.

[11] R.E. Ewing, R.D. Lazarov and Y. Lin, 2000, Finite volume element approximations of nonlocal reactive flows in porous media, Numerical Methods for Partial Differential Equations, 16, 258-311.

[12] R.E. Ewing, Y. Lin, T. Sun, J. Wang and S. Zhang, 2002, Sharp L^2-error estimates and superconvergence of mixed finite element methods for non-Fickian flows in porous media, SIAM Journal of Numerical Analysis, 40, 1538-1560.

[13] J.A. Ferreira and R.D. Grigorieff, 1998, On the supraconvergence of elliptic finite difference schemes, Applied Numerical Mathematics, 28, 275-292.

[14] J.A. Ferreira and R.D. Grigorieff, 2006, Supraconvergence and superclosenessof a scheme for elliptic equations on nonuniform grids, Numerical Functional Analysis and Optimizations, 27, 539-564 [15] J.A. Ferreira and P. de Oliveira, 2007, Memory effects and random walks in reactiontransport systems, Applicable Analysis, 86, 99-118.

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 3

version of equation (1) is to consider that the dispersive mass flux satisfies the following differential equation τ ∂J_{dis} ∂t (x, t) + J_{dis}(x, t) = −D_d∇u(x, t), (7)

where τ is a delay parameter ([26]). We remark that the left hand side of (7) is a first order approximation of the left hand side of J_{dis}(x, t + τ) = −D_d∇u(x, t), which means that the dispersion mass flux at the point x at the time t + τ depends on the gradient of the concentration at the same point but at a delayed time.

From (2) to (7) and considering non reactive flows, we obtain the hyperbolic equation ∂^2u ∂t^2 +∇ ∂ ∂t (vu)+ 1 τ ∂u ∂t + 1 τ ∇(vu) = ∂ ∂t ∇(D_m∇u)+ 1 τ ∇(D_m∇u)+ 1 τ ∇(D_d∇u). (8) To avoid the mixed derivatives that arise in the equation (8) we point out that (7) leads to

J_{dis}(t) = − 1 τ ∫_t 0 e^{− t−sτ} D_d∇u(s) ds, (9)

provided that J_{dis}(0) = 0. Combining the partition (3), where J_{adv}, J_{dif} and J_{dis} are given by (4), (5) and (9), respectively, with (2) we obtain the integro-differential equation ∂u ∂t + ∇(vu) − ∇(D_m∇u) = 1 τ ∫_t 0 e^{− t−sτ} ∇(D_d∇u)(s) ds + f. (10)

This equation is an example of the integro-differential equation (1).

Initial boundary value problems defined with integro-differential equations of type (1) have been studied numerically. We mention without being exhaustive [24], [25], [32], [35] for the study of the semi-discrete approximations for the solution when finite element method is considered. Generally, in those papers, it is shown that several results known for the semi-discrete approximations for the solution of Fickian parabolic problems also hold for the semi-discrete approximation for the solution of (1). For instance, it is established for the two dimensional version of (1) that, under convenient assumptions on the partition of the domain, the semi-discrete approximation

4 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

defined using piecewise linear finite element method is second order convergent with respect to the L^2-norm and it is first order convergent with respect to the H^1-norm. This results was also considered in [29] for a semi-discrete lumped mass approximation but with respect to discrete norms and assuming that the solution of the continuous problems are smooth enough (initial condition in H^3).

Second order estimates for the semi-discrete approximation with respect to the L^2-norm were obtained for finite volume approximations in [10] and [11] provided that the exact solution is in H^3. The previous smoothness assumption was weakened in [30] where second order estimates were also obtained if the solution is in H^2.

Integro-differential problems defined by equation (1) can be rewritten as equivalent systems composed by a partial differential equation involving only a time derivative and an integro-differential equation involving only partial derivatives with respect to the space variables and the integral term. This approach was used for instance in [12] where mixed finite element methods were studied.

Finite difference methods (FDM) for initial boundary value problems (IBVP) defined by (1) were considered by the authors recently in [1], [5], [6] and [16], where schemes presenting the same qualitative behaviour of the correspondent continuous models with respect to stability were proposed. In [16], for

a_2 = a_1 = a_0 = 0, b_1 = b_0 = 0 and b_2(s, t, x) = β τ e^{− s−tτ} , it was shown that the character of (1) is related with both parabolic and hyperbolic type.

Application of integro-differential models on drug release were considered in [3], [4] and [16].

The aim of this paper is to study a semi-discretization for the IBVP (1) with homogeneous Dirichlet boundary conditions. The method that we propose can be obtained combining a piecewise linear finite element semidiscretization with a quadrature rule in space. This method can be seen as a lumped mass method. The stability and convergence analysis of the semi-discrete solution will be presented. Concerning the error estimates, we establish a second order convergence estimate with respect to the H^1-norm. This result shows that our method presents a supraconvergent behavior, that is, the convergence order is greater than the order of the truncation error. Supraconvergent finite difference schemes have been considered in the literature for elliptic equations and for parabolic equations. Without being

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 21

and τ = 0.01, T = 0.1. Let f and u_0 be such that the IBVP defined with (1) has the solution u(t, x) = tx(x − 1) cos(x).

In Figure 3 we plot the logarithm of the error ‖P_he_h‖_1 versus the logarithm of the maximum step-size for a set of 451 random grids considered in [0, 1], when Δt = 2 × 10^{−6}. The least-squares straight line fitting the points (ln(h_{max}), ln(‖P_he_h‖_1)) is also plotted in this figure. As the slop of this straight line is 1.998 we conclude that these results illustrate the estimates given in Corollary 1 .

Figure 3. ln(‖P_he_h‖_1) versus ln(h_{max}).

6. Conclusions

In this paper a semi-discretization of the integro-differential problem (1) with Dirichlet boundary conditions was studied. It was shown that the semidiscrete approximation presents convergence of order r with respect to the

norm ‖.‖_1 provided that u(t) and ∂u ∂t (t) are in H^{r+1}(a, b) for r ∈ {1, 2}. The semi-discretization studied can be seen as a standard finite difference discretization and as a lumped mass semi-discretization, and so the convergence estimates established can be seen as both supraconvergent and supercloseness estimates ([33]).

It is known that the semi-discrete approximation for the Fickian parabolic problem correspondent to (1), defined using the piecewise linear finite element method has second convergence order with respect to the L^2-norm provided the solution is in H^2(a, b) ([32]). The smoothness required in the present

20 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

h N error rate 1.000e-02 1.000e+02 3.796e-06 2.00 5.000e-03 2.000e+02 9.484e-07 2.00 2.500e-03 4.000e+02 2.370e-07 2.00 1.250e-03 8.000e+02 5.916e-08 2.01 6.250e-04 1.600e+03 1.470e-08 2.03 3.125e-04 3.200e+03 3.590e-09 2.13 1.563e-04 6.400e+03 8.188e-10 -

Table 1. Convergence rates for (1) with the coefficients (62) and with the conditions (63).

and τ = 0.01, T = 0.1. The reaction term f and the initial condition u_0 are such that the IVBP defined with (1) has the solution u(x, t) = tx(x−1) cos(x).

We consider a set of 451 random grids in [0, 1] and for the time integration we take Δt = 2×10^{−6}. We plot in Figure 2 the logarithm of the error ‖P_he_h‖_1 versus the logarithm of the maximum step-size. The straight line plotted in this figure is the least-squares fit to the points (ln(h_{max}), ln(‖P_he_h‖_1)). As the slop of this straight line is 2.0107, the numerical results obtained confirm the estimate given in Corollary 1.

Figure 2. ln(‖P_he_h‖_1) versus ln(h_{max}).

Example 3. Let us consider the equation (1) with Ω = (0, 1), a_2 = a_1 = 1, a_0 = 0,

b_2(s, t, x) = e^{x− t−sτ} sin(x), b_1(s, t, x) = e^{− t−sτ} x^2, b_0(s, t, x) = 0,

(65)

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 5

exhaustive we point out [2], [8], [9], [13], [14], [17], [18], [20], [22], [23] and [27]. Here we prove that the L^2-norm of the gradient of the error is second order convergent, being this property known as supercloseness of the gradient ([33]). The results obtained in [2] have a central role in the proof of the convergence result. The paper is organized as follows. In Section 2 we introduce the method, de basic definitions and the notation used. Section 3 focuses on the stability analysis of the semi-discrete solution. The convergence analysis is presented in Section 4. In Section 5 we illustrate the second convergence order of our method with some numerical results. Finally, in Section 6, we present the conclusions.

2. A fully semi-discrete Galerkin approximation

We start with the Galerkin formulation of our IBVP and its discretization by linear finite element with quadrature. By H^r_0 (a, b), r ∈ N_0, we represent the usual Sobolev spaces where we consider the usual norms ‖.‖_r, r ∈ N_0. For r = 0 we use the notation H^0_0 (a, b) = L^2(a, b) were we consider the usual inner product (., .)_0. By L^2(0, T, H^r_0(a, b)) we represent the space of functions v defined on [a, b] × [0, T ], such that v(t), which denotes the function v when t is fixed, is in H^r_0 (a, b) and ∫_T 0 ‖v(t)‖^2_r dt (11)

is finite.

We consider the following variational formulation of our problem:

find u ∈ L^2(0, T, H^1_0 (a, b)) such that ∂u ∂t (t) ∈ L^2(a, b) and ( ∂u ∂t (t), v)_0 + a(u(t), v) =

∫_t 0 b(s, t, u(s), v) ds + (f(t), v)_0, t ∈ (0, T ],

for all v ∈ H^1_0 (a, b),

u(0) = u_0, (12) where a(., .) and b(s, t, ., .) are the bilinear forms defined by

a(v, w) = (a_2v^′, w^′)_0 − (a_1v, w^′)_0 + (a_0v, w)_0, (13)

6 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

for v, w ∈ H^1_0 (a, b), and

b(s, t, v, w) = (b_2(s, t)v^′, w^′)_0 − (b_1(s, t)v, w^′)_0 + (b_0(s, t)v, w)_0, (14) for v, w ∈ H^1_0 (a, b).

The coefficient function of the integro-differential equation (1) are assumed to be smooth enough, e.g, a_2, b_2(s, t) ∈ C[a, b], a_0, a_1, b_0(s, t), b_1(s, t) ∈ W^{2,∞}(a, b), for s, t ∈ (0, T ].

The discretization of (12) is obtained in the following way. We first introduce in [a, b] the grid I_h := {a = x_0 < x_1 < · · · < x_{N−1} < x_N = b}, where h is the vector of mesh-sizes h_j = x_j − x_{j−1}, j = 1, . . . , N. By W_{h,0} := {u_h, v_h, w_h, . . . } we denote the space of real-valued grid functions defined on I_h null on the boundary points. In W_{h,0} we introduce the inner product

(v_h, w_h)_h =

N−1∑ i=1 h_{i+1/2}v_h(x_i)w_h(x_i), for v_h, w_h ∈ W_{h,0}, (15)

where h_{i+1/2} = (h_i + h_{i+1})/2. The norm induced by the inner product (15) is denoted by ‖.‖_h

Let R_h denote the operator of pointwise restriction to the grid I_h. We now introduce the discretization of the bilinear forms a(., .) and b(s, t, ., .). By a_h(., .) and b_h(s, t, ., .) we represent the following bilinear forms a_h(v_h, w_h) = (M(a_2)(P_hv_h)^′, (P_hw_h)^′)_0 − (M(P_h(R_ha_1v_h)), (P_hw_h)^′)_0

+(R_ha_0v_h, w_h)_h,

(16)

for v_h, w_h ∈ W_{h,0}, and b_h(s, t, v_h, w_h) = (M(b_2(s, t))(P_hv_h)^′, (P_hw_h)^′)_0

−(M(P_h(R_hb_1(s, t)v_h)), (P_hw_h)^′)_0

+(R_hb_0(s, t)v_h, w_h)_h,

(17)

for v_h, w_h ∈ W_{h,0}. In (16) and (17) we use the notation M(q)(x) = q(x_{i+1/2}) for x ∈ [x_i, x_{i+1}], i = 0, . . . , N − 1.

We assume that a_h(., .) is continuous

|a_h(v_h, w_h)| ≤ α_c‖P_hv_h‖_1‖P_hw_h‖_1, for all v_h, w_h ∈ W_{h,0},

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 19

f = 0, and with the conditions u(0, t) = 1, u(1, t) = 0, t > 0, u(x, 0) = 0, x ∈ [0, 1], (63) and T = 0.1. This IBVP can be used to model the diffusion of a substance in the space domain [0, 1] which is initially empty, with a constant source in the left hand side and the substance that arrives to the right hand side is immediately removed.

In Figure 1 we plot the numerical solution for several time levels computed using a uniform mesh and with Δt = 10^{−4}.

Figure 1. Numerical solution of (1) with the coefficients (62) and with the conditions (63).

In Table 1 we illustrate the convergence order established in Corollary 1. In this table we present the convergence rates given by

rate = ln (_{‖Ph1 eh1 ‖1}

‖P_{h2} e_{h2} ‖_1 ) ln (_{h1}

h_2 )

where h_1 and h_2 = h_1 2 are consecutive step-sizes that are contained in the first column of this table.

Example 2. Let us consider the equation (1) with Ω = (0, 1), a_2(x) = x + 1, a_1(x) = x + 1, a_0(x) = 0,

b_2(x, t, s) = e^{− t−sτ} , b_1(s, t, x) = b_0(s, t, x) = 0,

(64)

18 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

Using (53) in (60) and choosing ϵ satisfying (59), we obtain

∫_t 0 ‖P_he_h(s)‖^2_1 ds ≤ 1 α_0 − 3ϵ^2

(β2_0 T

ϵ^2

∫_t 0 ∫_s 0 ‖P_he_h(μ)‖^2_1 dμ ds

+‖θ(0)‖^2_h + 1 ϵ^2

∫_t 0 ( ‖ dρ_h ds (s)‖^2_h + τ_h(s)^2 ) ds )

+2 ∫_t 0 ‖P_hρ_h(s)‖^2_1 ds.

(61)

Finally the application of the Gronwall lemma to (61) leads to (57).

Combining Theorem 3 with Propositions 1, with the definitions of τ^{(b)}_h (t) and τ^{(u)}_h (t) we conclude the following result.

Corollary 1. Let u be the solution of the variational problem (12) and P_hu_h(t) its approximation defined by (24). Then, there exists a positive constant C such that ∫_t 0 ‖P_he_h(s)‖^2_1 ds ≤ C ( ‖P_hu(0) − P_hu_h(0)‖^2_h

+h^{2r}_{max} ( ∫ t 0 ‖u(s)‖^2_{r+1}ds + ‖u(t)‖^2_{r+1} + ‖ ∂u ∂t (t)‖^2_{r+1} )) , for t ∈ [0, T ] and r ∈ {1, 2}.

5. Numerical results

In the numerical results that we present in this section, the ordinary differential problem (25) is integrated using the implicit Euler method. We introduce the uniform time grid {t_n, n = 0, . . . , M} with step-size Δt (MΔt = T ) and by u^n_h we represent the numerical solution obtained at time level t_n. The error that we compute in what follows is the maximum of ‖P_he^n_h‖_1 = ‖P_hu(t_n) − P_hu^n_h‖_1 for n such that nΔt ≤ T, which is denoted by ‖P_he_h‖_1.

Example 1. Let us consider the equation (1) with

a_2(x) = 0.5, a_1(x) = a_0(x) = 0,

b_2(s, t, x) = − 0.5 τ e^{− t−sτ} , b_1(s, t, x) = b_0(s, t, x) = 0, τ = 0.01,

(62)

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 7

and elliptic in the sense that

a_h(v_h, v_h) ≥ α_0‖P_hv_h‖^2_1, for all v_h ∈ W_{h,0}. (18)

We also suppose that b_h(s, t, ., .) is uniformly bounded, that is,

|b_h(s, t, v_h, w_h)| ≤ β_0‖P_hv_h‖_1‖P_hw_h‖_1, for all v_h, w_h ∈ W_{h,0}, s, t ∈ [0, T ]. (19)

Remark 1. The bilinear form a_h(., .) satisfies the assumption (18) provided that a_2, a_0 ≥ γ_0 > 0 in [a, b], and

γ_0 − 1 4η^2

‖a_1‖^2_∞ ≥ 0 (20) or γ_0 ( 1 3(b − a)^2 + 1 ) − ( η^2 3(b − a)^2 + 1 4η^2

‖a_1‖^2_∞ ) ≥ 0, (21)

for η such that γ_0 − η^2 > 0. (22) In fact, as for a_h(., .) we have

a_h(v_h, v_h) ≥ (γ_0 − η^2)‖(P_hv_h)^′‖^2 + ( γ_0 − 1 4^2_η

‖a_1‖^2_∞ ) ‖v_h‖^2_h,

using the Friedrich-Poincaré inequality and ‖P_hv_h‖^2 ≥ 1 3 ‖v_h‖^2_h, we immediately conclude the assumption (18) under the assumptions (20) or (21), for η satisfying (22).

If the coefficient functions of b_h(s, t, ., .) are bounded then this bilinear form satisfies (19).

Let g be a function defined on [a, b]. We denote by (g)_h the grid function

(g)_h(x_i) = 1 h_{i+1/2}

∫_{xi+1/2}

x_{i−1/2}

g(x) dx, i = 1, . . . , N − 1, (23)

(g)_h(x_0) = (g)_h(x_N ) = 0, where x_{i+1/2} = x_i + h_{i+1} 2 , x_{i−1/2} = x_i − h_i 2 .

8 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

The semi-discrete variational problem has the form:

find u_h(t) ∈ W_{h,0} such that ( du_h dt (t), v_h)_h + a_h(u_h(t), v_h) =

∫_t 0 b_h(s, t, u_h(s), v_h) ds

+((f(t))_h, v_h)_h, t ∈ (0, T ], for allv_h ∈ W_{h,0},

u_h(0) = u_{0,h},

(24)

where u_{0,h} ∈ W_{h,0} is an approximation of u_0.

The semi-discrete variational problem (24) is equivalent to a standard finite semi-discretization of (1) on nonuniform grids which we derive in what follows. We use the divided differences

(D_cv_h)(x_i) = v_h(x_{i+1}) − v_h(x_{i−1})

x_{i+1} − x_{i−1}

, (Dv_h)(x_i) = v_h(x_{i+1/2}) − v_h(x_{i−1/2}) x_{i+1/2} − x_{i−1/2} and (Dv_h)(x_{i+1/2}) = v_h(x_{i+1}) − v_h(x_i) x_{i+1} − x_i , where v_h(x_{i+1/2}) is used as far as it makes sense.

Now choosing v_h ∈ W_{h,0} to vanish in all but one grid point in I_h \ {a, b} and collecting the terms arising in (24), we obtain for u_h(t) the following ordinary differential problem

du_h dt (t) + A_hu_h(t) =

∫_t 0 B_h(s, t)u_h(s) ds + (f(t))_h in I_h \ {a, b}, t ∈ (0, T ],

u_h(x_0, t) = u_h(x_N , t) = 0, t ∈ (0, T ],

u_h(0) = u_{0,h}, (25) where A_hv_h = −D(a_2Dv_h) + D_c(a_1v_h) + a_0v_h and B_h(s, t)v_h = −D(b_2(s, t)Dv_h) + D_c(b_1(s, t)v_h) + b_0(s, t)v_h.

We remark that P_hu_h(t) is an approximation for the weak solution defined by (12), being u_h(t) the finite difference solution defined by (25).

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 17

Fixing v_h = θ_h(t) in (55) and using the same kind of arguments that were used in the stability analysis, it can be shown that 1 2 d dt ‖θ_h(t)‖^2_h + α_0‖P_hθ_h(t)‖^2_1 ≤ β^2_0 T 4η^2

∫_t 0 ‖P_he_h(s)‖^2_1 ds + η^2‖P_hθ_h(t)‖^2_1 + 1 4ϵ^2 ‖ dρ_h dt (t)‖^2_h + ϵ^2‖P_hθ_h(t)‖^2_1 + 1 4σ^2 τ_h(t)^2 + σ^2‖P_hθ_h(t)‖^2_1,

for ϵ ≠ 0, σ ≠ 0 and for t ∈ [0, T ], which is equivalent to d dt ‖θ_h(t)‖^2_h + 2(α_0 − 3ϵ^2)‖P_hθ_h(t)‖^2_1 ≤ β^2_0 T 2ϵ^2

∫_t 0 ‖P_he_h(s)‖^2_1 ds + 1 2ϵ^2 ( ‖ dρ_h dt (t)‖^2_h + τ_h(t)^2 ) , (56)

when ϵ = η = σ are considered. Integrating (56) we establish (53).

The main theorem is established now.

Theorem 3. Let u be the solution of the variational problem (12) and P_hu_h(t) its approximation defined by (24). Then, for t ∈ [0, T ], P_hu_h(t) satisfies the error estimate

∫_t 0 ‖P_he_h(s)‖^2_1 ds ≤ e^{Ct} ( 1 α_0 − 3ϵ^2

‖θ_h(0)‖^2_h + ∫_t 0 e^{−Cs} ( 1 (α_0 − 3ϵ^2)ϵ^2 ( ‖ dρ_h ds (s)‖^2_h + τ_h(s)^2 ) + 2‖P_hρ_h(s)‖^2_1 ) ds ) , (57) where C is defined by C = β^2_0 T (α_0 − 3ϵ^2)ϵ^2

(58)

and ϵ is such that α_0 − 3ϵ^2 > 0, (59) Proof: The error P_he_h satisfies the following

∫_t 0 ‖P_he_h(s)‖^2_1 ds ≤ 2

∫_t 0 ‖P_hρ_h(s)‖^2_1 ds + 2

∫_t 0 ‖P_hθ_h(s)‖^2_1 ds. (60)

16 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

Lemma 5. For P_hθ_h(t) holds the following

‖θ_h(t)‖^2_h + 2(α_0 − 3ϵ^2)

∫_t 0 ‖P_hθ_h(s)‖^2_1 ds ≤ β^2_0 T 2ϵ^2

∫_t 0 ∫_s 0 ‖P_he_h(μ)‖^2_1 dμ ds

+‖θ(0)‖^2_h + 1 2ϵ^2

∫_t 0 ( ‖ dρ_h ds (s)‖^2_h + τ_h(s)^2 ) ds, (53) for t ∈ [0, T ] and for any ϵ ≠ 0.

Proof: It is easy to show that dθ_h dt (t) is solution of the discrete variational problem

( dθ_h dt (t), v_h)_h = ( dũ_h dt (t), v_h)_h + a_h(u_h(t), v_h) −

∫_t 0 b_h(s, t, u_h(s), v_h) ds

−((f(t))_h, v_h)_h.

(54)

Considering in (54) the definition (43) of ũ_h(t) we obtain

( dθ_h dt (t), v_h)_h = ( dũ dt (t), v_h)_h − a_h(θ_h(t), v_h) −

∫_t 0 b_h(s, t, u_h(s), v_h) ds −(( ∂u ∂t (t))_h, v_h)_h + (

∫_t 0 (B(s, t)u(s))_h ds, v_h)_h

which is equivalent to

( dθ_h dt (t), v_h)_h + a_h(θ_h(t), v_h) =

∫_t 0 b_h(s, t, e_h(s), v_h) ds −( dρ_h dt (t), v_h)_h + τ_h(v_h) ,

(55)

for v_h ∈ W_{h,0} and with τ_h(v_h) = τ^{(u)}_h (v_h) − τ^{(b)}_h (v_h) := τ_h(t)‖P_hv_h‖_1 where τ_h(t) = τ^{(u)}_h (t) − τ^{(b)}_h (t).

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 9

3. The stability analysis

In what follows we establish the stability of the solution u_h(t) defined by (25) with respect to perturbations of the initial condition u_{0,h}.

Theorem 1. Let us suppose that a_h(., .) and b_h(s, t, ., .) satisfy (18) and (19) respectively. Then for the solution u_h(t) of (25) holds

‖u_h(t)‖^2_h+

∫_t 0 ‖P_hu_h(s)‖^2_1 ds ≤ e^{Ct}C ( ‖u_h(0)‖^2_h+

∫_t 0 ‖f(s)‖^2_0e^{−Cs} ds ) , t ∈ [0, T ], (26) with C = max{1,^{β20 T}_{2ϵ2} } min{1, 2(α_0 − ϵ^2)}

(27)

for all ϵ ≠ 0 such that α_0 − ϵ^2 > 0. (28)

Proof: As u_h(t) satisfies (24) with v_h = u_h(t) we establish 1 2 d dt ‖u_h(t)‖^2_h + α_0‖P_hu_h(t)‖^2_1 ≤ β_0

∫_t 0 ‖P_hu_h(s)‖_1‖P_hu_h(t)‖_1 ds + 1 2 (‖(f(t))_h‖^2_h + ‖u_h(t)‖^2_h).

As we have

∫_t 0 ‖P_hu_h(s)‖_1‖P_hu_h(t)‖_1 ds ≤ 1 4ϵ^2 ( ∫ t 0 ‖P_hu_h(s)‖_1ds

)_2 + ϵ^2‖P_hu_h(t)‖^2_1,

for all ϵ ≠ 0, we deduce d dt ‖u_h(t)‖^2_h + 2(α_0 − ϵ^2)‖P_hu_h(t)‖^2_1 ≤ β^2_0 2ϵ^2 ( ∫ t 0 ‖P_hu_h(s)‖_1 ds

)_2

+‖(f(t))_h‖^2_h + ‖u_h(t)‖^2_h.

(29)

Using the inequality ( ∫ t 0 ‖P_hu_h(s)‖_1 ds

)_2 ≤ T ∫_t 0 ‖P_hu_h(s)‖^2_1 ds

10 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

in (29) and integrating the obtained inequality we get

‖u_h(t)‖^2_h + 2(α_0 − ϵ^2)

∫_t 0 ‖P_hu_h(s)‖^2_1 ds ≤

∫_t 0 ‖((f(s))_h‖^2_h ds + ‖u_h(0)‖^2_h + β^2_0 T 2ϵ^2

∫_t 0 ∫_s 0 ‖P_hu_h(μ)‖^2_1 dμ ds +

∫_t 0 ‖u_h(s)‖^2_h ds.

(30) Choosing ϵ satisfying (28) we obtain

‖u_h(t)‖^2_h +

∫_t 0 ‖P_hu_h(s)‖^2_1 ds ≤ C ( ∫ t 0 ‖(f(s))_h‖^2_h ds + ‖u_h(0)‖^2_h )

+ C ∫_t 0 ( ∫ s 0 ‖P_hu_h(μ)‖^2_1 dμ + ‖u_h(s)‖^2_h ) ds (31)

with C defined by (27). Finally considering the Gronwall lemma in (31) we conclude (26).

Theorem 2. Let u_h(t) be the solution of (25) with a_1 = 0. If a_h(., .) satisfies (18), b_h(s, t, ., .) satisfies (19) and b_h(t, t, v_h, v_h) ≥ β_e‖P_hv_h‖^2_1, for all v_h ∈ W_{h,0}, (32) and | ∂b_h ∂t (s, t, v_h, w_h)| ≤ β_d‖P_hv_h‖_1‖P_hw_h‖_1 , for all v_h, w_h ∈ W_{h,0}, s, t ∈ [0, T ], (33) then the solution u_h(t) of (25) satisfies

∫_t 0 ‖ du_h ds (s)‖^2_hds + ‖P_hu_h(t)‖^2_1 +

∫_t 0 ‖P_hu_h(t)‖^2_1

≤ e^{Ct} max{1, α_c} min{1, α_0 − η^2, 2β_e − ϵ^2)} ( ‖P_hu_h(0)‖^2_1 +

∫_t 0 ‖f(s)‖^2 e^{−Cs} ds ) , (34) for t ∈ [0, T ], for ϵ and η such that α_0 − η^2 > 0, 2β_e − ϵ^2 > 0, (35) with C = max{^{β20 T}_{η2} ,^{β2d T}_{2ϵ2} } min{1, α_0 − η^2, 2β_e − ϵ^2)}

. (36)

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 15

for v_h ∈ W_{h,0}.

From Lemma 2 and the inequality (48) we conclude the next proposition.

Proposition 2. The error P_h dρ_h dt (t) satisfies the estimate

‖P_h dρ_h dt (t)‖_1 ≤ C

(^N∑ i=1 h^{2r}_i ‖ ∂u ∂t (t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} , r ∈ {1, 2}. (50)

Lemma 3. For the functional τ^{(b)}_h defined by

τ^{(b)}_h (v_h) =

∫_t 0 ( b_h(s, t, R_hu(s), v_h) − (B(s, t)u(s), v_h)_h ) ds, for v_h ∈ W_{h,0}, satisfies

|τ^{(b)}_h (v_h)| ≤ C

∫_t 0 (^N∑ i=1 h^{2r}_i ‖u(s)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} ds ‖P_hv_h‖_1, r ∈ {1, 2}. (51)

Lemma 4. For τ^{(u)}_h (v_h) = (R_h ∂u ∂t (t), v_h)_h − (( ∂u ∂t (t))_h, v_h)_h, with v_h ∈ W_{h,0}, we have

|τ^{(u)}_h (v_h)| ≤ C

(^N∑ i=1 h^{2r}_i ‖ ∂u ∂t (t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} ‖P_hv_h‖_1, r ∈ {1, 2}. (52)

In what follows we use the notation

τ^{(b)}_h (t) = C

∫_t 0 (^N∑ i=1 h^{2r}_i ‖u(s)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} ds and τ^{(u)}_h (t) = C

(^N∑ i=1 h^{2r}_i ‖ ∂u ∂t (t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} . The following lemma has a central role in the main result of this paper.

14 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

Lemma 1. For the functional τ^{(a)}_h holds the following

|τ^{(a)}_h (v_h)| ≤ C

(^N∑ i=1 h^{2r}_i ‖u(t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} ‖P_hv_h‖_1, r ∈ {1, 2}, (46)

for v_h ∈ W_{h,0}.

Proposition 1. The error P_hρ_h(t) satisfies the estimate

‖P_hρ_h(t)‖_1 ≤ C

(^N∑ i=1 h^{2r}_i ‖u(t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} , r ∈ {1, 2}. (47)

An estimate for ‖P_h dρ_h dt (t)‖_1 can be obtained following the procedure used on the estimation of ‖P_hρ_h(t)‖_1. In fact we have successively

α_0‖P_h dρ_h dt (t)‖^2_1 ≤ a_h(R_h ∂u ∂t (t) − dũ_h dt (t), dρ_h dt (t))

= a_h(R_h ∂u ∂t (t), dρ_h dt (t)) − ((B(t, t)u(t))_h, dρ_h dt (t))_h − ∫_t 0 ( ∂ ∂t B(s, t)u(s))_h ds, dρ_h dt (t))_h +( ∂^2u ∂t^2

(t))_h + ( ∂f ∂t (t))_h, dρ_h dt (t))_h

= a_h(R_h ∂u ∂t (t), dρ_h dt (t)) − ((A ∂u ∂t (t))_h, dρ_h dt (t))_h

= a_h(R_h ∂u ∂t (t), dρ_h dt (t)) −

N−1∑ i=1 ∫_{xi+1/2}

x_{i−1/2} A ∂u ∂t (x, t) dx dρ_h dt (x_i, t)

=: τ^{(d)}_h ( dρ_h dt (t)),

that is α_0‖P_h dρ_h dt (t)‖^2_1 ≤ τ^{(d)}_h ( dρ_h dt (t)). (48)

Lemma 2. For the functional τ^{(d)}_h holds the following

|τ^{(d)}_h (v_h)| ≤ C

(^N∑ i=1 h^{2r}_i ‖ ∂u ∂t (t)‖^2_H 1+r_{(xi−1,xi)}

)_{1/2} ‖P_hv_h‖_1, r ∈ {1, 2}, (49)

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 11

Proof: Considering in (24) v_h replaced by du_h dt (t) we obtain ‖ du_h dt (t)‖^2_h + a_h(u_h(t), du_h dt (t)) =

∫_t 0 b_h(s, t, u_h(s), du_h dt (t)) ds

+((f(t))_h, du_h dt (t))_h.

(37)

As d dt a_h(u_h(t), u_h(t)) = 2a_h(u_h(t), du_h dt (t)) and d dt ∫_t 0 b_h(s, t, u_h(s), u_h(t)) ds = b_h(t, t, u_h(t), u_h(t)) + ∫_t 0 b_h(s, t, u_h(s), du_h dt (t)) ds + ∫_t 0 ∂b_h ∂t (s, t, u_h(s), u_h(t)) ds,

we deduce 1 2 ‖ du_h dt (t)‖^2_h + 1 2 d dt a_h(u_h(t), u_h(t)) ≤ d dt ∫_t 0 b_h(s, t, u_h(s), u_h(t)) ds − ∫_t 0 ∂b_h ∂t (s, t, u_h(s), u_h(t)) ds

− b_h(t, t, u_h(t), u_h(t)) + 1 2 ‖(f(t))_h‖^2_h.

(38) Using inequalities (32) and (33) in (38) we establish 1 2 ‖ du_h dt (t)‖^2_h + 1 2 d dt a_h(u_h(t), u_h(t)) + β_e‖P_hu_h(t)‖_1 ≤ 1 2 ‖(f(t))_h‖^2_h

+ β_d

∫_t 0 ‖P_hu_h(s)‖_1 ds‖P_hu_h(t)‖_1 + d dt ∫_t 0 b_h(s, t, u_h(s), u_h(t)) ds.

Consequently, as

β_d

∫_t 0 ‖P_hu_h(s)‖_1 ds‖P_hu_h(t)‖_1 ≤

T β^2_d 4ϵ^2

∫_t 0 ‖P_hu_h(s)‖^2_1 ds + ϵ^2‖P_hu_h(t)‖^2_1

12 S. BARBEIRO, J.A. FERREIRA AND L. PINTO

holds for any ϵ ≠ 0, we have ‖ du_h dt (t)‖^2_h + d dt a_h(u_h(t), u_h(t)) + (2β_e − ϵ^2)‖P_hu_h(t)‖^2_1 ≤ ‖(f(t))_h‖^2_h +2 d dt ∫_t 0 b_h(s, t, u_h(s), u_h(t)) ds + β^2_dT 2ϵ^2

∫_t 0 ‖P_hu_h(s)‖^2_1 ds.

(39)

The integration of the inequality (39) leads to

∫_t 0 ‖ du_h ds (s)‖^2_hds + a_h(u_h(t), u_h(t)) + (2β_e − ϵ^2)

∫_t 0 ‖P_hu_h(s)‖^2_1 ds ≤ 2 ∫_t 0 b_h(s, t, u_h(s), u_h(t)) ds + β^2_dT 2ϵ^2

∫_t 0 ∫_s 0 ‖P_hu_h(μ)‖^2_1 dμ ds

+a_h(u_h(0), u_h(0)) +

∫_t 0 ‖(f(s))_h‖^2_h ds.

(40)

Combining (40) with (18) and (19) we deduce

∫_t 0 ‖ du_h ds (s)‖^2_hds + (α_0 − η^2)‖P_hu_h(t)‖^2_1 + (2β_e − ϵ^2)

∫_t 0 ‖P_hu_h(s)‖^2_1 ds ≤ β^2_0 T η^2 ) ∫_t 0 ‖P_hu_h(s)‖^2_1 ds + β^2_dT 2ϵ^2

∫_t 0 ∫_s 0 ‖P_hu_h(μ)‖^2_1 dμ ds

+α_c‖P_hu_h(0)‖^2_1 +

∫_t 0 ‖(f(s))_h‖^2_h ds,

and consequently

∫_t 0 ‖ du_h ds (s)‖^2_hds + ‖P_hu_h(t)‖^2_1 +

∫_t 0 ‖P_hu_h(t)‖_1 ≤ C ∫_t 0 ( ∫^s 0 ‖P_hu_h(μ)‖^2_1 dμ + ‖P_hu_h(s)‖^2_1 ) ds + max{1, α_c} min{1, α_0 − η^2, 2β_e − ϵ^2)} ( ‖P_hu_h(0)‖^2_1 +

∫_t 0 ‖(f(s))_h‖^2_h ds ) (41)

for ϵ, η satisfying (35) and with C defined by (36).

Applying Grownwall lemma to the inequality (41) we conclude (34).

H^1-SECOND ORDER CONVERGENT ESTIMATES FOR NON FICKIAN MODELS 13

Remark 2. For b_h(t, t, ., .) holds a remark analogous to Remark 1. Moreover if the coefficient functions of b_h(s, t, ., .) have bounded time derivative then (33) holds and this means that

∂b_h ∂t (s, t, ., .) is bounded.

4. A supraconvergent estimate

In this section we compute an estimate for the error P_he_h(t) = P_hR_hu(t) − P_hu_h(t). Following [34] we split the error P_he_h(t) in the following form P_he_h(t) = P_hR_hu(t) − P_hũ_h(t) + P_hũ_h(t) − P_hu_h(t) =: P_hρ_h(t) + P_hθ_h(t)

(42)

where ũ_h(t) is solution of the discrete variational problem a_h(ũ_h(t), v_h) = (g_h(t), v_h)_h, for all v_h ∈ W_{h,0} (43) with g_h(t) =

∫_t 0 (B(s, t)u(s))_h − ( ∂u ∂t (t))_h + ((f(t))_h. (44) As we have successively

α_0‖P_hρ_h(t)‖^2_1 ≤ a_h(ρ_h(t), ρ_h(t)) = a_h(R_hu(t), ρ_h(t)) − (g_h(t), ρ_h(t))_h = a_h(R_hu(t), ρ_h(t)) − ((Au(t))_h, ρ_h(t))_h = a_h(R_hu(t), ρ_h(t)) −

N−1∑ i=1 ∫_{xi+1/2}

x_{i−1/2}

Au(x, t) dxρ_h(x_i, t)

=: τ^{(a)}_h (ρ_h(t)), we conclude that ‖P_hρ_h(t))‖^2_1 ≤ 1 α_0 τ^{(a)}_h (ρ_h(t)). (45) A bound for P_hρ_h(t) is obtained using Lemma 1 and (45). The proof of this lemma as well the proofs of Lemmas 2, 3 and 4 differ in minor details from the proof of Theorem 3.1 of [2].