Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 10–05

OPTIMAL CONTROL AND QUASI-VELOCITIES

LÍGIA ABRUNHEIRO, MARGARIDA CAMARINHA, JOSÉ F. CARIÑENA, JESÚS CLEMENTE-GALLARDO, EDUARDO MARTÍNEZ AND PATRICIA SANTOS

Abstract: In this paper we study optimal control problems for nonholonomic systems defined on Lie algebroids by using quasi-velocities. We consider both kinemactic, i.e. systems whose cost functional depends only on position and velocities, and dynamic optimal control problems, i.e. systems whose cost functional depends also on accelarations. Formulating the problem directly at the level of Lie algebroids turns out to be the correct framework to explain in detail similar results appeared recently [48]. We also provide several examples to illustrate our construction.

1. Introduction

The principles of analytical mechanics established by D’Alembert, Lagrange, Gauss and Hamilton can also be contemplated from additional mathematical xperspectives providing us methods for understanding Nature’s law from new viewpoints which may be helpful in solving specific problems and clarifying the way in which Nature works. The traditional techniques were only applied to very simple models but current technology needs efficient algorithms in areas ranging from robotics to spacecraft design. Furthermore the computer development with the corresponding capability of computation suggests the convenience of analysing different formulations to yield the differential equations for multibody dynamics that involve a certain number of constraints.

There exist different techniques to deal with such constrained systems. The geometric framework of manifolds replacing Euclidean spaces allows us to give a formulation for systems with holonomic constraints in terms of generalised coordinates and free of Lagrange multipliers. However it is not clear how to choose generalised coordinates improving computational efficiency. Kane’s method [1, 19, 21, 22, 27, 28, 51, 52] which eliminate constraint forces and is a projection method is also useful for multibody dynamics analysis and mobile manipulators (see e.g [33, 34] for a modern geometric approach). The

Received February 18, 2010.

Partial financial support from MEC-DGI (Spain) grants BFM 2003-02532 and MTM2006-10531 is acknowledged. 1

2 L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

Maggi equations [11, 31] formulation uses true coordinates and it is quite similar to Kane’s method [4]. Another recent alternative formulation is given in [54, 55].

Nonholonomic constraints are very relevant and appear in many problems in physics and engineering, and in particular in control theory. Such nonholonomic constraints restrict possible virtual displacements and when taking into account such constraints d’Alembert-Lagrange principle leads to Boltzmann–Hamel equations [15, 16, 47, 48, 49].

The concept of quasi-velocity (or generalised velocity) [10, 35, 50] is of a great relevance in the study of mechanical systems, mainly in nonholonomic ones because the conditions of nonholonomic constraints can be expressed in a simpler form. Boltzmann-Hamel equations, Gibbs–Appell and Gauss principles, for instance, make use of quasi-coordinates (also called nonholonomic coordinates) and the Hamel symbols [30, 50]. The use of quasi-velocities in the dynamics of nonholonomic system with symmetry has recently been investigated under different approaches in [3, 15, 16, 17] and Hamel’s equations have been recovered from this perspective.

It has been shown in recent papers [10, 17, 16] that the appropriate geometric framework for studying systems with linear nonholonomic constraints is the framework of Lie algebroids and actually these structures are receiving a lot of attention [13, 14] during the last years due to its capability for dealing with such constraints and its role in reduction processes for Lagrangian systems with symmetry. The geometric approach to mechanics uses tangent bundles in the Lagrangian formulation and tangent bundles are but particular instances of algebroids. The usual geometric approach to Lagrangian formalism was then developed in this extended framework of Lie algebroids [7, 39, 40, 56] the main advantage being that such structure arises in reduction processes from tangent bundles when the vertical endomorphism character is not projectable [8, 9]. Moreover this techniques are also extended to the study of discrete mechanical systems [37, 25, 56]

Many of the techniques of classical mechanics can be used in control theory [12, 15, 17, 41, 45]. The theory of Lie algebroids can be applied to deal with control problems and the application of such geometric tools is very useful for a better understanding of different control problems. This is our motivation for developing the theory of optimal control theory using the properties of Lie algebroid theory which is going to be the appropriate approach to Boltzmann–Hamel equations.

OPTIMAL CONTROL AND QUASI-VELOCITIES 3

This article is organized in the following way. A brief introduction with the fundamental concepts of the theory of Lie algebroids and the modern application to the theory of Lagrangian mechanics in Lie algebroids is given in Section 2. The symplectic and Lagrangian mechanics in the framework of Lie algebroids are respectively summarized in Sections 3 and 4. The approach to nonholonomic constrained systems and the Euler–Lagrange equations are also introduced in Section 4 within this geometric formalism which in the standard case of mechanics on tangent bundles reduce to Lagrange– d’Alembert equations in terms of quasi-velocities. Section 5 to 7 are specifically devoted to optimal control theory. Section 5 deals with the optimal control theory and the Pontryagin maximum principle [41], kinematic optimal control is studied in Section 6 and dynamical aspects are the aim of Section 7. The theory is illustrated in Section 8 with several examples: the Heisenberg system, the vertical rolling disk, rotational motion of the free rigid body, and constrained systems with symmetry.

2. Preliminaries

Lie algebroids. A Lie algebroid structure on a vector bundle τ : E → M is given by a vector bundle map ρ: E → T M over the identity in M, called the anchor, together with a Lie algebra structure on the C^∞(M)-module of sections of E such that the compatibility condition [σ, fη] = (ρ(σ)f)η+f[σ, η] is satisfied for every f ∈ C^∞(M) and every σ, η ∈ Sec(E). See [5, 36] for more information on Lie algebroids.

In what concerns Mechanics, it is convenient to think of a Lie algebroid as a generalization of the tangent bundle of M. One regards an element a of E as a generalized velocity, and the actual velocity v is obtained when applying the anchor to a, i.e., v = ρ(a). A curve a: [t_0, t_1] → E is said to be admissible or an E-path if ṡ(t) = ρ(a(t)), where s(t) = τ(a(t)) is the base curve. We will denote by Adm(E) the space of admissible curves on E.

A local coordinate system (x^i) in the base manifold M and a local basis {e_α} of sections of E, determine a local coordinate system (x^i, y^α) on E. The anchor and the bracket are locally determined by the local functions ρ^i_α and C^α_{βγ} on M given by

ρ(e_α) = ρ^i_α ∂ ∂x^i and [e_α, e_β] = C^γ_{αβ} e_γ.

4 L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

The functions ρ^i_α and C^α_{βγ} satisfy some relations due to the compatibility condition and the Jacobi identity which are called the structure equations:

ρ^j_α^{∂ρiβ}_{∂xj} − ρ^j_β^{∂ρiα}_{∂xj} = ρ^i_γC^γ_{αβ} (1)

ρ^i_α^{∂Cνβγ}_{∂xi} + ρ^i_β^{∂Cνγα}_{∂xi} + ρ^i_γ^{∂Cναβ}_{∂xi} + C^μ_{βγ}C^ν_{αμ} + C^μ_{γα}C^ν_{βμ} + C^μ_{αβ}C^ν_{γμ} = 0. (2)

Cartan calculus. The Lie algebroid structure is equivalent to the existence of a exterior differential on E, d: Sec(∧^kE^∗) → Sec(∧^{k+1}E^∗), defined as follows

dω(σ_0, . . . , σ_k) =

�_k

i=0(−1)^iρ(σ_i)(ω(σ_0, . . . , ^σ_i, . . . , σ_k)) + + � i<j(−1)^{i+j}ω([σ_i, σ_j], σ_0, . . . , ^σ_i, . . . , ^σ_j, . . . , σ_k),

for ω ∈ Sec(∧^kE^∗) and σ_0, . . . , σ_k ∈ Sec(τ). d is a cohomology operator, that is, d^2 = 0. In particular, if f : M → R is a real smooth function then df(σ) = ρ(σ)f, for σ ∈ Sec(τ). Locally,

dx^i = ρ^i_αe^α and de^γ = − 1 2 C^γ_{αβ}e^α ∧ e^β,

where {e^α} is the dual basis of {e_α}. The above mentioned structure equations are equivalent to the relations d^2x^i = 0 and d^2e^α = 0. We may also define the Lie derivative with respect to a section σ of E as the operator L_σ : Sec(∧^kE^∗) → Sec(∧^kE^∗) given by L_σ = i_σ ∘ d + d ∘ i_σ. Along this paper, except otherwise stated, the symbol d stands for the exterior differential on a Lie algebroid.

Morphisms. Given a second Lie algebroid τ^′ : E^′ → M^′, a vector bundle map Φ: E → E^′ over φ: M → M^′ is said to be admissible if it maps admissible curves in E into admissible curves in E^′, or equivalently if ρ^′ ∘ Φ = T φ ∘ ρ. The map Φ is said to be a morphism of Lie algebroids if Φ^⋆dθ = d^′Φ^⋆θ for every p-form θ ∈ Sec(∧^pE^∗). Every morphism is an admissible map.

In coordinates, a vector bundle map Φ(x, y) = (φ^i(x), Φ^α_β(x)y^β) is admissible if and only if

ρ^{′k}_βΦ^β_α = ρ^i_α

∂φ^k ∂x^i

. (3)

Moreover, such a map is a morphism if in addition to the above equation it satisfies

Φ^α_γ C^γ_{μν} = ρ^i_μ

∂Φ^α_ν ∂x^i

− ρ^i_ν

∂Φ^α_μ ∂x^i

+ C^{′α}_{βγ}Φ^β_μΦ^γ_ν . (4)

OPTIMAL CONTROL AND QUASI-VELOCITIES 33

[47] Maruskin JM and Bloch AM The Boltzmann-Hamel Equations for Optimal Control Proceedings of the 46th IEEE Conference on Decision and Control, New Orleans, LA, USA, Dec. 12–14, 2007.

[48] Maruskin JM and Bloch AM The Boltzmann-Hamel equations for the optimal control of mechanical systems with nonholonomic constraints Submitted to The International Journal of Robust and Nonlinear Control, 2009.

[49] Papastavridis JG On the transformation properties of the nonlinear Hamel equations J.

Appl. Mech. 62 (1995), 924–929.

[50] Papastavridis JG Analytical Mechanics Oxford University Press, 2002. [51] Parsa K The Lagrangian derivation of Kane’s equation Trans. Canad. Soc. Mech. Engineering 31 (2007), 407–420.

[52] Tanner HG and Kyriakopoulos K Mobile manipulator modeling with Kane’s approach Robotica 19 (2001), 675–690.

[53] Shankar Sastry S, Montgomery R The structure of optimal controls for a steering problem Proceedings of IFAC NOLCOS ’92, Bordeaux, France (1992).

[54] Udwadia F and Kalaba RE A new perspective on constrained motion Proc. R. Soc. Lond.

A 439 (1992), 407–410.

[55] Udwadia F and Kalaba RE Analytical dynamics with constraint forces that do work in virtual displacements Appl. Math. Comput. 121 (2001), 211–217.

[56] Weinstein A Lagrangian Mechanics and groupoids Fields Inst. Comm. 7 (1996), 207–231.

Lígia Abrunheiro ISCA - Universidade de Aveiro, Rua Associação Humanitária dos Bombeiros de Aveiro, 3811-902 Aveiro - Portugal E-mail address: abrunheiroligia@ua.pt

Margarida Camarinha Departamento de Matematica, Universidade de Coimbra, Largo D. Dinis, Apartado 3008, 3001-454 Coimbra Portugal E-mail address: mmlsc@mat.uc.pt

José F. Cariñena Departamento de Física Teórica Universidad de Zaragoza, 50009 Zaragoza, Spain E-mail address: jfc@unizar.es

Jesús Clemente-Gallardo Departamento de Física Teórica BIFI-Universidad de Zaragoza, Edificio I+D-Campus RÃo Ebro MAriano Esquillor s/n 50018 Zaragoza, Spain E-mail address: jcg@unizar.es

Eduardo Martínez Departamento de Matemática Aplicada, Facultad de Ciencias, Universidad de Zaragoza, 50009 Zaragoza, Spain E-mail address: emf@unizar.es

Patricia Santos CMUC- Universidade de Coimbra and Instituto Superior de Engenharia de Coimbra, Rua Pedro Nunes - Quinta da Nora 3030-199 Coimbra, Portugal E-mail address: patricia@isec.pt

32L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

[23] Grabowski J and Jozwikowski M Pontryagin Maximum Principle — a generalization Preprint 2009, arXiv:math.OC/0905.2767.

[24] Hamel G Theoretische Mechanik: Eine einheitliche Einfhrung in die gesamte Mechanik (1949) Grundlehrem der Mathematischen Wissenschaften, 57, Springer-Verlag, 1978.

[25] David Iglesias, Juan Carlos Marrero, David Martín de Diego and Eduardo Martínez Discrete nonholonomic Lagrangian systems on Lie groupoids Journal of Nonlinear Science 18 (2008) no. 3, 221–276. arXiv:0704.1543.

[26] Iglesias D, Marrero JC, Martín de Diego D and Sosa D Singular lagrangian systems and variational constrained mechanics on Lie algebroids Preprint 2008, arXiv:math.DG/0706.2789.

[27] Kane TR Formulation of dyanamical equations of motion Am. J. Phys. 51 (1983), 974–977. [28] Kane TR and Levinson DA Dynamics: Theory and Applications McGraw-Hill Book Company, 1985.

[29] Klein J Espaces variationnels et mécanique Ann. Inst. Fourier 12 (1962), 1–124. [30] Koiller J Reduction of some classical non-holonomic systems with symmetry Arch. Rational Mech. Anal. 118 (1991), 113–148.

[31] Laulusa A and Bauchau OA Review of classical approachs for constraintenforcement in multibody systems J. Comp. Nonl. Dyn. 3 (2008), 011004.

[32] de León M, Marrero JC and Martínez E Lagrangian submanifolds and dynamics on Lie algebroids J. Phys. A: Math. Gen. 38 (2005), R241–R308.

[33] Lesser M A Geometrical Interpretation of Kane’s Equations Proc. R. Soc. Lond. A 436 (1992), 69–87.

[34] Liu X A Lie group formulation of Kane’s equations for multibody systems Multibody Syst.

Dyn 20 (2008), 29–49.

[35] Liu YZ and Xue Y Formulation of Kirchhoff Rod based on Quasicoordinates Tech. Mechanik 24 (2004), 206–210.

[36] Mackenzie KCH General theory of Lie groupoids and Lie algebroids Cambridge University Press, 2005.

[37] Marrero JC, Martín de Diego D and Martínez E Discrete Lagrangian and Hamiltonian Mechanics on Lie groupoids Nonlinearity 19 (2006) 1313–1348, arXiv:math.DG/0506299.

[38] Marrero JC, Martín de Diego D and Sosa D Variational Constrained Mechanics on Lie Affgebroids Preprint 2008, arXiv:math-ph/0809.4609.

[39] Martínez E Lagrangian Mechanics on Lie algebroids Acta Appl. Math., 67 (2001), 295–320. [40] Martínez E Geometric formulation of Mechanics on Lie algebroids In Proceedings of the VIII Fall Workshop on Geometry and Physics, Medina del Campo, 1999, Publicaciones de la RSME, 2 (2001), 209–222.

[41] Martínez E Reduction in optimal control theory Rep. Math. Phys. 53 (2004), 79–90. [42] Martínez E Classical Field Theory on Lie algebroids: Variational aspects J. Phys. A: Mat.

Gen. 38 (2005), 7145–7160.

[43] Martínez E Classical field theory on Lie algebroids: Multisymplectic formalism Preprint 2004, arXiv:math.DG/0411352.

[44] Martínez E Variational Calculus on Lie algebroids ESAIM: Control, Optimization and Calculus of Variations 14 (2008) 356–380, arXiv:math.DG/0603028.

[45] Discrete Mechanics and Control on Lie Groupoids Eduardo Martínez Proceedings of the Sixth International Congress on Industrial Applied Mathematics (ICIAM07) and GAMM Annual Meeting, Zürich (Suiza) 2007. Proc. Appl. Math. Mech. 7, 1030607–1030608 (2007).

[46] Martínez E, Mestdag T and Sarlet W Lie algebroid structures and Lagrangian systems on affine bundles Journal of Geometry and Physics 44 (2002), 70–95.

OPTIMAL CONTROL AND QUASI-VELOCITIES 5

Prolongation. In what respect to Mechanics, the tangent bundle to a Lie algebroid, to its dual or to a more general fibration does not have an appropriate Lie algebroid structure. Instead one should use the so called prolongation bundle which has in every case the appropriate geometrical structures [39, 40, 46].

Let (E, [[ , ]], ρ) be a Lie algebroid over a manifold M and ν : P → M be a fibration. For every point p ∈ P we consider the vector space

T^E_p P = { (b, v) ∈ E_x × T_pP | ρ(b) = T_pν(v) } ,

where T ν : T P → T M is the tangent map to ν and ν(p) = x . The set T^EP = ∪_{p∈P} T^E_p P has a natural vector bundle structure over P , the vector bundle projection τ^E_P being just the projection τ^E_P (b, v) = τ_P (v). We will frequently use the redundant notation (p, b, v) to denote the element (b, v) ∈ T^E_p P . In this way, the projection τ^E_P is just the projection onto the first factor.

The vector bundle τ^E_P : T^EP → P can be endowed with a Lie algebroid structure. The anchor map is the projection onto the third factor, that is, the map ρ^1 : T^EP → T P is given by ρ^1(p, b, v) = v. To define the bracket on sections of T^EP we will consider some special sections. A section Z ∈ Sec(T^E P ) is said to be projectable if there exists a section σ ∈ Sec(E) such that Z(p) = (p, σ(ν(p)), U(p)), for all p ∈ P . Now, the bracket of two projectable sections Z_1, Z_2 given by Z_i(p) = (p, σ_i(ν(p)), U_i(p)), i = 1, 2, is given by

[[Z_1, Z_2]](p) = (p, [[σ_1, σ_2]](ν(p)), [U_1, U_2](p)), with p ∈ P.

Since any section of T^EP can be locally written as a C^∞(M)-linear combination of projectable sections, the definition of the Lie bracket for arbitrary sections of T^E P follows.

The Lie algebroid T^E P is called the prolongation of ν : P → M with respect to E or the E-tangent bundle to ν.

Given local coordinates (x^i, u^A) on P and a local basis {e_α} of sections of E, we can define a local basis {X_α, V_A} of sections of T^EP by

X_α(p) = � p, e_α(ν(p)), ρ^i_α ∂ ∂x^i � � �_p � and V_A(p) = � p, 0, ∂ ∂u^A � � �_p � .

6 L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

If z = (p, b, v) is an element of T^EP , with b = z^αe_α, then v is of the form v = ρ^i_αz^{α ∂}_{∂xi} + v^{A ∂}_{∂uA} , and we can write

z = z^αX_α(p) + v^AV_A(p).

Vertical elements are linear combinations of {V_A}.

The anchor map ρ^1 applied to a section Z of T^EP with local expression Z = Z^αX_α + V^AV_A is the vector field on P whose coordinate expression is

ρ^1(Z) = ρ^i_αZ^α ∂ ∂x^i

+ V^A ∂ ∂u^A . In particular, the Lie brackets of the elements of the basis are

[[X_α, X_β]] = C^γ_{αβ} X_γ, [[X_α, V_B]] = 0 and [[V_A, V_B]] = 0,

and, therefore, the exterior differential is determined by

dx^i = ρ^i_αX^α, du^A = V^A, dX^γ = −^1_2C^γ_{αβ}X^α ∧ X^β, dV^A = 0,

where {X^α, V^A} is the dual basis to {X_α, V_A}.

Prolongation of maps. We consider now how to prolong maps between two fibrations ν : P → M and ν^′ : P^′ → M^′. Let Ψ: P → P^′ be a map fibered over φ: M → M^′. We consider two Lie algebroids τ : E → M and τ^′ : E^′ → M^′ and a map Φ: E → E^′ fibered also over φ. If Φ is admissible, then we can define a vector bundle map T^ΦΨ: T^EP → T^{E′} P^′ by means of

T^ΦΨ(p, b, v) = (Ψ(p), Φ(b), T Ψ(v)).

It follows that T^ΦΨ is also admissible. In [43] it was proved that T^ΦΨ is a morphism of Lie algebroids if and only if Φ is a morphism of Lie algebroids.

In particular, when E = E^′ and Φ = id we have that any map from P to P^′ fibered over the identity can be prolonged to a morphism T^{id}Ψ which will be denoted simply by T Ψ. We will also identify T^EM (the prolongation of the ‘fibration’ id: M → M with respect to E) with E itself by means of (m, b, ρ(b)) ≡ b. With this convention, the projection onto the second factor of T^EP is just T ν : T^EP → E. It follows that T ν is a morphism of Lie algebroids.

OPTIMAL CONTROL AND QUASI-VELOCITIES 31

[2] Bloch AM Noholonomic Mechanics and Control Springer-Verlag, New York, 2003. [3] Bloch AM, Marsden JE and Zenkov DV Quasivelocities and symmetries in nonholonomic systems Dynamical systems 24 (2009), 187–222.

[4] Borri M, Botasso C and Mantegazza P Equivalence of Kane’s and Maggi’s equations Meccanica 25 (1990), 272–274.

[5] Cannas da Silva A and Weinstein A Geometric models for noncommutative algebras Amer. Math. Soc., Providence, RI, 1999; xiv+184.

[6] José F. Cariñena, Carlos López y Eduardo Martínez Sections along a map applied to higher-order Mechanics. Noether’s Theorem Acta Applicandae Mathematicae 25 (1991) 127–151.

[7] Cariñena JF and Martínez E Lie algebroid generalization of geometric mechanics In Lie Algebroids and related topics in differential geometry (Warsaw 2000). Banach Center Publications 54 (2001), p. 201.

[8] Cariñena JF, Nunes da Costa JM and Santos PS Reduction of Lie algebroid structures Int. J. Geom. Methods Mod. Phys. 2 (2005), 965–991.

[9] Cariñena JF, Nunes da Costa JM and Santos PS Reduction of Lagrangian mechanics on Lie algebroids J. Geom. Phys. 57 (2006), 977–990.

[10] Cariñena JF, Nunes da Costa JM and Santos PS Quasi-coordinates from the point of view of Lie algebroid structures J. Phys. A: Math. Theor. 40 (2007), 10031–10048.

[11] Chen Y-H Equations of motion of mechanical systems under servo constraints: the Maggi approach Mechatronics 18 (2008), 208–217.

[12] Clemente-Gallardo J Applications of Lie algebroids in mechanics and control theory Nonlinear control in the Year 2000, Lect. Not. Control and Information Sciences 258 (2000), 299–313.

[13] Clemente-Gallardo J, Maschke BM and van der Schaft AJ Kinematical constraints and algebroids Rep. Math. Phys. 47 (2001), 413–429.

[14] Clemente-Gallardo J, Maschke BM and van der Schaft AJ On Constrained Dynamical Systems and Algebroids Dynamics, Bifurcations, and Control, Lect. Not. Control and Information Sciences 273 (2002), 203–216.

[15] Cortés J and Martínez E Mechanical control systems on Lie algebroids IMA J. Math.

Control. Inform. 21 (2004), 457–492.

[16] Cortés J, de León M, Marrero JC and Martínez E Nonholonomic Lagrangian systems on Lie algebroids Discrete and Continuous Dynamical Systems A 24 (2) (2009) 213–271. arXiv:math-ph/0512003.

[17] Cortés J, de León M, Marrero JC, Martín de Diego D and Martínez E A survey of Lagrangian mechanics and control on Lie algebroids and groupoids Int. Jour. on Geom. Meth. in Math. Phys. 3 (2006), 509–558. arXiv:math-ph/0511009.

[18] Crouch P and Silva Leite F The dynamic interpolation problem on Riemannian manifolds, Lie groups and symmetric spaces J. Dynam. Control Systems I, no. 2 (1995), 177–202.

[19] Desloge EA A comparison of Kane’s equations of motion and the Gibbs–Appell equations of motion Am. J. Phys. 54 (1986), 470–472.

[20] Ehlers K, Koiller J, Montgomery R and Rios PM Nonholonomic systems via moving frames: Cartan equivalence and Chaplygin Hamiltonization In The breadth of symplectic and Poisson geometry. Progr. in Math., 232, Birkhäuser, 2005, 75–120.

[21] Everett LJ An extension of Kane’s method for deriving equations of motion of flexible manipulators 1989 Conf. on Robotics and Automation, Vol 2, 716–721.

[22] Gillespie RB Kane’s equations for haptic display of multibody systems Haptics-e 3, no. 2, (2003).

30L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

(δL)_a = u_a, where L is defined as (46) and δ represents the variational derivative. In this case, for the Lagrangian given above, this implies that ẏ^a =^{ua}_{ca} a = 1, 2, 3, where again c_1 = c_2 = 1 + k^2/r^2 and c_3 = k^2 (see equations 1.9.13 in [2]).

The control system is thus defined as a section

T^ED τ � ρ^1

� T D � � � � D ⊕ D^∗ σ � � � � � D

,

where σ : (x^i, y^a, u_a) ∈ D ⊕ D^∗ → (x^i, y^a, y^a, 0, u_a/c_a) ∈ T^ED.

The cost function now shall be the energy provided by the control functions: κ(x^i, u_a) =^1_2 � a u^2_a. As a result, the Pontryagin Hamiltonian H ∈ C^∞((T^ED)^∗ ×_D B) reads now H(x^i, y^a, μ_α, π_a, u_a) = μ_ay^a + π_a^{ua}_{ca} −^1_2 � a u^2_a.

The maximum principle applied to this function results ∂H ∂u_a

= 0 ⇔ u_a = π_a c_a

, with a = 1, 2, 3

Then the optimal manifold correponds to this submanifold of (T^ED)^∗ ×_D B.

The Pontryagin equations on (T^ED)^∗ ×_D B are:

ẋ^i = y^i ẏ^a = u_a c_a π̇_a = −μ_a μ̇_1 = μ_3 y^2 r^2

+ μ_5y^3

μ̇_2 = −μ_4y^3 − μ_3 y^1 r^2 μ̇_3 = −μ_5y^1 + μ_4y^2 μ̇_4 = −μ̇_1 μ̇_5 = −μ̇_2

But if we restrict them to the optimized submanifold we obtain the reduced system of equations:

....x_1 = [ c_3 c_1r

]^2ẋ^2ω̈_3 − ω_3

...x_2 − e_2 c^2_1 ω_3

....x_2

= −[ c_3 c_2r

]^2ẋ^1ω̈_3 + ω_3

...x_1 + e_1 c^2 ω_3

...ω_3 = [ c_2 c_3

]^2ẋ^1

...x_2 − [ c_1 c_3

]^2ẋ^2

...x_1 + e_2 c^2_3 ẋ^1 − e_1 c^2_3 ẋ^2

where c_1 = c_2 = 1 + k^2/r^2, c_3 = k^2 and e_1, e_2 are arbitrary constants.

References

[1] Benati M and Morro A Equations for multibody dynamics Memorie di fisica matematica in omaggio a Giovanni Carini nel suo 70 compleanno, 1, 291–308. Atti della Accad. Peloritana Pericolanti, Cl. Sci. Fis. Mat. Nat. 68 (1990).

OPTIMAL CONTROL AND QUASI-VELOCITIES 7

3. Symplectic Mechanics on Lie algebroids

As our goal is to use Hamiltonian techniques to study optimal control problems on Lie algebroids, we shall begin by presenting the Hamiltonian approach to the problem of defining dynamics on a Lie algebroid. Basically, it is just a generalization of the usual symplectic description of dynamical system defined on cotangent bundles.

By a symplectic section on a vector bundle π : F → M we mean a section ω of ∧^2F^∗ which is regular at every point when it is considered as a bilinear form. By a symplectic section on a Lie algebroid E we mean a symplectic section ω of the vector bundle E which is moreover d-closed, that is dω = 0. A symplectic Lie algebroid is a pair (E, ω) where E is a Lie algebroid and ω is a symplectic section on it.

On a symplectic Lie algebroid (E, ω) we can define a dynamical system for every function on the base, as in the standard case of a tangent bundle. Given a function H ∈ C^∞(M) there is a unique section σ_H ∈ Sec(τ) such that i_{σH} ω = dH.

The section σ_H is said to be the Hamiltonian section defined by H and the vector field X_H = ρ(σ_H ) is said to be the Hamiltonian vector field defined by H. In this way we get the dynamical system ẋ = X_H (x).

A symplectic structure ω on a Lie algebroid E defines a Poisson bracket { , } on the base manifold M as follows. Given two functions F, G ∈ C^∞(M) we define the bracket {F, G} = ω(σ_F , σ_G).

It is easy to see that the closure condition dω = 0 implies that { , } is a Poisson structure on M. In other words, if we denote by Λ the inverse of ω as bilinear form, then {F, G} = Λ(dF, dG). The Hamiltonian dynamical system associated to H can be written in terms of the Poisson bracket as ẋ = {x, H}.

An important particular class of symplectic dynamical systems on Lie algebroids is to the following:

Hamiltonian Mechanics. [32, 40] On T^EE^∗, the E-tangent to the dual bundle π : E^∗ → M, we have a canonical symplectic structure.

The Liouville section Θ ∈ Sec((T^EE^∗)^∗) is the 1-form given by

⟨ Θ , (μ, b, w) ⟩ = ⟨ μ , b ⟩. (5)

8 L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

The canonical symplectic section Ω ∈ Sec(∧^2(T^E E^∗)^∗) is the differential of the Liouville section Ω = −dΘ.

Taking coordinates (x^i, μ_α) on E^∗ and denoting by {X_α, P^β} the associated local basis of sections T^EE^∗, the Liouville and canonical symplectic sections are written as

Θ = μ_αX^α and Ω = X^α ∧ P_α + 1 2 μ_γC^γ_{αβ}X^α ∧ X^β,

where {X^α, P_β} is the dual basis of {X_α, P^β}.

The Hamiltonian section defined by a function H ∈ C^∞(E^∗) is given in coordinates by

Γ_H = ∂H ∂μ_α

X_α − � ρ^i_α ∂H ∂x^i

+ μ_γ C^γ_{αβ} ∂H ∂μ_β � P^α,

and therefore, Hamilton equations are

dx^i dt = ρ^i_α ∂H ∂μ_α and dμ_α dt = −ρ^i_α ∂H ∂x^i

− μ_γC^γ_{αβ} ∂H ∂μ_β

. (6)

The Poisson bracket { , } defined by the canonical symplectic section Ω on E^∗ is but the canonical Poisson bracket, which is known to exists on the dual of a Lie algebroid [5] and the Hamilton equations coincide with those defined by Weinstein in [56].

4. Lagrangian Mechanics

The Lie algebroid approach to Lagrangian Mechanics builds on the geometrical structure of the prolongation of a Lie algebroid [39] (where one can develop a geometric symplectic treatment of Lagrangian systems parallel to J. Klein’s formalism [29]). It is also possible to derive the equations within a variational framework [44] which be extended for classical field theories [42]. We will discuss that point later because it shall be useful when commenting on the case of nonholonomic constrained motion.

On the E-tangent T^EE to E itself we do not have a canonical symplectic structure. Instead, we have the following two canonical objects: the vertical endomorphism S : T^EE → T^EE which is defined by

S(a, b, v) = (a, 0, b^V_a),

OPTIMAL CONTROL AND QUASI-VELOCITIES 29

8.3.2. Two different optimal control problems. Let us consider now two different optimal control problems on this Lie algebroid.

Kinematic Control Problem Consider the following problem: determine the minimal value among the set of admissible solutions a : R → E, of the controlled Euler-Lagrange equations of the form δL(a(t)) = 0, a(t) ∈ D, where the cost fuction is κ(x^i, u^a) =^1_2 � (u^1)^2 + (u^2)^2 +^{k2}_{r2} � (u^2)^2 + (u^1)^2 � + k^2(u^3)^2 � . The control bundle is D, and the section we consider σ : (x^i, u^a) ∈ D → (x^i, u^a, 0, u^a) ∈ E is the canonical inclusion. Please notice that we use the notation u^a to denote the elements of the fiber of D when considered as the control bundle. E τ � ρ � T R^2 � � � D σ � � � � � � R^2 The Pontryagin Hamiltonian is then written as a function H ∈ C^∞(E^∗ ×_R2 D). The optimality condition of the Maximum principle on this function implies ∂H ∂u^a

= 0 ⇔ μ_a = c_au^a (47) where c_1 = c_2 = 1 + k^2/r^2 and c_3 = k^2.

If we write the set of Pontryagin equations we see:

ẋ^i = y^i μ̇_1 = μ_3 μ_2 c_2r^2

+ μ_5 μ_3 c_3 μ̇_2 = −μ_4 μ_3 c_3

− μ_3 μ_1 c_1r^2 μ̇_3 = −μ_5 μ_1 c_1

+ μ_4 μ_2 c_2 μ̇_4 = −μ_3 μ_2 c_2r^2

− μ_5 μ_3 c_3 μ̇_5 = μ_4 μ_3 c_3

+ μ_3 μ_1 c_1r^2 Thus we can use (47) and the above equations to define the resulting system on D:

ẍ^1 = 1 c_1

(d_2ω_3 − ẋ^2ω_3) ẍ^2 = 1 c_2

(ẋ^1ω_3 − d_1ω_3) ω̇_3 = 1 c_3

(d_1ẋ^2 − d_2ẋ^1)

with d_1, d_2 constants and c_1 = c_2 = 1 + k^2/r^2 and c_3 = k^2.

Dynamic Optimal Control Problem Let us consider now a different control problem, where we are able to control the forces acting on the system, i.e. we consider a system corresponding to

28L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

Analogously we can consider the inverse transformation. Thus the original velocities can be written in terms of the quasi-velocities as ẋ^i = y^i, ω_3 = y^3, ω_1 = −^1_r y^2 +^1_r y^5, ω_2 =^1_r y^1 −^1_r y^4

The local basis of sections of E determined by the quasi-velocities turns out to be

f_1 = e^′_1 + 1 r e^′_4, f_2 = e^′_2 − 1 r e^′_3, f_3 = e^′_5, f_4 = − 1 r e^′_4, f_5 = 1 r e^′_3

where {e^′_1, e^′_2, · · · , e^′_5} is the local basis defined in [16], page 36.

With respect to this basis, the structure constants and the anchor mapping of the Lie algebroid structure become

[f_2, f_1] = [f_1, f_5] = [f_4, f_2] = [f_5, f_4] = 1 r^2 f_3

[f_3, f_1] = [f_4, f_3] = f_5 [f_2, f_3] = [f_3, f_5] = f_4

ρ(f_1) = ∂_x, ρ(f_2) = ∂_y, the remaining elements being zero.

The set of admissible velocities becomes thus the fiber of the distribution D, which corresponds to D = {(x^i, y^α) ∈ E | y^4 = y^5 = 0} The coordinates for these points are therefore a = (x^1, x^2, y^1, y^2, y^3) = (x^i, y^α), where in terms of the original set of coordinates these correspond to y^1 = ẋ^1 = u^1, y^2 = ẋ^2 = u^2, y^3 = ω_3 = u^3 and y^4 = 0 = y^5.

The dynamical system on the algebroid is defined by a Lagrangian function on E, which can be written in terms of the velocities as

L(x, y, ẋ, ẏ, ω_1, ω_2, ω_3) = 1 2 [ẋ^2 + ẏ^2 + k^2(ω^2_1 + ω^2 + ω^2_3)], (45)

and in terms of the quasi-velocities

L(x^i, y^α) = 1 2 � (y^1)^2 + (y^2)^2+

k^2 r^2

((y^1)^2 + (y^2)^2 + (y^4)^2 + (y^5)^2 − y^2y^5 − y^1y^4) + k^2(y^3)^2 � . (46)

OPTIMAL CONTROL AND QUASI-VELOCITIES 9

where b^V_a denotes the vertical lift to T_aE of the element b ∈ E, and the Liouville section, which is the vertical section corresponding to the Liouville vector field, Δ(a) = (a, 0, a^V_a).

Given a Lagrangian function L ∈ C^∞(E) we define the Cartan 1-section θ_L ∈ Sec((T^EE)^∗) and the Cartan 2-section ω_L ∈ Sec(∧^2(T^EE)^∗) and the Lagrangian energy E_L ∈ C^∞(E) as

θ_L = S^∗(dL), ω_L = −dθ_L and E_L = L_ΔL − L. (7) If the Cartan 2-section is regular, then it is a symplectic form on the Lie algebroid T^EE, and we say that the Lagrangian L is regular. The Hamiltonian section Γ_L corresponding to the energy is the Euler-Lagrange section and the equations for the integral curves of the associated vector field are the Euler-Lagrange equations.

If (x^i, y^α) are local fibered coordinates on E, (ρ^i_α, C^γ_{αβ}) are the corresponding local structure functions on E and {X_α, V_α} is the corresponding local basis of sections of T^E E then SX_α = V_α and SV_α = 0, and the Liouville section is Δ = y^αV_α. The energy has the expression E_L =^{∂L}_{∂yα} y^α − L, and the Cartan 2-section is

ω_L =

∂^2L ∂y^α∂y^β

X^α ∧V^β + 1 2 � ∂^2L ∂x^i∂y^α ρ^i_β −

∂^2L ∂x^i∂y^β ρ^i_α + ∂L ∂y^γ

C^γ_{αβ} � X^α ∧X^β, (8)

from where we deduce that L is regular if and only if the matrix W_{αβ} =

∂^2L ∂y^α∂y^β is regular. In such case, the local expression of Γ_L is Γ_L = y^αX_α + f^αV_α, where the functions f^α satisfy the linear equations ∂^2L ∂y^β∂y^α f^β +

∂^2L ∂x^i∂y^α ρ^i_βy^β + ∂L ∂y^γ

C^γ_{αβ}y^β − ρ^i_α ∂L ∂x^i

= 0. (9)

Thus, the Euler-Lagrange equations for L are

ẋ^i = ρ^i_αy^α, d dt � ∂L ∂y^α � + ∂L ∂y^γ

C^γ_{αβ}y^β − ρ^i_α ∂L ∂x^i

= 0. (10)

Within a varitional formalism, these equations arise as the extremals of the action functional S = � γ L(γ(t)dt, defined on the set of admissible curves γ : R → E on the Lie algebroid E, with an appropriate manifold structure (see [44] for the details). From a geometric point of view variations are

10L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

encoded in the Euler-Lagrange operator δL : Adm(E) → E^∗ locally defined by δL = � d dt � ∂L ∂y^α � + ∂L ∂y^γ

C^γ_{αβ}y^β − ρ^i_α ∂L ∂x^i � e^α,

where {e^α} is the dual basis of {e_α}, then the Euler-Lagrange differential equations read δL = 0.

Finally, we mention that, as in the standard case, the relation between the Lagrangian and the Hamiltonian formalism is provided by the Legendre transformation F_L : E → E^∗ defined by

⟨ F_L(a) , b ⟩ = d dt L(a + tb) � �_{t=0}, (11)

for a, b ∈ E with τ(a) = τ(b). Then it is easy to see that T F_L^⋆(Θ) = θ_L and T F_L^⋆(Ω) = ω_L and therefore, in the regular case, the corresponding Hamiltonian sections are related by Γ_H ∘ F_L = T F_L ∘ Γ_L.

Nonholonomic systems and Lagrange-d’Alembert equations [15, 16]. Consider now the case of a nonholonomic Lagrangian system defined by a Lagrangian L ∈ C^∞(E) and linear constraints given by a subbundle D ⊂ E. D’Alembert principle affirms that the evolution of the system is given by the admissible curves a taking values in D and such that the work along virtual displacements vanishes. In other words, the evolution is given by curves a satisfying a(t) ∈ D and δL(a(t)) ∈ D^∘.

A nonholonomic system will be denoted by the triple (E, L, D), or just by (L, D) whenever E is understood.

Solution of Lagrange-d’Alembert equations. Let us now perform a precise global analysis of the existence and uniqueness of the solution of Lagranged’Alembert equations.

Definition 1. A constrained Lagrangian system (L, D) is said to be regular if the Lagrange-d’Alembert equations have a unique solution.

OPTIMAL CONTROL AND QUASI-VELOCITIES 27

Optimality condition leads to the submanifold W defined as π_2 = (I_2)^2u^2 π_3 = (I_3)^2u^3. Then W is defined by specifying u^2 = u^2(x, y, π) and u^3 = u^3(x, y, π). The motion on W corresponds then to the control system (43) and

π̇_2 =

(M_1)^2 y^2

− μ_2, π̇_3 =

(M_1)^2 y^3

− μ_3,

μ̇_2 + μ_1y^3 = 0, μ̇_3 − μ_1y^2 = 0,

μ̇_1 + μ_3y^2 − μ_2y^3 = 0

where M_1 = (I_3 − I_2)y^2y^3 is a torque on D, defined in (41).

In the case of the completely symmetric rigid body we obtain

π̇_2 = −μ_2, π̇_3 = −μ_3, μ̇_2+μ_1y^3 = 0, μ̇_3−μ_1y^2 = 0, μ̇_1+μ_3y^2−μ_2y^3 = 0.

This system gives the following equations obtained by Crouch and Silva Leite in [18], Ex. 6.4, Case II

...y_2 − μ_1y^3 = 0,

...y_3 + μ_1y^2 = 0, μ̇_1 − ÿ^3y^2 + ÿ^2y^3 = 0

8.3. Systems with symmetry and constraints: quasi-coordinates for the Atiyah algebroid.

8.3.1. The geometrical setting. Consider a ball rolling without sliding on a fixed table (see Example 8.12 in [16]). The configuration space is Q = R^2 ×SO(3), where SO(3) is parameterized by the Eulerian angles θ, ϕ and ψ. In quasi-coordinates (x, y, θ, ϕ, ψ, ẋ, ẏ, ω_x, ω_y, ω_z) the energy may be expressed by T =^1_2 [ẋ^2 +ẏ^2 +k^2(ω^2_x +ω^2_y +ω^2_z )], where ω_x, ω_y and ω_z are the components of the angular velocity of the ball.

The system is invariant under SO(3) transformations, and thus it is natural to consider the corresponding formulation on the Atiyah algebroid E = T Q/SO(3) ≡ T R^2 × R^3. On that system we must still implement the nonholonomic constraint arising from the rolling-without-sliding condition ẋ^1 − rω_2 = 0 ẋ^2 + rω_1 = 0.

For the configuration space we can choose coordinates M = Q/G = R^2 ← x = (x^1, x^2), with x^1 = x and x^2 = y. In what regards the fiber, we can choose thus a transformation mapping the set of fiber coordinates {ẋ^1, ẋ^2, ω_3, ω_1, ω_2} onto a new set {y^α}. These quasi-velocities become then y^i = ẋ^i, y^3 = ω_3, y^4 = ẋ^1 − rω_2, y^5 = ẋ^2 + rω_1.

26L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

or in terms of the diagram,

T SO(3) τ � id � T SO(3)

τ � � � � D inc � � � � � SO(3)

The cost function corresponds to the energy provided by the controls k(x^i, u^a) =^1_2 � I_2(u^2)^2 + I_3(u^3)^2 � . The Hamiltonian in this case is written as H = μ_2u^2 + μ_3u^3 −^1_2 � I_2(u^2)^2 + I_3(u^3)^2 � . Optimality conditions defining the submanifold W (18) are μ_2 = I_2u^2 μ_3 = I_3u^3. Using the representation u^2 = u^2(x, μ) and u^3 = u^3(x, μ) for W , the equations (21) become then the control system (42) together with μ̇_2 + μ_1u^3 = 0 μ̇_3 − μ_1u^2 = 0 μ̇_1 + (I_3 − I_2)u^2u^3 = 0.

In the case of the completely symmetric rigid body we get μ̇_2 + μ_1u^3 = 0 μ̇_3 − μ_1u^2 = 0 μ̇_1 = 0, which are equivalent to the equations obtained by Sastry and Montgomery in [53].

8.2.4. Constrained dynamic problem. Finally let us study the case of dynamic control for the constrained system. From the geometrical point of view, the control bundle B corresponds to T^DD ∩ Adm(TSO(3)) and the system can be described as

T^{T SO(3)}D τ � ρ^1

� T D � � � � � B inc � � � � � D where

ẋ^1 = sec x^2cosx^3y^2, ẋ^2 = −sinx^3y^2, (43)

ẋ^3 = tanx^2cosx^3y^2 + y^3, ẏ^2 = u^2, ẏ^3 = u^3 (44)

We shall consider now as cost function, the restriction to D of the cost function defined in Section 8.2.2

k(x^i, y^a, u^a) =^1_2 � (I_2)^2(u^2)^2 + (I_3)^2(u^3)^2 + (I_3 − I_2)^2(y^2)^2(y^3)^2 � , where we assume that the control functions are the components of the admissible angular accelerations of our system u^2 = v^2 and u^3 = v^3.

OPTIMAL CONTROL AND QUASI-VELOCITIES 11

Let G^L be the fundamental tensor associated with the Lagrangian function L, which locally reads G^L = W_{αβ}e^α ⊗ e^β.

In order to characterize geometrically those nonholonomic systems which are regular, we define the tensor G^{L,D} as the restriction of G^L to D, that is, G^{L,D}_a (b, c) = G^L_a(b, c) for every a ∈ D and every b, c ∈ D_{τ(a)}. The following theorem was proved in [16].

Theorem 1. The following properties are equivalent:

(1) The constrained Lagrangian system (L, D) is regular, (2) Ker G^{L,D} = {0}, (3) T^DD ∩ (T^DD)^⊥ = {0}. (4) T^E E|_D = T^DD ⊕ (T^DD)^⊥.

Projection to T^DD. The regularity condition for the constrained system (L, D) can be equivalently expressed by requiring that the subbundle T^DD is a symplectic subbundle of (T^EE, ω_L). It follows that, for every a ∈ D, we have a direct sum decomposition

T^E E[a] = T^D_a D ⊕ (T^D_a D)^⊥.

Let us denote by P̄ and Q̄ the complementary projectors defined by this decomposition, that is,

P̄_a : T^EE[a] → T^D_a D and Q̄_a : T^EE[a] → (T^D_a D)^⊥, for all a ∈ D.

Then, we have the following result:

Theorem 2. Let (L, D) be a regular constrained Lagrangian system and let Γ_L be the solution of the free dynamics, i.e., i_{ΓL} ω_L = dE_L. Then the solution of the constrained dynamics is the sode Γ_{(L,D)} obtained by projection Γ_{(L,D)} = P̄ (Γ_L|_D).

Lagrange-d’Alembert equations in local coordinates. Let us analyze the form of the Lagrange-d’Alembert equations in local coordinates. Let us choose a special coordinate system adapted to the structure of the problem as follows. We consider local coordinates (x^i) on an open set U of M and we take a basis {e_a} of local sections of D and complete it to a basis {e_a, e_A} of local sections of E (both defined on the open U). In this way, we have coordinates (x^i, y^a, y^A) on E. In this set of coordinates, the constraints imposed by the submanifold D ⊂ E are simply y^A = 0. If {e^a, e^A} is the dual basis of

12L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

{e_a, e_A}, then a basis for the annihilator D^∘ of D is {e^A} and a basis for ~D^∘ the pullback of D^∘ to (T^EE)^∗, is X^A.

In this basis, the matrix elements of G^{L,D} are given by

C_{ab}(x^i, y^c) =

∂^2L ∂y^a∂y^b

(x^i, y^c, 0) (12)

and therefore, there exists a unique solution of the Lagrange-d’Alembert equations if and only if the matrix [C_{ab}] is regular.

The differential equations for the integral curves of the vector field ρ^1(Γ) are the Lagrange-d’Alembert differential equations, which read

ẋ^i = ρ^i_ay^a, d dt �_{∂L}

∂y^a � +^{∂L}_{∂yγ} C^γ_{ab}y^b − ρ^i_a^{∂L}_{∂xi} = 0, (13)

y^A = 0.

Finally, notice that the contraction with X_A just gives the components λ_A = ⟨ i_Γω_L − dE_L , X_A ⟩|_yA_{=0} of the constraint forces λ = λ_Ae^A.

Remark 1 (Equations in terms of the constrained Lagrangian). In some occasions, it is useful to write the equations in the form

ẋ^i = ρ^i_ay^a, d dt �_{∂L}

∂y^a � +^{∂L}_{∂yc} C^c_{ab}y^b − ρ^i_a^{∂L}_{∂xi} = −^{∂L}_{∂yA} C^A_{ab}y^b, (14)

y^A = 0,

where, on the left-hand side of the second equation, all the derivatives can be calculated from the value of the Lagrangian on the constraint submanifold D. In other words, we can substitute L by the constrained Lagrangian L_c defined by L_c(x^i, y^a) = L(x^i, y^a, 0).

Remark 2 (Lagrange-d’Alembert equations in quasi-coordinates). A particular case of this construction is given by constrained systems defined in the standard Lie algebroid τ_M : T M → M. In this case, the equations (13) are the Lagrange-d’Alembert equations written in quasi-coordinates, where C^α_{βγ} are the so-called Hamel’s transpositional symbols, which obviously are nothing but the structure coefficients (in the Cartan’s sense) of the moving frame {e_α}, see e.g., [20, 24].

OPTIMAL CONTROL AND QUASI-VELOCITIES 25

The cost function we shall consider now is the total torque k(x^i, y^a, u^a) = 1 2 � (M_1)^2 + (M_2)^2 + (M_3)^2 � , where M_1, M_2 and M_3 are M_1 = I_1u^1 +(I_3 −I_2)y^2y^3, M_2 = I_2u^2 +(I_1 −I_3)y^1y^3 M_3 = I_3u^3 +(I_2 −I_1)y^1y^2. (41) So, k(x^i, y^a, u^a) =^1_2 � (I_1)^2(u^1)^2 + (I_2)^2(u^2)^2 + (I_3)^2(u^3)^2+ +2I_1(I_3 − I_2)u^1y^2y^3 + 2I_2(I_1 − I_3)u^2y^1y^3 + 2I_3(I_2 − I_1)u^3y^1y^2+ +(I_3 − I_2)^2(y^2)^2(y^3)^2 + (I_1 − I_3)^2(y^1)^2(y^3)^2 + (I_2 − I_1)^2(y^1)^2(y^2)^2 � The optimality condition becomes in this case

π_1 = (I_1)^2u^1 + I_1(I_3 − I_2)y^2y^3 π_2 = (I_2)^2u^2 + I_2(I_1 − I_3)y^1y^3 π_3 = (I_3)^2u^3 + I_3(I_2 − I_1)y^1y^2 and this determines the submanifold W which we specify by writing u_a = u_a(x, y, π). On W , the Pontryagin-Hamilton equations become the control system (40) and

π̇_1 =

M_2(M_2 − I_2u^2) + M_3(M_3 − I_3u^3) y^1

− μ_1

π̇_2 =

M_1(M_1 − I_1u^1) + M_3(M_3 − I_3u^3) y^2

− μ_2

π̇_3 =

M_1(M_1 − I_1u^1) + M_2(M_2 − I_2u^2) y^3

− μ_3

μ̇_1 + μ_3y^2 − μ_2y^3 = 0 μ̇_2 − μ_3y^1 + μ_1y^3 = 0 μ̇_3 + μ_2y^1 − μ_1y^2 = 0 The equations above are equivalent to equation (27) in [48].

8.2.3. Constrained kinematic problem. Let us study now the constrained system, i.e., the system with admissible velocities belonging to the subbundle D ⊂ T SO(3) defined by the condition y^1 = 0. Thus the system is ẋ^1 = sec x^2cosx^3u^2, ẋ^2 = −sinx^3u^2, ẋ^3 = tanx^2cosx^3u^2 + u^3, (42)

24L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

0. This implies that the constraint distribution D is the 2-dimensional subbundle of T SO(3) generated by e_2 and e_3.

8.2.1. Unconstrained kinematic problem. Assume that the controls are all the components of the angular velocity, y^1 = u^1, y^2 = u^2 and y^3 = u^3. The control system is

ẋ^1 = sec x^2sinx^3u^1 + sec x^2cosx^3u^2 ẋ^2 = cosx^3u^1 − sinx^3u^2 ẋ^3 = tanx^2sinx^3u^1 + tanx^2cosx^3u^2 + u^3 (38)

The cost function is the rotational kinetic energy given by

k(x^i, u^a) = 1 2 � I_1(u^1)^2 + I_2(u^2)^2 + I_3(u^3)^2 � , where I_1, I_2 and I_3 represent the principal momenta of inertia of the body.

The optimality conditions (18) correspond now to μ_1 = I_1u^1, μ_2 = I_2u^2, μ_3 = I_3u^3. Thus, on that submanifold, the control system (38) and

μ̇_1 +

I_3 − I_2 I_2I_3 μ_2μ_3 = 0; μ̇_2 +

I_1 − I_3 I_1I_3 μ_1μ_3 = 0; μ̇_3 +

I_2 − I_1 I_1I_2 μ_1μ_2 = 0 (39)

are the Pontryagin-Hamilton equations for this case. Note that the equations (39) are the classical Euler equations of the rigid body.

8.2.2. Unconstrained dynamic problem. We study now the example considered in [48], Section 4.4. The controlled magnitudes are the components of the angular acceleration v^1 = u^1, v^2 = u^2 and v^3 = u^3. The control system is ẋ^1 = sec x^2sinx^3y^1 + sec x^2cosx^3y^2 ẋ^2 = cosx^3y^1 − sinx^3y^2 ẋ^3 = tanx^2sinx^3y^1 + tanx^2cosx^3y^2 + y^3 ẏ^1 = u^1, ẏ^2 = u^2, ẏ^3 = u^3 (40) In this case the relevant Lie algebroid is the T SO(3) extension of T SO(3), which is equivalent to T T SO(3). The control bundle corresponds to T^2SO(3). The diagram describing the system turns out to be:

T T SO(3) τ � id � T T SO(3)

τ � � � � T^2SO(3) inc � � � � � T SO(3)

OPTIMAL CONTROL AND QUASI-VELOCITIES 13

5. Optimal control theory

As it is well known, optimal control theory is a generalization of classical mechanics. It is therefore natural to see whether our results can be extended to this more general context. The central result in the theory of optimal control systems is Pontryagin maximum principle. The reduction of optimal control problems can be performed within the framework of Lie algebroids, see [41]. This was done as in the case of classical mechanics, by introducing a general principle for any Lie algebroid and later studying the behavior under morphisms of Lie algebroids. See also [23] for a recent direct proof of Pontryagin principle in the context of general algebroids.

Pontryagin maximum principle [41]. By a control system on a Lie algebroid τ : E → M with control space π : B → M we mean a section of E along π. A trajectory of the system σ is an integral curve of the vector field ρ(σ) along π. E τ � ρ � T M

τ_M � � � B σ � � � � π � M Given an index function L ∈ C^∞(B) we want to minimize the integral of L over some set of trajectories of the system which satisfies some boundary conditions. Then we define the Hamiltonian function H ∈ C^∞(E^∗ ×_M B) by H(μ, u) = ⟨μ, σ(u)⟩ − L(u) and the associated Hamiltonian control system σ_H (a section of T^EE^∗ along pr_1 : E^∗ ×_M B → E^∗) defined on a subset of the manifold E^∗ ×_M B, by means of the symplectic equation

i_{σH} Ω = dH. (15)

The integral curves of the vector field ρ(σ_H ) are said to be the critical trajectories.

In the above expression, the meaning of i_{σH} is as follows (see [6] for similar constructions in the context of mechanics). Let Φ: E → E^′ be a morphism over a map φ: M → M^′ and let η be a section of E^′ along φ. If ω a section of �_p

E^{′∗} then i_ηω is the section of

�_{p−1} E^∗ given by

(i_ηω)_m(a_1, . . . , a_{p−1}) = ω_{φ(n)}(η(m), Φ(a_1), . . . , Φ(a_{p−1}))

for every m ∈ M and a_1, . . . , a_{p−1} ∈ E_m. In our case, the map Φ is the prolongation T pr_1 : T^E(E^∗ ×_M B) → T^EE^∗ of the map pr_1 : E^∗ ×_M B → E^∗

14L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

(this last map fibered over the identity in M), and σ_H is a section along pr_1. Therefore, i_{σH} Ω − dH is a section of the dual bundle to T^E(E^∗ ×_M B).

It is easy to see that the symplectic equation (15) has a unique solution defined on the following subset

S_H = { (μ, u) ∈ E^∗ ×_M B | ⟨ dH(μ, u) , V ⟩ = 0 for all V ∈ Ker T pr_1 } .

Therefore, it is necessary to perform a stabilization constraint algorithm to find the integral curves of σ_H which are tangent to the constraint submanifold.

In local coordinates, the solution to the above symplectic equation is

σ_H = ∂H ∂μ_α

X_α − � ρ^i_α ∂H ∂x^i

+ μ_γC^γ_{αβ} ∂H ∂μ_β � P^α,

defined on the subset where ∂H ∂u^A

= 0,

and therefore the critical trajectories are the solution of the differentialalgebraic equations

ẋ^i = ρ^i_α^{∂H}_{∂μα}

μ̇_α = − � ρ^i_α^{∂H}_{∂xi} + μ_γC^γ_{αβ}^{∂H}_{∂μβ} � (16)

0 =^{∂H}_{∂uA} .

Notice that^{∂H}_{∂μα} = σ^α.

One can easily see that whenever it is possible to write μ_α = p_iρ^i_α then the above differential equations reduce to the critical equations for the control system Y = ρ(σ) on T M and the index L. Nevertheless it is not warranted that μ is of that form. For instance in the case of a Lie algebra, the anchor vanishes, ρ = 0, so that the factorization μ_α = p_iρ^i_α will not be possible in general.

6. Kinematic Optimal Control

Let τ : E → M be a Lie algebroid and D a constraint distribution. Given a cost function κ: E → R, we consider the following kinematic optimal control problem: we can control directly all the (constrained) velocities, and we want

OPTIMAL CONTROL AND QUASI-VELOCITIES 23

ẋ^1 = cos(x^4)y^3 ẋ^2 = sin(x^4)y^3 ẋ^3 = y^3 ẋ^4 = y^4 ẏ^3 =^2_3 u_3 ẏ^4 = 4u_4 π̇_3 = −μ_3 π̇_4 = −μ_4 μ̇_1 = 0 μ̇_2 = 0 μ̇_3 = [−μ_1sin(x^4) + μ_2cos(x^4)]y^4 μ̇_4 = [μ_1sin(x^4) − μ_2cos(x^4)]y^3 Since y^3 = ẋ^3, y^4 = ẋ^4 and ẏ^I = u_I , then μ^3 = − 9 4 ... x^3 and μ^4 = − 1 16 ... x^4.

Thus, we can reduce the set of equations to:

ẋ^1 = cos(x^4)ẋ^3, ẋ^2 = sin(x^4)ẋ^4, ....x_3 = 4 9 [μ_1sin(x^4) − μ_2cos(x^4)]ẋ^4,

....x_4 = 16[−μ_1sin(x^4) + μ_2cos(x^4)]ẋ^3,

where μ_1, μ_2 are constants.

8.2. Optimal control problems of rotational motion of the free rigid body. Consider the problem of rotational motion of the free rigid body. As configuration manifold we take the Lie group SO(3) and choose the type-I Euler angles (x^1, x^2, x^3) as local coordinate system. We shall consider the canonical Lie algebroid structure of the tangent bundle T SO(3), whose anchor map is ρ = id_{T SO(3)}. Let {e_1, e_2, e_3} be the set of sections for the bundle

e_1 = sec x^2sinx^3 ∂ ∂x^1

+ cosx^3 ∂ ∂x^2

+ tanx^2sinx^3 ∂ ∂x^3 e_2 = sec x^2cosx^3 ∂ ∂x^1

− sinx^3 ∂ ∂x^2

+ tanx^2cosx^3 ∂ ∂x^3 e_3 = ∂ ∂x^3 whose Lie algebra structure is given by [e_1, e_2] = e_3, [e_2, e_3] = e_1, [e_3, e_1] = e_2. The anchor and the Lie bracket are locally determined by the functions ρ^1 = sec x^2sinx^3 ρ^2_1 = cosx^3 ρ^3_1 = tanx^2sinx^3 ρ^1_2 = sec x^2cosx^3 ρ^2 = −sinx^3 ρ^3_2 = tanx^2cosx^3 ρ^1_3 = 0 ρ^2_3 = 0 ρ^3 = 1 and C^3_{12} = −C^3_{21} = C^1_{23} = −C^1_{32} = C^2_{31} = −C^2_{13} = 1.

We shall consider now two different situations, the rigid body without constraints and the same system subject to the constraint ẋ^1cosx^2sinx^3+ẋ^2cosx^3 =

22L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

The local basis of sections of T M determined by the quasi-velocities turns out to be:

e_1 = ∂ ∂x^1

, e_2 = ∂ ∂x^2

, e_3 = cos(x^4) ∂ ∂x^1

+ sin(x^4) ∂ ∂x^2 + ∂ ∂x^3

, e_4 = ∂ ∂x^4 . The Lie algebroid structure is the usual one for the tangent bundle. But in the basis above, the anchor mapping is written as:

ρ(e_1) = ∂ ∂x^1

, ρ(e_2) = ∂ ∂x^2

, ρ(e_3) = cos(x^4) ∂ ∂x^1

+sin(x^4) ∂ ∂x^2 + ∂ ∂x^3

, ρ(e_4) = ∂ ∂x^4 . The Lie algebra structure is obtained also,

[e_3, e_4] = sin(x^4)e_1 − cos(x^4)e_2,

and we can read then the Hamel symbols γ^ϵ_{αβ} in [10, 48].

In what regards the control part, we are considering a situation where we control the external forces in the directions of the admissible velocities. Thus, as the velocities on the constrained system are of the form

y^1 = y^2 = 0, y^3 = ẋ^3 and y^4 = ẋ^4,

the natural coordinates are a = (x^1, x^2, x^3, x^4, y^3, y^4) = (x, y^a). The control bundle B becomes thus D ⊕ D^∗ and we take as coordinates (x^i, y^3, y^4, u_3, u_4), where u_3 =^3_2ẏ^3 and u_4 =^1_4ẏ^4 for u_a = (δL)_a.

The cost function corresponds to κ(a, u) =^1_2(u^2_3 + u^2_4) and the control system is defined as:

ẋ^1 = cos(x^4)ẋ^3, ẋ^2 = sin(x^4)ẋ^3, u_3 = 3 2 ẍ^3, u_4 = 1 4 ẍ^4.

The Pontryagin Hamiltonian H ∈ C^∞((T^ED)^∗ ×_D B) corresponds now to

H(a, p, u) = ⟨p, σ_a(u)⟩ − κ(a, u) = μ_I y^I + π_I u_I c_I − 1 2 (u^2_3 + u^2_4),

with c_3 = 3/2 and c_4 = 1/4.

The Maximum principle is encoded as ∂H ∂u_3 = 0 ⇔ u3 = 2 3π_3 and^{∂H}_{∂u4} = 0 ⇔ u_4 = 4π_4, and the Pontryagin equations (optimal dynamical control equations) correspond to:

OPTIMAL CONTROL AND QUASI-VELOCITIES 15

to minimize some index functional

I(a) =

�_β α κ(a(t)) dt,

for a : [α, β] ⊂ R → E over the set of admissible curves taking values in D. We shall be using coordinates (x^i, y^a) to denote the elements of this bundle, where y^a will represent the coordinates with respect to some basis of section for D, as in the last section.

Remark 3. Whenever the cost function κ is a quadratic function defined on D, the problem that we are considering is just the problem of sub-Riemannian geometry. In the case of a degree 1 homogeneous cost function this is sub- Finslerian geometry, and in the more general case this problem can be called sub-Lagrangian problem.

Since we can control directly the velocities or pseudovelocities, the control bundle is B = D and the system map σ : D → E is just the canonical inclusion σ(a) = a. E τ � ρ � T M

τ_M � � � D σ � � � � � M Pontryagin Hamiltonian is a function H ∈ C^∞(E^∗×_M B) defined as H(μ, b) = ⟨μ, σ(b)⟩ − κ(b), which in coordinates reads

H(x^i, μ_a, μ_A, u^a) = μ_au^a − κ(x^i, u^a). (17) The Maximum principle corresponds to the choice of the control functions such that μ_a = ∂κ ∂u^a � from ∂H ∂u^a = 0 � . (18)

Under appropriate regularity conditions the set S_H of solutions of this equation is a submanifold of E^∗ ×_M B, which we call the critical submanifold. Frequently, this set is but the image of a section of E^∗ ×_M B → E^∗, given locally by u^a = u^a(x, μ). (19) Thus the set S_H is diffeomorphic to E^∗ and the optimal Hamiltonian, with local expression H(x^i, μ_α, u^a(x, μ)), defines via the canonical symplectic form a Hamiltonian system on E^∗.

16L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

The restriction of the Pontryagin-Hamilton equations to this submanifold provide us with the control system ẋ^i = ρ^i_au^a (20) and the dynamics of the momenta μ̇_a = − � ρ^i_a^{∂H}_{∂xi} + μ_cC^c_{ab}u^b + μ_BC^B_{ab}u^b � (21) μ̇_A = − � ρ^i_A^{∂H}_{∂xi} + μ_cC^c_{Ab}u^b + μ_BC^B_{Ab}u^b � . (22) These are the equations to solve and use to determine, by using the mapping (19), the control functions defining the solution which optimizes the value of the cost function. By substitution of μ_a =^{∂κ}_{∂ua} into these equations, and taking into account that^{∂H}_{∂xi} = −^{∂κ}_{∂xi} , we get

ẋ^i = ρ^i_au^a d dt �_{∂κ}

∂u^a � − ρ^i_a^{∂κ}_{∂xi} +^{∂κ}_{∂uc} C^c_{ab}u^b + μ_BC^B_{ab}u^b = 0 (23) μ̇_A + μ_BC^B_{Ab}u^b − ρ^i_A^{∂κ}_{∂xi} +^{∂κ}_{∂uc} C^c_{Ab}u^b = 0.

These equations are also obtained in [47, 48] for the case E = T M.

Remark 4. For simplicity we are considering only normal extremals. For abnormal extremals we just have to consider the Hamiltonian function to be H = μ_au^a and solve the same equations, i.e. μ_a = 0 ẋ^i = ρ^i_au^a μ_BC^B_{ab}u^b = 0 (24) μ̇_A + μ_BC^B_{Ab}u^b = 0.

with (μ_A(t)) ≠ (0) for all t.

Remark 5. In the particular case when D = E and σ = id_E we recover the Euler-Lagrange equations on the Lie algebroid E for the Lagrangian L = κ. Also when D ⊂ E we get the so-called vakonomic equations for the Lagrangian L = κ (see [26, 38])

7. Dynamic Optimal Control

In the dynamic problem, we can control directly the motion on a nonholonomic problem, with the exception of the constraint forces, of course. For instance, we can consider the equations of motion to be δL(z)|_D = u, with

OPTIMAL CONTROL AND QUASI-VELOCITIES 21 ∂H ∂u^2 = 0 ⇔ μ2 = u 2, ∂H ∂u^3 = 0 ⇔ μ3 = u 3. This defines the optimal submanifold W . On it, the dynamics reads ẋ^1 = μ_2, ẋ^2 = μ_3, ẋ^3 = x^2μ_2 − x^1μ_3, μ̇_1 = 0 hence, μ_1 = c, μ̇_2 = −2cμ_3, μ̇_3 = 2cμ_2, with c constant, or equivalently, ẋ^3 = x^2ẋ^1 − x^1ẋ^2, ẍ^1 = −2cẋ^2, ẍ^2 = 2cẋ^1.

Remark 7. We can also consider a case of abnormal extremals for this case. If we set the κ = 0 (or analogously, H = μ_au^a), we find

ẋ^1 = u^2, ẋ^2 = u^3, μ̇_1 = 0, μ_1u^2 = 0 and μ_1u^3 = 0,

which has solution of the form x^1 = x_0, x^2 = y_0, x^3 = z_0, y^1 = 0, y^2 = 0, and μ_1 = μ^0_1 ≠ 0. These are equilibrium points.

8.1.2. Dynamic optimal control of the vertical rolling disc. For such a system, the state space manifold corresponds to M = R^2 ×S^1×S^1, and we will use the coordinates x = (x^1, x^2, x^3, x^4), where x^1 = x, x^2 = y, x^3 = θ, and x^4 = ϕ.

The rolling without slipping condition of the motion on the plane leads to a pair of nonholonomic constraints

ẋ^1 − cos(x^4)ẋ^3 = 0 and ẋ^2 − sin(x^4)ẋ^3 = 0.

We can define then a set of coordinates adapted to these constraints and write a set of coordinates {y} for the new velocities. Thus the quasi-velocities shall correspond to:

y^1 = ẋ^1 − cos(x^4)ẋ^3, y^2 = ẋ^2 − sin(x^4)ẋ^3, y^3 = ẋ^3, y^4 = ẋ^4.

Analogously the inverse transformation allows us to write:

ẋ^1 = y^1 + cos(x^4)y^3, ẋ^2 = y^2 + sin(x^4)y^3, ẋ^3 = y^3, ẋ^4 = y^4.

20L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

8.1.1. Kinematic optimal control of the Heisenberg system. Consider the case of a system modelled on M = R^3 using the set of coordinates x = (x^1, x^2, x^3) and the nonholonomic constraint ẋ^3 = x^2ẋ^1 − x^1ẋ^2.

Let us denote as D the subbundle of admissible velocities and consider a basis for it. The quasi-velocities of the system are thus the coordinates defined with respect to this new basis, and are written: y^1 = x^2ẋ^1 − x^1ẋ^2 − ẋ^3, y^2 = ẋ^1, y^3 = ẋ^2.

Analogously we can write the velocities in terms of the quasi-velocities as:

ẋ^1 = y^2, ẋ^2 = y^3, ẋ^3 = −y^1 + x^2y^2 − x^1y^3.

The local basis of sections of T M determined by the quasi-velocities reads

e_1 = − ∂ ∂x^3

≡ (0, 0, −1), (35)

e_2 = ∂ ∂x^1

+ x^2 ∂ ∂x^3

≡ (1, 0, x^2), (36)

e_3 = ∂ ∂x^2

− x^1 ∂ ∂x^3

≡ (0, 1, −x^1). (37)

It is simple to compute the structure constants and the anchor mapping with respect to this basis [e_2, e_3] = 2e_1 ⇔ C^1_{23} = −C^1_{32} = 2 all other elements being zero. The corresponding anchor mapping reads ρ(e_1) = −^∂_{∂x3} , ρ(e_2) = ∂ ∂x^1 + x 2 ∂ ∂x^3 and ρ(e3) = ∂ ∂x^2 − x 1 ∂ ∂x^3 .

Consider now the problem of controlling the admissible velocities y^2 = u^2 and y^3 = u^3, i.e. the system

T R^3 τ � id �

T R^3 τ � � � D inc � � � � � � R^3

,

in order to optimize the cost function κ(x^i, u^a) =^1_2 [(u^2)^2 + (u^3)^2]. The corresponding Pontryagin Hamiltonian H ∈ C^∞(T^∗M ×_M D) is written as H(x^i, μ_a, u^a) = μ_2u^2 + μ_3u^3 −^1_2[(u^2)^2 + (u^3)^2].

The Maximum principle implies thus -^{∂H}_{∂uI} = 0:

OPTIMAL CONTROL AND QUASI-VELOCITIES 17

u ∈ D^∗ the control variables representing the external (generalized) forces acting on the system. Another possibility would be to consider systems on which the accelerations are the control variables.

In both kind of problems the state space is the manifold D and the control bundle π : B → D is B = � (z, ν) ∈ T^DD × D^∗ � � z ∈ Adm(E) and δL(z)|_D = ν � . (25)

An element (z, ν) of B is of the form z = (a, a, v) with a ∈ D and v ∈ T_aD and where ν is determined by the equations ⟨ν, b⟩ = ⟨δL(z), b⟩ for every b ∈ D.

When we consider the forces as control variables, since we are assuming that the constrained Lagrangian system is regular, we can identify B with pr_1 : D ⊕ D^∗ → D, via (a, a, v; ν) ≡ (a, ν), because the vector v is determined by the point a and the equation δL(z)|_D = u.

When we consider the accelerations as controls we can identify B with T^DD ∩ Adm(E) → D, via (a, a, v; ν) ≡ (a, a, v) because ν is determined by ν = δL(z)|_D.

From a formal point of view both problems are equivalent, since the relation between them is one-to-one and thus it is possible to use the optimal solution written in terms of accelerations to determine the optimal forces and viceversa. In other words, they are related by a feedback transformation.

However, from the practical point of view the second problem produce simpler expressions. Therefore, we will identify B with T^DD ∩ Adm(E) and we can take coordinates (x^i, y^a, v^a) where v^a are the acceleration coordinates, i.e. our control variables.

On this set we also need to specify a control system where the optimization will be built. Such a system is specified by giving a section σ : B → T^ED, i.e. the resulting system must always define an admissible velocity and acceleration. The Lie algebroid relevant for this case is the E-tangent to D. An element of T^ED is of the form z = (a, b, w) with a ∈ D, b ∈ E, with τ(a) = τ(b) and w ∈ T_aD with ρ(b) = T τ(w). Taking a local basis {e_a} for D, and completing a local basis {e_a, e_A} for E, we can write a = y^ae_a, b = z^ae_a + z^Ae_A, and w = (ρ^i_az^a + ρ^i_Az^A)^∂_{∂xi} + w^{a ∂}_{∂ya} . By taking coordinates (x^i) in the basis, we have coordinates (x^i, y^a, z^a, z^A, w^a) on T^ED. A local basis of sections of T^ED → D is {X_a, X_A, V_a} and the element z can be written z = z^aX_a(x, y) + z^AX_A(a, y) + w^aV_a(a, y), and

18L.ABRUNHEIRO, M.CAMARINHA, J.CARIÑENA, J.CLEMENTE, E.MARTÍNEZ AND P.SANTOS

ρ^1(z) = w = (ρ^i_az^a + ρ^i_Az^A)^∂_{∂xi} + w^{a ∂}_{∂ya} . The corresponding coordinates on the dual bundle (T^ED)^∗ will be denoted (x^i, y^a, μ_a, μ_A, π_a).

If we choose to control the accelerations of the system {u^a}, the map σ : B → T^ED is given by the natural inclusion σ(z) = z,

T^E D τ � ρ^1

� T D

τ_D � � � � B σ � � � � � � D which in coordinates corresponds to σ(x^i, y^a, u^a) = (x^i, y^a, y^a, 0, u^a) Given a cost function κ : B → R we take the Pontryagin Hamiltonian H ∈ C^∞((T^ED)^∗ × B), defined as H(μ, z) = ⟨μ, σ(z)⟩ − κ(z) which in coordinates is H(x^i, y^a, μ_a, μ_A, π_a, u^a) = μ_ay^a + π_au^a − κ(x^i, y^a, u^a), where the control functions are the accelerations u^a.

From^{∂H}_{∂ua} = 0, we get

π_a = ∂κ ∂u^a

. (26)

These equations determine the optimal submanifold S_H in (T^ED)^∗×B, which in this case is a section of the projection (T^E D)^∗ × B → B, given locally by the equations u^a = u^a(x^i, y^a, π_a). On S_H , the equations of motion are the following. From ẋ = ρ^{∂H}_{∂μ} , since in this case the base variables are (x, y), we get the original control system ẋ^i = ρ^i_ay^a + ρ^i_A0 = ρ^i_ay^a ẏ^a = u^a. (27) Also, the equation of motion for π_a

π̇_a = − ∂H ∂y^a = ∂κ ∂y^a

− μ_a,

because all the structure functions involved vanish (i.e. V_a commute with all the others). Therefore we get

μ_a = ∂κ ∂y^a − d dt � ∂κ ∂u^a � = ∂κ ∂y^a

− π̇_a

OPTIMAL CONTROL AND QUASI-VELOCITIES 19

which is the combination that appear in [47], equation (11), for the case E = T M, under the notation κ_J and without a justification.

The equation of motion for μ_a is

−μ̇_a = ρ^i_a ∂H ∂x^i

+ μ_cC^c_{ab}y^b + μ_C C^C_{ab}y^b

= −ρ^i_a ∂κ ∂x^i

+ μ_cC^c_{ab}y^b + μ_C C^C_{ab}y^b, (28)

and the equation of motion for μ_A is

−μ̇_A = ρ^i_A ∂H ∂x^i

+ μ_cC^c_{Ab}y^b + μ_C C^C_{Ab}y^b

= −ρ^i_A ∂κ ∂x^i

+ μ_cC^c_{Ab}y^b + μ_C C^C_{Ab}y^b. (29)

These two last equations corresponds to equations (18) and (19) obtained in [47, 47] for the case E = T M.

Remark 6. As in the previous case, we have considered only normal extremals. For abnormal extremals we just have to take the cost function κ = 0 and solve the same equations for κ = 0, that is μ_a = 0 (30) π_a = 0 (31) ẋ^i = ρ^i_ay^a (32) μ_BC^B_{ab}y^b = 0 (33) μ̇_A + μ_BC^B_{Ab}y^b = 0. (34) with (μ_A(t)) ≠ (0) for all t. Interestingly, we get exactly the same equations (plus π_a = 0) as in the kinematic case.

8. Examples

First we discuss two of the examples discussed in [48] from the point of view of the theory of Lie algebroids. The result is naturally analogous to the results obtained previously, but within the new framework the treatement of dynamical control systems becomes much more natural.

8.1. Mechanical systems defined on tangent bundles.