Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 11–07

CONTRACTION OF GABOR FRAMES TO THE INTERVAL (-1,1)

LUIS DANIEL ABREU^† AND JOHN E. GILBERT

Abstract: In this paper we introduce frames for the space L^2(−r, r), r ≥ 1 that formally approach Gabor frames in L^2 (R) as r → ∞. This is done using an integral transform which can be seen, in a certain sense, as a contraction of the Bargmann transform. The transform and the associated frames can be related to Bergman spaces in the unit disc, thus allowing a complete characterization by means of Seip´s geometric description of the sampling sequences in the Bergman space.

Keywords: Frames, Bergman spaces, Bargmann-Fock transform, Gegenbauer and Hermite functions.

1. Introduction

In this paper we introduce frames for the space L^2(−r, r), r ≥ 1, in particular for L^2(−1, 1), that formally approach Gabor frames in L^2 (R) when r → ∞. Our discussion is motivated by the limit

lim_{r→∞} � 1 − μ(t, ξ) r �_r = e^{−μ(t,ξ)}. (1)

Because of the fundamental role played by exponential functions in the theory of Gabor frames of L^2 (R), we determine whether functions of the form

(1 − μ(t, ξ))^α

can be used in the construction of frames in L^2(−1, 1). For instance, it follows from a special case of our results that, defining λ_{k,n} = � 1 − 2^{1−n} � e^{2πikn} , the following sequence of functions is a frame of L^2(−1, 1): � 2^{− 2}3^n(1 − t^2)^14 (1 − 2tλ_{k,n} + λ^2_{k,n}) � n∈N, 0≤k<n

Received February 25, 2011.

†This work has been done under the UT Austin | Portugal program and CMUC/FCT project PTDC/MAT/114394/2009 Frame Design . 1

2 LUÍS DANIEL ABREU AND JOHN E. GILBERT

This provides a new method for stable representation of functions in L^2(−1, 1). In the proofs, generating functions for Gegenbauer polynomials are combined with deep results from the theory of Bergman spaces. Our main result is a complete description of the sequence of points that can be used to construct a certain family of frames for L^2(−1, 1). It uses the geometric description of sets of sampling in the Bergman space obtained by Kristian Seip [22] just as corresponding results in the Fock space [17], [20] provide a complete description of the sequences yielding Gabor frames with Gaussian windows. To provide a link to Seip´s results we introduce an integral transform maping L^2(−1, 1) to some spaces in the unit disc which are equivalent to weighted Bergman spaces. This integral transform plays a role in the analysis of L^2(−1, 1) analogous to the Bargmann-Fock transform for L^2 (R) and it approaches the latter in the sense of (1).

The outline of the paper is as follows. We introduce the L^2(−1, 1) frames and the associated integral transform in the next section. This will allow us to state the main results of the paper, which will be proved after recalling some well known material about special functions and Bergman spaces in a “Tools” section. The central section of the paper is the fourth, where the density theorem is proved, using a general principle which seems to be applicable in several situations. The remainder of the paper is devoted to a more detailed study of the mapping properties of our integral transform, which can be summarized in a commutative diagram. The last section contains informal remarks related to other work as well as historical remarks about the Bargmann transform.

2. Results

2.1. A contracted Gabor system. Let D be the unit disc in the complex plane. For a sequence Λ = {λ} ⊂ D define the sequence of functions

F^α_λ (t) =

(1 − t^2)^{α2 − 14} (1 − |λ|^2)^{α+ 12} (1 − 2tλ + λ^2)^α

on (−1, 1). The set {F^α_λ }_{λ∈Λ} can be thought of as a contracted Gabor system in the sense that

lim_{r→∞} F^{πr2}_{λ/r} � t r � = e^{2πtλ−πλ2−πt2/2−π|z|2} = e^{− π2 (t−2x)2−2πiξt}e^{2πixξ}, (2)

CONTRACTION OF GABOR FRAMES 19

[4] M. Duits, A functional Hilbert space approach to frame transforms and wavelet transforms, MD Thesis in Applied Analysis. Eindhoven University of Technology, Netherlands (2004).

[5] P. Duren, A. Schuster, Bergman spaces, Mathematical Surveys and Monographs, 100. American Mathematical Society, Providence, RI, (2004).

[6] H. G. Feichtinger, K. Gröchenig, A unified approach to atomic decompositions via integrable group representations, Lect. Notes in Math. (1988) 1302 (2), 52–73 .

[7] H. G. Feichtinger, K. Gröchenig, Banach spaces related to integrable group representations and their atomic decompositions, I, J. Funct. Anal. (1989) 86 (2), 307-340, .

[8] G. B. Folland, Harmonic Analysis In Phase Space, Princeton Univ. Press, Princeton, NJ, (1989).

[9] K. Gröchenig, Foundations Of Time-Frequency Analysis, Birkhäuser, Boston, (2001). [10] A. Grossman, J. Morlet, T. Paul, Transforms associated to square integrable group representations II: examples, Ann. Inst. H. Poincaré Phys. Théor. , 45 (1986), 293-309, .

[11] H. Hedenmalm, B. Korenblum, K. Zhu, Theory Of Bergman Spaces. Graduate Texts in Mathematics, 199, Springer-Verlag, New York, (2000).

[12] E. Hille, Bilinear formulas in the theory of the transformation of Laplace. Compositio Mathematica, 6 (1939), p. 93-102.

[13] M. E. H. Ismail, Classical And Quantum Orthogonal Polynomials In One Variable, Encyclopedia of Mathematics and its Applications No. 98. (2005).

[14] S. Janson, J. Peetre, R. Rochberg, Hankel forms and the Fock space. Rev. Mat. Iberoamericana 3 (1987), 61–138.

[15] V. V. Kisil, Wavelets in Banach Spaces, Acta Appl. Math. 59 (1999), pp. 79-109. [16] S. Luo, Discrete series of SU(1, 1) and Gaussian deformation, Lett. Math. Phys. 42, (1997) 1-10,.

[17] Y. Lyubarskii, Frames in the Bargmann space of entire functions, Entire And Subharmonic Functions, 167-180, Adv. Soviet Math., 11, Amer. Math. Soc., Providence, RI (1992).

[18] M. Pap, Hyperbolic Wavelets and Multiresolution in H2, J. Fourier Anal. Appl., DOI:

10.1007/s00041-011-9169-2.

[19] K. Seip, Density theorems for sampling and interpolation in the Bargmann-Fock space I, J.

Reine Angew. Math. 429 (1992), 91-106 .

[20] K. Seip, R. Wallstén, Density theorems for sampling and interpolation in the Bargmann-Fock space II, J. Reine Angew. Math. 429 (1992), 107-113.

[21] K. Seip, Reproducing formulas and double orthogonality in Bargmann and Bergman spaces, SIAM J. Math. Anal. 22 (1991) , pp. 856-876 .

[22] K. Seip, Beurling type density theorems in the unit disc, Invent. Math., 113 (1993), 21-39 . [23] K. Seip, Interpolation And Sampling In Spaces Of Analytic Functions. University Lecture Series, 33. American Mathematical Society, Providence, RI, 2004. xii+139 pp.

[24] S. Watanabe, Hilbert space of analytic functions and the Gegenbauer polynomials, Tokyo J.

Math., 17-1 (1994), 229-232 .

Luis Daniel Abreu^† CMUC, Department of Mathematics, University of Coimbra, 3001-454 Coimbra, Portugal E-mail address: daniel@mat.uc.pt

John E. Gilbert Department of Mathematics, The University of Texas at Austin, Austin, TX 78712-1082, USA E-mail address: gilbert@math.utexas.edu

18 LUÍS DANIEL ABREU AND JOHN E. GILBERT

• Gaussian time frequency in L^2(R) is associated with the generating function of Hermite polynomials.

• Poisson frequency-scale in L^2(0, ∞) is associated with the generating function of Laguerre polynomials.

• “Contracted gaussian time-frequency” in L^2(−1, 1) is associated with the generating function of Gegenbauer polynomials.

There are also examples of other transforms which are related to the one we study in this paper. For instance, in [24] the author studies a transform involving the kernel α(1 − z^2)(1 − 2tz + z^2)^{−α−1}, which can be obtained from (1−2tz+z^2)^{−α} by applying the operator z^d_{dz} +α. The range space is identified as the space of analytic functions in the unit disk with weight:

ρ_α(|z|^2) = 1 Γ(2α − 1)

|z|^{2α−2}

�_1

|z|^2

s^{−α}(1 − s)^{2α−2}ds

(we assume α > 1/2 because there is another expression for 0 < α < 1/2). Another example was considered in [4], where the kernel (1 − zw)(1 − 2tz + z^2)^{−α−1}, obtained from (1 − 2tz + z^2)^{−α} by applying the operator z^d_{dz} + 2α is considered as an example of a broader theory of “Frame transforms”. The resulting transform is unitary between L^2(−1, 1) and a space of entire functions in the unit disk with a norm equivalent to the Bergman norm.

The idea of viewing the Bergman spaces as “Gaussian deformations”, as we did here, was used in [16] to construct a model for a deformed hyperbolic phase space that approaches the Fock space. A group theoretical approach is used by looking at the discrete series of SU(1, 1) deformed by a parameter, more precisely, the discrete series of ASU(1, 1)A^{−1}, with A defined as A = � √ r 0 0^{1√}_r � . We also remark that a theory for expansions of functions in H^2 (D), related to the discrete series of SU(1, 1), has been recently developed in [18]

References

[1] G. E. Andrews, R. Askey, R.Roy, Special functions. Encyclopedia of Mathematics and its Applications, 71. Cambridge University Press, Cambridge, (1999).

[2] Arik M, Coon D, Hilbert spaces of analytic functions and generalized coherent states. J. Math.

Phys. 17 (1976), no. 4, 524–527.

[3] V. Bargmann, On a Hilbert space of analytic functions and an associated integral transform.

Comm. Pure Appl. Math. (1961) 14 187–214.

CONTRACTION OF GABOR FRAMES 3

setting λ = x − iξ. This limit can also be written as

lim_{r→∞} F^{πr2}_{λ/r} � t r � = e^{2πixξ}M_ξT_{2x}φ(t), φ(t) = e^{− π2 t2} ,

where T_x and M_ξ denote translation and modulation

T_xf(t) = f(t − x) M_ξf(t) = e^{−2πiξt}.

Thus, up to the factor e^{2πixξ}, limit (2.1) is a Gabor system with gaussian window.

2.2. A Beurling density theorem. A sequence of functions {f_λ}_{λ∈I} is a frame of a Hilbert space H if there exist positive constants A, B such that, for every f ∈ H, the inequality

A ‖f‖^2_H ≤ � i∈I |⟨f, f_i⟩_H|^2 ≤ B ‖f‖^2_H ,

holds. We will characterize the sequences Λ ⊂ D such that {F_λ(t)}_{λ∈Λ} is a frame of L^2(−1, 1). This requires some aditional terminology and we will follow [23]. Let

ρ(z, w) = � � � z − w 1 − zw � � � , z, w ∈ D,

be the pseudo-hyperbolic metric in the unit disc. A sequence Λ ⊂ D is then said to be uniformly separated if there exists δ > 0 such that ρ(λ_1, λ_2) > δ for every λ_1, λ_2 ∈ Λ. Given such a sequence, its lower Beurling-Seip density is defined by

D^−(Λ) = lim sup_{r→1} sup_z � ρ(λ_j ,z)<r(1 − ρ(λj , z))

log 1/(1 − r) . For example, when ω_n = e^{2πi/n} is the primitive nth root of unity and Λ is the family

λ_{k,n} = � 1 − γ 2^n � (ω_n)^k, n ∈ N, 0 ≤ k < n, (3)

then D^−(Λ) = γ/ log 2.

We will use the characterization of sampling sequences in the Bergman space ([22]) to establish our main result.

4 LUÍS DANIEL ABREU AND JOHN E. GILBERT

Theorem 1. Let Λ be a uniformly separated sequence in the unit disc. Then the set of functions {F^α_λ (t)}_{λ∈Λ}, α > 1/2, is a frame for L^2(−1, 1) if and only if D^−(Λ) > α + 1/2.

Corollary 1. When Λ = {λ_{k,n}} is the family defined in (2.2), {F^α_λ (t)}_{λ∈Λ} is a frame in L^2(−1, 1) if and only if γ > (α + 1/2) log 2.

The example in the introduction follows by choosing α = 1 and γ = 2.

2.3. A Bargmann-type transform. Denote by B_α the integral transform

(B_αf)(z) =

�_1 −1 f(t) (1 − 2tz + z^2)^α dω_α(t), f ∈ L^2(−1, 1),

where

dω_α(t) = � Γ(α) π^12 Γ(α + 1/2)

(1 − t^2)^{α2 − 14} dt.

We will show that B_α maps L^2(−1, 1) to the space a_α(D) of analytic functions in the unit disc with norm

‖F ‖^2_{aα(D)} = � D � z dF dz (z) + αF (z) � F (z)(1 − |z|^2)^{2α−2}dz.

As a side remark, one should notice that this space is reminiscent of one of the spaces appearing in the disc model of the metapletic representation [8]. The other space which occurs in [8] is the standard Bergman space, with norm ‖F ‖^2_{Aα(D)} = � D |f(z)|^2 (1 − |z|^2)^αdz.

Denoting by M_α the mapping defined on the basis elements {u_n}^∞_{n=0} of a Hilbert space by M_αu_n = √ n + α u_n, (4) the mapping properties of B_α can be expressed in the following commutative diagram: L^2(−1, 1)

B_α → a^α (D) M_α ↓ ↓ M_α

H_α(−1, 1) → B_α

A_{2α−2}(D) (5)

CONTRACTION OF GABOR FRAMES 17

A similar argument shows that

lim_{r→∞} 2^{12} r^{− 34} � B^{−1}_{πr}2 F

� � t r � = (B^{−1}F )(t).

7. Discussion and connections to previous work

The ideas behind the study of integral transforms with kernels having bilinear expansions in terms of special functions can be traced back to Hille [12]. It is quite remarkable that in the last section of [12] it is suggested the study of the transform which has been fully explored by Bargmann in [3]. An interesting understanding of these and related transforms can be found in [4].

In his paper [3], Bargmann points out that his construction can be applied to other integral transforms using generating functions of orthogonal polynomials other than the Hermite polynomials. He gives the example of a transform onto the Bergman space in the unit disk, involving the generating function of Laguerre polynomials, which is essentially (24), up to a Fourier transformation and a Cayley transform between the disk and the half plane. Fock and Bergman spaces have been associated to expansions in signal analysis. A natural approach is by means of integrable group representations [6], [7], [15]. The Bargmann-Fock spaces are associated with the Fock representation of the Heisenberg group and the Bergman spaces are associated with the ax+b group seen as a subgroup of SL_2(R). The study of Bergman spaces provided an answer to a question concerning the existent of a Nyquist density for certain Wavelet frames [22]. Up to a transform from the disk to the upper half plane, the connection to wavelet theory is done by the following unitary mapping between the Hardy space and the Bergman space

Ber^α f(z) =

�_∞ 0 t^αe^{izt} ^f(t)dt, (24)

which is a special case of the continuous wavelet transform (on the Fourier side) when one takes as analyzing wavelet the Poisson wavelet ψ_α(t) = �_1

1−it

�_{α+1} . The transforms B and Ber^α map the actions of groups in spaces of analytic functions into actions on their domain spaces. The same happens with the transform investigated in this paper, although we were not able to derive an explicit closed formula for the resulting action on L^2(−1, 1). Thus Bargmann’s suggestion turned out to reveal the following “classical orthogonal polynomial viewpoint of time-frequency analysis”:

16 LUÍS DANIEL ABREU AND JOHN E. GILBERT

Proof : Let F, G ∈ H^2(D) such that

F (z) = � a_nz^n G(z) = � b_nz^n.

A direct calculation shows that

⟨B_αF, B_αG⟩_{aα(D)} =

2α − 1 π �_1 0 �_{2π} 0 �_∞ � k=0 (η^α_n )^2 a_kb_k(k + α)r^{2k}(1 − |r|)^{2α−2}rdrdθ �

= 2α − 1 π ∞� k=0 (η^α_n )^2 (k + α)a_kb_k

�_1 0 �_{2π} 0 r^{2k}(1 − |r|^{2α−2})rdrdθ

= ∞� k=0 a_kb_k

= ⟨F, G⟩_H 2_{(D)} .

6.4. The formal limit transitions. The formal limit relations between our transform and the Bargmann transform for the Bargmann-Fock space follow from a simple limit. Set α = πr^2. Replacing z by^z_r and t by^t_r allows one to consider the transform

(B^{πr2} f)( z r ) = C_{πr}2

�_r −r f( t r )B_{πr}2 ( z r , t r )rdt,

mapping functions in the dilated interval (−r, r) to the dilated disk D_r. Now, as r → ∞, the kernel

B_{πr}2 ( z r , t r ) = (1 −

2tz − z^2

r^2

)^{−πr2} (1 − t^2 r^2

)^{πr2/2− 14}

approaches e^{2πtz−πz2−πt2/2}. Stirling formula shows that, as r → ∞,

C_{πr}2 = � Γ(πr^2) π^14 Γ(πr^2 + 1/2)

∼ r^{12} .

We already remarked that A_{2πr}2_{−2}(D_r) approaches F(C), and the H^{πr2} (−r, r) was defined such that it approaches L^2(R). We conclude that

lim_{r→∞} 2^{12} r^{− 34} (B_{πr}2 f) �z r � = (Bf)(z).

CONTRACTION OF GABOR FRAMES 5

The diagram provides an indication on why the restriction α >^1_2 is necessary in Theorem 1: the limit case α →^1_2^+ of A_{2α−2}(D) is the Hardy space, where sampling sequences do not exist [23]. The space H_α(−1, 1) has some interesting properties, and we will see that it is the most appropriate space in which to consider the following formal limit: setting α = πr^2, replacing z by z/r and taking limits in B_α in the sense of (1), we obtain the Bargmann transform: (Bf)(z) = � R f(t)e^{2πtz−πt2−πz2/2}dt.

3. Background

3.1. Special functions. We will now list some properties of the special functions that will be used in the remaining. Detailed expositions concerning such special functions can be found in [1] and [13].

3.1.1. The Gamma function. The Gamma function is defined, for Rz > 0, by the integral Γ(z) =

�_∞ 0 t^{z−1}e^{−t}dt.

The shifted factorial is defined as (a)_0 = 1 (a)_n = a(a + 1)...(a + n − 1) We will use the following relation between the Gamma function and the shifted factorial:

(a)_n = Γ(a + n)/Γ(a) (6) as well as Stirling´s formula Γ(x) ∼ √ 2πx^{x− 12} e^{−x}, as Rx → ∞.

3.1.2. The Hermite functions. The Hermite polynomials are defined by the recurrence relation H_{n+1}(t) = 2tH_{n+1}(t) − 2nH_{n+1}(t).

with H_0(t) = 1 and H_1(t) = t. They satisfy the orthogonality relation �_∞ −∞ H_n(t)H_m(t)e^{−t2} dt = 2^nn! √ πδ_{n,m}

6 LUÍS DANIEL ABREU AND JOHN E. GILBERT

and have the generating function

e^{2tz−z2} = ∞� n=0 H_n(t) z^n n! . (7)

We will also consider the orthonormal Hermite functions defined as h_n(t) = (2^nn!)^{− 12} H_n(t √ 2π)e^{−πt2} .

Hermite functions are very important in the context of the Bargmann transform, because they are a basis of the space L^2(R) that is mapped into the basis

(Bh_n) (z) = � π^n n! � 1_2

z^n

of the Bargmann-Fock space by the Bargmann transform.

3.1.3. The Gegenbauer functions. The Gegenbauer polynomials are defined by the recurrence relation

2(n + α)tC^α_n (t) = (n + 1)C^α_{n+1}(t) + (n + 2α − 1)C^α_{n−1}(t) with C^α_0 (t) = 1 and C^α_1 (t) = 2αt. They satisfy the orthogonality �_1 −1 C^α_n (t)C^α_m(t)(1 − t^2)^{α− 12} dt =

(2α)_n √ πΓ(α + 1/2) n!(n + α)Γ(α) δ_{n,m} (8)

and have the generating function

(1 − 2tz + z^2)^{−α} = ∞� n=0 C^α_n (t)z^n, (9)

where the sum is uniformly convergent on R×K, for every compact subset K of the unit disk. The normalized Gegenbauer functions are

c^α_n(t) = (1 − t^2)^{α/2− 14} � n!(n + α)Γ(α) (2α)_n √ πΓ(α + 1/2)

C^α_n (t) (10)

they satisfy �_1 −1 c^α_n(t)c^α_m(t)dt = δ_{n,m}

and constitute a complete orthonormal basis of the space L^2(−1, 1).

CONTRACTION OF GABOR FRAMES 15

Moreover, ⟨c^α_n, c^α_m⟩_{Hα(−1,1)} = δ_{nm} n + α and therefore an orthonormal basis of H_α(−1, 1) is �√ n + αc^α_n(t) � . Proposition 2. The transform B_α is an isometric isomorphism B_α : H_α(−1, 1) → A_{2α−2}(D).

Proof : The proof follows immediately from the unitarity B_α : L^2(−1, 1) → a_α(D), since, following definition (4), H_α(−1, 1) = M_α � L^2(−1, 1) � and A_{2α−2}(D) = M_α (a_α(D)) , providing the commutative diagram (5).

6.3. The transform B_α as a multiplier. Let

η^α_n = � Γ(2α + n) (n + α)n!Γ(2α)

In the previous sections we have seen that, on the basis elements of L^2(−1, 1),

(B_αc^α_n)(z) = 1 √ n + α e^{2α−2}_n (z) = η^α_n z^n.

Thus, in general, given a separable Hilbert space U with orthonormal basis {u^α_n}, one can define a transform B_α mapping each f ∈ U written in the form f = � a_nu^α_n to (B_αf) (z) = � a_nη^α_n z^n.

We have already investigated the cases when u^α_n = c^α_n and u^α_n = � (n + α)c^α_n, using the explicit integral. With this more general formulation we can take U = H^2(D) and u^α_n = z^n. This leads us to the following result. Theorem 4. The map B_α : H^2(D) → A_α(D) is a unitary isomorphism.

14 LUÍS DANIEL ABREU AND JOHN E. GILBERT

although ‖c^α_n‖_L2_{(−1,1)} = 1, the values � �c_{αn} �_{.√α} � � � L^2(−α,α)

don´t stay close to

one during the limit process where ‖‖_L2_{(−∞,∞)} is approached, because, from the orthogonality relation of the Gegenbauer polynomials, a calculation employing Stirling´s formula shows that, as α → ∞, � � �c^α_n � . √ α � �^2

L^2(−α,α)

∼ (n + α) .

This observation suggests defining a Hilbert space space in terms of Gegenbauer expansions. Let H_α(−1, 1) be the function space constituted by all the functions of the form

f(t) = ∞� n=0 a_nc^α_n(t) (23)

If f, g ∈ H_α(−1, 1) with f as in (23) and

g(x) = ∞� n=0 b_nc^α_n(t),

we define the norm

‖f‖^2_{Hα(−1,1)} = ∞� n=0 |a_n|^2 (n + α) and the inner product

⟨f, g⟩_{Hα(−1,1)} = ∞� n=0 a_nb_n (n + α) . This provides H_α(−1, 1) with a Hilbert space structure. Now, as α → ∞, � � �c^α_n � . √ α � �^2

H^α(−α,α) ∼ 1 Thus, the norm remains constant while H^α(−α, α) approaches L^2(R) for big α. 6.2. The unitary property. Clearly the space H_α(−1, 1) contains L^2(−1, 1), since L^2(−1, 1) is constituted by functions f with an expansion of the form (23) where_∞ � n=0 |a_n|^2 < ∞.

CONTRACTION OF GABOR FRAMES 7

Remark 1. From the generating functions (9) and (7) it is easy to see that

lim_{α→∞} 1 α^n2

C^α_n ( x √ α ) = H_n(x) n! . (11)

3.2. Bergman spaces. There are recent books on Bergman spaces which provide a current account of their structure and of major advances in their study over the last twenty years [11] [5]. We will need some elementary facts about them.

The functions

e^α_n(z) = � Γ(α + 2 + n) n!Γ(α + 2) z^n

constitute an orthonormal basis of the Bergman spaces

A_α(D) = � f analytic in D such that � D |f(z)|^2 (1 − |z|^2)^αdz < ∞ � . Therefore, a function with a Taylor series expansion

f(z) = ∞� n=0 a_nz^n,

has norm

‖f‖^2_{Aα(D)} = ∞� n=0 n!Γ(2 + α) Γ(n + 2 + α)

|a_n|^2 .

The Bergman spaces A_α(D) are Hilbert spaces with a reproducing kernel given by R_α(z, w) = 1 (1 − zw)^{2+α}

. (12)

4. Proof of the main result

4.1. A general principle. We will use a very simple principle which allows one to construct frames in a given Hilbert space U from sampling sequences in a reproducing kernel Hilbert space H. It is related to work of Hille [12] and may be useful in other contexts. Recall that Λ = {λ} is a sampling sequence for a Hilbert space H with reproducing kernel R(., .), if there exist

8 LUÍS DANIEL ABREU AND JOHN E. GILBERT

positive constants A, B (not necessarily the same at each occurrence) such that A ‖F ‖^2_H ≤ � λ∈Λ |F (λ)|^2 R(λ, λ)^{−1} ≤ B ‖F ‖^2_H . (13)

for every F ∈ H.

Proposition 1. If {u_n(t)}_{n∈I} is an orthonormal basis of a Hilbert space U and {p_n(z)}_{n∈I} an orthonormal basis of a Hilbert space H with reproducing kernel R(z, w), set K(t, z) = � n∈I m_nu_n(t)p_n(z),

Then � K(t, λ) � R(λ, λ) � λ∈Λ is a frame for U for every sequence {m_n}_{n∈I} of real numbers bounded away from zero and infinity if and only if {λ}_{λ∈Λ} is a sampling sequence for H.

In many cases the kernel K(t, z) in Proposition 1 can be identified with important functions, but the “custom” multiplier sequence {m_n}_{n∈I} is useful in cases like the one we will need to construct frames of L^2 (−1, 1). Proof : Define a transform T : U → H by (T f)(z) = ⟨f(.), K(., z)⟩_U .

Then

(T u_n(.))(z) = � n∈I m_np_n(z) ⟨u_n(.), u_m(.)⟩_U = m_np_n(z). (14)

Since {m_n}_{n∈I} is bounded away from zero and infinity, there exist constants A, B, independent of n, such that 0 < A ≤ m_n ≤ B < ∞.

For f(t) = � n∈I a_nu_n(t), (14) gives ‖T f‖^2_U = � n∈I |m_na_n|^2. Consequently, for every f ∈ U, A ‖f‖_U ≤ ‖T f‖_H ≤ B ‖f‖_U . (15) In particular, T : U → H is surjective since the range of T contains a dense subspace of H.

CONTRACTION OF GABOR FRAMES 13

5.2. The inverse transform. In order to compute the inverse transform B^{−1}_α : a_α(D) → L^2(−1, 1), observe that, since {e^{2α−2}_n (z)} is an orthonormal basis of A_{2α−2}(D), we have � D z^nz^m(1 − |z|^2)^{2α−2}dz = n!Γ(2α) Γ(2α + n) δ_{nm}. (22)

Theorem 3. The transform

B^{−1}_α : a_α(D) → L^2(−1, 1)

defined by

(B^{−1}_α F )(t) = C_α � D F (z)B_α(z, t)(1 − |z|^2)^{2α−2}dz

is an inverse of B_α.

Proof : Using the generating function (9) and the orthogonality (22) gives � B_α^{−1} � e^{2α−2}_n √ n + α � (t) = c^α_n(t).

Thus B^{−1}_α maps the orthonormal basis of a_α(D) into the orthonormal basis of L^2(−1, 1) and this is enough to prove the result.

Remark 2. An alternative proof can be given based on the fact that we already know that B_α is unitary: we have, for F ∈ A_{2α−2}(D) and g ∈ L^2(−1, 1), � B^{−1}_α F, g � L^2(−1,1) = ⟨F, Bαg⟩aα(D) .

Then, writing the integrals explicitly, we can interchange the order if the integrals are absolutely convergent, which is the case for polynomials. It is then possible to adapt the argument in [8, pag. 45] and extend the result to arbitrary functions in L^2(−1, 1).

6. Further properties of B_α

In this section we will observe that there is a Hilbert space of functions H (−1, 1) defined in (−1, 1) where the transform B_α acts very naturally.

6.1. A natural domain. We want to find a Hilbert space in (−1, 1) which can formally be deformed such that it approaches L^2(−∞, ∞). For this purpose, the space L^2(−1, 1) is too small and the norms of the deformed Gegenbauer functions would blow during the deformation process. Indeed,

12 LUÍS DANIEL ABREU AND JOHN E. GILBERT

where T_α is the operator defined as

T_αF = z dF dz + αF . (19)

By definition B_α � L^2(−1, 1) � ⊂ A_{2α−2}(D) and we can expand F ∈ B_α � L^2(−1, 1) � in terms of the basis e^{2α−2}_n (z) of A_{2α−2}(D):

F (z) = ∞� n=0 � F, e^{2α−2}_n � A_{2α−2}(D) e

2α−2

n (z). (20)

On the one hand, this gives

⟨T_αF, F ⟩_{A2α−2(D)} = ∞� n=0 (n + α) � � � � F, e^{2α−2}_n � A_{2α−2}(D) � � �^2 ; (21)

on the other hand, F can also be written in terms of the basis u_n(z) of

B_α � L^2(−1, 1) � as F (z) = ∞� n=0 ⟨F, u_n⟩_{Bα[L}2_{(−1,1)]} 1 √ n + α e^{2α−2}_n (z).

Thus by (20) and the completeness of e^{2α−2}_n (z),

⟨F, u_n⟩_{Bα[L}2_{(−1,1)]} = √ n + α � F, e^{2α−2}_n � A_{2α−2}(D) .

Finally,

‖F ‖^2_{Bα[L}2_{(−1,1)]} = ∞� n=0 � � �⟨F, un⟩_{Bα[L}2_{(−1,1)]} � � �^2

= ∞� n=0 (n + α) � � � � F, e^{2α−2}_n � A_{2α−2}(D) � � �^2

= ⟨T_αF, F ⟩_{A2α−2(D)}

= ‖F ‖^2_{aα(D)} ,

using (21) and (18).

CONTRACTION OF GABOR FRAMES 9

Now set F (z) = (T f)(z) = ⟨f(.), K(., z)⟩_U in (13). Then

A ‖T f‖^2_H ≤ � λ∈Λ |⟨f(.), K(., λ)⟩|^2 R(λ, λ)^{−1} ≤ B ‖T f‖^2_H .

Using the norm equivalence (15), we find constants C, D such that

C ‖f‖^2_U ≤ � λ∈Λ � � � � � f(.),

K(., λ) � R(λ, λ) � U � � � � 2 ≤ D ‖f‖^2_U .

Thus

�_{K(t,λ)} √_{R(λ,λ)} � λ∈Λ is a frame of U.

One can easily reverse this proof since T is invertible. Starting from the frame property the definition of a sampling sequence follows easily using T^{−1} : H → U. This yields the “if” part of the Proposition.

The application of the above principle to the transference of the sampling sequences of the Bargmann-Fock space to Gabor frames with a gaussian window is quite simple, since the multiplier sequence {m_n} is not required.

Example 1. Let U = L^2(R) and H = F(C), the Bargmann-Fock space of analytic functions in C with the norm

‖F ‖^2_{F(C)} = � C |F (z)|^2 e^{−π|z|2} dz.

Then we can take in the above theorem u_n = h_n, the Hermite functions and p_n(z) =

�_{πn} n! � 1_2

z^n. In this case the situation is considerably simple, since we can take m_n = 1. Using the generating function for the Hermite functions (7), we can sum

K(t, z) = � n∈N h_n(t) � π^n n! � 1_2

z^n = 2^{1/4}e^{2πtz−πt2−πz2/2}.

Since the reproducing kernel of F(C) is e^{πzw}, Proposition 1 says that Λ ⊂ C is a sampling sequence for F(C) if and only if � e^{2πtλ−πt2−πλ2/2−π|λ|2/2} � λ∈Λ is a frame of L^2(R) or, by writing λ = x + iξ, that � e^{2πixξ}M_ξT_{2x}φ(t) � λ∈Λ, the collection of modulation and translations of a gaussian window, is a Gabor frame of L^2(R) (see [9, pag. 53], [8, pag. 39] for more details on this connection). Now let I be a compact set of measure 1 in the complex plane

10 LUÍS DANIEL ABREU AND JOHN E. GILBERT

and let n^−(r) denote the smallest number of points from Λ to be found in a translate of rI. The lower Beurling density of Λ is given as

D^−(Λ) = lim_{r→∞} sup n^−(r) r^2 . A famous theorem of Lyubarskii-Seip-Wallstén [17], [20] says that the sampling sequences (and consequently the frames we have just described) are characterized by the condition D^−(Λ) > 1.

4.2. Proof of Theorem 1. We use Proposition 1. Let U = L^2(−1, 1), H = A_{2α−1}(D) and u_n(t) = c^α_n(t), where c^α_n(t) are the Gegenbauer functions defined in (10). Consider also p_n(z) = e^{2α−1}_n (z). and m_n = m^α_n =

2α + n + 1 (n + α)(2α − 1) . The multiplier m^α_n is bounded above and below for α >^1_2. Indeed, 1 2α − 1 < 2α + n + 1 (n + α)(2α − 1) < 4 2α − 1 holds for all n ≥ 0 whenever 2α > 1.The function K(t, z) can be evaluated explicitly, using the generating function (9) of the Gegenbauer polynomials and properties of the Gamma function: K_α(t, z) = � n∈N m^α_nc^α_n(t)e^{2α−1}_n (z)

= � n∈N c^α_n(t) � Γ(2α + n) (n + α)n!Γ(2α) z^n

= k_α � � n∈N C^α_n (t)z^n � (1 − t^2)^{α2 − 14}

= k_α(1 − 2tz + z^2)^{−α}(1 − t^2)^{α2 − 14} . with k_α = � Γ(α)/ ( √ πΓ(α + 1/2)). The reproducing kernel formula (12) gives R_{2α−1}(z, z) = (1 − |z|^2)^{−2α−1}.

CONTRACTION OF GABOR FRAMES 11

Thus we can use Proposition 1 to conclude that Λ = {λ} is a sampling sequence in A_{2α−1}(D) if and only if

F^α_λ (t) =

(1 − t^2)^{α2 − 14} (1 − |λ|^2)^{α+ 12} (1 − 2tλ + λ^2)^α is a frame in L^2(−1, 1). Theorem 1 then follows from the result of Seip :

Theorem [22]: Let Λ be a uniformly separated sequence in the unit disc. Then Λ is a sampling sequence for A_{2α−1}(D) if and only if D^−(Λ) > α+1/2.

5. Mapping properties of B_α

5.1. The unitary transform B_α : L^2(−1, 1) → a_α(D). In this section we will prove the following result.

Theorem 2. The transform B_α is an unitary isomorphism B_α : L^2(−1, 1) → a_α(D).

Proof : In the previous section we saw that � n∈N m^α_nc^α_n(t)e^{2α−1}_n (z) = k_α

(1 − t^2)^{α2 − 14} (1 − 2tz + z^2)^α

(16)

Taking into account that

(B_αc^α_n)(z) =

�_1 −1 c^α_n(t) (1 − 2tz + z^2)^α dω_α(t) = k_α

�_1 −1 c^α_n(t)

(1 − t^2)^{α2 − 14} (1 − 2tz + z^2)^α dt, we can use (16); since the sum is uniformly convergent on R×K, for every compact subset K of the unit disk, it can be interchanged with the integral. The result is

(B_αc^α_n)(z) = m^α_ne^{2α−1}_n (z) = 1 � (n + α) e^{2α−2}_n (z),

Thus, B_α is an isometry if and only if B_α � L^2(−1, 1) � is the space of functions analytic in the unit disk having

u_n(z) = 1 � (n + α) e^{2α−2}_n (z) (17)

as an orthonormal basis. It remains to show that this space is indeed a_α(D). First observe that ‖F ‖^2_{aα(D)} = ⟨T_αF, F ⟩_{A2α−2(D)} (18)