Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 11–27

STRUCTURE RELATIONS FOR ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE

A. BRANQUINHO AND M.N. REBOCHO

Abstract: Structure relations for orthogonal polynomials on the unit circle are studied. We begin by proving that semi-classical orthogonal polynomials on the unit circle satisfy structure relations of the following type:

∑_{s1} k=0 β_{n+s,k}P_{n+s−k} + ∑_{s2}

k=0 γ_{n−1,k}z^kP^∗_{n−1−k} =

∑_{r1}

k=0 α_{n+s,k}P^{[1]}_{n+s−k} +

∑_{r2} k=0 η_{n+s,k} ( P^∗_{n+s−s}′_{−k}

)_′ , where s_1, s_2, r_1, r_2 are integers (specified in the text), the polynomials P^∗_n are the reversed polynomials and P^{[1]}_n denotes the monic polynomial of degree n corresponding to P_n, P^{[1]}_n = P^′_{n+1}/(n + 1). Then, we study the semi-classsical character of sequences of orthogonal polynomials on the unit circle {R_n}, {P_n}, connected through a structure relation of the following type:

∑_{s1}

k=0 β_{n,k}R_{n+s1−k} +

∑_{s2} k=0 γ_{n,k}R^∗_{n+s2−k} = ∑_{r1}

k=0 α_{n,k}P^{[1]}_{n+r1−k} +

∑_{r2} k=0 η_{n,k} ( P^∗_{n+r2−k}

)_′ , where the integers s_1, s_2, r_1, r_2 satisfy some natural conditions.

Keywords: Orthogonal polynomials on the unit circle; Hermitian linear functionals; Recurrence relations; Structure relations; Semiclassical linear functionals. AMS Subject Classification (2000): 33C45, 42C05.

1. Introduction

The so-called structure relations for orthogonal polynomials, that is, finitetype relations involving sequences of orthogonal polynomials and its derivatives, have been widely studied in the literature of orthogonal polynomials (see, for example, [2, 3, 15] and its list of references). Such type of relations appear in the framework of Sobolev orthogonal polynomials, within the study of coherence of measures (see [4, 11, 16]). They also appear in problems concerning quasi-orthogonality and formulas of quadrature (see [15, 17]), where well-known connections to linear combinations of orthogonal polynomials emerge.

Structure relations and linear combinations of orthogonal polynomials were studied in a vast list of papers, and we refer the reader to [2, 3, 5, 7, 13]. The subject matter is the modification of measures. In [13] it was proven that

Received September 30, 2011.

This work was supported by CMUC, Department of Mathematics, University of Coimbra. The second author was supported by FCT, Fundação para a Ciência e Tecnologia, with grant ref. SFRH/BPD/45321/2008. 1

2 BRANQUINHO AND M.N. REBOCHO

the measures of orthogonality of two sequences of orthogonal polynomials on the unit circle (OPUC), say {P_n}, {R_n}, related through

k(n)∑

j=0 α_{n,j} P_{n−j} =

l(n)∑

j=0 β_{n,j}R_{n−j} ,

where α_{n,j} , β_{n,j} ∈ C and k(n), l(n) depend on n, are a rational modification of each other. Relations of the above type arise in problems of signal analysis and linear prediction of stochastic processes (cf. [13, Section 1]).

Concerning orthogonality on the real line, a well-known topic of research in the literature is to establish the semi-classical character of sequences of orthogonal polynomials in terms of structure relations (see [3, 6, 14, 15] and their list of references). Unlike the real case, this topic has not been getting much attention for OPUC. As far as the authors of the present manuscript know, the references where some relations between the semi-classical character of OPUC and structure relations were studied are [4, 20].

In general terms, in the present paper we are interested in the study of the semi-classical character of sequences of OPUC satisfying some structure relations (these will be made precise throughout the text). We begin by proving that semi-classical OPUC satisfy structure relations of the following type:

s_1∑

k=0 β_{n+s,k}P_{n+s−k} +

s_2∑

k=0 γ_{n−1,k}z^kP^∗_{n−1−k}

= r_1∑

k=0 α_{n+s,k}P^{[1]}_{n+s−k} +

r_2∑

k=0 η_{n+s,k} (P^∗_{n+s−s}′_{−k})^′ ,

where the polynomials P^∗_n are the reversed polynomials (see its definition in section 2), the integers s_1, s_2 and r_1, r_2 depend on the degrees of the polynomials involved in the corresponding distributional equation satisfied by the functional of orthogonality (see section 3). Furthermore, we study sequences of OPUC, {R_n}, {P_n}, related through

s_1∑

k=0 β_{n,k}R_{n+s1−k} +

s_2∑

k=0 γ_{n,k}R^∗_{n+s2−k} =

r_1∑

k=0 α_{n,k}P^{[1]}_{n+r1−k} +

r_2∑

k=0 η_{n,k} ( P^∗_{n+r2−k}

)_′ (1) where, for the sake of compatibility, the integers s_1, s_2, r_1, r_2 satisfy some natural conditions (these shall be specified throughout the text). Under some conditions, stated in Lemma 2, we deduce the semi-classical character of

STRUCTURE RELATIONS FOR OPUC 19

[7] M.J. Cantero, L. Moral, L. Velázquez, Direct and inverse polynomial perturbations of hermitian linear functionals, J. Approx. Theory 163 (8) (2011) 988-1028.

[8] K. Castillo, L. Garza, F. Marcellán, Perturbations on the subdiagonals of Toeplitz matrices, Linear Alg. Appl. 434 (2011) 1563-1579.

[9] Ya L. Geronimus, Polynomials orthogonal on a circle and their applications, Amer. Math.

Soc., Providence, RI, 1962.

[10] L. Golinskii, P. Nevai, Szegő difference equations, transfer matrices and orthogonal polynomials on the unit circle, Commun. Math. Phys. 223 (2001) 223-259.

[11] K.H. Kwon, J.H. Lee, F. Marcellán, Generalized Coherent Pairs, J. Math. Anal. Appl. 253 (2) (2001) 482-514.

[12] F. Marcellán, P. Maroni, Orthogonal Polynomials on the unit circle and their derivatives, Constr. Approx. 7 (1991) 341-348.

[13] F. Marcellán, F. Peherstorfer, R. Steinbauer, Orthogonality properties of linear combinations of orthogonal polynomials II, Adv. Comput. Math. 7 (1997), 401-428.

[14] F. Marcellán, R. Sfaxi, Second structure relation for semiclassical orthogonal polynomials, J.

Comput. Appl. Math. 200 (2007) 537-554.

[15] P. Maroni, Prolégomènes à l’etude des polynômes orthogonaux semi-classiques, Ann. Mat.

Pura ed Appli. 149 (1987), 165-184.

[16] A. Martínez Finkelstein, Analytic aspects of Sobolev orthogonal polynomials, J. Comput. Appl.

Math. 127 (2001) 255-266.

[17] J.A. Shohat, On mechanical quadratures, in particular with positive coefficients, Trans. Amer.

Math. Soc. 42 (1937) 461-496.

[18] B. Simon, Orthogonal Polynomials on the Unit Circle, Part 1: Classical Theory, in: AMS Colloq. Publ., vol. 54.1, AMS, Providence, RI, 2005.

[19] G. Szegő, Orthogonal Polynomials, in: AMS Colloq. Publ., vol.23, AMS, Providence, RI, 1975 (fourth edition).

[20] C. Tasis, Propriedades Diferenciales de los Polinomios Ortogonales Relativos a la Circunferencia Unidad, Doctoral Dissertation, Universidad de Cantabria, 1989.

A. Branquinho CMUC and Department of Mathematics, University of Coimbra, Largo D. Dinis, 3001-454 Coimbra, Portugal.

E-mail address: ajplb@mat.uc.pt

M.N. Rebocho CMUC and Department of Mathematics, University of Beira Interior, 6201-001 Covilhã, Portugal.

E-mail address: mneves@mat.ubi.pt

18 BRANQUINHO AND M.N. REBOCHO

Notice that we assume v_0 = 1. To compte v_1 we take n = 0 in (44), thus getting v_1 = β_0 − c/2. Thus, we have

v_n =

1 , n = 0 β_0 − c/2 , n = 1 2 n+1(−c)^{n−1}v_1 , n ≥ 2 .

The corresponding Carathéodory function, F_v(z) = 1+2

∑_{+∞} n=1 v_nz^n , becomes

F_v(z) = 1 + 2 ( v_1z + 2v_1 +∞∑ n=2 (−1)^{n−1} n + 1 c^{n−1}z^n ) . (45)

Taking into account that +∞∑ n=2 (−1)^{n−1} n + 1 c^{n−1}z^n = −1 c^2z

(_{+∞} ∑ n=0 (−1)^n n + 1

(cz)^{n+1} − cz +

(cz)^2 2 )

there follows +∞∑ n=2 (−1)^{n−1} n + 1 c^{n−1}z^n = −1 c^2z ln(1 + cz) + 1 c − z 2 , which we substitute into (45), thus obtaining

F_v(z) = 1 +

4v_1 c − 4v_1 c^2z ln(1 + cz) .

The inversion formula gives us the absolutely continuous part of σ,

dσ = ( lim_{r↑1} ℜe F_v(re^{iθ}) ) dθ . (46)

References

[1] M. Alfaro, L. Moral, Quasi-orthogonality on the unit circle and semi-classical forms, Portugal.

Math. 51 (1) (1994) 47-62.

[2] S. Bonan, D. Lubinsky, P. Nevai, Orthognonal polynomials and their derivatives II, SIAM Journ. Math. Anal. 18 (1987) 1163-1176.

[3] A. Branquinho, A note on semi-classical orthogonal polynomials, Bull. Belg. Math. Soc. 3 (1996) 1-12.

[4] A. Branquinho, A. Foulquié Moreno, F. Marcellán, M.N. Rebocho, Coherent pairs of linear functionals on the unit circle, J. Approx. Theory 153 (1) (2008) 122-137.

[5] A. Branquinho, L. Golinskii, F. Marcellán, Orthogonal polynomials and rational modifications of Lebesgue measures on the unit circle. An inverse problem, Complex Var. Theory Appl. 38 (1999) no. 2, 137-154.

[6] A. Branquinho, M.N. Rebocho, On the semiclassical character of orthogonal polynomials satisfying structure relations, J. Difference Equ. Appl. (in press).

STRUCTURE RELATIONS FOR OPUC 3

{P_n} and {R_n}. Further, we obtain a connecting formula between {R_n} and {P_n} (see Lemma 2).

Note that when s_1 = r_1 = 0 and the γ’s and the η’s are all zero in (1), we get R_n =^{P ′n+1}_{n+1} . In this case it is known [12] that P_n = z^n , ∀n ≥ 1, thus R_n = P_n, ∀n ≥ 1. When s_1 = 0, r_1 = 2 and the γ’s and the η’s are all zero in (1), we get

R_n =

P^′_{n+1} n + 1

+ α_{n,1}

P^′_n n + α_{n,2}

P^′_{n−1} n − 1 (2) that is, (P_n, R_n) is a generalized coherent pair on the unit circle (according to the definition of generalized pair on the real line introduced and studied in [11]). When s_1 = 0, r_1 = 1 and the γ’s and the η’s are all zero, we get

R_n =

P^′_{n+1} n + 1

+ α_{n,1}

P^′_n n (3) that is, (P_n, R_n) constitute a coherent pair on the unit circle. In such a case both, {P_n} and {R_n}, are semi-classical (see [4, theorem 4]). Furthermore, the measures of orthogonality of {R_n} and {P_n} are a rational modification of each other. We remark that such relationship between the measures follows from the application of the techniques on quasi-orthogonality [1] to a connecting formula between {R_n} and {P_n},

zAψ_n = M_nφ_n, φ_n = [ P_n P^∗_n ] , ψ_n = [ R_n R^∗_n ] , where A is a polynomial that does not depend on n, and M_n is a matrix whose entries are bounded degree polynomials. Unlike the cases of coherency (2) and (3), to study the semi-classical character and to analyze the relation between the measures of orthogonality becomes much more difficult when in (1) one considers s_1 ≥ 1, since that implies that {P_n} and {R_n} are related through zAK_nψ_n = T_nφ_n , n ≥ 1 , (4) where there is a dependence on n in the polynomial K_n. Note that relations such as (4) are more general than the ones studied in [7, Section 4.1].

The structure of the paper is as follows. In section 2 we give the definitions and state the basic results which will be used in the forthcoming sections. In section 3 we deduce structure relations for semi-classical OPUC. In section 4 we study sequences of OPUC connected through structure relations such as (1). In section 5 we present some examples of OPUC related through (1).

4 BRANQUINHO AND M.N. REBOCHO

2. Preliminary results and notations

Let T = {z ∈ C : |z| = 1} be the unit circle, let Λ = span {z^k : k ∈ Z} be the linear space of Laurent polynomials with complex coefficients, and let P = span {z^k : k ≥ 0} be the space of polynomials with complex coefficients. Given a linear functional u : Λ → C, and the sequence of moments (c_n)_{n∈Z} of u, c_n = ⟨u, ξ^n⟩, n ∈ Z, c_0 = 1, define the minors of the Toeplitz matrix Δ = (c_{k−j}) , by

Δ_{−1} = 1, Δ_0 = c_0, Δ_k = | | | | | c_0 . . . c_k . ... .

c_{−k} . . . c_0

| | | | | , k ∈ N.

u is said to be Hermitian if c_{−n} = c̄_n, ∀n ≥ 0, and quasi-definite (respectively, positive definite) if Δ_n ≠ 0, ∀n ≥ 0 (respectively, Δ_n > 0), ∀n ≥ 0 (see [19]). We will denote by H the set of Hermitian linear functionals defined on Λ.

Definition 1. Let {P_n} be a sequence of complex polynomials with deg (P_n) = n, and let u ∈ H be quasi-definite. {P_n} is said to be a sequence of orthogonal polynomials with respect to u if { ⟨u, P_n(z)z^{−k}⟩ = 0 , k = 0, . . . , n − 1 , n ≥ 1 , ⟨u, P_n(z)z^{−n}⟩ = e_n , e_n ≠ 0, n = 0, 1, . . . . (5) If P_n(z) = z^n+lower degree terms, {P_n} will be called a sequence of monic orthogonal polynomials, and we will denote it by MOPS.

If the linear functional u is positive-definite, then it has an integral representation given in terms of a nontrivial probability measure μ with infinite support on the unit circle,

⟨u, e^{inθ}⟩ = 1 2π ∫_{2π} 0 e^{inθ}dμ(θ), n ∈ Z ,

and the corresponding MOPS will also be called the MOPS with respect to μ.

We consider the Carathéodory function of u ∈ H,

F_u(z) = 1 + 2 +∞∑ k=1 c_kz^k . (6)

If u ∈ H is positive definite, associated to a measure whose absolutely continuous part is w, then lim_{r↑1} ℜe F (re^{iθ}) = ℜe F (e^{iθ}) exists a.e. for θ ∈ [0, 2π], and the inversion formula w(θ) = ℜe F (e^{iθ}) holds (see [9, 18, 19]).

STRUCTURE RELATIONS FOR OPUC 17

Example 1. Let μ be the Lebesgue measure on the unit circle, dμ = dθ 2π , that is, P_n = z^n, n ≥ 0. Then, (44) becomes R_{n+1} + β_nR_n = z^{n+1} , n ≥ 0 .

If we apply the linear functional v to the above equality there follows ⟨v, z^{n+1}⟩ = 0, ∀n ≥ 1. Thus, the moments of v, which we denote by v_n, satisfy v_n = 0, ∀n ≥ 2. Notice that we assume that v_0 = 1. To compute v_1 we use R_1 + β_0R_0 = z, from which we get, applying v, β_0v_0 = v_1. Therefore,

v_n = v_0 = 1, n = 0 β_0, n = 1 0, n ≥ 2 Therefore, the Toeplitz matrix corresponding to v is tridiagonal,

Δ = 1 v_1 v_1 1 ...

... ... ...

v_1 1 v_1

... ... ...

, n ≥ 2 .

According to the results of [8], the measure σ is a perturbation of the Lebesgue measure,

dσ = dθ 2π + (z + z) dθ 2π , z = e^{iθ} .

Example 2. Let μ be the Bernstein-Szegő measure dμ = dθ/(2π |z + c|^2), |c| < 1, that is, P_n = z^{n−1}(z + c). Then, (44) becomes

R_{n+1} + β_nR_n = z^{n+1} + c n + 1 n + 2 z^n , n ≥ 0 .

Applying v there follows

v_{n+1} + c n + 1 n + 2 v_n = 0 , ∀n ≥ 1,

thus v_{n+1} = 2 n + 2

(−c)^nv_1 , ∀n ≥ 1 .

16 BRANQUINHO AND M.N. REBOCHO

Taking into account Theorem 1, there follows (35) and the assertion concerning the semi-classical character of {R_n}.

Remark . The Theorem 4 of [4], which asserts the semi-classical character of coherent pairs on the unit circle, is a particular case of the previous Lemma. Corollary 1. MOPS {P_n} satisfying (10) also satisfy

zAφ^′_n = X_nφ_n , φ_n = [ P_n P^∗_n ] , (42)

with A ∈ P and matrices X_n. Thus, for p = max{deg(X^{(1,1)}_n ), deg(X^{(1,2)}_n ) + 1, deg(X^{(2,1)}_n ), deg(A − X^{(2,2)}_n )}, n ≥ 1, if ∃ n_0 ≥ 2p such that deg(A − X^{(2,2)}n_0 ) = p, then {P_n} is semi-classical.

5. Examples

The case r_1 ≥ 1, s_2, r_2 < 0 in (1), that is,

R_{n+r1} =

r_1∑

k=0 α_{n,k}P^{[1]}_{n+r1−k} , α_{n,0} = 1 , n ≥ 0 ,

gives (cf. (34)) zAψ_n = T_nφ_n .

Notice that, in such a case, the polynomial K_n in (34) satisfies K_n = 1. Taking into account the results of [1] on T-quasi-orthogonality, there follows that if {P_n} is semi-classical, then {R_n} is also semi-classical, since the corresponding linear functionals are a rational modification of each other (the proof follows the same technique as in [4, Theorem 4]). In particular, in [4] we gave some examples of MOPS satisfying structure relations such as

R_n =

P^′_{n+1} n + 1

+ α_n

P^′_n n , n ≥ 1 . (43)

The case s_1 = r_1 = 1 with α_{n,0} = 0 and s_2, r_2 < 0 in (1) gives a structure relation of the following type:

R_{n+1} + β_nR_n =

P^′_{n+2} n + 2

, β_n ≠ 0 , n ≥ 0 . (44)

In what follows we consider u, v the linear functionals corresponding to the MOPS {P_n}, {R_n}, respectively. Further, we assume that u and v are associated to the measures dμ and dσ, respectively.

STRUCTURE RELATIONS FOR OPUC 5

Given a polynomial B(z) =

∑_m k=0 b_kz^k and p ∈ N, the polynomial B^{∗p} is defined by B^{∗p} (z) = z^pB(1/z), that is, B^{∗p} (z) =

∑_m k=0 b_kz^{−k+p} . Throughout the paper we will omit the index p in B^{∗p} if, and only if, the degree of B is exactly p.

The following properties will be useful throughout the text (see [20]). Lemma 1. Let P ∈ P and m ∈ N. The following equalities hold: (P^{∗m} (z))^{∗m} = P (z) , (zP^′(z))^{∗m} = (P^′(z))^{∗m−1} , z(P^{∗m} (z))^′ = mP^{∗m} (z) − (P^′(z))^{∗m−1} .

Note that the reversed polynomials of a sequence of orthogonal polynomials satisfy

⟨u, P^∗_n (z) z^{−k}⟩ = 0, k = 1, . . . , n, ⟨u, P^∗_n (z)⟩ = e_n , n = 0, 1, . . . , where e_n is the same as in (5).

In the sequel we will use the vectors defined by φ_n(z) = [P_n(z) P^∗_n (z)]^T , n ≥ 0 , where T denotes the transpose operator.

It is well-known that MOPS on the unit circle satisfy the following recurrence relations, known as Szegő recurrence relations (see [10]):

φ_n = A_nφ_{n−1} , A_n = [ z a_n ā_nz 1 ] , n ∈ N , a_n = P_n(0) .

Therefore, for all k ≥ 1,

φ_{n+k}(z) = k−1∏ l=0 A_{n+k−l} φ_n(z) . (7)

For u ∈ H and A ∈ P, we define ⟨Au, f⟩ = ⟨u, A(z)f(z)⟩, f ∈ Λ , ⟨(A + Ā)u, f⟩ = ⟨u, ( A(z) + Ā(1/z) ) f(z)⟩, f ∈ Λ ⟨Du, f⟩ = −i⟨u, zf^′(z)⟩ , f ∈ Λ .

Notice that if u ∈ H, then (A + Ā)u, as well as Du, belong to H. We will use the notation u^A = (A(z) + Ā(1/z))u.

6 BRANQUINHO AND M.N. REBOCHO

Definition 2 (see [1]). Let v ∈ H, p ∈ N, and let {P_n} be a sequence of monic polynomials. {P_n} is said to be T-quasi-orthogonal of order p with respect to v if:

(i) ⟨v, P_n(z) z^{−k}⟩ = 0, for every k with p ≤ k ≤ n − p − 1 and for every n ≥ 2p + 1;

(ii) There exists n_0 ≥ 2p such that ⟨v, P_{n0} (z) z^{−n0+p}⟩ ≠ 0.

Definition 3 (see [20]). Let u ∈ H. u is said to be semi-classical if there exists A, B ∈ P, A ≢ 0, such that D(Au) = Bu. The corresponding {P_n} orthogonal with respect to u is said to be semi-classical.

Taking into account Theorem 4.1 of [1], in [4] the following was proved.

Theorem 1 ([4]). Let {P_n} be a MOPS on the unit circle and {P^∗_n } be the sequence of reversed polynomials. Let {P_n} satisfy a structure relation with bounded degree polynomials, n ≥ 1,

zΠ_n(z)P^′_n(z) = G_n(z)P_n(z) + H_n(z)P^∗_n (z) (8) zΠ_n(z)(P^∗_n )^′(z) = S_n(z)P_n(z) + T_n(z)P^∗_n (z) . (9)

Then Π_n does not depend on n. Let p = max{deg(G_n), deg(H_n)+1, deg(S_n), deg(Π_1 − T_n)}, ∀n ≥ 1. If there exists n_0 ≥ 2p such that deg(Π_1 − T_{n0} ) = p, then {P_n} is semi-classical.

3. Structure relations for semi-classical OPUC

In what follows we shall adopt the convention

∑_m l · = 0 whenever m < l.

Theorem 2. Let {P_n} be a MOPS with respect to a semiclassical linear functional u that satisfies D(Au) = Bu Let deg(A) = s, deg(B) = s^′, s ≥ 1 . Assume that (iB + kA)(0) ≠ 0, k = s^′, . . . , n , n ∈ N, in the case s < s^′, and A(0) ≠ 0 in the case s ≥ s^′. Then, there exist sequences (β_{n,k}), (γ_{n−1,k}), (α_{n,k}) and (η_{n,k}) such that forall n ≥ max{s, s^′} + 1 s∑ k=0 β_{n+s,k}P_{n+s−k} +

s^′−s−2∑

k=0 γ_{n−1,k}z^kP^∗_{n−1−k}

= min(s,s^′−1) ∑ k=0 α_{n+s,k}P^{[1]}_{n+s−k} +

s−s^′∑

k=0 η_{n+s,k} (P^∗_{n+s−s}′_{−k})^′ . (10)

STRUCTURE RELATIONS FOR OPUC 15

If we multiply (37) by adj(K_n) there follows L_nφ^′_n = M_nφ_n + K_nψ_n , n ≥ 1 . (38) with non-singular matrices L_n, M_n, and a polynomial K_n given by L_n = adj(K_n)H_n, M_n = adj(K_n)J_n, K_n = det(K_n) .

To deduce (33) we start by writing (38) to n + 1 and use the recurrence relations, thus getting L_{n,1}φ^′_n = M_{n,1}φ_n + ξ_nψ_n (39) with L_{n,1} = adj(B_{n+1})L_{n+1}A_{n+1} , M_{n,1} = adj(B_{n+1})(M_{n+1}A_{n+1} − L_{n+1}A^′_{n+1}) , ξ_n =K_{n+1} det(B_{n+1}) .

The elimination of ψ_n between (38) and (39) gives us

N_nφ^′_n = (ξ_nM_n − K_nM_{n,1})φ_n , N_n = ξ_nL_n − K_nL_{n,1} . (40) After multiplying (40) by adj(N_n), we get det(N_n)φ^′_n = S_nφ_n , S_n = adj(N_n)(ξ_nL_n − K_nL_{n,1}) .

Taking into account Theorem 1, there follows (33) and the assertion concerning the semi-classical character of {P_n}.

Eq. (34) follows by eliminating φ^′_n between (38) and (33), zAK_nψ_n = T_nφ_n , T_n = L_nX_n − zAM_n .

To obtain (35) we take derivatives on (34), then we multiply the resulting equation by zA and use (33), thus getting zA(zAK_n)^′ψ_n + (zA)^2K_nψ^′_n = (zAT^′_n + T_nX_n)φ_n . (41) The multiplication of (41) by det(T_n) and the use of relation (34) in the equivalent form det(T_n)φ_n = zAK_n adj(T_n)ψ_n yields (zA)^2K_n det(T_n)ψ^′_n = V_nψ_n, with

V_n = (zAT^′_n + T_nX_n)zAK_n adj(T_n) − zA(zAK_n)^′ det(T_n).

14 BRANQUINHO AND M.N. REBOCHO

with

E_{n,k} =

[ β_{n,s1−k} γ_{n,s2−k} γ_{n,s2−k} z^{s1−k} β_{n,s1−k} z^{s1−k} ] , k = 0, . . . , s_2 [ β_{n,s1−k} 0

0 β_{n,s1−k} z^{s1−k} ] , k = s_2 + 1, . . . , s_1 ,

F_{n,k} =

[ 0 0 η_{n,r2−k}(n + k) z^{r1+1−k} α_{n,r1+1−k} z^{r1+1−k} ] , k = 0, . . . , r_2 [ 0 0 0 α_{n,r1+1−k} z^{r1+1−k} ] , k = r_2 + 1, . . . , r_1 + 1 ,

G_{n,k} =

[_{αn,r1+1−k}

n+k η_{n,r2−k} −η_{r2−k} z^{r1+2−k} −^{αn,r1+1−k}_{n+k} z^{r1+2−k} ] , k = 0, . . . , r_2

[_{αn,r1+1−k}

n+k 0 0 −^{αn,r1+1−k}_{n+k} z^{r1+2−k} ] , k = r_2 + 1, . . . , r_1 + 1 ,

where, by convention, α_{n,r1+1} = 0.

Using the recurrence relations (7) for φ_n as well as for ψ_n, with the convention that

∏_n

l=m · · · = I whenever m > n, there follows H_nφ^′_n = J_nφ_n + K_nψ_n , ∀n ∈ N . (37) with

H_n =

s_1+1∑

k=0 G_{n,k} k−1∏ l=0 A_{n+k−l} ,

J_n = −

s_1+1∑

k=0 F_{n,k} k−1∏ l=0 A_{n+k−l} −

s_1+1∑

k=0 G_{n,k}

(_{k−1} ∏ l=0 A_{n+k−l}

)_′ ,

K_n =

s_1∑

k=0 E_{n,k} k−1∏ l=0 B_{n+k−l} .

STRUCTURE RELATIONS FOR OPUC 7

Proof : Case I: deg(A) < deg(B).

Let p = s^′ − s. Then, ∀n ≥ s^′, (10) reads as s∑ k=0 β_{n+s,k}P_{n+s−k} + p−2∑ k=0 γ_{n−1,k}z^kP^∗_{n−1−k} = s∑ k=0 α_{n+s,k}P^{[1]}_{n+s−k} . (11) We write P_{n+l} = n+l∑ j=0 c_{n+l,j}P^{[1]}_{n+l−j} , l = 0, . . . , s ,

z^kP^∗_{n−1−k} = n−1∑ j=0 c^k_{n−1,j}P^{[1]}_{n−1−j} , k = 0, . . . , p − 2 .

Thus, s∑ k=0 β_{n+s,k}P_{n+s−k} + p−2∑ k=0 γ_{n−1,k}z^kP^∗_{n−1−k} = P^{[1]}_{n+s} +

n+s−1∑

j=0 μ_{n+s−1,j}P^{[1]}_{n+s−1−j} (12) where

μ_{n+s−1,j} = c_{n+s,j+1} + j+1∑ k=1 β_{n+s,k}c_{n+s−k,j+1−k} , j = 0, . . . , s − 1 ,

c_{n+s,j+1} + s∑ k=1 β_{n+s,k} c_{n+s−k,j+1−k} + p−2∑ k=0 γ_{n−1,k}c^k_{n−1,j−s} , j = s, . . . , n + s − 1 .

(13)

Let us multiply (12) by z^{−k+1} and apply Au. Then, the left-hand side gives us, for k = s + p, . . . , n,

⟨u, ( s∑ k=0 β_{n+s,k}P_{n+s−k} + p−2∑ k=0 γ_{n−1,k}z^kP^∗_{n−1−k}) A z^{−k+1}⟩ = 0 , (14) where p ≥ 1.

The right-hand side gives us, after using the definition of the operator D as well as D(Au) = Bu,

⟨A u, P^{[1]}_{n+s−1−j} z^{−k+1}⟩ = 1 n + s − j

⟨(iB + kA)u, P_{n+s−j} z^{−k}⟩ .

8 BRANQUINHO AND M.N. REBOCHO

Therefore, taking into account max{deg(iB + kA), k ≥ 1} = deg(B), as deg(A) < deg(B), there follows ⟨A u, P^{[1]}_{n+s−1−j} z^{−k+1}⟩ = 0, k = s^′, . . . , n + s − j − 1 . (15) Taking into account (14) and (15) (note that s^′ = s + p), we obtain that the coefficients μ_{n+s−1,j} in (12) satisfy 0 = n+s−1∑

j=n+s−k

μ_{n+s−1,j} ξ_{k,j}, k = s^′, . . . , n , (16)

where ξ_{k,j} =

⟨(iB + kA)u, P_{n+s−j} z^{−k}⟩ n + s − j . Our goal is to prove that there exist β_{n+s,k}, k = 1, . . . , s, γ_{n−1,k}, k = 0, . . . , p − 2, such that in (12) one has μ_{n+s−1,s} = μ_{n+s−1,s+1} = · · · = μ_{n+s−1,n+s−1} = 0.

We expand (16), thus getting ξ_{n,s} · · · ξ_{n,n−p}

... .

ξ_{s+p,n−p} μ_{n+s−1,s} . μ_{n+s−1,n−p} + ξ_{n,n−p+1} · · · ξ_{n,n+s−1} . . ξ_{s+p,n−p+1} · · · ξ_{s+p,n+s−1} μ_{n+s−1,n−p+1} . μ_{n+s−1,n+s−1} = 0 . 0 . (17)

We remark that

μ_{n+s−1,n−p+1} = μ_{n+s−1,n−p+2} = · · · = μ_{n+s−1,n+s−1} = 0 (18) implies μ_{n+s−1,s} = μ_{n+s−1,s+1} = · · · = μ_{n+s−1,n−p} = 0 , because if (18) holds then (17) becomes ξ_{n,s} · · · ξ_{n,n−p}

... .

ξ_{s+p,n−p} μ_{n+s−1,s} . μ_{n+s−1,n−p} = 0 . 0 , (19)

where the matrix of the system (19) is nonsingular (upper triangular), as the elements of the diagonal are given by

ξ_{n−l,s+l} =

⟨u, (iB + (n − l)A)P_{n−l}z^{−n+l}⟩ n − l

, l = 0, 1, . . . , n − (p + s) ,

STRUCTURE RELATIONS FOR OPUC 13

Lemma 2. Let {R_n}, {P_n} be two sequences of MOPS on the unit circle related through (1), ∀n ≥ 1,

s_1∑

k=0 β_{n,k}R_{n+s1−k} +

s_2∑

k=0 γ_{n,k}R^∗_{n+s2−k} =

r_1∑

k=0 α_{n,k}P^{[1]}_{n+r1−k} +

r_2∑

k=0 η_{n,k} ( P^∗_{n+r2−k}

)_′ , where the integers s_1, s_2, r_1, r_2 satisfy s_1 = r_1, max{s_2, r_2} < s_1. Let φ_n = [ P_n P^∗_n ] , ψ_n = [ R_n R^∗_n ] , n ≥ 1. Then, the following assertions hold:

(a) there exists A ∈ P and matrices X_n such that

zAφ^′_n = X_nφ_n , n ≥ 1 . (33)

Further, let

p = max{deg(X^{(1,1)}_n ), deg(X^{(1,2)}_n ) + 1, deg(X^{(2,1)}_n ), deg(A − X^{(2,2)}_n )}, n ≥ 1 .

If ∃ n_0 ≥ 2p such that deg(A − X^{(2,2)}n_0 ) = p, then {P_n} is semi-classical. (b) there exists K_n ∈ P and non-singular matrices T_n such that ψ_n and φ_n are related trough zAK_nψ_n = T_nφ_n , n ≥ 1 . (34)

(c) there exists A_1 ∈ P and matrices U_n such that

zA_1ψ^′_n = U_nψ_n , n ≥ 1 . (35)

Further, let

p = max{deg(U^{(1,1)}_n ), deg(U^{(1,2)}_n ) + 1, deg(U^{(2,1)}_n ), deg(A_1 − U^{(2,2)}_n )}, n ≥ 1 .

If ∃ n_0 ≥ 2p such that deg(A_1 − U^{(2,2)}n_0 ) = p, then {R_n} is semi-classical.

Proof : If we apply the ∗_{n+s1} operator to (1) and then write the resulting equation (after using the relations from Lemma 1) together with (1) in the matrix form, we get

s_1∑

k=0 E_{n,k}ψ_{n+k} =

r_1+1∑

k=0 F_{n,k}φ_{n+k} +

r_1+1∑

k=0 G_{n,k}φ^′_{n+k} (36)

12 BRANQUINHO AND M.N. REBOCHO

and since A(0) ≠ 0 , there follows that ξ_{n−l,s+l} ≠ 0, ∀n ≥ s + 1 .

Let us return to (29). Taking into account (24) one expands (29) as

G_{n,s−1} B_{n,s} = − [ c_{n+s,n+1} · · · c_{n+s,n+s}

]_T , (31) where

G_{n,s−1} = c_{n+s−1,n} · · · c_{n+q+1,n+q−s+2} c^∗_{n+q−1,n+q−s} · · · c^∗_{n−1,n−s} . ... . . ... .

c_{n+s−1,n+s−1} · · · c_{n+q+1,n+q+1} c^∗_{n+q−1,n+q−1} · · · c^∗_{n−1,n−1}

B_{n,s} = [ α_{n+s,1} · · · α_{n+s,s−q−1} η_{n+s,0} · · · η_{n+s,q}

]_T . Note that G_{n,s−1} is a s × s matrix.

The discussion of the system (31) is similar to the one in case I, thus we conclude that in (23) one has μ_{n+s−1,s} = μ_{n+s−1,s+1} = · · · = μ_{n+s−1,n+s−1} = 0, hence (22) holds.

Remark . If deg(B) = deg(A) + 1, that is, s^′ = s + 1, then (10) becomes s∑ k=0 β_{n+s,k}P_{n+s−k} = s∑ k=0 α_{n+s,k}P^{[1]}_{n+s−k} , ∀n ≥ s^′ + 1 . (32)

4. OPUC related through (1)

Given the MOPS {P_n} and {R_n}, we will consider the following notations:

φ_n = [ P_n P^∗_n ] , ψ_n = [ R_n R^∗_n ] , n ∈ N.

Note that φ_n and ψ_n satisfy the Szegő recurrence relations in the matrix form φ_n = A_nφ_{n−1}, ψ_n = B_nψ_{n−1}, n ∈ N, where A_n = [ z a_n a_nz 1 ] , B_n = [ z b_n b_nz 1 ] , with a_n = P_n(0) and b_n = R_n(0).

In what follows we will denote by X^{(i,j)} the element of a matrix X in the position (i, j).

STRUCTURE RELATIONS FOR OPUC 9

and since (iB + (n − l)A)(0) ≠ 0, l = 0, 1, . . . , n − (s + p) , there follows that ξ_{n−l,s+l} ≠ 0, ∀n ≥ s^′ .

Let us return to (18). Taking into account (13) one expands (18) as G^p_{n,s−1} B^p_{n,s} = − [ c_{n+s,n−p+2} · · · c_{n+s,n+s}

]_T , (20) where

G^p_{n,s−1} = c_{n+s−1,n−p+1} · · · c_{n,n−p−s+2} c^0_{n−1,n−p+1−s} · · · c^{p−2}_{n−1,n−p+1−s} . ... . . ... .

c_{n+s−1,n+s−1} · · · c_{n,n} c^0_{n−1,n−1} · · · c^{p−2}_{n−1,n−1}

B^p_{n,s} = [ β_{n+s,1} · · · β_{n+s,s} γ_{n−1,0} · · · γ_{n−1,p−2}

]_T . Note that G^p_{n,s−1} is a (s + p − 1) × (s + p − 1) matrix.

Let us discuss the system (20). We denote by G̃^p_{n,s−1} the (s+p−1)×(s+p) matrix given by −c_{n+s,n−p+2} G^p_{n,s−1} .

−c_{n+s,n+s} . If det(G^p_{n,s−1}) ≠ 0, then (20) has a solution, and this means that there exist β_{n+s,1}, . . . , β_{n+s,s} such that μ_{n+s−1,n−p+1} = μ_{n+s−1,n+1} = · · · = μ_{n+s−1,n+s−1} = 0 , thus, from our previous discussion, there follows μ_{n+s,s} = μ_{n+s,s+1} = · · · = μ_{n+s,n−p} = 0, and (11) holds.

If det(G^p_{n,s−1}) = 0 , then (20) is possible if, and only if, the matrices G^p_{n,s−1}, G̃^p_{n,s−1} have precisely the same number of independent rows.

Let us assume, without loss of generality, that the i-th and the j-th rows of G_{n,s−1} are linearly dependent, that is,

c_{n+s−1,n+i} c_{n+s−1,n+j} = c_{n+s−2,n+i−1} c_{n+s−2,n+j−1}

= · · · = c_{n,n+i−(s−1)} c_{n,n+j−(s−1)}

= · · · = c^0_{n−1,n−p+1−i} c^0_{n−1,n−p+1−j}

= · · · = c^{p−2}_{n−1,n−p+1−i} c^{p−2}_{n−1,n−p+1−j}

. (21)

Note that n is arbitrary and the algorithm described above can be carried out to n + 1, thus we get the same proportion as above using the matrix G^p_{n+1,s−1}, thus we can take n + 1 in (21), and we conclude that the i-th and the j-th rows of G̃^p_{n,s−1}, are linearly dependent. With a similar reasoning one concludes that G^p_{n,s−1}, G̃^p_{n,s−1} have precisely the same number of independent

10 BRANQUINHO AND M.N. REBOCHO

rows. Consequently, (20) is possible and, similarly to the previous discussion in the case det(G^p_{n,s−1}) ≠ 0, we conclude that (11) holds.

Case II: deg(A) ≥ deg(B).

Let q = s − s^′. Then, ∀n ≥ s + 1, (10) reads as s∑ k=0 β_{n+s,k}P_{n+s−k} =

s−q−1∑

k=0 α_{n+s,k}P^{[1]}_{n+s−k} + q∑ k=0 η_{n+s,k} ( P^∗_{n+q−k}

)_′ . (22) Let us write P^{[1]}_{n+s−l} =

n+s−l∑

j=0 c_{n+s−l,j}P_{n+s−l−j} , l = 0, . . . , s − q − 1 ,

(P^∗_{n+q−l})^′ =

n+q−l−1 ∑ j=0 c^∗_{n+q−l,j}P_{n+q−l−1−j} , l = 0, . . . , q .

Thus,

s−q−1∑

k=0 α_{n+s,k}P^{[1]}_{n+s−k} + q∑ k=0 η_{n+s,k} ( P^∗_{n+q−k}

)_′

= P_{n+s} +

n+s−1∑

j=0 μ_{n+s−1,j}P_{n+s−1−j} (23) where, for j = n, . . . , n + s − 1, the μ_{n+s−1,j}’s are given by μ_{n+s−1,j} = c_{n+s,j+1} + s−q−1∑

k=1 α_{n+s,k} c_{n+s−k,j+1−k} +

1+q∑ k=1 η_{n+s,k} c^∗_{n+q−k,j+q−s−k+1} . (24) Let us multiply (23) by z^{−k+1} and apply Au. Then, the left-hand side gives us ⟨(iB + kA)u, (

s−q−1∑

k=0 α_{n+s,k}

P_{n+s−k+1} n + s − k + 1 + q∑ k=0 η_{n+s,k}P^∗_{n+q−k}) z^{−k}⟩ , where we used the definition of D, as well as D(Au) = Bu. Therefore, taking into account max{deg(iB + kA), k ≥ 1} = deg(A), as deg(A) ≥ deg(B),

STRUCTURE RELATIONS FOR OPUC 11

there follows, for k = s + 1, . . . , n,

⟨(iB + kA)u, (

s−q−1∑

k=0 α_{n+s,k}

P_{n+s−k+1} n + s − k + 1 + q∑ k=0 η_{n+s,k}P^∗_{n+q−k})z^{−k}⟩ = 0 . (25)

From the right-hand side there follows

⟨A u, P_{n+s−1−j} z^{−k+1}⟩ = 0, k = s + 1, . . . , n + s − j − 1 . (26) Thus, taking into account (25) and (26) we obtain that the coefficients μ_{n+s−1,j} in (23) satisfy 0 = n+s−1∑

j=n+s−k

μ_{n+s−1,j} ξ_{k,j}, k = s + 1, . . . , n , (27)

where ξ_{k,j} = ⟨Au, P_{n+s−1−j} z^{−k+1}⟩.

As in the previous case, one can prove that there exist α_{n+s,k}, k = 1, . . . , s− q − 1, η_{n+s,k}, k = 0, . . . , q, such that in (23) one has μ_{n+s−1,s} = μ_{n+s−1,s+1} = · · · = μ_{n+s−1,n+s−1} = 0.

We expand (27), thus getting ξ_{n,s} · · · ξ_{n,n−1} ... .

ξ_{s+1,n−1} μ_{n+s−1,s} . μ_{n+s−1,n−1} + ξ_{n,n} · · · ξ_{n,n+s−1} . . ξ_{s+1,n} · · · ξ_{s+1,n+s−1} μ_{n+s−1,n} . μ_{n+s−1,n+s−1} = 0 . 0 . (28)

We remark that μ_{n+s−1,n} = μ_{n+s−1,n+1} = · · · = μ_{n+s−1,n+s−1} = 0 (29) implies μ_{n+s−1,s} = μ_{n+s−1,s+1} = · · · = μ_{n+s−1,n−1} = 0 , because if (29) holds then (28) becomes ξ_{n,s} · · · ξ_{n,n−1} ... .

ξ_{s+1,n−1} μ_{n+s−1,s} . μ_{n+s−1,n−1} = 0 . 0 , (30)

where the matrix of the system (30) is nonsingular (upper triangular), as the elements of the diagonal are given by

ξ_{n−l,s+l} = ⟨u, AP_{n−l−1}z^{−n+l+1}⟩ , l = 0, 1, . . . , n − (s + 1) ,