Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 11–16

A HETEROGENEOUS CHARACTERIZATION OF SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES

SANDRA MARQUES PINTO AND M. TERESA OLIVEIRA-MARTINS

Abstract: We follow throughout a heterogeneous approach to present some characterizations (Theorem 3.5 and Theorem 3.35) of subdirectly irreducible bijective Boolean modules. The notions of essential element (as modular element) and [1]-closed element (as Boolean element) were implemented to this class of algebras. Our final aim of reaching the class of simple bijective Boolean modules, as a particular case, was also achieved, coinciding with the class previously found.

Keywords: Relation algebras; Boolean modules; modular heterogeneous congruence; modular heterogeneous ideal; simple Boolean module.

AMS Subject Classification (2010): 03B05, 03B70, 03G05, 03G15, 06B10, 06E25, 08A68.

1. Introduction

In classical universal algebra, a well known representation theorem due to Birkhoff states that any member of a variety V is isomorphic to a subdirect product of subdirectly irreducible members of the variety. This implies that V = SP (Si) where Si represents the class of subdirectly irreducible algebras in V . This fact is, in itself, a purpose to the classification of this class within each variety.

Both Rautenberg [6] and Venema [9] characterized subdirectly irreducible and simple Boolean algebras with operators. To achieve their goal they introduced the notion of essential elements in that class of algebras. Our aim is to establish, in the class of bijective Boolean modules, an entity with a similar role to the one expressed by an essential element in Boolean algebras with operators (cf. Definition 3.9). We are able to achieve Theorem 3.23 asserting that a bijective Boolean module is subdirectly irreducible if and only if contains an essential element, a result similar to Theorem 4.16 of [9] for Boolean algebras with operators and Theorem 3.21 of [4] for

Received May 11, 2011.

Financial support from the CMUC, Department of Mathematics, University of Coimbra, 3001- 454 Coimbra, Portugal, is gratefully acknowledged. 1

2 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

separable dynamic algebras. Moreover, following Sambin [7], in a subdirectly irreducible bijective Boolean module, we are able to highlight, a Boolean element playing a decisive role, the greatest among the [1]-closed elements on a bijective Boolean module. This led us to prove Theorem 3.35 where such an element appears as the principal filter generator of the set of all Boolean parts of essential elements united with the Boolean element 1. Forward, our study leads us to conclude that this element coincides with the zero element of the Boolean part, and therefore that both homogeneous and heterogeneous characterizations of subdirectly irreducible bijective Boolean modules are equivalent.

2. Boolean modules

Boolean modules were introduced by Brink [1] as homogeneous algebras, Boolean algebras with a multiplication (Peircean product) from a relation algebra. A Boolean module is, from a heterogeneous point of view, a two sorted algebra containing a Boolean algebra, a relation algebra and an operator (a heterogeneous operation, the Peircean operator) taking a pair of a relation algebra element and a Boolean algebra element and originating a Boolean algebra element. We present here the standard definition of relation algebras given by Brink (originated from Chin and Tarski [2] and modified in Tarski [8]).

Definition 2.1. A relation algebra is an algebra R = (R, ∨, ∧,^′ , o, 1, ; ,˘, e) satisfying the following axioms for each a, b, c ∈ R

R1 (R, ∨, ∧,^′ , o, 1) is a Boolean algebra R2 a; (b; c) = (a; b); c R3 a; e = a = e; a R4 a˘˘= a R5 (a ∨ b); c = a; c ∨ b; c R6 (a ∨ b)˘= a˘∨ b˘ R7 (a; b)˘= b˘; a˘ R8 a˘; (a; b)^′ ≤ b^′.

Notation. For a, b ∈ R we also write ab instead of a; b.

The standard class of models of relation algebras is the class of proper relation algebras.

Definition 2.2. A proper relation algebra over a non-empty set U is a set of binary relations on U that contains the identity relation and is closed with

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 19

Proof : By definition we have ap ≥∼ 0 = 1 for any p ≠ 0. Immediately we get ap = 1 for every p ≠ 0. The result follows from Proposition 3.11.

The Rautenberg’s characterization obtained for Boolean algebras with operators can now be revisited for bijective Boolean modules.

Theorem 4.2. A bijective Boolean module M = (B, R, :) is simple if and only if, for every element 1 ≠ p_e ∈ B, and a ∈ R, the pair (p_e, a) is an essential element.

Proof : The unique simple bijective Boolean module is the degenerated Boolean module (B = {0}, R = {o}, :) and the required condition is trivially satisfied.

If, for every Boolean element p_e ≠ 1 and a ∈ R, the pair (p_e, a) is an essential element, then in particular, on a Boolean module with B ⊉ {0} the element (0, o) is an essential element asserting that, for every p ∈ B we have op ≥ p, i.e., 0 ≥ p, and so B = {0} a contradiction. Now the fact that B = {0} implies that R = {o} since we are assuming that M is bijective.

References

[1] C. Brink, Boolean Modules. J. Alg. 71, 291-313 (1981).

[2] L. H. Chin, and A. Tarski, Distributive and modular laws in the arithmetic of relation algebras. Univ. Calif. Publ. Math., 1 341-384 (1951).

[3] K. Denecke, S.L. Wismath, Universal Algebra and Applications in Theoretical Computer Science (Chapman & Hall, 2002).

[4] S. M. Pinto, and M.T. Oliveira-Martins, Subdirectly Irreducible Separable Dynamic Algebras. Math. Log. Q. 56, 442-446 (2010).

[5] S. M. Pinto, and M.T. Oliveira-Martins, Congruences and ideals on Boolean modules: a heterogeneous point of view. Math. Log. Q. (to appear) [6] W. Rautenberg, Klassische und nichtklassische Aussagenlogik, (Vieweg and Sohn, 1979). [7] G. Sambin, Subdirectly Irreducible Modal Algebras and Initial Frames. Studia Logica 62, 269-282 (1999).

[8] A. Tarski, Contributions to the theory of models, Part II. Indag. Math., 17, 56-64 (1955). [9] Y. Venema, Algebras and Coalgebras, (Handbook of Modal Logic, P. Blackburn et.al. (Editors), Elsevier, 2006).

Sandra Marques Pinto CMUC, Department of Mathematics, University of Coimbra, 3001-454 Coimbra, PORTUGAL E-mail address: sandra@mat.uc.pt

M. Teresa Oliveira-Martins CMUC, Department of Mathematics, University of Coimbra, 3001-454 Coimbra, PORTUGAL E-mail address: meresa@mat.uc.pt

18 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

1p_e ∨ 1(∼ p_e) = 1p_e, i.e., 1(p_e ∨ (∼ p_e)) = 1p_e. Hence 1 : 1 = 1p_e, i.e., 1p_e = 1.

Proposition 3.37. A bijective Boolean module M = (B, R, :) is subdirectly irreducible if and only E_M ∪ {1} = B.

Proof : If E_M ∪ {1} = B, then E_M ≠ ∅ for every M distinct from the degenerate Boolean module, ({0}, {o}, :) that will be assumed as subdirectly irreducible. Then M is subdirectly irreducible, using Theorem 3.23.

Now, for M subdirectly irreducible, using Theorem 3.35, M has a [1]- closed element p_0 such that there exists an element a ∈ R with (p_0, a) an essential element. Let us admit that p_0 ≠ 0. Then, using Proposition 3.36, we have 1p_0 = 1. Since p_0 is a [1]-closed element then ∼ p_0 is also a [1]- closed element, by Proposition 3.29. Hence 1(∼∼ p_0) =∼∼ p_0, i.e., 1p_0 = p_0. Therefore p_0 = 1 contradicting the definition of (p_0, a) as essential element. So p_0 = 0.

We note that we have just proved that on a subdirectly irreducible bijective Boolean module M = (B, R, :), for each Boolean element p ≠ 1, there exists a ∈ R such that (p, a) (and , consequently, (p, 1)) is an essential element on M. In particular, since (0, 1) is an essential element on M, then 1(∼ q) ≥∼ 0 for any q ≠ 1, i.e., 1(s) = 1 for any s ≠ 0. Therefore our characterization becomes equivalent to the one given by Brink, [1], as previously alleged. There, the classes of simple bijective Boolean modules and subdirectly irreducible bijective Boolean modules coincide. But next section contains a heterogeneous characterization for simple bijective Boolean modules that gives rise to a class of simple bijective Boolean modules reduced to the degenerated Boolean module M = ({0}, {o}, :) already determined in [5] and differing from the class described by Brink.

4. Simple Bijective Boolean Modules

The definition of essential element used by us on bijective Boolean modules is suitable to obtain a result analogous to Rautenberg’s characterization of simple Boolean algebras with operators. Here, the simple bijective Boolean modules are again fully characterized by its essential elements.

Proposition 4.1. Let M = (B, R, :) be a bijective Boolean module. If for some a ∈ R the pair (0, a) is an essential element on M then a = 1.

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 3

respect to union, intersection, complementation, relational composition and converse. If a proper relation algebra consists of all binary relations defined on U, then this algebra is called the full relation algebra and is denoted by R(U). More precisely, R(U) is the power set algebra over U^2 endowed with composition (“; ”), converse (“˘”) and identity (“Id”) operations defined, for a, b ⊆ U^2, by

a; b = {(s, t) : exists u ∈ U such that (s, u) ∈ a and (u, t) ∈ b} a˘= {(s, t) : (t, s) ∈ a} Id = {(s, s) : s ∈ U}.

The arithmetic of relation algebras can be described by the facts assembled on the following theorem.

Theorem 2.3. On any relation algebra R = (R, ∨, ∧,^′ , o, 1, ; ,˘, e) the following hold for any a, b, c, d ∈ R R9 ĕ = e, ŏ = o, 1˘= 1 R10 a ≤ b if and only if a˘≤ b˘ R11 (a ∧ b)˘= a˘∧ b˘, a^′ ˘= a˘^′ R12 a; o = o = o; a, 1; 1 = 1 R13 a(b ∨ c) = ab ∨ ac R14 If a ≤ b then ca ≤ cb and ac ≤ bc.

R15 (ab)∧c = o if and only if (ac̆)∧b = o if and only if (cb˘)∧a = o R16 (ab) ∧ (cd) ≤ a ( (ac̆) ∧ (bd˘) ) d. Proof : R9-R16 are proved in [2].

Brink introduced the notion of a Boolean R-module B as a homogeneous algebra. Our attention is now devoted to the heterogeneous approach.

Definition 2.4. A Boolean module is a two-sorted algebra M = (B, R, :) where B is a Boolean algebra, R is a relation algebra and : is a mapping R × B −→ B (written a : p) such that for any a, b ∈ R and p, q ∈ B, the following assertions are satisfied.

M1 a : (p ∨ q) = a : p ∨ a : q M2 (a ∨ b) : p = a : p ∨ b : p M3 a : (b : p) = (a; b) : p M4 e : p = p M5 o : p = 0 M6 a˘: (a : p)^′ ≤ p^′

4 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

Notation. For a, b ∈ R and p ∈ B we also use ap to represent a : p. We define the modal operator [ ], that for each a ∈ R assigns [a] : B → B defined by [a]p =∼ (a(∼ p)), for every p ∈ B.

The standard models of Boolean modules are provided by the class of proper Boolean modules.

Definition 2.5. A proper Boolean module on a non-empty set U is a twosorted algebra of a proper Boolean algebra (a field of sets on U) and a proper relation algebra on U together with Peirce product defined on sets and relations. For any relation a over U and any subset p of U, the Peirce product : of a and p is defined by

a : p = {s ∈ U : there exists t ∈ p such that (s, t) ∈ a}.

A full Boolean module M(U) over a non-empty set U is the Boolean module (B(U), R(U), :), where B(U) is the power set algebra over U, R(U) is the full relation algebra over U and : is the Peirce product defined set-theoretically.

Below are some facts valid on Boolean modules.

Theorem 2.6. On any Boolean module M = (B, R, :) the following hold for any a, b ∈ R and p, q ∈ B M7 If p ≤ q then ap ≤ aq. M8 If a ≤ b then ap ≤ bp. M9 a(p ∧ q) ≤ (ap ∧ aq) M10 (a ∧ b)p ≤ (ap ∧ bp) M11 ap ∧ q = 0 if and only if aq̆ ∧ p = 0 M12 If ∑ i∈I p_i exists, then so does ∑ i∈I ap_i, and a ∑ i∈I p_i = ∑ i∈I ap_i.

M13 a0 = 0 M14 1 : 1 = 1 M15 (a1)^′ ≤ a^′1 M16 ap ∧ q ≤ a(p ∧ aq̆) M17 1p ≥ p M18 [1]p ≤ p M19 If p ≤ q then [a]p ≤ [a]q. M20 [1]([1]p) = [1]p.

Proof : M7-M17 are proved in [1]. M18 and M19 are immediate consequences of M17 and M7, respectively. To prove M20 we use mainly M3 and R12. In fact,

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 17

Theorem 3.35. For a bijective Boolean module M = (B, R, :) the following assertions are equivalent:

(1) M is subdirectly irreducible;

(2) E_M ∪ {1} is a principal filter distinct from {1};

(3) M has a [1]-closed element p_0 such that there exists an element a ∈ R with (p_0, a) an essential element;

(4) M has a greatest [1]-closed element distinct from 1.

Proof : We prove that (4) ⇒ (3) ⇒ (2) ⇒ (1) ⇒ (4).

(4) ⇒ (3) Let p_0 the greatest [1]-closed element distinct from 1. By Proposition 3.32 the element [1]p is [1]-closed for every p ∈ B, so [1]p ≤ p_0, for every p ≠ 1. Therefore (p_0, 1) is an essential element on M.

(3) ⇒ (2) If M has a [1]-closed element p_0 such that there exist a ∈ R with (p_0, a) an essential element, then (p_0, 1) is an essential element and E_M ≠ ∅. By Theorem 3.27 we have E_M ∪{1} = F_{pe} for any p_e such that there exists a ∈ R with (p_e, a) an essential element. We put p_e := p_0. So

E_M ∪ {1} = F_{p0}

= {q ∈ B : 1(∼ p_0) ≥∼ q} = {q ∈ B :∼ p_0 ≥∼ q} (since p_0 is [1]-closed) = {q ∈ B : p_0 ≤ q} and therefore E_M ∪{1} is a principal filter. Since E_M ∪{1} = F_{p0} and p_0 ≠ 1 ((p_0, 1) is an essential element), then E_M ∪ {1} is a principal filter distinct from {1} (Remark 3.16).

(2) ⇒ (1) It is trivial by Theorem 3.23. (1) ⇒ (4) If M is subdirectly irreducible, then there exists an element p_0 ∈ B such that the pair (p_0, a) is an essential element on M for some a ∈ R. Then the required result follows from Proposition 3.34.

Proposition 3.36. On a bijective Boolean module M, if p_e ∈ E_M − {0}, then 1p_e = 1.

Proof : For any p_e ∈ E_M, since [1](∼ p_e) is a [1]-closed element, we have either [1](∼ p_e) = 1 or [1](∼ p_e) ≤ [1]p_e, by Proposition 3.34. If [1](∼ p_e) = 1, then ∼ (1p_e) = 1, i.e., 1p_e = 0. Since p_e ≤ 1p_e we have p_e = 0. Now if [1](∼ p_e) ≤ [1]p_e, then ∼ (1p_e) ≤∼ (1(∼ p_e)) and 1p_e ≥ 1(∼ p_e). Therefore

16 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

Proposition 3.33. The set {[1]p : (p, a) is an essential element for some a} ⊆ E_M, on a bijective Boolean module M = (B, R, :), is either singular or empty.

Proof : Let (p_1, a) and (p_2, b) be essential elements on M. Then (p_1, 1) is an essential element on M and so 1(∼ p) ≥∼ p_1 for every p ≠ 1, i.e., [1]p ≤ p_1 for every p ≠ 1. Since (p_2, b) is an essential element then p_2 ≠ 1 and then [1]p_2 ≤ p_1. Using M19 we have [1]([1]p_2) ≤ [1]p_1 and by M20 we infer that [1]p_2 ≤ [1]p_1. And similarly.

It remains to be proved that such an element, ([1]p_e, 1), for any essential element (p_e, a), is essential on M. We have 1(∼ p) ≥∼ p_e for any p ≠ 1. Hence 1(∼ p) ≥ ∼ p_e 1 : (1(∼ p)) ≥ 1(∼ p_e) 1(∼ p) ≥ ∼ [1]p_e, for every p ≠ 1.

On a subdirectly irreducible bijective Boolean module, the greatest [1]- closed element, distinct from 1, coincides with the element of the singular set described above.

Proposition 3.34. On a subdirectly irreducible bijective Boolean module M = (B, R, :), for each p_e ∈ E_M, the element [1]p_e is the greatest [1]-closed element distinct from 1.

Proof : Since (p_e, a) is an essential element on M, for some a ∈ R, then (p_e, 1) is an essential element on M. The element [1]p_e is a [1]-closed element (Proposition 3.32). Let p_1 a [1]-closed element with p_1 ≠ 1. So [1]p_1 = p_1. Since (p_e, 1) is an essential element we have 1(∼ p) ≥∼ p_e for every p ≠ 1 and since p_1 ≠ 1 we get 1(∼ p_1) ≥∼ p_e, i.e., [1]p_1 ≤ p_e. Therefore [1]([1]p_1) ≤ [1]p_e so [1]p_1 ≤ [1]p_e. Since [1]p_1 = p_1 we obtain p_1 ≤ [1]p_e. Since (p_e, a) is essential we have p_e ≠ 1 so [1]p_e ≤ p_e ≠ 1 and immediately [1]p_e ≠ 1. Therefore [1]p_e is the greatest [1]-closed element distinct from 1.

A similar result to the one obtained by Sambin [7] for modal algebras satisfying K4 can now be asserted for bijective Boolean modules. Next Theorem states, among other results, that if M is a subdirectly irreducible bijective Boolean module then the set E_M ∪ {1} is a principal filter generated by [1]p_e for any p_e ∈ E_M.

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 5

[1]([1]p) = [1](∼ (1(∼ p)))

=∼ (1(∼ (∼ (1(∼ p))))) =∼ (1 : (1(∼ p))) =∼ ((1; 1)(∼ p)) (by M3) =∼ (1(∼ p)) (by R12) = [1]p

It is a well known fact that the concept of congruence has a fundamental role in universal algebra. Next notion follows, once more, a heterogeneous approach.

Definition 2.7. Let M = (B, R, :) be a Boolean module. A pair θ = (θ_1, θ_2) is a (modular) congruence relation on M if θ_1 is a congruence relation on B, θ_2 is a congruence relation on R and ap θ_1 bq whenever (p θ_1 q and a θ_2 b).

In a Boolean module M = (B, R, :) we define congruences Δ_B and ∇_B on B and Δ_R and ∇_R on R as expected

Δ_B = {(p, p) : p ∈ B}, ∇_B = {(p, q) : p, q ∈ B},

Δ_R = {(a, a) : a ∈ R}, ∇_R = {(a, b) : a, b ∈ R}. One can easily show that the pairs (Δ_B, Δ_R), (∇_B, ∇_R) and (∇_B, Δ_R) are congruences on M, but in general (Δ_B, ∇_R) is not a congruence on M. In fact, (Δ_B, ∇_R) is a congruence on M if and only if Δ_B = ∇_B.

Next we state some results for later use.

On any Boolean module the pair (∇_B, ∇_R) is the unique modular congruence having ∇_R as relational part.

Proposition 2.8. [4] On a Boolean module M = (B, R, :) the pair (θ_1, ∇_R) is a modular congruence on M if and only if θ_1 = ∇_B.

On an arbitrary Boolean module M = (B, R, :) (not full) it is possible that, for some relation algebra elements a and b, we may have ap = bp for all p ∈ B without having a = b. Boolean modules for which this situation is forbidden is presented next.

Definition 2.9. A Boolean module M = (B, R, :) is bijective if and only if, for all a, b ∈ R we have a = b whenever ap = bp for all p ∈ B.

On a bijective Boolean module the pair (Δ_B, Δ_R) is the unique modular congruence having Δ_B as Boolean part.

6 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

Proposition 2.10. [4] Let M = (B, R, :) be a bijective Boolean module. Then (Δ_B, θ_2) is a congruence if and only if θ_2 = Δ_R.

Corollary 2.11. [4] On a bijective Boolean module M = (B, R, :)

(Δ_B, ∇_R) is a congruence iff card R = 1 ( iff ∇_R = Δ_R).

3. Subdirectly Irreducible Bijective Boolean Modules

The importance of the class of the subdirectly irreducible algebras is justified on the well known representation theorems due to Birkhoff.

For any algebra A we denote by Cong(A) the lattice of all congruences on A. Definition 3.1. [3] An algebra A is subdirectly irreducible if and only if A is trivial or there is a minimum congruence in Cong(A) − {Δ} (if and only if there exist two elements x, y in A such that xθy, for any no trivial congruence θ). In the latter case the minimum element is given by ∩(Cong(A) − {Δ}) (a principal congruence).

Theorem 3.2. (Birkhoff) Every algebra A is isomorphic to a subdirect product of subdirectly irreducible algebras (homomorphic images of A).

Theorem 3.3. (Birkhoff) Every finite algebra is isomorphic to a subdirect product of a finite number of subdirectly irreducible finite algebras.

The class of the simple algebras is a relevant subclass of the subdirectly irreducible algebras.

Definition 3.4. An algebra A is simple if and only if Cong(A) = {Δ, ∇}.

In [5] the class of all simple bijective Boolean modules was described.

Theorem 3.5. [5] The degenerate Boolean module M = ({0}, {o}, :) is the unique simple bijective Boolean module.

We now analyze the degenerate case of the Boolean module M = (B, R, :) with B = {0}.

If R = {o}, then Cong(M) = {(Δ_B, Δ_R) = (∇_B, ∇_R)} and we consider that M is both simple and subdirectly irreducible.

If R = {o, 1}, then M is not bijective and Cong(M) = {(Δ_B, Δ_R), (Δ_B, ∇_R)} and once more M is both simple and subdirectly irreducible.

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 15

Proposition 3.29. If q ∈ B is a [1]-closed element on a bijective Boolean module M = (B, R, :), then ∼ q is also a [1]-closed element on M. Proof : Since q is a [1]-closed element we have 1(∼ q) = ∼ q (1(∼ q)) ∧ q = (∼ q) ∧ q 1q̆ ∧ ∼ q = 0 (using M11) 1q ∧ ∼ q = 0 (using R9) so 1q ≤ q. But by M17 we have 1q ≥ q hence 1q = q. Therefore [1](∼ q) =∼ q, as required.

Proposition 3.30. If M is a bijective Boolean module with 1p = 1 for every p ≠ 0, then 0 and 1 are all [1]-closed elements on M.

Proof : If p_0 is a [1]-closed element on M, then 1(∼ p_0) =∼ p_0. But if ∼ p_0 = 0, then p_0 = 1. If ∼ p_0 ≠ 0 then 1(∼ p_0) = 1, so 1 =∼ p_0, i.e., p_0 = 0.

An equivalent condition to the [1]-closed element’s definition is given below. Proposition 3.31. Let M = (B, R, :) a bijective Boolean module. An element p_0 ∈ B is [1]-closed element on M if and only if [a]p_0 ≥ p_0 (or, equivalently, a(∼ p_0) ≤∼ p_0) for every a ∈ R.

Proof : If p_0 ∈ B is a [1]-closed element on M, then 1(∼ p_0) =∼ p_0. But, for every a ∈ R we have a(∼ p_0) ≤ 1(∼ p_0) and then a(∼ p_0) ≤∼ p_0. Conversely, if a(∼ p_0) ≤∼ p_0 for every a ∈ R, then for a := 1 we have 1(∼ p_0) ≤∼ p_0. But, by M17 we have 1(∼ p_0) ≥∼ p_0, therefore 1(∼ p_0) =∼ p_0.

The two following conditions will be of fundamental importance in the proof of Theorem 3.35.

Proposition 3.32. On a bijective Boolean module M = (B, R, :) each element [1]p is a [1]-closed element on M for every p ∈ B. Proof : By M20 we have [1]([1]p) = [1]p for every p ∈ B, as required.

A Boolean element emerges from next proposition. In fact, on a bijective Boolean module, we have [1]p_1 = [1]p_2, for arbitrary essentials elements (p_1, a) and (p_2, b).

14 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

prove Theorem 3.35 where such an element is qualified as the principal filter generator, of the set of all Boolean parts of essential elements united with the Boolean element 1. Moreover, we will prove that this element is the zero element of the Boolean part, allowing us to infer that both homogeneous and heterogeneous characterizations of subdirectly irreducible bijective Boolean modules (given, respectively, by Brink and by us) are equivalent.

On a bijective Boolean module M = (B, R, :) we denote by E_M the set of all p ∈ B such that, for some a ∈ R, the pair (p, a) is an essential element on M, i.e.,

E_M = {p ∈ B : (p, a) is an essential element on M, for some a ∈ R}. Using Theorem 3.23 we can infer that a bijective Boolean module is subdirectly irreducible if and only if E_M ≠ ∅. By Corollary 3.12 we note that if M is a bijective Boolean module with 1p = 1 for every p ≠ 0, then E_M ∪ {1} = B.

We now prove that if a bijective Boolean module M is subdirectly irreducible then E_M ∪ {1} = F_{pe} for each p_e ∈ E_M.

Theorem 3.27. Let M = (B, R, :) be a bijective Boolean module. If E_M ≠ ∅, then E_M ∪ {1} = F_{pe} for each p_e ∈ E_M.

Proof : Let p_e ∈ E_M. We have to prove that E_M ∪ {1} = F_{pe} . If p_0 ∈ E_M, then there exists b ∈ R with (p_0, b) an essential element. Therefore b(∼ p) ≥∼ p_0 for every p ≠ 1. Since p_e ≠ 1 we have b(∼ p_e) ≥∼ p_0 and then 1(∼ p_e) ≥ b(∼ p_e) ≥∼ p_0. Therefore p_0 ∈ F_{pe} and E_M ∪ {1} ⊆ F_{pe} .

Let q ∈ F_{pe} and q ≠ 1. Then 1(∼ p_e) ≥∼ q. Since (p_e, 1) is essential we have 1(∼ p) ≥∼ p_e for every p ≠ 1, and then 1(1(∼ p)) ≥ 1(∼ p_e) for every p ≠ 1, i.e., 1(∼ p) ≥ 1(∼ p_e) for every p ≠ 1. Therefore 1(∼ p) ≥∼ q for every p ≠ 1. So the pair (q, 1) is an essential element on M, i.e., q ∈ E_M. Therefore F_{pe} ⊆ E_M ∪ {1}.

On a subdirectly irreducible bijective Boolean module M the non-empty set E_M contains an element playing a very special role.

Definition 3.28. Let M = (B, R, :) a bijective Boolean module. An element q ∈ B is said to be a [1]-closed element on M if [1]q = q (or, equivalently, 1(∼ q) =∼ q ).

In any bijective Boolean module M = (B, R, :) both elements 0, 1 of B are [1]-closed elements on M.

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 7

If R ⊉ {o, 1}, then M is not bijective and Cong(M) = {(∇_B, θ) : θ ∈ Cong(R)}. Therefore M is simple or subdirectly irreducible if and only if R is, respectively, simple or subdirectly irreducible.

3.1. Use of Essential Elements. Both Rautenberg [6] and Venema [9] characterized subdirectly irreducible and simple Boolean algebras with operators. In this section, it is our purpose to establish, in the class of bijective Boolean modules, an entity with a similar role to the one expressed by an essential element in Boolean algebras with operators and prove Theorem 3.23 asserting that a bijective Boolean module is subdirectly irreducible if and only if contains an essential element, a result in accordance with Theorem 4.16 of [9] for Boolean algebras with operators and with Theorem 3.21 of [4] for separable dynamic algebras.

Similar to a result obtained by Venema [9] for Boolean algebras with operators, we are now able to establish a lattice isomorphism between the collections of all open filters and all open congruences on a bijective Boolean module.

Definition 3.6. Let M = (B, R, :) be a bijective Boolean module. A subset F of B is an open Boolean filter of M if

(1) F is a Boolean filter (p_1 ∧ p_2 ∈ F , whenever p_1, p_2 ∈ F ; and q ∈ F whenever p_1 ≤ q and p_1 ∈ F );

(2) [a]p ∈ F , for a ∈ R and p ∈ F .

We denote by F_{op}(M) the collection of all the open Boolean filters on M.

Definition 3.7. Let M = (B, R, :) be a bijective Boolean module. A Boolean congruence θ is said to be a open Boolean congruence on M if

(1) θ is a Boolean congruence on B; (2) apθaq whenever pθq and a ∈ R.

We denote by Cong_{op}(M) the collection of all the open Boolean congruences on M.

Proposition 3.8. Let M = (B, R, :) be a bijective Boolean module. Then

(1) the collection of all open Boolean filters, F_{op}(M), is closed under taking arbitrary intersections and hence forms a lattice with respect to subset ordering;

8 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

(2) this lattice is isomorphic to the lattice of the open Boolean congruences on M, Cong_{op}(M), through the isomorphism Π : F_{op}(M) −→ Cong_{op}(M) given by Π_F := {(p, q) ∈ B × B : p ↔ q ∈ F } and its inverse N : Cong_{op}(M) −→ F_{op}(M) by N_θ := {p ∈ B : pθ1}.

Proof : As in Proposition 3.14 of [4].

The notion of essential element on Boolean algebras with operators was used by Venema [9] to specify the class of subdirectly irreducible algebras. An entity playing a similar role is now required for bijective Boolean modules. Definition 3.9. Let M = (B, R, :) be a bijective Boolean module, p_e ∈ B and a ∈ R. The pair (p_e, a) is called an essential element in M if (1) p_e ≠ 1 (2) ap ≥ p for all p ∈ B (3) a(∼ p) ≥∼ p_e (or, equivalently, [a]p ≤ p_e) for every p ≠ 1. We note that if (p, a) is an essential element on a bijective Boolean module M, then (p, 1) is also an essential element on M.

If, in a bijective Boolean module, the relational element 1 assumes a particular feature, each pair (p, 1) is an essential element, for each Boolean element p ≠ 1. This will be achieved after the introducing of next definition. Definition 3.10. [5] Let M = (B, R, :) be a Boolean module with relational part containing an element ∃_s satisfying ∃_s0 = 0 and ∃_sp = 1, for every p ≠ 0. We call this element of R a simple quantifier.

Proposition 3.11. If M = (B, R, :) is a Boolean module with relational part containing an element ∃_s, then 1p = 1 for every p ≠ 0. (If M is bijective, then ∃_s = 1.)

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 13 and ; Λ a b c Λ Λ Λ Λ Λ a Λ a Λ a b Λ Λ b b c Λ a b c Therefore CongR = {Δ_R, θ_2, γ_2, ∇_R}.

Among all pairs of congruences we are obliged to choose CongM ={(ΔB , ΔR), (θ1, ΔR), (θ1, θ2), (γ1, ΔR), (γ1, γ2), (∇B , ΔR), (∇B , θ2), (∇B , γ2), (∇B , ∇R)} since:

(i) (Δ_B, ϕ) is a modular congruence if and only if ϕ = Δ_R (Prop. 2.10); (ii) (ϕ, ∇_R) is a modular congruence if and only if ϕ = ∇_B (Prop. 2.8); (iii) (θ_1, θ_2) and (θ_1, Δ_R) are modular congruences asserted by the table

θ_2\θ_1 (∅, ∅) ({p}, {p}) ({q}, {q}) ({p, q}, {p, q}) (∅, {p}) ({p}, ∅) ({q}, {p, q}) ({p, q}, {q}) (Λ, Λ) (∅, ∅) (∅, ∅) (∅, ∅) (∅, ∅) (∅, ∅) (∅, ∅) (∅, ∅) (∅, ∅) (a, a) (∅, ∅) ({p}, {p}) (∅, ∅) ({p}, {p}) (∅, {p}) ({p}, ∅) (∅, {p}) ({p}, ∅) (b, b) (∅, ∅) (∅, ∅) ({q}, {q}) ({q}, {q}) (∅, ∅) (∅, ∅) ({q}, {q}) ({q}, {q}) (c, c) (∅, ∅) ({p}, {p}) ({q}, {q}) ({p, q}, {p, q}) (∅, {p}) ({p}, ∅) ({q}, {p, q}) ({p, q}, {q}) (Λ, a) (∅, ∅) (∅, {p}) (∅, ∅) (∅, {p}) (∅, {p}) (∅, ∅) (∅, {p}) (∅, ∅) (a, Λ) (∅, ∅) ({p}, ∅) (∅, ∅) ({p}, ∅) (∅, ∅) ({p}, ∅) (∅, ∅) ({p}, ∅) (b, c) (∅, ∅) (∅, {p}) ({q}, {q}) ({q}, {p, q}) (∅, {p}) (∅, ∅) ({q}, {p, q}) ({q}, {q}) (c, b) (∅, ∅) ({p}, ∅) ({q}, {q}) ({p, q}, {q}) (∅, ∅) ({p}, ∅) ({q}, {q}) ({p, q}, {q})

(iv) similarly to (iii), the pairs (γ_1, γ_2) and (γ_1, Δ_R) are modular congruences;

(v) (θ_1, γ_2) and (γ_1, θ_2) are not modular congruences since we have, respectively, {q}θ_1{q} and Λγ_2b but ∅ = Λ{q} ̸θ_1b{q} = {q} and {p}γ_1{p} and Λθ_2a but ∅ = Λ{p} ̸γ_1a{p} = {p};

(vi) obviously the pairs (∇_B, Δ_R), (∇_B, θ_2), (∇_B, γ_2) are modular congruences.

Since the minimum element of the set CongM−{(Δ_B, Δ_R)} does not exist, M is not subdirectly irreducible.

3.2. Use of [1]-closed elements. Some characterizations of subdirectly irreducible bijective Boolean modules is given, agreeing with that of Sambin [7] for modal algebras satisfying K4. We are able to single out, on a subdirectly irreducible bijective Boolean module, a Boolean element, the greatest among the [1]-closed elements on a bijective Boolean module. This led us to

12 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

Boolean module is subdirectly irreducible if and only if is simple, if and only if 1p = 1 for every Boolean element p ≠ 0. Therefore each subdirectly irreducible bijective Boolean module under the Brink’ homogeneous approach is also a subdirectly irreducible bijective Boolean module under our heterogeneous point of view. Later on, we will reach an equivalent characterization that will enable us to obtain the same class on both approaches, as already ensured by Proposition 3.22.

The following examples give some insight to the result established by Theorem 3.23.

Example 3.25. Previously in Example 3.13 we presented a Boolean module M = (B, R, :) with B = {0, 1} and R = {o, 1} containing, as a unique essential element, the pair (0, 1). Therefore by Theorem 3.23 this Boolean module is subdirectly irreducible. In fact, since CongB = {Δ_B, ∇_B} and CongR = {Δ_R, ∇_R} we have CongM = {(Δ_B, Δ_R), (∇_B, Δ_R), (∇_B, ∇_R)}. The minimum element of the set CongM − {(Δ_B, Δ_R)} exists (and is equal to (∇_B, Δ_R)). Therefore M is subdirectly irreducible.

Example 3.26. In Example 3.14 the Boolean module M = (B, R, :) with B = {∅, {p}, {q}, {p, q}}, R = {Λ, a, b, c}, Λ is the empty relation, a = {(p, p)}, b = {(q, q)} and c = {(p, p), (q, q)} contains no essential elements and so is a non-subdirectly irreducible bijective Boolean module.

We have CongB = {Δ_B, θ_1, γ_1, ∇_B} where

θ_1 = Δ_B ∪ {(∅, {p}), ({p}, ∅), ({q}, {p, q}), ({p, q}, {q})} and γ_1 = Δ_B ∪ {(∅, {q}), ({q}, ∅), ({p}, {p, q}), ({p, q}, {p})}.

The set {Δ_R, θ_2, γ_2, ∇_R} where

θ_2 = Δ_R ∪ {(Λ, a), (a, Λ), (b, c), (c, b)} and γ_2 = Δ_R ∪ {(Λ, b), (b, Λ), (a, c), (c, a)} contains all the Boolean congruences defined on R. Each congruence is compatible with converse and composition attending to

Λ˘∅ = Λ∅ = ∅ a˘∅ = a∅ = ∅ b˘∅ = b∅ = ∅ c˘∅ = c∅ = ∅ Λ˘{p} = Λ{p} = ∅ a˘{p} = a{p} = {p} b˘{p} = b{p} = ∅ c˘{p} = c{p} = {p} Λ˘{q} = Λ{q} = ∅ a˘{q} = a{q} = ∅ b˘{q} = b{q} = {q} c˘{q} = c{q} = {q} Λ˘{p, q} = Λ{p, q} = ∅ a˘{p, q} = a{p, q} = {p} b˘{p, q} = b{p, q} = {q} c˘{p, q} = c{p, q} = {p, q}

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 9

Corollary 3.12. If M = (B, R, :) is a bijective Boolean module with 1q = 1 for every q ≠ 0, then for every p ∈ B, with p ≠ 1, the pair (p, 1) is an essential element in M .

We examine the existence of essential elements on two bijective Boolean modules.

Example 3.13. Let us consider the Boolean module M = (B, R, :) where B = {0, 1} and R = {o, 1}.

The pair (0, 1) is the unique essential element on M.

Example 3.14. Let M = (B, R, :) be the proper Boolean module where B = {∅, {p}, {q}, {p, q}}, R = {Λ, a, b, c}, Λ is the empty relation, a = {(p, p)}, b = {(q, q)} and c = {(p, p), (q, q)}.

We have

Λ˘∅ = Λ∅ = ∅ a˘∅ = a∅ = ∅ b˘∅ = b∅ = ∅ c˘∅ = c∅ = ∅ Λ˘{p} = Λ{p} = ∅ a˘{p} = a{p} = {p} b˘{p} = b{p} = ∅ c˘{p} = c{p} = {p} Λ˘{q} = Λ{q} = ∅ a˘{q} = a{q} = ∅ b˘{q} = b{q} = {q} c˘{q} = c{q} = {q} Λ˘{p, q} = Λ{p, q} = ∅ a˘{p, q} = a{p, q} = {p} b˘{p, q} = b{p, q} = {q} c˘{p, q} = c{p, q} = {p, q}

The pairs (∅, c), ({p}, c) and ({q}, c) are all possible candidates to be essential elements on M since c is the unique relational element satisfying condition 2. of Definition 3.9. However, we have, c{p} = {p} ≱∼ ∅ = {p, q}, c{p} = {p} ≱∼ {p} = {q} and c{q} = {q} ≱∼ {q} = {p}, contradicting condition 3. of Definition 3.9. Therefore M has no essential elements.

Proposition 3.15. Let M = (B, R, :) be a bijective Boolean module and s any element of B. The set

F_s = {q ∈ B : [1]s ≤ q} (or F_s = {q ∈ B : 1(∼ s) ≥∼ q})

is the smallest open Boolean filter on M containing s.

Proof : First we notice that F_s is a Boolean filter. In fact, if p, q ∈ F_s then 1(∼ s) ≥∼ p and 1(∼ s) ≥∼ q. Therefore 1(∼ s) ∨ 1(∼ s) ≥∼ p∨ ∼ q, i.e., 1(∼ s) ≥∼ (p ∧ q) and so p ∧ q ∈ F_s. Now let p ∈ F_s and q ∈ B such that p ≤ q. Then 1(∼ s) ≥∼ p. But since ∼ p ≥∼ q we have 1(∼ s) ≥∼ q and therefore q ∈ F_s.

Now it has to be proved that for p ∈ F_s and a ∈ R then [a]p ∈ F_s. Since p ∈ F_s we have 1(∼ s) ≥∼ p hence (a; 1)(∼ s) = a(1(∼ s)) ≥ a(∼ p). But 1(∼ s) ≥ (a; 1)(∼ s) and so 1(∼ s) ≥ a(∼ p) =∼ ([a]p) yielding [a]p ∈ F_s.

The proof that s ∈ F_s is immediate since 1(∼ p) ≥∼ p for every p ∈ B.

10 S. MARQUES PINTO AND M.T. OLIVEIRA-MARTINS

It remains to be proved that F_s is the smallest filter containing s. Let F be a filter containing s. We intend to show that F_s ⊆ F . For q ∈ F_s we have [1]s ≤ q. Since s ∈ F , an open Boolean filter of M, and 1 ∈ R then [1]s ∈ F so q ∈ F .

Remark 3.16. We notice that F_s = {1}, the trivial open filter, if and only if s = 1.

(In fact, since s ∈ F_s if F_s = {1}, then s = 1. Conversely F_1 = {q ∈ B : 1(∼ 1) ≥∼ q} = {q ∈ B : 1(0) ≥∼ q} = {q ∈ B : 1 ≤ q} = {1}.)

Moreover, for M a non-degenerate bijective Boolean module, F_s = B if and only if 1(∼ s) = 1.

(If F_s = B then 0 ∈ F_s and hence 1(∼ s) ≥∼ 0 and so 1(∼ s) = 1.)

Proposition 3.17. Let M = (B, R, :) be a bijective Boolean module. The set F_{pe} is the smallest nontrivial open Boolean filter on M if and only if the pair (p_e, a) is an essential element on M for some a ∈ R (if and only if the pair (p_e, 1) is an essential element on M).

Proof : If F is the smallest nontrivial open Boolean filter on M necessarily F = F_{pe} for some p_e on B with p_e ≠ 1. We intend to prove that there exists a ∈ R such that (p_e, a) is an essential element on M. Let q ≠ 1 and let us consider the smallest open Boolean filter on M containing q, F_q. Since F_{pe} is the smallest nontrivial open Boolean filter on M then F_{pe} ⊆ F_q, and therefore p_e ∈ F_q. So 1(∼ q) ≥∼ p_e implying (p_e, 1) to be an essential element on M.

Now let us admit that there exists an a ∈ R such that (p_e, a) is an essential element on M. Immediately (p_e, 1) is an essential element on M, i.e., p_e ≠ 1 and 1(∼ p) ≥∼ p_e for every p ≠ 1. Let F be a nontrivial open Boolean filter on M. Since F is nontrivial then F ≠ {1}, so there exists p ∈ F , p ≠ 1. But since (p_e, 1) is essential, then 1(∼ p) ≥∼ p_e and so [1]p ≤ p_e. The fact that p ∈ F implies [1]p ∈ F and so p_e ∈ F . Therefore F_{pe} ⊆ F as required.

The existence of Boolean congruences on B which are not the Boolean part of any modular congruences on a Boolean module M = (B, R, :) was already previously mentioned in [5]. That fact gave rise to the introducing of the following definition.

Definition 3.18. [5] Let M = (B, R, :) be a Boolean module. A Boolean congruence θ_1 on B is called pro-modular on M whenever there exists a congruence θ_2 on R such that (θ_1, θ_2) is a modular congruence on M.

SUBDIRECTLY IRREDUCIBLE BIJECTIVE BOOLEAN MODULES 11

Proposition 3.19. [5] Let M = (B, R, :) be a Boolean module and let θ_1 be a (Boolean) congruence on B. The congruence θ_1 is a pro-modular congruence on M if and only if the pair (θ_1, Δ_R) is a modular congruence on M.

Proposition 3.20. [5] For θ_1 a pro-modular congruence on a Boolean module M = (B, R, :) the pair (θ_1, Δ_R) is the smallest modular congruence on M having θ_1 as Boolean part.

On a Boolean module the concepts of open Boolean congruence and of pro-modular congruence are equivalents.

Proposition 3.21. On a Boolean module M = (B, R, :) a congruence θ_1 ∈ Cong_{op}(M) if and only if the pair (θ_1, Δ_R) ∈ Cong(M) (if and only if θ_1 is a pro-modular congruence on M).

To prove one of our main assertions, Theorem 3.23, a fundamental result is required. There, the existence of the minimum element on the set Cong(M) − {(Δ_B, Δ_R)} equivalent to the existence of the minimum element on Cong_{op}(M) − {Δ_B} is assured.

Proposition 3.22. Let M = (B, R, :) be a bijective Boolean module. The minimum element on Cong(M)−{(Δ_B, Δ_R)} exists if and only if there exists the minimum element on Cong_{op}(M) − {Δ_B}.

Proof : Similar to Proposition 3.20 of [4].

The class of subdirectly irreducible bijective Boolean modules is characterized by the existence of an essential element on each subdirectly irreducible algebra, in agreement with that for the class of Boolean algebras with operators [9].

Theorem 3.23. A non-degenerate bijective Boolean module M = (B, R, :) is subdirectly irreducible if and only if there exists an element p_e ∈ B such that the pair (p_e, a) is an essential element on M, for some a ∈ R.

Proof : As in Theorem 3.21 of [4].

Corollary 3.24. If M = (B, R, :) is a bijective Boolean module with 1q = 1 for every q ≠ 0, then M is subdirectly irreducible.

Proof : Trivial by Corollary 3.12.

Brink on [1] presented, following a homogeneous point of view, a characterization of subdirectly irreducible and simple Boolean modules. There, a