Pré-Publicações do Departamento de Matemática Universidade de Coimbra Preprint Number 11–30

APPROACHING METRIC DOMAINS

GONÇALO GUTIERRES AND DIRK HOFMANN

Abstract: In analogy to the situation for continuous lattices which were introduced by Dana Scott as precisely the injective T_0 spaces via the (nowadays called) Scott topology, we study those metric spaces which correspond to injective T_0 approach spaces and characterise them as precisely the continuous lattices equipped with an unitary and associative [0, ∞]-action. This result is achieved by a detailed analysis of the notion of cocompleteness for approach spaces.

Keywords: Continuous lattice, metric space, approach space, injective space, cocomplete space.

AMS Subject Classification (2010): 06B35, 18B35, 18B30, 54A05, 54E35.

Introduction

Domain theory is generally concerned with the study of ordered sets admitting certain (typically up-directed) suprema and a notion of approximation, here the latter amounts to saying that each element is a (up-directed) supremum of suitably defined “finite” elements. From a different perspective, domains can be viewed as very particular topological spaces; in fact, in his pioneering paper [Scott, 1972] Scott introduced the notion of continuous lattice precisely as injective topological T_0 space. Yet another point of view was added in [Day, 1975; Wyler, 1985] where continuous lattices are shown to be precisely the algebras for the filter monad. Furthermore, suitable submonads of the filter monad have other types of domains as algebras (for instance, continuous Scott domains [Gierz et al., 2003] or Nachbin’s ordered compact Hausdorff spaces [Nachbin, 1950]), and, as for continuous lattices,

Received October 13, 2011.

The first author acknowledges partial financial assistance by FEDER funds through COMPETE – Operational Programme Factors of Competitiveness and by Portuguese funds through Centro de Matemática da Universidade de Coimbra/FCT within project PEst-C/MAT/UI0324/2011.

The second author acknowledges partial financial assistance by FEDER funds through COM- PETE – Operational Programme Factors of Competitiveness and by Portuguese funds through the Center for Research and Development in Mathematics and Applications (University of Aveiro) and the Portuguese Foundation for Science and Technology, within project PEst-C/MAT/UI4106/2011 with COMPETE number FCOMP-01-0124-FEDER-022690, and the project MONDRIAN (under the contract PTDC/EIA-CCO/108302/2008). 1

2 G. GUTIERRES AND D. HOFMANN

these domains can be equally seen as objects of topology and of order theory. This interplay between topology and algebra is very nicely explained in [Escardó and Flagg, 1999] where, employing a particular property of monads of filters, the authors obtain “new proofs and [. . . ] new characterizations of semantic domains and topological spaces by injectivity”.

Since Lawvere’s ground-breaking paper [Lawvere, 1973] it is known that an individual metric spaces X can be viewed as a category with objects the points of X, and the distance

d(x, y) ∈ [0, ∞]

plays the role of the “hom-set” of x and y. More modestly, one can think of a metric d : X × X → [0, ∞] as an order relation on X with truth-values in [0, ∞] rather than in the Boolean algebra 2 = {false, true}. In fact, writing 0 instead of true, � instead of ⇒ and additon + instead of and &, the reflexivity and transitivity laws of an ordered set become

0 � d(x, x) and d(x, y) + d(y, z) � d(x, z) (x, y, z ∈ X),

and in this paper we follow Lawvere’s point of view and assume no further properties of d. As pointed out in [Lawvere, 1973], “this connection is more fruitful than a mere analogy, because it provides a sequence of mathematical theorems, so that enriched category theory can suggest new directions of research in metric space theory and conversely”. A striking example of commonality between category (resp. order) theory and metric theory was already given in [Lawvere, 1973] where it is shown that Cauchy sequences correspond to adjoint (bi)modules and convergence of Cauchy sequences corresponds to representabilty of these modules. Eventually, this amounts to saying that a metric space is Cauchy complete if and only if it admits “suprema” of certain “down-sets” (= morphisms of type X^{op} → [0, ∞]), here “suprema” has to be taken in the sense of weighted colimit of enriched category theory [Eilenberg and Kelly, 1966; Kelly, 1982]. Other types of “down-sets” X^{op} → [0, ∞] specify other properties of metric spaces: forward Cauchy sequences (or nets) (see [Bonsangue et al., 1998]) can be represented by so called flat modules (see [Vickers, 2005]) and their limit points as “suprema” of these “down-sets”, and the formal ball model of a metric space relates to its cocompletion with respect to yet another type of “down-sets” (see [Rutten, 1998; Kostanek and Waszkiewicz, 2011]).

REFERENCES 43

Wyler, O. (1985), Algebraic theories for continuous semilattices, Arch. Rational Mech.

Anal. 90 (2), 99–113.

Zöberlein, V. (1976), Doctrines on 2-categories, Math. Z. 148 (3), 267–279.

Gonçalo Gutierres CMUC, Department of Mathematics, University of Coimbra, 3001-454 Coimbra, Portugal E-mail address: ggutc@mat.uc.pt

Dirk Hofmann Center for Research and Development in Mathematics and Applications, Departament of Matematics, University of Aveiro, 3810-193 Aveiro, Portugal E-mail address: dirk@ua.pt

42 REFERENCES

Lowen, R. (1989), Approach spaces: a common supercategory of TOP and MET, Math.

Nachr. 141, 183–226.

Lowen, R. (1997), Approach spaces, Oxford Mathematical Monographs, The Clarendon Press Oxford University Press, New York, x+253 pages, the missing link in the topologyuniformity-metric triad, Oxford Science Publications.

MacLane, S. (1971), Categories for the working mathematician, Springer-Verlag, New York, ix+262 pages, graduate Texts in Mathematics, Vol. 5.

Manes, E. G. (1969), A triple theoretic construction of compact algebras., Sem. on Triples and Categorical Homology Theory, ETH Zürich 1966/67, Lect. Notes Math. 80, 91-118 (1969).

Nachbin, L. (1950), Topologia e Ordem, Univ. of Chicago Press, in Portuguese, English translation: Topology and Order, Van Nostrand, Princeton (1965).

Nachbin, L. (1992), Compact unions of closed subsets are closed and compact intersections of open subsets are open, Portugal. Math. 49 (4), 403–409.

Pedicchio, M. C. and Tholen, W. (1989), Multiplicative structures over sup-lattices, Arch. Math. (Brno) 25 (1-2), 107–114.

Pisani, C. (1999), Convergence in exponentiable spaces, Theory Appl. Categ. 5, No. 6, 148–162.

Rutten, J. J. M. M. (1998), Weighted colimits and formal balls in generalized metric spaces, Topology Appl. 89 (1-2), 179–202, domain theory.

Scott, D. (1972), Continuous lattices, in Toposes, algebraic geometry and logic (Conf., Dalhousie Univ., Halifax, N. S., 1971), pages 97–136. Lecture Notes in Math., Vol. 274, Springer, Berlin.

Seal, G. J. (2005), Canonical and op-canonical lax algebras, Theory Appl. Categ. 14, 221–243.

Simmons, H. (1982), A couple of triples, Topology Appl. 13 (2), 201–223.

Stubbe, I. (2006), Categorical structures enriched in a quantaloid: tensored and cotensored categories, Theory Appl. Categ. 16, No. 14, 283–306.

Tholen, W. (2009), Ordered topological structures, Topology Appl. 156 (12), 2148–2157.

Vickers, S. (2005), Localic completion of generalized metric spaces. I, Theory Appl. Categ.

14, No. 15, 328–356.

Wagner, K. R. (1994), Solving Recursive Domain Equations with Enriched Categories, Ph.D. thesis, Carnegie Mellon University,

ftp://ftp.risc.uni-linz.ac.at/pub/techreports/1994/94-62.ps.gz.

Waszkiewicz, P. (2009), On domain theory over Girard quantales, Fund. Inform. 92 (1-2), 169–192.

APPROACHING METRIC DOMAINS 3

The particular concern of this paper is to contribute to the development of metric domain theory. Due to the many facets of domains, this can be pursued by either

(1) formulating order-theoretic concepts in the logic of [0, ∞], (2) considering injective “[0, ∞]-enriched topological spaces”, or (3) studying the algebras of “metric filter monads”.

Inspired by [Lawvere, 1973], there is a rich literature employing the first point of view, including Wagner’s Ph.D. thesis [Wagner, 1994], the work of the Amsterdam research group at CWI [Bonsangue et al., 1998; Rutten, 1998], the work of Flagg et al. on continuity spaces [Kopperman, 1988; Flagg, 1992, 1997b; Flagg et al., 1996; Flagg and Kopperman, 1997], and the work of Waszkiewicz with various coauthors on approximation and the formal ball model [Waszkiewicz, 2009; Hofmann and Waszkiewicz, 2011] and [Kostanek and Waszkiewicz, 2011]. However, in this paper we take a different approach and concentrate on the second and third aspect above. Our aim is to connect the theory of metric spaces with the theory of “[0, ∞]- enriched topological spaces” in a similar fashion as domain theory is supported by topology, where by “[0, ∞]-enriched topological spaces” we understand Lowen’s approach spaces [Lowen, 1997]. (In a nutshell, an approach space is to a topological space what a metric space is to an ordered set: it can be defined in terms of ultrafilter convergence where one associates to an ultrafilter x and a point x a value of convergence a(x, x) ∈ [0, ∞] rather then just saying that x converges to x or not.) This idea was already pursued in [Hofmann, 2011] and [Hofmann, 2010] were among others it is shown that

• injective T_0 approach spaces correspond bijectively to a class of metric spaces, henceforth thought of as “continuous metric spaces”, • these “continuous metric spaces” are precisely the algebras for a certain monad on Set, henceforth thought of as the “metric filter monad”, • the category of injective approach spaces and approach maps is Cartesian closed.

Here we continue this path and

• recall the theory of metric and approach spaces as generalised orders (resp. categories), • characterise metric compact Hausdorff spaces as the (suitably defined) stably compact approach spaces, and

4 G. GUTIERRES AND D. HOFMANN

• show that injective T_0 approach spaces (aka “continuous metric spaces”) can be equivalently described as continuous lattices equipped with an unitary and associative action of the continuous lattice [0, ∞]. This result is achieved by a detailed analysis of the notion of cocompleteness for approach spaces.

Warning. We define the underlying order of a topological space X = (X, O) as x ≤ y whenever^▪x → y which is equivalent to O(y) ⊆ O(x), hence it is the dual of the specialisation order. As a consequence, the underlying order of an injective T_0 topological space is the dual of a continuous lattice; and our results are stated in terms of these op-continuous lattices. We hope this does not create confusion.

1. Metric spaces

1.1. Preliminaries. According to the Introduction, in this paper we consider metric spaces in a more general sense: a metric d : X × X → [0, ∞] on a set X is only required to satisfy

0 � d(x, x) and d(x, y) + d(y, z) � d(x, z).

For convenience we often also assume d to be separated meaning that d(x, y) = 0 = d(y, x) implies x = y for all x, y ∈ X. With this nomenclature, “classical” metric spaces appear now as separated, symmetric (d(x, y) = d(y, x)) and finitary (d(x, y) < ∞) metric spaces. A map f : X → X^′ between metric spaces X = (X, d) and X^′ = (X^′, d^′) is a metric map whenever d(x, y) � d^′(f(x), f(y)) for all x, y ∈ X. The category of metric spaces and metric maps is denoted by Met. To every metric space X = (X, d) one associates its dual space X^{op} = (X, d^∘) where d^∘(x, y) = d(y, x), for all x, y ∈ X. Certainly, the metric d on X is symmetric if and only if X = X^{op}. Every metric map f between metric spaces X and Y is also a metric map of type X^{op} → Y^{op}, hence taking duals is actually a functor (−)^{op} : Met → Met which sends f : X → Y to f^{op} : X^{op} → Y^{op}.

There is a canonical forgetful functor (−)_p : Met → Ord; for a metric space (X, d), put x ≤ y whenever 0 � d(x, y), and every metric map preserves this order. Also note that (−)_p : Met → Ord has a left adjoint Ord → Met which interprets an order relation ≤ on X as

REFERENCES 41

Gierz, G., Hofmann, K. H., Keimel, K., Lawson, J. D., Mislove, M. W. and Scott, D. S. (2003), Continuous lattices and domains, volume 93 of Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, xxxvi+591 pages.

Herrlich, H., Lowen-Colebunders, E. and Schwarz, F. (1991), Improving Top:

PrTop and PsTop, in Category theory at work (Bremen, 1990), volume 18 of Res. Exp. Math., pages 21–34, Heldermann, Berlin.

Hofmann, D. (2007), Topological theories and closed objects, Adv. Math. 215 (2), 789–824.

Hofmann, D. (2010), Duality for distributive spaces, Technical report,

arXiv:math.CT/1009.3892.

Hofmann, D. (2011), Injective spaces via adjunction, J. Pure Appl. Algebra 215 (3), 283– 302, arXiv:math.CT/0804.0326.

Hofmann, D. and Tholen, W. (2010), Lawvere completion and separation via closure, Appl. Categ. Structures 18 (3), 259–287, arXiv:math.CT/0801.0199.

Hofmann, D. and Waszkiewicz, P. (2011), Approximation in quantale-enriched categories, Topology Appl., 158 (8), 963–977, arXiv:math.CT/1004.2228.

Johnstone, P. T. (1982), Stone spaces, volume 3 of Cambridge Studies in Advanced Mathematics, Cambridge University Press, Cambridge, xxi+370 pages.

Jung, A. (2004), Stably compact spaces and the probabilistic powerspace construction, in J. Desharnais and P. Panangaden, editors, Domain-theoretic Methods in Probabilistic Processes, volume 87, 15pp.

Kelly, G. M. (1982), Basic concepts of enriched category theory, volume 64 of London Mathematical Society Lecture Note Series, Cambridge University Press, Cambridge, 245 pages, also in: Repr. Theory Appl. Categ. No. 10 (2005), 1–136.

Kelly, G. M. and Schmitt, V. (2005), Notes on enriched categories with colimits of some class, Theory Appl. Categ. 14, No. 17, 399–423.

Kock, A. (1995), Monads for which structures are adjoint to units, J. Pure Appl. Algebra 104 (1), 41–59.

Kopperman, R. (1988), All topologies come from generalized metrics, Amer. Math.

Monthly 95 (2), 89–97.

Kostanek, M. and Waszkiewicz, P. (2011), The formal ball model for Q-categories, Math. Structures Comput. Sci. 21 (1), 41–64.

Lawvere, F. W. (1973), Metric spaces, generalized logic, and closed categories, Rend.

Sem. Mat. Fis. Milano 43, 135–166 (1974), also in: Repr. Theory Appl. Categ. No. 1 (2002), 1–37.

Lowen, E. and Lowen, R. (1989), Topological quasitopos hulls of categories containing topological and metric objects, Cahiers Topologie Géom. Différentielle Catég. 30 (3), 213–228.

40 REFERENCES

Bonsangue, M. M., van Breugel, F. and Rutten, J. J. M. M. (1998), Generalized metric spaces: completion, topology, and powerdomains via the Yoneda embedding, Theoret. Comput. Sci. 193 (1-2), 1–51.

Clementino, M. M. and Hofmann, D. (2003), Topological features of lax algebras, Appl.

Categ. Structures 11 (3), 267–286.

Clementino, M. M. and Hofmann, D. (2009a), Lawvere completeness in Topology, Appl. Categ. Structures 17, 175–210, arXiv:math.CT/0704.3976.

Clementino, M. M. and Hofmann, D. (2009b), Relative injectivity as cocompleteness for a class of distributors, Theory Appl. Categ. 21, No. 12, 210–230,

arXiv:math.CT/0807.4123.

Day, A. (1975), Filter monads, continuous lattices and closure systems, Canad. J. Math.

27, 50–59.

Eilenberg, S. and Kelly, G. M. (1966), Closed categories, in Proc. Conf. Categorical Algebra (La Jolla, Calif., 1965), pages 421–562, Springer, New York.

Escardó, M. H. (1997), Injective spaces via the filter monad, in Proceedings of the 12th Summer Conference on General Topology and its Applications (North Bay, ON, 1997), volume 22, pages 97–100.

Escardó, M. H. (2004), Synthetic topology of data types and classical spaces, Electronic Notes in Theoretical Computer Science 87, 21–156.

Escardó, M. H. and Flagg, R. (1999), Semantic domains, injective spaces and monads., Brookes, Stephen (ed.) et al., Mathematical foundations of programming semantics. Proceedings of the 15th conference, Tulane Univ., New Orleans, LA, April 28 - May 1, 1999. Amsterdam: Elsevier, Electronic Notes in Theoretical Computer Science. 20, electronic paper No.15 (1999).

Flagg, R. C. (1992), Completeness in continuity spaces., Seely, R. A. G. (ed.), Category theory 1991. Proceedings of an international summer category theory meeting, held in Montréal, Québec, Canada, June 23-30, 1991. Providence, RI: American Mathematical Society. CMS Conf. Proc. 13, 183-199 (1992).

Flagg, R. C. (1997a), Algebraic theories of compact pospaces, Topology Appl. 77 (3), 277–290.

Flagg, R. C. (1997b), Quantales and continuity spaces, Algebra Universalis 37 (3), 257– 276.

Flagg, R. C. and Kopperman, R. (1997), Continuity spaces: reconciling domains and metric spaces, Theoret. Comput. Sci. 177 (1), 111–138, mathematical foundations of programming semantics (Manhattan, KS, 1994).

Flagg, R. C., Sünderhauf, P. and Wagner, K. (1996), A logical approach to quantitative domain theory, Topology Atlas Preprint # 23

http://at.yorku.ca/e/a/p/p/23.htm.

APPROACHING METRIC DOMAINS 5

the metric

d(x, y) = { 0 if x ≤ y, ∞ else.

In particular, if X is a discrete ordered set meaning that the order relation is just the equality relation on X, then one obtains the discrete metric on X where d(x, x) = 0 and d(x, y) = ∞ for x ≠ y.

The induced order of a metric space extends pointwise to metric maps making Met an ordered category, which enables us to talk about adjunction. Here metric maps f : (X, d) → (X^′, d^′) and g : (X^′, d^′) → (X, d) form an adjunction, written as f ⊣ g, if 1_X ≤ g · f and f · g ≤ 1_X ′ . Equivalently, f ⊣ g if and only if, for all x ∈ X and x^′ ∈ X^′,

d^′(f(x), x^′) = d(x, g(x^′)).

The formula above explains why f is usually called left adjoint and g right adjoint. We also recall that adjoint maps determine each other meaning that f ⊣ g and f ⊣ g^′ imply g ≃ g^′, and f ⊣ g and f^′ ⊣ g imply f ≃ f^′.

The category Met is complete and, for instance, the product X × Y of metric spaces X = (X, a) and (Y, b) is given by the Cartesian product of the sets X and Y equipped with the max-metric

d((x, y), (x^′, y^′)) = max(a(x, x^′), b(y, y^′)).

More interestingly to us is the plus-metric

d^′((x, y), (x^′, y^′)) = a(x, x^′) + b(y, y^′)

on the set X × Y , we write a ⊕ b for this metric and denote the resulting metric space as X ⊕ Y . Note that the underlying order of X ⊕ Y is just the product order of X_p and Y_p in Ord. Furthermore, for metric maps f : X → Y and g : X^′ → Y^′, the product of f and g gives a metric map f ⊕g : X⊕X^′ → Y ⊕Y^′, and we can view ⊕ as a functor ⊕ : Met×Met → Met. This operation is better behaved then the product × in the sense that, for every metric space X, the functor X ⊕ − : Met → Met has a right adjoint (−)^X : Met → Met sending a metric space Y = (Y, b) to

Y^X = {h : X → Y | h in Met} with distance [h, k] = sup_{x∈X} b(h(x), k(x)),

and a metric map f : Y_1 → Y_2 to

f^X : Y^X_1 → Y^X_2 , h → f · h.

6 G. GUTIERRES AND D. HOFMANN

In particular, if X is a discrete space, then Y^X is just the X-fold power of Y . In the sequel we will pay particular attention to the metric space [0, ∞], with metric μ defined by

μ(u, v) = v ⊖ u := max{v − u, 0},

for all u, v ∈ [0, ∞]. Then the underlying order on [0, ∞] is the “greater or equal relation” �, and note that u + − : [0, ∞] → [0, ∞] is left adjoint to μ(u, −) : [0, ∞] → [0, ∞] with respect to � in [0, ∞]. However, in the sequel we will usually refer to the natural order � on [0, ∞], so that suprema “ ⋁ ” in ([0, ∞], �) are given by “inf”, and infima “ ⋀ ” in ([0, ∞], �) are given by “sup”.

For every set I, the maps

inf : [0, ∞]^I → [0, ∞] and sup : [0, ∞]^I → [0, ∞] φ → inf_{i∈I} φ(i) φ → sup_{i∈I} φ(i)

are metric maps, and so are

+ : [0, ∞] ⊕ [0, ∞] → [0, ∞] and μ : [0, ∞]^{op} ⊕ [0, ∞] → [0, ∞]. (u, v) → u + v (u, v) → v ⊖ u

More general, for a metric space X = (X, d), the metric d is a metric map d : X^{op} ⊕ X → [0, ∞]. Its mate is the Yoneda embedding

y_X :=^⌜d^⌝ : X → [0, ∞]^{X op}, x → d(−, x),

which satisfies indeed d(x, y) = [y_X (x), y_X (y)] for all x, y ∈ X thanks to the Yoneda lemma which states that

[y_X (x), ψ] = ψ(x),

for all x ∈ X and ψ ∈ [0, ∞]^{X op}.

1.2. Cocomplete metric spaces. In this subsection we have a look at metric spaces “through the eyes of category (resp. order) theory” and study the existence of suprema of “down-sets” in a metric space. This is a particular case of the notion of weighted colimit of enriched categories (see [Eilenberg and Kelly, 1966; Kelly, 1982; Kelly and Schmitt, 2005], for instance), and in this and in the next subsection we spell out the meaning for metric spaces of general notions and results of enriched category theory.

REFERENCES 39

for the category whose objects are op-continuous lattices X equipped with a unitary and associative action + : X ⊗ [0, ∞] → X in ContLat_∗, and whose morphisms are those ContLat_∗-morphisms f : X → Y which satisfy f(x + u) = f(x) + u, for all x ∈ X and u ∈ [0, ∞].

Summing up,

Theorem 3.20. InjApp_{sup} is equivalent to ContLat_∗^{[0,∞]}.

Here an totally cocomplete T_0 approach space X = (X, a) is sent to its underlying ordered set where x ≤ y ⇐⇒ a(^▪x, y) = 0 (x, y ∈ X) equipped with the tensor product of X, and an op-continuous lattice X with action + is sent to the approach space induced by the metric compact Hausdorff space (X, d, α) where d(x, y) = inf{u ∈ [0, ∞] | x + u ≤ y} and α(x) = ⋀ A∈x ⋁ x∈A x, for

all x, y ∈ X and x ∈ UX. Finally, we note that a map f : X → Y between injective approach spaces is an approach map if and only if f preserves downdirected infima and, for all x ∈ X and u ∈ [0, ∞], f(x) + u ≤ f(x + u) (see Propositions 1.10 and 3.12).

Remark 3.21. By the theorem above, the diagram

InjApp_{sup} ≃ ContLat_∗^{[0,∞]} ⊣ �

⊥ � ContLat_∗

⋌ � � � � � � � � � �

−⊗[0,∞] �

Set P �

F

�

of right adjoints commutes, and therefore the diagram of the (dotted) left adjoints does so too. Here F X is the set of all filters on the set X, ordered by ⊇, and P X = [0, ∞]^{UX} where UX is equipped with the Zariski topology. In other words, P X ≃ F X ⊗ [0, ∞], for every set X.

References

Banaschewski, B., Lowen, R. and Van Olmen, C. (2006), Sober approach spaces, Topology Appl. 153 (16), 3059–3070.

Bénabou, J. (2000), Distributors at work, lecture notes by Thomas Streicher (http://www.mathematik.tu-darmstadt.de/~streicher/).

38 G. GUTIERRES AND D. HOFMANN

on the set X which preserves suprema in each variable, or, equivalently, + : X ⊗ [0, ∞] → X is in Sup.

For X, Y, Z in ContLat_∗, a map h : X × Y → Z is a bimorphism if it is a morphism of ContLat_∗ in each variable.

Proposition 3.19. The category ContLat_∗ admits a tensor product which represents bimorphisms. That is, for all X, Y in ContLat_∗, the functor

Bimorph(X × Y, −) : ContLat_∗ → Set

is representable by some object X ⊗ Y in ContLat_∗.

Proof : One easily verifies that Bimorph(X ×Y, −) preserves limits. We check the solution set condition of Freyd’s Adjoint Functor Theorem (in the form of [MacLane, 1971, Section V.3, Theorem 3]). Take S as any representing set of {L ∈ ContLat_∗ | |L| ≤ |F (X × Y )|}, where F (X × Y ) denotes the set of all filters on the set X×Y . Let Z be an op-continuous lattice and φ : X×Y → Z be a bimorphism. We have to find some L ∈ S, a bimorphism φ^′ : X ×Y → L and a morphism m : L → Z in ContLat_∗ with m · φ^′ = φ. Since the map e : X × Y → F (X × Y ) sending (x, y) to its principal filter gives actually the reflection of X × Y to ContLat_∗, there exists some f : F (X × Y ) → Z in ContLat_∗ with f · e = φ.

F (X × Y )_q � � � � f

� L� m � � � � � � X × Y

e � � � � � � � � � � φ � φ^′=q·e � Z Let f = m · q a (regular epi,mono)-factorisation of f in ContLat_∗. Then φ^′ := q · e is a bimorphism as it is the corestriction of φ to L, m : L → Z lies in ContLat_∗ and L can be chosen in S.

By unicity of the representing object, 1 ⊗ X ≃ X ≃ X ⊗ 1 and (X ⊗ Y ) ⊗ Z ≃ X ⊗ (Y ⊗ Z). Furthermore, with the order �, [0, ∞] is actually a monoid in ContLat_∗ since + : [0, ∞] × [0, ∞] → [0, ∞] is a bimorphism and therefore it is a morphism + : [0, ∞] ⊗ [0, ∞] → [0, ∞] in ContLat_∗, and so is 1 → [0, ∞], ⋆ → 0. We write

ContLat_∗^{[0,∞]}

APPROACHING METRIC DOMAINS 7

For a metric space X = (X, d) and a “down-set” ψ : X^{op} → [0, ∞] in Met, an element x_0 ∈ X is a supremum of ψ whenever, for all x ∈ X,

d(x_0, x) = sup_{y∈X}(d(y, x) ⊖ ψ(y)). (1.i)

Suprema are unique up to equivalence ≃, we write x_0 ≃ Sup_X (ψ) and will frequently say the supremum. Furthermore, a metric map f : (X, d) → (X^′, d^′) preserves the supremum of ψ ∈ [0, ∞]^{X op} whenever

d^′(f(Sup_X (ψ)), x^′) = sup_{x∈X}(d^′(f(x), x^′) ⊖ ψ(x))

for all x^′ ∈ X^′. As for ordered sets:

Lemma 1.1. Left adjoint metric maps preserve all suprema.

A metric space X = (X, d) is called cocomplete if every “down-set” ψ : X^{op} → [0, ∞] has a supremum. This is the case precisely if, for all ψ ∈ [0, ∞]^{X op} and all x ∈ X,

d(Sup_X (ψ), x) = sup_{y∈X}(d(y, x) ⊖ ψ(y)) = [ψ, y_X (x)];

hence X is cocomplete if and only if the Yoneda embedding y_X : X → [0, ∞]^{X op} has a left adjoint Sup_X : [0, ∞]^{X op} → X in Met. More generally, one has (see [Hofmann, 2011], for instance)

Proposition 1.2. For a metric space X, the following conditions are equivalent.

(i) X is injective (with respect to isometries). (ii) y_X : X → [0, ∞]^{X op} has a left inverse. (iii) y_X has a left adjoint. (iv) X is cocomplete.

Here a metric map i : (A, d) → (B, d^′) is called isometry if one has d(x, y) = d^′(i(x), i(y)) for all x, y ∈ A, and X is injective if, for all isometries i : A → B and all f : A → X in Met, there exists a metric map g : B → X with g·i ≃ f.

Dually, an infimum of an “up-set” φ : X → [0, ∞] in X = (X, d) is an element x_0 ∈ X such that, for all x ∈ X,

d(x, x_0) = sup_{y∈X}(d(x, y) ⊖ φ(y)).

A metric space X is complete if every “up-set” has an infimum. By definition,

8 G. GUTIERRES AND D. HOFMANN

an infimum of φ : X → [0, ∞] in X is a supremum of φ : (X^{op})^{op} → [0, ∞] in X^{op}, and everything said above can be repeated now in its dual form. In particular, with h_X : X → ( [0, ∞]^X

)_{op} , x → d(x, −) denoting the contravariant Yoneda embedding (which is the dual of y_{X op} : X^{op} → [0, ∞]^X):

Proposition 1.3. For a metric space X, the following conditions are equivalent.

(i) X is injective (with respect to isometries). (ii) h_X : X → ( [0, ∞]^X

)_{op} has a left inverse.

(iii) h_X has a left adjoint. (iv) X is complete.

Corollary 1.4. A metric space is complete if and only if it is cocomplete.

This latter fact can be also seen in a different way. To every “down-set” ψ : X^{op} → [0, ∞] one assigns its “up-set of upper bounds”

ψ^+ : X → [0, ∞], x → sup_{y∈X}(d(y, x) ⊖ ψ(y)),

and to every “up-set” φ : X → [0, ∞] its “down-set of lower bounds”

φ^− : X^{op} → [0, ∞], x → sup_{y∈X}(d(x, y) ⊖ φ(y)).

This way one defines an adjunction (−)^+ ⊣ (−)^− ( [0, ∞]^X

)_{op}^{(−)−} � ⊤ [0, ∞]^{X op}

(−)^+ � X h_X � � � � y^X � � � � in Met where both maps commute with the Yoneda embeddings. Therefore a left inverse of y_X produces a left inverse of h_X , and vice versa. The adjunction (−)^+ ⊣ (−)^− is also know as the Isbell conjugation adjunction.

For every (co)complete metric space X = (X, d), its underlying ordered set X_p is (co)complete as well. This follows for instance from the fact that (−)_p : Met → Ord preserves injective objects. Another argument goes as follows. For every (down-set) A ⊆ X, one defines a metric map

ψ_A : X^{op} → [0, ∞], x → inf_{a∈A} d(x, a),

APPROACHING METRIC DOMAINS 37

(ii) X is cocomplete, X_p is totally cocomplete and + : X ⊕ [0, ∞] → X is an approach map.

(iii) X is cocomplete, X_p is totally cocomplete and + : X_p × [0, ∞]_p → X_p is continuous.

(iv) X is U-cocomplete, X_0 is cocomplete, X_p is totally cocomplete, and, for all x ∈ X and u ∈ [0, ∞], the map − + u : X → X preserves down-directed infima and the map x + − : [0, ∞] → X sends updirected suprema to down-directed infima.

Proof : Clearly, (i)⇒(ii)⇒(iii)⇒(iv). Assume now (iv). According to Proposition 3.13, we have to show that the three maps (3.ii) are approach maps. We write a : UX × X → [0, ∞] for the convergence structure of the approach space X, by hypothesis, a(x, x) = d(α(x), x) where d is the underlying metric and α(x) = ⋀ A∈x ⋁ x∈X x. By Proposition 3.17, (X, d, α) is a metric compact

Hausdorff space and therefore α : UX → X is an approach map. Since the metric space X_0 is cocomplete, + : X_0⊕[0, ∞] → X_0 and ⋁ : X^I_0 → X_0 (I any set) are metric maps. If I is a compact Hausdorff space, (X^I )_0 is a subspace of X^{Id}_0 , therefore also ⋁ : (X^I )_0 → X_0 is a metric map. Furthermore, since X_p is totally cocomplete, ⋁ : (X^I )_p = (X_p)^I → X_p is continuous (see Lemma 2.3). Since X^I is U-cocomplete by Lemma 3.16, ⋁ : X^I → X is actually an approach map by Proposition 3.12. Similarly, + : (X ⊕ [0, ∞])_0 → X_0 is a metric map since (X ⊕ [0, ∞])_0 = X_0 ⊕ [0, ∞]. Our hypothesis states that + : (X ⊕ [0, ∞])_p = X_p × [0, ∞]_p → X_p is continuous in each variable, and [Scott, 1972, Proposition 2.6] tells us that it is indeed continuous. By applying Proposition 3.12 again we conclude that + : X ⊕ [0, ∞] → X is an approach map.

Note that the approach structure of an totally cocomplete T_0 approach space can be recovered from its underlying metric since the convergence α : UX → X is defined by the underlying lattice structure. In fact, the Theorem above shows that an totally cocomplete T_0 approach space is essentially the same thing as a separated cocomplete metric space X = (X, d) whose underlying ordered set is an op-continuous lattice (see Proposition 3.17) and where the action + : X × [0, ∞] → X preserves down-directed infima (in both variables). In the final part of this paper we combine this with Theorem 1.8 where separated cocomplete metric spaces are described as sup-lattices X equipped with an unitary and associative action + : X × [0, ∞] → X

36 G. GUTIERRES AND D. HOFMANN

Proposition 3.17. Let X = (X, d) be a cocomplete metric space whose underlying ordered set X_p is a op-continuous lattice. Then (X, d, α) is a metric compact Hausdorff space where α : UX → X is defined by x → ⋀ A∈x ⋁ x∈X x. Proof : Since X_p is op-continuous, X_p is even an ordered compact Hausdorff space with convergence α. We have to show that α : U(X, d) → (X, d) is a metric map. Recall from Lemma 2.2 that with (X, d) also U(X, d) is tensored, hence we can apply Proposition 1.10. Firstly, for x ∈ UX and u ∈ [0, ∞],

α(x) + u = ⋀ A∈x ⋁ x∈X x + u ≤ ⋀ A∈x ⋁ x∈X (x + u) = α(x + u)

since −+u : X → X preserves suprema. Secondly, let x, y ∈ UX and assume 0 = Ud(x, y) = sup_{A∈x,B∈y} inf_{x∈A,y∈B} d(x, y) = sup_{B∈y} inf_{A∈x} sup_{x∈A} inf_{y∈B} d(x, y).

For the last equality see [Seal, 2005, Lemma 6.2], for instance. We wish to show that α(x) ≤ α(y), that is, ⋀ A∈x ⋁ x∈A x ≤ ⋀ B∈y ⋁ y∈B y, which is equivalent to ⋀ A∈x ⋁ x∈A x ≤ ⋁ y∈B y, for all B ∈ y. Let B ∈ y and ε > 0.

By hypothesis, there exist some A ∈ x with sup_{x∈A} inf_{y∈B} d(x, y) < ε, hence, for all x ∈ A, there exist some y ∈ B with d(x, y) < ε and therefore x+ε ≤ y. Consequently, for all ε > 0, ⋀ A∈x ⋁ x∈A x + ε ≤ ⋀ A∈x ⋁ x∈A (x + ε) ≤ ⋁ y∈B y;

and therefore also ⋀ A∈x ⋁ x∈A x ≤ ⋁ y∈B y. Theorem 3.18. Let X be a T_0 approach space. Then the following assertions are equivalent.

(i) X is totally cocomplete.

APPROACHING METRIC DOMAINS 9

and a supremum x_0 of ψ_A must satisfy, for all x ∈ X,

d(x_0, x) = sup_{y∈X}(d(y, x) ⊖ ψ_A(y)) = sup_{a∈A} sup_{y∈X}(d(y, x) ⊖ d(y, x)) = sup_{a∈A} d(a, x).

Therefore x_0 is not only a supremum of A in the ordered set X_p, it is also preserved by every monotone map d(−, x) : X_p → [0, ∞].

Lemma 1.5. Let X = (X, d) be a metric space and let x_0 ∈ X and A ⊆ X. Then x_0 is the supremum of ψ_A if and only if x_0 is the (order theoretic) supremum of A and, for every x ∈ X, the monotone map d(−, x) : X_p → [0, ∞] preserves this supremum.

1.3. Tensored metric spaces. We are now interested in those metric spaces X = (X, d) which admit suprema of “down-sets” of the form ψ = d(−, x) + u where x ∈ X and u ∈ [0, ∞]. In the sequel we write x+u instead of Sup_X (ψ). According to (1.i), the element x + u ∈ X is characterised up to equivalence by d(x + u, y) = d(x, y) ⊖ u, for all y ∈ X. A metric map f : (X, d) → (X^′, d^′) preserves the supremum of ψ = d(−, x) + u if and only if f(x + u) ≃ f(x) + u. Dually, an infimum of an “up-set” of the form φ = d(x, −) + u is denote by x ⊖ u, and it is characterised up to equivalence by

d(y, x ⊖ u) = d(y, x) ⊖ u.

One calls a metric space tensored if it admits all suprema x+u, and cotensored if X admits all infima x ⊖ u.

Example 1.6. The metric space [0, ∞] is tensored and cotensored where x + u is given by addition and x ⊖ u = max{x − u, 0}.

Note that X = (X, d) is tensored if and only if every d(x, −) : X → [0, ∞] has a left adjoint x + (−) : [0, ∞] → X in Met, and X is cotensored if and only if every d(−, x) : X^{op} → [0, ∞] has a left adjoint x ⊖ (−) : [0, ∞] → X^{op} in Met. Furthermore, if X is tensored and cotensored, then (−)+u : X → X is left adjoint to (−) ⊖ u : X → X in Met, for every u ∈ [0, ∞].

Theorem 1.7. Let X = (X, d) be a metric space. Then the following assertions are equivalent.

(i) X is cocomplete.

(ii) X has all order-theoretic suprema and is tensored and cotensored.

10 G. GUTIERRES AND D. HOFMANN

(iii) X has all (order theoretic) suprema, is tensored and, for every u ∈ [0, ∞], the monotone map (−) + u : X_p → X_p has a right adjoint in Ord.

(iv) X has all (order theoretic) suprema, is tensored and, for every u ∈ [0, ∞], the monotone map (−) + u : X_p → X_p preserves suprema.

(v) X has all (order theoretic) suprema, is tensored and, for every x ∈ X, the monotone map d(−, x) : X_p → [0, ∞] has a right adjoint in Ord.

(vi) X is has all (order theoretic) suprema, is tensored and, for every x ∈ X, the monotone map d(−, x) : X_p → [0, ∞] preserves suprema.

Under these conditions, the supremum of a “down-set” ψ : X^{op} → [0, ∞] can be calculated as Sup ψ = inf_{x∈X}(x + ψ(x)). (1.ii)

A metric map f : X → Y between cocomplete metric spaces preserves all colimits if and only if f preserves tensors and (order theoretic) suprema.

Proof : By the preceding discussion, the implications (i)⇒(ii) and (ii)⇒(iii) are obvious, and so are (iii)⇔(iv) and (v)⇔(vi). To see (iii)⇒(v), just note that a right adjoint (−) ⊖ u : X_p → X_p of (−) + u produces a right adjoint x⊖(−) : [0, ∞] → X_p of d(−, x). Finally, (vi)⇒(i) can be shown by verifying that (1.ii) calculates indeed a supremum of ψ.

Every metric space X = (X, d) induces metric maps

X ⊕ [0, ∞]^{BX}−−→ [0, ∞]^{X op} and X^{I F X,I}−−−→ [0, ∞]^{X op} (where I is any set).

Here B_X : X ⊕ [0, ∞] → [0, ∞]^{X op}, (x, u) → d(−, x) + u is the mate of the composite

X^{op} ⊕ X ⊕ [0, ∞]^{d⊕1}−−→ [0, ∞] ⊕ [0, ∞]^+−→ [0, ∞],

and F_{X,I} : X^I → [0, ∞]^{X op} is the mate of the composite

X^{op} ⊕ X^I → [0, ∞]^{I inf}−−→ [0, ∞],

where the first component is the mate of the composite

X^{op} ⊕ X^I ⊕ I^{1⊕ev}−−−→ X^{op} ⊕ X^d−→ [0, ∞].

Spelled out, for φ ∈ X^I and x ∈ X, F_{X,I} (φ)(x) = inf_{i∈I} d(x, φ(i)), and a supremum of F_{X,I} (φ) ∈ [0, ∞]^{X op} is also a (order-theoretic) supremum of

APPROACHING METRIC DOMAINS 35

p ∈ U(X^I ) and h ∈ X^I , �p, h� = sup{a_0(α(U ev(w)), h(β(u)) | w ∈ U(X^I × I), p = Uπ_1(w), u := Uπ_2(w)} = sup_{i∈I} sup

w∈U(X^I ×I) Uπ_1(w)=p β·Uπ_2(w)=i

a_0(α(U ev(w)), h(i))

= sup_{i∈I} a_0( ⋁ w∈U(X^I ×I) Uπ_1(w)=p β·Uπ_2(w)=i

α(U ev(w)), h(i))

= sup_{i∈I} a_0(γ(p)(i), h(i)),

where we define γ(p)(i) = ⋁ w∈U(X^I ×I) Uπ_1(w)=p β·Uπ_2(w)=i

α(U ev(w)).

In order to conclude that γ is a map of type U(X^I ) → X^I , we have to show that γ(p) is a continuous map γ(p) : I → X_p, for every p ∈ U(X^I ). To this end, we note first that the supremum above can be rewritten as

γ(p)(i) = ⋁ w∈U(X^I ×I) Uπ_1(w)=p

α(U ev(w)) & b(Uπ_2(w), i).

We put Y = {w ∈ U(X^I × I) | Uπ_1(w) = p} and consider Y as a subspace of U((X^I × I)_d), that is, the Čech-Stone compactification of the set X^I × I. Note that Y is compact, and one has continuous maps

Y^{Uev}−−→ U(X_d), Y^{Uπ2}−−→ U(I_d), U(X_d)^α−→ X_p, U(I_d) × I^b−→ 2. Therefore we can express the map γ(p) as the composite

I −→ X^I_p ⋁ −→ X_p of continuous maps, where the first component is the mate of the composite

Y × I^{Δ×1}−−−→ Y × Y × I^{Uev ×Uπ2×1}

−−−−−−−→ U(X_d) × U(I_d) × I^{α×b}−−→ X_p × 2^&−→ X_p of continuous maps.

34 G. GUTIERRES AND D. HOFMANN

belonges to App. Since the diagonal Δ : U(X_d) → U(X_d) ⊕ U(X_d) as well as the identity maps U(X_d) → UX and U(X_d) → (UX)^{op} are in App, we can express the map above as the composite

U(X_d) ⊕ P X^{Δ⊕1}−−−→ UX ⊕ (UX)^{op} ⊕ P X^{α⊕ev}−−−→ X ⊕ [0, ∞]^+−→ X

of approach maps.

Example 3.14. The approach space [0, ∞] is injective and hence totally cocomplete, but [0, ∞]^{op} is not injective. To see this, either observe that the map f : {0, ∞} → [0, ∞]^{op}, 0 → ∞, ∞ → 0

cannot be extended along the subspace inclusion {0, ∞} → [0, ∞], or that the mapping (u, v) → u⊖v (which is the tensor of the metric space [0, ∞]^{op}) is not an approach map of type [0, ∞]^{op} ⊕ [0, ∞] → [0, ∞]^{op}. Therefore [0, ∞]^{op} is not totally cocomplete, however, recall from Example 3.9 that [0, ∞]^{op} is cocomplete.

Remark 3.15. Similarly, a topological space X is totally cocomplete if and only if X is cocomplete and the latter two maps of (3.ii) (accordingly defined) are continuous.

Lemma 3.16. Let X be an approach space and I be a compact Hausdorff space. If X is cocomplete and X_p is totally cocomplete, then X^I is Ucocomplete.

Proof : We write a : UX × X → [0, ∞] for the convergence structure of the approach space X, and b : UI × I → 2 for the convergence structure of the compact Hausdorff space I. In the both cases there are maps α : UX → X and β : UI → I respectively so that a(x, x) = a_0(α(x), x) and b(u, i) = true if and only if β(u) = i, for all x ∈ UX, x ∈ X, u ∈ UI and i ∈ I. For every

APPROACHING METRIC DOMAINS 11

the family (φ(i))_{i∈I} in X. If X is cocomplete, by composing with Sup_X one obtains metric maps

X ⊕ [0, ∞]^+−→ X and X^I ⋁ −→ X (where I is any set).

Finally, a categorical standard argument (see [Johnstone, 1982, Lemma 4.10]) shows that when Y is injective also Y^X is injective, hence, Y^X is cocomplete. Furthermore, tensors and suprema in Y^X can be calculated pointwise:

h + u = (− + u) · h and ( ⋁ i∈I h_i ) = ⋁ ·⟨h_i⟩_{i∈I} ,

for u ∈ [0, ∞], h ∈ Y^X and h_i ∈ Y^X (i ∈ I). Here ⟨h_i⟩_{i∈I} : X → Y^I denotes the map induced by the family (h_i)_{i∈I} .

1.4. [0, ∞]-actions on ordered sets. When X = (X, d) is a tensored metric space, we might not have Sup_X defined on the whole space [0, ∞]^{X op}, but it still is defined on its subspace of all metric maps ψ : X^{op} → [0, ∞] of the form ψ = d(−, x) + u. Hence, one still has a metric map

X ⊕ [0, ∞] → X, (x, u) → x + u,

and one easily verifies the following properties.

(1) For all x ∈ X, x + 0 ≃ x.

(2) For all x ∈ X and all u, v ∈ [0, ∞], (x + u) + v ≃ x + (u + v). (3) + : X_p × [0, ∞] → X_p is monotone in the first and anti-monotone in the second variable.

(4) For all x ∈ X, x + ∞ is a bottom element of X_p. (5) For all x ∈ X and (u_i)_{i∈I} in [0, ∞], x + inf_{i∈I} u_i ≃ ⋁ i∈I (x + u_i).

Of course, (4) is a special case of (5). If X is separated, then the first three conditions just tell us that X_p is an algebra for the monad induced by the monoid ([0, ∞], �, +, 0) on Ord_{sep}. Hence, X → X_p defines a forgetful functor

Met_{sep,+} → Ord^{[0,∞]}_{sep} ,

where Met_{sep,+} denotes the category of tensored and separated metric spaces and tensor preserving metric maps, and Ord^{[0,∞]}_{sep} the category of separated ordered sets with an unitary (i.e. satisfying (1)) and associative (i.e. satisfying

12 G. GUTIERRES AND D. HOFMANN

(2)) action of ([0, ∞], �, +, 0), [0, ∞]-algebras for short, and monotone maps which preserve this action.

Conversely, let now X be a [0, ∞]-algebra with action + : X × [0, ∞] → X. We define d(x, y) = inf{u ∈ [0, ∞] | x + u ≤ y}. (1.iii) Certainly, x ≤ y implies 0 � d(x, y), in particular one has 0 � d(x, x). Since, for x, y, z ∈ X,

d(x, y) + d(y, z) = inf{u ∈ [0, ∞] | x + u ≤ y} + inf{v ∈ [0, ∞] | y + v ≤ z} = inf{u + v | u, v ∈ [0, ∞], x + u ≤ y, y + v ≤ z} � inf{w ∈ [0, ∞] | x + w ≤ z = d(x, z),

we have seen that (X, d) is a metric space. If the [0, ∞]-algebra X comes from a tensored separated metric space, then we get the original metric back. If X satisfies (4), then the infimum in (1.iii) is non-empty, and therefore

d(x + u, y) = inf{v ∈ [0, ∞] | x + u + v ≤ y} = inf{w ⊖ u | w ∈ [0, ∞], x + w ≤ y} = inf{w | w ∈ [0, ∞], x + w ≤ y} ⊖ u = d(x, y) ⊖ u,

hence (X, d) is tensored where + is given by the algebra operation. Finally, if X satisfies (5), then the infimum in (1.iii) is actually a minimum, and therefore 0 � d(x, y) implies x ≤ y. All told:

Theorem 1.8. The category Met_{sep,+} is equivalent to the full subcategory of Ord^{[0,∞]}_{sep} defined by those [0, ∞]-algebras satisfying (5). Under this correspondence, (X, d) is a cocomplete separated metric space if and only if the [0, ∞]-algebra X has all suprema and (−) + u : X → X preserves suprema, for all u ∈ [0, ∞].

Remark 1.9. The second part of the theorem above is essentially in [Pedicchio and Tholen, 1989], which actually states that cocomplete separated metric spaces correspond precisely to sup-lattices equipped with an unitary and associative action + : X × [0, ∞] → X which is a bimorphism, meaning that it preserves suprema in each variable (where the order on [0, ∞] is �) but not necessarily in both. Thanks to Freyd’s Adjoint Functor Theorem (see [MacLane, 1971, Section V.6]), the category Sup of sup-lattices and suprema preserving maps admits a tensor product X ⊗ Y which is characterised by

Bimorph(X × Y, Z) ≃ Sup(X ⊗ Y, Z),

APPROACHING METRIC DOMAINS 33

Every approach space X = (X, a) induces approach maps X ⊕ [0, ∞]^{BX}−−→ P X, UX^{Y X}−−→ P X, X^{I F X,I}−−−→ P X (where I is compact Hausdorff).

Exactly as in Subsection 1.3, B_X : X ⊕ [0, ∞] → P X is the mate of the composite (UX)^{op} ⊕ X ⊕ [0, ∞]^{a⊕1}−−→ [0, ∞] ⊕ [0, ∞]^+−→ [0, ∞], and F_{X,I} : X^I → P X is the mate of the composite (UX)^{op} ⊕ X^I → [0, ∞]^{I inf}−−→ [0, ∞], where the first component is the mate of the composite (UX)^{op} ⊕ X^I ⊕ I^{1⊕ev}−−−→ (UX)^{op} ⊕ X^a−→ [0, ∞].

Explicitely, for φ ∈ X^I and x ∈ UX, F_{X,I} (φ)(x) = inf_{i∈I} a(x, φ(i)). A supremum of the “down-set” F_{X,I} (φ) ∈ P X is necessarily a supremum of the family (φ(i))_{i∈I} in the underlying order of X. If X is cocomplete, one can compose the maps above with Sup_X and obtains metric maps X_0 ⊕ [0, ∞]^+−→ X_0, (UX)_0^α−→ X_0, (X^I )_0 ⋁ −→ X_0 (I compact Hausdorff), (3.ii) which are even morphisms in App provided that X is totally cocomplete. In fact, one has Proposition 3.13. Let X be an approach space. Then X is totally cocomplete if and only if X is cocomplete and the three maps (3.ii) are approach maps.

Proof : The obtain the reverse implication, we have to show that the mapping Sup_X : P X → X, ψ → ⋁ x∈UX

(α(x) + ψ(x))

is an approach map. We write X_d for the discrete approach space with underlying set X, then U(X_d) is just a compact Hausdorff space, namely the Čech-Stone compactification of the set X. By assumption, ⋁ : XU(Xd) → X is an approach map, therefore it is enough to show that U(X_d) ⊕ P X → X, (x, ψ) → α(x) + ψ(x)

32 G. GUTIERRES AND D. HOFMANN

• the totally cocomplete approach spaces are precisely the injective ones, and that • the category

InjApp_{sup}

of totally cocomplete approach T_0 spaces and supremum preserving (= left adjoint) approach maps is monadic over App, Met and Set. The construction X → P X is the object part of the left adjoint P : App → InjApp_{sup} of the inclusion functor InjApp_{sup} → App, and the maps y_X : X → P X define the unit y of the induced monad P = (P, y, m) on App. Composing this monad with the adjunction (−)_d ⊣ (−) : App ⇆ Set gives the corresponding monad on Set.

This resembles very much well-known properties of injective topological T_0 spaces, which are known to be the algebras for the filter monad on Top, Ord and Set, hence, by Remark 3.1, are precisely the (accordingly defined) totally cocomplete topological T_0 spaces. Furthermore, all information about the topology of an injective T_0 space is contain in its underlying order, and the ordered sets occurring this way are the op-continuous lattices, i.e. the duals of continuous lattices^†, as shown in Scott [1972] (see Subsection 2.1). In the sequel we will write ContLat_∗ to denote the category of op-continuous lattices and maps preserving all suprema and down-directed infima. Note that ContLat_∗ is equivalent to the category of totally cocomplete topological T_0 spaces and left adjoints in Top, and of course also to the category ContLat of continuous lattices and maps preserving up-directed suprema and all infima.

These analogies make us confident that totally cocomplete approach T_0 spaces provide an interesting metric counterpart to (op-)continuous lattices. In fact, in [Hofmann, 2010] it is shown that the approach structure of such a space is determined by its underlying metric, hence we are talking essentially about metric spaces here. Moreover, every totally cocomplete approach space is exponentiable in App and the full subcategory of App defined by these spaces is Cartesian closed. Theorem 3.20 below exposes now a tight connection with op-continuous lattices: the totally cocomplete approach T_0 spaces are precisely the op-continuous lattices equipped with an unitary and associative action of [0, ∞] in the monoidal category ContLat_∗.

†Recall that our underlying order is dual to the specialisation order.

APPROACHING METRIC DOMAINS 13

naturally in Z ∈ Sup, for all sup-lattices X, Y . Hence, a cocomplete separated metric space can be identified with a sup-lattice X equipped with an unitary and associative action + : X ⊗ [0, ∞] → X in Sup. This result is also a special case of [Stubbe, 2006] where tensored quantaloid-enriched categories are analised.

Proposition 1.10. Let X and Y be tensored metric spaces and f : X → Y be a map. Then f : X → Y is a metric map if and only if f : X_p → Y_p is monotone and, for all x ∈ X and u ∈ [0, ∞], f(x) + u ≤ f(x + u).

Proof : Every metric map is also monotone with respect to the underlying orders and satisfies f(x) + u ≤ f(x + u), for all x ∈ X and u ∈ [0, ∞]. To see the reverse implication, recall that the metric d on X satisfies

d(x, y) = inf{u ∈ [0, ∞] | x + u ≤ y},

and for the metric d^′ on Y one has

d(f(x), f(y)) = inf{v ∈ [0, ∞] | f(x) + v ≤ f(y)}.

If x + u ≤ y, then f(x) + u ≤ f(x + u) ≤ f(y), and the assertion follows.

2. Metric compact Hausdorff spaces and approach spaces

2.1. Continuous lattices. Continuous lattices were introduced by D. Scott [Scott, 1972] as precisely those orders appearing as the specialisation order of an injective topological T_0-space. Here, for an arbitrary topological space X with topology O, the specialisation order ≤ on X is defined as

x ≤ y whenever O(x) ⊆ O(y),

for all x, y ∈ X. This relation is always reflexive and transitive, and it is anti-symmetric if and only if X is T_0. If X is an injective T_0-space, then the ordered set (X, ≤) is actually complete and, for all x ∈ X, x = ⋁ {y ∈ X | y ≪ x}

(where y ≪ x whenever x ≤ ⋁ D ⇒ y ∈ D for every up-directed down-set D ⊆ X); in general, a complete separated ordered set with this property is called continuous lattice. In this particular case the specialisation order contains all information about the topology of X: A ⊆ X is open if and only if A is unreachable by up-directed suprema in the sense that ⋁ D ∈ A ⇒ D ∩ A ≠ ∅ (2.i)

14 G. GUTIERRES AND D. HOFMANN

for every up-directed down-set D ⊆ A. Quite generally, (2.i) defines a topology on X for any ordered set X, and a monotone map f : X → Y is continuous with respect to these topologies if and only if f preserves all existing up-directed suprema. Furthermore, the specialisation order of this topology gives the original order back, and one obtains an injective topological T_0-space if and only if X is a continuous lattice.

In the sequel we will consider topological spaces mostly via ultrafilter convergence, and therefore define the underlying order ≤ of a topological space as the “point shadow” of this convergence:

x ≤ y whenever^▪x → y, (^▪x = {A ⊆ X | x ∈ A})

which is dual to the specialisation order. Consequently, the underlying order of an injective topological T_0 space is an op-continuous lattice meaning that (X, ≤) is complete and, for any x ∈ X, x = ⋀ {y ∈ X | y ≻ x},

where y ≻ x whenever x ≤ ⋀ D implies y ∈ D for every down-directed upset D ⊆ X. We also note that, with respect to the underlying order, the convergence relation of an injective T_0 space is given by

x → x ⇐⇒ ⋀ A∈x ⋁ y∈A y ≤ x,

for all ultrafilters x on X and all x ∈ X.

2.2. Ordered compact Hausdorff spaces. The class of stably compact spaces, or equivalently ordered compact Hausdorff spaces, is the class of domains with arguably the most direct generalisation to metric spaces. The latter were introduced by [Nachbin, 1950] as triples (X, ≤, O) where (X, ≤) is an ordered set (we do not assume anti-symmetry here) and O is a compact Hausdorff topology on X so that {(x, y) | x ≤ y} is closed in X × X. A morphism of ordered compact Hausdorff spaces is a map f : X → Y which is both monotone and continuous. We denote the resulting category of ordered compact Hausdorff space and morphisms as OrdCompHaus. If (X, ≤, O) is an ordered compact Hausdorff spaces, then the dual order ≤^∘ on X together with the topology O defines an ordered compact Hausdorff spaces (X, ≤^∘, O), and one obtains a functor (−)^{op} : OrdCompHaus → OrdCompHaus which commutes with the canonical forgetful functor OrdCompHaus → Set.

APPROACHING METRIC DOMAINS 31

topology). Fortunately, this property of α was not needed in the proof of Lemma 2.5, and we conclude

Lemma 3.10. Let (X, a) and (Y, b) be U-cocomplete approach spaces and f : X → Y be a map. Then f : (X, a) → (Y, b) is an approach map if and only if f : (X, a_0) → (Y, b_0) is a metric map and, for all x ∈ UX, β · Uf(x) ≤ f · α(x).

Remark 3.11. Once again, everything told here has its topological counterpart. For instance, we call a topological space X U-cocomplete whenever the monotone map e_X : X_0 → (UX)_0 has a left adjoint α : (UX)_0 → X_0 in Ord. Then, with ≤ denoting the underlying order of X, an ultrafilter x ∈ UX converges to x ∈ X if and only if α(x) ≤ x. Moreover, one also has an analog version of the lemma above.

Recall from Subsection 2.5 that (−)_p : App → Top denotes the canonical forgetful functor from App to Top, where x → x in X_p if and only if 0 = a(x, x) in the approach space X = (X, a). If X = (X, a) is also U-cocomplete with left adjoint α : (UX)_0 → X_0, then, for any x ∈ UX and x ∈ X,

α(x) ≤ x ⇐⇒ 0 = a_0(α(x), x) ⇐⇒ 0 = a(x, x) ⇐⇒ x → x. Here ≤ denotes the underlying order of the underlying topology of X, which is the same as the underlying order of the underlying metric of X. Hence, α provides also a left adjoint to e_X : X_{p0} → U(X_p)_0, and therefore the topological space X_p is U-cocomplete as well. An important consequence of this fact is

Proposition 3.12. Let X = (X, a) and Y = (Y, b) be U-cocomplete approach spaces and f : X → Y be a map. Then f : (X, a) → (Y, b) is an approach map if and only if f : (X, a_0) → (Y, b_0) is a metric map and f : X_p → Y_p is continuous.

Finally, we also observe that U-cocomplete approach spaces are stable under standard constructions: both X ⊕ Y and X × Y are U-cocomplete, provided that X = (X, a) and Y = (Y, b) are so.

3.4. Op-continuous lattices with a [0, ∞]-action. We call an approach space X totally cocomplete if the Yoneda embedding y_X : X → P X has a left adjoint in App. This is to say, X is cocomplete and the metric left adjoint Sup_X of y_X is actually an approach map Sup_X : P X → X. It is shown in [Hofmann, 2011] that

30 G. GUTIERRES AND D. HOFMANN

Proof : To see the implication (iii)⇒(i), we only need to show that the formula (3.i) gives indeed a supremum of ψ. In fact,

a_0( ⋁ x∈UX

α(x) + ψ(x), x) = sup_{x∈UX} a_0(α(x) + ψ(x), x)

= sup_{x∈UX}(a_0(α(x), x) ⊖ ψ(x)) = sup_{x∈UX}(a(x, x) ⊖ ψ(x)),

for all x ∈ X.

Example 3.9. Every metric compact Hausdorff space whose underlying metric is cocomplete gives rise to a cocomplete approach space. In particular, both [0, ∞] and [0, ∞]^{op} are cocomplete (see Example 2.1).

To each metric d on a set X one associates the approach convergence structure a_d(x, y) = sup_{A∈x} inf_{y∈A} d(x, y),

and this construction defines a left adjoint to the forgetful functor (−)_0 : App → Met. Furthermore, note that a_d(^▪x, y) = d(x, y). In particular, for the metric space [0, ∞] = ([0, ∞], μ) one obtains

a_μ(x, y) = sup_{A∈x} inf_{x∈A}(y ⊖ x),

and the approach space ([0, ∞], a_μ) is not U-cocomplete. To see this, consider any ultrafilter x ∈ U[0, ∞] which contains the filter-base

{[u, ∞] | 0 ≤ u < ∞}.

Then a_μ(x, ∞) = ∞ and a_μ(x, y) = 0 for all y < ∞, hence a_μ cannot be of the form μ(α(−), −) for a map α : U[0, ∞] → [0, ∞]. However, for the metric space [0, ∞]^{op} = ([0, ∞], μ^∘), the approach convergence structure a_μ∘ is actually the structure induced by the metric compact Hausdorff space ([0, ∞], μ^∘, ξ) and therefore ([0, ∞], a_μ∘) is cocomplete.

U-cocomplete approach spaces are closely related to metric compact Hausdorff spaces respectively stably compact approach space, in both cases the approach structure a on X can be decomposed into a metric a_0 and a map α : UX → U, and one recovers a as a(x, x) = a_0(α(x), x). In fact, every metric compact Hausdorff space is U-cocomplete, but the reverse implication is in general false since, for instance, the map α : UX → X does not need to be an Eilenberg–Moore algebra structure on X (i.e. a compact Hausdorff

APPROACHING METRIC DOMAINS 15

Analogously to the fact that compact Hausdorff spaces and continuous maps form an algebraic category over Set via ultrafilter convergence UX → X [Manes, 1969], it is shown in [Flagg, 1997a] that the full subcategory OrdCompHaus_{sep} of OrdCompHaus defined by those spaces with antisymmetric order is the category of Eilenberg-Moore algebras for the prime filter monad of up-sets on Ord_{sep}. The situation does not change much when we drop anti-symmetry, in [Tholen, 2009] it is shown that ordered compact Hausdorff spaces are precisely the Eilenberg-Moore algebras for the ultrafilter monad U = (U, e, m) suitably defined on Ord. Here the functor U : Ord → Ord sends an ordered set X = (X, ≤) to the set UX of all ultrafilters on the set X equipped with the order relation

x ≤ y whenever ∀A ∈ x, B ∈ y ∃x ∈ A, y ∈ B . x ≤ y; (x, y ∈ UX)

and the maps

e_X : X → UX m_X : UUX → UX

x →^▪x := {A ⊆ X | x ∈ A} X → {A ⊆ X | A^# ∈ X}

(where A^# := {x ∈ UX | A ∈ x}) are monotone with respect to this order relation. Then, for α : UX → X denoting the convergence of the compact Hausdorff topology O, (X, ≤, O) is an ordered compact Hausdorff space if and only if α : U(X, ≤) → (X, ≤) is monotone.

2.3. Metric compact Hausdorff spaces. The presentation in [Tholen, 2009] is even more general and gives also an extension of the ultrafilter monad U to Met. For a metric space X = (X, d) and ultrafilters x, y ∈ UX, one defines a distance

Ud(x, y) = sup_{A∈x,B∈y} inf_{x∈A,y∈B} d(x, y)

and turns this way UX into a metric space. Then e_X : X → UX and m_X : UUX → UX are metric maps and Uf : UX → UY is a metric map if f : X → Y is so. Not surprisingly, we call an Eilenberg–Moore algebra for this monad metric compact Hausdorff space. Such a space can be described as a triple (X, d, α) where (X, d) is a metric space and α is (the convergence relation of) a compact Hausdorff topology on X so that α : U(X, d) → (X, d) is a metric map. We denote the category of metric compact Hausdorff spaces and morphisms (i.e. maps which are both metric maps and continuous) as MetCompHaus. The operation “taking the dual

16 G. GUTIERRES AND D. HOFMANN

metric space” lifts to an endofunctor (−)^{op} : MetCompHaus → MetCompHaus where X^{op} := (X, d^∘, α), for every metric compact Hausdorff space X = (X, d, α).

Example 2.1. The metric space [0, ∞] with metric μ(u, v) = v ⊖ u becomes a metric compact Hausdorff space with the Euclidean compact Hausdorff topology whose convergence is given by

ξ(v) = sup_{A∈v} inf_{v∈A} v,

for v ∈ U[0, ∞]. Consequently, [0, ∞]^{op} denotes the metric compact Hausdorff space ([0, ∞], μ^∘, ξ) with the same compact Hausdorff topology on [0, ∞] and with the metric μ^∘(u, v) = u ⊖ v.

Lemma 2.2. If (X, d) is a tensored metric space, then (UX, Ud) is tensored too.

Proof : For u ∈ [0, ∞] and x ∈ UX, put x + u = U(t_u)(x) where t_u : X → X sends x ∈ X to (a choice of) x + u. Then

Ud(x + u, y) = sup_{A∈x,B∈y} inf_{x∈A,y∈B} d(x + u, y) = ( sup A∈x,B∈y inf x∈A,y∈B

d(x, y) ) ⊖ u = Ud(x, y) ⊖ u,

for all y ∈ UX. Here we use the fact that − ⊖ u : [0, ∞] → [0, ∞] preserves all suprema and non-empty infima.

Clearly, if f : X → Y is a tensor preserving map between tensored metric spaces, then Uf(x + u) ≃ Uf(x) + u, hence U : Met → Met restricts to an endofunctor on the category Met_+ of tensored metric spaces and tensor preserving maps.

2.4. Stably compact topological spaces. As we have already indicated at the beginning of Subsection 2.2, (anti-symmetric) ordered compact Hausdorff spaces can be equivalently seen as special topological spaces. In fact, both structures of an ordered compact Hausdorff space X = (X, ≤, O) can be combined to form a topology on X whose opens are precisely those elements of O which are down-sets in (X, ≤), and this procedure defines indeed a functor K : OrdCompHaus → Top. An ultrafilter x ∈ UX converges to a

APPROACHING METRIC DOMAINS 29

ψ : (UX)^{op} → [0, ∞], x → a(x, x)+u, and a supremum of ψ (which, we recall, is unique up to equivalence) is denote by x + u. Then X is called tensored if every such ψ has a supremum in X. By definition, x+u ∈ X is characterised by the equation

a(e_X (x + u), y) = sup_{x∈UX}(a(x, y) ⊖ (a(x, x) + u)) = a(^▪x, y) ⊖ u,

for all y ∈ X. Therefore:

Proposition 3.6. An approach space X is tensored if and only if its underlying metric space X_0 is tensored.

We call an approach space X = (X, a) U-cocomplete if every “down-set” ψ : (UX)^{op} → [0, ∞] of the form ψ = Y_X (x) with x ∈ UX has a supremum in X. Such a supremum, denoted as α(x), is characterised by

a(^▪α(x), x) = sup_{y∈UX}(a(y, x) ⊖ d(y, x)) = a(x, x),

for all x ∈ X. The equality above translates to a_0(α(x), x) = a(x, x). Since a(x, x) = d(x,^▪x) where d is the metric on (UX)_0, we conclude that

Proposition 3.7. An approach space X is U-cocomplete if and only if e_X : X_0 → (UX)_0 has a left adjoint α : (UX)_0 → X_0 in Met.

Note that every metric compact Hausdorff space is U-cocomplete. We are now in position to characterise cocomplete approach spaces.

Theorem 3.8. Let X be an approach space. Then the following assertions are equivalent.

(i) X is cocomplete.

(ii) The metric space X_0 is complete and and the approach space X is U-cocomplete.

(iii) The metric space X_0 is complete and e_X : X_0 → (UX)_0 has a left adjoint α : (UX)_0 → X_0 in Met.

Furthermore, in this situation the supremum of a “down-set” ψ : (UX)^{op} → [0, ∞] is given by ⋁ x∈UX

α(x) + ψ(x). (3.i)

28 G. GUTIERRES AND D. HOFMANN

sets and metric spaces, we think of an approach map ψ : (UX)^{op} → [0, ∞] as a “down-set” of X. A point x_0 ∈ X is a supremum of ψ if

a(^▪x_0, x) = sup_{x∈UX} a(x, x) ⊖ ψ(x),

for all x ∈ X. As before, suprema are unique up to equivalence, and therefore we will often talk about the supremum. An approach map f : (X, a) → (Y, b) preserves the supremum of ψ if

b(^▪f(x_0), y) = sup_{y∈UY} b(Uf(x), y) ⊖ ψ(x).

Not surprisingly (see [Hofmann, 2011]),

Lemma 3.3. Left adjoint approach maps f : X → Y between approach spaces preserve all suprema which exist in X.

We call an approach space X cocomplete if every “down-set” ψ : (UX)^{op} → [0, ∞] has a supremum in X. If this is the case, then “taking suprema” defines a map Sup_X : P X → X, indeed, one has

Proposition 3.4. An approach space X is cocomplete if and only if y_X : X_0 → (P X)_0 has a left adjoint Sup_X : (P X)_0 → X_0 in Met.

Remark 3.5. We deviate here from the notation used in previous work where a space X was called cocomplete whenever y_X : X → P X has a left adjoint in App. Approach spaces satisfying this (stronger) condition will be called totally cocomplete (see Subsection 3.4 below) here.

Using Subsection 3.1, one sees immediately that Sup_X : (P X)_0 → X_0 produces a left inverse of h_{X0} : X_0 → ( [0, ∞]^{X0}

)_{op} in Met, hence the underlying metric space X_0 is complete. Certainly, a left inverse of X_0 → ( [0, ∞]^{X0}

)_{op}

in Met gives a left inverse of y_X : X_0 → (P X)_0 in Met, however, such a left inverse does not need to be a left adjoint (see Example 3.9). In the following subsection we will see what is missing.

3.3. Special types of colimits. Similarly to what was done for metric spaces, we will be interested in approach spaces which admit certain types of suprema.

Our first example are tensored approach spaces which are defined exactly as their metric counterparts. Explicitly, to every point x of an approach space X = (X, a) and every u ∈ [0, ∞] one associates a “down-set”

APPROACHING METRIC DOMAINS 17

point x ∈ X with respect to this new topology if and only if α(x) ≤ x, where α : UX → X denotes the convergence of (X, O). Hence, ≤ is just the underlying order of O and α(x) is a smallest convergence point of x ∈ UX with respect to this order. From that it follows at once that we can recover both ≤ and α from O. To be rigorous, this is true when (X, ≤) is anti-symmetric, in the general case α is determined only up to equivalence. In any case, we define the dual of a topological space Y of the form Y = K(X, ≤, α) as Y^{op} = K(X, ≤^∘, α), and note that equivalent maps α lead to the same space Y^{op}.

A T_0 space X = (X, O) comes from a anti-symmetric ordered compact Hausdorff space precisely if X is stably compact, that is, X is sober, locally compact and stable. The latter property can be defined in different manners, we use here the one given in [Simmons, 1982] as stability of the way-below relation ≪ on the lattice of opens under finite intersections. Since stability under empty intersection translates to compactness, X is stable if it is compact and, for open subsets U_1, U_2, V_1, V_2 of X such that U_1 ≪ V_1 and U_2 ≪ V_2, also U_1 ∩ U_2 ≪ U_2 ∩ U_2. Also note that a T_0 space is locally compact if and only it is exponentiable in Top. It is also shown in [Simmons, 1982, Lemma 3.7] that, for X exponentiable, X is stable if and only if, for every ultrafilter x ∈ UX, the set of all limit points of x is irreducible^∗. We refer to [Jung, 2004] for a nice introduction to these kinds of spaces.

If we start with a metric compact Hausdorff space X = (X, d, α) instead, the construction above produces, for every x ∈ UX and x ∈ X, the value of convergence a(x, x) = d(α(x), x) ∈ [0, ∞], (2.ii) which brings us into the realm of

2.5. Approach spaces. We will here give a quick overview of approach spaces which were introduced in [Lowen, 1989] and are extensively described in [Lowen, 1997]. An approach space is typically defined as a pair (X, δ) consisting of a set X and an approach distance δ on X, that is, a function δ : X × 2^X → [0, ∞] satisfying

(1) δ(x, {x}) = 0, (2) δ(x, ∅) = ∞, (3) δ(x, A ∪ B) = min{δ(x, A), δ(x, B)},

∗Actually, Lemma 3.7 of [Simmons, 1982] states only one implication, but the other is obvious and even true without assuming exponentiability.

18 G. GUTIERRES AND D. HOFMANN

(4) δ(x, A) � δ ( x, A^{(ε)} ) + ε, where A^{(ε)} = {x ∈ X | δ(x, A) � ε}, for all A, B ⊆ X, x ∈ X and ε ∈ [0, ∞]. For δ : X × 2^X → [0, ∞] and δ^′ : Y × 2^Y → [0, ∞], a map f : X → Y is called approach map f : (X, δ) → (Y, δ^′) if δ(x, A) � δ^′(f(x), f(A)), for every A ⊆ X and x ∈ X. Approach spaces and approach maps are the objects and morphisms of the category App. The canonical forgetful functor

App → Set

is topological, hence App is complete and cocomplete and App → Set preserves both limits and colimits. Furthermore, the functor App → Set factors through Top → Set where (−)_p : App → Top sends an approach space (X, δ) to the topological space with the same underlying set X and with

x ∈ A whenever δ(x, A) = 0.

This functor has a left adjoint Top → App which one obtains by interpreting the closure operator of a topological space X as

δ(x, A) = { 0 if x ∈ A, ∞ else.

In fact, the image of this functor can be described as precisely those approach spaces where δ(x, A) ∈ {0, ∞}, for all x ∈ X and A ⊆ X. Being left adjoint, Top → App preserves all colimits, and it is not hard to see that this functor preserves also all limits (and hence has a left adjoint).

As in the case of topological spaces, approach spaces can be described in terms of many other concepts such as “closed sets” or convergence. For instance, every approach distance δ : X × 2^X → [0, ∞] defines a map

a : UX × X → [0, ∞], a(x, x) = sup_{A∈x} δ(x, A),

and vice versa, every a : UX × X → [0, ∞] defines a function

δ : X × 2^X → [0, ∞], δ(x, A) = inf_{A∈x} a(x, x).

Furthermore, a mapping f : X → Y between approach spaces X = (X, a) and Y = (Y, b) is an approach map if and only if a(x, x) � b(Uf(x), f(x)), for all x ∈ UX and x ∈ X. Therefore one might take as well convergence as primitive notion, and axioms characterising those functions a : UX × X → [0, ∞] coming from a approach distance can be already found in [Lowen, 1989]. In

APPROACHING METRIC DOMAINS 27

which sends x to inf_{x∈UX} a(x, x) + ξ(Uφ(x)) where ξ(u) = sup_{A∈u} inf_{u∈A} u. In partic-

ular, if φ = a(e_X (x), −), then ξ(Uφ(x)) = Ua(e_{UX} · e_X (x), x) and therefore inf_{x∈UX} a(x, x) + ξ(Uφ(x)) = a(e_X (x), −). Hence, both the left and the right

adjoint commute with the contravariant Yoneda embeddings. ( [0, ∞]^{X0}

)_{op} � ( [0, ∞]^X

)_{op} � X_0

h_{X0} � � � � h_X � � � � Finally, one also have the Isbell conjugation adjunction in this context: ( [0, ∞]^X

)_{op}^{(−)−} � ⊤ ( [0, ∞]^{X op} ) 0 (−)^+ � X_0

h_X � � � � y X � � � � where

φ^−(x) = sup_{x∈X}(a(x, x) ⊖ φ(x)) and ψ^+(x) = sup_{x∈UX}(a(x, x) ⊖ ψ(x)).

Remark 3.2. In our considerations above we were very sparse on details and proofs. This is because (in our opinion) this material is best presented in the language of modules (also called distributors or profunctors), but we decided not to include this concept here and refer for details to [Clementino and Hofmann, 2009a] and [Hofmann, 2011] (for the particular context of this paper) and to [Bénabou, 2000] and [Lawvere, 1973] for the general concept. To give an idea, we note that ψ : (UX)^{op} → [0, ∞] is the same thing as a module ψ : X −⇀∘ 1 from X to 1 and φ : X → [0, ∞] is the same thing as a module φ : 1 −⇀∘ X. Then ψ^+ is the extension of ψ along the identity module on X (see [Hofmann, 2011, 1.3 and Remark 1.5]), and φ^− is the lifting of φ along the identity module on X (see [Hofmann and Waszkiewicz, 2011, Lemma 5.11]); and this process defines quite generally an adjunction.

3.2. Cocomplete approach spaces. In this and the next subsection we study the notion of cocompleteness for approach spaces, as initiated in [Clementino and Hofmann, 2009a,b; Hofmann, 2011]. By analogy with ordered

26 G. GUTIERRES AND D. HOFMANN

(hence y_X is indeed an embedding when X is T_0) thanks to the Yoneda Lemma which states here that, for all x ∈ UX and ψ ∈ P X, �Uy_X (x), ψ� = ψ(x).

The metric d : UX × UX → [0, ∞] (see (2.iv)) is actually an approach map d : (UX)^{op} ⊕ UX → [0, ∞], whose mate can be seen as a “second” (covariant) Yoneda embedding Y_X : UX → P X, and the “second” Yoneda Lemma reads as (see [Hofmann, 2010])

�UY_X (X), ψ� = ψ(m_X (X)), for all X ∈ UUX and ψ ∈ P X.

Remark 3.1. Similarly, the convergence relation →: (UX)^{op} × X → 2 of a topological space X is continuous, and by taking its exponential transpose we obtain the Yoneda embedding y_X : X → 2^{(UX)op} . A continuous map ψ : X^{op} → 2 can be identified with a closed subset A ⊆ UX. In [Hofmann and Tholen, 2010] it is shown that A corresponds to a filter on the lattice of opens of X, moreover, the space 2^{(UX)op} is homeomorphic to the space F_0X of all such filters, where the topology on F_0X has

{f ∈ F_0X | A ∈ f} (A ⊆ X open)

as basic open sets (see [Escardó, 1997]). Under this identification, the Yoneda embedding y_X : X → 2^{(UX)op} corresponds to the map X → F_0X sending every x ∈ X to its neighbourhood filter, and Y_X : UX → F_0X restricts an ultrafilter x ∈ UX to its open elements.

Since an approach space X is in general not +-exponentiable, the set [0, ∞]^X of all approach maps of type X → [0, ∞] does not admit a canonical approach structure. However, it still becomes a metric space when equipped with the sup-metric, that is, the metric space [0, ∞]^X is a subspace of the +-exponential [0, ∞]^{X0} in Met of underlying metric space X_0 of X. Recall from Subsection 1.2 that the contravariant Yoneda embedding h_{X0} : X_0 → ( [0, ∞]^{X0}

)_{op} of the metric space X_0 sends an element x ∈ X_0 to the metric map X_0 → [0, ∞], x^′ → a_0(x, x^′) = a(^▪x, x^′). But the map h_{X0} (x) can be also seen as an approach map of type X → [0, ∞], hence this construction defines also a metric map h_X : X_0 → ( [0, ∞]^X

)_{op} , for every approach space X.

The inclusion map [0, ∞]^X → [0, ∞]^{X0} has a left adjoint [0, ∞]^{X0} → [0, ∞]^X which sends a metric map φ : X_0 → [0, ∞] to the approach map X → [0, ∞]

APPROACHING METRIC DOMAINS 19

this paper we will use the characterisation given in [Clementino and Hofmann, 2003]. The convergence map are precisely the functions a : UX ×X → [0, ∞] satisfying

0 � a(^▪x, x) and Ua(X, x) + a(x, x) � a(m_X (X), x), (2.iii)

where X ∈ UUX, x ∈ UX, x ∈ X and

Ua(X, x) = sup_{A∈X,A∈x} inf_{a∈A,x∈A} a(a, x).

In the language of convergence, the underlying topological space X_p of an approach space X = (X, a) is defined by x → x ⇐⇒ a(x, x) = 0, and a topological space X can be interpreted as an approach space by putting a(x, x) = 0 whenever x → x and a(x, x) = ∞ otherwise.

We can restrict a : UX × X → [0, ∞] to principal ultrafilters and obtain a metric a_0 : X × X → [0, ∞], (x, y) → a(^▪x, y) = δ(y, {x}) on X. Certainly, an approach map is also a metric map, therefore this construction defines a functor

(−)_0 : App → Met.

which, combined with (−)_p : Met → Ord, yields a functor

App → Ord

where x ≤ y whenever 0 � a(^▪x, y). This order relation extends pointwise to approach maps, and we can consider App as an ordered category. As before, this additional structure allows us to speak about adjunction in App: for approach maps f : (X, a) → (X^′, a^′) and g : (X^′, a^′) → (X, a), f ⊣ g if 1_X ≤ g · f and f · g ≤ 1_X ′ ; equivalently, f ⊣ g if and only if, for all x ∈ UX and x^′ ∈ X^′, a^′(Uf(x), x^′) = a(x, g(x^′)).

One calls an approach space X = (X, a) separated, or T_0, if the underlying topology of X is T_0, or, equivalently, if the underlying metric of X is separated. Note that this is the case precisely if, for all x, y ∈ X, a(^▪x, y) = 0 = a(^▪y, x) implies x = y.

Similarly to the situation for metric spaces, besides the categorical product there is a further approach structure on the set

X × Y

20 G. GUTIERRES AND D. HOFMANN

for approach spaces X = (X, a) and Y = (Y, b), namely

c(w, (x, y)) = a(x, x) + b(y, y)

where w ∈ U(X × Y ), (x, y) ∈ X × Y and x = Uπ_1(w) and y = Uπ_2(w). For the resulting approach space (X × Y, c), we write X ⊕ Y , in fact, one obtains a functor ⊕ : App × App → App. We also note that 1 ⊕ X ≃ X ≃ X ⊕ 1, for every approach space X.

Unfortunately, the above described monoidal structure on App is not closed, the functor X ⊕ − : App → App does not have in general a right adjoint (see [Hofmann, 2007]). If it does, we say that the approach space X = (X, a) is +-exponentiable and denote this right adjoint as (−)^X : App → App. Then, for any approach space Y = (Y, b), the space Y^X can be chosen as the set of all approach maps of type X → Y , equipped with the convergence

�p, h� = sup { b(Uev(w), h(x)) ⊖ a(Uπ_2(w), x) | x ∈ X, w ∈ U(Y^X ⊕ X) with p = Uπ_1(w)} , (2.iv)

for all p ∈ U(Y^X ) and h ∈ Y^X . If p =^▪k for some k ∈ Y^X , then

�^▪k, h� = sup_{x∈X} b_0(k(x), h(x)),

which tells us that (Y^X )_0 is a subspace of Y^{X0} . If X = (X, a) happens to be topological, i.e. a only takes values in {0, ∞}, then (2.iv) simplifies to

�p, h� = sup{b(Uev(w), h(x)) | x ∈ X, w ∈ U(Y^X ⊕ X) with p = Uπ_1(w), a(Uπ_2(w), x) = 0}.

Furthermore, a topological approach space is +-exponentiable if and only if it is exponentiable in Top, that is, core-compact. This follows for instance from the characterisation of exponentiable topological spaces given in [Pisani, 1999], together with the characterisation of +-exponentiable approach spaces [Hofmann, 2007] as precisely the ones where the convergence structure a : UX × X → [0, ∞] satisfies

a(m_X (X), x) = inf_{x∈X}(Ua(X, x) + a(x, x)),

for all X ∈ UUX and x ∈ X. Note that the left hand side is always smaller or equal to the right hand side.

APPROACHING METRIC DOMAINS 25

1999]. We just remark here that one important consequence of this property is that an Eilenberg–Moore algebra structure α : UX → X on an {approach, topological} space X is necessarily left adjoint to e_X : X → UX. If X is T_0, then one even has that an approach map α : UX → X is an Eilenberg–Moore algebra structure on X if and only if α · e_X = 1_X . Hence, a T_0 approach space X = (X, a) is a U-algebra if and only if

(1) every ultrafilter x ∈ UX has a generic convergence point α(x) meaning that a(x, x) = a_0(α(x), x), for all x ∈ X, and (2) the map α : UX → X is an approach map.

It is observed already in [Hofmann, 2010] that the latter condition can be substituted by

(2’) X is +-exponentiable.

For the reader familiar with the notion of sober approach space [Banaschewski et al., 2006] we remark that the former condition can be splitted into the following two conditions:

(1a) for every ultrafilter x ∈ UX, a(x, −) is an approach prime element, and (1b) X is sober.

Certainly, the two conditions above imply (1). For the reverse implication, just note that every approach prime element φ : X → [0, ∞] is the limit function of some ultrafilter x ∈ UX (see [Banaschewski et al., 2006, Proposition 5.7]). Hence, every stably compact approach space is sober. We call a +-exponentiable approach space X stable if X satisfies the condition (1a) above (compare with Subsection 2.4), and with this nomenclature one has

Proposition 2.9. A T_0 approach space X is stably compact if and only if X is sober, +-exponentiable and stable.

3. Injective approach spaces

3.1. Yoneda embeddings. Let X = (X, a) be an approach space with convergence a : UX × X → [0, ∞]. Then a is actually an approach map a : (UX)^{op} ⊕ X → [0, ∞], and we refer to its +-exponential mate y_X :=^⌜a^⌝ : X → [0, ∞]^{(UX)op} as the (covariant) Yoneda embedding of X (see [Clementino and Hofmann, 2009a] and [Hofmann, 2010]). We denote the approach space [0, ∞]^{(UX)op} as P X, and its approach convergence structure as �−, −�. One has a(x, x) = �Uy_X (x), y_X (x)� for all x ∈ UX and x ∈ X

24 G. GUTIERRES AND D. HOFMANN

ξ(x) := sup_{A∈x} inf A is a metric compact Hausdorff space (see Example 2.1) which gives the “Sierpiński approach space” [0, ∞] with approach convergence structure λ(x, x) = x ⊖ ξ(x). Then, with the help of the results of subsection 1.1, one sees that

(1) sup : [0, ∞]^I → [0, ∞], (2) − ⊖ v : [0, ∞] → [0, ∞], (3) − + v : [0, ∞] → [0, ∞] are approach maps, for every set I and v ∈ [0, ∞]. If I carries the structure a : UI × I → [0, ∞] of an approach space, one defines the degree of compactness [Lowen, 1997] of I as

comp(I) = sup_{x∈UI} inf_{x∈X} a(x, x).

Then (see [Hofmann, 2007]),

(4) inf : [0, ∞]^I → [0, ∞] is an approach map if and only if comp(I) = 0. As above, the function space [0, ∞]^I is possibly calculated in PsApp, in fact, (−)^I : PsApp → PsApp is the right adjoint of I ⊕ − : PsApp → PsApp.

As any adjunction, M ⊣ K induces a monad on App (respectively on Top). Here, for any approach space X, the space KM(X) is the set UX of all ultrafilters on the set X equipped with an apporach structure, and the unit and the multiplication are essentially the ones of the ultrafilter monad. Therefore we denote this monad also as U = (U, e, m). In particular, one obtains a functor U := KM : App → App (respectively U := KM : Top → Top). Surprisingly or not, the categories of algebras are equivalent to the Eilenberg–Moore categories on Ord and Met:

Ord^U ≃ Top^U and Met^U ≃ App^U.

More in detail (see [Hofmann, 2010]), for any metric compact Hausdorff space (X, d, α) with corresponding approach space (X, a), α : U(X, a) → (X, a) is an approach contraction; and for an approach space (X, a) with Eilenberg– Moore algebra structure α : U(X, a) → (X, a), (X, d, α) is a metric compact Hausdorff space where d is the underlying metric of a and, moreover, a is the approach structure induced by d and α.

It is worthwhile to note that the monad U on Top as well as on App satisfies a pleasant technical property: it is of Kock-Zöberlein type [Kock, 1995; Zöberlein, 1976]. In what follows we will not explore this further and refer instead for the definition and other information to [Escardó and Flagg,

APPROACHING METRIC DOMAINS 21

Via the embedding Top → App described earlier in this subsection, which is left adjoint to (−)_p : App → Top, we can interpret every topological space X as an approach space, also denoted as X, where the convergence structure takes only values in {0, ∞}. Then, for any approach space Y , X⊕Y = X×Y , which in particular tells us that the diagram

App^{X⊕−�} App Top �

X×− � Top �

commutes. Therefore, if X is core-compact, then also the diagram of the corresponding right adjoints commutes, hence

Lemma 2.3. For every core-compact topological space X and every approach space Y , (Y^X )_p = (Y_p)^X .

Remark 2.4. To be rigorous, the argument presented above only allows us to conclude (Y^X )_p ≃ (Y_p)^X . However, since we can choose the right adjoints (−)^X and (−)_p exactly as described earlier, one has indeed equality.

The lack of good function spaces can be overcome by moving into a larger category where these constructions can be carried out. In the particular case of approach spaces, a good environment for doing so is the category PsApp of pseudo-approach spaces and approach maps [Lowen and Lowen, 1989]. Here a pseudo-approach space is pair X = (X, a) consisting of a set X and a convergence structure a : UX × X → [0, ∞] which only needs to satisfy the first inequality of (2.iii): 0 � a(^▪x, x), for all x ∈ X. If X = (X, a) and Y = (Y, b) are pseudo-approach spaces, then one defines X ⊕Y exactly as for approach spaces, and the formula (??) defines a pseudo-approach structure on the set Y^X of all approach maps from X to Y , without any further assumptions on X or Y . In fact, this construction leads now to an adjunction X ⊕ − ⊣ (−)^X : PsApp → PsApp, for every pseudo-approach space X = (X, a).

2.6. Stably compact approach spaces. Returning to metric compact Hausdorff spaces, one easily verifies that (2.ii) defines an approach structure on X (see [Tholen, 2009], for instance). Since a homomorphism between metric compact Hausdorff spaces becomes an approach map with respect to

22 G. GUTIERRES AND D. HOFMANN

the corresponding approach structures, one obtains a functor K : MetCompHaus → App.

The underlying metric of KX is just the metric d of the metric compact Hausdorff space X = (X, d, α), and x = α(x) is a generic convergence point of x in KX in the sense that a(x, y) = d(x, y), for all y ∈ X. The point x is unique up to equivalence since, if one has x^′ ∈ X with the same property, then d(x, x^′) = a(x, x^′) = d(x^′, x^′) = 0 and, similarly, d(x^′, x) = 0. In analogy to the topological case, we introduce the dual Y^{op} of an approach space Y = K(X, d, α) as Y^{op} = K(X, d^∘, α), and we call an T_0 approach space stably compact if it is of the form KX, for some metric compact Hausdorff space X.

Lemma 2.5. Let (X, d, α), (Y, d^′, β) be metric compact Hausdorff spaces with corresponding approach spaces (X, a) and (Y, b), and let f : X → Y be a map. Then f is an approach map f : (X, a) → (Y, b) if and only if f : (X, d) → (Y, d^′) is a metric map and β · Uf(x) ≤ f · α(x), for all x ∈ UX. Proof : Assume first that f : (X, d) → (Y, d^′) is in Met and that β · Uf(x) ≤ f · α(x), for all x ∈ UX. Then a(x, x) = d(α(x), x) � d^′(f ·α(x), f(x)) � d^′(β ·Uf(x), f(x)) = b(Uf(x), f(x)). Suppose now that f : (X, a) → (Y, b) is in App and let x ∈ UX. Then 0 � d(α(x), α(x)) = a(x, α(x)) � b(Uf(x), f · α(x)) = d^′(β · Uf(x), f · α(x)). Clearly, f : (X, a) → (Y, b) in App implies f : (X, d) → (Y, d^′) in Met, and the assertion follows.

It is an important fact that K has a left adjoint M : App → MetCompHaus which can be described as follows ([Hofmann, 2010]). For an approach space X = (X, a), MX is the metric compact Hausdorff space with underlying set UX equipped with the compact Hausdorff convergence m_X : UUX → UX and the metric

d : UX × UX → [0, ∞], (x, y) → inf{ε ∈ [0, ∞] | ∀A ∈ x . A^{(ε)} ∈ y}, (2.iv)

APPROACHING METRIC DOMAINS 23

and Mf := Uf : UX → UY is a homomorphism between metric compact Hausdorff spaces provided that f : X → Y is an approach map between approach spaces. The unit and the counit of this adjunction are given by

e_X : (X, a) → (UX, d(m_X(−), −)) and α : (UX, d, m_X ) → (X, d, α)

respectively, for (X, a) in App and (X, d, α) in MetCompHaus.

Remark 2.6. All what was said here about metric compact Hausdorff spaces and approach space can be repeated, mutatis mutandis, for ordered compact Hausdorff spaces and topological spaces. For instance, the funtcor K : OrdCompHaus → Top (see Subsection 2.4) has a left adjoint M : Top → OrdCompHaus which sends a topological space X to (UX, ≤, m_X), where

x ≤ y whenever (∀A ∈ x) A ∈ y,

for all x, y ∈ UX. Furthermore, Lemma 2.5 reads now as follows: Let (X, ≤, α), (Y, ≤, β) be ordered compact Hausdorff spaces with corresponding topological spaces (X, a) and (Y, b), and let f : X → Y be a map. Then f is a continuous map f : (X, a) → (Y, b) in Top if and only if f : (X, ≤) → (Y, ≤) is in Ord and β · Uf(x) ≤ f · α(x), for all x ∈ UX.

Example 2.7. The ordered set 2 = {0, 1} with the discrete (compact Hausdorff) topology becomes an ordered compact Hausdorff space which induces the Sierpiński space 2 where {1} is closed and {0} is open. Then the maps (1) ⋀ : 2^I → 2 (2) v ⇒ − : 2 → 2, (3) v ∧ − : 2 → 2 are continuous, for every set I and v ∈ 2. Furthermore (see [Nachbin, 1992; Escardó, 2004]), (4) ⋁ : 2^I → 2 is continuous if and only if I is a compact topological space.

Here the function space 2^I is possibly calculated in the category PsTop of pseudotopological spaces (see [Herrlich et al., 1991]). In particular, if I is a compact Hausdorff space, then I is exponentiable in Top and ⋁ : 2^I → 2 belongs to Top.

Example 2.8. The metric space [0, ∞] with distance μ(x, y) = y⊖x equipped with the Euclidean compact Hausdorff topology where x converges to