Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 10–45

A NOTE ON THE CATEGORICAL VAN KAMPEN THEOREM

MARIA MANUEL CLEMENTINO

Abstract: In this note we show that for the canonical map X_1 + X_2 → X, from the topological sum of two subspaces X_1, X_2 of X into X, to be of effective descent it is sufficient to be hereditarily a quotient map. Further, making use of the Brown- Janelidze categorical van Kampen Theorem, this translates into a van Kampen-type result.

Keywords: effective descent morphism, triquotient map, van Kampen Theorem. AMS Subject Classification (2010): 54B15, 54B30, 54C10, 18B30.

1. Introduction

In [?] Brown and Janelidze identified the key property for obtaining the classical van Kampen Theorem as a result on Descent Theory. We recall that the van Kampen Theorem states that, under suitable conditions, the fundamental group Π_1(X, x) of a space X at a point x ∈ X can be obtained as the pushout of the fundamental groups Π_1(X_1, x), Π_1(X_2, x) of two open subspaces X_1 and X_2 of X covering X.

General van Kampen Theorem. Let C be an extensive category with finite limits, and let the following diagram X X_1

g_1 � � � X_2

g_2 � � �

X_0

f_1 � � � f_2 � � � � be a pullback, with g_1 and g_2 monomorphisms. Let F be a pullbackstable class of morphisms of C containing the isomorphisms. Then

Received November 11, 2010.

The author acknowledges financial support from the Centre for Mathematics of the University of Coimbra/FCT and by FCT Grant SFRH/BSAB/951/2009. 1

2 MARIA MANUEL CLEMENTINO

the diagram F ↓ X

g^∗_1 � � � g^∗2 � � � F ↓ X_1

f^∗_1 � � � � F ↓ X_2

f^∗_2 � � � F ↓ X_0

is a pullback if, and only if, the morphism p : X_1 + X_2 → X, induced by g_1 and g_2, is an effective F-descent morphism.

Here g^∗_1 and g^∗_2 are the change-of-base functors, and, as in [?], by the latter diagram being a pullback we mean that the functor

F ↓ X^{Kg1,g2 �} (F ↓ X_1) ×_{F↓X0} (F ↓ X_2),

induced by (g_1, g_2), is an equivalence, where (F ↓ X_1) ×_{F↓X0} (F ↓ X_2) is the category of triples ((A_1, α_1), (A_2, α_2), φ), with (A_i, α_i) ∈ F ↓ X_i, i = 1, 2, and φ : f^∗_1 (A_1, α_1) → f^∗_2 (A_2, α_2) an isomorphism. Moreover, we recall from [?] that a finite-complete category C with coproducts is said to be extensive if finite coproducts are disjoint and universal; equivalently, if for any pair X, Y of objects of C the functor

(C ↓ X) × (C ↓ Y )^{+ �} (C ↓ X + Y )

is an equivalence. A morphism f : Y → X is effective for F-descent if the change-of-base functor f^∗ : F ↓ X → F ↓ Y is monadic.

In this paper we will focus on the study of the global situation, that is when the class F in the Theorem is the class of all morphisms of C. Although this approach diverges from the classical Theorem, our goal here is to show that for the morphism p of the Theorem to be of effective descent some easy criteria are available. Indeed, the study of effective descent morphisms in topological settings, more precisely in the category of topological spaces and continuous maps, started in [?], has revealed that morphisms effective for descent are in general very difficult to be identified. Although global effective descent continuous maps were characterized by Reiterman and Tholen in [?], their characterization is based on intricate conditions on convergence, which gave rise to subsequent contributions towards a better understanding of these maps: see [?, ?, ?, ?].

6 MARIA MANUEL CLEMENTINO

[6] M. M. Clementino and D. Hofmann, Triquotient maps via ultrafilter convergence, Proc. Amer.

Math. Soc. 130 (2002), 3423–3431.

[7] M. M. Clementino and D. Hofmann, Effective descent morphisms in categories of lax algebras, Appl. Categ. Structures 12 (2004), 413–425.

[8] M. M. Clementino and G. Janelidze, in preparation.

[9] B. J. Day and G. M. Kelly, On topological quotient maps preserved by pullbacks or products, Proc. Cambridge Philos. Soc. 67 (1970), 553-558.

[10] R. Engelking, General Topology, revised and completed edition (Heldermann Verlag, Berlin 1989).

[11] G. Janelidze and M. Sobral, Finite preorders and topological descent I, J. Pure Appl. Algebra 175 (2002), 187-205.

[12] G. Janelidze and W. Tholen, How algebraic is the change-of-base functor?, in: Springer Lect.

Notes in Math. 1488 (1991), 174-186.

[13] E. Michael, Bi-quotient maps and cartesian products of quotient maps, Ann. Inst. Fourier, Grenoble 18 (1968), 287-302.

[14] E. Michael, Complete spaces and tri-quotient maps, Illinois J. of Math. 21 (1977), 716-733. [15] T. Plewe, Localic triquotient maps are effective descent morphisms, Math. Proc. Cambridge Philos. Soc. 122 (1997), 17-43.

[16] J. Reiterman and W. Tholen, Effective descent maps of topological spaces, Top. Appl. 57 (1994), 53-69.

Maria Manuel Clementino CMUC, Department of Mathematics, University of Coimbra, 3001-454 Coimbra, Portugal E-mail address: mmc@mat.uc.pt

A NOTE ON THE CATEGORICAL VAN KAMPEN THEOREM 3

Acknowledgement. This work was pursued while I was visiting George Janelidze at the University of Cape Town, who suggested the problem to me. I am also grateful to him for finding a mistake in the proof of the Theorem in the first version of this paper.

2. The global van Kampen Theorem in topological spaces

Throughout we will be working in the category Top of topological spaces and continuous maps. We start by recalling some special properties of continuous maps. Given a topological space X, we denote by ΩX the set of open subsets of X.

Definitions. A continuous map f : Y → X is said to be:

(1) a universal quotient map if the pullback of f along any continuous map is a quotient map;

(2) a hereditary quotient map if the pullback of f along any embedding is a quotient map.

Universal quotient maps were characterized by Day and Kelly [?], and also by Michael [?], who called them biquotient maps. Further, Michael introduced in [?] a smaller class of quotient maps, the triquotient maps, which includes both open and proper surjections (that is, closed surjections with compact fibres: see [?]). This notions relies on the existence of a map ( )^♯ : ΩY → ΩX fulfilling a list of properties which are shared by the directimage map f( ) : ΩY → ΩX in the case f is a surjective open map, and by f^♯ : ΩY → ΩX, defined by f^♯(U) = X \ f(Y \ U) in the case f is a proper surjection.

Definition. A continuous map f : Y → X is a triquotient map if there exists a map ( )^♯ : ΩY → ΩX such that: (T1) (∀U ∈ ΩY ) U^♯ ⊆ f(U), (T2) Y^♯ = X, (T3) (∀U, V ∈ ΩY ) U ⊆ V ⇒ U^♯ ⊆ V^♯, (T4) (∀U ∈ ΩY ) (∀x ∈ U^♯) (∀Σ ⊆ ΩY directed) f^{−1}(x) ∩ U ⊆ ⋃ Σ ⇒ ∃S ∈ Σ : x ∈ S^♯.

Every triquotient map is of effective descent — as shown by Plewe [?]—, while every effective descent morphism is a universal quotient map. It was proved in [?] that universal quotient maps are exactly the descent maps, that is those continuous maps f such that the functor f^∗ is premonadic. That

4 MARIA MANUEL CLEMENTINO

these three notions do not coincide can be checked already at the level of finite spaces, as shown in [?] (see also [?]). As observed in [?] for the case of finite spaces, if the fibres of f are finite, in (T4) we can replace the directed set of open subsets Σ of Y by a single open subset S of Y .

Theorem. If X_1 and X_2 are subspaces of X, and p : X_1 + X_2 → X is the continuous map induced by their subspace embeddings, then the following conditions are equivalent:

(i) p is a triquotient map; (ii) p is an effective descent map; (iii) p is a descent map;

(iv) p is a universal quotient map; (v) p is an hereditary quotient map; (vi) X_1 ⊇ X \ X_2 and X_2 ⊇ X \ X_1.

Proof : For any continuous map p, (i) ⇒ (ii) ⇒ (iii) ⇔ (iv) ⇒ (v). (v) ⇒ (vi): Following [?, Exercise 2.4.F], p : X_1 + X_2 → X is an hereditary quotient map if, and only if, for any x ∈ X and any open subset U of X_1 +X_2 containing the fibre p^{−1}(x) of x, x ∈ int(p(U)) (where we denote by int(A) the interior of A ⊆ X in X). Hence, if p is hereditarily a quotient map and x ∈ X \ int(X_2), then p^{−1}(x) ⊈ X_2, that is x ∈ X_1 and (vi) follows.

(vi) ⇒ (i): As a disjoint union, let X_1 + X_2 = X_1 × {1} ∪ X_2 × {2}, and consider the inclusion maps ι_i : X_i → X_1 + X_2, i = 1, 2. For each subset S of X_1 + X_2, let S_i := ι^{−1}_i (S), i = 1, 2. We recall that S is open in X_1 + X_2 if, and only if, S_i is open in X_i, i = 1, 2. Define, for each open subset U of X_1 + X_2,

U^♯ := int_X (U_1) ∪ int_X (U_2) ∪ {x ∈ X_1 ∩ X_2 ; p^{−1}(x) ⊆ U}.

Then clearly (T1), (T2) and (T3) hold. To check (T4), let x ∈ U^♯ and S ∈ Ω(X_1 + X_2) with p^{−1}(x) ∩ U ⊆ S. If x ∈ int_X (U_1), then x ∈ int_X (X_1) and (x, 1) ∈ U, hence (x, 1) ∈ S. Since x ∈ S_1 and S_1 is open in X_1, x ∈ int_X (S_1) ⊆ S^♯. For x ∈ int_X (U_2) we argue analogously. If x ∈ X_1 ∩ X_2 and p^{−1}(x) ⊆ U, then p^{−1}(x) ⊆ S. By definition of S^♯, x ∈ S^♯.

It remains to be shown that U^♯ is an open subset of X. Let x ∈ U_1 ∩ U_2 with p^{−1}(x) ⊆ U. Since U_1 and U_2 are open in X_1 and X_2 respectively, there exist V, W ∈ ΩX such that V ∩ X_1 = U_1 and W ∩ X_2 = U_2. Clearly x ∈ V ∩W , and our proof will be completed once we check that V ∩W ⊆ U^♯: if y ∈ V ∩ W and y ∉ X_2, then y ∈ U_1 and y ∈ int_X (X_1), which implies

A NOTE ON THE CATEGORICAL VAN KAMPEN THEOREM 5

that y ∈ int_X (U_1); if y ∉ X_1, we conclude similarly that y ∈ int_X (U_2). If y ∈ X_1 ∩ X_2, then y ∈ U_1 and y ∈ U_2, that is p^{−1}(y) ⊆ U and the result follows.

Corollary. Given a pullback diagram in Top X X_1

g_1 � � � X_2

g_2 � � �

X_0

f_1 � � � f_2 � � � � where g_1, g_2 are embeddings, the diagram

Top ↓ X

g^∗_1 � � � g^∗_2 � � � Top ↓ X_1

f^∗_1 � � � Top ↓ X_2

f^∗_2 � � � Top ↓ X_0

is a pullback diagram if, and only if, X_1 ⊇ X \ X_2 and X_2 ⊇ X \ X_1.

We point out that the condition obtained for p : X_1 + X_2 → X to be of effective descent is weaker than Brown’s condition for the classical Van Kampen Theorem (see [?, 9.1.2]), where X has to be covered by int(X_1) and int(X_2). This is the case, for instance, when X = [0, 2], X_1 = [0, 1] and X_2 = [1, 2]. However, our result does not generalise the classical theorem since ours focus on effective global descent morphisms while the classical one uses effective descent morphisms with respect to a class of covering maps (see [?, ?]).

References

[1] N. Bourbaki, Topologie Générale, ch. I et II, Third edition, Paris, 1961. [2] R. Brown, Topology and Groupoids, Third edition of Elements of modern topology (McGraw- Hill, New York, 1968), BookSurge, LLC, Charleston, SC, 2006.

[3] R. Brown and G. Janelidze, Van Kampen theorems for categories of covering morphisms in lextensive categories, J. Pure Appl. Algebra 119 (1997), 255-263.

[4] A. Carboni, S. Lack and R. F. C. Walters, Introduction to extensive and distributive categories, J. Pure Appl. Algebra 84 (1993), 145-158.

[5] M. M. Clementino, On finite triquotient maps, J. Pure Appl. Algebra 168 (2002), 387-389.