16 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

see (28), we arrive to (23). ■

References

[1] A. APTEKAREV, V. KALIAGUINE, AND J. VAN ISEGHEM, The Genetic Sums’ Representation for the Moments of a System of Stieltjes Functions and its Application, Constr. Approx. 16 (4) (2000), pp. 487-524.

[2] D. BARRIOS ROLANÍA AND A. BRANQUINHO, Complex high order Toda lattices, J.

Difference Equations and Applications, 15 (2) (2009), pp. 197-213.

[3] D. BARRIOS ROLANÍA, A. BRANQUINHO, AND A. FOULQUIÉ MORENO, Dynamics and interpretation of some integrable systems via multiple orthogonal polynomials, J. Math. Anal. Appl., 361(2) (2010), pp. 358-370.

[4] N.M. ERCOLANI, K.D. T-R MCLAUGHLIN, Asymptotics and integrable structures for biorthogonal polynomials associated to a random two-matrix model, Advances in nonlinear mathematics and science. Phys.D 152/153 (2001), pp. 232-268.

[5] M.E.H. ISMAIL, Classical and Quantum Orthogonal Polynomials in one variable, Encyclopedia of Mathematics and its Applications 98, Cambridge Univ. Press, 2005, Cambridge.

[6] V.G. JANK, Matrix Riccati Differential Equations, A.P. Santana, J.S. Neves e M.P. Oliveira, eds., Textos de Matematica, no. 36, DMUC, 2005, Coimbra.

[7] V. KALIAGUINE, The operator moment problem, vector continued fractions and an explicit form of the Favard theorem for vector orthogonal polynomials, J. Comput. Appl. Math. 65 (1-3) (1995), pp. 181-193.

[8] V. SOROKIN AND J. VAN ISEGHEM, Matrix Hermite-Padé problem and dynamical systems, J. Comput. Appl. Math. 122 (1-2) (2000), pp. 275-295.

[9] W. VAN ASSCHE, Nonsymmetric linear difference equations for multiple orthogonal polynomials, SIDE II -Symmetries and Integrability of Difference Equations (D. Levi, O. Ragnisco, Eds.), CRM Proceedings and Lecture Notes 25, AMS (2000), pp. 415-429.

[10] J. VAN ISEGHEM, Vector orthogonal relations. Vector QD-algorithm, J. Comput. Appl.

Math. 19 (1) (1987), pp. 141-150.

[11] N. YA. VILENKIN ET AL., Functional Analysis, Wolters-Noordhoff Pub., The Netherlands, 1972.

[12] K. YOSIDA, Functional Analysis, Springer-Verlag, Berlin, 1995.

D. Barrios Rolanía Facultad de Informática, Universidad Politécnica de Madrid, 28660 Boadilla del Monte, Madrid, Spain.

E-mail address: dbarrios@fi.upm.es

A. Branquinho CMUC, Department of Mathematics, University of Coimbra, Largo D. Dinis, 3001-454 Coimbra, Portugal.

E-mail address: ajplb@mat.uc.pt

A. Foulquié Moreno Departamento de Matemática, Universidade de Aveiro, Campus de Santiago 3810, Aveiro, Portugal.

E-mail address: foulquie@ua.pt

Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 09–43

ON THE RELATION BETWEEN THE FULL KOSTANT-TODA LATTICE AND MULTIPLE ORTHOGONAL POLYNOMIALS

D. BARRIOS ROLANÍA, A. BRANQUINHO AND A. FOULQUIÉ MORENO

Abstract: The correspondence between a high-order non symmetric difference operator with complex coefficients and the evolution of an operator defined by a Lax pair is established. The solution of the discrete dynamical system is studied, giving explicit expressions for the resolvent function and, under some conditions, the representation of the vector of functionals, associated with the solution for our integrable systems. The method of investigation is based on the evolutions of the matrical moments.

Keywords: Operator theory, orthogonal polynomials, differential equations, recurrence relations.

AMS Subject Classification (2000): 15B57, 47N20, 34K99, 42C05.

1. Introduction

We consider the following special full Kostant-Toda system,

ȧ_n = b_n − b_{n−1} ḃ_n = b_n(a_{n+1} − a_n) + c_n − c_{n−1} ċ_n = c_n(a_{n+2} − a_n)

� � � , n ∈ N , (1)

where the dot means differentiation with respect to t ∈ R and we assume b_0 ≡ 0 , c_n ≠ 0. It is well known that these equations can be written as a Lax pair J̇ = [J, J_−], where [M, N] = MN − NM is the commutator of the operators M and N, and J, J_− are the operators which matrix representation is given, respectively, by

Received November 16, 2009.

This research was carried out while on a visit of the first author at University of Coimbra. The work of this author was supported in part by Dirección General de Investigación, Ministerio de Educación y Ciencia, under grant MTM2006-13000-C03-02. The work of the second author was supported by CMUC/FCT. The third author would like to thank UI Matemática e Aplicações from University of Aveiro. 1

2 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

J =

� � � � � � a_1 1 b_1 a_2 1 c_1 b_2 a_3 ... 0 c_2 b_3 ...

... ... ...

� � � � � � , J_− =

� � � � � �

0 b_1 0 c_1 b_2 0 0 c_2 b_3 ...

... ... ...

� � � � � � . (2)

Here, and in the following, we suppress the explicit t-dependence for brevity. Also, we identify an operator and its matrix representation with respect to the canonical basis. For the sake of simplicity, we only consider a four banded matrix J in this work, but the method can be extended to higher order banded matrices J.

In [1] and [8] the authors considered some special cases of the systems studied here, and in [4] some finite full Kostant-Toda systems is considered and solved using bi-orthogonal systems of polynomials.

When J is a bounded operator, then it is possible to define the resolvent operator,

(zI − J)^{−1} = � n≥0 J^n z^{n+1}

, |z| > ‖J‖ (3)

(see [12, Th. 3, p. 211]). We denote by M_{ij} the 2 × 2 block, of any infinite matrix M, formed by the entries of rows 2i − 1, 2i and columns 2j − 1, 2j. In this way, for each n ∈ N, J^n can be written as a blocked matrix,

J^n = � � J^n_{11} J^n_{12} · · · J^n_{21} J^n_{22} · · · . . ... � � . (4)

Moreover, we define R_J (z) as the main block of (zI − J)^{−1}, this is, R_J (z) := (zI − J)^{−1}_{11} . Then, from (3) we have

R_J (z) = � n≥0 J^n_{11} z^{n+1}

, |z| > ‖J‖ . (5)

As a consequence of the Lax pair representation, for (1) and other systems, the operator theory is a useful tool and a remarkable connection between the integrable systems and the approximation theory. Consider the sequence of polynomials {P_n} given by the recurrence relation

c_{n−1}P_{n−2}(z) + b_nP_{n−1}(z) + (a_{n+1} − z)P_n(z) + P_{n+1}(z) = 0, n = 0, 1, . . . P_0(z) = 1 , P_{−1}(z) = P_{−2}(z) = 0 . � (6)

FULL KOSTANT-TODA LATTICE 15

Now, we are going to prove (b) ⇒ (d). We assume that (10) is verified. Taking n = 1 in this expression we immediately deduce ȧ_1 = b_1. Moreover, from (10) we arrive to (23) in the same way that in the proof of (e)⇒ (f) in Theorem 2. Then we are under the hypothesis of Theorem 2 and, therefore, we have (12).

Finally, (12) ⇒ (9) was proved in Theorem 2. ■

4.2. Proof of Corollary 1. It is easy to see that C_0, M(t, z) and N(t) are, respectively, the solutions of the following Cauchy problems:

Ẋ = − (J_−)_{11} X X(0) = C_0(0) � , Ẋ = − exp(−zt) C^{−1}_0 N(t) X(0) = (C_0(0))^{−1} R_0(z) � , and Ẋ = (J_{11} − (J_−)_{11}) X X(0) = I_2 � . Taking derivatives in the right hand side of (26), and checking the initial condition, we can prove that exp(zt) C_0 M(t, z) (N(t))^{−1} is a solution of the following Cauchy problem, Ẋ = X (zI_2 − J_{11}) − I_2 + [X, (J_−)_{11}] X(0) = R_0(z) � . (47)

From [11], we know that (47) has a unique solution. On the other hand, since Theorem 1, R(z) is solution of (47). Then, we arrive to (26). ■

4.3. Proof of Corollary 2. Since (20), in the conditions of Corollary 2, necessarily (28) implies M = � e^{zt} U_0 � (P_0)

�_{−1} . On the other hand, for proving that {a_n , b_n , c_n} , n ∈ N , is a solution of (1), it is sufficient to show that (23) holds. Let a fixed k ∈ {0, 1, . . . , } be. Taking into account d dt � e^{zt} U_0 � (z^kP_0) = � e^{zt} U_0 � (z^{k+1}P_0) and d dt M = −M U(zP_0) ,

and taking derivatives in U(z^kP_0) = � e^{zt} U_0 � (z^kP_0)M ,

14 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

The matrix C_nC_{n−1} · · · C_1 is upper triangular. Moreover, because of ȧ_1 = b_1 also Ċ_0 C^{−1}_0 + J_{11} is an upper triangular matrix and, then, the matrix in the left hand side of (44) is upper triangular and, consequently, d_n = b_{2n+1}.

Finally, we show (i) ⇒ (e). Taking derivatives in (7),

Ċ_n B_{n−1}(z) + Ḃ_{n+1} B_n(z)

+ C_n Ḃ_{n−1}(z) + (B_{n+1} − zI_2)Ḃ_n(z) + A Ḃ_{n+1}(z) = 0 , n = 0, 1, . . . Using (12) and taking into account A D_{n+1} = D_n A = O_2,

Ċ_n B_{n−1}(z) + Ḃ_{n+1} B_n(z) + C_n (−C_{n−1} B_{n−2}(z) + D_{n−1} B_{n−1}(z))

+ (B_{n+1} − zI_2) (−C_n B_{n−1}(z) + D_n B_n(z)) − A C_{n+1} B_n(z) = 0 . (45) Using, again, (7) for eliminating the explicit expression in z, zB_n(z) = C_n B_{n−1}(z) + B_{n+1} B_n(z) + A B_{n+1}(z) zB_{n−1}(z) = C_{n−1} B_{n−2}(z) + B_n B_{n−1}(z) + A B_n(z) . �

Substituting in (45), and identifying with zero the coefficients of the vectorial polynomials in the obtained expression, we arrive to

Ḃ_n = A C_n − C_{n−1} A + D_{n−1} B_n − B_n D_{n−1} Ċ_n = D_n C_n − C_n D_{n−1} + B_{n+1} C_n − C_n B_n � n = 1, 2, . . . (46)

Taking into account that, with the above notation, D_n = (J_−)_{n+1,n+1}, we see that (46) is equivalent to (9) when we consider J as a blocked matrix. ■

4. Proof of Theorem 1 and Corollaries

4.1. Proof of Theorem 1. We start by establishing the equivalence between (10) and (11). The key idea is the convergence in the respective operator norm, for |z| > ‖J‖, of the series given in the right hand side of (3) and (5). Starting by (10), to obtain Ṙ_J (z) it is sufficient to take derivatives in (5) and to substitute J̇^n_{11} in

Ṙ_J (z) = � n≥0 J̇ n_{11} z^{n+1}

, |z| > ‖J‖ .

Reciprocally, if (11) holds, substituting R_J (z) and Ṙ_J (z) by its Laurent expansion, and comparing their coefficients, we arrive to (10).

The rest of the proof is to show the equivalence between (a), (b) and (d). (a)⇒ (b) is Lemma 5.

FULL KOSTANT-TODA LATTICE 3

Taking B_m(z) = (P_{2m}(z), P_{2m+1}(z))^T , we can rewrite (6) as

C_n B_{n−1}(z) + (B_{n+1} − zI_2)B_n(z) + A B_{n+1}(z) = 0 , n = 0, 1, . . . B_{−1}(z) = 0 , B_0(z) = (1, z − a_1)^T � (7) where A = � 0 0 1 0 � , C_n = � c_{2n−1} b_{2n} 0 c_{2n} � , B_n = � a_{2n−1} 1 b_{2n−1} a_{2n} � , n ∈ N , (8)

and C_0 is an arbitrary 2 × 2 matrix. In (7) and in the following, we denote for the sake of simplicity (0, 0)^T and 0 ∈ R in the same way. We recall that the polynomials P_n(z) and the vectorial polynomials B_n(z) depend on t ∈ R, when this dependence holds for the coefficients a_n, b_n, c_n.

Our main goal is to study the solutions of (1) in terms of the operator J and its associated vectorial polynomials B_n(z). We underline that, in a different context (cf. [2, Theorem 2]), the characterization of solutions of the integrable system considered there was established in terms of the derivative of the polynomials associated with J. In this work, using the sequence of vectorial polynomials {B_n}, we extend that result. Our first result is the following.

Theorem 1. Assume that the sequence {a_n , b_n , c_n} , n ∈ N , is uniformly bounded, i.e. there exists K ∈ R_+ such that max{|a_n(t)| , |b_n(t)| , |c_n(t)|} ≤ M for all n ∈ N and t ∈ R . Assume, also, c_n(t) ≠ 0 for all n ∈ N and t ∈ R . Then, the following conditions are equivalent:

(a) {a_n , b_n , c_n} , n ∈ N , is a solution of (1), this is, J̇ = [J, J_−]. (9)

(b) For each n ∈ N ∪ {0} we have d dt J^n_{11} = J^{n+1}_{11} − J^n_{11}B_1 + [J^n_{11}, (J_−)_{11}]. (10)

(c) For all z ∈ C such that |z| > ‖J‖,

Ṙ_J (z) = R_J (z)(zI_2 − B_1) − I_2 + [R_J (z), (J_−)_{11}] , (11)

where R_J (z) is given by (5).

(d) For each n ∈ N ∪ {0}, the polynomial B_n defined by (7) satisfies Ḃ_n(z) = −C_n B_{n−1}(z) − D_n B_n(z) , (12)

4 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

where D_n = � 0 0 b_{2n+1} 0 � . Let P be the vector space of polynomials with complex coefficients. It is well known that, given the recurrence relation (6), there exist two linear moment functionals u^1, u^2 from P to C verifying, for all m ∈ N, � u^i[z^j P_{2m}] = u^i[z^jP_{2m+1}] = 0 , j = 0, 1, . . . , m − 1 , i = 1, 2 u^1[z^mP_{2m+1}] = 0

(13)

(see [10, Th. 3.2], see also [5, 9]).

We consider the space P^2 = {(q_1, q_2)^T : q_i polynomial, i = 1, 2} and the space M_{2×2} of (2 × 2)-matrices with complex entries.

Definition 1. If the functionals u^1, u^2 verify (13), then we say that the function W : P^2 → M_{2×2} given by W � q_1 q_2 � = � u^1[q_1] u^2[q_1] u^1[q_2] u^2[q_2] � , (14)

is a vector of functionals associated with the recurrence relation (6).

If W is a vector of functionals associated with the recurrence relation (6), then the following orthogonality relations are verified

W(z^jB_m) = O_2 , j = 0, 1, . . . , m − 1 , (15)

where O_2 denotes the 2 × 2 null matrix.

Definition 2. A function W : P^2 → M_{2×2} verifying (15) is called orthogonality vector of functionals for the recurrence relation (7).

Since the above definitions, any vector of functionals associated with the recurrence relation (6) is always an orthogonality vector of functionals for the recurrence relation (7). As in the scalar case, it is possible to find more than one orthogonality vector of functionals. In fact, given a such function W : P^2 → M_{2×2}, and given any matrix M ∈ M_{2×2} it is enough to define W_M as

W_M � q_1 q_2 � := W � q_1 q_2 � M , (16)

for having another orthogonality vector of functionals. In the following, we assume that W is a fixed vector of functionals associated with the recurrence relation (6) such that W (B_0) is an invertible matrix.

FULL KOSTANT-TODA LATTICE 13

Our next purpose is to determine D^{(n)}_j , j = n − 1, n. From (42),

U(z^{n−1}Ḃ_n) = D^{(n)}_{n−1} U � z^{n−1}B_{n−1} � . Then, because of (25) and (19),

O_2 = d dt U � z^{n−1}B_n � = U (z^nB_n) − U � z^{n−1}B_n � U (zP_0) + D^{(n)}_{n−1} U � z^{n−1}B_{n−1} � and, therefore, D^{(n)}_{n−1} = −C_n .

On the other hand, writing

B_n(z) = n� i=0 F^{(n)}_i P_i(z) (43)

and comparing the coefficient of z^{2n} and z^{2n+1} in both sides of (43), we obtain

F^{(n)}_n = � 1 0 f_n 1 � . Moreover, taking derivatives in (43) and comparing with (42), we see D^{(n)}n = Ḟ^{(n)}_n or, what is the same,

D^{(n)}_n = � 0 0 d_n 0 � , where we need to determine d_n. From (25) and (42),

D^{(n)}_n U (z^nB_n) = � d dt U (z^nB_n) − U � z^{n+1}B_n � + U (z^nB_n) U (zP_0) �

+ C_n U (z^nB_{n−1}) .

Then, using (19) and (7),

D^{(n)}_n = � d dt (C_nC_{n−1} · · · C_0) � (C_nC_{n−1} · · · C_0)^{−1}

− B_{n+1} + (C_nC_{n−1} · · · C_0) U (zP_0) (C_nC_{n−1} · · · C_0)^{−1} , thus

D^{(n)}_n + B_{n+1} = � d dt (C_nC_{n−1} · · · C_1) � (C_nC_{n−1} · · · C_1)^{−1}

+ (C_nC_{n−1} · · · C_1) � Ċ_0 C^{−1}_0 + J_{11} � (C_nC_{n−1} · · · C_1)^{−1} . (44)

12 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

Define the vectors of functionals U_1 , U_2 : P^2 −→ M_{2×2} such that U_1(B) = U(zB) U_2(B) = U(B) U(zP_0) � (40)

for each B ∈ P^2. We remark that^1_{ζ−z} P_0 do not depend on t ∈ R. In (39), denoting U̇ =^d_{dt} U, we have U̇ = U_1 − U_2 over^1_{ζ−z} P_0, being U � 1 ζ − z

P_0 � = 1 ζ U (P_0) + 1 ζ^2

U (zP_0) + · · · , |ζ| > ‖J‖ .

Hence, we have U̇ = U_1 − U_2 over P^2, this is, we have (25).

For proving (h)⇒ (i), as in (30), Ḃ_n can be written in terms of the sequence {B_n}, Ḃ_n(z) = D^{(n)}_0 B_0(z) + D^{(n)}_1 B_1(z) + · · · + D^{(n)}_n B_n(z) (41)

If n = 0, 1, the above expression is Ḃ_n(z) = D^{(n)}_{n−1} B_{n−1}(z) + D^{(n)}_n B_n(z) (42)

Let n ≥ 2 be fixed. We are going to show that (42) holds, also, for n. Due to the orthogonality, from (41), U(Ḃ_n) = D^{(n)}_0 U (B_0) . In fact, using (25),

O_2 = d dt (U(B_n)) = U̇(B_n) + U(Ḃ_n)

= U(zB_n) − U(B_n)U(zP_0) + D^{(n)}_0 U (B_0) .

Thus, D^{(n)}_0 = O_2. We proceed by induction on n, assuming

D^{(n)}_0 = · · · = D^{(n)}_{j−1} = O_2 for a fixed j < n − 1. Using (41) and, again, (25) and (19),

O_2 = d dt U(z^j B_n) = � d dt U � (z^jB_n) + U(z^jḂ_n)

= U(z^{j+1}B_n) − U(z^jB_n)U(zP_0) + D^{(n)}_j U � z^j B_j � = D^{(n)}_j U � z^j B_j � , where U � z^j B_j � is an invertible matrix. Thus, D^{(n)}_j = O_2 and (42) is verified for any n ∈ N.

FULL KOSTANT-TODA LATTICE 5

We recall that, in (7), the matrix C_0 was arbitrary chosen. In the sequel we assume C_0 = � 1 0 −a_1 1 � . Take M = (W (B_0))^{−1} C_0 and define U = W_M as in (16). Then, U(Q) = W (Q) (W (B_0))^{−1} C_0 for any Q ∈ P^2 and, in particular, U(B_0) = C_0 . (17) Moreover, from (7) and (15), U(z^mB_m) = C_m U(z^{m−1}B_{m−1}) , m ∈ N (18) (see Lemma 1). Using (17), (18), and again (15), for each m ∈ N ∪ {0} we arrive to

U(z^jB_m) = � O_2 , j = 0, 1, . . . , m − 1 C_mC_{m−1} · · · C_0 , j = m .

(19)

We use the vectors P_m = P_m(z) = � z^{2m}, z^{2m+1}

�_T for each m ∈ N ∪ {0}.

The following definition extends the corresponding one to the scalar case. Definition 3. For each m = 0, 1, . . ., the matrix U (z^mP_0) is called moment of order m for the vector of functionals U.

In particular, since B_0 = C_0 P_0, we have U (P_0) = I_2 (20) (see (17)).

We know U = U{t} depends on t, besides this dependence is not explicitly written (as we said above). Then, it is possible to define the derivative of U as usual, d U dt : P^2 −→ M_{2×2}

such that, for each B ∈ P^2, d U dt (B) = lim_{Δt→0}

U{t + Δt}(B) − U{t}(B) Δt . Obviously, the usual properties for this kind of operators are verified. In particular, d dt (U(B)) = d U dt (B) + U(Ḃ) , B ∈ P^2 . (21)

6 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

We use^{d U}_{dt} and (21) below. Also, we will use the matrix function R_J given in (5). We define the generating function of the moments as F_J (z) = C^{−1}_0 R_J (z) C_0 , |z| > ‖J‖ . (22) Next, we have our second main result, related with Theorem 1. More precisely speaking, we will see that Theorem 1 follows directly from Theorem 2.

Theorem 2. In the conditions of Theorem 1, assume ȧ_1 = b_1. Let U be given by (19). Then, the following assertions are equivalent:

(e) {a_n , b_n , c_n} , n ∈ N , is a solution of (1), this is, (9) holds. (f) For each n = 0, 1, . . . , we have d dt U (z^nP_0) = U � z^{n+1}P_0 � − U (z^nP_0) U (zP_0) . (23)

(g) For all ζ ∈ C such that |ζ| > ‖J‖, Ḟ_J (ζ) = F_J (ζ) (ζI_2 − U(zP_0)) − I_2 , (24)

being F_J the generating function defined in (22). (h) For all B ∈ P^2 we have � d dt U � (B) = U(zB) − U(B)U(zP_0) . (25)

(i) For each n = 0, 1, . . . , we have (12) .

Moreover, we have other consequences of Theorem 1 and Theorem 2. In the next result,

�_t 0 f(s)ds is understood to be the solution X = X(t) of the Cauchy problem Ẋ = f(t) X(0) = 0 �

in the suitable space. It is well-known that, in our conditions, there exists a unique solution of this problem (see, for instance, [6] and [11]).

Corollary 1. Under the conditions of Theorem 1, if {a_n , b_n , c_n} , n ∈ N , is a solution of (1), then R_J (z) = exp (zt) C_0 M(t, z) (N(t))^{−1} , (26) where

N(t) = � � exp �_t 0 a_1ds � exp �_t

0 a_1ds

� �_t

0 exp � − �_s 0 (a_2 − a_1)dr � ds 0 exp

�_t 0 a_2ds � � � ,

FULL KOSTANT-TODA LATTICE 11

Since ȧ_1 = b_1, we can verify Ċ_0 = − (J_−)_{11} , Ċ^{−1}_0 = (J_−)_{11}. Hence, comparing the right hand sides of (35) and (36) we arrive to (23) (we recall that C_0 is an invertible matrix).

Now, we prove (f)⇒ (g). Since (5) and Lemma 4,

F_J (ζ) = � n≥0 U(z^nP_0) ζ^{n+1}

, |ζ| > ‖J‖ . (37)

Then, from (23),

Ḟ_J (ζ) = � n≥0 U(z^{n+1}P_0) − U(z^nP_0)U(zP_0) ζ^{n+1} = ζ � n≥0 U(z^{n+1}P_0) ζ^{n+2} − � n≥0 U(z^nP_0) ζ^{n+1}

U(zP_0) = ζ � F_J (ζ) − 1 ζ I_2 � − F_J (ζ)U(zP_0) .

This is, (24) is verify.

Given (24), we are going to obtain the derivative of the vector of functionals U. For doing this, we use the linearity of U and the convergence of the series,

F_J (ζ) = U � � n≥0 z^n ζ^{n+1}

P_0 � = U � 1 ζ − z

P_0 � , |ζ| > ‖J‖ . (38)

(Here and in the next expressions, as usual, U = U_z is the vector of functionals defined on the closure of the space P^2 of vectorial polynomials (q_1, q_2)^T in the variable z.)

From (38) and (24), d dt U � 1 ζ − z

P_0 � = U � 1 ζ − z

P_0 � (ζI_2 − U (zP_0)) − I_2 = U � 1 + z ζ − z � P_0 � − U � 1 ζ − z

P_0 � U (zP_0) − I_2

and so d dt U � 1 ζ − z

P_0 � = U � z ζ − z

P_0 � − U � 1 ζ − z

P_0 � U (zP_0) . (39)

10 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

Lemma 5. If the sequence {a_n , b_n , c_n} , n ∈ N , is a solution of (1), then (10) is verified.

Proof : Under the given conditions, we know that (9) holds. Then, it is very easy to verify d dt J^n = J^nJ_− − J_−J^n

and, with the established notation, d dt J^n_{11} = (J^nJ_−)_{11} − (J_−J^n)_{11}

From (2) and (4),

(J^nJ_−)_{11} = J^n_{11} (J_−)_{11} + J^n_{12} (J_−)_{21} (J_−J^n)_{11} = (J_−)_{11} J^n_{11} . �

Then, J̇^n_{11} = J^n_{11} (J_−)_{11} − (J_−)_{11} J^n_{11} + J^n_{12} (J_−)_{21} . (34)

On the other hand, J^{n+1}_{11} = J^n_{11}J_{11} + J^n_{12} (J_−)_{21} , which, joint with (34), goes to (10).

3. Proof of Theorem 2

In the first place, we show (e)⇒ (f). Assume that (9) holds. Since Lemma 5, we have (10). Moreover, due to Lemma 4, J^n_{11} = C_0 U(z^nP_0) C^{−1}_0 , n ∈ N , and, in particular, B_1 = J_{11} = C_0 U(zP_0) C^{−1}_0 . Also, C^{−1}_0 (J_−)_{11} = (J_−)_{11} C_0 = (J_−)_{11}. Then, from (34), d dt � C_0 U(z^nP_0) C^{−1}_0 � = C_0 U(z^{n+1}P_0) C^{−1}_0 − C_0 U(z^nP_0)U(zP_0) C^{−1}_0

+ C_0 U(z^nP_0) (J_−)_{11} − (J_−)_{11} U(z^nP_0) C^{−1}_0 (35)

On the other hand, taking derivatives (and denoting by Ċ^{−1}_0 the derivative of C^{−1}_0 ), d dt � C_0 U(z^nP_0) C^{−1}_0 �

= Ċ_0 U(z^nP_0) C^{−1}_0 + C_0 U(z^nP_0) Ċ^{−1}_0 + C_0 d dt (U(z^nP_0)) C^{−1}_0 (36)

FULL KOSTANT-TODA LATTICE 7

M(t, z) = −

�_t 0 exp (−zs) C^{−1}_0 N(s)ds + (C_0(0))^{−1} R_0(z)

(here, C_0(0) and R_0(z) are, respectively, C_0 and R(z) for t = 0).

Given a linear functional u : P → C, we may define the new functional e^{zt}u : P → C as � e^{zt}u � [z^j ] = � k≥0 t^k k! u[z^{k+j}] . (27)

We denote by U_0 = (u^1_0, u^2_0)^T our vector of functionals U when t = 0 and, similarly, by J_0 the triangular matrix given in (2) when t = 0. If J_0 is a bounded matrix, then

|u^i_0[z^{k+j}]| ≤ m_{ij}‖J_0‖^{k+j} , i = 1, 2 , k, j = 0, 1, . . . ,

and the right-hand side of (27) is well-defined for u = u^i_0 , i = 1, 2 (see [7, Theorem 4]). In this case, we can define the vector of functionals e^{zt} U_0 as � e^{zt} U_0 � (B) = � e^{zt}u^1_0 � [q_1] � e^{zt}u^2_0 � [q_1] � e^{zt}u^1_0 � [q_2] � e^{zt}u^2_0 � [q_2] �

for each B = (p, q)^T ∈ P^2. As in [3, Theorem 3], we give a possible representation for the vector of functionals U.

Corollary 2. In the conditions of Theorem 2, and with the notation used in (16), assume that the vector of functionals U verifies U = � e^{zt} U_0 � M (28)

for some M ∈ M_{2×2}. Then, {a_n , b_n , c_n} , n ∈ N , is a solution of (1).

In section 2 we show that the study of the system (1) can be reduced to the evolution of the main block of the matrix J^n, i.e. J^n_{11}. In section 3 we prove Theorem 2. The main idea is to express (1) in terms of the evolution of the moments. In section 4 we prove Theorem 1. The main feature of this result is the connections between the resolvent function, R_J , and the evolution of the systems of vector polynomial, {B_n}.

2. Auxiliary results

Next lemma was used for proving (18).

8 BARRIOS, BRANQUINHO AND FOULQUIÉ MORENO

Lemma 1. Let W be a vector of functionals associated with (6). Then W(A_1 Q_1 + A_2 Q_2) = A_1 W(Q_1) + A_2 W(Q_2) (29) is verified for any Q_1, Q_2 ∈ P^2 and A_1, A_2 ∈ M_{2×2} .

Proof : It is sufficient to take into account that W : P^2 → M_{2×2} is given by W � q_1 q_2 � = � u[q_1] v[q_1] u[q_2] v[q_2] �

when u, v : P → C are linear functionals.

Lemma 2. The orthogonality vector of functionals U : P^2 −→ M_{2×2} is determined by (19). This is, U is the unique vector of functionals associated with the recurrence relation (6) verifying (19).

Proof : Given (q_1, q_2)^T ∈ P^2, for each i = 1, 2 we can write

q_i(z) = 2� k=1 α^0_{ik}P_{k−1}(z) + 2� k=1 α^1_{ik}P_{1+k}(z) + · · · + 2� k=1 α^m_{ik}P_{2m+k−1}(z) , α^j_{ik} ∈ C ,

where m = max{m_1, m_2} and deg(q_i) ≤ 2m_i + 1 (we understand α^j_{ik} = 0 when j > m_i). This is,

(q_1, q_2)^T = m� j=0 E_j B_j , (30)

being E_j = � α^j_{ik} � ∈ M_{2×2} , j = 0, . . . , m. From (29), if ~U : P^2 −→ M_{2×2} is a vector of functionals associated with the recurrence relation (6), then ~U � q_1 q_2 � = m� j=0 E_j ~U (B_j) . (31)

Moreover, if ~U verifies (19) we have ~U (B_j) = U (B_j) = 0 , j = 1, 2, . . . , and also ~U (B_0) = U (B_0) = C_0 . Therefore, from (31) we arrive to ~U = U .

Next result shows that it is possible to recover the entries of matrix J using the orthogonality vector of functionals U.

Lemma 3. The entries of the matrix J are determined by the sequence {B_n} of vectorial polynomials.

FULL KOSTANT-TODA LATTICE 9

Proof : The entries of J are determined by the blocks C_n , B_n , n ∈ N. Then, it is sufficient to express these blocks in terms of {B_n}. Since C_k , k = 0, 1, . . . , are invertible matrices, also U � z^kB_k � is invertible and, from (19),

C_n = U (z^nB_n) � U � z^{n−1}B_{n−1}

�_{−1}

, n = 1, 2, . . . .

On the other hand, from (7) and (19) we deduce

C_n U (z^nB_{n−1}) + B_{n+1} U (z^nB_n) − U � z^{n+1}B_n � = 0 , n = 0, 1, . . . .

Then, for n ∈ N we have

B_n = � U (z^nB_{n−1}) − C_{n−1} U � z^{n−1}B_{n−2} � � U � z^{n−1}B_{n−1}

�_{−1} , and the result follows.

Next, we determine the expression of the moment U (P_n) = U (x^n P_0) in terms of the matrix J.

Lemma 4. For each n = 0, 1, . . . we have

U (z^n P_0) = C^{−1}_0 J^n_{11} C_0 . (32)

Proof : We know that U (P_0) = I_2 (see (20)), then the result is verified for n = 0.

Another way to express (7) is J � � B_0(z) B_1(z) . � � = z � � B_0(z) B_1(z) . � � . Thus,

J^n � � B_0(z) B_1(z) . � � = z^n � � B_0(z) B_1(z) . � � , n ∈ N . (33)

Comparing the first rows in (33), and taking into account (4) and the form of J, � i≥1 J^n_{1i} B_{i−1}(z) = J^n_{11} B_0(z) + J^n_{12} B_1(z) = z^nB_0(z) .

Then, from (19), U (z^nB_0) = J^n_{11} U (B_0) , this is, C_0 U (z^nP_0) = J^n_{11} C_0 (see (17) and (20)), which is (32).

The following result concerns to solutions associated with the matrix J, non necessarily bounded.